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Scattering theory for C? long-range potentials

Kenichi Ito and Erik Skibsted

Abstract. We develop a complete stationary scattering theory for Schrodinger operators on RY,
d > 2, with C? long-range potentials. This extends former results in the literature, in particular
Isozaki (1980) and (1982), Ikebe and Isozaki (1982), and Gatal and Yafaev (1999), which all
require a higher degree of smoothness. In this sense, the spirit of our paper is similar to Hor-
mander [The Analysis of Linear Partial Differential Operators IV (1985), Chapter XXX] and
J. Derezinski and C. Gérard [Scattering Theory of Classical and Quantum N -Particle Systems
(1997), Section 4.7], which also develop a scattering theory under the C? condition, however
being very different from ours. While the Agmon—-Ho6rmander theory is based on the Fourier
transform and a momentum-space representation, our theory is entirely position-space based
and may be seen as more related to our previous approach to scattering theory on manifolds, Ito
and Skibsted (2013), (2019), and (2021). The C2 regularity is natural in the Agmon—Ho6rmander
theory as well as in our theory, in fact probably being “optimal” in the Euclidean setting. We
prove equivalence of the stationary scattering theory and a developed position-space based time-
dependent scattering theory. Furthermore, we develop a related stationary scattering theory at
fixed energy in terms of asymptotics of generalized eigenfunctions of minimal growth. A basic
ingredient of our approach is a solution to the eikonal equation constructed from the geo-
metric variational scheme of Cruz-Sampedro and Skibsted (2013). Another key ingredient is
strong radiation condition bounds for the limiting resolvents originating in Herbst and Skibsted
(1991). They improve formerly known ones by Isozaki (1980) and Saito (1979) and consid-
erably simplify the stationary approach. We obtain the bounds by a new commutator scheme
whose elementary form allows a small degree of smoothness.
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1. Introduction

1.1. Setting

In the present paper we construct a stationary long-range scattering theory for the
Schrédinger operator

1
H=--A+V +q (1.1

on # = L2(R?) with d > 2. Here A is the ordinary Laplacian on R?, and we shall
often write

~A=p-p=pipi. pi=-i0;, i=1,....d,

with the Einstein convention being adopted without tensorial superscripts.

We shall address the problem of constructing such theory under a minimal regu-
larity condition on the long-range part V' of the potential V' 4 ¢. The second term q is
a standard short-range potential. This corresponds to taking / = 2 in the following C !
long-range-type condition. For technical reasons we consider below, and throughout
the paper, the following more general condition in which [ > 2 is arbitrary (how-
ever typically given as / = 2). It is a trivial consequence of the condition that H is
self-adjoint.

Let Ng = N U {0}, R = (0,00) and (x) = (1 + |x|?)'/2 for x € R?. For given
Banach spaces X and Y, we denote by £(X,Y) and €(X, Y) the set of bounded and
compact operators 7: X — Y, respectively, and for ¥ = X we abbreviate £(X) =
L£(X,Y)and €(X) = €(X.Y).

Condition 1.1. Let V € Cl(Rd; R) for some [/ € {2, 3, ...}, and assume there exist
o €(0,1), p € (0,1],and C > 0 such that for any @ € Ng with |¢| <l and x € R4

o+k fork =0,1,2,

0+2+'°T+1(k—2) fork =2,...,1.
(1.2a)
In addition, let g: R¢ — R be measurable, and assume there exists t € (0, 1) such that

0%V (x)| < C{x)y™™D: k) = {

)T (A + 1) ee(H). (1.2b)

Finally, assume the operator H = —(1/2)A + V + ¢ does not have positive eigen-
values.

Remarks 1.2. (1) For [ = 2, the above V + ¢ is called a 2-admissible potential,
here adapting the terminology of [11, Definition 30.1.3]. Several of our main theor-
ems require only [ = 2. However, for an intermediate key estimate of independent
interest we need / = 4 (or with a modification possibly only / = 3), see Theorem 1.24
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(and Remark 1.25 (2)). This estimate will be used for a certain regularized 4-admiss-
ible potential constructed from a given 2-admissible potential, see Remark 1.25 (5).
(For the regularized potential the parameter o is the same and p < o, arbitrarily.) In
this sense, indeed the key estimate serves as an intermediate result for our study of
2-admissible potentials.

(2) We will call V a classical C! long-range potential if there exists o € (0, 1)
and C > 0 such that for any « € Ng with || </ and x € R?

0%V (x)| < C(x)~oll,

In addition, V is a classical C® long-range potential if it is a classical C' long-
range potential for any / > 2. Obviously, in these cases, the order of decay function
m: Ny — Ry is of the simplest form. Nevertheless, its general form is well suited for
an induction argument to be used in the proof of Theorem 1.3 (stated below).

(3) The local singularities allowed in (1.2b) is not an important issue/difficulty
in this paper. The last assumption on absence of positive eigenvalues is very weak
and can be omitted for example if (1.2b) is replaced by assuming boundedness of the

function (x)1T7¢g(x).

Under Condition 1.1, for / = 2 we succeed in fully developing a stationary scat-
tering theory: we characterize the generalized eigenfunctions of minimal growth by
their asymptotics and construct the stationary scattering matrix as well as the general-
ized Fourier transforms, which unitarily diagonalize the (absolutely) continuous part
of H. Such results were formerly obtained by Isozaki [14, 15], Ikebe and Isozaki [12],
and Gatel and Yafaev [8] for classical C* or C3 long-range potentials. In this paper,
we extend them to the category of 2-admissible potentials. Note that a similar C2
condition very naturally appears in the classical long-range scattering theory, see for
example [6, Theorem 2.7.1]. In fact, we believe that our condition should be con-
sidered as “optimal,” although this terminology will not be justified in the paper.
Finally, we shall prove that the adjoints of the generalized Fourier transforms coincide
with some constructed time-dependent wave operators, verifying that the stationary
and the time-dependent approaches are equivalent to each other.

The long-range scattering theory requires a non-trivial comparison dynamics due
to non-negligible effects from V at infinity. To virtually eliminate such effects, we
solve the stationary eikonal equation, or simply the eikonal equation,

1
E|vxS(A,x)|2 +V(x)=A, A>0, (1.32)

in the stationary theory, and the time-dependent eikonal equation, which is more com-
monly called the Hamilton—Jacobi equation,

1
9, K(t,x) + §|VxK(t,x)|2 +V(x)=0, t>0, (1.3b)
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in the time-dependent theory. In this paper, we solve the former equation (1.3a) by the
geometric method of [4] and derive global estimates of the solution. For comparison,
we mention that Isozaki [14, 15] in his construction of a solution used a classical
PDE-method solving a Cauchy problem, and the cited papers [8, 12] rely on Isozaki’s
solution. Once a proper solution to (1.3a) is obtained, one can solve (1.3b) by using
the Legendre transform, cf. [17].

Another important technical tool is a strong version of the radiation condition
bounds for the limiting resolvents, which in fact considerably simplifies the stationary
scattering theory. Such “strong radiation condition bounds” were first established by
Herbst and Skibsted [9] for classical C *° long-range potentials. For a more restrictive
class of classical C *° long-range potentials (defined by a virial condition), the bounds
were derived uniformly in non-negative energies [22], yielding a stationary scatter-
ing theory at fixed energy including the threshold zero. In this paper, we present
a procedure of proof that works within a low regularity framework (in particular
being independent of pseudodifferential operator theory). A similar procedure was
invented and applied earlier to the short-range Stark Hamiltonian [2]; however, our
setup is different and we need to proceed rather independently. Since the proof still
requires fourth (or possibly only third) derivatives of the potential, we shall regular-
ize it up to an error of short-range-type using a regularization scheme of Hérmander
[11, Lemma 30.1.1]. This leads to the study of radiation condition bounds of a new
classical C? long-range potential which conforms with (1.2a) for an / > 3 but pos-
sibly fails to be a classical C3 long-range potential. The short-range error from the
Hormander decomposition (see Lemma 4.1 for the version to be used in our paper)
along with the potential g will be treated by the second resolvent identity. Note that
the Hormander decomposition was also employed in [12], however Ikebe and Isozaki
considered only classical C*# long-range potentials.

These two ingredients occupy a considerable part of the paper, and in addition to
the entailing stationary and time-dependent scattering theories we consider them as
main results of independent interest.

With these preliminaries done, we derive a complete stationary scattering theory.
The strong radiation condition bounds yield a very fast construction of generalized
Fourier transforms using the “spherical eikonal coordinates.” These coordinates were
first used in the context of stationary scattering theory in [3] for a different setting
and with different proofs. Then we “pull the results back” to assertions in the ordin-
ary spherical coordinates. After a complete stationary theory is obtained, a position-
space based time-dependent theory follows naturally, although still being non-trivial.
Finally, we mention that our low regularity theory has an application to the 3-body
problem. We shall briefly discuss this aspect in Section 1.2.5. Finally, we discuss
potential applications to scattering theory on manifolds in Section 1.2.6.

The paper is an improvement and an extension of the unpublished preprint [19].
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1.2. Main results
Now, we present a series of main results of the paper.

1.2.1. Stationary eikonal equation. Let us first solve the stationary eikonal equa-
tion (1.3a) outside a large ball. Take any y € C°°(R;R) such that

0 fort < %, ,
2(0) = S} (1.4)
1 fort 3

\%

and set for any R > 0 and x € R¢
Xr(x) = x(|x[/R). (15)

Theorem 1.3. Suppose Condition 1.1 for some [ > 2. Fix any closed interval I C R ;.
Then, it follows that, for all R > Rg for some Ry > 0, there exist a real S € C'(I x
R\ {0})) and s € C'(I x R¥) such that the following holds.

(1) The function S solves
1
E|vxS|2 + xRV =4 onl xR\ {0}). (1.6)

(2) Forany A € I, S(A,-) coincides with the geodesic distance from the origin
with respect to the Riemannian metric g = 2(A — ygrV) dx2.

(3) The functions S and s are related as
S = 2Ax|(1+5) onl x (R?\{0}),

and s vanishes on I x {|x| < R}.

(4) There exists C = C(I, Rg) > 0 (being independent of R > Rq) such that, for
any k + |a| <1 and (A,x) € I xR¥,

1950%s (A, x)| < CATITR (x)—mkHlaDtk (1.7)

Remarks 1.4. (1) For a variation of (1.7), see also Corollary 2.14.

(2) We can extend S and s to be smoothly defined for all A > 0, however, allowing
R = R(A) to be A-dependent possibly with R(1) — oo as A — 0. On the other hand,
a bound corresponding to (1.7) can be kept uniform in A > 0. This can be seen from
the proof, but we shall not elaborate on it.

(3) Our bound (1.7) is stronger than [14, Theorem 4.1], where Isozaki obtained
(1.7), except for (k,a) = (3,0), for a classical C3 long-range potential. Gatal and
Yafaev asserted (1.7) for a classical C3 long-range potential in [8, Lemma 3.1]; how-
ever, it was not proved there, and in fact it was indicated in a paragraph subsequent to
it that the assertion requires a classical C4 long-range potential.
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1.2.2. Stationary scattering theory at fixed energy. Next, we construct a station-
ary scattering theory at fixed energy through the WKB approximation of the limiting
resolvent.

Let us briefly review the limiting absorption principle for the resolvent

R(z)=(H —-2)"!, zeC\o(H).

It is a basic and well-studied topic, for details see, e.g., [1] and the references there.
Recall the Besov spaces, or the Agmon—Hdormander spaces, defined as

o0
B={yeLillvls <ool, lvls = > 2" 1mylls.
m=0
B* ={y € L. | |¥llg+ < oo}, Iyl g= = su%z—’"/zulmwn;e,
m=

B; ={y € 8| lim 27| 1yyr| 5 = O}.
m—00
Here, we let
lo=1({]x| <1}) and 1, =1({2""! < |x| <2™}) form €N, (1.8)

with 1(A) being the sharp characteristic function of a subset A € R?. It is worthwhile
recalling that if we define the standard weighted L? spaces as

L?> = (x)°H# forsecR,

N

then, for any s > 1/2,
L;c8cClL},c#cCl?,CB;CB CL.
It is proved in [1] that locally uniformly in A > O there exist the limiting resolvents

R(A £i0) = s—=w*—lim R(z) in £(B,B%);
z—>A%i04
here the right-hand side operators act on any ¥ € 8B as the (positive) e-limits of
R(A £ ig)y in the weak-star topology of B*, or, equivalently stated, for any v/, ¢ € B,

(¢, R(A £i0)y) (¢, R(A L ie)y),

= lim
e\0
(see Theorem 3.17 for more general assertions). In particular, the singular continuous
spectrum of H is empty, os.(H) = 0.
For these limiting resolvents, we discuss the WKB approximations as follows,
using here and throughout the paper the notation § = L2(S¢™1).
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Theorem 1.5. Suppose Condition 1.1 for | = 2. Let I C R4 be a closed interval,
and let R > 0. Assume there exists real S = ~/2A|x|(1 +s) € C(I;C*({|x| > R}))
satisfying the following.

(i) Foreach A € I, S(A,-) solves (1.3a) on {|x| > R}.
(ii)  For any compact subset I’ C I, there exist ¢, C > 0 such that, for any |a| <
2,A€l’and|x| > R,
9% (. x)] < € (x) 77,
In addition, for any £ € § and (A, x) € I x R?, set

_ (@m)'/?

—Wn(x)|x|—<"—”/2eiis‘*’x>s(£), £=1x"x, (19

PLIEI(A, x)

where ygr € C®(R?) is from (1.5). Then, the following assertions hold.

(1) Forany A € I, there exist unique F¥(1) € £(B, ) such that, for any ¥ € B,
R i0)y — ¢ [F*QMVIQA, ) € B;. (1.10)

(2) The mappings F*:1 x B — § are continuous.
(3) Forany A € I, one has the identities

(H—M)FEM)*=0 and FEQ)*FEQ) =8(H 1),

where §(H — 1) = 7~ ' Im R(A 4+ i0) € £(B, B*).
(4) Forany A € I, the ranges F¥(L)8B C § are dense.

Remarks 1.6. (1) For R large enough, the existence of such S is guaranteed by
Theorem 1.3, but here it can be slightly more general (thanks to Theorem 1.3, condi-
tion (ii) is fulfilled with ¢ = o for I’ = I'). Note also that, according to Remark 1.4 (2),
we may let / = R if we allow a A-dependent R.

(2) Clearly, for any £ € § and A € I, one has ¢i [£](A,-) € B*. We may think
of these quasi-modes as purely outgoing/incoming distorted spherical waves, respect-
ively.

(3) In Theorem 1.10 below, we will see the “completeness property” F*(1)8 =
G forany A € 1.

Now, we have stationary versions of scattering quantities.

Definitions 1.7. In the setting of Theorem 1.5,1let A € 1.

(1) The operators F*(1): B — § are the restricted stationary wave operators at
energy A.



K. Ito and E. Skibsted 360

(2) The adjoints FE(1)*: ¢ — B* are the stationary wave matrices.

(3) The stationary scattering matrix at energy A € I is the unitary operator S(A)
on § obeying
FT(A) =S F (). (1.11)

Indeed, the scattering matrix is well defined, stated as follows.

Corollary 1.8. In the setting of Theorem 1.5, at any energy A € I the stationary
scattering matrix S(A) uniquely exist. Moreover, the mapping I > A +— S(1) € £(9)
is strongly continuous.

Remarks 1.9. (1) The stationary scattering matrix S(A) is defined pointwise for all
A € I, not only for a.e. A € I, unlike in the abstract construction commonly adopted
in the time-dependent approach.

(2) Alhough the usual well-known short-range scattering theory (defined for
V + g = g) is a different subject, let us remark that in this case it is more conventional
to define the quasi-modes (1.9) in a slightly different way; more precisely, with (1.9)
modified by the factor eTi7(@=3)/4 n particular, if also the short-range potential g
vanishes, it then follows that in fact S(A) = [I.

(3) The dependence of the restricted stationary wave operators on the given func-
tion S(A, x) is almost canonically given by (1.9) and (1.10). It is given by an explicit
multiplication operator of modulus one, see Remark 4.13 and its appearance in The-
orem 1.12 (3).

The stationary scattering theory is intimately related to the asymptotics of the
minimal generalized eigenfunctions ¢ € &), where

&, ={¢p € B* | (H— L)¢ = 0 in the distributional sense}, A > 0,

is a non-trivial subspace of 8* by Theorem 1.5, and it is minimal in the sense that
&) N By = {0} (see Remark 4.17 (2)).

Theorem 1.10. In the setting of Theorem 1.5, let A € 1.

(1) Forany ¢ € &) or Ex € G, the two other quantities in {¢p, &4, E_} uniquely
exist such that

¢ — ¢3lEr1 ) + #S1E 1A, ) € B (1.12a)
(2) The above correspondences £+ — ¢ and €5 — £ are given by the formulas

¢ =27iFT(\)*Ex and &4 = S(M)E_. (1.12b)
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(3) The wave matrices F(A)* are topological linear isomorphisms as § —
&y C B*. In addition, for any ¢ € &, and &1 € § satisfying (1.12a), one
has

2 -
(2)1/2 mh_r)nooz ™2\ 1l e (1.12¢)

1§+lle =
where 1,, is from (1.8).

(4) The operators F¥(A): B — € and §(H — 1): B — &, are surjective.
Remarks 1.11. (1) We can also express £+ € § as simple oscillatory weak limits of
¢ € &, atinfinity, see Step III of the proof.

(2) The above result extends in the Euclidean setting [8, 18] to 2-admissible poten-
tials. See also [12].

1.2.3. Generalized Fourier transforms. The stationary scattering theory at fixed
energy applies to the construction of the generalized (or distorted) Fourier trans-
forms, also referred to as the stationary wave operators, which unitarily transform the
continuous part of the Schrodinger operator H into a simple multiplication operator.
As in Theorem 1.5, the subset / C R denotes a closed interval, and we let P (1)
denote the corresponding spectral projection for H. We introduce the notation

Hy = Hyg,, 1 =Puy(I)¥, H;=L*I,dL9).

Thanks to Theorem 1.5, we can also introduce the operators

[$]
7= /Fi(k)dkzﬂ —>C(:;8)NH;.
1

These operators can be extended as to be acting from Pg (/)8, and then in turn to
operators acting from ;. These assertions are part of the following main theorem
(see also Step II in the proof).
Theorem 1.12. In the setting of Theorem 1.5, the following assertions hold.

(1) The operators .’Foi induce unitary operators F*: #; — ¥, respectively.

(2) The induced unitary operators ¥ * satisfy
FEH(FH)* = M,

respectively, where M), denotes the operator of multiplication by A on J I

(3) Suppose also S1 satisfies the assumptions of Theorem 1.5, and let ?'Ii be the
associated unitary operators as above. Then, there exists the limit

O, ©) == lim (S1(4,70) = S(A, 7))
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taken locally uniformly in (A, w) € I x S~ and it follows that

jflﬂ: — e?i@}‘i'

Remarks 1.13. (1) Under the conditions of Theorem 1.3, one can easily extend the
assertion to / = R 4, so that the whole absolutely continuous part H,. = H| g, , Hac =
Py (R4)H, is diagonalized. One has only to cover R with disjoint intervals and take
a direct sum of the associated generalized Fourier transforms, or to adopt a function S
defined for all A > 0 in Theorem 1.5, see Remarks 1.4 (2) and 1.6 (1). This is straight-
forward.

(2) In [8, 12] the diagonalization was carried out successfully for classical C*
or C3 long-range potentials. Our result extends these previous results to the C2
case. For related work, we refer the reader to [18,21], still the present C? case is
not covered in these works. On the other hand, [10], the Agmon—-Hormander the-
ory [11, Chapter XXX], and [6, Section 4.7] cover 2-admissible potentials treated
by a momentum-space representation (see [6, Proposition 4.7.4] for an interesting
comparison within this theory). These works are fundamentally different from ours
(since they are momentum-space based). Moreover, the stationary scattering theory
of [11, Chapter XXX] is only developed up to the point of showing asymptotic com-
pleteness, while [6, Section 4.7] is entirely time-dependent.

1.2.4. Time-dependent scattering theory. We present our results on time-dependent
theory, which relate to the time-dependent eikonal equation (1.3b). For that purpose,
we introduce the space-time regions

Q, ={tx)eRy xR? | |x| = pt), p>0,
Qur=1{tx)eQ,|t>T >0} T > 0.
Theorem 1.14. Suppose Condition 1.1 for some | > 2. Fix any jp > n’' > 0 and let S
be given as in Theorem 1.3 with I = 1,y = [/'?/2, 00) (assuming here and for other

purposes that R > 0 is sufficiently large). Then, for each (t, x) € Q,,, there exists a
unique critical point A, = A.(t,x) € I of

KA, t,x) = S(A,x) — At (1.14)

considered as a function of A € 1. In addition, if one sets K = K(Ac, -, ), then the
following hold.

