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Higher order S ?-differentiability: The unitary case

Arup Chattopadhyay, Clément Coine, Saikat Giri, and Chandan Pradhan

Abstract. Consider the set of unitary operators on a complex separable Hilbert space J,
denoted as U(H). Consider 1 < p < oco. We establish that a function f defined on the unit
circle T is n times continuously Fréchet § 7 -differentiable at every point in U (H) if and only if
f € C"(T). Take a function U: R — U(H) such that the functiont € R — U(t) — U(0) takes
values in $ 7 and is n times continuously § 7 -differentiable on R. Consequently, for f € C"(T),
we prove that f is n times continuously Gateaux S ”-differentiable at U(¢). We provide explicit
expressions for both types of derivatives of f in terms of multiple operator integrals. In the
domain of unitary operators, these results closely follow the n-th order successes for self-adjoint
operators achieved by the second author, Le Merdy, Skripka, and Sukochev. Furthermore, as
for application, we derive a formula and §7-estimates for operator Taylor remainders for a
broader class of functions. Our results extend those of Peller, Potapov, Skripka, Sukochev, and
Tomskova.

1. Introduction

Beginning the journey into function theory, especially when delving into operator
functions, the concept of differentiability takes on crucial significance. Early break-
throughs in comprehending the differentiability of operator functions were achieved
in [12], subject to rigorous conditions imposed on both functions and operators. These
initial insights underwent significant refinement and expansion in subsequent works,
such as [3,5,7,13-15,18,20,22,26], responding to advancements in perturbation the-
ory. Despite these advancements, certain challenges persisted. This paper addresses
one of the open problems.

Throughout the article, we consider J to be a complex separable Hilbert space
and let B(H) and U(J) denote respectively the space of bounded linear operators,
and the space of unitary operators on J¢. For p € [1, 00), the p-th Schatten—von Neu-
mann class is

SP(H) ={A € B(H) : | All, := Tr(|4]")/? < oo},
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S&(J0) is the subset of self-adjoint elements of $?(H#), and Tr is the canonical trace
on the trace class ideal $!(J). The unsuffixed norm || - || will always mean the oper-
ator norm.

For self-adjoint operators, Le Merdy and Skripka [16] established the n-th order
Fréchet and Gateaux §7-differentiability (1 < p < oco) of the operator function ¢ €
R+ f(A+tB)— f(A) foran n times continuously differentiable function f. Sub-
sequently, in [8], the second author extended this class from n times continuously dif-
ferentiable to n times differentiable functions concerning n-th order Gateaux § 7 -dif-
ferentiability. The analogous problem of studying the differentiability of an operator
function for unitary operators has also been investigated by various experts in this
field.

Let U be a unitary operator, and A be a bounded self-adjoint operator acting on # .
Define

U(s) = eSAU, s eR.

In [22], for any function f belonging to the Besov class Bl , (T) on the unit circle T,
where n > 2 is a natural number, Potapov, Skripka, and Sukochev gave the existence
of the n-th order Gateaux derivative of f at U, % |S= .
Moreover, they expressed the value as a linear combination of multiple operator inte-
grals with respect to divided differences £, f21 . fInl of the function f (see
[22, Theorem 3.1]), correcting the formula earlier obtained in [20]. The case n = 1
was addressed in [7, 19]. A recent proof in [23, Theorem 3.6] established that for a
function f € C"(T) and a finite-dimensional Hilbert space # = Eﬁ, the function is

n — 1 times Gateaux § ?-differentiable at U.

f(U(s)), in the operator norm.

New results, novelty, and methodology. In this article, we answer several questions
on higher order differentiability of operator functionsin || - || ,, 1 < p < co. The expo-
nent p in this paper is reserved for a number in the interval p € (1, 00).

We prove (see Theorem 3.3) that f is n times continuously Fréchet §?-differen-
tiable at every unitary operator U € U(H) if and only if f € C"(T). Consequently,
we prove (see Theorem 3.5) f is n times continuously Gateaux §7-differentiable
under the assumption f € C"(T) by extending the relative results of [20, 22], which
specifically addressed the Gateaux differentiability of f € BJ ,(T). Let U:R —
U(H) be a function such that

U:t e R>U(r) — U0) € SP(H)

is an n times § 7 -differentiable function on R. Then, for f € C"(T), we establish the
n times §?-differentiability of

p:t e R f(U@)) — fU)) € SP(H).
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In addition, if U™ is continuous then ¢™ is also continuous in §?(H¥) (see Theo-

rem 3.5 (i)). It is crucially noted in the literature (see, e.g., [22-24]) that the higher

order Gateaux derivatives of an operator function play a fundamental role in examin-

ing the behavior of the higher order Taylor remainder of the operator function.
Consider the n-th order Taylor remainder

n—1

1
Rufu(t) = fU®) — fUO) — Y —¢™(0). (1)
= m!
In particular, the following estimate of the above Taylor remainder (1) is already
obtained in [23] for 1 <n < p < 0o, U(t) = e!*AU with A € S&(H):

n
1R Wll2 < Epn 3 1F ™l AIL )

m=1

forevery f € C"(T), where ¢, 5 is a positive constant depending on p and n.

It should be noted that for f € §,(T) € C"(T), an explicit formula for (1)
with U(t) = e!*4U is known in terms of the integration of certain multiple operator
integrals (see [22, Theorem 4.1]). In [27] (detailed proof can be found in [23, The-
orem 3.7]), the author established a simple formula for the aforementioned Taylor
remainder that corresponds to f € C"(T) as a linear combination of multiple oper-
ator integrals (without involving the integration of multiple operator integrals), with
respect to divided differences f a1 f 2 f ["] constrained to a finite-dimensional
Hilbert space # = Kfi. Here, for a complex separable Hilbert space (not necessarily
finite-dimensional), we establish the same formula for (1) for any f € C"(T) (see,
e.g., Theorem 3.5 (ii) and Corollary 3.6). Consequently, our results lead to a direct
proof of (2) (see Corollary 3.6).

