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Quantitative propagation of smallness and spectral estimates
for the Schrödinger operator

Kévin Le Balc’h and Jérémy Martin

Abstract. In this paper, we investigate the quantitative propagation of smallness properties for
the Schrödinger operator on a bounded domain in Rd . We extend Logunov and Malinnikova’s
results concerning the propagation of smallness for A-harmonic functions to solutions of diver-
gence elliptic equations perturbed by real-valued Lipschitz first-order terms and a real-valued
bounded zero-order term. We also prove similar results for the gradients of solutions to certain
particular equations. This later result enables us to follow the recent strategy of Burq and Moy-
ano for obtaining spectral estimates on rough sets for the Schrödinger operator. Applications to
observability estimates and to the null-controllability of associated parabolic equations posed
on compact manifolds or the entire Euclidean space are then considered.

1. Introduction

This paper presents several quantitative results on the propagation of smallness for
solutions of elliptic partial differential equations and their applications to spectral
estimates.

More precisely, our goal is to derive three spheres theorems for solutions and their
gradients to divergence elliptic equations perturbed by a bounded zero-order term,
i.e., Schrödinger-type equations

�div.A.x/ru/C V.x/u D 0; x 2 �; (1.1)

where � is a smooth bounded open connected set of Rd , with d � 1, A D A.x/

is a symmetric uniformly elliptic matrix with Lipschitz entries, and V D V.x/ is a
bounded real-valued function. From Carleman estimates, it is now classical that the
following interpolation inequality holds. For B � K �� �, with B open and K

compact, there exist C > 0 and ˛ 2 .0; 1/ such that, for every solution u to (1.1), we

Mathematics Subject Classification 2020: 35J10 (primary); 35P99, 47A11,
93B05 (secondary).
Keywords: propagation of smallness, Schrödinger equations, spectral inequality.

https://creativecommons.org/licenses/by/4.0/


K. Le Balc’h and J. Martin 246

have
sup
K

juj � C.sup
B

juj/˛.sup
�

juj/1�˛: (1.2)

See for instance [20, Theorem 5.1] or [26, Corollary 2.3] and the references therein.
In [25], in relation to the applications of Yau’s conjecture on the volume of the

nodal sets for Laplace eigenfunctions (see [23, 24]), the generalization of the three
spheres theorems (1.2) for wild sets for solutions u to

�div.A.x/ru/ D 0; x 2 �; (1.3)

was considered. More precisely, Logunov and Malinnikova proved in [25, Theo-
rem 2.1] that, given E � K �� �, with E of positive d -dimensional Lebesgue
measure, there exist C > 0 and ˛ 2 .0; 1/ such that, for every solution u to (1.3),
one has

sup
K

juj � C.sup
E

juj/˛.sup
�

juj/1�˛:

One can even assume that E has positive .d � 1 C ı/-Hausdorff content for every
ı > 0. Note that this later result is sharp in the sense that the zeros of the harmonic
functions in Rd for d � 2may have positive .d � 1/-Hausdorff content. The propaga-
tion of smallness for gradients from sets of positive .d � 1� ı/-Hausdorff content for
some (small) ı was also obtained in [25, Theorem 5.1]. As demonstrated in [29], the
zeros of jruj have finite .d � 2/-Hausdorff measure. It was conjectured in [25] that
the result for jruj should be expected to hold for sets of positive .d � 2C ı/-Haus-
dorff content for any ı > 0. Up to now, this conjecture is still open.

The first goal of this paper is to extend Logunov and Malinnikova’s results to the
Schrödinger-type equation (1.1). Propagation of smallness for solutions is obtained in
full generality in the same setting as [25]. On the other hand, propagation of smallness
for gradients is only derived in a particular setting. Indeed, one cannot expect to derive
propagation of smallness for gradients of solutions to (1.1) in full generality; see The-
orem 2.3 below. Nevertheless, our particular result is sufficient for the applications to
spectral estimates that we next describe.

Let M be a compact connected Riemannian manifold of dimension d , possibly
with boundary, equipped with a Riemannian metric g. We assume that M is a C1 \

W 2;1, in the sense that the changes of charts are C1 with Lipschitz derivatives. We
consider the following associated elliptic operator:

Hg;V u D ��guC V.x/u; x 2M; (1.4)

where g is assumed to be a Lipschitz positive definite metric, �g D divg ı rg is
the Laplace–Beltrami operator and V D V.x/ is a bounded real-valued function.
The operator Hg;V eventually completed with Dirichlet or Neumann boundary con-
ditions, is an unbounded self-adjoint operator with compact resolvent in L2.M/.
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Consequently, it admits an orthonormal basis in L2.M/ of eigenfunctions denoted
by .'k/k�1, associated to the sequence of real eigenvalues .�k/k�1 which satisfies

�k �����!
k!C1

C1 and �k � �kV kL1 for all k 2 N.

Given ƒ > 0, we introduce the spectral projector …ƒ as follows:

…ƒu D
X
�k�ƒ

hu; 'kiL2'k for all u 2 L2.M/:

Given a nonempty open subset ! of M , Jerison and Lebeau obtained in [18] through
Carleman estimates the following spectral inequality:

k…ƒukL2.M/ � Ce
C
p
ƒ
k…ƒukL2.!/ for all u 2 L2.M/: (1.5)

This type of estimate is a generalization to linear combination of eigenfunctions of
the well-known doubling inequality of Donnelly and Fefferman [10] valid for one
eigenfunction. While the constant in the doubling inequality (1.5) is sharp in general
according to the vanishing order of the spherical harmonics, it is worth mention-
ing that it can be made independent of ƒ for one single Laplace eigenfunction in
surfaces with negative curvature, see [13]. Moreover, (1.5) combining with the so-
called Lebeau–Robbiano method [22] leads to the small-time null-controllability of
the associated parabolic equations with a control localized in !. In [3] (see also [2]),
Apraiz, Escauriaza, Wang, and Zhang generalize (1.5) to ! of positive d -dimen-
sional Lebesgue measure by assuming that both g and V are analytic. In the very
recent work [7], Burq and Moyano replaced the analyticity on the metric g with
the sharp Lipschitz assumption, assuming V D 0, and obtain (1.5) for ! of posi-
tive .d � ı/-Hausdorff content using the new results on propagation of smallness
from [25].

The second goal of the paper is to follow Burq and Moyano’s strategy starting
from our new results on propagation of smallness for gradients of solutions of (1.1),
to get new spectral estimates for the Schrödinger operator (1.4) in the compact setting.

On the Euclidean space, we are interested in the following Schrödinger operator:

Hg;V;�u D �
1

�.x/
div.g�1.x/�.x/ru/C V.x/u; x 2 Rd ; (1.6)

where g D g.x/ is a symmetric uniformly elliptic matrix with Lipschitz entries, � D
�.x/ is a positive bounded Lipschitz function, and V D V.x/ is a bounded real-valued
function. Notice that Hg;V;� is an unbounded self-adjoint operator on L2.Rd ; �dx/.
As a consequence, one can still define spectral projectors by

…ƒu D 1Hg;V;�u D

ƒZ
�kV k1

dm for all u 2 L2.Rd ; �dx/;



K. Le Balc’h and J. Martin 248

where dm is the spectral measure of Hg;V;� . Contrary to the case of compact mani-
folds, spectral inequalities of the form

8ƒ > 0; 9Cƒ > 0; 8u 2 L
2.Rd /; k…ƒukL2.Rd / � Cƒk…ƒukL2.!/ (1.7)

may require some geometric condition on ! to hold. When g D Id , � D 1 and V D 0,
the Logvinenko–Sereda theorem [27] shows that (1.7) holds if and only if the mea-
surable subset ! is thick. We say that ! is a thick subset of Rd if there exist R;  > 0
such that

j! \ B.x;R/j �  jB.x;R/j; for all x 2 Rd : (1.8)

Under this assumption and still in the case where g D Id , � D 1 and V D 0, Kovri-
jkine established in [19] a quantitative version of the Logvinenko–Sereda theorem and
showed the following inequality: for every ƒ > 0,

k…ƒukL2.Rd / �
�Cd


�Cd .1CRpƒ/
k…ƒukL2.!/ for all u 2 L2.Rd /; (1.9)

where Cd > 0 is a positive constant depending only on the dimension. Thanks to
estimate (1.9), Egidi and Veselic [14] and Wang, Wang, Zhang, and Zhang [32] estab-
lished that (1.8) is actually a necessary and sufficient condition for the null-controlla-
bility of the associated parabolic equation. These results were generalized by Lebeau
and Moyano in [21] under the analyticity assumption on g, V , and �. Very recently,
[6] extended these results to the case of a Lipschitz metric g, a Lipschitz density � but
without potential (V D 0), again starting from the results on propagation of smallness
by Logunov and Mlinnikova. They were even able to deduce some spectral estimates
under weaker assumptions on !, allowing it to have Lebesgue measure zero.

