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Corrigendum to
“Pauli Hamiltonians with an Aharonov–Bohm flux”

William Borrelli, Michele Correggi, and Davide Fermi

Abstract. We correct a mistake in [J. Spectr. Theory 14 (2024), 1147–1193] in the computation
of the square of a generic self-adjoint realization of the Dirac operator with an Aharonov–Bohm
flux. We prove that only two self-adjoint realizations of the Dirac operator square to self-adjoint
realizations of the Pauli operator with Aharonov–Bohm potential.

In [1, Proposittion 2.24], it is incorrectly stated that all self-adjoint realizations of
the Dirac operator HD square to the Friedrichs realization H .F/

P of the Pauli operator,
namely, .H 

D /
2 D H

.F/
P for all  2 Œ0; 2�/. As a matter of fact, only for specific val-

ues of the parameter  and for specific choices of ˇ D .ˇ.``
0/

ss0 / 2 M4;Herm.C/, there
actually holds .H 

D /
2 D H

.ˇ/
P . The amended version of [1, Proposition 2.24] is as

follows.

Proposition 1. The identity
.H


D /
2
D H

.ˇ/
P

holds if and only if one of the following two alternatives is realised:

(a)  D 0, ˇ.00/
""
D ˇ

.00/

##
D ˇ

.�1�1/

##
D 1, and ˇ.�1�1/

""
D 0 (ˇ.``

0/
ss0 arbitrarily

chosen otherwise), i.e.,H .ˇ/
P coincides with the Krein extension in the .";�1/

channel and with the Friedrichs extension in all the other channels;

(b)  D � , ˇ.00/
""
D ˇ

.�1�1/

""
D ˇ

.�1�1/

##
D1, and ˇ.00/

##
D 0 (ˇ.``

0/
ss0 arbitrarily

chosen otherwise), i.e., H .ˇ/
P coincides with the Krein extension in the .#; 0/

channel and with the Friedrichs extension in all the other channels.

Remark 1. The Dirac extensions corresponding to  D 0 and  D � are two distin-
guished ones. They are indeeed the only scale covariant realizations, i.e., homogen-
eous of degree �1 under scaling. This facts has implications at the dynamical level.
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Indeed, some dispersive estimates have been recently proved in [2], where it is also
mentioned that for other extensions such estimates seem to fail.

Proof of Proposition 1. The proof of the thesis will be achieved in various steps.
Without loss of generality, in what follows we fix � D 1, omitting the dependence on
the spectral parameter for simplicity of notation. We will repeatedly use the expan-
sion as r ! 0C given in [1, equation (3.2)], alongside with the basic identities (see
[1, equations (2.6), (2.7), and (2.33)])8̂̂̂<̂

ˆ̂:
G
.�1/

"
D

1
p
2�

�C C ��

2
;

G
.0/

#
D

1
p
2�

�C � ��

2
;

()

8<: �C D
p
2�.G

.�1/

"
CG

.0/

#
/;

�� D
p
2�.G

.�1/

"
�G

.0/

#
/:

(1)

Step 1. We show that D.H .ˇ/
P / � D.H


D / if and only if one of the following altern-

atives holds:

(a.1)  D 0, ˇ.00/
""
D ˇ

.00/

##
D ˇ

.�1�1/

##
D1 and ˇ.``

0/
ss0 arbitrary otherwise;

(b.1)  D � , ˇ.00/
""
D ˇ

.�1�1/

""
D ˇ

.�1�1/

##
D1 and ˇ.``

0/
ss0 arbitrary otherwise;

(c.1)  2 Œ0; 2�/ arbitrary, ˇ.00/
""
D ˇ

.�1�1/

""
D ˇ

.00/

##
D ˇ

.�1�1/

##
D1 and ˇ.``

0/
ss0

arbitrary otherwise.

Let us firstly notice that [1, equation (2.4)] entails ��.r; �/ D o.1/ as r ! 0C, for
all �� 2 D.H

.F/
P /. From here and from [1, equations (2.6), (2.7), and (3.2)] it follows

that, for any  2 D.H
.ˇ/
P /, there holds

 D �� C
X
s;`

q.`/s G
.`/

�;s

D

0@q.0/" �.˛/

21�˛
1p
2�

1
r˛
C q

.�1/

"

�.1�˛/
2˛

e�i�p
2�

1
r1�˛

q
.0/

#

�.˛/

21�˛
1p
2�

1
r˛
C q

.�1/

#

�.1�˛/
2˛

e�i�p
2�

1
r1�˛

1AC o.1/; as r ! 0C.

On the other hand, assuming that  2D.H 
D /, by similar arguments and (1), we infer

 D �C �.�C C e
i��/ D

0@�.1C ei /�.1�˛/2˛
e�i�p
2�

1
r1�˛

�.1 � ei / �.˛/
21�˛

1p
2�

1
r˛

1AC o.1/; as r ! 0C.