In conclusion, let us discuss the methodology employed in this paper. To achieve
the results mentioned earlier, we will delve into establishing crucial properties of
multiple operator integrals throughout the article. Our approach leans towards the
construction of operator integrals outlined in [10], differing from those presented
in [20,22,24]. Specifically, for 1 < p < 0o, n € N, and unitary operators Uy, ..., U,
acting on the Hilbert space J, we heavily use the §7-boundedness of operator inte-
grals

1/ oo

for f € C"(T), extending the bound of operator integrals considered in [24, The-

[TVt (PO g, 50 < o

orem 3.3]. The importance of this construction compared to other constructions of
multiple operator integrals [5, 6, 12,20-22] are discussed in the next Section 2.

The article is organized as follows. Apart from the introduction, it consists of
two sections. In Section 2, we will mainly concern ourselves with the properties
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of operator integrals. First, in Section 2.1, we recall as well as establish the impor-
tant properties of multiple operator integrals, and, in Section 2.2, we establish the
higher-order perturbation formula for differences of multiple operator integrals. Sec-
tion 3 addresses the differentiability of functions of unitary operators in §?(H#) for
1 < p < oo by listing the statements of the main results in Section 3.1, then some
auxiliary lemmas in Section 3.2, and finally providing the proof of the main results in
Section 3.3.

2. Multiple operator integration

In this section, we recall the definition of multiple operator integrals introduced in [17]
and developed in [10], as well as derive its important properties that underline our
main results.

2.1. Multiple operator integrals associated to unitary operators

Progress in investigating the operator smoothness and differentiability relies on
methodologies known as “multiple operator integration,” evolving since [12]. There
exist two primary approaches to multiple operator integration on Schatten classes, as
detailed in [25]. For our purposes, we adopt the definition of multiple operator integra-
tion developed in [10]. While alternative constructions of multiple operator integrals
exist [1,2,5,6,12,20-22], they are tailored to smaller sets of symbols and thus do not
align with the breadth of this paper’s scope.

We fix the following notations and conventions to be used throughout the paper.
Let 8, (X1 x---x Xj,Y) denote the space of bounded n-linear operators mapping the
Cartesian product X; X --- x X, of Banach spaces X1, ..., X, to a Banach space Y,
that is, the space of n-linear mappings 7: X1 X -+ X X, — Y such that

718, (x,xxXp,¥) = sup IT(e1,...,en)| < oo.
lleill<1,1<i<n

In the case when X7 = --- = X, = Y, we will simply denote B,,(X; X --- X X, Y)
by B, (Y).If T € B(H), then for any k € N, we use the notation
(N =r1,....T.
——
k
We denote the unit circle of C by T and the class of continuous functions on T by

C(T).For f € C(T), by its derivative at zg € T, we understand the limit

f'(zo) := _lim () = f(z0)

T>z—zg Z—Zp

3)
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provided it exists. For any n € N, denote by C"(T) the space of n times continu-
ously differentiable functions on T in the sense of (3). Lip(T) (C C(T)) denotes the
space of all Lipschitz functions f: T — C. Finally, we let D" (R, $?(H)) (respec-
tively C" (R, $7(H))) be the space of n times differentiable (respectively continu-
ously differentiable) functions ¢: R — 87 (#) with derivatives denoted by pU): R —
SP(H), j=1,...,n.

Let U be a unitary operator on J¢. Denote its spectrum by o(U) and its spectral
measure by EY, defined on Borel subsets of 6 (U). Let Ay be a scalar-valued spectral
measure for U, which is a positive finite measure on the Borel subsets of o (U) such
that EV and Ay have the same sets of measure zero. Such a measure exists, due
to the separability assumption on . The reader is directed to [11, Section 15] and
te [10, Section 2.1] for more details. The Borel functional calculus for U takes any
bounded Borel function f:0(U) — C to the bounded operator

F(U) = / £() dEY (2).

a(U)

This operator only depends on the class of f in L°°(Ay). Moreover, according to
[11, Theorem 15.10], it induces a w™*-continuous *-representation

f e L¥@Ay) — f(U) € B(H).

Letn € N, n > 2, and let Uy, ..., U, be unitary operators on J with scalar-valued
spectral measures Ay, ..., Ay

ne

Definition 2.1. Let
[:L®Ay) ® -+ ® L®(Ay,) = Bu_1($>(H))

be the unique linear map such that for any f; € L*°(Ay;), 1 <i < n, and for any
Ky, ....K,—1 € 32(%),
T(f1® - ® fu)l(Ki,...,Knp-1)
= filUDK1 f2(U2)Kz -+ fu—1(Un—1) Kn—1 fn(Un).

According to [10, Proposition 3.4], I" extends to a unique w*-continuous and contrac-
tive map

PO 19( [T A, ) — B (52(5).
i=1

For ¢ € L®([]7—, Av, ), the transformation ['V1-Un (¢) is called multiple operator
integral associated to Uy, . .., U, and ¢.
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Let ¢: T" — C be a bounded Borel function, we let ¢ be the class of its restriction
@lo ) x-—xaUy,) N Lw(]_[?zl AU,-)- Then the (7 — 1)-linear map T'YU1-Un () will
be simply denoted by

LULUn(g) 0 §2(H) x - x §2(H) — §*(H)

in the sequel.

The w*-continuity of T'U1>++Ur means that if a net (¢;);c; in Lc’o(]_[:-’:1 Au;)
converges to ¢ € L°°(]—[?=1 )&U[) in the w*-topology, then, for any K,..., K,—; €
$2(J¢), the net

(ICYrUn(o)](Ky, - . ., Kne1))ier

converges to [[V1+Un (9)|(K7, ..., K,_1) weakly in $2(J).
Let p1...., pp—1. p € [l,00) and ¢ € L®([]/_; Ay, ). We will write

rU],...,Un ((,0) c :Bn—l(sp] (Jf) X ooe X §Pn—1 (J()’ SP(]())
if the multiple operator integral I'Y1>++Un (¢) defines a bounded (n — 1)-linear map-
ping
DULUn () ($2(J0) N SPL(F)) x -+ x (S2(H) N SPn=1(H)) — SP(H),

where §2(H) N §2i (K) is equipped with the | - ||, -norm. By the density of $%(#) N
SPi(J) into S Pi (H), this mapping has an (necessarily unique) extension

LUUn () : SPU(H) X --- x SPr=1(H) — SP(H). 4)
In the case when p; = --- = p,—1 = p, we will simply write
ViUn(g) € By_1(SP(H)).