The third goal of the paper is to follow Burq and Moyano’s strategy starting from
our new results on propagation of smallness for (1.1) to get new spectral estimates for
the Schrödinger operator (1.6) in the non-compact setting.

2. Main results

The goal of this part is to state the main results of the paper, which are quantita-
tive propagation of smallness results for solutions to Schrödinger-type equations in a
bounded domain of Rd and their applications to spectral estimates for Schrödinger
operators on compact Riemannian manifolds and the entire Euclidean space.

Recall that, for s � 0, the s-Hausdorff content (or measure) of a set E � Rn is

C sH .E/ D inf
°X
j

rsj I E �
[
j

B.xj ; rj /
±
;
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and the Hausdorff dimension of E is defined as

dimH .E/ D inf¹s � 0 I C sH .E/ D 0º:

We shall denote by jEj the Lebesgue measure of the set E. Let us recall that the
Hausdorf content of order d is equivalent to the Lebesgue measure,

9Cn; cn > 0; 8A borelian set; cnjAj � CnH .A/ � CnjAj;

and we also have the following relation:

C sH .E/ > 0 H) 8s0 2 .0; s/; C s
0

H .E/ � inf.1;C sH .E//: (2.1)

2.1. Propagation of smallness for the Schrödinger operator

Let � be a bounded domain of Rd . Let us consider the second order elliptic operator

HA;V u D �div.A.x/ru/C V.x/u; x 2 �; (2.2)

where A D .aij .x//1;�i;j�d is a symmetric uniformly elliptic matrix with Lipschitz
entries

ƒ�11 j�j
2
�hA.x/�;�i�ƒ1j�j

2; jaij .x/� aij .y/j �ƒ2jx�yj; x;y 2�;� 2Rd;

(2.3)
for someƒ1;ƒ2 >0, where jxj denotes the Euclidean norm of x 2Rd , and V D V.x/
is a real-valued bounded function, i.e.,

V 2 L1.�IR/: (2.4)

The first main result concerns the propagation of smallness for solutions to Schrö-
dinger-type equations.

Theorem 2.1. Let �;m; ı > 0 and K; E � � be measurable subsets such that

dist.K; @�/ � �; dist.E; @�/ � �; and Cd�1Cı
H

.E/ � m: (2.5)

There exist
C D C.�;ƒ1; ƒ2; kV k1; �;m; ı/ > 0

and
˛ D ˛.�;ƒ1; ƒ2; kV k1; �;m; ı/ 2 .0; 1/

such that, for every weak solution u 2 W 1;2.�/ \ L1.�/ of the elliptic equation

�div.A.x/ru/C V.x/u D 0 in �; (2.6)

we have
sup
K

juj � C.sup
E

juj/˛.sup
�

juj/1�˛: (2.7)
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Let � D �.x/ 2 W 1;1.�/ satisfying

ƒ�11 � �.x/ � ƒ1 and j�.x/ � �.y/j � ƒ2jx � yj for all x; y 2 �: (2.8)

The second main result concerns the propagation of smallness for the gradients of
particular solutions to Schrödinger-type equations.

Theorem 2.2. There exists ıd 2 .0; 1/, depending only on the dimension d , such that
the following holds. Let �;m > 0, ı 2 Œ0; ıd �, and K; E � � be measurable subsets
such that

dist.K; @�/ � �; dist.E; @�/ � �; and Cd�ıH .E/ � m: (2.9)

There exist
C D C.�;ƒ1; ƒ2; kV k1; �;m; ı/ > 0

and
˛ D ˛.�;ƒ1; ƒ2; kV k1; �;m; ı/ 2 .0; 1/

such that, for every weak solution Ou.x; t/ 2 W 1;1.� � .�1; 1// of the elliptic equa-
tion ´

�divx � .A.x/rx Ou/ � �.x/@t t OuC V.x/ Ou D 0 in � � .�1; 1/;

Ou.x; 0/ D 0 in �;
(2.10)

we have

sup
x2K

j@t Ou.x; 0/j � C.sup
x2E

j@t Ou.x; 0/j/
˛
k Ouk1�˛

W 1;1.��.�1;1//
: (2.11)

The new difficulty in proving Theorem 2.1 and Theorem 2.2 is that the results
of [25] are actually proved for divergence elliptic operators, and their extensions to
operators as in (2.19) are not straightforward. One approach could be to adapt all the
steps of their proof to a more general elliptic operator as considered here. However, it
is worth mentioning that [25] is not self-contained, as recalled by the authors, and it
uses some new deep results from [23, 24]. Moreover, the following remark holds.

Remark 2.3. One cannot expect to derive propagation of smallness for the gradients
of solutions to (2.6) in full generality as in [25, Theorem 5.1]. Indeed, as noted in
[17, Remark, p. 362], let v 2 C1.Rn/, jvj < 1, then set u D v2 C 1, which solves
��u C V.x/u D 0 in Rn with V.x/ D .�v2/=.v2 C 1/ and we have v�1.¹0º/ �
jruj�1.¹0º/. Moreover, every closed set in Rn is the zero set of a C1 function,
see [34]. In particular, the set v�1.¹0º/ could be an arbitrary closed set of Rn, from
which there is no hope to obtain a propagation of smallness result for ru.
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These are the main reasons why we decided to follow an easier path that uses
[25, Theorems 2.1 and 5.1] as a black box.

We now present the main steps for obtaining Theorem 2.1 and Theorem 2.2. With-
out loss of generality, we first reduce to the case V � 0. This reduction enables us
to construct a positive multiplier that converts the Schrödinger-type equation into a
divergence elliptic equation.

Reduction to the case V � 0. We note that one can reduce the proof of Theorem 2.1
and Theorem 2.2 to the case

V � 0: (2.12)

For Theorem 2.1, by looking at the function Ou.x; t/ D u.x/ exp.�t/ that solves

�divx � .A.x/rx Ou/ � @t t OuC .V .x/C �2/ Ou D 0 in � � .�1;C1/: (2.13)

For � � kV k1=21 , we have that

yV .t; x/ D V.x/C �2 � 0I

then one can apply Theorem 2.1 with

y� D � � .�1;C1/;

yK D K �
�
�
1

2
;C
1

2

�
�� y�;

yE D E �
�
�
1

2
;C
1

2

�
�� y�

to Ou satisfying (2.13). For Theorem 2.2, the argument is in the same spirit by adding
a ghost variable considering Ov.x; y; t/ D Ou.x; t/ exp.�y/ for some � � kV k1=21 that
solves8̂̂<̂

:̂
�divx � .A.x/rx Ov/ � @yy Ov � �.x/@t t Ov C .V .x/C �2/ Ov D 0

.x; y; t/ 2 � � .�1; 1/ � .�1;C1/;

Ov.x; y; 0/ D 0 in � � .�1; 1/;

(2.14)

and applying Theorem 2.2 with

y� D � � .�1; 1/; yK D K �
�
�
1

2
;
1

2

�
�� y�; yE D E �

�
�
1

2
;
1

2

�
�� y�

to Ov that solves (2.14). Therefore, in all the following, we will only consider the
case (2.12).
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Reduction to a divergence elliptic equation. The key ingredient in the proofs of
Theorems 2.1 and 2.2 consists in the construction of a suitable positive multiplier
to the equation HA;V ' D 0, in the case when V � 0, which shows the existence of
' 2 W 1;1.�0/ satisfying

�div.Ar'/C V' D 0 in �0 and ' > 0 in �0;

where �0 is a smooth domain satisfying

dist.K; @�0/ �
�

2
; dist.E; @�0/ �

�

2
; and �0 �� �:

This enables us to reduce the task of obtaining propagation of smallness for solutions
to (2.6) to the application of propagation of smallness for solutions to divergence
elliptic equations for v D u='. Indeed, v now satisfies

�div.'2Arv/ D 0 in �0:

Thanks to suitable lower and upper bounds on ', these propagation of smallness esti-
mates obtained on v provide estimates on u. For the case when u satisfies (2.10), the
same strategy works but now the equation satisfied by Ov D Ou=' is

�divx � .'2A.x/rx Ov/ � @t .'2�.x/@t Ov/ D 0 in �0 � .�1; 1/;

which is a divergence elliptic equation with the extra condition Ov.x; 0/ D 0. Propaga-
tion of smallness estimates on jrt;xvj on particular sets will then provide the expected
result (2.11).

The following remarks are in order.

Remark 2.4. The main advantage of our proof is that we obtain propagation of small-
ness for solutions to Schrödinger-type equations in a general setting without redoing
all the arguments of Logunov and Malinnikova. However, the main drawback of such
a strategy is that, for the gradient of solutions, the application of propagation of small-
ness for gradients [25, Theorem 5.1] is applied to v D u=', making it difficult to
deduce estimates on jruj. Actually, this is not only a technical difficulty, since, as
recalled in Theorem 2.3, one cannot expect to obtain propagation of smallness for
gradients in full generality. Nevertheless, this method allows us to deal with the par-
ticular setting of (2.10) and to obtain Theorem 2.2. Fortunately, the propagation of
smallness estimates (2.11) is sufficient for our applications to spectral estimates.