(1) K € CI(QM), and it solves

1
BtK+§|VxK|2+)(RV:O on Q. (1.15)
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(2) There exists C > 0 (being independent of all large R) such that, for any k +
lo| <2and (t,x) € 2,

2
k o X 1—k ; \—o—|a|
gk e (K(t,x) o )| < Ct' 7k (x)olal, (1.16)

Remark 1.15. For / > 3, it is possible to extend (1.16) to higher order derivatives
(given by 3 < k + || < [) with appropriate exponents on the right-hand side. Since
such estimates are not needed in the present paper, they will not be presented.

Definition 1.16. In the setting of Theorem 1.14, in particular under the fixed con-
dition u > p/ > 0, the function K € C!(Q w) is called the Legendre transform of
S e Cl(Iy x (R?\ {0})).

Theorem 1.17. Suppose Condition 1.1 with | = 2. Let u, T > 0, and assume K €
C?(Q,.,1; R) satisfies the following.

(i) K solves the Hamilton—Jacobi equation (1.3b) on Q,, T.

(ii)  There exist g, C > 0 such tha,t for any |o| <2 and (t,x) € Q,T,

3 (K(t,x) — ;—j)‘ < Cr{x)~5Ml,

In addition, let J = J,, = [u?/2, 00) and define isometries U*(t): J; — J as
Sollows: for any (t,h) € (T, 00) x K,

(U:I:(t)h)(x) — ejF3”i/4t_1|x|l_d/zeiiK(t’x)h(x2/(2t2),fc), 2= |X|_1X.

Then, the following two assertions hold.

(1) There exist the strong limits
Wt .= st—limeiitHUi(t):jéJ — . (1.17)
—>00

They are isometries, mapping J 7 C 7 y into Hy C K for any closed subin-
terval J' C J.

(2) Let K, also satisfy the same assumptions as K, and let Wli be the associated
isometries as above. Then, there exists the limit

®(A.0) = lim (Ki(, N2 tw) — K(1, 20) Y1 w)) (1.18a)

taken locally uniformly in (A, w) € J x S~ and it follows that

Wi = wreti®, (1.18b)
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Remarks 1.18. (1) Thanks to Theorem 1.14, such K always exists for large T'.

(2) Our choice of free comparison dynamics U=*(t) is motivated in Remark 5.4.

(3) Under the conditions of Theorem 1.14, we can extend U *(¢) and W¥ to act on
Je R, by covering R with disjoint intervals (as in Remark 1.13 (1)) and then taking
direct sums of the corresponding restricted evolutions and restricted wave operators,
respectively. Note that the summands agree with (1.17), although J and K change
from interval to interval, and sum up due to the orthogonality induced by the disjoint-
ness of the intervals.

Definition 1.19. The limits W* from (1.17) are called the fime-dependent wave
operators. They are asymptotically complete on J' (for a closed subinterval J' C J)
if they are unitary operators mapping # ;- onto #j-.

The following result shows that stationary and time-dependent wave operators are
essentially mutually inverses. First, we state a general result for classes of solutions
to the stationary and the time-dependent eikonal equations, then we specialize to the
concrete ones constructed geometrically and by the Legendre transform, in which case
they are indeed mutually inverses.

Theorem 1.20. Suppose Condition 1.1 with ] = 2.

(1) Let FE along with a closed interval I C Ry, R > 0, and a stationary
solution S of the eikonal equation, be given as in Theorem 1.12. Let W,
along with u, T > 0, J = [u?/2, o), and a time-dependent solution K of
the eikonal equation, be given as in Theorem 1.17. Then, there exists V €
C((I N J) x S~ R) such that

WHY* =eTYEE 30,0, > K. (1.19)

In particular, W* are asymptotically complete on I N J.

(2) Under the conditions of Theorems 1.3 and 1.14, let K € C*(2,,) denote
the Legendre transform of S € C*(I,; x (RY\ {0})); Ly = [1W?/2, 00),
> > 0. Then, (1.19) holds with I = I, = [uW*/2,00), J = [u?/2,00),
and with VU taken identically zero, i.e.,

W =5+ 30, > J;.
In particular, W* are asymptotically complete on J .

Remark 1.21. The above completeness results resemble asymptotic completeness
for 2-admissible potentials as stated in [11, Theorem 30.5.10], however there given
with a different free dynamics. Our approach is more related to our previous study
in a geometric setting [17, 18], though more regularity of V' is imposed there. In the
geometric short-range setting [16], we employed only time-dependent methods, but
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the third order derivative was required for the analogous K, see [16, Condition 1.3
and (1.8b)].

1.2.5. Application to the 3-body problem. Our results apply to a recent develop-
ment in the stationary scattering theory for 3-body long-range Hamiltonians [23]. Let
us see how the application comes about in a slightly simplified form. Below, we only
present a brief outline, and refer the reader to [23] for precise definitions, terminolo-
gies, and procedure. See also Remark 4.13.

Let X be a finite-dimensional real inner product space, and {X%},c.4 a family of
subspaces of X closed under addition. Consider the 3-body problem, i.e., assume that
#amn = 3. Let V4 € C®°(X%), a € A \ {@min, @max > e pair potentials, and assume
there exists u € (\/§ — 1, 1) such that, for any o € NgimX“’

07V (x) = O((x) ).
Note that v/3 — 1 & 0, 732. We then define cut-off pair potentials W¢ € C°°(X) as
We(x) = x(Ix%/1x|")V 4 (x),
where y € C*°(R) is chosen in agreement with (1.4).

Lemma 1.22. The cut-off pair potentials W, a € A \ {@min, Amax}, satisfy Condi-
tion 1.1 with | = 2.

Proof. For any o € NJ™X| we have 0°W4(x) = O ((x)~*Uel+1))  The condition
w(2 4 ) > 2 (required for |or| = 2) is fulfilled exactly for & > /3 — 1. ]

Remark 1.23. As a consequence of Lemma 1.22, our results apply to the 3-body
Hamiltonian using cut-off pair potentials of long-range-type. In particular, one can
derive, in a stationary manner, the asymptotic completeness for the 3-body long-range
Hamiltonian along with formulas for scattering quantities, cf. [23] and Remark 4.13.
Note that the previous methods in the literature do not apply at this point, since the
third derivatives of W“ may not be of the form @ ({x)~?3) for some o € (0, 1].

1.2.6. A further perspective: Generalization to manifolds. Our arguments are not
really dependent on a specific structure of the Euclidean space, but rather on solutions
to the eikonal equations (1.3a) and (1.3b), and the estimates of their derivatives. In
fact, we do not even use the (ordinary) Fourier transform, and neither pseudodifferen-
tial operators nor advanced functional calculus. In our previous related works [17,18],
we studied in the same spirit long-range scattering theory on a manifold with ends,
employing approximate solutions to the eikonal equations. We did not develop a
C? regularity theory using exact solutions as done in the present paper in the Euc-
lidean setting. Moreover, we used weaker radiation condition bounds entailing a more
complicated construction of the stationary scattering theory than presented here. For
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completeness of presentation, let us note that our older work [16] may be seen as a C3
scattering theory on a manifold in that it involves an exact C? solution to the (“free”)
time-dependent eikonal equation, however this theory is entirely time-dependent and
allows only short-range potentials.

If one could construct a “good solution” on a more general manifold, say for a suit-
able C? perturbation (by the variational method of this paper or by any other means),
then the elementary techniques of the present paper would conceivably work there.
Hence, the methods of this paper potentially could also contribute to stationary scat-
tering theory on manifolds, in particular to developing a more refined low regularity
theory.

1.3. Key bounds

In our stationary scattering theory, it is a major challenge to verify the WKB approx-
imation (1.10). The following strong radiation condition bounds constitute a powerful
tool for that verification, and are themselves (along with Theorem 1.3) the most
important technical novelty of the paper.

Let S € C!(I x (R?\ {0})) be given in agreement with Theorem 1.3, and define
the gamma observables (or alternatively referred to as radiation observables)

y = (Vlvvyd) = p :F (VXXIS)’

; (1.20)
Y =Re((Vxx18)-y) = (Vax18) -y — E(Axxls),

where we have included y; from (1.5) just to cut-off the singularity at the origin. We
also set
Be = min{2,1 + o + p}.

Theorem 1.24. Suppose Condition 1.1 withl =4 andq = 0. Let I C Ry be a closed
interval and let S € C*(I x (R? \ {0}) be the function from Theorem 1.3 given for
each R > Rq (for some Ry > 0), and define correspondingly y; and y| as above.
Then, the following bounds hold for any compact subset I' C I C Ry.

(1) Forany B € (0, B.) and R > Ry, there exists C > 0, such that, forall A € I’

2
and ¥ € Lﬁ+1/2,

InRA £z =< Cllvle (1.21a)

B+1/2

lvivi RA OVl = Cl¥ll

B+]/2; i,j=1,...,d. (1.21b)

(2) Forany B’ € (0,8./2),t > 1/2, and R > Ry, there exists C' > 0, such that,

2
forallA € I' and € Lgris

. . / . T
IViRA£i0W ] <ClYlg, o i=1....d (1.21c)



Scattering theory for C?2 long-range potentials 367

Remarks 1.25. (1) These are “strong” in the sense that S, > 1, while Isozaki [14]
obtained similar bounds for classical C3 long-range potentials with . < 1. Such
strong versions first appeared in [9] for classical C*® potentials.

(2) Our proof is elementary, relying only on the Cauchy—Schwarz inequality and
the product rule for differentiation, and it admits considerably weaker assumptions
than in [9, 14]. In fact, it applies even to C3 potentials by redefining appropriately Yl
and B, > 1, see Remark 3.16.

(3) See Section 3.2 for a motivation from classical mechanics. The third or higher
order derivatives of V' appear as purely “quantum effects,” and there is no classical
interpretation of their appearances. Note also that in our setting these derivatives might
not have classical decay.

(4) We may let I = R by letting C, C’ > 0 from (1.21a)—(1.21c) be dependent
on A € I, cf. Remark 1.4 (2).

(5) The potential here is more smooth than in the Section 1.2. We will apply
Theorem 1.24 to a regularized potential appearing as a technical tool, see Lemma 4.1.

The rest of the paper is organized as follows. In Section 2, we prove Theorem 1.3
following the scheme of [4]. Section 3 is devoted to the proof of Theorem 1.24, for
which a commutator-type argument plays a central role. After these preliminaries, we
prove Theorems 1.5, 1.10, and 1.12 and Corollary 1.8 in Section 4, where we see that
the strong radiation condition bounds provide simple and intuitive proofs. Finally, in
Section 5, we prove Theorems 1.14, 1.17 and 1.20.

2. Eikonal equation

In this section we prove Theorem 1.3. We will follow the framework of Cruz-Sampe-
dro and Skibsted [4], and solve (1.6) in a somewhat abstract manner. The equation we
investigate here is of the form

(VO)- G 1(VD) =1, 2.1)

with G being a given (d x d)-matrix-valued function on R?, which is assumed to
be sufficiently close to the identity matrix /5. Note that the potential eikonal equa-
tion (1.6) is always translated into the geometric eikonal equation (2.1) through the
change of variables

=007 Y2S, G=(1-2"yrW),. (2.2)

Thus, the arguments of this section on (2.1) will readily apply to an S solving (1.6).
The paper [4] adopts a variational method, and we recall the precise setting in Sec-
tion 2.1, quoting some results from there. The existence and smoothness of a solution



K. Ito and E. Skibsted 368

to (2.1) obtained in [4] yield the corresponding assertions (1)—(3) of Theorem 1.3.
Then, in Section 2.2 we discuss the remaining problems, i.e., the smoothness and the
uniform bounds (1.7), under our more restrictive assumption of our paper. This com-
pletes the proof of Theorem 1.3. At the end of the section, we present Corollary 2.14,
a modification of (1.7), which will be used in Sections 4 and 5.

2.1. Terminologies and results from [4]

2.1.1. Class of Riemannian metrics. In this section, we discuss the following class
M (lj of functions with values in square matrices of order d, or of Riemannian metrics
on R¥. Denote the set of all the real symmetric matrices of order d by Sz (R).

Definition 2.1. For any / € Ny, we set
M, =G = (gij)ij:R? - $4(R) | G is of class C', ||G||; < oo}
along with
Gl = SUp{(x)‘“||8°‘g,~j(x)| |x eRY, |a|=0,....1,i,j =1,....d}.
In addition, we set
Mﬁl ={G € ﬂii | there exista,b > O suchthataly; < G(x) < bl forall x € Rd}.
(2.3)

Remark 2.2. Obviously, ‘Mfi C eﬂfi is open with respect to || - ||;. Let I be any closed
interval in R4 (as in Theorem 1.3). If we then let R > 0 be large enough, G from (2.2)
can be arbitrarily close to I in the class eM‘% uniformly in A € /. This is due to the
extra order of decay o € (0, 1) in (1.2a). This uniformity will be vital for our proof of
Theorem 1.3.

2.1.2. Energy functional and geodesics. Next, we define a geodesic for G € M(ll in
a variational manner. For any p € (1, c0), we introduce the Banach space

d ! 1/p
XP = (WP ((0,1):R)?, x|, = (Z/ |/'<,~(t)|1’dt) fork € X7, (2.4)

i=1y

where Wol’p ((0, 1)) is the standard Sobolev space with the Dirichlet boundary condi-
tion, i.e., the completion of C2°((0, 1)) with respect to the norm ||u ||y 1., := |Ju|Lr.
Note that [|u ||y 1., is equivalent to |[u||L» + |[it]z» due to the Poincaré inequality.
For the moment, we shall particularly use the space X := X2, which is a Hilbert



Scattering theory for C?2 long-range potentials 369

space equipped with the inner product

1

(ov)x = {jrav) = (Lgs v =/u(z>-v(z>dz; o€ X,
0

Here, the d x d identity matrix I; is used symbolically to indicate that this inner
product on X generates the norm | - || defined in (2.4). We shall below consider
other quadratic forms on X than the inner product.

For any k € X and x € R¢, define a path k, € (H'(0, 1))¢ from 0 to x as

kx(t) = tx +k(t) fort €]0,1].

Now, given G € M, we consider the energy functional

1
&RYxX >R, &(x,k)= //'cx(t) -Gk (1))kx (1) dt. (2.5)
0

Definition 2.3. Let x € R?, and denote the space of the paths k. by
Xy = {kx € (H(0,1)? |k € X}.

We call vy, € X, a geodesic for G € M}i from 0 to x in unit time if the associated
y € X satisfies
(06)(x,y) =0€ X', (2.6)

where X' is the dual space of X .

Remarks 2.4. (1) The duality pairing of 9, & (x,x) € X’ and u € X is directly com-
puted as

1

(86 (x.ic). 1) = / 20 Gle)icn +fx - (i G) )i} di. 27)
0

(2) Classically, a geodesic for G = (g;;);,; is defined as a smooth curve y = y(¢)
in R? solving

Vi + 587 Okgjt + Digik = gk yeyr =0 fori=1.....d, (28
where G™! = (g"/); ;, or equivalently

1
Gy ==((-V)G)y + 73 (VeG)y. 2.9
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Clearly, (2.6) is a weak form of (2.9) according to the expression (2.7). A geodesic
in the sense of Definition 2.3 is equivalent to an H! curve solving the H~! equa-
tion (2.9). Note that, due to the Sobolev embedding theorem for y € (H (0, 1))¢, the
right-hand side of (2.9) belongs to (L' (0, 1)) € (H~'(0, 1)).

(3) We shall use the notation y, y, exclusively when discussing geodesics, and
K,Kx Or |, by for general paths. There would be no confusion since, as long as G is
close to 1, a geodesic is unique, see Theorem 2.6.

For any G € eMﬁ and x € R?, there always exists at least one geodesic from 0
to x, given as follows.

Lemma 2.5. Let G € Mfi witha,b > 0 as in (2.3), and let x € R4, Then, there exists
a minimizer y € X of €(x,-), i.e.,

E(x,y) =inf{E(x,k) | k € X},

and hence the associated y is a geodesic for G. Moreover, for any t € [0, 1],

E(x.y) = yx(1) - G(yx(1))¥x(t) (2.10a)

and ) ,
LI < P < 2P Hlix]? < lye @] < Zix]. (2.10b)

b a b a
Proof. 1tis a part of [4, Lemma 1]. We omit the proof. ]

In general, a geodesic is not necessarily associated with the minimizer of & (x, -).
However, it is the case when G is sufficiently close to /.

Theorem 2.6. There exists a neighborhood U C ‘M(ZI of 14 such that the following
holds.

(1) Forany G € U and x € R4, there exists a unique geodesic yy € Xx.
(2) There exists ¢ > 0 such that, forany G € U, x € RY and k € X,

((028)(x. y)ik.k) = cllk|3.

Moreover, for any G € U N Mfi with | > 2, the map R? 3 x y € X from (1) is of
class C'=1,

Remark 2.7. The second derivative of & (x, -) reads for any «, i, v € X as

1
@E0u) = [t Gl + 2t (0 6) k)

O 420 (i 0:G)(kx)kx + Kx - (ivj0;0; G) (kx )Kx) .
(2.11)
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Proof. Assertions (1) and (2) follows from [4, Theorem 1 (a)], if we allow ¢ > 0 to
be dependent on G € U. However, if we let U be small enough, we can choose ¢
uniformly in G € U due to [4, Lemma 6]. The last assertion follows from [4, Propos-
ition 2 1)]. Hence, we are done. [

2.1.3. Solution to the eikonal equation. We are ready to construct and study a spe-
cific solution to the eikonal equation (2.1).

Theorem 2.8. Let U C :Mfl be given as in Theorem 2.6, | > 2, and define, for each
GeUnu,

O:R? > [0,00), P(x) = E(x,y)"? = (inf{€(x.k) |k € XHV?  (2.12)
Then, for any x € R, the identity
V(@(x)?) = 2G(x)px(1) (2.13)
holds. Moreover, ® is a C! solution to (2.1) on R? \ {0}.

Proof. The assertion is due to [4, (36)] and [4, Proposition 2.2)], and we omit the
proof. ]

Using the above results, we can prove a part of Theorem 1.3. The proofs of the
(A, x)-smoothness and (4) will given in Section 2.2.

Proof of a part of Theorem 1.3. Suppose Condition 1.1 for some / > 2 and let / be
any given closed interval in R (as in the theorem).
(1) Here we let
G(A,x) = (1 =27 r() V(X)) 1a

asin (2.2). Let U C Mﬁ, be given as in Theorem 2.6, and take large R > 0, so that
G(A,)eUnNn :Mfi forall A € I. Then, for such G(A,-), we can find a solution ®(1,-) €
C'(R4 \ {0}) to (2.1) by Theorem 2.8. Thus, if we set

S(A,) = V)21, ) e CHRY \ {0}) (2.14)

as in (2.2), it obviously solves (1.6). We actually have joint smoothness S € C LI x
(R? \ {0})), but we will verify it later.
(2) By the definition (2.12) and (2.10a), it follows that

1

1
B(h.x) = / )2 dr = / Vi - GO )70 dr.
0

0
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Hence, ®(A, x) is the distance with respect to the Riemannian metric (21)~!g from
the origin to x along y,. Using again (2.10a) and the fact that ® solves (2.1), it follows
that indeed ®(A, x) is the geodesic distance from the origin to x. Obviously, then
S(A,-) is the geodesic distance from the origin with respect to g.

(3) Set, for any x € R? \ {0},
s, x) = x| 7' e, x) =1 = V)V x| 7S, x) — 1.

Then s(A,-) € C'(R¥ \ {0}), and it satisfies the asserted identity. Furthermore, it
extends smoothly to the origin by letting s(4,0) = 0. In fact, we have G(A,x) = [
for |x| < R, and this implies ®(A, x) = |x]| or s(A, x) = 0 there. The joint smoothness
of s follows from that of S (in turn to be given in Section 2.2). ]

2.2. Improved bounds

In this section, we prove the remaining assertions of Theorem 1.3. As for (1.7), note
that the similar bounds from [4, Theorem 1 (b)] do not suffice, so we have to argue
properly with the more restrictive assumptions of the present paper. The following
proposition is a key for our proof. See (2.4) for the definitions of X? and || - ||,. The
appearing curve Y € X comes from using Theorem 2.8 with the considered G.

Proposition 2.9. Suppose Condition 1.1 for some | > 2 and let I be any given closed
interval in R4 (as in Theorem 1.3). Consider the matrix G = (1 — A~ yg V)14 with
Aeland R > 0.