The crucial point in the construction leading to Definition 2.1 is the w*-continu-
ity of T'U1>++Un which allows to reduce various computations to elementary tensor
product manipulations, for which certain equations are straightforward to establish.
See [8,9] for illustrations.

The following result is instrumental in demonstrating the §”-boundedness of
certain multiple operator integrals. It can be proven by following similar lines of argu-
ment as presented in the proof of [8, Lemma 2.3].
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Lemma 2.2. Let py,..., pp—1,p € (1,00), and n > 2 be an integer. Let Uy, ..., Uy,
be unitary operators on # and (¢g)k>1,¢ € L¥(Ay, x .-+ x Ay, ). Assume that
(or)k is w*-convergent to ¢ and that (TUTUn (g)) =1 C Bp—1(SP1(H) X -+ X
§Pn—=1(J), 8P (JH)) is bounded. Then

PY1Un(g) € By (SP1(H) x --- x §P1=1(H), §P(H))
with

U,...,U,
[T70 (@) | 8,_ (571 x-x§Pn—1,57)
< liIr}(ianIFU"""U” (@)1 8,1 ($71 xx§Pn—1,87)

and, forany K; € $Pi(#), 1 <i <n—1,

[CYLUn(@)](K1, ... Kn1) P [DY1Un()(K1, ..., Kn-1)

weakly in SP (J).

2.2. Higher order perturbation formula

This section is devoted to obtaining an important result on boundedness of multiple
operator integrals associated to divided differences 1 in the case when f € C*(T),
which will justify that all the operators appearing in the sequel are well defined. We
also prove a higher order perturbation formula for differences of multiple operator
integrals.

We first recall the definition of the divided difference. The zeroth order divided
difference of f is the function itself, that is, /1% := f.Let f € C'(T). The divided
difference of the first order f [11: T2 5 C is defined by

A1) — f(A
1 f(A1) = f(A2) 1, £ A,

FGL ) = A=Az A A, eT.
f'(A1) if A1 = A,

The function f [ belongs to C(T2).Ifn > 2 and f € C™(T), the divided difference
of n-th order f": T#+1 — C is defined recursively by

LA, Angr)
f[n_l]()tl,ki", o ,An—i—l) _ f[n_l](kz,kf,, e ,)Ln-{—l)

if A A2,
— AL — s if A1 # A2
01 f(A1, A3, .. A1) if A1 = Ao,
forall A1,...,An41 € T, where 9; stands for the partial derivative with respect to the

i-th variable. Moreover, f["l e C(T"*1).
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We are now ready to establish the bound of the multiple operator integral (4)
associated with the symbol (pzf["] forl<p,pj <oo,j=1,...,n,and f€C"*(T).
This class extends earlier known function classes used to give bounds to the multi-
ple operator integral considered in [24]. We also refer to [1, 2] for a different kind
of §7-estimates in the case when the symbol is in the Haagerup tensor product of
L°°-spaces. The result of Theorem 2.3 below is outlined in [25, Remark 4.3.20] with-
out proof. For our purposes, we will state the theorem here and give a simple proof.

Theorem 2.3. Letn € Nand f € C"(T). Let1 < p,pj <oo, j =1,...,n be such
that% = % 4.+ an‘ Let Uy, ..., U,+1 be unitary operators on ¥. Then

PO Orsr (f11) € By (SP1 () x - x S (H). 57 (3)

and there exists cpn > 0 depending only on p and n such that for any K; € $Pi(¥),
1<i<n,

IEYe Ut (FEDNK L Kl < cpnll f P looll Killpy -+ 1 Knllp,- (5
In particular, TUvUnt1( £y € B, (8P (J)), with
[PVt (1)1 g, sy < cpmll £ lloo- (6)

Proof. Let f € C"(T). Define, for any k > 1, ¢ := f * Fj, where Fy is the Fejér
kernel. By the definition of the Fejér kernel, the function ¢ a trigonometric polyno-

mial. Then we have that
o™ — F o >0, k — oo,
for 0 < m < n, which, according to [24, Lemma 3.2], further implies

lop™

- f[m]||Loo(']I‘m+l) — 0, k — o0 (7)

for all 0 < m < n. By [24, Theorem 3.6], there exists a constant ¢, , > 0 such that,
for every k > 1,

(n)

||1—wU1,...,Un+]((p[”] (pk ||oo (8)

e M B, (s71xxsPn $P) < Cpn

Since w,((") = Fr % f® and | F¢|; <1 for all k € N, from Young’s inequality it

follows that
10 lloo < 1 Fclli 1 @ lloo < 11/ oo ©
Therefore, by Lemma 2.2, (7), (8) and (9) we deduce that

rULUntr(fIn)y € B, (SP1(JH) x -~ x $P(H), §P (H))
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with

IV Untr (£1)]| g, (521 sexsrn 52y < Cpnll £ loo-
from which we deduce (5). Inequality (6) follows from the fact that || - ||,, < || - ||,
for 1 <i < n.This completes the proof of the theorem. |

Let1 < p <oo.LetU and V be two unitary operators on J and U — V € §?(H).
Then by [4, Theorem 2] for every f € C(T), f(U) — f(V) € $P(H). Moreover,
we have the following formula

fU) = fv) =00 (MW - ). (10)

We will prove a higher order counterpart of this result, which will allow us to
express differences of multiple operator integrals of the form

[FUI,...,U,'_l,U,U,',...,Un_l (f[n_l])](Kla e, Kn—l)
. [FUI,...,U[_l,V,Ui,...,Un,I (f[n_l])](Klv o, Kn—l)

as a multiple operator integral associated with the function £ when f € C*(T)
andU —V € §2(H).