Remark 2.5. Finally, we would like to highlight the very recent preprint [35], from
which one can also obtain Theorems 2.1 and 2.2, assuming that V 2 W 1;1.�IR/,
starting from [25, Theorem 2.1 and Theorem 5.1] as a black box. Its strategy was
rather different from ours because it consists in putting the zero-order term V in the
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principal part of the operator by adding a ghost variable. The Lipschitz assumption
on V seemed to be difficult to remove with such a method. Nevertheless, this strategy
inspires the next two results treating real-valued first-order terms, see below. Note that
the next versions of [35] actually remove the Lipschitz assumption on V by using a
similar strategy to ours.

Last but not least, the parameter ıd 2 .0; 1/ appearing in Theorem 2.2 is small
a priori and actually comes from [25, Theorem 5.1]. The extension to an arbitrary
ıd 2 .0; 1/ is an open and very likely difficult open problem. However, it is worth
mentioning that, for d D 1, we can take an arbitrary ı 2 .0;1/ by using the propagation
of smallness result for gradients [36, Theorem 1.2] in dimension d C 1 D 2 instead
of [25, Theorem 5.1], together with our strategy of reduction to a divergence elliptic
equation. The same remark will apply next for spectral estimates and applications.
See also [31] for a similar strategy when d D 1 but with the use of [36, Theorem 1.1].

Let us end this section by presenting two results on the propagation of smallness
for Schrödinger operators with a drift term. Let W 2 W 1;1.�;Rd /.

Corollary 2.6. Let �;m; ı > 0 and K; E � � be measurable subsets such that

dist.K; @�/ � �; dist.E; @�/ � �; and Cd�1Cı
H

.E/ � m:

There exist positive constant C D C.�;ƒ1;ƒ2; kV k1; kW kW 1;1 ; �;m; ı/ > 0 and
˛ D ˛.�;ƒ1;ƒ2; kV k1; kW kW 1;1 ; �;m; ı/ 2 .0; 1/ such that for every weak solu-
tion u 2 W 1;2.�/ \ L1.�/ of the elliptic equation

�div.A.x/ru/CW.x/ � ruC V.x/u D 0 in �; (2.15)

we have
sup
K

juj � C.sup
E

juj/˛.sup
�

juj/1�˛: (2.16)

Corollary 2.7. There exists ıd 2 .0; 1/ depending only on the dimension d such that
the following holds. Let �;m > 0, ı 2 Œ0; ıd � and K; E � � be measurable subsets
such that

dist.K; @�/ � �; dist.E; @�/ � �; and Cd�ıH .E/ � m:

There exist positive constants C D C.�;ƒ1;ƒ2;kV k1;kW kW 1;1 ; �;m; ı/ > 0 and
˛ D ˛.�;ƒ1;ƒ2;kV k1;kW kW 1;1 ; �;m; ı/ 2 .0; 1/ such that, for every weak solu-
tion Ou.x; t/ 2 W 1;1.� � .�1; 1// of the elliptic equation´
�divx.A.x/rx Ou/ � �.x/@t t OuCW.x/ � rx OuC V.x/ Ou D 0 in � � .�1; 1/;

Ou.x; 0/ D 0 in �;
(2.17)
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we have

sup
x2K

j@t Ou.x; 0/j � C.sup
x2E

j@t Ou.x; 0/j/
˛
k Ouk1�˛

W 1;1.��.�1;1//
: (2.18)

The proofs of Corollaries 2.6 and 2.7 respectively follow from Theorems 2.1
and 2.2 and are given in Section 3.3. The Lipschitz assumption on W could prob-
ably be removed and seems to be purely technical.

2.2. Spectral estimates on compact manifolds and applications

Let M be a C 1 \W 2;1, connected, compact manifold of dimension d � 1, possibly
with boundary, equipped with a Riemannian metric g. In this section, we fix an atlas
A D .V� ; ‰� /�2J containing a finite number of charts with .W 2;1 \ C 1/-diffeo-
morphisms ‰� WV� ! ‰� .V� / � Rd�1 �RC such that there exists a family of open
sets .U� /�2J satisfying

M D
[
�2J

U� ;

and such that U� is compactly included in the open set V� inM , for all � 2 J. In the
case when M is assumed to be without boundary, then, for any � 2 J, ‰� .V� / is an
open set of Rd .

Let us consider the second order elliptic operator

Hg;V u D ��guC V.x/u; x 2M; (2.19)

where V D V.x/ is a real-valued bounded function, i.e.,

V 2 L1.M IR/;

and g is assumed to beƒ1-elliptic andƒ2-Lipschitz, in the sense that if .g�i;j /1�i;j�d
are the local coordinates of g in a local chart .V� ; ‰� /,

ƒ�11 j�j
2
�

X
i;j

g�i;j .‰
�1
� .x//�i�j � ƒ1j�j

2 for all x 2 ‰� .V� /; � 2 Rd ;

and

jg�ij ı‰
�1
� .x/ � g�ij ı‰

�1
� .y/j � ƒ2jx � yj for all x; y 2 ‰� .V� /;

for some ƒ1 > 0 and ƒ2 > 0.
Let us define

Dom.Hg;V / D ¹u 2 H 2.M/ W u D 0 on @M or @�u D 0 on @M º:
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Note that if @M D;, then Dom.Hg;V /DH 2.M/. Under these assumptions, it is well
known that Hg;V admits an orthonormal basis in L2.M/ of eigenfunctions, denoted
by .'k/k�1, associated to the sequence of real eigenvalues .�k/k�1. Givenƒ > 0, we
introduce the spectral projector …ƒ as follows:

…ƒu D
X
�k�ƒ

hu; 'kiL2'k for all u 2 L2.M/:

Our first main result states the following spectral estimates for the Schrödinger
operator (2.19).

Theorem 2.8. There exists ıd 2 .0; 1/ such that, for all ı 2 Œ0; ıd �, for every observa-
tion set ! �M satisfying Cd�ı

H
.!/�m>0, there existsC DC.M;g;V;A; ı;m/> 0

such that for every ƒ > 0, we have

k…ƒukL1.M/ � Ce
C
p
ƒ sup
x2!
j.…ƒu/.x/j for all u 2 L2.M/: (2.20)

In particular, for every measurable set ! �M satisfying j!j �m> 0, there exists
C D C.M; g; V;A; m/ > 0 such that, for every ƒ > 0, we have

k…ƒukL1.M/ � Ce
C
p
ƒ
k…ƒukL1.!/ for all u 2 L2.M/: (2.21)

The following comments are in order. First, Theorem 2.8 generalizes [7, Theo-
rem 1] to the case of the Schrödinger operator as in (2.19). Secondly, inequality (2.21)
is an L1–L1 spectral estimate from which one can easily deduce the more standard
L2–L2 spectral estimate as recalled in (1.5) by using the continuous embeddings
L1.M/ ,! L2.M/ and L2.!/ ,! L1.!/

k…ƒukL2.M/ � Ce
C
p
ƒ
k…ƒukL2.!/ for all u 2 L2.M/: (2.22)

On the other hand, inequality (2.20) is an L1–L1 spectral estimate from which one
can only deduce an L2–L1 spectral estimate

k…ƒukL2.M/ � Ce
C
p
ƒ sup
x2!
j.…ƒu/.x/j for all u 2 L2.M/: (2.23)

Moreover, without extra assumption on ! here, there is no hope to transform (2.23)
into anL2–L2 estimate because one can have j!j D 0. Last but not least, the parameter
ı 2 .0; 1/ is small a priori and actually comes from Theorem 2.2, so from [25, Theo-
rem 5.1]. The extension to an arbitrary ı 2 .0; 1/ is an open and, very likely, difficult
open problem.

The strategy of the proof of Theorem 2.8 will follow the one in [7, Theorem 1]
that uses propagation of smallness for the gradient of solutions to elliptic equations
from [25, Theorem 5.1]. The new difficulty here is that the results of [25] are actually
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proved for divergence elliptic operators, and their extensions to operators as in (2.19)
are not straightforward. This is why we will actually use our new Theorem 2.2.

We now focus on the time evolution equation´
@tuCHg;V u D 0 in .0;C1/ �M;

u.0; �/ D u0 in M;
(2.24)

completed with homogeneous Dirichlet or Neumann boundary conditions if @M ¤ ;.
Our second main result is the establishment of the following observability inequal-

ities.