Matching the above asymptotics, we get q.0/
"
D 0, q.�1/

#
D 0, q.�1/

"
D �.1 C ei /

and q.0/
#
D �.1 � ei /. In particular, �.1 � ei /q.�1/

"
D �.1C ei /q

.0/

#
. Given that

q
.�1/

"
; q
.0/

#
2C are independent parameters, it appears that the only admissible altern-

atives are the following:
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(a.1)  D 0, q.0/
"
D q

.�1/

#
D q

.0/

#
D 0 and q.�1/

"
2 C arbitrary;

(b.1)  D � , q.0/
"
D q

.�1/

#
D q

.�1/

"
D 0 and q.0/

#
2 C arbitrary;

(c.1) � D 0 and q.0/
"
D q

.�1/

#
D q

.�1/

"
D q

.0/

#
D 0.

It is easy to check that these are indeed equivalent to the conditions (a.1), (b.1), and
(c.1), respectively.

Step 2. Let us now prove that H 
D .D.H

.F/
P // D HD.D.H

.F/
P // 6� D.H

 0

D / for all
;  0 2 Œ0; 2�/. We first remark that D.H .F/

P / consists of functions which are indeed
regular at the origin. So, any self-ajoint realization H 

D of the Dirac operator acts on
D.H

.F/
P / as the basic differential operator HD, which accounts for the first identity in

the claim. Taking this into account, we now proceed to show that HD� … D.H
 0

D / for
any given � 2 D.H

.F /
P / and for any  0 2 Œ0; 2�/, ultimately proving the thesis.

Recalling that H .F /
P D H

.F /
S ˚H

.F /
S , where H .F /

S is the Friedrichs extension of
the Schrödinger operator HS D .�ir C A/2 (see [1, Remark 2.2]), we deduce that
any � 2 D.H

.F/
P / can be represented as

� D R
.F/
S .�1/˚R

.F/
S .�1/f ; for some f D

�
f"
f#

�
2 L2.R2IC2/. (2)

Here R.F/S .�1/ is the resolvent ofH .F/
S , acting by convolution with the integral kernel

[1, equation (2.13)]

R
.F/
S .�1I x; x0/ D

X
`2Z

Ij`C˛j.r ^ r
0/Kj`C˛j.r _ r

0/
ei`.���

0/

2�
: (3)

Keeping in mind that, in polar coordinates, we have

HD D

�
0 e�i� .�i@r �

@�Ci˛
r

/

ei� .�i@r C
@�Ci˛
r

/ 0

�
;

in view of (2) and (3), we get

.HD�/"

µ

X
k2Z

h�
�i@r � i

.k C ˛/

r

�
KjkC˛j.r/

i rZ
0

dr 0r 0IjkC˛j.r 0/f k# .r
0/
ei.k�1/�
p
2�

C

X
k2Z

h�
�i@r � i

.k C ˛/

r

�
IjkC˛j.r/

i C1Z
r

dr 0r 0KjkC˛j.r 0/f k# .r
0/
ei.k�1/�
p
2�

;
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and

.HD�/#

D

X
k2Z

h�
�i@r C i

.k C ˛/

r

�
KjkC˛j.r/

i rZ
0

dr 0r 0IjkC˛j.r 0/f k" .r
0/
ei.kC1/�
p
2�

C

X
k2Z

h�
�i@r C i

.k C ˛/

r

�
IjkC˛j.r/

i C1Z
r

dr 0r 0KjkC˛j.r 0/f k" .r
0/
ei.kC1/�
p
2�

;

where the f ks are the Fourier coefficients in the angular wave expansion of fs .
Now, recall that the boundary conditions encoded in D.H


D / entail the evalu-

ation of the trace maps cs�˛; c
s
˛�1WD.H


D /! C, see [1, Proposition 2.23 and equa-

tions (2.34) and (2.35)]. Using the known identities
�
�@r ˙

�
r

�
K�.r/DK�˙1.r/ and�

�@r ˙
�
r

�
I�.r/ D �I�˙1.r/ [3, equation 10.29.2] and K��.z/ D K�.z/ [3, equa-

tion 10.27.3], we infer

h.HD�/"i.r/ D
i
p
2�

�
K˛.r/

rZ
0

dr 0r 0I1C˛.r 0/f 1# .r
0/

� I˛.r/

1Z
r

dr 0r 0K1C˛.r 0/f 1# .r
0/

�
;

h.HD�/"e
i�
i.r/ D

i
p
2�

�
K1�˛.r/

rZ
0

dr 0r 0I˛.r 0/f 0# .r
0/

� I�.1�˛/.r/

1Z
r

dr 0r 0K˛.r 0/f 0# .r
0/

�
;

h.HD�/#i.r/ D
i
p
2�

�
K˛.r/

rZ
0

dr 0r 0I1�˛.r 0/f �1" .r 0/

� I�˛.r/

1Z
r

dr 0r 0K1�˛.r 0/f �1" .r 0/

�
;

h.HD�/#e
i�
i.r/ D

i
p
2�

�
K1�˛.r/

rZ
0

dr 0r 0I2�˛.r 0/f �2" .r 0/

� I1�˛.r/

1Z
r

dr 0r 0K2�˛.r 0/f �2" .r 0/

�
:
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Exploiting the asymptotics of the Bessel functions I� ; K� [3, equations 10.30.1 and
10.30.2], it can be checked thatˇ̌̌̌ rZ