To that aim we need the following result, which establishes an approximation
property of multiple operator integrals.

Proposition 2.4. Letn € N, n > 2, let Uy, ..., U, be unitary operators on # and
foralll <i <n, let (Uij )jeN be a sequence of unitary operators on H converging
to Uj in the strong operator topology (SOT). Then for any ¢ € C(T") and for any
Ki.....Ku_1 € S2(J),

Proof. Let g € C(T). Notice that, for every 1 <i <n, g(Ul:i) ﬂ g(U;). Indeed,
by approximation and by linearity, it is enough to prove it when g is a monomial, in
which case it simply follows from the fact that Uij ﬂ U;.

It is worth noting that proving the proposition suffices when K, ..., K,_; are
rank one operators, and since for any ¢ € C(T"), there is a sequence of trigonometric
polynomials (in n variables) uniformly converging to ¢, it is enough to assume that
9 € C(T)®---® C(T). The rest of the proof follows from the same computations
done in [9, Proposition 3.1]. ]

In the next proposition we establish a standard perturbation formula for multi-
ple operator integrals with respect to auxiliary unitary operators when f € C"(T).
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It extends the function class of [22, Lemma 2.4], where such representation was
obtained for f € Bl ,(T) and generalizes [23, Lemma 3.3 (ii)] from # = 62 to an
arbitrary complex separable Hilbert space # .

Proposition 2.5. Let 1 < p < oo and n > 2 be an integer. Let Uy, ..., U,—1, U,V
be unitary operators on H and assume that U —V € SP(H). Let f € C"(T). Then,
forall Kq,...,Ky—1 € 82(H) and for any 1 <i < n, we have

[FUl ..... U;,—,U,U;,....U;— (f[n_l]) _ FU] ..... U,—,V,Uj,..., U,—1 (f[n_l])](KL o, Kn—l)
= [PUr Vit UV U Unmt () (K K U = VoKL Kca).

Proof. Let us start with the case p = 2. As in the proof of Theorem 2.3, we define
¢ = [ * Fy where Fy, is the Fejér kernel. Since

(@) —— =1 and (gl ——s £
k—o00 k—o0

uniformly on T” and T"*! respectively, it is enough to prove the formula for ¢
instead of f. Hence, we can assume that f is a trigonometric polynomial and, by
linearity, we only have to treat the case when f(z) = z™ for some m € Z. From now
on, the proof simply consists in algebraic identities.

If m € N, it is straightforward to check that 7~ can be written as a finite sum
fin1 = Y- axVp, where Y = Yk, (UL up) ullqul;z_ -uﬁ”, k; >0,
see for instance [24, Lemma 2.1]. In such case, we have, for 1 <i <n,

ki ki

U, —u, .
[n] — kv kio1 T i+1 kit1 kg
S up) = ) aguyt eup P uls ety
1
Z Z . ki—y p ki—1—p kl—H”' kn
= ak R Tl TS AP TSR T

Hence, by definition of multiple operator integrals, we have

[pUtVimt UV Ui Uny (il (K Ky, U = Vo Ky Kaet)
ki—1

= Y @ UR K KUl K (3 0P = vy
ki p=0
X KU+ K UR

, : : ki n
= ZakUllel K UST K (UR = VRO KU Koy Ky U
which in turn is equal to

[FUI Ui—1,U,U;,. Uﬂ—l(f[n_l])](Kl,..-,Kn—l)
— [PV Uit ViUiesUny (£l (K K y).
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If m <0, then f*~1 can be written as a linear combination of functions of the form
M1, ..., up) > ul_k‘u;k2 ---u;k", where k; > 0, so that f["] can be written as the
linear combination of the functions

ki—1

—kq —ki—1 —1-p —ki+p —kit+1 —k

(U1, Uppr) > —Uy e E u; Uy Uiygn UL
p=0

(see [24, Lemma 2.1]). We conclude the result with similar computations as in the
previous case. Hence, we proved the formula when p = 2.

Assume now that 1 < p < 2. Since $?(H#) C 8§2(J), the formula holds true as
well.

Finally, assume that 2 < p < oo. Recall that $2(H) is a dense subspace of $?(H)
and that || - |, < || - ||2. Since U — V € $P(¥), there exists an operator A € & (H)
such that V = ¢/4U. Let (4 7)j C 82(¥) be a sequence of self-adjoint elements

a

converging to A4 in | - ||, and denote V; = ¢4/ U. For every j, V; — U € $%(¥) so
that, by the case p = 2, forevery K1,..., K,_1 € $2(¥),

Uy,....U;—1,U,U;,...,.U,—1 [n—1]
[r (A

_ FU],...,Ul',l,V]',U,' ..... U,—1 (f[n_l])](KI, . Kn—l)

= [PV Uimt UV Ui Unr (flal (K K, U = Vi K. Ke).
(11)

Note that V; — V = (e'4i — e\ U so that V; =V € §7(4) and by Duhamel’s for-
mula (see, e.g., [5, Lemma 5.2]) we have

Vi =Vip = 14 — Allp.

which goes to 0 as j — oo. Let ¢ > 0. Let N be large enough so that

WV, =Vl]p,<e, forall j >N, (12)
and let B € $2(J) be such that

[U—-V =B, <e. 13)
By Proposition 2.4, the term
[[U1sUimt Vi UiseeslUn=1 (=1 (K ) K y)

converges in §2(#) to

[FUI,...,Ui_l,V,Ui,...,Un_l (f[n_l])](Kh o, Kn—l)-
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To deal with the convergence of the right-hand side of (11), let us denote, for j € N,
X eSP(H)
> [PV Vit UV Ui Uny (I (R K21, X K Kne)
and
:X € §P(H)
b [V Uit UV UiesUn-y (£ (K Koy, XL K Kn).

We have the following identity in $#(J#): for every j > N,
(U = V) =T (U V)
=LiV-V)+LiU-V-B)+{I;B)-I'B)+I'(B-U-YV)).
By Proposition 2.4, there exists N € N such that
ITj(B) —T(B)llp < IITj(B) —T(B)|2 <& forall j = N".