Theorem 2.9. There exists ıd 2 .0;1/ such that, for all ı 2 Œ0;ıd �,m>0 and for every
measurable set ! �M satisfying Cd�ı

H
.!/ � m > 0, there exists a positive constant

C D C.M; g; V;A; ı; m/ > 0 such that, for every T 2 .0; 1/ and u0 2 L2.M/, the
solution u 2 C.Œ0; T �IL2.M// of (2.24) satisfies

ku.T; �/k2
L2.M/

� CeC=T
TZ
0

.sup
x2!
ju.t; x/j/2dt: (2.25)

For every measurable set ! � M satisfying j!j � m > 0, there exists a positive
constant C D C.M;g;V;A;m/ > 0 such that, for every T 2 .0; 1/ and u0 2 L2.M/,
the solution u 2 C.Œ0; T �IL2.M// of (2.24) satisfies

ku.T; �/k2
L2.M/

� CeC=T
TZ
0

ku.t; �/k2
L2.!/

dt: (2.26)

By using the spectral estimates (2.22), the proof of (2.26) is now classical and orig-
inally comes from the Lebeau–Robbiano method for obtaining the null controllability
of the heat equation starting from a spectral estimate, see [22] and [20, Section 6]. This
strategy was later extended by Miller in [28]. Therefore, (2.26) directly comes from
[28, Theorem 2.2] or [5, Theorem 2.1]. The proof of (2.25) is in the same spirit but
adapted to the particular functional setting of the L2 � L1 spectral estimate (2.23),
see [7, Section 4] for details. The restriction T 2 .0; 1/ that we will keep in the fol-
lowing is simply for obtaining the constant of observability in small time of the form
CeC=T .

For a measurable ! �M , we finally focus on the controlled system´
@ty CHg;V y D h1! in .0;C1/ �M;

y.0; �/ D y0 in M;
(2.27)
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completed with homogeneous Dirichlet or Neumann boundary conditions if @M ¤ ;.
In (2.27), at time t 2 Œ0;C1/, y.t; �/WM ! R is the state and h.t; �/W! ! R is the
control. In the following, we denote by M.M/ the space of Borel measure on M .

Our last main result of this section provides null-controllability results for (2.27).

Theorem 2.10. There exists ıd 2 .0; 1/ such that, for all ı 2 Œ0; ıd �, m > 0, and
for every closed measurable set ! � M satisfying Cd�ı

H
.!/ � m > 0, there exists

C D C.M; g; V;A; ı;m/ > 0 such that, for every T 2 .0; 1/ and y0 2 L2.M/, there
exists h 2 L2.0; T IM.M// supported in .0; T / � ! satisfying

TZ
0

kh.t/k2M.M/dt � Ce
C=T
ky0k

2
L2.M/

;

such that the solution y of (2.27) satisfies y.T; �/ D 0.
For every measurable set ! � M satisfying j!j � m > 0, there exists a positive

constant C D C.M; g; V;A; m/ > 0 such that, for every T 2 .0; 1/, y0 2 L2.M/,
there exists h 2 L2.0; T IL2.!// satisfying

khkL2.0;T IL2.!// � Ce
C=T
ky0kL2.M/;

such that the solution y 2 C.Œ0; T �IL2.M// of (2.27) satisfies y.T; �/ D 0.

Recall that the norm of the space of Borel measures on the metric space!, denoted
by M.!/, is defined as

k�kM.M/ D sup
f 2C0.M/

j
R
M
fd�j

kf k1
:

The second part of Theorem 2.10 comes from a classical duality argument together
with the use of the observability estimate (2.26), see for instance [8, Theorem 2.44].
The first part is less standard due to the functional setting, but details can be found in
[7, Section 5].

2.3. Spectral estimates on the Euclidean space and applications

Let us consider the second order elliptic operator

Hg;V;�u D �
1

�.x/
div.�.x/g�1.x/ru/C V.x/u; x 2 Rd ; (2.28)

where
g.x/ D .gij .x//1;�i;j�d
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is a symmetric uniformly elliptic matrix with Lipschitz entries

ƒ�11 j�j
2
�hg.x/�;�i�ƒ1j�j

2; jgij .x/�gij .y/j �ƒ2jx � yj; x;y2Rd ; �2Rd;

for some ƒ1; ƒ2 > 0, V D V.x/ is a real-valued bounded function, i.e.,

V 2 L1.Rd IR/;

and � 2 W 1;1.Rd ;R�C/ is a positive bounded Lipschitz density satisfying

ƒ�11 � � � ƒ1: (2.29)

The operator Hg;V;� is an unbounded self-adjoint operator on L2.Rd ; �dx/ with
domain H 2.Rd /. Notice that, under the assumption (2.29), we have

ƒ
� 12
1 k � kL2.Rd / � k � kL2.Rd ;�dx/ � ƒ

1
2

1 k � kL2.Rd /;

and L2.Rd / D L2.Rd ; �dx/. However, let us insist on the fact that the self-adjoint-
ness of Hg;V;� is related to the scalar product

hf; giL2.Rd ;�dx/ D

Z
Rd

f .x/g.x/�.x/dx:

Given ƒ > 0, we introduce the spectral projector as follows:

…ƒu D 1Hg;V;�u D

ƒZ
�kV k1

dm for all u 2 L2.Rd ; �dx/;

where dm is the spectral measure of Hg;V;� .
In the sequel, we need the following definition.

Definition 2.11. Let R > 0 and 0 <  � 1. A measurable subset ! � Rd is  -thick
at scale R if

j! \ B.x;R/j �  jB.x;R/j; for all x 2 Rd : (2.30)

A subset ! � Rd is thick if it is  -thick at scale R for some R > 0 and 0 <  � 1.
Let R > 0,m > 0, and 0 < d 0 � d . A measurable set ! � Rd is said .m; d 0/-uni-

formly distributed at scale R if

Cd
0

H .! \ B.x;R// � m; for all x 2 Rd : (2.31)

A subset ! � Rd is d 0-uniformly distributed if it is .m; d 0/-uniformly distributed at
scale R for some R;m > 0.



Quantitative propagation of smallness and spectral estimates 259

Notice that, since the d -dimensional Haussdorf measure is equivalent to the
Lebesgue measure of Rd , a subset ! � Rd is d -uniformly distributed if and only
if it is thick. In (2.30) and (2.31), the parameter R > 0 will be always chosen such
that

Rd D
[
k2Zd

B.k;R/: (2.32)

Our main result of this section states the following spectral estimates for the
Schrödinger operator (2.28) with particular observation sets.

Theorem 2.12. Let R > 0 be such that (2.32) holds, 0 <  � 1, and m > 0. There
exists ıd 2 .0; 1/ such that, for all ı 2 Œ0; ıd � and for every .m; d � ı/-uniformly
distributed set ! � Rd at scale R, there exists

C D C.ƒ1; ƒ2; kV kL1 ; R;m; ı/ > 0

such that, for every ƒ > 0, we have

k…ƒukL2.Rd / � Ce
C
p
ƒ
X
k2Zd

sup
x2!\B.k;R/

j.…ƒu/.x/j for all u 2 L2.Rd /:

(2.33)
For every  -thick set ! � Rd at scale R, there exists

C D C.ƒ1; ƒ2; kV kL1 ; R; / > 0

such that, for every ƒ > 0, we have

k…ƒukL2.Rd / � Ce
C
p
ƒ
k…ƒukL2.!/ for all u 2 L2.Rd /: (2.34)

The following remarks are in order. First, Theorem 2.12 generalizes [6, Theo-
rem 1] to the case of the Schrödinger operator as in (2.28). Note that (2.34) was
previously established in [21], assuming some analyticity condition on the poten-
tial V , and in [31] for the one-dimensional case by exploiting the recent improvement
of propagation of smallness for solutions to elliptic equations in dimension d D 2

in [36]. See also [1, 33, 35] for the case of unbounded potentials V . The same remark
as in the compact setting applies to the parameter ı 2 .0; 1/ appearing in the proof
of (2.33).

The strategy for the proof of Theorem 2.12 will follow that of [6, Theorem 1], and
again the new difficulty arises from the fact that the results of [25] are actually proved
for divergence elliptic operators.

We now focus on the evolution equation´
@tuCHg;V;�u D 0 in .0;C1/ �Rd ;

u.0; �/ D u0 in Rd :
(2.35)



K. Le Balc’h and J. Martin 260

Our second main result is the establishment of the following observability inequal-
ities.