0

dr 0r 0I1C˛.r 0/f 1# .r
0/

ˇ̌̌̌
6 kf#k2

� rZ
0

dr 0r 0jI1C˛.r 0/j2
�1=2

6 Cr2C˛;

ˇ̌̌̌ 1Z
r

dr 0r 0K1C˛.r 0/f 1# .r
0/

ˇ̌̌̌
6 kf#k2

� 1Z
r

dr 0r 0jK1C˛.r 0/j2
�1=2

6 Cr�˛I

ˇ̌̌̌ rZ
0

dr 0r 0I˛.r 0/f 0# .r
0/

ˇ̌̌̌
6 kf#k2

� rZ
0

dr 0r 0jI˛.r 0/j2
�1=2

6 Cr1C˛;

ˇ̌̌̌ rZ
0

dr 0r 0I1�˛.r 0/f �1" .r 0/

ˇ̌̌̌
6 kf"k2

� rZ
0

dr 0r 0jI1�˛.r 0/j2
�1=2

6 Cr2�˛;

ˇ̌̌̌ rZ
0

dr 0r 0I2�˛.r 0/f �2" .r 0/

ˇ̌̌̌
6 kf"k2

� rZ
0

dr 0r 0jI2�˛.r 0/j2
�1=2

6 Cr3�˛;

ˇ̌̌̌ 1Z
r

dr 0r 0K2�˛.r 0/f �2" .r 0/

ˇ̌̌̌
6 kf"k2

� 1Z
r

dr 0r 0jK2�˛.r 0/j2
�1=2

6 Cr�.1�˛/:

On the other hand, keeping in mind that f D .HP C 1/�, see (2), recalling the defin-
ition of the trace maps � .`/s WD.H

.F/
P /! C, see [1, equation (2.14)], integrating by

parts and using the asymtptotics [1, equation (3.2)], we obtain

1Z
r

dr 0r 0K˛.r 0/f 0# .r
0/ D hG

.0/

#
j f iL2.R2nBr .0//

D

X
s02¹";#º

Z
@Br .0/

d†r Œ.G
.0/

#
/s0@r�s0 � @r.G

.0/

#
/s0�s0 �

D

2�Z
0

rd� Œg.0/@r�# � @rg.0/�#�

D
�.˛/

21�˛
lim
r!0C

1

r˛

2�Z
0

d� .˛ C r@r/�#
1
p
2�
C o.1/

D �
.0/

#
�C o.1/; as r ! 0C.
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A similar computation yields

1Z
r

dr 0r 0K1�˛.r 0/f �1" .r 0/ D �
.�1/

"
�C o.1/:

Combining the above results, we find

c
"

˛�1.HD�/ D lim
r!0C

r1�˛h.HD�/"e
i�
i D �

i21�˛
p
2��.˛/

�
.0/

#
�;

c#�˛.HD�/ D lim
r!0C

r˛h.HD�/#i D �
i2˛

p
2��.1 � ˛/

�
.�1/

"
�;

which imply, in turn,

HD� D

0@ �i 21�˛�.˛/
Œ�
.0/

#
�� e
�i�
p
2�

1
r1�˛

�i 2˛

�.1�˛/
Œ�
.�1/

"
�� 1p

2�

1
r˛

1AC o.1/: (4)

On the other hand, ifHD� were to belong to D.H
 0

D /, there should exist some �0 2 C

such that

HD� D

0@�0.1C ei 0/�.1�˛/2˛
e�i�p
2�

1
r1�˛

�0.1 � ei
0

/ �.˛/
21�˛

1p
2�

1
r˛

1AC o.1/:
Matching the coefficients in the above expansions, we would obtain sin. 0=2/� .0/

#
�D

i cos. 0=2/� .�1/
"

�, which is absurd, given that the traces � .0/
#
�; �

.�1/

"
� 2 C are inde-

pendent for a generic � 2 D.H
.F /
P /.

Step 3. We now prove that D.H .ˇ/
P / � D..H


D /
2/ if and only if one of the following

alternatives holds:

(a.3) condition (a.1) in Step 1 holds and ˇ.�1�1/
""

D 0;

(b.3) condition (b.1) in Step 1 holds and ˇ.00/
##
D 0.