Next, by Theorem 2.3, {I'; | j € N} U{I'} C B($?(H)) is uniformly bounded.
Hence, there exists a constant C such that, using (12) and (13),

IT; V=Vl =ClV=Vjlp <Ce, |[;(U-V—=B)|p<Ce
and
IN(B = (U = V), < Ce.

Hence, for every j > max{N, N'},
IT;(U—=V;)=TWU = V)|, < @BC + D).

This concludes the proof when K1,...,K,_1 € $>(¥)andU —V € §P(H), p > 2.
By approximation and boundedness of operator integrals on §7(#) given by Theo-
rem 2.3, we obtain the general case. This completes the proof in full generality. ]

This section concludes with the following lemma, which is a straightforward con-
sequence of Proposition 2.5.

Lemma 2.6. Let 1 < p < co and n > 2 be an integer. Let f € C"(T). Let U,V be
two unitary operators with U —V € §P(H), and let K1, ..., K,—1 € SP(I). Then,
for1 <k <n,

k n—k _ n —
[OOSR (=t - O (I (Ky L Ky)
k
i n—i—+1
= > [r@-m (FUD(Ky, .. Ko, U =V, K;, ..., Ku_y).

i=1
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Proof. We have

k n—k _ n —
[F(U) (V) f[" 1])—F(V) (f[" 1])](K1,---7Kn—1)

i n— l i—1 n—i—+1 _
Z PO =ty - p @O (K K. (14)

b

Now, applying Proposition 2.5 to (14) we complete the proof. ]

3. Differentiability in S?(#),1 < p < o©

3.1. Statements of the main results

In this section, we state our main results on differentiability of functions of unitary
operators in §7-norms, for 1 < p < oo.

We start by defining the Gateaux and Fréchet differentiability of operator func-
tions. In this paper, we explore the concept of higher order Fréchet and Gateaux
differentiability of f € Lip(T) at U(t) € U(J) as discussed below.

Let U:R — U(J) be such that the function U:¢ € R — U(r) — U(0) € SP(H).
Let f € Lip(T), 1 < p < co. By [4, Theorem 2], the function

pu.fp it € Ri> f(U®)) — f(U(0)) € SP(H)
is well defined.

Definition 3.1 (Gateaux derivative). Letn € N and U € D™ (R, $?(J¢)). A function
f € Lip(T) is said to be n times Gdteaux $?-differentiable at U(t) if the function
¢u, f,p is n — 1 times §?-differentiable in a neighborhood of 7 and

oy R — SP(J)

is § P-differentiable at ¢. The expression 9081 )fp () denotes the n-th Giteaux §?-deriva-
tive of f at U(¢).

Let U,V € U(H). By“V in the §?-neighborhood of U,” we mean that
VelXeUH): X —-UeW}

where ‘W is a §7-neighborhood of 0. A function f € Lip(T) is said to be Fréchet
SP-differentiable at U € U(H) if there exists a bounded operator

D}, f(U) € B(SP(H))
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satisfying
1f (V)= f(U) = D, fO)V = U)lp = o(IlV = Ullp).

for V in a §?-neighborhood of U. Note that V' being in such neighborhood means
that V = e'4U, where A € $4(#) and ||e’4 — I, is small enough.

Definition 3.2 (Fréchet derivative). Let n € N. We say that f € Lip(T) is n times
Fréchet §?-differentiable at U € U(H) if itis n — 1 times Fréchet S 7-differentiable
in a §7-neighborhood of U and there is a n-linear bounded operator

F.pf(U) € Bn(87(J))
satisfying, for every X1, ..., X,—1 € $P(H),

I(D%, f(V) = DE} fUN(X1..... Xn—1)
o fD)X1. . XV =0
=o(lV =Ulp)IX1lp - [ Xn-1llp.

as |V =U|l, — 0, for V in a § P-neighborhood of U.

Next, we say that f is n times continuously Fréchet S?-differentiable at U €
U(H) if it is n times Fréchet §?-differentiable in a $?-neighborhood of U and for
every X1,...,X, € SP(#) and V in a §P-neighborhood of U,

IDE p f(V)(X1..... Xn) = D, f(U)(X1..... Xp) [l = o[ X1llp -~ [ Xnllp.

as |V =U|, = 0.
We are now ready to state our first main result. Prior to that, we denote by Sym;,
the group of permutations of the set {1,...,k}.

Theorem 3.3. Let 1 < p <ocandn € N. Let f € C*(T). Then f is n times con-
tinuously Fréchet §?-differentiable at every U € U(H) and for every 1 < k < n,
Xi,..., Xg € SP(H),

Dk fU)(X1.....X) = Y PO (N Koy Xowy).  (15)

o ESymy

Remark 3.4. The converse of the above Theorem 3.3 holds true, namely, if f is n
times continuously Fréchet §”-differentiable at every U € U(HK), then f € C"(T).
This follows from similar computations as in [16, Proposition 3.9 (ii)].

We now establish the n-th order Giteaux derivative of f: T — C. The subse-
quent result shows that, for f € C"(T), the operator function R > ¢t — f(U(t)) —
f(U(0)) € §P(H) is n times differentiable (resp. continuously differentiable) in
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SP(H)if U(t) — U(0) € $P(H) belongs to D" (R, $P(H)) (resp. C* (R, $P(H))).
Since we are working on the path ¢ — U(¢) (which may not always be linear), the
expression of the n-th order Giteaux derivative of f will be bizarre to obtain from
the definition of the Fréchet derivative directly unlike in the linear path. Here, we
provide an easy-to-get expression of the Gaiteaux derivative using Lemma 3.9. Fur-
thermore, we express the n-th order operator Taylor remainder corresponding to the
unitary operator U(¢) as multiple operator integrals when f € C"(T).