Theorem 2.13. Let R > 0 be such that (2.32) holds, 0 <  � 1, and m > 0. There
exists ıd 2 .0; 1/ such that, for all ı 2 Œ0; ıd � and for every .m; d � ı/-uniformly
distributed set ! � Rd at scale R, there exists

C D C.ƒ1; ƒ2; kV kL1 ; R;m; ı/ > 0

such that, for every T 2 .0; 1/ and u0 2 L2.Rd /, the mild solution u 2 C.Œ0; T �I
L2.Rd // of (2.35) satisfies

ku.T; �/k2
L2.Rd /

� CeC=T
X
k2Zd

TZ
0

sup
x2!\B.k;R/

juj2.t; x/dt:

For every  -thick set ! � Rd at scale R, there exists

C D C.ƒ1; ƒ2; kV kL1 ; R; / > 0

such that, for every T 2 .0; 1/ and u0 2 L2.Rd /, the solution u 2 C.Œ0; T �IL2.Rd //
of (2.35) satisfies

ku.T; �/k2
L2.Rd /

� CeC=T
TZ
0

ku.t; �/k2
L2.!/

dt: (2.36)

This result is, in particular, a generalization of [6, 12] by the addition of the zero-
order term V . This also constitutes an improvement of [11, 30], which consider the
case where ! is a union of disjoint open balls. Note that the thickness condition turns
out to be necessary for (2.36) for g D Id and V D 0, as noted in [14, 32]. Other
necessary and sufficient conditions were derived in [4] when looking at controls of
the form h1!.t/. For a complete proof of Theorem 2.13 from the spectral estimates of
Theorem 2.12, see [6] and the references therein.

For a measurable ! � Rd , we finally focus on the controlled system´
@ty CHg;V;�y D h1! in .0;C1/ �Rd ;

y.0; �/ D y0 in Rd ;
(2.37)

In (2.37), at time t 2 Œ0;C1/, y.t; �/WRd ! R is the state and h.t; �/W! ! R is the
control.

Let us denote by M.Rd / the space of Borel measures on Rd . Our last main result
provides null-controllability results for (2.37).
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Theorem 2.14. Let R > 0 be such that (2.32) holds, 0 <  � 1, and m > 0. There
exists ıd 2 .0; 1/ such that, for all ı 2 Œ0; ıd � and for every .m; d � ı/-uniformly
distributed set ! � Rd at scale R, there exists C D C.g;V; �;R;m; ı/ > 0 such that,
for every T 2 .0; 1/ and y0 2 L2.Rd /, there exists h 2 L2.0; T IM.Rd // supported
in .0; T / � ! satisfying

X
k2Zd

TZ
0

kh.t/k2M.B.k;R//dt � Ce
C=T
ky0k

2
L2.Rd /

(2.38)

such that the solution y of (2.37) satisfies y.T; �/ D 0.
For every  -thick set ! � Rd at scale R, there exists C D C.g; V; �; R; / > 0

such that, for every T 2 .0; 1/ and y0 2 L2.Rd /, there exists h 2 L2.0; T IL2.!//
satisfying

khkL2.0;T IL2.!// � Ce
C=T
ky0kL2.Rd /

such that the solution y 2 C.Œ0; T �IL2.Rd // of (2.37) satisfies y.T; �/ D 0.

In (2.38), kh.t/kM.B.k;R// is the norm of the restriction of h.t/ on B.k;R/, which
is therefore supported on ! \ B.k;R/, defined as

kh.t/kM.B.k;R// D sup
f 2C0.B.k;R//

j
R
B.k;R/

fdh.t/j

kf kL1.B.k;R//

:

For a complete proof of Theorem 2.14 from the observability inequalities of Theo-
rem 2.13, see [6] and the references therein.

3. Proof of the propagation of smallness for Schrödinger operators

The goal of this section is to establish the quantitative propagation of smallness for
solutions to Schrödinger operators.

Let� be a bounded domain of Rd . We consider the elliptic operatorHA;V defined
in (2.2), with the Lipschitz assumption on A, i.e., (2.3) and the boundedness assump-
tion on V , i.e., (2.4). Moreover, as explained in Theorem 2.2, one can assume that
V � 0.

Reduction to a smooth bounded domain �0. Given K and E such that (2.5)
or (2.9) hold then from [9, Proposition 8.2.1], one can find two C1-domains �0
and �1 such that

dist.K; @�0/ �
�

2
; dist.E; @�0/ �

�

2
; and �0 �� �1 �� �: (3.1)
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3.1. Existence of a positive multiplier and reduction to the divergence form

In this part, we will construct the positive multiplier ' in �0, and then reduce the
Schrödinger-type equation to a divergence elliptic equation in�0 with the help of the
multiplier.

The following result is quite standard.

Lemma 3.1. There exists ' 2 W 1;1.�0/ satisfying

�div.A.x/r'/C V.x/' D 0 in �0: (3.2)

Moreover, there exist

cDc.�;�0;�1;ƒ1;ƒ2; kV k1/>0 and CDC.�;�0;�1;ƒ1;ƒ2; kV k1/>0

such that
' � c in �0; (3.3)

and
k'kW 1;1.�0/

� C: (3.4)

Proof. We first solve the boundary elliptic problem. By [15, Theorem 8.3], there
exists ' 2 W 1;2.�1/ such that

�div.A.x/r'/C V.x/' D 0 in �1 and ' D 1 on @�1: (3.5)

Let us take y D .y1; : : : ; yd / 2 Rd such that, for every x D .x1; : : : ; xd / 2 �1,
we have x1 � y1 � 0. Let � � 0 and let us define

'�.x/ D exp.��.x1 � y1//; 'C.x/ D 1 for all x D .x1; : : : ; xd / 2 �1:

Then, '�, respectively 'C, is a subsolution, respectively a supersolution, to (3.5) for
some � > 0 depending on ƒ1, ƒ2, and kV k1, that is

�div.A.x/r'�/C V.x/'� � 0 in �1; '� � 1 on @�1;

and

�div.A.x/r'C/C V.x/'C � 0 in �1; 'C � 1 on @�1:

So, by the weak maximum principle stated in [15, Theorem 8.1], we have that

'�.x/ � '.x/ � 'C.x/ for all x 2 �1:

This proves that there exists c D c.�;�0; �1; ƒ1; ƒ2; kV k1/ > 0 such that

c � '.x/ � 1 for all x 2 �1: (3.6)

In particular, (3.6) implies (3.3).
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Moreover, from the existence and uniqueness theorem for the Dirichlet prob-
lem (3.5) for strong solutions stated in [15, Theorem 9.15], we actually have that
' 2 W 2;p.�1/ for every 1 < p < C1. By now applying the W 2;p-regularity esti-
mate from [15, Theorem 9.11] and (3.6), we have that, for 1 < p < C1, there exists
C D C.�;�0; �1; ƒ1; ƒ2; kV k1; p/ > 0 such that

k'kW 2;p.�0/
� Ck'kLp.�1/ � C j�1j

1=p
k'kL1.�1/ � C j�j

1=pC1:

By taking p sufficiently large, and by using Sobolev embeddings [15, Theorem 7.26]
to guarantee that W 2;p.�0/ ,! W 1;1.�0/, we therefore deduce (3.4) from the pre-
vious estimate.

We have the following result.

Lemma 3.2. Let u 2 W 1;2.�/ be a weak solution to

�div.A.x/ru/C V.x/u D 0 in �:

Let ' be as in Lemma 3.1. Then, v D u=' 2 W 1;2.�0/ satisfies

�div.'2Arv/ D 0 in �0: (3.7)

Moreover, the symmetric matrix yA D '2A is uniformly elliptic and has Lipschitz
entries, and there exist

C1 D C.�;�0; �1; ƒ1; ƒ2; kV k1/ > 0

and

C2 D C.�;�0; �1; ƒ1; ƒ2; kV k1/ > 0

such that

C�11 j�j
2
� h yA.x/�; �i � C1j�j

2; j Oaij .x/� Oaij .y/j � C2 for all x; y 2�0; � 2 Rd :

(3.8)

Proof. The proof is a straightforward computation at the variational formulation level
so we omit it.

3.2. Propagation of smallness

In this part, we suppose that the Lipschitz assumption onA (i.e., (2.3)) and the bound-
edness assumption on V (i.e., (2.4)) still hold, together with V � 0.

We first deal with the propagation of smallness for solutions to elliptic equations.
We have the following quantitative propagation of smallness for solutions to diver-
gence elliptic equations from [25].
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Theorem 3.3 ([25, Theorem 2.1]). Let �; m; ı > 0 and K; E � � be measurable
subsets such that

dist.K; @�/ � �; dist.E; @�/ � �; and Cd�1Cı
H

.E/ � m:

There exist C D C.�;ƒ1; ƒ2; �; m; ı/ > 0 and ˛ D ˛.�;ƒ1; ƒ2; �; m; ı/ 2 .0; 1/
such that, for every weak solution u 2 W 1;2.�/ \ L1.�/ of the elliptic equation

�r � .A.x/ru/ D 0 in �;

we have
sup
K

juj � C.sup
E

juj/˛.sup
�

juj/1�˛:

As a consequence, the proof of Theorem 2.1 is as follows.