Forany § € (0, 1), there exists C > 0 such that, uniformly in all sufficiently large
R>0k+|aj=1,....] =1, pe[1+81+81, 0" €(0,0]withe'p<1-6§
and (A, x) € I x R?, the corresponding y € X obeys

||8/ia§ty||p < CA—I—k|x|2—m/(k+|a|+l)+k’ (215)
where m'(k) = m(k) —o + o’.

Remarks 2.10. (1) Note that y = 0 for |x| < R. Thus, |x| on the right-hand side
of (2.15) can be replaced by (x).

(2) Obviously, the strongest x-decay is achived choosing 0’ = ¢ in (2.15). This
will be used in the proof of (1.7) simply by using the estimate for any p € (1, co) with
op < 1. The (local) uniformity in p and ¢’ in the assertion is technically necessary
for the proof of Proposition 2.9 itself, which relies on induction in /. However, our
proof does not extend to the assertion of having uniformity in p € (1, co) rather than
the stated condition p € [1 + 8,1 + §71].

In the proof of Proposition 2.9, we will repeatedly use the following Hardy and
generalized Holder inequalities.
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Lemma 2.11. Forany p € (1,00) and k € X?, one has

d ! 1/p
(X [itaora) ™ <L, 2.16)

i=1y

Proof. The assertion follows from the one for d = 1, which is the well-known Hardy
inequality. We omit the details. |

Lemma 2.12. Let py,..., py € [1,00], n € N, satisfy py* + -+ p,' = 1. Then,
forany f; € LPi(0,1),i =1,...,n, one has

1
/Ifl(t)l---lfn(t)ldt < fillerr - ol @.17)
0

Proof. The assertion follows easily by repeated application of the familiar Holder’s
inequality. We omit the details. |

The below lemma will be useful in a reduction procedure in the proof of Proposi-
tion 2.9, see Steps L, III, and IV there.

Lemma 2.13. For any § € (0, 1), take a sufficiently small neighborhood U C rM‘zi of
1. Then, it follows that, uniformly in p,q € [1 + 8,1+ 87, with p~' + ¢ ' =1,
GeU xeR? neXNXP andv e X N XY, the corresponding y € X from
Theorem 2.6 obeys

1
(B2E)Cr.y) = 2Lai V)] = 3l vl

Proof. Take any 6 € (0, 1). We first let U C MZ, be small enough that not only The-
orem 2.6 is available, but also we can find @, b > 0 as in (2.3) uniformly in G € U.
Then, by (2.11), (2.10b), Holder’s inequality, and Lemma 2.11, we can bound

{(@28)(x.y) =214 pt.v)|

1
< / 240 (G — 12)p + 24 - (v:9:G)ix
0 +2v- (/LiaiG))./x + )./x ' (/’Livjaiaj G))'/xl de

1
= GG - ldllz/(lllIIf)l + Al {ex) ™ x|
0 + D]l ex) T x| v () 2 |) de
= GG = Lall2llellp v g

where Cy, C > 0 only depend on the constants 8, a, b. Thus, possibly by letting U
be smaller, the assertion follows. [
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With these preparations, we can now prove Proposition 2.9.

Proof of Proposition 2.9. The proof proceeds by induction in / with the interval I C
R being fixed. Note that the assertion of the proposition amounts to the statement
that for each / > 2 the bounds (2.15) hold uniformly in various parameters. This is a
statement amenable to induction.

Fix any / > 2 and / C R as in the proposition. Fix also any é € (0, 1). Then, the
conclusion of Lemma 2.13 is available for G = (1 — A~ ygV)I uniformly in A € /
and all sufficiently large R > 0. In particular, it follows from the classical implicit
function theorem (see e.g. [5, Theorem 15.1] or [13, Theorem C.7]) applied to the
equation (2.6) with parameter (A4, x), that the mapping

IxRY > X, (A, x) >y, (2.18)
is of class C!~!, cf. Theorem 2.6.

Step 1. We first let | = 2, and we start with the case k = 0 and || = 1. It suffices to
show that we have, uniformly ini = 1,....d, p,g € [1 + 8,1 + §71], with p~! +
g '=1,0"€(0,0],witho'p <1-8§,(A,x) el xR¥ and u € X N X4,

{(O28) A, %, 7); i, )] < CrA™ x| ™ [l (2.19)

In fact, if (2.19) holds true, we obtain in combination with Lemma 2.13 that

IA

1 1
[{0i v, )| §|(2ld — (028) (A, x,¥); 0iy, )| + §|<(3§8)(l,x’)/);8m )l

A

1 Ci, 1, -0
Al + A ™ elly- (2:20)

Note that any i € X N X7 takes the form u(t) = fol (g(s) — fol g(7)dr)ds with g €
L2((0, 1); R)4 N L4((0, 1); R)?, and vice versa. Using arbitrary g in this class, the
standard L?-L4 duality argument and density of L? N L? in L4 allow us to compute

10:;¥lLr = sup [(0;7.&)2] = sup [{3iy. pg)l:

lgllza<1 lgll e <1
! 1
He(t) = (g(s) — g(r)dr)ds, t €(0,1).
0/ o/

lglly = ligllee < 2[gllza,
it now follows from (2.20) that

Noting that

1 1 —g
19:¥llp = S 19: 1, + C1A x|,

yielding the assertion (2.15) for k = 0 and || = 1 with C = C, = 2C}.
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Step 1I. Here, we prove (2.19). For that, we first claim that, for any u € X,

1
((028) (A, x.y); 0iy. ) = /(211 (g —G(A,yx))ei — 2t - (0;G)(A, yx)Vx
0 —2yx - (Mj 3jG)(/\, Yx)ei

- t)./x : (/Ljaiaj G)(A’ Vx)f/x) dr.
(2.21)
In fact, if we differentiate (2.6) in x;, it follows that, for any u € X,

((00c8) (A, x,v), 1) + () (A, x,y); By, 1) = 0.

On the other hand, also differentiating (2.7) in x;, we have for, any «, u € X,

1
(0,0 hox.i.t) = [ (i GO kes + 2 (LG ki
0 4 26y - (10, G) (A, kx)e;
+ thy - (11;0;07 G) (A, kx k) dt.
We obtain (2.21) by combining the above identities and using that £ (0) = (1) = 0.
Next, we estimate the right-hand side of (2.21). By using (2.10b), Holder’s

inequality, and the Hardy inequality (2.16), we have uniformly in the relevant para-
meters

1
((028) (X, x.y): ;. j1)] < C3A~! f (Iiellex =0 + ¢l lex]) 7 x|
0 e T x| A el 720 |x ) de
1

< C / (A= + |l =) dr
0

< CsA™H x| [lpellg-
We have shown (2.19) and hence indeed (2.15) for k = 0 and |«| = 1.

Step 111. Next, we prove the assertion for k = 1 and || = 0 along the lines of Steps I
and II. In fact, we can first reduce it to proving

{(O28)(A, x,7); 02y, )] < CeA™2|x '™ allg (2.22)

uniformly in the relevant parameters. The reasoning is the same as in Step I with
Lemma 2.13, and we omit it. Then, in order to prove (2.22), we deduce the following
expression valid for any u € X:

1
(28 (Ao x.y): 927 pt) = / (= 2t (0,6)(h 7x)7
0 _)'/x'(:U“jaja)LG)(/\a)’x))./x)dt- (2.23)
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Again, this formula follows in a manner similar to the first part of Step II (similar, but
actually slightly simpler), and we omit the proof. Then, we bound the right-hand side
of (2.23) by using (2.10b), Holder’s inequality, and the Hardy inequality (2.16),

1
{(28) (A, x,¥): 927, )| < C7A72 / (e lex ) ] + [l lex| 71707 x[2) de
0

1
< CoA2 x| / (Al + ™=y dr
0

< Coa 2 |x|"~ lullg-
This amounts to (2.22), and we have shown (2.15) for k = 1 and |a| = 0.

Step IV. From here to the end of the proof, we let [ > 3. It suffices to discuss only the
case k + |a| = [ — 1 since the cases k + |¢| = 1,...,[ — 2 follow by the induction
hypothesis. In the following, let for short

B = (k,a) e NI+,

Bl =k +lel =11,

oF =0f | =okoe.
Here, we only note that the proof is reduced to verifying

((@28) (A, x, p); Py, )| < CLATITF | x 2 OFky 1, (2.24)

uniformly in u € X N X7 and the relevant parameters. This is indeed a valid reduction,
which may be seen by mimicking Step I. Again, we omit the details.

Step V. To show (2.24), we proceed in parallel to Steps I and III, differentiating (2.6).
Indeed, repeated differentiation of (2.6) in (4, x) yields the Faa di Bruno formula

(@28 Ax,p): Py ) = Y Cul@ e x, )08y, 0"y ),

n,Bo,...,8"
(2.25)

where the indices n € Ny, ,Bi = (k',a') € Ny x Ng,i =0,...,n, run over

n=0,....0—1, p°4+---4p"=8, 1<|B|<l—2 fori=1,....n. (2.26)

Here and below, combinatorial constants are denoted simply by C,. € N without dis-
tinction.
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Let us further write down a detailed expression of the summand of (2.25). Directly
differentiating the definition (2.5), we can compute 9 T1& (A, x, k) as

(az+18(/\,x,K);[,Ll,..., n+1 ZC* (8 gab)(Kx)a(Kx)blchl '/Ln-H dr

Cn+1
nl=n+1 |

+ ZC*/(B gab)(Kx)b/j“cl M MZ);:—II dt
Inl=n 0

Y / (O ap)ped, - il o il o+ i,

[nl=n-1

Here and henceforth, /1% and /li replace the corresponding factors, and for short we
omit appropriate summations in a, b, ¢1,...,cy+1,1, j as well as a specification of
the combinatorial constants Cx € N. Also, we abbreviate (97 g45)(kx) = (3 gap).
Let below {e1, ..., ey} denote the standard basis in R?. We then proceed, applying
3B° = 8’;0 Bgo (as defined above), as

@B T, x, k) . Y
1

0)_ 0,0_, _
Y c. / o712 (U el —eaentm gyl ¥ de

elz:”+=e’;1,—;lx'0 0
0_ 0 ,0_ .
+ ZC*/tla ‘ l(a(k - eh+n)gab)(’(x)a/'l“c1 /’l’c:.:,.ll dt
Inl=n+1, 0
ebfolo
0 0,0 . .
+Y C. / @D g ex)a i dpptg, - 1),
Inl=n+1

0_ 0 ,0_ .
+ZC*/t'”‘ T I g g, e dE

epzad 0
0 0,0 . .
+ ZC*/I'“ @D gap) (k)b -+ Frg - ey, dr
Inl=n_

0 0,0 L L
|77|="_1 0
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We substitute k = y, u! = 9" Vooo o = 38"y and u*1! = 11 in the above formula,
and denote the corresponding six types of integrals on the right-hand side simply as
I, ..., I, respectively. Then it suffices to estimate each such integral in agreement
with (2.24).

Step IV. Finally, we bound the above I, ..., I¢. They are treated similarly by using
(1.2a), (2.10b), the generalized Holder inequality (2.17), the Hardy inequality (2.16),
and the induction hypothesis. We may let |x| > R below, see Remark 2.10 (1).

We carefully bound 7, while we record only key steps for I, ..., I¢ (they are
treated similarly). Use (1.2a), (2.10b), and || = n + 1, to bound it for |x| > R as

1
—1—kO 0_ — (10 _ 1 n
1| < CoA™' 7k /t"" 2o |7 QTR 108y 0P e, e,y | A

0
1

T A i/ 0 _ o~ 1 _ n _
<Gt k |x] i leln 1)/t il 'oP Yerl -+t 'o# Ven It 1H0n+1|dl-

0
(2.27)

We take large po, ..., pn € (1,00) and small o7, ..., 0, € (0,0] such that

po' it P =1-q7 =p7 o'po<l. opi<l....0p a1 <l
and apply the generalized Holder inequality (2.17) and the Hardy inequality (2.16)
to (2.27). Note that here and henceforth § € (0,1), p € [1 +8,1+ 6] and o’ €
(0, 0] with o’ p < 1 — § are given parameters as in Proposition 2.9. Then, we use the
induction hypothesis with a sufficiently smaller § € (0, 1) (to make sure that p; €
1468 1+58ando’p; <1—8)and withm}(k) = m(k) —o + o/.

Noting also (2.26) and |B°| —k® +n+1=]a®|+n+1>2bye, + e, < a®,
it follows that, for |x| > R,

— _k() — /(10 1 n
(1] < Cad™ TP G D98y 18Py D, it
< CSA—I—k|x|2—m’(|ﬁ0|—k0+n+1)+(2—m'1(Iﬂl|+1)+k1)+--~+(2—m;,(|ﬁ”|+1)+k”)”M”q

—1— —m’ _k0 10
fCG/\ 1 k|x|2 m'(|1B|—k°+1)+k—k

lliellq
< CAT TR PO . (2.28)
This agrees with (2.24), as wanted.
As for I, ..., Ig, we aim at deducing a bound similar to the first line of (2.28),

since then the remaining arguments are essentially the same. More precisely, for the
cases where |8°] — k% +n + 1 > 2 is valid, this condition and the induction hypo-
thesis suffice for the final conclusion of (2.28). If |8%| — k® +n + 1 = 1, we can
proceed similarly to reach from the first line of (2.28) to the final line of the estima-
tion.
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We can bound 7, similarly to

1
_1—%0 0)_ —/ 0 _ 1 n
|I| < CgA™17F /z'“' e 7 QM0 198 e -+ 10" v, ity 4 | dt

0
1
_1_10 o 0 A~ 1 _ n _
< CoA 17K x| 1mm'(le '+")/z N P e, | T P e 11 ey | dE
0
—_ 140 —n 0 1 n
< CroA ™ 7R a2 Qe n 0198 Ty | 10" L 2 g

and from there we proceed as in (2.28) (as explained above). As for /3, we bound it
as

1
1710 0 " 0 1 n
[I3] < Cjy A~ * /r"* e |7 QeI | 12138y - 108" ye, Nty oy | 2
0

1
< CppA ™K o (ent ) / 117 (708 ey |- 10 0P e 10 ey | dE
0

140 — 0 1 n
< A 7R e 2rm Qalln 0 1 9By | 10 e -

From 1,4, there appears a factor which is either directly bounded by [|88" y || p.. Without
the Hardy bound, or alternatively a factor bounded by the L%-norm of ji. Hence,
typically /4 and [5 are bounded as

1
|14|§C14A—1—k0 tlaol—l|tx|—m’(|0!0|+|7l|—1)
0 108 ey 119 Tl - 108" Yoo ll ey |
< Cosh 7K a7 D
1
'[t“”lt‘laf’lycll---I8Biy'a|---It_laﬂnyc,,llt_lucn+1|df

0
_1—10 s 0 1 n
< CreA™17F |2 Qe D 9B | 188" | it

and

1
—1— 0 — 1/ (ley©O 1 i, n
|Is| < C17A~! kO/z“ x| P mD 198y |- 108 P - 108 e, ey | 2
0 1
< Clgk_l_k°|x|1_ml(|a0+")/l‘_o/|l‘_13B17/cl|"'|3ﬂl)>a|"'
0 '|t_18ﬂn70n||t_1PLCn+1|d[
_1_%0 /(1O 1 n
< oA TR xR Qe n D 9B Ty |y 18P [ -
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Finally, we can typically bound I as

|[16] < CapA ™10
1
0 ! 0 1 i, i n
'/lla e |~ QoD 68 e [ 105" Jial -+ 1087y - 107" ye, ey, | At
0
< CZIA—I—ko|x|—m/(\a0|+n—1)
1
—o’ ., — 1 i, i . _ n _
'[t TN 0P e | 10P al - 10P gl -+ 17 0P e, 1167 ey | dE

0
< Cop AT 1RO P a2 m D 3BTy 108"y, -
Therefore, we are done. [

We complete the proof of Theorem 1.3 as follows.

Completion of the proof of Theorem 1.3. Fix aclosedinterval I/ CR 4 and p € (1,00)
with op < 1, and let R > 0 be large as in Proposition 2.9. For any k + || <[, it
suffices to argue for |x| > R since s vanishes for |x| < R. All the estimates below are
tacitly understood to be uniformin A € /.

Step 1. We first show that, for any k + |o| </ — 1 and |x| > R,
|a]l{azy(1)| < Clk_l_klx|2_m(k+|a‘+l)+k. (2.29)

We may let k + || > 1 since the case k + || = 0 follows from (2.29) with k = 0
and |o| = 1 and integration. Now, let us use a representation

1 1
% a%p)(1) =2 / ((a’;agy')(z) + / (358%9)(r) dr) dr. (2.30)

1/2 t
This is due to the fundamental theorem of calculus, but in fact we have to check

integrability of the integrands.
By Proposition 2.9 and Holder’s inequality, it follows that

1050111 (1 j2,1ya < Cod ™' K|y |PmEHlalt Dk, (2.31)

where the norm on the left-hand side denotes the L!-norm of a function on the interval
(1/2, 1) with values in R?.
On the other hand, as for 8’/{ 0%y, we compute it using the expression

.. 1 . . . .
Yn = _Egnl(aigjl +0j&i1 — 018i))(Vx)i (Vx)j =1 =TT (Vx)i (Vx); (2.32)
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following from (2.8). By (2.32), the product rule and the chain rule of differentiation
we can write

d Na
050%5, =Y c*(a’;"agr;;)( I1 ]‘[(a’;“*’ag””yx)a)(a’;‘ 0% .0 (357 0% 7).

a=1h=1
(2.33)
where the indices k°, k%? k', k? € Ny and n, 2??, o', 0? € N(‘)i run over
d Na
kab+|0lab|21, kO+ZZkab+kl+k2=k,
a=1b=1 (2.34)
d Na
| =0,....k + |a|, ZZaab+a1 +o? =a.
a=1bh=1

Note we read nggl(a’;“” Bzab Yx)a = lif ng, = 0.

We recall that yx(t) = tx + y(t), and since t € [1/2, 1], we do not have to
worry about inverse powers of T when estimating 8’;0 o7 F{’j by Lemma 2.5 (as we did
in the proof of Proposition 2.9). On the other hand, when taking x-derivatives of y,
there are still contributions from differentiating the first term tx, that in addition to
the derivatives of y need consideration. The latter are treated by Proposition 2.9. We
prefer the following uniform treatment:

15 0% v )allLr oy < CpA™ " [x |72 K+ D4R g 35y
. _ _ptl
1K 0% y)i ooy < CpA™* x| 73 K Hlat Dk (2.35b)
. _ _ptl
10702 Y, Lr /2y < CpA ™ x| 1755 (22D 4k, (2.35¢)

For any term with 1 # 0 in the expansion (2.33), say denoted by T, we can show
an estimate agreeing with (2.31). In fact, by using (2.10b), (2.34), (2.35) with p =
|n| + 2, the generalized Holder inequality (2.17) (with this p applied to each of the p
factors), the Hardy inequality (2.16), and Proposition 2.9, we can estimate

—1—kO _
ITN L1 1y2,1) §C3ZA 1=k x| ~mdnl+D

d Na
(1—[ I /\—k“”|x|——‘°'§l(k“b-i-la"bl—l)—i-k“”)

a=1p=1
—kl, o 1—2tl (gl Nkl 3 —k2, 1—2E L (k24102 )+k2
TR x|t T R et DAR T ) kT 1= (et +

< C4A—1—k |X|2_m(k+|a|+1)+k.

For any term with n = 0 in the expansion (2.33), we use the following estimates. For
k' + |a!| > 1, the second bound of (2.35) can be replaced by a sharper bound (similar
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to the first bound of (2.35)),
@' 0% y0illLrajan < CoAF |x _%(klﬂall_l)%l, k' + et > 1,
A 9% (1/2,1) P

and similarly for the third bound for k2 + |@?| > 1. Thanks to these sharper bounds,
we can then argue similarly for the case n = 0, obtaining an estimate for any such term
also agreeing with (2.31). This is straightforward, and we omit the details. Hence, we
conclude that

1050711 L1 (12, 1ya < CsA™ K |xPrmHlalt Dk, (2.36)

Clearly, (2.30) and the bounds (2.31) and (2.36) yield (2.29).

Step 1I. Now, to check the smoothness of S and s in (A, x) up to order /, it suf-
fices for partial derivatives with & # 0 to prove the continuity of derivatives of y, (1)
(or of p(1)) up to order / — 1. Here, we use (2.14) and (2.13). However, this is
already implicitly done in our treatment of (2.30) in Step I, which is based on the
C!=1_smoothness of (2.18) from Proposition 2.9. For derivatives with o = 0, i.e.,
containing only A-derivatives, we differentiate (2.12) in A, leading (thanks to the sta-
tionarity condition (3,&)(A, x,y) = 0) to

1

2|x[®(0rs) = (016)(A. x.y) = A_Z/XRVI)'/xIZ dr,
0

from which we deduce the formula

1
as =271 x| 21 +s)_1)L_2/XRV|)'/x|2dt. (2.37a)
0

Inductively, we can differentiate (2.37b) up to [ — 1 times in A, manifestly yielding
continuous expressions for aljs, k=1,...,1.