Theorem 3.5. Let 1 < p <ocoandn € N. Let U: R — U(H) be such that the function

U:t e R U(t)—U(Q) € SP(H) belongs to D" (R, SP(H)). Let f € C*(T). We
consider the function

p:t e R~ f(U®@))— f(U)) € SP(H).
Then the following assertions hold.

i) ¢ e D"R,S8P(H)) and, for every integer | <k <nandt € R,

0® )
£ k! " _ 3
= Z Z W[I‘(U(t)) (f[m])](U(l])(t)’ o U(lm)([))_
m=1 1y, In>1 1" m:
L++Inm=k (16)

In addition, if U € C™(R, S$?(H)), then p e C"(R,S$7(H)).
(i1)  The operator Taylor remainder defined by

n—1
Ri s @) i= fUO) ~ fUO) = Y o) ()
k=1 "

satisfies, for any t € R,

Rn,f,U(t)
n
=Y Y wOCO (R gy,
=1 I,lim> ~ ~
" IILL...H,::I,, U %) (0) U(lm)(o))
L 7 Ly
(18)
where

Riy(t)=0()
and, for any l{ > 1,

-1
~ 1 ~
Ry u(0) = 000) = ) 5090
k=1~
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Finally, the differentiability result stated below is the §7-analogue of [22, The-
orem 3.1]. Note that [22, Theorem 3.1] establishes the existence of the n-th order
Gateaux derivative (in operator norm) of f under the assumption of f € B ,(T). We
prove here that f is actually n times continuously Géteaux differentiable (in Schat-
ten p-norm) under the assumption that f € C"(T). In addition, we also express the
n-th order Taylor remainder as a sum of multiple operator integrals and deduce an
§P/"_estimate in the case when f € C™(T) for 1 <n < p < co. As discussed in the
introduction, this result is already established in [23, Theorem 4.2] under the same
assumption, here we give a simple proof of it without using the approximation of f
or the integral representation for the remainder of the Taylor approximation, as found
in the aforementioned paper.

Corollary 3.6. Let 1 < p < oo andn € N. Assume that A € S5(H) and U € U(FH).
Let f € C*(T). Let U(t) = €U, t € R and consider the function

@it eR > f(e"U) = f(U) € SP(K).

(1)  Thefunction p € C*(R,SP(J)) and for every integer | <k <nandt € R,

! m—+1
T T A v, AU @),
m!
L =k 19)
Moreover, there exists a constant ¢p > 0 such that

n
le™ @l < épm Y L™ ool AL

m=1

(i)  The operator Taylor remainder defined by

n—1
, 1
Ry r(4,U) = [(U) = f(U) =} =¢®©) (20)
k=1 "
satisfies
R, (A, U)
_ AU 4[m] (i4)
=Y > I (Y v
m=1 Iy,..,Im>1 k=0
I +-4ln=n (1) in)
1 1 m
U U). @1
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Moreover, if 1 <n < p < oo, then there exists a constant ¢, , > 0 such that

n
1R (A D)2 < o 3 17 oo lAIL-

m=1

3.2. Some auxiliary lemmas

In this section, we will provide some technical results that will be used to prove our
main results in the next section.

Lemma 3.7. Let 1 < p < oo andn € N. Let U],...,Un+1, Vi, ..., Vn+1 € U(%)
and X1, ..., X, € 8"P(H). Let f € C"(T). Then, for every ¢ > 0, there exists a
constant § > 0 such that, if |V; — U;|| < 8§ forevery 1 <i <n + 1, then

LV Var Iy - pUreUatr (I (X0, X)) [ < el X llnp -+ | Xnllnp-

Proof. Fix & > 0. We first prove the lemma when "l = Q is a trigonometric poly-

. . . . . _.my mpu41
nomial. By linearity, it suffices to consider the case Q(z1,...,2Zp+1) =27 ' ***Z, +"1 ,

where m; € Z,1 <i <n + 1. Since

(V1Y (Q) = DO Unt 1 (Q)](X . Xon)
= V" X\ V2 VI X, Vi — UM XU U X U

n+1 n+1
n+1
mi mA 1 mg Mi 41 Mp41
_Z(V . X1 VI X U U
mi mi—1 mg Mp+1
_Vl Vil X Ut U )
n+1
mi mk 1 mi mk My 41 mp+41
_ZV ) X1 (Vg Ue XUy - Unfy

and Uj;, V; are unitaries, by Theorem 2.3 we get

JEVe s (1) — DO (D)X X
<) max V= U X 1 X

By simple algebraic manipulations, we obtain that, for every r € Z,
Ve =ur < |-V =Ull

It follows that there exists a constant K > 0 (depending on n and m, ..., m,41, that
is, only on Q) such that
7Y () = VO (£ (X X

<K1<rglax Ve = Ukl Xtllnp - - | Xnllnp-



A. Chattopadhyay, C. Coine, S. Giri, and C. Pradhan 212

Choosing § = £, we conclude the proof for the particular case of a trigonometric
polynomial.

In the general case, note that, as in the proof of Theorem 2.3, one can find a
trigonometric polynomial P such that

[ f® — P™| < Ce,

where C > 0 is a constant that will be defined later. By Theorem 2.3, there exists a
constant ¢, , such that

VYt (00— PED(Xy. LX) < cpn Cell Xillnp -+ [ Xnllap - (22)
and
”[FUI’""U”H (P[n] - f[n])](Xh ey Xn)”p = Cp.n CSHXI “np ||Xn ”np- (23)

Next, the first part of the proof yields the existence of a constant § > 0 such that, if
|Vi —U;| <8 foreveryl <i <n + 1, then

£
(L V1Yot (plely — pUGUnir(plnhy (X X))l < SIX = 1 X llnp-

(24)

Finally, the equality

FV] ..... Vn+1(f[n]) _FUl,...,Un_H(f[n])
— FV],...,V,,+1 (f[n] _ P[n]) + (FV17'~'5V}1+1 (P[n]) _ FU[,...,U,,+1 (P[n]))
+FU1 ..... U"+1(P[n]—f[n]),
together with (22)—(24) yield
[ P S e VL) (6 SIS ]
e
< {2epnCe+ ZH1X1lnp -+ 1 Xalnp:
and setting C := ﬁ concludes the proof of the lemma. |

The following corollary is a simple consequence of the above Lemma 3.7.