Proof of Theorem 2.1. From Lemma 3.1, there exists ' 2 W 1;1.�0/ satisfying the
elliptic equation (3.2) and the lower bound (3.3). Then, from Theorem 3.2, defining
v D u=', v satisfies (3.7). As a consequence, one can apply Theorem 3.3 to v and
to the Lipschitz diffusion matrix yA D '2A that satisfies (3.8) in �0, note that we
use (3.1). We deduce the propagation of smallness for v that leads to the propagation
of smallness for u, i.e., (2.7) by using the lower bound (3.3), the W 1;1-bound (3.4),
and again (3.1) ensuring that

kukL1.�0/ � kukL1.�/:

This concludes the proof.

We now present results on propagation of smallness for gradient of solutions to
elliptic equations.

Theorem 3.4 ([25, Theorem 5.1]). There exists ıd 2 .0; 1/, depending only on the
dimension d , such that the following holds. Let �;m > 0, ı 2 Œ0; ıd �, and K; E � �,
be measurable subsets such that

dist.K; @�/ � �; dist.E; @�/ � �; and Cd�1�ıH .E/ � m:

There exist C D C.�;ƒ1; ƒ2; �; m; ı/ > 0 and ˛ D ˛.�;ƒ1; ƒ2; �; m; ı/ 2 .0; 1/
such that, for every weak solution u 2 W 1;1.�/ of the elliptic equation

�r � .A.x/ru/ D 0 in �;

we have
sup
K

jruj � C.sup
E

jruj/˛.sup
�

jruj/1�˛:
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By now, we aim at studying elliptic equations in non-divergence form. Actually,
we are only able to deal with some particular cases, that are (2.10) from Theorem 2.2.

Proof of Theorem 2.2. Let ' D '.x/ be as in Lemma 3.1. Then Ov D Ou.x; t/='.x/ is
a solution to´

�rx � .'
2A.x/rx Ov/ � �.x/@t t .'

2 Ov/ D 0 in �0 � .�1; 1/;

Ov.x; 0/ D 0 in �0:

One can then apply Theorem 3.4 to y�0 D �0 � .�1;C1/, yK D K � ¹0º, and yE D
E � ¹0º. Note that

dist. yK; @y�0/ �
�

2
; dist. yE; @y�0/ �

�

2
; and CdC1�1�ı

H
. yE/ � m:

We then have

sup
x2K

j@t Ov.x; 0/j � C.sup
x2E

j@t Ov.x; 0/j/
˛. sup
.x;t/2�0�.�1;1/

jrx;t Ov.x; t/j/
1�˛:

By using (3.3), the W 1;1-bound on ', i.e., (3.4) in �0, and also

k Ovk
W 1;1. O�0/

� k OukW 1;1.�0�.�1;1//
;

we then deduce (2.11).

3.3. Propagation of smallness for drifted Schrödinger operators

We aim to establish the propagation of smallness for drifted Schrödinger operators.
The proofs follow from Theorems 2.1 and 2.2. Both of them involve adding a new
variable in order to remove the drift term.

3.3.1. Proof of Corollary 2.6. Let u 2 W 1;2.�/ \ L1.�/ be a solution of (2.15),
i.e.,

�div.A.x/ru/CW.x/ � ruC V.x/u D 0 in �:

We define vW .x;y/ 2�� .0;1/ 7! u.x/ey 2R. We also define a new diffusion matrix
map by

yAW x 2 � 7!

�
A.x/ �

W.x/
2

�
tW.x/
2

�

�
2 R.dC1/�.dC1/;

where � > 0 will be choosen later. By direct computations, we have

divx;y. yA.x/rx;yv/

D divx.A.x/rxv/ �
1

2
@y.W.x/ � rxv/ �

1

2
divx.W.x/@yv/C �@yyv:
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Since @yv D v, it follows that, for all .x; y/ 2 � � .0; 1/,

�divx;y. yA.x/rx;yv/ D �divx.A.x/rxv/C
1

2
W.x/ � rxv C

1

2
divx.W.x/v/ � �v

D ey.�divx.A.x/ru/CW.x/ru/C
�1
2

div.W.x// � �
�
v

D

�1
2

div.W.x// � � � V.x/
�
v:

We obtain that v is solution to the following elliptic equation:

�divx;y. yA.x/rx;yv/C yV .x/v D 0 in � � .0; 1/;

where
yV .x/ D V.x/C � �

1

2
div.W.x//:

Let us prove that we can choose � > 0 sufficiently large such that yA is uniformly
elliptic. In the following, Cd > 0 is a positive constant, depending only on the dimen-
sion d , such that

jW.x/j � CdkW kL1 for all x 2 �:

For all V D .Vd ; vdC1/ 2 Rd �R, we have

h yA.x/V; V i D hA.x/Vd ; Vd i C hW.x/; Vd ivdC1 C �jvdC1j
2

� ƒjVd j
2
� CdkW kL1 jVd jjvdC1j C �jvdC1j

2

�
ƒ

2
jVd j

2
C

�
� �

Cd

ƒ
kW k2L1

�
jvdC1j

2:

We can therefore fix �D �.ƒ;kW k1/ > 0 such that yA is uniformly elliptic. We apply
Theorem 2.1 to obtain

sup
K�. 13 ;

2
3 /

jvj � C. sup
E�. 13 ;

2
3 /

jvj/˛. sup
��.0;1/

jvj/1�˛;

where C and ˛ are positive constants provided by Theorem 2.1. This readily implies
that

sup
K

juj � e
2
3C.sup

E

juj/˛.sup
�

juj/1�˛;

and this ends the proof of (2.16) and so the proof of Corollary 2.6.

3.3.2. Proof of Corollary 2.7. The proof is very close to the one for Corollary 2.6.
For the sake of conciseness, we do not detail all the computations.

Let Ou.x; t/ 2W 1;1.�� .�1; 1// be a solution to the elliptic equation (2.17), i.e.,´
�divx.A.x/rx Ou/ � �.x/@t t OuCW.x/ � rx OuC V.x/ Ou D 0 in � � .�1; 1/;

Ou.x; 0/ D 0 in �;
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We define OvW .x; y; t/ 2 � � .0; 1/ � .�1; 1/ 7! Ou.x; t/ey 2 R. We also define a
new diffusion matrix map by

yAW x 2 � 7!

�
A.x/ �

W.x/
2

�
tW.x/
2

�

�
2MdC1.R/;

where �D �.ƒ;kW k1/ > 0 is such that yA is uniformly elliptic. Direct computations
show that Ov is a solution to the following elliptic equation:´

�divx;y. yA.x/rx;y Ov/ � �.x/@t t Ov C yV .x/ Ov D 0 in � � .0; 1/ � .�1; 1/;

Ov.x; y; 0/ D 0 in � � .0; 1/;

with
yV .x/ D V.x/C � �

1

2
div.W.x//:

The conclusion (2.18) then follows from Theorem 2.2.

4. Proof of the spectral estimates

This section aims to prove Theorem 2.8 and Theorem 2.12.

4.1. Spectral estimates on compact manifolds

The goal is to prove Theorem 2.8. In the first part, we reduce the task of obtaining the
spectral estimates for sets of positive Lebesgue measures (2.21) to obtaining spectral
estimates for sets of positive Hausdorff measures (2.20). In the second and third parts,
we establish the results of Theorem 2.8 for the manifoldM without boundary. Firstly,
we prove a local version of (2.20), i.e., replacing theL1-bound onM in the left-hand
side of (2.20) with anL1-bound on a chart ofM . Secondly, by using the compactness
and connectedness of the manifold M , we propagate these local spectral estimates to
the whole manifold. In the fourth part, we complete the proof of Theorem 2.8 and
address the case when @M ¤ ; with Dirichlet or Neumann boundary conditions on
@M . The proof uses the double manifold trick introduced in [7, Section 3].

4.1.1. Reduction of spectral estimates to sets of positive Hausdorff measures.
In this part, we prove that the spectral estimates for sets of positive Hausdorff mea-
sures (2.20) imply the spectral estimates for sets of positive Lebesgue measures (2.21).

Let ! �M such that j!j > m > 0. Let us define u D …ƒu with kukL2.M/ D 1.
Let us consider

O! D
°
x 2 ! W ju.x/j �

1

2C
e�C

p
ƒ
kukL1.M/

±
: (4.1)
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If j O!j � m=2, then we have, for ı D ı.d/ 2 .0; 1/, by applying (2.1),

CdH . O!/ > cd
m

2
H) Cd�ıH . O!/ � min

�
1; cd

m

2

�
:

So, one can apply (2.20) to O! to get, by definition of (4.1),

kukL1.M/ � Ce
C
p
ƒ sup
x2 O!

ju.x/j �
kukL1.M/

2
:

This is impossible because this leads to u D 0. Therefore, j O!j < m=2 and, conse-
quently, Z

!

ju.x/jdx �

Z
!n O!

ju.x/jdx �
m

.4C/
e�C

p
ƒ
kukL1.M/;

leading to (2.21).