Step III. We are left with (1.7). Integrating the expression (2.13) using (2.2) and (2.29)
for k + |a| = 0, we obtain

S(.x)? = 2D+ O xP7),

and hence (1.7) for k 4 |a| = 0. Next, by (2.13), (2.2) and Theorem 1.3 (3), we can
write

Ves = x| 721+ )7 p(1) = A xygV = AL yrVy(1) — xs(2 + 5)].  (2.37b)
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Using this representation and (2.29), we can inductively obtain (1.7) for k = 0 and
all |o| < /. The straightforward details are omitted. Along the same line, any gen-
eral mixed derivative can be computed and estimated from (2.37b). Hence, we con-
clude (1.7) for all k + || < [, assuming o # 0.

To treat pure A-derivatives, we use (2.37a), leading to

1
192s] < CoA2Jx[ / i [xPdr = CoA2x ],
0

showing (1.7) for k = 1 and @ = 0. We can inductively show (1.7) for |o| = 0 and all
k <[ by repeated A-differentiation of (2.37a) and check of the resulting expressions.
This is more complicated than for mixed derivatives, so let us give some details of
the proof. We compute 8’; fol xRV |Vx|? dt by differentiating inside the integral using
the product rule. Since (ygV)(y«(¢)) is a composition, we need the chain rule to
compute A-derivatives of this factor, more or less as we did in Step I. This leads to
multiple factors of 8’; yx(t)/t for which we have good L?-bounds. So, the main thing
is to bound the derivatives (37 (xrV))(yx(t)) of the external factor, and for that we
mimic Step VI of the proof of Proposition 2.9 by estimating

02(x&V)| < Cglrx| (.

In parallel to the estimation of d;s, this yields the factor |x|™"(7D as well as the
factor t ("D = y=o¢o=m{nD Choosing a small enough p > 1, the familiar gener-
alized Holder inequality yields a bound in terms for the L!-norm of =7 and (after
a redistribution of powers of ! as in Step VI) products of various X #/-norms for
which Proposition 2.9 applies. We omit the book-keeping details.

Hence, we have proven (1.7) for all k + |a| <. ]

In Sections 4 and 5 we will actually use the following modification of (1.7).

Corollary 2.14. For any closed interval I C R let sg € CH(I x R?) be given as in
Theorem 1.3 for R > Ry, where Ry > 0 is taken sufficiently large. Then, there exists
C > 0 such that forany R > Ry, o’ € (0,0), k + |a| <1, and (A, x) € I x R¢

|850%s (A, x)| < CR™OHO Q717K ()= ketlaD+k
where m'(k) is given in Proposition 2.9.

Proof. The assertion follows from the arguments of the subsection with all the estim-
ates involving
8% xRV | < Cifx) (D
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replaced by
|9 xRV | < CaR™H ()7 1D,

It is straightforward, and we omit repeating the arguments. |

3. Strong radiation condition bounds

In this section, we prove Theorem 1.24. Our main tool is a commutator-type argument.
We adopt a second order differential operator as our conjugate operator, whereas the
standard Mourre theory employs a first order one. This might appear rather peculiar,
since the resulting operator would be of third order, which usually cannot have a sign.
However, we repeatedly use a certain increment or decrement identity to make it of
even order with a definite sign.

We first introduce the needed notation in Section 3.1, and then discuss classical
mechanics interpretations in Section 3.2. Motivated by the classical picture, the main
propositions of the section will be presented in Section 3.3. After some preliminaries
in Section 3.4, these propositions will be proved in Section 3.5. Finally, in Section 3.6
we will complete the proof of Theorem 1.24.

3.1. Notation

Throughout the section, we assume Condition 1.1 with/ =4andg =0.Let I C Ry
be a closed interval, and let S € C*(I x (R¢ \ {0})) be the function from Theorem 1.3
given for R > Ry > 0.

According to Theorem 1.3, S(4, ) is a geodesic distance from the origin. It is
convenient to normalize this function and consider ®(1,-) = S(1,-)/+/2A, exactly as
done in Section 2, but even then the singularity at the origin might cause problems.
Consequently, we regularize ®(A, -) as follows.

Lemma 3.1. Forall R > Ry, there exists f € C*(I x R?) such that (with the depend-
enceon A € I and R > Ry being suppressed)

flx) = (2/\)_1/25()&,)6) forany A € I and |x| > R. 3.1

Moreover (with all constants below being independent of A and R),

(1) there exist ¢, C > 0 such that, for any (A, x) € I x R4,
cfx) = fx) = Clx); (3.2)
(2) there exists C' > 0 such that for, any |a| < 4, (A, x) € [ xR?,

|8°‘f(x)| < C/f(x)l—min{lal,m(la\)}; (3.2b)
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(3) there exists C" > 0 such that, for any (A, x) € I x R¢,
(AI=C"f ) g <(VHRNV+ (V)< +C"f) 4. (32c)

Proof. Such modification is clearly possible due to Theorem 1.3. We omit the details.
[

Remark 3.2. In Section 4, we will use the slight modification of (3.2c) given with
C" f~9 replaced by C"”"R~7'19 =9 ¢/ € (0, 0).

3.2. Classical mechanics

Here we present a stationary bound holding along a classical scattering orbit in the
phase space T*R? =~ R2“. The arguments of this section are not necessary for our
purpose, but they serve as important motivation for our proof of Theorem 1.24.
Moreover, the proof here will be directly “lifted” to quantum mechanics, apart from
the fact that quantum observables of course do not generally commute.

3.2.1. Free Hamiltonian. Let us start with the trivial case with V' = 0, for simplicity.
Hence, we consider the free classical Hamiltonian

1@@9:%§ for (x, ) € R4,

and the associated Hamilton equations
=& £=0.
Then, for any initial data (v, ) € R2?, we have an explicit classical orbit
x(@)=mnt+y, §@)=n.
Assuming the orbit has a positive energy

A= HG (0. 60) = 5 > 0

which is fixed, we discuss the asymptotic relation between observables along the orbit.
Obviously, it follows that (forward in time)

&= «/ﬁ|x|_1x +00¢™Y) ast — oo, 3.3)

and hence the momentum £ is comparable to +/2A|x|~!x. However, we would like to
express it in a stationary manner without time parameter. For that purpose, note

|x] = v2At +O9(1) ast — oo.
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This implies that the quantity |x| is an “effective time” up to a constant factor, allow-
ing us to replace the time parameter. Now, let us introduce the “classical gamma
observables” as

v =E—(VSo). ¥} =(VSo) -y So=2Ax], (3.4)
cf. (1.20). Then we obtain a stationary expression of (3.3) as
v =0(x™). (3.5)

Furthermore, it follows that
1 1 _
Vi =Hg =2 =307 = =307 = 0(x7).
Note that the bound yﬁl = O(]x|?) is sharper than the bound resulting from substi-
tuting (3.5) into the middle expression of (3.4) . This is our starting point.

3.2.2. Perturbed Hamiltonian. Next, we turn to the general case of a classical C 2
long-range potential V. We discuss the perturbed classical Hamiltonian

1
H(x,§) = 28 + yr(x)V(x) for (x,§) € R, (3.6)
cf. (1.6). The associated Hamilton equations are given as

x=E E=-V(xrV). 3.7)

We are interested in the asymptotic stationary estimates along a forward scattering
orbit (x(t), £(¢)) (meaning beyond (3.7) that |x(¢)| — oo for t — o0) with a fixed
positive energy

A= Hx(),E(t)) > 0.

Parallel to the free, case we can study details of propagation along this orbit in terms
of the classical gamma observables given as

y=y"=§-(VS) and y =y =(VS) -y, (3.8)

where as in (1.20) the function S comes from Theorem 1.3. Until the end of Sec-
tion 3.2, we drop the superscript ! for short.

Proposition 3.3. Fix any A > 0, and define y and y| as above. Let (x(1),§(t)), t € R,
be a classical orbit for the Hamiltonian (3.6) with energy A such that

|x(t)| > 00 ast — +oo.

Then, for any B € (0, 2), there exists C > 0 such that for t > 0 and along the orbit

(x(),£(@)),
y2<Cf™P and |yl <cCrt.
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Remarks 3.4. (1) This is the classical counterpart of Theorem 1.24 intuitively
explaining why the operator y| accepts a doubled weight compared to the operat-
ors y;. See also [9].

(2) Proposition 3.3 holds true for V satisfying Condition 1.1 with [ = 2, but we
need to let / = 4 in Theorem 1.24 since higher order derivatives of S are involved in
the quantum mechanical case. Note that, due to this, the range of B gets narrower in
Theorem 1.24 than in Proposition 3.3.

Proof. All the below classical quantities are considered along the forward scattering
orbit (x(¢), £(¢)), and the dependence on ¢ > 0 is suppressed. It suffices to argue
only for large ¢t > 0, so that we may consider x to stay away from the origin, in fact
quantitatively as |x(¢)| > 2R. Hence, by (1.6), we have the identity for large ¢

1
0=H"—1= 5)/2 + ). (3.9)

This identity is important (it will be used repeatedly) and deserves to be named the
classical increment or decrement identity. By (3.9), it suffices to show the bound

P = (fPy? <y, (3.10)

and for that we compute the time-derivative of P¢. However, the time-derivative coin-
cides with the Poisson bracket, hence D := d/dt = {H®!,-}. In any case, we easily
compute

DP = 2821y (Df) + 2Py (Dy)). (.1

motivating us to show that the right-hand side eventually is negative along the orbit.
We compute and bound the first term on the right-hand side by using (3.8), (3.9),
and (1.6) as

28>~ 1y2(Df)
=28y} (V ) &
=280 2 2Py R () + VS P)
= 2PN PRy 20— 2k
< =BTV PRy £ 2802 fPT P 4 Cof PPy

To compute the second term of (3.11), we note the identity obtained by differentiating
the equation (1.6)

1
(V2S)VS = §V|VS|2 = —V(xrV). (3.12)
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Then, by (3.8), (3.12), and (3.9), this second term is computed as
21y (Dyp) =21 Py(E - (V2S)y + (VS) - (—=(VxrV) — (V2S)§))

=22Py(y - (V2S)y = (VS) - (V25)(VS) — (VS) - (Vx&rV))
= -0y (V2 )y

Combining the above computations and using (3.2c) and (3.9), we bound (3.11) as

DPY < — @) [Py BV ) @ (V) + (fV2f))y

+ 25(2A)1/2f2ﬂ_1)/”2 + C2f2ﬂ—l—o’y”2

— (min{1, @02 f2P~ 1y (1 = G f7)

+ 2802 [y 4 Gy fPPT 0y

— (min{4 — 28.2B8H) 202 f2P71yR + Co P70y,

IA

IA

so that, for any sufficiently large ¢,
DPY < —¢; f7lpPd <o. (3.13)
Hence, indeed P is bounded as t — oo, verifying (3.10), and we are done. n

Remark 3.5. We have presented a stationary proof without explicit time parameter,
so that the scheme extends to the quantum setup, see Proposition 3.6 and its proof.
We could have given a simpler proof computing D( f B 7|), however we are not aware
of any analogous procedure in quantum mechanics. Note that, in the literature on
scattering theory of Schrodinger operators, conjugate operators are usually of first
order, and consequently our scheme of proof (not being of this sort) is rather non-
conventional.

3.3. Main propositions of the section

Clearly, we can assume that the arbitrary compact subset 7’ C [ in Theorem 1.24 is
taken as I’ = I, and hence that also / is compact. We make these assumption in the
remaining part of the section.

To prove Theorem 1.24, we are going to compute and bound a quantum observable
corresponding to the expression D(( f# VITI 2) appearing in the proof of Proposi-
tion 3.3. As a quantum observable corresponding to (3.10), we consider

P =y6%fy. B €(0.2). (3.14)
where y) is the radiation observable from (1.20). Here the weight function

0 =0(f)=10(f(x)
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is defined as
S
t\—1-6
9:98,v(f)=/(1+—) dt: v>1,8>0.
v

0

It is a refinement of the so-called Yosida approximation of f. Note that 6 is bounded
for each v > 1, but that

"1 1 and 6 1 f pointwise as v — oo,

where 6’ denotes the derivative of § as a function of f.
The main propositions of the section present upper and lower bounds of a “distor-
ted commutator”
2Im(P(H — 2))

with
z=ALileli:={z=A%ileC|Ael, T e(01)).

Note that it is comparable with DP' = {H®!, P!} considered before in classical
mechanics. In fact, if z = A € [, it is nothing but the commutator i[H, P].

Proposition 3.6. Define P and 6 as above with B € (0,2) and § > 0 arbitrarily fixed.
Then, there exist ¢ > 0 and vy > 1 such that, forall z = A £iI" € IL, R > Ry, and
v > vg (with the constant C > 0 being independent of A € I but possibly depending
on R > Ry),
£2Im(P(H —2)) < — 00?7y + CTf 7267
+ Cf—1—2ﬂ6+3802ﬂ + C(H _ Z)*f1+592ﬂ—8(H _ Z)

as quadratic forms on D (H).

Proposition 3.7. Suppose the same setting of Proposition 3.6, and let € € (0, 1]. Then,
there exists vo > 1 such that, forallz = A £iI" € I+, R > R and v > vg (with the
constant C > 0 being independent of A € I but possibly depending on R > Ry),

:|:2Im(P(H — Z)) > _8)/”9/92/3_1)/” - CFf—ZeZﬂ
_ Cf—l—Zﬂc-+3502ﬂ _ C(H _ Z)*f1+892ﬂ—8(H _ Z)

as quadratic forms on D(H).

Remark 3.8. Proposition 3.6 is obviously a quantum analogue of (3.13) with some
negligible errors coming from commutation of observables, while Proposition 3.7
only says that the left-hand side of Proposition 3.6 is negligible too. In the proof of
Theorem 1.24, we shall take expectation of these bounds in the state ¢ = R(z)y, and
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take the limits ' — 04 and v — oo. Then, the second, third, and fourth terms on the
right-hand sides of Propositions 3.6 and 3.7 are in fact negligible for 8 < B. and &
taken small. This is due to the factor I', the limiting absorption principle bounds and
cancellation of H — z and R(z), respectively. We will give the details in Section 3.6.

The propositions will be proved in Section 3.5, after some preliminaries in Sec-
tion 3.4.

3.4. Preliminaries

Here, we gather some identities and estimates that will be frequently cited in the
remaining of Section 3. Throughout Section 3.4, we adapt the setting of Proposi-
tion 3.6. In particular, 8 € (0,2) and § > 0 are fixed along with I, R, S, and f from
Section 3.1.

We first record several bounds for the weight 6. We denote the derivatives of 6 in
£ by primes or similar superscripts such as 6’, 6", ..., 6®).

Lemma 3.9. There exist cg, Co > 0 such that, uniformlyin A € I and v > 1,
comin{v, £} <6 <min{Cov, f}, 0 < f16.

Furthermore, for any k € N there exist ¢y, Cy, > 0 such that, uniformly in A € I and
v >,
Ckvl—kf—k—89k+8 < (—1)"_10(") < Ckvl_kf_k_89k+8.

Remark 3.10. In the rest of the section, we will mostly use the simplified bounds
e f 10 <0 < 710, 10® < ¢ f 7R
Proof. According to whether f < v or f > v, we have

f v
= /2-1-5 ds=2""%f or 6> /2‘1-5 ds = 27170y,
0 0

respectively. On the other hand,

S
9:5_1v(1—(1+f)_8)§5_1v and 95[ds=f.
0

v

Hence, we obtain the asserted bounds for 6.
We also have

1+ f\—1-¢
v

ds < 1.

f
o =+ £ = [
0
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In addition, for any k € N, we can find a constant Cy > 0 such that
0® = (—1)* LR (1 + f/v) RS
= DG TR R 0T T

Here, the last factor satisfies

1
> min{v, £} < (f~'+v™H ™! <min{v, f}.
Hence, we are done. [

We next present a simple key identity corresponding to (3.9). It involves gamma
observables of different orders, and hence it can be used either to increment or decre-
ment the order of a differential operator (it will be used both ways many times).

Lemma 3.11. Forany z = A £ il € I+ on the subset {|x| > 2R}, the identities
1
H-z= 5)/2:{:)/” Fill (3.15)

hold.

Proof. The assertion is straightforward by (1.6) and (1.20). (Recall that throughout
the section, ¢ = 0in (1.1).) ]

The following commutator relations of the gamma observables are also important.

Lemma 3.12. Forany A € [ andi,j = 1,...,d, one has on {|x| > 2}

[vi.vj] =0, (3.16a)
[v) vil = iRe((V0;S) - y), (3.16b)
i 2] = 2iy - (V2S)y — %(AzS). (3.16¢)

Proof. By conjugation by eS| relation (3.16a) reduces to that for p, which is trivial.

We can verify (3.16b) immediately by (1.20) and (3.16a). As for (3.16c), we use
(3.16b) to compute

1 1
1 v? = (iv - (V3i8) = 5@088) yi + 7 (i(V3:9) -y + 5@ AS))
= 2iy - (V2S)y — %(AZS).

Thus, we obtain the assertion. n
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Lastly, we present several handy “ellipticity estimates.” We will often use the fol-
lowing identities holding, for any ¢ € C*®°(R%;R),
1
p-ap = Re(ap®) + 5(Ba), (3.17a)
p-(p-ap)p = p*ap® = p-(Va)p + p-(Aa)p. (3.17b)

The lemma below implies that any compactly supported differential operator of order
at most four is bounded by the last two terms of Propositions 3.6 and 3.7. For short,
we shall denote their sum as

Q — f—1—2ﬂ1v+3892ﬂ + (H _ Z)*f1+802ﬁ—8(H _ Z). (3.18)

Lemma 3.13. For any n € C® (R¥:R), there exists C > 0 such that, uniformly in
z=Atxilely, R> Ry, andv > 1,

n=CQ, y-ny=CQ, y-(y-ny)y=CQ. (3.19)

Proof. The first bound from (3.19) is trivial. For the second and third bounds, it suf-
fices to show the bounds with y replaced by p. As for the second, we use (3.17a) and
the Cauchy—Schwarz inequality to bound it for any N > 0 as

pp = 2Re(n(H —2) 20V —2) + 5 (An)
<Cf™N+Ci(H-2)" f(H —2).

The second bound follows by choosing N = 5, which suffices since 5 > 1 + 28,.
Lastly, we rewrite the left-hand side of the third bound of (3.19) by using (3.17b) as

p-(p-np)p =4(H —z)*n(H —z) —8Re(n(V — z*)(H — z2))
+4nlV —zP=p-(V’np+ p- (An)p.

The third bound then follows by the Cauchy—Schwarz inequality and the first and
second bounds. |

The next lemma implies various forms of negligible terms can be absorbed into
the leading term y 0’622~y ory - (y - 0'6%$~1y)y, cf. Lemma 3.15.

Lemma 3.14. For any ¢ > 0 and R > R, there exist C = C(8) > 0 and vo =
vo(8) > 1, such that, forall z = A £ i’ € I+ and v > vy,

)/||f_1_892’3)/|| < 8)/||9/02ﬂ_1)/|| + CQ, (3.20a)

y- fIPet92By < 6y,0'0% 71y, + CO. (3.20b)

y (- 710y <oy - (v - 002 1y)y + €O, (3.20¢)
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Proof. Lete > 0. By Lemma 3.9, we can find n € C° (Rd; R), such that, uniformly
in v > v for some vy > 1 chosen sufficiently large,

F00% < e0'9?P7 4,

Then, we conclude (3.20a) and (3.20c) by Lemma 3.13. To prove (3.20b), note that,

by conjugation by e*¥15  we can rewrite (3.17a) as
1
y -ay = Re(ay?) + E(Aa). (3.21)
In addition, set
t=1+4 B, —4.

Then, by (3.21), (1.5), Lemmas 3.11 and 3.9, the Cauchy—Schwarz inequality, and
Lemma 3.13, we can estimate (using the cut-off function y,g from (1.5))

y- 70y < F2Re(ar 07 y)) + 2Re(p2r S 107 (H — 2))
+C1f 77207+ Re((1 - 22r) f 07y ?)
< V”f—l—SQZﬁ Vi + le—l—292ﬂ + C2f—2t+1+802/3
+ Co(H —2)* f71790%(H - 2) + G, 0.
Applying in turn (3.20a), this yields (3.20b). |

The final lemma says 4y0’62# =1y and y - (y - 0’62#~1y)y are interchangeable
up to small errors.

Lemma 3.15. For any ¢ > 0 and R > Ry, there exist C > 0 and vo > 1 such that,
forallz = A +il" € I+ and v > vy,

{4y 00y —y - (v - 007 y)yy < ey0'607P 1y + CTF 207 1 CQ.
The same bounds also hold uniformly inz = A —il' € I_ and v > vy.