Corollary 3.8. Letl < p<oo,neN,n>2and1 <j <n.LetU:R — U(H) be
such that the function Uit eR U(t) —U(0) € SP(H) belongs to C(R, SP(H)),
andlet Ky,...,K,_1 € SP(H). Let f € C""(T). Define

Y:s € Ri> SP(H)
by

Y (s) = [POD OO (UK, LK),
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Then  is continuous at t € R. In addition, if f € C"(T) we have for any s,t € R,
Y(s) — (1)

J
i n—i+1
= § [T e (F"O(Ky, ... K21, U(s) = U@), Ki, ..., Ku—1).
i=1

To proceed further we need the following lemma, which will help us to prove the
differentiability result in Theorem 3.5.

Lemma 3.9. Let 1 < p < 0o and U:R — U(H) be such that the function U:t e
R U(t) — U(0) € SP(H) is differentiable. Let m € N, let Vi, ..., ViR — SP(H)
be differentiable functions and let f € C™T1(T). We consider the function

Yt € Ri—> SP(H)

defined by
Y0 = LY DA @), Vi (1),
Then r belongs to DY (R, $?(HK)) and its derivative is given, for anyt € R, by

m

m-+1
v'(1) = DU @), Vit (0. V) Vi1 (0. Vin(2))
k=1
m+1 ) _
+ SOOIy 1), Vet (0, T, Vi), Vi (0)).
k=1
If we further assume that UVi,...,Vyare continuously differentiable, then so is V.

Proof. For any s,t € R, write
V() —Y(s) = Yi(s, 1) + ¥als, 1),
where

V1(s.1)
= [PUO" IV (1), ... Vi (2))
— [ LYV (s), .., Vin(s))
and
Va(s, 1)
= [PCO" LIV (s). ... Vi(s))
B [F(U(s))m+1 (F"H(Vi(s), . ... Vin(s)).
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We have
Y (s.1)
= i({ra“’”’”“ (FIDIVA) - Vit (9, VO, . V()
- — OO DV (). Vi) Vier1 (0. Vi (1))
i[rw“”’"“ SIS, - Vet (9, Viet) = Vie(s), Vi1 (0, -, Vin (0)).

By differentiability (and hence continuity) of V%, k = 1,...,m, we have

Vie(t) — Vi (s)
l‘_

limt Vi (s) = Vi(t) and lin} = V(1)
S—> Nad

in $7(J¢). Since TWO" ™ (£lmly ¢ 8. (SP(J¢)), this implies that

t—s r—s

wl(s, l) _ Z[F(U(Z))M-H (f[m])](Vl(S), L Vk_l(S), Vk(t) - Vk(S) ,
k=1
Vk-i-l(t)! ceey Vm(l))

— S VO DV ), Vieea (0. VO Vi (). V(D)
k=1

s—>t

in $7(H). For y,, by Lemma 2.6 we have

’

Va(s.0) _ mZH[F(U(t))k,(U(s))m“—k SEDIVa0). . Vir ), M

t—s k=1 t—s

V@), Vn(0))
For1l <k <m+ 1 and any s # ¢, let

Tk(s) = [F(U(t))k,(U(s))m“"‘ (f[mH])](V] ()s . Vi1 (s), u@) - U(S)’

t—s
Vi(0), ..., Vm(t)).

Since (U(1) — ﬁ(s))/(t —§) goes to U'(t) in SP(H) as s goes to ¢, by the uniform
boundedness of [V U2 (clm+1ly) ¢ B (SP(J)), we deduce that

lim T (s)
§—>1
exists if and only if

Lim [T GO GOl (v (1) Ve (1), T (0), Vie), - .., Vin (),

s—>t
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exists, and, in that case, both limits are equal. By Corollary 3.8, the latter limit exists
and it further reduces to

lim T () = [PV (WA @), Va0, 000, Vi), Vi 0)

in 7 (#). This proves the first claim.

In the case when U , V1,..., Vi are continuously differentiable, a similar line of
argument as in the proof of differentiability of ¥ and an application of Corollary 3.8
to ¥’ shows that ¥’ is continuous. The details are left to the reader. This completes
the proof. ]

3.3. Proofs of the main results

We now turn to the proofs of the main results of this article, which were outlined in
Section 3.1.

Proof of Theorem 3.3. In the proof, we fix U € U(H), V will be an element of a
SP-neighborhood of U, and X1, ..., X,,—1 will denote elements of S$?(H).

We prove the result by induction on n. The argument for the base case n = 1 is
the same as for a general integer 1, hence we assume that this case has been proven.

Assume now that the result holds true for functions in C*~!(T), n > 2, and let
f € C™(T). In particular, f € C""1(T) so f is n — 1 times continuously Fréchet
SP-differentiable at U and formula (15) holds true for every k = 1,...,n — 1. We
now show that f is n times continuously Fréchet §7-differentiable at U and that (15)
holds true for k = n. First, let us denote

Ty = (DF, f(V) = D, FU)(X1..... Xnoy).
Note that, by assumption and by Lemma 2.6,

S () PO (T Xy Xgen)

OESymy,

n
i n—i—+1
Z Z[F(V) 0 (f[n])](XtT(l)""’XG’(i—l)s V- U7

o€Sym,,_ i=1 XoGys - Xo(—1))-

Ty

Next, we let X, := V — U € $P(H). Notice that

n+1
= Y " ("N Xoqy. ... Xow)

o E€Sym,,

n
n+1
= Z Z[F(U) (f[n])](XO'(l)v"‘7X(T(i—1)’V_U7

i=10€Sym,

XO'(i)’ MR XO'(”—I))v
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so that

T1 — Tzllp

< Z S @@ p @ () (X ). Xy V — UL
Pt Xo@ys - Xam-1)lo-
Lete > 0,1 <i <nando € Sym,_,. By Lemma 3.7, there exists § > 0 such that, if
IV =Ull=)IV-Ulp, =3,
then

i n—i—+1 n+1
[ @@ —TO" Y KXoy, - - s Xoory, V = U,

Xa(i), s Xa(n—l))”p
=¢ ”V - U”anXl ”np ”Xn—l ||np
=e|V=UlplXillp--- 1 Xn-1llp-

By linearity, this concludes the proof of the Fréchet § 7-differentiability. The fact that
f is continuously Fréchet §?-differentiable now follows easily from (15), linearity,
and Lemma 3.7. ]