4.1.2. Local spectral estimates. In this part, we assume that M is without bound-
ary, @M D ;. The purpose is to establish local spectral estimates holding in each
charts of the manifold M . We recall that, in Section 2.2, we have fixed an atlas
A D .V� ; ‰� /�2J containing a finite number of charts with W 2;1 \ C 1-diffeomor-
phisms‰� W V� !‰� .V� /�Rd�1 �RC such that there exists a family of open sets
.U� /�2J satisfying

M D
[
�2J

U� ; (4.2)

and such that U� is compactly included in the open set V� in M , for all � 2 J.
Moreover, since @M D ;, ‰� .V� / is an open set of Rd , for any � 2 J.

The main result of this part is the following one.

Proposition 4.1. There exists ıd 2 .0;1/ such that, for all ı 2 Œ0; ıd � and for every � 2
J andm > 0, there exist C D C.M;g; V; �;m; ı/ > 0 and ˛ D ˛.M;g; V; �;m; ı/ 2
.0; 1/ such that, for all subsets ! with C d�ı

H
.! \U� / > m and ƒ > 0,

k…ƒukL1.U� / � Ce
C
p
ƒ. sup
!\U�

j…ƒuj/
˛
k…ƒuk

1�˛
L1.M/ for all u 2 L2.M/:

(4.3)

Proof. First, one can assume that V � 0 just by considering the elliptic operator

Hg;V C kV k1 defined in Dom.Hg;V /;

that has the same eigenfunctions .'k/k�1 as the elliptic operatorHg;V corresponding
to the shifted eigenvalues �k C kV k1.

We fix � 2 J, we now work in a coordinate patch U� �� V� , and we define the
sets

V D ‰� .V� /; U D ‰� .U� /; and E D ‰� .! \U� /:
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For ƒ > 0, we then consider

u.x/ D
X
�k�ƒ

uk'k.x/; x 2M;

and its local push forward version U :

U.x/ D u ı‰�1� .x/ D
X
�k�ƒ

uk.'k ı‰
�1
� /.x/ D

X
�k�ƒ

ukˆk.x/; x 2 V :

We then add an extra-variable to u by defining

Ou.x; t/ D
X
�k�ƒ

uk
sinh.
p
�kt /

p
�k

'k.x/; .x; t/ 2M � .�2;C2/;

and its local push forward version yU :

yU.x; t/ D
X
�k�ƒ

uk
sinh.
p
�kt /

p
�k

ˆk.x/; .x; t/ 2 V � .�2;C2/:

In the chart .V� ; ‰� /, let us consider .gi;j /1�i;j�d , the local coordinates of the
metric g. We define, for x 2 V , G.x/ D .gi;j .‰�1� .x///1�i;j�d . We observe that yU
solves´

�rx � .A.x/rx yU/ � �.x/@t t yU C yV .x/ yU D 0 in V � .�2; 2/;

yU.x; 0/ D 0 in V ;
(4.4)

withADG.x/�1
p

detG.x/, �.x/D
p

detG.x/, and yV .x/D
p

detG.x/V.‰�1� .x//

satisfying the hypotheses (2.3), (2.4), and (2.8). We can then apply Theorem 2.2 to yU
with � D zV , K D U, and E D ‰� .! \U� / such that U �� zV �� V to get

sup
x2U

j@t yU.x; 0/j � C.sup
x2E

j@t yU.x; 0/j/
˛
k yU k1�˛

W
1;1
t;x .zV�.�1;1//

: (4.5)

The left-hand side of (4.5) exactly gives

sup
x2U

j@t yU.x; 0/j D sup
x2U

jU.x/j D sup
x2U�

ju.x/j: (4.6)

The first right-hand side term of (4.5) exactly gives

sup
x2E

j@t yU.x; 0/j D sup
x2E

jU.x/j D sup
x2!\U�

ju.x/j: (4.7)

Moreover, by using the elliptic equation (4.4) satisfied by yU , we first obtain, from
[16, Theorem 3.8 and Corollary 3.2] and a straightforward Cacciopoli’s inequality,
that yU is Hölder-continuous in zV � .�1; 1/, and we have

k yU k
L1.zV�.�1;1//

� Ck yU kL2.V�.�2;C2//I (4.8)
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then, from [16, Theorem 3.13 and Theorem 3.1], that r yU is Hölder-continuous in
zV � .�1; 1/, and we get

krt;x yU kL1.zV�.�1;1//
� Ck yU kL2.V�.�2;C2//: (4.9)

So, we deduce from the two previous bounds (4.8) and (4.9) that the second right-hand
side term of (4.5) is bounded as follows:

k yU k
W
1;1
t;x .zV�.�1;1//

� Ck yU kL2.V�.�2;C2//: (4.10)

By using a change of variable, we then obtain that

k yU kL2.V�.�2;C2// � Ck OukL2.V��.�2;C2// � k OukL2.M�.�2;C2//: (4.11)

Now, by using the orthogonality of the eigenfunctions .'k/k�1 in L2.M/, we then
obtain that

k OukL2.M�.�2;C2// � C exp.C
p
ƒ/kukL2.M/: (4.12)

We now gather (4.5)–(4.7),and (4.10)–(4.12), and we get

k…ƒukL1.U� / � Ce
C
p
ƒ. sup
!\U�

j…ƒuj/
˛
k…ƒuk

1�˛
L2.M/

for all u 2 L2.M/:

(4.13)
Finally, (4.13) leads in particular to (4.3).

4.1.3. Propagation to the whole manifold. In this part, we prove Theorem 2.8 by
using the connectedness of the manifold M to propagate the estimates (4.3) to the
whole manifold M , which is still assumed to be without boundary.

Proof of Theorem 2.8 in the case @M D ;. We define the following subset 	 � J

such that � 2 	 if and only if there exist C� > 0 and ˛� 2 .0; 1/ so that

k…ƒukL1.U� /

� C�e
C�
p
ƒ.sup
x2!
j…ƒu.x/j/

˛� k…ƒuk
1�˛�
L1.M/

for all u 2 L2.M/;ƒ > 0:

Thanks to (4.2), we have

M D
[
�2	

U� [

[
�…	

U� :

First of all, 	 is not empty. Indeed, since Cd�ı
0

H
.!/ > m, there exists �0 2 J such

that Cd�ı
0

H
.! \U�0/ > m=N , where N denotes the cardinality of the finite set J. It

is then sufficient to apply Proposition 4.1 to obtain �0 2 	.
Let us assume, by contradiction, that 	 ¤ J. Since M is connected, there exist

� 2 	 and Q� … 	 such that U� \UQ� ¤ ;. By applying Proposition 4.1 with j D Q�
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and ! D U� \UQ� that is open, there exist C�;Q� > 0 and 0 < ˛�;Q� < 1 such that, for
ƒ > 0 and u 2 L2.M/,

k…ƒukL1.U Q� / � C�;Q�e
C�; Q�

p
ƒ
k…ƒuk

˛�; Q�

L1.U�\U Q� /
k…ƒuk

1�˛�; Q�

L1.M/
;

so that

k…ƒukL1.U Q� / � C�;Q�e
C�; Q�

p
ƒ
k…ƒuk

˛�; Q�

L1.U� /
k…ƒuk

1�˛�; Q�

L1.M/
: (4.14)

Moreover, since � 2 	, there exist C 0� > 0 and 0 < ˛0� < 1 such that

k…ƒukL1.U� /

� C 0�e
C 0
�

p
ƒ.sup
x2!
j…ƒu.x/j/

˛0
� k…ƒuk

1�˛0
�

L1.M/
for all u 2 L2.M/;ƒ > 0:

(4.15)

Let ƒ > 0 and u 2 L2.M/ such that k…ƒukL1.M/ D 1. We deduce from (4.14)
and (4.15) that

k…ƒukL1.U Q� / � C
00
�;Q�e

C 00
�; Q�

p
ƒ.sup
x2!
j…ƒu.x/j/

ˇ�; Q�

with 0 < ˇ�;Q� D ˛0�˛�;Q� < 1 and C 00
�;Q�
Dmax.C 0˛�; Q�

� C�;Q� ; ˛�;Q�C
0
� CC�;Q� /. It readily

follows that, for all ƒ > 0 and for all u 2 L2.M/,

k…ƒukL1.Uk/ � C
00
�;Q�e

C 00
�; Q�

p
ƒ.sup
x2!
j…ƒu.x/j/

ˇ�; Q� k…ƒuk
1�ˇ�; Q�

L1.M/
:�

Thus, Q� 2 	, and this provides a contradiction.
To conclude, we have 	 D J and by defining

0 < ˛ D min
�2J

˛� < 1 and C D max
�2J

C� > 0;

we have

k…ƒukL1.M/

� CeC
p
ƒ.sup
x2!
j…ƒu.x/j/

˛
k…ƒuk

1�˛
L1.M/ for all u 2 L2.M/;ƒ > 0;

which readily provides

k…ƒukL1.M/ � C
1
˛ e

C
˛

p
ƒ sup
x2!
j…ƒu.x/j for all u 2 L2.M/;ƒ > 0:
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4.1.4. The double manifold. In this part, we prove Theorem 2.8 for a manifold
with boundary M and Dirichlet or Neumann boundary conditions on @M . The idea
involves reducing this problem to the case of a manifold without boundary by gluing
two copies of M along the boundary, such that the new double manifold zM inherits
a Lipschitz metric. This allows us to apply the previous results (without boundary)
to the double manifold. This approach is detailed in [7, Section 3]; however, the only
point we need to check in our setting is the equation satisfied by the eigenfunctions
on the double manifold.