Proof. We discuss only z = A 4 iI" € I since the other is proved in the same manner.
Similarly to (3.21), by conjugation by e 7'X15 we have (3.17b) rewritten as

y-(y-ay)y = y*ay* —y-(V:a)y + y - (Aa)y.
Then, it follows by Lemma 3.9 that
+y - (y- 0027 1y)yy < £920'0%71y2 1 Cry - £30%Fy. (3.22)

The second term on the right-hand side of (3.22) can be bounded by (3.20b), and
hence it suffices to discuss the first term of (3.22). With the localization factor y,g
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inserted in this term, we are allowed to isolate 2 in (3.15) and substitute into the two
appearing factors of y2. After expansion, we then use the Cauchy—Schwarz inequality
to absorb cross terms into the diagonal ones. Hence, it follows that

+920'0%71y2 = 1 4(—y +i0 + (H — 2))* 210" 0% (—yy + il + (H — 2))
+y7(1— x2r)0'0% 712
< (F4+ &)y 12k 0y + G2 7107 + G, 0.

We can remove y»r from the first term on the right-hand side above by retaking
C, > 0 larger, and hence it suffices to discuss the second term. By the expression
(1.20), the Cauchy—Schwarz inequality, and Lemma 3.9, we can proceed as

12192 = %r Re((Vf710%P) . y) + %F(Vf‘lezﬂ) -(VS)
—TIm(f7 0% (H - 2))
le C3yy f720%y) + C3Tf7260% + C50. (3.23)

The first term on the right-hand side of (3.23) can be bounded as asserted by using
(3.20a). Hence, we obtain the assertion. ]

3.5. Upper and lower bounds for the distorted commutator
Here, we prove Propositions 3.6 and 3.7. We start with Proposition 3.6.
Proof of Proposition 3.6. We proceed in four steps.

Step 1. Let us prove the assertion only for the upper sign, since the lower one follows
in the same manner. With reference to the constants 0 < ¢ < C of (3.2a) and the
function y of (1.4), we introduce the smooth cut-off function ¥ = y(f/4CR). Then,

supp ¥ € {|x| > 2R}, y=1. on{|x|=8RC/c}.

In particular, (3.15) applies on the support of y. Hence, by (3.14) and Lemma 3.11 we
can split the distorted commutator on the left-hand side of the assertion as
2Im(P(H —2)) = Im(y) 716 yyv?) + 2Im(y) 76> y})

. iy (3.24)
+ 2Im(yy (1 = 067y (H — 1)) = 2Ty 07y,

In the following steps, we will further compute and bound each term of (3.24).
First, we comment on our notation. Throughout the proof, we fix £ > 0 such that,
for some ¢y > 0, it follows that, uniformly in A € I,

(M)Y? min{4 — 28,28} — 19¢ > ¢; > 0. (3.25)



Scattering theory for C?2 long-range potentials 395

We shall consider only v > vy with appropriate vy > 1 tacitly retaken each time we
apply Lemmas 3.14 or 3.15. In addition, we shall adopt the notation Q from (3.18).
We particularly note that, when computing (3.24), once a derivative hits y, the corres-
ponding term is immediately bounded by C; Q for some C; > 0 due to Lemma 3.13.
We shall also tacitly implement such estimates.

Step 1I. Now, we start with the first term on the right-hand side of (3.24). By (1.20)
and (3.16c), we can compute it as
Im(yy 76> yyy?) = Tm(y[76°%, y1- yy)) + Im(1 76> [y, v*))
= V)V Re(y) (767°)'v]) + 2Re(y) 16y - (V2S)y)

1 -
— 5 Re(y 767 (A%S)).

By the Cauchy—Schwarz inequality, (3.12), (3.2b), and Lemmas 3.13 and 3.14, we
can bound it as

Im(y 767 y)y?) <2812 Re(yf 70'6%F1y))

+2Re(yy - 70 (V2S)y) + £y)6'0% 7y + C20.
(3.26a)
The second term of (3.24) can be computed by (1.20), (1.6), and Lemma 3.14 as

2Im(y 767 y7) = ni(VS) - (V6P )y

(3.26b)
< 2BV + o)y 0'6* "y + C30.
The third and fourth terms of (3.24) is bounded trivially as
2Im(y(1 — DO yy(H — 1)) — 2Ty 16°P ) < C4Q. (3.26¢)

Hence, by (3.24) and (3.26a)—(3.26¢), we obtain
2Im(P(H —2)) <2B(210) > Re(yf 10'0°F ' y)) + 2Re(yyy - 16°F (V2S)y)
+ 2BRM)Y2 +28)y 0’071y + C50. (3.27)

Step III. We continue to compute (3.27). We next increment the order of the first and
second terms of (3.27) by substituting the following version of (3.15):

v = —%yz —il + (H — 2)*, (3.28)
In fact, using (3.28), we can rewrite the first and second terms of (3.27) as
28202 Re(yf 76'60*P 7 y)) + 2Re(yyy - 767F (V2 S)y)
= BV Re(y?y 70'6% " y)) —Re(y?y - 167F (V2S)y)
+2B(2N) 7P Re((H — )"y 70'60% )
+2Re((H — 2)*y - 1022 (V25S)y). (3.29)
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Let us discuss each term on the right-hand side. The first term of (3.29) can be
bounded, by using (3.16b), the Cauchy—Schwarz inequality, and Lemma 3.14, as

— BT Re(y?y 76'0% 1 y))
= BNy -y 70'0*P Yy + Re(y - [y, v 7067 1))
+Re(y - yyly. 70'0* "y + Re(y - v 70022 [y, v}
< —BEAN)TV2y -y 7002 Ty + e)0'0%P 1y
+ey-(y-00%71y)y 4+ C0. (3.30a)

The second term of (3.29) can be bounded, by using (3.2b) and Lemma 3.14, as

- - 1 .
—Re(y?y - 70 (V2S)y) = —y - (v - 710*P (V2S)y)y + 57 (A76%F (V2S))y
< —y-(y- 10*P(V2S)y)y +e0'0% 1y + €5 0.
(3.30b)
As for the third and fourth terms of (3.29), by the Cauchy—Schwarz inequality, (3.2b),
and Lemma 3.14, we have
26(22) 2 Re((H —2)*y 16’6~ y)) + 2Re((H — 2)*y - 76°F (V2S)y)
< Cs(n0' 0%y 10072 (10702 1y
+ Cs(y - 022 (V2S)y) £12072P (y - 022 (V2S)y) + C50
<ey0 0%y ey (v-00% 1Y)y + Co0. (3.30¢)

Hence, by (3.27), (3.29), and (3.302)—(3.30c), we conclude that

2Im(P(H —z2)) < — BRA) 2y -y 70'0%P Yyyy — v - (v - 702 (V2 S)y)y
+ 2y - (y - 00227 1y)y + 2BRM)Y2 + 58)y)0'6%P 71y,
+ C100. (3.31)

Step IV. Now, we use (3.2c) to the right-hand side of (3.31). Also using Lemmas 3.9
and 3.14, we obtain

2Im(P(H —2)) < — (20)"?min{1, B} = 3e)y - (v - 0'6% 'y)y
+ (28202 + 66)y0'6* 1y + €11 0. (3.32)

Next, we rewrite the first term of (3.32) by using Lemma 3.15, so that

2Im(P(H —z2)) < — (20)Y2 min{4 — 28,28} — 19)y;6'6% 1y,
+ Calf 260 + C120.

Hence, by (3.25) we obtain the assertion. ]
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Next we prove Proposition 3.7. Compared to Proposition 3.6, it is much simpler.

Proof of Proposition 3.7. Let us discuss only the upper sign. Similarly to the proof
of Proposition 3.6, we adopt Q from (3.18). By the definition (3.14), the Cauchy—
Schwarz inequality, Lemma 3.9, (1.20), and Lemma 3.14, we can bound, for any
g€ (0,1],

Im(P(H — 2))

%

—ey) 0% 00721y 6%y — Cre7' Q
—Caey - (y-0'6%71y)y — C28y||9’92’3_1y” —Ce 10,

\Y

where C, > 0 are independent of ¢ € (0, 1]. Then, by Lemma 3.15,
Im(P(H —z)) > —Caeyy - 0'02P 71y — C3Tf726%8 — (3671 Q,
and we are done. ]

Remark 3.16. We can modify the arguments of Section 3.5 to be applicable to the
case [ = 3, avoiding fourth derivatives of S. For that, we should employ

- i(d—1) _ ~
= (V8)y === fe=1+o

instead of yj, B¢, respectively. Note that, although ) is not symmetric, it well approx-
imates y|, thanks to Theorem 1.3, and we can avoid A?S coming from (3.16¢). The
fourth order derivatives of S appear also from other parts of the above arguments, but
we can manage them by the Cauchy—Schwarz inequality. We omit the details. Note
also that, although ,éc is worse than f, it is still greater than 1, and the associated
radiation condition bounds are stronger than the ordinary ones.

3.6. Proof of strong radiation condition bounds

Finally, in this section we prove Theorem 1.24. We will use the standard limiting
absorption principle bounds on the following form.

Theorem 3.17. There exists C > 0 such that, uniformly in z € I+ and € B,

IRV s =< Cl¥la. ARG Vs < Cllv¥ls.

Moreover, for any t > 1/2, there exist uniform limits in A € I,

R(A+i0) = lim R(z), ARMAZi0)= lim AR(z),
Iy 3z—A Iy 3z—A

in the norm topology of £(L?, L%,).

Remark 3.18. We do not need to assume g = 0 for this result.
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Proof. This is the standard result in the theory of the Schrodinger operators, and we
omit a proof. We refer the reader to [1]. [ ]

Proof of Theorem 1.24. We note that, by the density argument, it suffices to prove the
asserted bounds (1.21a)—(1.21c) for y € CX° (]Rd).

(1) Let B € (0, B¢), and choose § > 0 such that
28 +38 <2B.. §<28. (3.33)

By Propositions 3.6 and 3.7, we can find C; > 0 and vy > 1 such that, uniformly in
z=A%ill € I+ and v > vy,
y||9/92/3—1y” < Cl Ff_2(92ﬂ + le—l—2ﬂ6+3592,3
+ Ci(H —2)* f1H3928=5(H — 7). (3.34)

Take the expectation of the above inequality in the state ¢ = R(z)y for any z =
Axileliandy € Cf"(]Rd), and we obtain, by (3.33) and, Theorem 3.17

||9/1/20ﬁ_1/27||¢||§€ < C1F||f—10ﬂ¢||§€ +C; ||f—1/2—ﬂc+35/265¢||§€
+ C || f TIP3,
=CTIf 0% l5 + Gl PV

Next, we take the limit ' — 04, and obtain, by Theorem 3.17,

1611265712 RO+ 10)¥ e < Call vl 2

172"

Finally, we let v — oo, and then, by the monotone convergence theorem, the bound
(1.21a) follows.
Combining Lemma 3.15 and (3.34), we also have

y- (y . 9/92/9—1)/))/ < C3Ff—292ﬂ + C3f—l—2ﬂc+3592ﬂ
+ C3(H —2)* f1H302-5(H — 2).

Hence, we can verify (1.21b) similarly to (1.21a).
@) Lety, ¢y’ e CX (R?), and consider a quantity

F@) = (v ) fTRO£i0) 7 f 20 y).
It is obviously analytic in 0 < Re { < 1. For Re { = 0, we have, by Theorem 3.17,

[F(O] = Call¥llsellv |l e
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and, for Re { = 1, by (1.21b), (1.21a), and Theorem 3.17,

[FO)] = Csllv llsellv Il .-

Hence, we obtain by the Hadamard three-lines theorem
4 — . _ —_R’ 1
W S V2 ROE0) S ) = | F(5)| = Collv el e
or, for any ¥ € C®(R?),

I - 222 F RO 100y e < Call £ 972

However, we can rewrite the square of the left-hand side by using the inner product
and Theorem 3.17 as

d
Iy - £ RA £ 10095 = Y 2 v £ RO 109" |15

i=1

d
=D 1P RAEi0Y I, —Crlly" I

i=1

Therefore, we obtain (1.21c¢). [ ]

4. Stationary scattering theory

In this section, we discuss the stationary scattering theory for H, proving Theor-
ems 1.5, 1.10, and 1.12 and Corollary 1.8. In order to use the strong radiation condi-
tion bounds of Theorem 1.24, we need more regularity for the potential than required
in these assertions. Section 4.1 reviews a decomposition V' = Vs + VL due to Hor-
mander [11, Lemma 30.1.1], so that the strong radiation condition bounds are avail-
able for H, = —(1/2)A + VL. Then, in Section 4.2 we introduce the spherical eikonal
coordinates associated with V1, and study its geometry. In these coordinates, we can
quickly construct the stationary wave operators for Hp, mimicking the procedure
of [22]. They are then fused to those for H by a change of coordinates and the second
resolvent identity. This is implemented in Section 4.3, and the proofs of Theorem 1.5
and Corollary 1.8 are done. The proofs of Theorems 1.10 and 1.12 are rather routine,
and they are presented in Sections 4.4 and 4.5, respectively. Then, our stationary scat-
tering theory is completed.
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4.1. Hormander’s regularization

The asserted Theorem 1.24 requires four derivatives on the potential V', which clearly
is not at disposal for a 2-admissible potential. Consequently, to implement the radi-
ation condition bounds of the theorem we need first to regularize V. This is done by
using the scheme of Hormander [11, Lemma 30.1.1].

Lemma 4.1. Suppose Condition 1.1 with ] = 2.
(1) Forany p € (0, 0), there exists a splitting
V="Vs+ Wi VseC’R%ER), Ve CPRYR),
satisfying the following: there exists C > 0 such that, for any |a| < 2 and

X € ]Rd,
0% Vs(x)| < C(x)~tmotolellor)/2, (4.1a)

and, for any a € Ng , there exists Co > 0 such that, for any x € R4,
|9V (x)] < Co () 70D, (4.1b)
where m is defined by (1.2a) with the parameters o and p (and for any | > 2).
(2) Forany p € (0,0) and &,8 > 0, there exists a splitting
V=V{+V: VleC*R%R), V/ e C®R%R),
satisfying the following: for any || < 2 and x € R?,

109V (x)| < e(x) 1o tpti—lallo+1)/2

and, for any a € Ng, there exists Co > 0 such that, for any x € ]Rd,
0%V (x)] < Cqfx)~meD,

where m is given as in (4.1b). The constants Cy can, for |a| < 2, be chosen
independently of €, > 0.

Remarks 4.2. (1) Ikebe and Isozaki [12] adopted a decomposition similar to (1) for
classical C* long-range potentials. Note that our 3% V;_ has worse decay rate than theirs
for |a| > 3.

(2) Assertion (2) will only be employed in Section 5.2.2, the last part of the paper,
for the proof of Theorem 1.20 (2).

Proof. (1) Although the bounds for Vg are slightly better than in [11, Lemma 30.1.1],
the same proof works well. Let us review it since we will use its modification below
for assertion (2). Fix any real n € C*°({|x| < 2}) with n = 1 for |x| < 1, and set

Vo(x) = n(x)V(x),  Va(x) = 1(27"x) = n(2'"x))V(x) forn € N.
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We also take areal y € C> (R?) such that

/)(dx=l, /xj)((x)dx=0 forj =1,...,d,
R4 R4

and set
Xn(x) — 2—dn(1+P)/2X(2—n(l+0)/2x).

Then, we define
W= tnxVa Vo=V-V

neNg
and they satisfy the asserted bounds. We omit further details.
(2) For N1, N, € N, we consider

V=D o Vot D anpx Vo, Vi=V-VW.

n>N; n<Np

With a proper adjustment of the parameters (fix first N; large and then suitably
large N,), indeed V¢ and V]’ satisfy the asserted bounds. We are done. |

The main part of the section is devoted to the analysis of V1, from Lemma 4.1 (1),
while the effects from Vg + ¢ are taken into account only in the last steps. Note that
the bound (4.1b) clearly agrees with Condition 1.1 for any / > 2, and thus the results
from the previous sections are available for V. We denote

1
H, = _EA + V., RuL(z)=(HL—2z)"' forzeC\o(Hy),

and
Ri(A £i0) = s—w*-lim Ry (z) in £(B,B*) for A > 0.
z—>A%i04

Throughout the section, we fix any closed interval / C Ry, and let Sy € C l/(] X
(R? \ {0})) and s;, € C'(I x R¥) be given as in Theorem 1.3 for V;, and any fixed
I’ > 14 2/p. We will actually possibly need to take R > 0 larger than needed for The-
orem 1.3 in Sections 4.2.3 and 5.1, implementing Corollary 2.14, but the R-depend-
ence is suppressed.

Remark 4.3. This specific requirement /" > 1 + 2/p will be needed only in the
proof of Lemma 5.3. Otherwise, it suffices to take I’ = 4, so that Theorem 1.24 is
available. Although Theorem 1.3 does not provide bounds for k + || > I/, neverthe-
less s € C°(I x R?), and similarly for Sy. This is a consequence of the fact that
Vi € C°°(R%) and the implicit function theorem, see the proof of Theorem 1.3 (1).
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4.2. Spherical eikonal coordinates

4.2.1. Eikonal flow at fixed energy. In order to define so-called spherical eikonal
coordinates, in which the function Sy (4, ), A € I, introduced in Section 4.1, plays
the role of eikonal distance from the origin, consider the eikonal flow y satisfying, for
any given (A,6) € I x S471,

3
3y 1.6) = (IVSLITVSL(, y (4. 1,6)) (4.3a)
with
3
lim y(A,£,0) =0 and lim —y(A,z,60) = 21)"V/24. (4.3b)
t—>04 t—>04 ot

Lemma 4.4. The solution y to (4.3a) with (4.3b) is smooth in (A,t,0) € I x R4 X
S and Sforany A € I it induces a (smooth) diffeomorphism

Y- ): Ry x S R\ {0}, (4.4)
In addition, for any (A,t,0) € I x Ry x S one has
SL(A, y(A,t,0)) =1t. 4.5)

Remarks 4.5. (1) From a geometric point of view, the flow y (A, -, ) is nothing but the
exponential map from the unit-sphere in the tangent space at the origin in the space
R4 equipped with the metric g7 = 2(A — yg V) dx2.

(2) The flow y(A, -, -) constitutes a family of reparametrized classical orbits of
energy A for the classical Hamiltonian

1
HE'(x,8) = 282 + (r(OWL().

In fact, if we set
t
z2(r) = y(A,1,0), <t :/|VSL(A,y(/\,s,9))|_2ds,
0

then, by using (1.6),

d d?

—z2=VS, ——z=(V2S)(VS) =-V(xrW),

dr dr
cf. (3.7). The reparametrizing factor |V.S_|~2 in (4.3a) is the proper normalization
guaranteeing (4.5). This point of view was taken in the proof of an analogous state-
ment [3, Proposition 2.2].
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Proof of Lemma 4.4. By Theorem 1.3 (2), we conclude that y is defined at least on
I % (0,(21)"2R] x S~ and

y(A,1,0) = 21) V26 for (A,1,0) € I x (0, (21)/?>R] x S~ 1. (4.6)

On the other hand, by (4.3a), (4.3b), and (4.6)

0
—SL(A,y(A,t,0)) =1 and lim S.(A,y(A,t,0)) =0.
8l t—>04

This implies y(A, ¢, 8) never hits the origin for # > (21)'/2 R, and neither it can reach
infinity in finite time. Hence, the vector field |V.Sy |72V Sy is forward complete, and
y is globally defined on 7 x R4 x sa-1, satisfying (4.5).

Next, we note that y(A, -, -) is bijective. In fact, by the uniqueness for the initial-
value problem of ODEs, the injectivity follows. To see the surjectivity, starting at any
given point in x € R4 \ {0}, we solve the ODE (4.3a) in the backward time-direction.
Then, we obtain a “crossing” initial angle 6 from where indeed the forward flow for
a proper time ¢ satisfies y(A,¢, 8) = x. (Alternatively, y(A, -, ) is bijective, since any
x € R?\ {0} can be connected to the origin by a unique geodesic, cf. Theorems 1.3 (2)
and 2.6 (1).)