Proof of Theorem 3.5. The assumption on f ensures that f is n times continuously
Fréchet § 7-differentiable at every U(¢) € U(H). (i) We prove the first claim by induc-
tionon k, 1 <k <n.Lets,t € R. The n-th order Fréchet $?-differentiability of f
at U(t) implies that it is n — 1 times Fréchet §7-differentiable in a §-neighborhood
of U(t) and there is a n-linear bounded operator

F.p S U@)) € B,(SP(H))
such that, for every X1, ..., X,—1 € $P(H),
I(DF, f(U(s)) = D, fFUON X1, Xn1)

=D fUO) (X1, Xno1, Uls) = U@l
= o(IUGs) = UOp) [ X1 llp -+ | X1l

as |U(s) — U(t)||[, — 0. For n = 1, there exists a bounded linear operator
D, f(U@)) € B(SP (X))
such that
1/ (U(s) = fU@) = D, fU@)U(s) = UO), = o(|U(s) = U@)]l)
as |U(s) — U@)|, — 0.
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Again, note that

I/ (U(s)) = FU@) = (s =)D}, FWU@)T' @)l
< £ W) = fU@®) = Dp, fUO)U(s) = UD)

+ |6 -o[pkrwo(P2=20) <ok roan@ o] . es)

Now, the fact that U € D"(R, $?(H})) together with inequality (25) imply that f is
Gateaux §?-differentiable at U(¢) along with its Gateaux derivative

d ~
¢ = | W) =D}, fUE)T ).
where
D, fU)T' 1)) = [TV (FU)T (1),

This proves the base of the induction.
Now, assume that for 1 <k <n — 1, f is k times Géteaux S?-differentiable, that
is ¢ € D¥(R, $7(¥)), and

k
AUOEDY Z T k'l PO @D, T (1)

k' m-+1 ~ ~
= 2 oo o, 0w
m=1 [, ., ,>1
Lh++ln=k

DY FU@) (T t)")
= [A] + [B].

To check the (k + 1)-th order Gateaux differentiability of f it is enough to check the
Giteaux differentiability of [A] and [ B]. Note that, the n-th order Fréchet § 7 -differen-
tiability of f and U € D" (R, §?(J)) ensures that [B] is Giteaux §?-differentiable,
and

J ~
EL Dk, FU(s)(T'()%)

k

Z kL SUO)NT@),....T0 0. 0"0).T@).....0 1)

i

DER FU@) (T (). (26)
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On the other hand, the Gateaux $ ?-differentiability of [A4] is justified by Lemma 3.9.
Moreover, applying Lemma 3.9 in [A4], together with (26) give ¢ ®) € D'(R, §7(H#)),
that is, f is (k + 1) times Géteaux § ?-differentiable, and

gz)(k"'l)(t)
k
=k > Z[F(U(’))'"+l( Flmy @, g0 gletn
l k) ’ ’
m=1 [y,.,n>1 ~
l1£1—m+lm>=k U(IP'H) ., Ut(lm))
m+1
+ k! Z Z Z [F(U(l))m+2 f[m+l])](U(ll) ’ ﬁ(lpfl), ﬁt/’
m=1 [,.. ,lm>1 !
g +lm—k g, ... gt

= k! (p1(t) + @2(1)),

where U ,(l) stands for U (t). Now, by employing a similar combinatorial reasoning
as demonstrated in the proof of [25, Theorem 5.3.4], we conclude the induction on k.

This proves formula (16) and ¢ € D" (R, §(#)). Furthermore, if we assume that
U e C"(R, $7(H)), then an application of Corollary 3.8 shows that 9™ e C(R,
SP(H)).

(ii) We obtain the representation (18) for the Taylor reminder Ry 7y (f) by induc-
tion on k. The base case k = 1 follows from (10). Notice that the assumption on f
ensures, by Theorem 3.5 (i), that ¢ € D"(R, §#(J)). Further, the inductive step is
proved along the lines of the one in [25, Theorem 5.4.1 (ii)]. Details are left to the
reader. This completes the proof of the theorem. |

Finally, we now turn to the proof of Corollary 3.6.
Proof of Corollary 3.6. Let U(t) = e!'U,t € R, where A € S&(H) and define
U@t):=e"U—-U, 1eR.

(i) A routine calculation provides that for every n € N we have Uecn (R,S$2(H)),
and

U™ @) = (A)"U@r), teR. (27)

Now, using Theorem 3.5 (i), we prove (19) along with ¢ € C*(R, $P(H)).
By Theorem 2.3, there exists ¢, > 0 such that

@O AU @), AUy < cpmll S ol AL (28)
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for every 1 < m < n. Hence, in view of (19) and (28), we have the existence of a
constant ¢, , > 0 such that, for 1 < p < oo,

n
le®Dllp < épn 3 1L ™ ool AN

m=1

(ii) Note that R, r(A,U) = R, sy (1) (see for instance (17) and (20)). Therefore,
(18) along with (27) yield (21).

Now, assume that | <n < p <ocoand f € C"(T). By [22, (4.2)], we have an
integral representation for the remainder of the Taylor approximation

-1 1
~ 1 ~ 1 ~
o -y —®o) = —/ 1 - 010 W 1)dt,
W= q0PO =G5 [0-0 ®)
k=1 rd
which along with (27) further implies the following estimate:
0 .o \k
A
HZ (i4) U
k!
k=l

Therefore, using (29) and Theorem 2.3 in (21), we have the existence of a constant
Cp,n > 0such that

I1—1
- 1 ~ 1
- _ —_® l
, =|00- X G0%0], = . e
1 k=1 N

n
1Ry, £ (A, D)2 < & Y 1S ™ol Al

m=1

This completes the proof of the corollary. ]
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