Let zM D xM � ¹�1; 1º=@M , the double space made of two copies of xM where we
identified the points on the boundary, .x;�1/ and .x; 1/, x 2 @M .

Theorem 4.2 (The double manifold). There exist a C1 structure on the double man-
ifold zM , a metric Qg 2 W 1;1 on zM , and a potential zV 2 L1. zM/, such that the
following holds.

• The maps
i˙W x 2M ! .x;˙1/ 2 zM DM � ¹˙1º=@M

are isometric embeddings.

• The potential zV is such that

zV.x;˙1/ D V.x/; x 2M:

• For any eigenfunction '� with eigenvalue � of the operator Hg;V with Dirichlet
or Neumann boundary conditions, there exists an eigenfunction f'� with the same
eigenvalue � of the operator H

Qg; zV on zM such that

f'� jM�¹1ºD '�; f'� jM�¹�1ºD ´�'� (Dirichlet boundary conditions),

'� (Neumann boundary conditions).

The proof exactly follows the same lines as [7, Theorem 7]. The main difference
comes from the fact that we need to deal with a potential V 2 L1. One of the main
difficulties in the proof of [7, Theorem 7] consists in computing the Laplacian of
Q'� on the new manifold zM , thanks to the jump formula. In particular, there is no
new difficulty in adding this potential to the proof of [7, Theorem 7]. For the sake of
conciseness, we omit the proof of Theorem 4.2.

The results of Theorem 2.8 are readily implied by Theorem 4.2.

4.2. Spectral estimates on the Euclidean space

The goal is to prove Theorem 2.12. In the first part, we show that (2.34) can be
deduced from (2.33) in the case when ı D 0. In the second part, we prove the spectral
estimates (2.33).
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4.2.1. Reduction of spectral estimates to uniformly distributed sets. In this first
part, we explain how (2.34) can be deduced from (2.33). Let g 2 L2.Rd / and ƒ > 0

such that g D …ƒg. If ! � Rd is a thick subset, i.e., satisfying (2.30), we define an
auxiliary subset Q! D

S
k2Zd Q!k , where for all k 2 Zd ,

Q!k D

²
x 2 ! \ B.k;R/; jg.x/j2 �

2

j! \ B.k;R/j

Z
!\B.k;R/

jg.y/j2dy

³
� B.k;R/:

By definition, we have, for all k 2 Zd ,Z
!\B.k;R/

jg.x/j2dx �

Z
.!\B.k;R//n Q!k

jg.x/j2dx �
2j.! \ B.k;R// n Q!kj

j! \ B.k;R/j

Z
!\B.k;R/

jg.y/j2dy:

Thus, if Z
!\B.k;R/

jg.y/j2dy > 0;

then

j.! \ B.k;R// n Q!kj �
j! \ B.k;R/j

2
;

which implies
j Q!kj �



2
jB.k;R/j;

thanks to the thickness property satisfied by ! i.e., (2.30). Otherwise, ifZ
!\B.k;R/

jg.y/j2dy D 0;

then g � 0 in ! \ B.k;R/ so Q!k D ! \ B.k;R/, therefore

j Q!kj D j! \ B.k;R/j �  jB.k;R/j >


2
jB.k;R/j:

Finally, Q! is still a thick subset of Rd , and it follows from the spectral estimate (2.33)
that

kgk2
L2.Rd /

� CeC
p
ƒ
X
k2Zd

sup
x2 Q!k

jg.x/j2

� CeC
p
ƒ
X
k2Zd

2

j! \ B.k;R/j

Z
!\B.k;R/

jg.x/j2dx

�
2

 jB.0;R/j
CeC

p
ƒ
X
k2Zd

Z
!\B.k;R/

jg.x/j2dx

� CeC
p
ƒ

Z
!

jg.x/j2dx;
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since
1 �

X
k2Zd

1B.k;R/ � C.d/:

This concludes the proof of (2.34).

4.2.2. Spectral estimates. In this part, we prove the spectral estimates (2.33). We
can assume V � 0 since spectral estimates forHg;V;� CkV kL1 readily imply spectral
estimates for Hg;V;� . Let m;R > 0 and ! � Rd satisfying

Cd�ıH .! \ B.x;R// � m for all x 2 Rd ;

for ı 2 Œ0; ıd � with 0 < ıd < 1 provided by Theorem 2.2.
Let us fix � > 0 and f D…�f . The strategy, inspired by the works [6,7], consists

in adding a ghost dimension and defining the following .d C 1/-dimensional function:

F�.x; y/ D
sinh.

p
Hg;V;�y/p
Hg;V;�

…�f .x/; .x; y/ 2 Rd � .�5R; 5R/:

Notice that F� 2H 2.Rd � .�5R;5R// and that F� satisfies the following elliptic
equation

�rx � .�.x/g
�1.x/rxF�/ � �.x/@

2
yF� C �.x/V .x/F� D 0 in Rd � .�5R; 5R/:

(4.16)
Moreover, we have

F�.�; 0/ D 0 and @yF.�; 0/ D …�f on Rd :

In the following, the constants will be of the form

C D C.ƒ1; ƒ2; kV k1; R;m; ı/ > 0

and can change from one line to another.
Since the conclusion of Corollary 2.2 is invariant by translations and because of

the uniform bounds on g and V and �, we have that there exist positive constants
C > 0 and 0 < ˛ < 1 such that, for all k 2 Zd ,

sup
x2B.k;R/

j@yF�.x; 0/j

� C. sup
x2!\B.k;R/

j@yF�.x; 0/j/
˛
kF�.x; y/k

1�˛

W
1;1
x;y .B.k;2R/�.�R;R//

;

which implies

sup
x2B.k;R/

j…�f .x/j � C. sup
x2!\B.k;R/

j…�f .x/j/
˛
kF�.x; y/k

1�˛

W
1;1
x;y .B.k;2R/�.�R;R//

:

(4.17)
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Moreover, by using the elliptic equation (4.16) satisfied by F�, we deduce from
[16, Theorem 3.8 and Corollary 3.2] and [16, Theorem 3.13 and Theorem 3.1] that
we have

kF�.x; y/kW 1;1
x;y .B.k;2R/�.�R;R//

� CkF�kL2.BdC1..k;0/;5R//
:

This implies, together with (4.17), that

k…�f k
2
L2.B.k;R//

� sup
x2B.k;R/

j…�f .x/j
2

� C. sup
x2!\B.k;R/

j…�f .x/j/
2˛
kF�k

2.1�˛/

L2.BdC1..k;0/;5R//
:

It therefore follows from Young’s inequality that there exists ˇ > 0 such that, for all
" > 0,

k…�f k
2
L2.B.k;R//

� C"�ˇ sup
x2!\B.k;R/

j…�f .x/j
2
C "kF�k

2
L2.BdC1..k;0/;5R//

:

By summing over all the integers k 2 Zd and using the facts that

1 �
X
k2Zd

1B.k;R/ and
X
k2Zd

1BdC1..k;0/;5R/ � C.d/1Rd�.�5R;5R/;

for some positive constant C.d/ � 1 depending only on the dimension, we have, for
all " > 0,

k…�f k
2
L2.Rd /

�

X
k2Zd

k…�f k
2
L2.B.k;R//

� C"�ˇ
X
k2Zd

sup
x2!\B.k;R/

j…�f .x/j
2
C "CkF�k

2
L2.Rd�.�5R;5R//

:

(4.18)

Note that

sinh.yt/2

t2
� CeC

p
� for all y 2 .�5R; 5R/;8t 2 .0;

p
�/;

so we have

kF�k
2
L2.Rd�.�5R;5R//

�

5RZ
�5R

Z
Rd

ˇ̌̌sinh.y
p
Hg;V;�/p

Hg;V;�
…�f .x/

ˇ̌̌2
dxdy

� CeC
p
�
k…�f k

2
L2.Rd /

: (4.19)

Finally, we have shown that (4.19) holds for some constant

C D C.ƒ1; ƒ2; kV k1; R;m; ı/ > 0
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independent of " > 0. It follows from (4.18) with " D e�C
p
�=C and (4.19) that

k…�f k
2
L2.Rd /

� CeC
p
�
X
k2Zd

sup
x2!\B.k;R/

j…�f .x/j
2:

This ends the proof of Theorem 2.12.
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