Let us firstly remark that, considering the basic definition D..H

D /
2/ D ¹ 2

D.H

D / j H


D 2 D.H


D /º, the claim proved in Step 2 ensures that D.H .F/

P / is not a
subset of D..H 

D /
2/ for any  2 Œ0; 2�/. This rules out the alternative (c.1) in Step 1.

So, we only have to examine alternatives (a.1) and (b.1) therein. As an example, here-
after we discuss case (a.1).

Assume D.H .ˇ/
P / � D..H 0

D/
2/, for some suitable ˇ 2M4;Herm.C/ fulfilling con-

dition (a.1) in Step 1. On the one hand, for any  2 D.H
.ˇ/
P /, we have

 D �C q
.�1/

"
G
.�1/

"
D �C q

.�1/

"

�C C ��

2
p
2�

;
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where � 2 D.H
.F/
P / � DŒQ

.F/
P �. Recalling the definition of H 0

D , see [1, Proposi-
tion 2.23], and using the asymptotic expansion (4), we obtain

H 0
D D HD�C

i

2
q
.�1/

"
.�C � ��/

D

0@ �i 2
1�˛

�.˛/
.�
.0/

#
�/ e

�i�
p
2�

1
r1�˛�

�i 2˛

�.1�˛/
.�
.�1/

"
�/C i �.˛/

21�˛
q
.�1/

"

�
1p
2�

1
r˛

1AC o.1/; as r ! 0C.

On the other hand, since H 0
D 2 D.H 0

D/, there must exist some Q� 2 DŒQ
.F/
P � and

Q� 2 C such that

H 0
D D

Q�C Q�.�C C ��/ D

�
Q�21�˛�.1 � ˛/ e

�i�
p
2�

1
r1�˛

0

�
C o.1/; as r ! 0C.

Matching the #-component in the above asymptotics, we get

�
.�1/

"
� D

�

2 sin.�˛/
q
.�1/

"
:

At the same time, the boundary condition in [1, equation (2.10)] entails

�
.�1/

"
� D Œ.L.1/C ˇ/q�.�1/

"
D

h �

2 sin.�˛/
C ˇ

.�1;�1/

""

i
q
.�1/

"
:

The above identities yield ˇ.�1;�1/
""

D 0, which ultimately proves claim (b.3).

Step 4. To infer the thesis, we need to show that the inclusion D.H
.ˇ/
P /�D..H


D /
2/,

proved in the preceding Step 3 for suitable choices of  and ˇ, is indeed an equality.
As a matter of fact, the operators H .ˇ/

P and .H 
D /
2, with  and ˇ fixed as in Step 3,

have to coincide because they are self-adjoint extensions of the same closable sym-
metric operator, namely, .� � .�ir C A//2 on C1c .R

2 n ¹0º/.

References

[1] W. Borrelli, M. Correggi, and D. Fermi, Pauli Hamiltonians with an Aharonov–Bohm flux.
J. Spectr. Theory 14 (2024), no. 3, 1147–1193 Zbl 07926825 MR 4785673

[2] F. Cacciafesta, P. D’Ancona, Z. Yin, J. Zhang, Dispersive estimates for Dirac equations in
Aharonov–Bohm magnetic fields: massless case. 2024, arXiv:2407.12369v1

[3] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark (eds.), NIST handbook of
mathematical functions. U.S. Department of Commerce, National Institute of Standards
and Technology, Washington, DC; Cambridge University Press, Cambridge, 2010
Zbl 1198.00002 MR 2723248

https://doi.org/10.4171/jst/496
https://zbmath.org/?q=an:07926825
https://mathscinet.ams.org/mathscinet-getitem?mr=4785673
https://arxiv.org/abs/2407.12369v1
https://zbmath.org/?q=an:1198.00002
https://mathscinet.ams.org/mathscinet-getitem?mr=2723248


W. Borrelli, M. Correggi, and D. Fermi 486

Received 25 December 2024.

William Borrelli
Dipartimento di Matematica, Politecnico di Milano, Piazza Leonardo da Vinci 32,
20133 Milano, Italy; william.borrelli@polimi.it

Michele Correggi
Dipartimento di Matematica, Politecnico di Milano, Piazza Leonardo da Vinci 32,
20133 Milano, Italy; michele.correggi@gmail.com

Davide Fermi
Dipartimento di Matematica, Politecnico di Milano, Piazza Leonardo da Vinci 32,
20133 Milano; Istituto Nazionale di Fisica Nucleare, Sezione di Milano, via Celoria 16,
20133 Milano, Italy; davide.fermi@polimi.it

mailto:william.borrelli@polimi.it
mailto:michele.correggi@gmail.com
mailto:davide.fermi@polimi.it

	References