Finally, we show that y(A, -, -) is a diffeomorphism. Note that the maps y (4, -, )
and y(-,-,-) are smooth, viewed as a solution to an initial-value problem with data
specified on the sphere (21)71/289~1 ~ S4~1 at time t = 1. Thus, it suffices to
check the non-degeneracy of the map. Take any local coordinates 6" = (65, ...,0))
of S=1_ and let J’ be the Jacobian of (4.4) in these local coordinates. Now, we claim
that, for any (4,1, 6"),

9:J' (0, 1,0") = (V- |VSLIT2V S, y(A,t,0) T (A, 1,6). “.7)

In fact, differentiating the defining expression of the Jacobian, we can write
d
00 = detg®,
i=1
where & @) are matrix-valued functions whose components are given by

- 0k Vi for j #£1,
g};g:{ ki 7 j=1,....d, k=166,

0;0ry; forj =i,
However, thanks to the flow equation (4.3a), we can compute

30k yi = Ok (IVSLIT2(VSL):) = (| VSLI2(VSL)i) k.-
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Thus, we obtain the claimed identity (4.7), noting that the determinant is alternat-
ing and multilinear. By (4.6), J' is non-vanishing for t € (0, (24)!/2R], and hence
with (4.7) we can conclude that so it is for all # > 0. We are done. ]

Now, the spherical eikonal coordinates are defined as follows.

Definition 4.6. The spherical eikonal coordinates on R? \ {0} at energy A € I are
the entries of the inverse of (4.4). We denote them by (z, 6), or by (4, ¢, 0) to clarify
the A-dependence. They are also denoted by (¢, 8”) or (4, ¢, 8’) if local coordinates
0'=(05,...,0)) of S9! are specified. We call t = S (A, y(A,7,0)) and 6 (or 0’) the
radial and spherical components of the spherical eikonal coordinates, respectively.

The Euclidean metric splits into the radial and spherical components in the spher-
ical eikonal coordinates. Let us present it as a corollary, although we will not use it in
the present paper. The entries of 6’ are distinguished by Greek indices always running
over 2,...,d, while the entries of y canonically are distinguished by Roman ones
always running over 1, ..., d.

Corollary 4.7. Let (t,0") be spherical eikonal coordinates at any A € I. Then,

(0 yi(A.1,0M) (3 yi (A, 1,0") = |[(VSLY(A, y(A,1,6')| 72,
0 yi(A, t,0)(0yi(X,1,0) =0 fora=2,....d.

In addition, the Euclidean metric takes the form
dx? = |VSL[ 72 di? + gap d0,d05.

Proof. The former formulas follow from (4.3a) and (4.5), and the last formula is an
immediate consequence of the former ones. ]

4.2.2. Volume and surface measures. Let J: I x Ry x S~ — [0, c0) be a func-
tion such that the Euclidean volume measure can be expressed in (A, 7, 0) as

dx(A,2,0) = dxy---dxg (A, 1,0) = J(A,t,0) dtdA(), 4.8)

where dA denotes the standard surface measure on S, In fact, if we take any local
coordinates 6’ = (0}, ..., 9‘;) of S~ and let J' be the Jacobian from the proof of
Lemma 4.4, then J can be computed through the relation

dAy (6(8") == J(A.1.6(8)))dAB(B)) = J'(A.1.6)d6}---dB),.  (4.9)

Note that, for any ¢ € L'(R%),

o0

/¢(x)dx = /dt/¢(y(k,t,9))dA,1,,(9). (4.10)
R4

0 gd-1
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By the co-area formula [7, Theorem C.5], the element |[V.SL|(A, y(A,t,0))dA, ;(0)
is the Euclidean surface element on the distorted sphere {S; = t}.

Lemma 4.8. The following statements hold.

(1) One has an explicit formula
J(A,1,0) = N2ARIT(VSL(A, y (A, 1, 0))[ 7
t
-exp( /(|VSL|_2ASL)(/\,y()L,r, 6)) dt).
@M)1/2R
(2) There exist the following limits uniformly in (A,0) € I x S=1;
lim =9V Jy@,1,0) = 21)~/2,

t—>04
Jim =@V, 0) = J4(A,0) > 0.
—>00

Remark 4.9. For similar assertions in a wider geometric setting, see [18].
Proof. (1) Note that, for any (A,7,60) € I x Ry x S9!,
9 J(A.1,0) = (V- |VSLI>VSL)(A, y(A.1,60))J(A.1.0). (4.11)

In fact, (4.11) follows from (4.7) since in any local coordinates of sa-t g /J isa
function independent of ¢, cf. (4.9). Then, since

V- (IVSL|T2VSL) = |[VSL|2ASL — 9; In(|VSL|?),
it follows from (4.11) that, for some C(A, 68) > 0,
J(A.1,0) = CA, O)|(VSL)(A, y(A.1,0)[ 2
t
-exp( /(|VSL|_2ASL)(A,y(A, 7,6)) dr).
@M)1/2R

We can determine C(4,6) = +v/2AR%™! by (1.6) and (4.6), which shows the assertion.

(2) The assertion is clear for t — 04 thanks to the explicit expression (4.6). Let
t > (21)'/2R. Then, by (1.6), Theorem 1.3, and (4.5), it follows that

I(VSLA. y(A,1,0)| 7> = 21) 7! < Cpt7°,
[(IVSLIT2AS) (A, y(X, 7,0)) —(d — D)7l < Cie 17O,

This verifies the asymptotics for t — oo. ]
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4.2.3. Change of coordinates at infinity. Here we investigate relation between the
spherical eikonal coordinates and the ordinary spherical coordinates. For each A € I,
we can change from (7,0) € Ry x S4~' to (r,w) € R4 x S?~! through

r(A,2,0) = |y, 0), o t,0) =50 1.0) = |y(A.t,0)] y(A.1,0). (4.12)

We claim that (4.12) induces a C!-diffeomorphism of S¢~! at infinity provided
“si, is small” (which thanks to Corollary 2.14 can be assumed by taking R sufficiently
big). More precisely, we claim the following assertion.

Lemma 4.10. Uniformly in A € I, there exists the limit

wr(A,-) = tl_i)n;ow()t,t,-):Sd_l — §4¢1 (4.13)

in the C'-topology. Moreover, possibly for enlarged R > 0 only, the map w4 (A, )
is a C'-diffeomorphism on S®! depending continuously on A € I, and, for any
(A,0) e I xS471,

dA(w4 (A, 0)) = V)2 T (X, 0)dA(0), (4.14)

where Jy is from Lemma 4.8.

Remark 4.11. For fixed A € I, the map w (A, -) on S~ is called the asymprotic
direction map and its inverse 04 (A, ) = 07" (A,) = (w4 (A,-)) 7! the inverse asymp-
totic direction map.

Proof. Take Ry > 0 as in Corollary 2.14, and let ¢’ € (0, o). For the moment, all
the estimates below are uniform in R > Ry. We will possibly need R to be larger in
Step IV.

Step 1. For any fixed (A, 6) € I x S4~!, we prove the existence of the limit (4.13)
in the pointwise sense. For each i = 1, ..., d, we compute and bound, omitting the
arguments, as

ad _ _ _ _
2= Iy VSLIT2(VSL) — |y yiyi IVSLIT2(VSL);
= Iy[THVSLIT2 @i — 1y 7200 ((VSL); — @A)Y2 ]y 71y))
= (RO 7179, (4.15)

where we have used Theorem 1.3 and Lemma 4.4. The integrability of (4.15) in ¢ €
(1, oo) implies that there exists the limit (4.13) in the pointwise sense. In addition,
wi: 1 x S9! — S9=1 is continuous since (4.15) is uniform in (1, 6) € I x S471.



Scattering theory for C?2 long-range potentials 407

Step 11. Take any local coordinates 8" = (6}, ..., 9&) of S971 and set, for any o =
2,....,d,

QA1 0') = Bgr (A, 1.0))2 + -+ + (dgwa (A, 1,0')%

We claim that, for any compact subset K of the associated (open) coordinate region,
there exist ¢y, C; > 0 such that, for any (A,7,0') € I x Ry x K,

c1 <Q(,t,0") < C. (4.16)
For that, we compute and bound the ¢-derivative of €2 as in Step I. Since we have
Bawi) = Y17 Bayi) = 17172 yiy; Bay)), 4.17)

we can write, by using (4.3a),

%(%wi) = — Y7y IVSLI (VL) (Bayi) + 1y1 7 (VIVSLIT?); (VSL)i (0a )
+ [T VSLITA (V2 SL)i) (3ay))
+ 3|y IVSLIT(V Sk i ) Vi (e y))
= [YI2IVSLIT2(VSL)i v (e ys) — [y1 2 yi VSLIT2(VSL); (0ay)
—|y17?yiy; (VIVSLI ™)k (VSL); (0ayic)
— Y17 yiyi IVSLITA(V?SL) jk (B yi)
=:By+---+ Bsg. (4.18)

To bound the terms on the right-hand side of (4.18), we will first prove that
917! @ayi) = (Bawi) + OR™IT(1)77)Q12, (4.19)

To keep the notation simple, we prefer henceforth to state errors like O (R~ (1))
as O(R~°7°'1=9"). Now, with this convention, it follows by (4.5) and Theorem 1.3
that

vl = @02+ ORI, @ay) (VS =0, (420)

so that (again thanks to Theorem 1.3) we can rewrite (4.17) as
917 @ayi) = Bawi) — |y 2y @V (VSL); = Iy ) Bay))
d
= (0ai) + ORT 7)Y " 1y day; .
j=1

Hence, by a summation and subtraction,
d d
S 0ayil < €Y Jdawi] < CVA Q2
Jj=1 i=1

which verifies (4.19).
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Now, we bound term by term
By + -+ Bg = (B2 + B7) + (Bs + Bs + Bs) + Bs + (B1 + B3).
By (1.6) and (4.19),
By + By = ORI/
By (4.20), (4.19), and Theorem 1.3,

B4+ Bs 4+ B = 3|y|_4|VSL|_2(VSL)kJ’i)’k((zk)_l/z(VSL)j - |)’|_1J’j)(3ayj')
+ Y[V SLITA (VS (@A) TYA(VSL); — Iy [T ) (Bay))
— (Q(R_U+U/l_l_a/)91/2,

By (3.12), (4.20), (4.19), and Theorem 1.3,
Bs = |y|2yi(@0)V2(VSL); — 1y y)IVSLIT2 (V2 SL) jk (e i)
1 _ _ _
=5 @)y VST (VIVSLE )k (Bai)
— O(R_U—HI/[_I_OJ)QI/Z,
Finally, by (4.20), (4.19), Theorem 1.3, and (3.2c) (see also Remark 3.2),

By + B3 = — (2072 |y| 72 (3ayi)
+ 2@V = Iy y)IVSLITA(VSL); (Fayi)
+ @OV LTNYITNVSLITH0 1)@ f) + £V )if) (Bay;)
— (9(R—6+0’t—1—d’)91/2.

Therefore, combining the above estimates, we obtain
a ’ ’ a ’ ’
o (Bai) = O(RT7T 71 Q2 or S R=O0RTTTTQ. @2D

This implies In €2 is bounded, and thus the claim (4.16) is verified.

Step TII. Next, we show w4 (A, -): S4~1 — S9~1 is continuously differentiable. This
is straightforward due to Step II. By (4.21) and (4.16), it follows that

a /7 ’/
g(aawi) = @Rt 717 (4.22)

uniformly in A € I and locally uniformly in 6 in the coordinate region. It is integrable
int € (1,00), and this implies there exists the limit

lim dgwi(A,1,0)
=00
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uniformly in A € I and locally uniformly in 6’ in this region. Hence, the conver-
gence (4.13) is in the C!-topology, and w4 (A, -) is continuously differentiable as
wanted. Note that d, w4 is continuous also in A € [ since these estimates are uniform
inAel.

Step IV. We prove that w4 (A, -) is a C !-diffeomorphism, provided R > Ry is large.
By (4.15), (4.22), and the fact that w(A,¢,0) = 6 forany ¢ € (0, (2/\)1/2R], see (4.6),
it follows that for, any sufficiently large R > R and any (A,6) € I x S¢71,

1 1
0+ (A, 0) =0 < 5 and  [Ve(@+(4.0) —0)] = 5. (4.23)

Due to the second bound of (4.23), we can apply the inverse function theorem to
w+ (A, ), and hence the image w4 (A, Sd_l) c Sd-1ig open. On the other hand, since
S?-1 is compact and w.. is continuous, w4 (A, S~1) is also closed. Thus, w4 (A, -)
is surjective due to the connectedness of S¢~1.

Now, it suffices to show the injectivity of w4 (A, -). Suppose that, for some A € [
and 91, 92 € Sd_l,

wt+(4,61) = 04+(4,62).
Then, if we let y be a grand circle segment, or a geodesic of minimal length, on S¢~!

connecting 07 and 6,, we can estimate, by using (4.23),

distga (61, 62) = distga (61 — w1 (A, 01), 62 — w1 (A, 62))
1
s/\vue—w+aﬁ»&wmnﬂer
0

1
< 5 distga-1(61.6,) < %disth (61, 6,),

where distgs and distge—1 are the standard metrics there. This implies 8; = 6,, since
7 < 4. Thus, we conclude that w (,-): S9! — S~ is a C '—diffeomorphism.

Step V. Finally, we show identity (4.14) by rewriting the Euclidean volume measure
as follows. In the standard spherical coordinates (r, @), we can write

dx(r, ') = r?* 1 drdA(o(0") = r'a(e’) drdw) - - do)).

Let us further change the variables to (A, 7, 0’) by using (4.12). We compute the
Jacobian by the cofactor expansion. Some of the first order derivatives of (4.12) are
bounded by (4.15) and (4.16), and we only have to note that by Theorem 1.3, (4.19),
and (4.16),

0 _ _ o

=Y (VSD/IVSLE = @) 4+ 067,

dar = ¥y - 0ay = (Iy17'y = QOIS - oy = 0G' ),



K. Ito and E. Skibsted 410

Then, the cofactor expansion yields
dx(r(A,1,0"),0'(A,1,0))
= 1@V V2K (A, 1,0') + O )a (@ (1, 1,0')) drdd}, -6,

where K’(A, 1, ) is the Jacobian of w(A, ,-): S4~! — S¢~1 in the local coordinates
0’ and ’. The above expression has to coincide with (4.8), so that
1N EM)T2KI (A, 1,0)) + O )a(w' (A, 1,6)) A6y - -- A6}
= J(A,1,60(0")dA(6(0")),

or
dA(w(w'(A,1,0)) = K'(A,t,0)a(0'(A,t,0)) d@é---d%
= (VY2 @D J(A,1,0(0") + O179)) dA6(0))).
Hence, by letting t — oo, we obtain (4.14). We are done. [

4.2.4. Comparison of eikonal distances. Here we compare St (solving the eikonal
equation for V1) with the function S from Theorem 1.5 (solving the eikonal equation
for V', with A in the same interval I). We show that their difference has a radial limit
at infinity (as a step of the proof we first establish the eikonal radial limit). We present
a slightly generalized assertion localized to a conic subset of R¢. For any R’ > 0 and
any open subset U € S?~! we set

Try = {x e RY | x| > R'and 2 e U}, %= |x| 'x.

Lemma 4.12. Let R > 0 be large enough as in Lemma 4.10. Let R’ > 0, and U C
S~ be open, and assume S = 2A|x|(1 + s) € C(I; C*(Try)) satisfies thte
followivng conditions.

(i) Foreach A el, S(A,-) solves (1.3a)onTr y.

(ii)  For any compact subset I’ C I, there exist &, C > 0 such that, for any |o| <2
and (A,x) e I' xTryu,

0% (A, x)| < C(x)~e71l,

Then the following assertions hold.

(1) There exists the limit

T4, 0) := lim (S(A,y(A,1,0)) = SL(A, y(4,1,0)))



Scattering theory for C?2 long-range potentials 411

taken locally uniformly in (A, 0), with A € I and 0 € a);1 A, U)=06L(A,U).
In particular, if S; € C(I; C*(Tr v)) also satisfies the above conditions (i)
and (i1), then there exists the limit

(A, 0) = lim (S1(4, y(A,,0)) = S(A, y(%,1,0)))

taken locally uniformly in (A, 0) with A € I and 8 € 6. (A, U).

(2) The quantities in (1) can also be computed as the limits
OL(, w) = ZL (4, 0+ (4, 0) = lim (S, rw) — SL(A, rw)),
O, w) =2, 0.1, w)) = l_i)ngo(Sl(A,ra)) - S\, rw)),

both taken locally uniformly in (A, w) € I x U.
Proof. We proceed in two steps.

Step 1. To prove the assertions of (1), we only show the first one. The second assertion
is obvious from the first one. The following bounds are locally uniform in (A, 6) with
Ael and 8 € 64 (A, U), however we shall not elaborate on that feature. By (4.3a),
(1.3a), and (1.6), we compute for large t > 0

d _
E(S —S1) = |VSLIT2(VS — VS1) - (VSL)
1 B _
= —§|VSL| 2(VS —VSL)? — VS| 215, (4.24)

We are going to show the integrability of (4.24) at infinity. The second term on the
right-hand side of (4.24) is clearly integrable due to Theorem 1.3 and (4.5), and we
discuss only the first term. It suffices to show that, for some small § > 0,

u:= (VS —=VS)2 =09, (4.25)

see also [9, Theorem 2.3 and its proof]. Similarly to (4.24), we can compute the deriv-
ative of u as

1 d
§|VSL|Zau = (VS —VS8)- (V2§ — V28 )(VSL)

=—(VS§-VS§)- (VZS)(VS —VS)—(VVs) - (VS = VS).
(4.26)
From the assumptions on S, we deduce that

VS > 20871 — G878 — STHVS) ® (V).
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We apply this bound to (4.26), use (1.3a) and (1.6) (as in (4.24)), and conclude that

1 d
5|VSL|ZEu < —2AST'u 4GS fu

+ STH(VS = VSL) - (V)2 + |VVs|ul/?

= —2AS M+ G ST P u + 4TS T (u = 2V6)2 + |V V|2
(4.27)

By Theorem 1.3, (4.5), and the assumptions on S, we observe, letting § € (0, ) be
small enough, that

IVSLZ=244+0@¢"%, S=t+0¢'"°%), u=(VS—-VS)?=079%.
Substituting these estimates into (4.27), we obtain, for large t > 0,

d
TS 2+ Cat T T+ Gy < —(2 = 8) T + G2

This differential inequality implies (4.25). Hence, we are done with (1).

Step 1I. We prove the first assertion of (2) (the other one in (2) follows from that).
Fixing any compact subset K C I x U, we are going to prove

lim sup |[ZL(A,0+(A,w)) —SA,rw) + SL(A,ro)| = 0.

r—oo (A,w)ekK

Using (4.12) and Lemma 4.10, let us first note that

lim sup |0+(A,0)—0(A,rw)| =0. (4.28)
r—oo (A,w)ekK
In fact, changing variables from (r, ) to (¢, #) and using t = S_(A, rw), it follows
that, uniformly in (A, w) € K, one has dt /dr = VS, - > VA for large r, and hence
taking r — oo corresponds to taking t — oo. Thus, for some compact subset K/ C
{(A,0); A el, 6 €6y(A,U)}, we can compute (thanks to Lemma 4.10)

lim sup [0+(A,w) —0(A,rw)|

r—oo (A,w)ekK

<1lim sup |01k, w(,1,0)) — O, y(A,1,6))]
t—oo (A,0)eK’

= sup |0+(h, (A, 0) — 0] = 0.
(A,0)eK’

Now, by (4.28), the above change of variables, and assertion (1), it follows that
lim sup |ZL(A,0+(A,w)) —SA,rw) + SL(A, row)|
r—oo (A,w)eK

= lim sup |EL(A,0A,rw))—SA,rw)+ SLA,rw)]

r—oo (A,w)ekK
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— lim  sup |SL(A, 0, y(,1,0)) =S4, y(A,1,8)) + SL(A, y(,1,6))]
t—o0 (A,0)eK’

= lim sup |SL(A,0) — S, y(A.1,0)) + SL(A, y(A,1,0))| = 0.
t—oo (A,0)eK’

We are done. n

Remark 4.13. Such a localized version has an application in 3-body long-range sta-
tionary scattering theory [23], for which we should take U C S9! such that the
closure U does not intersect the “collision planes.” For such U, the function

elOCh0) = BAIL 0D g (1) = wi' (4,0, (4.29)

induces a well-defined family of unitary multiplication operators on L2(U)(C §)
being strongly continuous in A. Upon varying U under the above constraint, the
function (4.29) is defined almost everywhere on S?~! and constitutes a strongly
continuous £ (§)-valued function of A. The transformation factor ¢©*®) (exhib-
iting “covariance”) and (1.10) are applicable to the 3-body problem [23], cf. Sec-
tion 1.2.5. In particular, it is not possible to take U = S?=1 in that application.
However, in the present paper we only use Lemma 4.12 with U = S?-1, see for
example Remark 1.9 (3) and Theorem 1.12 (3).

4.3. Stationary wave operators

4.3.1. Construction for the regularized potential. Here, we discuss an analogue
of Theorem 1.5 for Hy, in the spherical eikonal coordinates. Once the strong radi-
ation condition bounds from Theorem 1.24 are established and the spherical eikonal
coordinates are fixed, the construction is rather straightforward, following the schemes
of [9,22]. Set, forany £ € &,

2 1/2
(2)&)1/4

Yy~ @D 2SN ), =y, & = x|y

(4.30)

PI[E) (A, x) =

where y is from (1.4) (see also (1.9)).
Proposition 4.14. The following statements hold.
(1) Forany A € I, there exist unique E*(A) € £(B, ) such that, for any ¥ € B,
RL( £i0)y — ¢S [EF (W)Y, ) € B (4.31)

(2) The mappings E +:. ] x B — § are continuous.

(3) Forany A € 1,
EFW*E*(2) = §(HL = A),
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Before proving Proposition 4.14, we present a trace-type theorem in a form appro-
priate for our application. Note that, by Fubini’s theorem, we can identify

Ly Ry x ST71) > LY (R4 9),

loc

To be precise, we denote the above identification operator for the moment by ¢, i.e.,
forany ¥ € L2 (R4 x S471), we let

loc

L)) =y(t,-)eg forae.t e Ry.

Lemma 4.15. Letk € Ng and y € H (R4 x S4=Y) with s > k + 1/2. Then,

d 9!
(W) € CK(R4: ), and WL(W):L(Wlﬂ) forl =0,... k.

Proof of Lemma 4.15. By a partition-of-unity argument, we can reduce the claims to
similar ones in a coordinate region. Then, we can mimic the proof of the familiar
Sobolev embedding theorem. We omit the details. ]

Proof of Proposition 4.14. We proceed in four steps.

Stepl. LetA €l andy € CX (R?) be given, and then let
V() = J(,1,)! e TSEYEEN (R A £i0)Y)(y(A.1,) €9 1€ Ry

Since R(A £i0)yr € Hlﬁc(]Rd), it follows from Lemma 4.15 that ¥ € C!(R4: §).
We first show the existence of the limits

DENy = F-limw(r). (4.32)

By the fundamental theorem of calculus, we have

t

d
() =v() + / E\I’(t) dr,
1
and it suffices to show that the last integrand is integrable as a §-valued function. We

can compute it, by Lemma 4.15, (4.11), (4.5), (4.3a), and (1.20), as

d - 1
wr= TS| VSL (VL) -y + SV [VSLIT2VSL) RL(A £ i0)y

o 1 _ :
= Jl/ze:FISL(1|VSL| 2)/” + E(V|VSL| 2) “(VSL))RL(A £i0)y.

By (1.21a) and (3.12), we can find § > O and ® € L%1+8)/2 such that

%\P(r) = J,1,)' 2D, y(A.1,)).
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Then, by the Cauchy—Schwarz inequality and (4.10),
rod
— Wt dt
[ 15 ¥ 01
1
[e.e]

1/2
/dr( /|q>(k’y()hl,9))|2dAA,t(9)) /
1 Sd—l
g 12, % 1/2
scl( [ dz) ( [ |(|~|<1+‘”/2<1>)<A,y(x,z,e))PdAa,t(e))
1 1 gd—1
< C2||q>||L2

(+8/2

Hence, there exist the limits (4.32). We note that D*(1)y are continuous in A € I,
since W(¢) is continuous in A € I, and the above estimates are locally uniform in this
variable.

Step 1I. Next, we set, forany A € [ and € C° (R%),

EX¥)Y = c()CA) 4 T4, 02 (A, )T V2HDEQ)Y)(0+(A. ),

() = @) P02, #-3%

and verify that they satisfy (4.31). For completeness of presentation, note that
IEX W)Y llg = cWIDFR)¥ s,
cf. Lemma 4.10. By (4.32), it follows that

t
lim z—lf IDEM) Y — J(A, 7. )2 TS A AN (R (A £10)y) (y(A. 7. -) % dT
—>00
0

=0,

and, along with (4.10), Lemma 4.8, and the asymptotics |y(1, 7, )|/t — (24)71/2,
this implies
L1 —(d=1)/4| .| —(d—1)/2 . %iSL(h.x) ~1/2
Tim ¢ / 120) Ix| e T4 (h, 600, %))
S=t} S(DEQ)Y)(B(A,x)) — (RL(A £i0)y)(x)]* dx = 0.

Hence, it suffices to prove

lim I_I/IXI_(d_l)/2|J+(A,9(A,X))_1/2(Di(1)¢)(9(/\,X))

t—00

(S <t} T (AL 0L (AL ) TYV2(DEQ) W)X, £))[2 dx = 0.
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In turn, if we let u(A, 0) = J (A, 0)"/2(D*(1)y¥)(6) and again use eikonal spher-
ical coordinates, it suffices to prove that

t
lim 7! / lu(h, ) —u(A, 64 (A (A, 7.-))|% dr = 0. (4.34)
0

To prove (4.34), first note that, for any v, w € G,
[v(0+ (A, 0(X,7,)) —w(O+ (A, 0, 7,)) g <C3llv-—wlg; te[l,00). (4.35)

Here, we used that the coordinate change 6 — 64+ (A, w(A, ,-)) converges to the iden-
tity map in the C '-topology as © — co. Next, we estimate, for any v € C®(S4™1),
u(d.) —u@. 0+ (A, 0. 7.)ls
< u@d.) —vllg + llv—v(0+ A, 04, 7.°))llg
+ v(0+ (A, 0(A,7,9) —u(d, 0+ (A, w(A, 7,9)) s (4.36)
The first term on the right-hand side of (4.36) can be arbitrarily small by choosing
appropriate v € C°(S¢~1). Due to (4.35), then also the third term is small (uniformly

in 7). For any such v fixed, clearly the second term converges to 0 as t — oo. This
verifies (4.34).

Step I1I. We next show that, forany A € [/ and € C*° RY),

IEE) WG = (¥.8(HL — M) (4.37)
Using for T > 0 the function y7 from (1.5), we set
nr=1—yxr, np=-T"'%(-|/T). (4.38)

Introducing also the notation ¢ = Ry (A %+ i0)y, we then write

2 (y, 8(HL — M)Y) = £2Im((H1. — 1), ¢) = £2 lim Im{(HL — )¢, 17¢).
By an integration by parts, this leads to

27y, 8(HL ~ A)) = F lim Re(% - pob, 1)

' ) / (4.39)
= F lim Re(X-y¢,nr¢)
T —00

— lim (|[Vx1ScLl¢. n7¢).
T—o00
The contribution from the first term on the right-hand side of (4.39) vanishes due
to (1.21c). As for the second term we rewrite the integral in the standard spherical
coordinates, substitute (4.31) and conclude that
— lim (|V15Ll¢, n7¢) = 2| EX(MY |,
T —o00

hence the claim (4.37) for y» € C°(R?).
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Step IV. Now, we prove assertions (1)—(3). Identity (4.37) immediately implies that
E*(1) extend continuously as B — ¢, and the extensions obviously satisfy (4.31)
and (4.37). This verifies assertions (1) and (3). To see the joint continuity of the
morphism ET: 7 x B — &, we let A, u € I and v, ¢ € B. We take another ¢ €
cx (R?), and split

IE*)Y — E*(ells
< [EFQ)¥ = EXQ)¢llg + IEF (V)¢ — EX(w)ills
+IE*(WE — EX(wellg
< (Y = &8(HL = (W — OV + IEF () — EX el
+({— 0. 8(H — )& — )"/,
By the locally uniform boundedness of Ry (A + i0) € £(B, B*), the first and third
terms on the right-hand side above can be arbitrarily small (uniformly in the spectral
parameter) if we choose ¥, ¢, and ¢ close to each other. For such a fixed ¢, the second

term can be arbitrarily small if A and u are close. This is easily seen using formula
(4.33a) and the continuity of D* (-)¢ recorded in Step I. Hence, (2) is verified. ]

4.3.2. Construction in general. Now, we prove Theorem 1.5 and Corollary 1.8. We
implement the effects from Vs + g by the second resolvent identities

R(A +i0) = RL(A £i0)(1 — (Vs + @) R(A £i0)) € £(B, B*). (4.40)

Proof of Theorem 1.5 (1) and (2). Take the function 3 from Lemma 4.12 with U =
S9! and we define F¥(1)y € € forany (A, ¥) € I x B as

FEQ)yY = eTOAIEE Q)1 = (Vs + ¢)R(A £i0)) Y, (4.41)
where
OL(A, @) = LA, 04 (A, 0)); 0+ (A,) = 04 (A,)7.

Then, we can deduce (1.10) by (4.40), (4.41), and (4.31), verifying assertion (1). As
for (2), note that the mappings

Ix8—38, Ay)~10—-Vs+qRALi0)y

are continuous thanks to Theorem 3.17. Then, assertion (2) is clear from Lemmas 4.10
and 4.12 and Proposition 4.14. |

To prove assertions (3) and (4) in Theorem 1.5 we will use the Sommerfeld unique-
ness for H, or a characterization of the limiting resolvents R(A £ i0). The following
version of the property is almost a direct consequence from Theorem 1.24 and (4.40),
cf. [1, 14]; however, let us present it for completeness of the paper.
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Proposition 4.16. Let A € I, v € B, and ¢ € B*. Then, ¢ = R(A +i0)y holds if
and only if both of the following assertions hold:

(1) ¢ solves the Helmholtz equation (H — A)¢ = V in the distributional sense;

(2) ¢ satisfies the outgoing/incoming radiation condition y|¢ € B;.

Remarks 4.17. (1) Here, y) is defined by (1.20) with respect to § = St.. In the pro-
position we can equally well use the more natural y| defined by (1.20) with respect to
the general S, or in fact y| given in terms of the expression § = Sp = V2A |x]-

(2) For ¥ = 0, the above result implies the (sharp) version of a Rellich theorem:
if ¢ € B solves (H — )¢ = 0, then ¢ = 0.

Proof. The necessity is clear from (4.40), (4.1a), and (1.21a). Thus, it remains to
prove the sufficiency. Assume 4.16 (1) and (2), and set

¢ =¢—R(AL£i0)y € B*.
Then by (4.40), (4.1a), and (1.21a), ¢’ satisfies
(H-X)¢' =0, y¢ €B;.
We can further verify ¢’ € B;. Using a notation similar to (4.38),
nr =1=x(1SL/T), np==T"'Y(x1SL/T).

we have
2Im(nr(H — A)) = £|Vx1SLI*ny + Re(ngy)).

Hence,
0<—(¢".IVx1S[*np¢’) < £Re(@’. n7y)¢").

By letting 7 — oo, it follows that indeed ¢’ € By

Since H does not have positive eigenvalues, it neither has generalized eigenfunc-
tions with positive eigenvalues in B, see [1, Theorem 1.4], and we certainly obtain
that ¢’ = 0. Hence, ¢ = R(A +i0)y. [

The Sommerfeld uniqueness provides the following useful representations. We
recall (4.30), and we define, for any £ € C*°(S9™1),

Y El(x) = YEMEIAL x) = (H — V@3 [EI(A. x) = (H — D@5 [E](x).
Proposition 4.18. Let (A,£) € I x C®(S¢™Y). Then

pitEl € B*, yoitlEl € By, vwitlE] € B. (4.42a)
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Moreover,

¢3[E] = RO £ i0)ys-[£] (4.42b)

and
FE)* O 0g) = 1oL (¢3E] — RO F 0y [e]). (4.42¢)

Proof. The first inclusion from (4.42a) is obvious. To prove the last one, we use (1.6)
to rewrite it for |x| > 2R as

2 1/2 )
W:iL[S] _ ( 77) r—(d—l)/ze:tlSL(pZ + 2(VSL) - p

200 Li(d — ) (V) - p Fi(ASL)
+i(d — Dr~Y(Vr) - (VSL)

+ wr—z (Vs + q))g.

Noting that

(VSL) - p = ((VSL) - (Vr)(Vr) - p + (V(SL = V24r)) - (1 = (Vr) ® (V1)) p,
(Vr)-pE=0, pt=00"")
and using Theorem 1.3, we obtain the last inclusion of (4.42a). The second one can
be verified similarly.

Now, (4.42b) follows from (4.42a) and Proposition 4.16, and it remains to verify
(4.42¢c). We can write, for any ¥ € CCOO(Rd),

(. FEQ)* (T 48) = (FEQ)y. e T Eg)g

0z . ;S
= o Th_r)noo(R()L +i0)y, XT¢iL €],
where x|
/o -1/ i
T = T X ( T )’

cf. (4.38). We use Theorem 1.3 to proceed as

(¥, F= ()" €O 0g) = - lim (R(L % 0)y Re(Vxr) - P [€])

1
= 5 lim (RA£i0)y [H — A, 1 - xrlp2e))

1 .
= 5 (y. 93] - RO F 0y 8)).

This implies (4.42c¢). ]
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Proof of Theorem 1.5 (3) and (4). To prove the first identity of (3), it suffices to show
that, forany A € I, & € § and ¥ € C®(RY),

(H=MF*Q)*.¢) = 0. (4.43)
However, by Proposition 4.16, we have
R(A +i0)(H — )y = ¢ € CXRY),
so that
FEQ)(H =)y = 0.
Thus, (4.43) follows. On the other hand, by (4.41), Proposition 4.14, and (4.40), we
have, for any ¢ € B,
IF*M¥lz = (= (Vs + @) R(A £ i0)y,
S(HL — M) (1 = (Vs + @) R(A £10))¥)
=(y,8(H — )y).

This implies the second identity of (3).
To prove (4), we use (4.42b). In fact, along with (1.10) and Lemma 4.12, it says,
forany (A, §) € I x C®(S471),

FEQ)yt[E] = eTO0g (4.44)
oreTOLA) Coo(§d—1) C F£(})B C §. Hence, we obtain assertion (4). n

Proof of Corollary 1.8. The existence of the wave operators F ¥ (1) is already shown
in Theorem 1.5. Next, by Theorem 1.5 (3) and (4), the scattering matrix S(A) is defined
at least on a dense subspace of &, and in fact it preserves the norm and maps onto a
dense set. Therefore, S(A) extends uniquely to a unitary operator on §.

Finally, we are left with the strong continuity. By (1.11) and (4.44), it follows that,
for any n € C®(S471),

FYQySin] = s F~ Q) ySn] = s3Iy, (4.45)

Note that the above left-hand side is continuous in A € I, and so is the right-hand
side. Now, we fix any § €  and A € I, and, for any & > 0, choose € C®(S4~1)
and § > 0 such that, forany u € (A — 6,1 + 9),

& =0y <o
Then, by the unitarity of the scattering matrix, for any u € (A — 6§, A +6),

ISCVE — S(WEllg < [S)(E — e CEI ) [lg + [S(R)e@-PIy — s(p)el €Lt y|g
+ [IS() (€O HIn — £)||g
<26 + [Py — s () Oy .
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By letting § > 0 be smaller if necessary, the above right-hand side is bounded by 3e.
Thus, we obtain the desired strong continuity. ]

4.4. Generalized eigenfunctions
We next prove Theorem 1.10.
Proof of Theorem 1.10. We proceed in five steps.
Step 1. We first show that, if ¢ € &) and £+ € § satisfy (1.12a), then (1.12c) holds.
For that, we first compute

lim 27" [ 1

m—00
= lim 271 (3[6+] — @2 [E-DI
m—00

— v (161 + D12

— lim_ 227 Re / ASA e ()L () drdA(a))).
[2m=1 2myxsd—1
Here, the last limit vanishes. In fact, we can integrate by parts as
om
f Q2iSGiro) 4, — %(&S(A, rw))—IGZiS(/l,rw)‘

2m—l

2m

om—1

2)71
1 .
+ 5 /(BrS(X,ra)))—Z(afs(A’rw))ezls(,x,rw) ar
om=1

and it does not contribute to the limit by the conditions of Theorem 1.5. Thus, we

obtain
(21)1/2

lim 271, (4.46)

m—00

I1E+15 + -5 =

On the other hand, proceeding as in the proof of Proposition 4.18 and using in the last
step the integration by parts from above, we compute

0= lim (¢.i[H —A.1— xr]¢)

(¢, Re((Vr) - p)A74)

= Jim (@2 [E4] - 2 [E-]. Re((Vr) - P)AT)
= =)' Jim ($F1E4] + 6216 A7 9)

=27 ([E-11Z — 15+11%).

In combination with (4.46), this verifies (1.12c).

— lim
T—o0
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Step 1. Here we prove the uniqueness asserted in (1). Suppose ¢’ € &, and £, € §
also satisfy (1.12a). Then we have

(¢ —¢) —¢llEr — &L ] +¢5[E- —£ ] € B (4.47)

If ¢ = ¢, it follows that £+ = &/, by the result of Step I. On the other hand, if either
of £+ = £/, hold, then we have £ = £Z, respectively, again by the result of Step I.
This and (4.47) imply ¢ — ¢’ € By, but then it follows that ¢ — ¢’ = 0 thanks to
Remark 4.17 (2). Thus, we obtain the uniqueness.

Step 11I. Here we complete assertions (1) and (2). Note that, for any £ € &,

FE0)% F 5~ (93] - 431500 78] € ;. (443)

In fact, by (4.42c), (1.10), (1.11), and (4.44) (the latter applied as in (4.45)), we have,
for any § € C®°(S471),

FEO) T F 5 (T - pls() 7T € 85,

and then — by density of e¥1®L*)C>®(R9) C g and the continuity of FE(1)*, ¢3,
and S(1)*! — we obtain (4.48). Now, if either of £+ € § is given, then the vectors
¢ € &) and £ € § are given by (1.12b), respectively, and obviously satisfy (1.12a),
thanks to (4.48). By the uniqueness, from Step II we are done with the case where
either of £ € § is given first.

Next, let ¢ € &, be given first. By the above arguments and Step II, it suffices to
show there exist £4 € ¢ satisfying ¢ = 27iF*(1)*£x. Foreach T > 1, we can find
é+ 7 € § such that, foranyn € §,

(21)!/2
2

(ntrr)g =+ (@3, 17 o).

Obviously, such £+ 7 € § are uniformly bounded for 7 > 1, and we can choose
weakly convergent subsequences (§+,7, )neN, cf. [25, Theorem 1, p. 126]. Denote the
weak limits by £+ € §. Then, for any v € C> (R%), we compute

(W, FEV)*EL) = (FEM) Y. Ex)g

21 1/2
=+ 20 fim (G31F 00V, 5, 9)
(21)1/2

==+

o nli)rgo(R(k +i0)y, X7, 9)-
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Then, as in the proof of Proposition 4.18, we use Proposition 4.16, Theorem 1.3, and
the assumption ¢ € &, to proceed as

1
(v, FE)"6x) = —— lim (Re((Vr) - p)R(A £ 10}V, 17, 9)

1
= ~— lim (R(A £i0)y, [H — A, 1— x7,]¢)
271 n—>o00

L w.a).

271

Thus, we obtain that ¢ = 271F *(1)*£4. The assertions (1) and (2) are done.

Step IV. Here we prove (3). Note that the identities (1.12c) are already established in
Step 1. Then, in combination with (1) and (2), we see that F*(1)*: § — &, € 8*
are indeed bi-continuous. Hence, we obtain (3).

Step V. Finally, we prove (4). Since F*()1)* are injective with closed ranges in B*
by (3), Theorem 1.5 (4) and Banach’s closed range theorem [25, Theorem p. 205]
imply that the ranges of F¥ () coincide with §. This, along with (3) and The-
orem 1.5 (3), in turn implies that the range of §(H — A) coincides with &,. Hence,
we are done. ]

4.5. Generalized Fourier transforms

We close this section with the proof of Theorem 1.12, which is rather routine thanks
to Theorem 1.5, see also [18,22].

Proof of Theorem 1.12. We proceed in five steps.
Step 1. We may let I be compact. In fact, if / is unbounded, decompose

I = U[)Ln,knﬂ]; AM <Ay <+ <A, > 00 asn — 00,
neN
and, supposing that the assertion holds true for compact intervals, we define
Fr = @ \77[;&”,;&”_’_1]2 Hp — Hy.
neN
Then the assertion for I follows due to absence of positive eigenvalues for H; and

M, and closedness of Hy and M. Thus, we let I be compact in the following.

Step I1. Let us construct the isometries 9 — 3 1. By Theorem 1.5 and Stone’s
formula [20, Theorem VII.13], it follows that, for any ¥ € B,

17501, = [ 1P Qw5 a = [ (3 - Ap) @ =P (DI, - @49
I 1
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Since B C H is dense, also Py (1)B < Hj is dense. Thus, for any v € #; we can
choose a sequence (Y, ),en on B such that Py (I)y, — ¥ in H;, and then we can
define

FEy = lim FEy,.

n—>oo

By (4.49), these limits are well defined and certainly define isometries as wanted.
To be used below, we note that, by construction, for any ¥ € B,

FEPy()y = FEy e CU:8).

Step TII. Next, we show F*H; = M;F*. Note all the involved operators are
bounded. Take any ¥ € C>°(R¥) and A € I. If we then set /' = (H — A)v, it follows
from Proposition 4.16 that v = R(A £ i0)y’. Consequently,

R(AL£i0)HY = AR(A £ i0)y + .
This implies that, for any ¥ € C° (R%),
FEHY = My Fitv.

Similarly to Step I, for any ¥ € #;, we can choose a sequence (¥,)nen in C2(R9)
such that Pg (I)y¥,, — ¥, hence Pg(I)HY, — Hry,in #;. Then, it follows that

FEHY = lim F&EHY, = lim M; 55y, = My FEy.
n—>oo n—>o0
The claim is verified.

Step TV. In order to complete (1) and (2), it remains to show that the morphlsms
FE I > H 71 are surjective. It suffices to show that the ranges ¥ FEH C §7 ] are
eC(l;8) C Jr, and fix any ¢ > 0. By the compactness, the
result from Step II and Theorem 1.10(4) we can find a finite open covering I C
Uy U---UUyand ¥q,..., ¥, € Pg(I)B C H; such that forany i = 1,...,n and
AelnNU;

=

dense. Take any &

IEQ) = (F =) W)llg < e

If we let {; }; be a partition of unity subordinate to {U; };, then, for any A € I,

20 =Y F=0)| <.

i=1

Since F*y; € C(I;§), we can replace the above y; by some polynomials 7; due
the Weierstrass approximation theorem with an additional € error. Then set

Y= Xi(H)i € Hr,

i=1
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and we obtain, by the result from Step III, that, for any A € I,
IEQ) — (FEY)Dls < 2.
Hence, (1) and (2) are done.

Step V. Assertion (3) is clear from the definition of the generalized Fourier trans-
forms, see e.g. (4.41), and Lemma 4.12 with U = S9-1, We are done. ]

5. Time-dependent scattering theory

We discuss the time-dependent scattering theory, proving Theorems 1.14, 1.17,
and 1.20. Our arguments are heavily dependent on the stationary theory from the pre-
vious sections in parallel to [17], however for 2-admissible potentials the low degree
of smoothness entails some complication. In Section 5.1, we prove Theorem 1.14 by
rigorously justifying the Legendre transform, and then we compare the asymptotics
of solutions to the time-dependent eikonal equation. With these results in place, we
show Theorem 1.17 in Section 5.2, hence obtaining the existence and covariance of
the time-dependent wave operators. Finally, Theorem 1.20, in particular including
asymptotic completeness, is shown by comparing the time-dependent wave operators
with the generalized Fourier transforms.

5.1. Time-dependent eikonal equation

Here, we prove Theorem 1.14. We justify the Legendre transform, investigating its
properties.

Proof of Theorem 1.14. Fix u, ', I, R, and S = (21)"/2|x|(1 + s) as in the assertion.
We first claim, letting R > 0 be larger if necessary, that for each (¢, x) € 2, we can
find a unique critical point of the function (1.14) in the variable A € I. In fact, we can

compute 5
3, K = 20)7V2|x|(1 + 5 + 24(9y5)) — 1.

N 5.1
PR K = —Q1)72|x|(1 + 5 — 4A(315) — 41%(325)), oD

and thus, by Corollary 2.14, for sufficiently large R > 0,
~ /\—1 ~
@, K)(W2/2.1.%) > (#) x|=1> 0, fim @K)(h.t,x) =~ <0,
—00
and, forany A € I,

. 1
(2 K)(A,t,x) < —5(21)_3/2|x| <0.
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This implies that there uniquely exists A. = A(¢, x) € [ such that
(01 K)(Ae, 1, x) = ) "V2x|(1 + s(he, x) + 22 (025)Ae, x) — 1 = 0. (5.2)
By the implicit function theorem, A. € C*~1(,,). Now, we set
K = KA, -, (5.3)
and then we can easily see by (5.2) that
0K ==L, ViK = (VyS)(A,"), 5.4

which verifies K € Cl(QM) and (1.15). We have proven Theorem 1.14 (1).

Next, we prove assertion (2). For that, we claim for any k + || < 1
k x? —k (y—o—lel
oko% (n - F)‘ < CytF ()0l (5.5)

In fact, note that (5.2) and Corollary 2.14 imply (uniformly in large R > 0)

Cat2x% < A < Cot 7 2x2. (5.6)

Note also that A, = x2/2¢2 for |x| < R; so, to show the bounds (5.5) and (1.16),
we can indeed assume that |x| > R. Then, by combining (5.2), Theorem 1.3, Corol-
lary 2.14, and (5.6), we obtain

x2

2
X
= ﬁ( = Sl + 209|245 + 209 < G (5D

This shows the claim for k 4+ |e| = 0. For k + |¢| = 1, we compute the derivatives
of A by the Leibniz rule applied to (5.2), equivalently written as

x2

= 2721;1(1 + 5 4+ 21.0;5)%.

In fact, we have, for k = 1 and |«| = 0,

2
0= —%A;l(l + 54+ 24.0;5)2

2
- %(atxc)xgza + 5 — Ahedys — 422025) (1 + 5 + 2Aed15).

and, fork = 0 and |«| = 1,

2
0= (agz%)xgl(l + 5+ 200015)>
2
— ;?(8%0))&;2(1 + 5 — A2dys — 4A2025) (1 + 5 + 2Ae015)
2

+ ’;—zxgl(ags +2Ae030%5) (1 + s + 24c0,5).
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Possibly by taking R > 0 larger from the beginning (if necessary) and by using Corol-
lary 2.14, we can write, for k = 1 and |«| = 0,

2
ihe = —;xc(l + 5 4+ 24c0,8) (1 + 5 — A5 — 422055) 7,

and, fork = 0 and |@| = 1,

2[2 2

X —
. = ?<8§ﬁ>kc(l + 5+ 2A08)(1 + 5 — 4Ac0xs — 412035) !

+ 2A:(0%s + 24:020%5)(1 + 5 — 4A0xs — 4)&58%3)_1.
The claim (5.5) follows from the above expressions, (5.7), and Theorem 1.3.
One can verify assertion (2) by (1.14), (5.3), (5.5), (5.4), and Theorem 1.3. While

the bounds (1.16) follow immediately unless k = 0 and || = 2, the latter case requires
some other computations. We omit the details of proof for that case. |

We next investigate the asymptotics of general solutions to (1.3b).

Lemma 5.1. Let u, T, 2,7, and K satisfy the assumption of Theorem 1.17, and
let K1, be the Legendre transform of the function Sy taken from Section 4.1 with
I =1y =[u?/2,00), W €(0,pn),andl’ > 1+ 2/p. In addition, let y be the flow
associated with Sy, as in Section 4.2, and set

t
t(A,t,0) :/|VSL(A,y(A,s,0))I‘2dS-
0

Then, the following assertions hold.

(1) There exists the limit

BL(A,0) = ll_i)n;o(K(t(A,t, 0).y(A,t,0)) — KL(r(A,1,0),y(A,t,0)))

taken locally uniformly in (A, 0) € J x S~ where J = [u?/2,00). In par-
ticular, if K1 also satisfies the assumption of Theorem 1.17, there exists the
limit

2(4,0) = lim (K1(z(4,7,0),y(A,1,0)) — K(z(4,1,0), (4,1, 0)))
—00
taken locally uniformly in (A, 0) € J x S4~1,
(2) The quantities in (1) can also be computed as the limits

Or(A, ) := EL(A, 04+ (A, w))
= lim (K(z.21)"*10) — K1(z. 22)?10)),
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DA, w) = EX, 01 (1, w))
= lim (Ki(z. )2 1w) — K(z, 21)?10)),

both taken locally uniformly in (A, w) € J x S4~1.

Remark 5.2. The requirement ” > 1 4 2/p (not used in the proof) will be needed in
the proof of Lemma 5.3, cf. Remark 4.3. The above function t should be considered
as the “physical time,” cf. Remark 4.5 (2).

Proof. We proceed in three steps.

Step 1. The second assertion of (1) is clear from the first one, hence we only prove
the first assertion of (1). It suffices to show existence of the limits

Y(A,0) = tl_i)rgo(K(t(k,t, 0),y(A,t,0)) — SL(A,y(A,t,0)) + At(A,t,0)) (5.8a)
and

v (A,0) = tl_i)n;o(KL(t()t,t, 0),y(A,t,0)) — SL(A, y(X,1,0)) + At (A,t1,0))
(5.8b)
taken locally uniformly in (A, w) € J x S9!, We can prove them in the same manner,
but it follows easily from the proof of (5.82) that in fact

Ki(t(A,t,0),y(A,t,0)) — SL(A, y(A,t,0)) + At(A,1,0) =0, (5.8¢)

hence we discuss only (5.8a).

Note that all the arguments below are locally uniform in (A, 6) € J x S~1. Omit-
ting the arguments, and using (1.15), (4.3a), and (1.6), we can compute the ¢-derivative
for large t > 0 as

d 1
E(K —SL+ A7) = —§|VSL|_2(VK —VSL)? — VS| Vs. (5.9)

The second term on the right-hand side of (5.9) is obviously integrable at infinity, and
thus it suffices to show that, for some § > 0,

u:= (VK = VS)? = 0@ 9. (5.10)
For that, similarly to (5.9), we further differentiate it for large t > 0 as
1 d
§|VSL|ZEu =—(VK—=VS.)(V?’K)(VK —VS.)—(VVs)- (VK —VS). (5.11)

By (1.7), (1.16), and (4.1a), it follows that, for some (small) § > 0 and (big) C; > 0
and any large t > 0,

d
LU S —2=8)t u+ 7278,

This certainly implies (5.10). Thus, we are done with (1).
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Step 1. To prove assertion (2), we discuss the following change of variables. We
claim that, for all large T > 0 and any (A, w) € J x S9-1 there exist A and 6 such
that

(r. V) %10) = (t(X,1,0), y(X,1,0)) witht = Sp. (A, 2V)Y%1w), (5.12a)

and that . )
l_i)m A(t) =A and lim O(r) =0+ (A, w). (5.12b)

First, we solve, for fixed A and 9_, the equation
t
T = / [VSL(A, y(A,s,0))| 72 ds,
0

fort = t(z, A, 0) (with a C '-dependence by the implicit function theorem). For fixed
large t, we then need to solve the equation

y(A.1,0) -
T

eNY?w = =: F;(,0) (5.13)

for A and 6. This can be done by using the inverse function theorem in a version
applicable to parameter-dependent problems (note that 7 is the relevant parameter),
for example the version stated as [15, Theorem D.1]. We need to verify that the deriv-
ative of F; at zg := (A, 64+ (A, w)) is non-degenerate near infinity.

First, note that

Foo(X,0) := li)m Fi(A,0) = (21)1/26()4_()_&, 6) in a neighborhood of z,

in particular that
Foo(z0) = 21)' 0.

Next, note that
00
04G.6) = |
0

By the latter formula, the representation (4.15), and Corollary 2.14, it follows that

Q)lm

Sa)()_k,s,é)ds—l—@_ and 81w+()_u,§)=/ Biasa)(i,s,é)ds.
0

004 (/_\, 9_) is small when the parameter R is sufficiently big. When combined with
(4.23), this leads to the conclusion that the map (1, 0) — Fao(A,0) = (24) 2w (X, 60)
is non-degenerate C! near zq (uniformly in large R).
Now, to solve (5.13), by applying [15, Theorem D.1], all that remains to be seen
is that the limits
lim 95 5F:(A,0)
T—>00 ’
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exist, uniformly in a neighborhood of zy. We skip the details of the verification of this
uniform convergence, and conclude the solvability of (5.13). This justifies (5.12a)
and (5.12b).

Step 1II. Now, we prove the first assertion of (2) (this implies the second one). We
proceed partly in parallel to the proof of Lemma 4.12 (2). It suffices to show that, with
notation from Step I,

YA, 0+ (A, w) = VLA, 04+ (A, w)) = lim (K(z, 21 *1w) — Ki(z, 21)*1w)),

locally uniformly in (A, w) € J x S?~1. Take any compact subset L C J x S~ Let
(A,0) = (A(1), 6(1)) be the change of variables from Step II. Using the locally uni-
form limit (4.28) along with (5.12a) and (5.12b), and noting that T — oo corresponds
to t — o0, it follows that, for some compact subset L' C J X Sd_l,

lim sup |\IJ(A,9+(/\,a))) —YL(A, 044, w))
t—>00 (A,w)EL _ 1/2 1/2
K(z, QL) "“tw) + K (1, (21) ra))|
= lim sup |¥(A, 01, (21)*1w)) — WU (X, 0(X, 21)/?1w))
=00 (A,
ho)el — K(r, @2)?0) + Ki(1, 20)10))|

= lim sup |0, y(X.1.0)) — YL, 06X, y(X.1.6)))

170 AOEL gz (X,1,0), y(Ah,1,0)) + KL(z(A, 1,0), y(A,1,0))|
= lim sup WA, 0) — W(A,0)

1m0 (LOCL” gz, 1,0), y(A,t,0)) + Ki(x(A,2,0), y(A, 1, 0))|
= 0.

Thus, we are done. [

5.2. Time-dependent wave operators
Here we prove Theorems 1.17 and 1.20.
5.2.1. Existence

Proof of Theorem 1.17. We first prove the existence of the strong limits (1.17) by
the familiar Cook—Kuroda method. Thanks to a density argument based on uniform
boundedness of U*(¢) and eT# in ¢ > T, it suffices to show that, for any / €
C®(R4 x S~1) with supph € J x S9!, there exist the limits

lim e 7 UE(1)h. (5.14)

t—>00
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For that, we show integrability of
0 tithp+ J . +
e AuEon| = (= +iH)UEoh|
H o1 ® X T ® H
at infinity. Using the Hamilton—Jacobi equation (1.3b) and letting ' = (w3, ..., ®))
be any local coordinates of S¥~!, we compute
ad . A
(E + iH)Ui(t)h — F3m/4p—1) | 1-d/2HiK
i i
: [qzixzt_“(aih) F 5|x|—2(ASd_1h) + (9; () (9; K) (3o /1)
+ (=t 3x2 Fit 72 +172x - (Ve K)) (0,1 1)
d d
_ —1 el _ -2 .
—I—( t :|:14(1 2)|x| +ig
d _ 1
+ (1= 5)Ixl™2x - (VaK) + 5 (A K) )|

By the assumption on K and the support property of /, the last expression is of order
¢~ 1—min{e;7} with values in #¢. Hence, the limits (5.14) exist. Since U*(¢) and e**H
are isometries, it is clear that so are W¥*. By the above computation, we easily see
that W+ M, € HW=. In particular, the mapping property stated in the last part of
Theorem 1.17 (1) follows.

Assertion (2) follows readily from (1) and Lemma 5.1 (2). ]

We present alternative representations of W=, which will be useful in the proof
of their completeness. See also [17, Lemma 3.3].

Lemma 5.3. In the setting of Lemma 5.1, define, for any h € C° (R4 x SN with
supph C J x S the evolutions

(OF@0)h)(x) = (£271) 7! / eT M h(A,)](A, x)dA,  (t,x) € Ry x RY,
0

where ¢iL [[] is from (4.30). Then, for each t > 0, it follows that l7Li (t)h € K.
Moreover,
WEeT%p = lim e H TE(r)h.
100

Remark 5.4. The above evolution map ULi (¢) motivates our free comparison dynam-
icsU* (). In fact, due to the stationary phase theorem, the leading term is very similar
to that of U* (1), see the proof below. Note, however, that we need higher order deriv-
atives of the phase function. This is why we substitute Sy for S in I7Li (t). The error
is compensated by the factor e 7L,

Proof. We proceed in six steps.
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Step 1. To show that l7Li (t)h € H, we introduce
Ki(h,1,x) = SL(A, x) — A,

cf. (1.14). First, fix any ¢ > 0, and let R’ > 0 be sufficiently large. Then, by the expres-
sions (5.1) corresponding to K1, we have, for any (A, X) € supp & with |x| > R/,

KL (A t,x) > er(x), |2KL(A,t,x)| < C1{x). (5.15)

Thus, we can integrate by parts as

UF(0)h = )2 y|x| 7471/ / KLy, [, K07 @) A, (5.16)
0

which implies, due to (5.15) again, that, for any |x| > R’,
(TFE O )] < Cox)~@H/2,

Since lei (t)h is uniformly bounded for |x| < R’, we conclude that ﬁLi (t)h € H.
We prove the second assertion in the remaining steps.

+itH

Step 1. By the uniform boundedness of e and Lemma 5.1, it suffices to show that

ast — o0
(UE()h)(x) = T34 71| x 174/ 265 KL b (52 /(212) 7)) + 0(t°)  in K.

Recall that Sy is defined for I = [u/?/2,00) asin Lemma 5.1. Let u” = (' + ) /2,
and decompose R4 x R = w U wa and, correspondingly,

GEON ) = 1, €. )TEODE) + g, €. )GE O ). (5.17)

Here, let us prove that the second term of (5.17) is negligible. In fact, using (5.1)
for K1, we can estimate, for any A > ?/2 and (¢, x) ¢ Q,,~ with sufficiently large 7,

9, KL(A, 1, x) < —cat,  |2KL(A,1,x)] < C3(x).

This allows us to integrate by parts in the same way as for (5.16) and deduce the
pointwise bound

| 19;” (. x)(ﬁljt (Oh)x)| = C4l_1 (x>_(d_1)/2.
By integration, we then conclude the norm-bound

Ige, Ut()h=00""?) ink.
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Step 1II. As for the first term of (5.17), we decompose it as follows. Using that
w’ > p', we can for any (7, x) € 2, find a unique critical point AL = Ap(z, x)
of K. Then, take any 79 € CZ(R) such that no(s) = 1 for |s| < 1/2 while no(s) =0
for |s| > 1, and set

1 p 1 1
— 8y _ __rF -
100020 = (W A=A 5= <8< 5= gap

We recall that [’ is the fixed integer obeying the condition I’ > 1 + 2/p. Obviously,
we can find § fulfilling these constraints, henceforth taken fixed. We now decompose

o0
la,, U Oh = Fi@r) 1q,, y|x|7@~1/2 / (n+ (1 —n))er K@) 4hdx
0

= Iﬂl(z,x) + wZ(t’x)'

Step TV. The second term v, is negligible. In fact, for any k = 2,...,[’, sufficiently
large ¢, and (4,1, x) € supp(1 —n) with (A, X) € supph, (t,x) € 7, we can bound

105 KL (A, 1,%)] > c2(x)175, K KL, 1, x)] < C3(x)tHombd+k,

This and the lower bound § > 1/2 — p/6 > 1/2 — p/2 imply that each time we integ-
rate ¥, by parts as in (5.16) we at least gain a decay of order (x)~!*2%_ Hence, by
doing the integration by parts in total (I’ — 1) times, we can conclude that

V2 =o(t% in K.
Step V. It remains to investigate v;. Let us expand the phase function as
Ki(A.t.x) = Ki(t,x) + %A(l,x)()t —ALe)> + B, x)(A —ALe)?
with

A(t, x) = (03 SL)(ALe, X),
1
B(A,t,x) = %/(1 — t)z(aiSL)(/\L,c +1(A—ALe), x)dr.
0
We substitute the expression into ¥/, and split the integral as
Yy = :Fi(27t)_1/2IQM,,)(|X|_(d_1)/26iiKL

' ((“Ld‘““hm,c,-) / eHiAG—AL%/2 gy
0

o0
[ HOIO 2y O QaV — 2h, 0 hh9] 04,
0
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Let us denote the last integral by T', and show that its contribution is negligible. By
an integration by parts, we can rewrite it as

A
T—_ / ( /eiiA(x’—AL,m/z dk’)

[A=AL.cl=(x)—8 AL,L‘

PO 24— 2 0) (e, ) 0L

Then, by the van der Corput lemma, cf. [24, p. 332], and the assumed support property
of h, it follows that on supp(lg,,, x)

, i
T =0, § =5+ g,

so that indeed

oo
Y1+ i(zn)_l/zlﬂu//|x|_(d_1)/2eiiKL(ZA,L’C)_I/“'h(AL,C’.)/eiiA(A_)LL,c)z/zndk
= 0([0) 0

as a vector in J#.

Step V1. Finally, we remove 7 from the last integral with another admissible error,
and then implement the Gaussian integral to obtain

Yy = eI/ T @D 2e 2K 417120y TV (e )+ 0(t%) in .
Thus, using Lemma 5.1 and
A=~ P+ 0(0) 7). A = x?/217) + O((x) ),
we obtain the second assertion of the lemma. |

5.2.2. Asymptotic completeness. Now, we are ready to prove the first part of The-
orem [.20.

Proof of Theorem 1.20 (1). It suffices to show the identity (1.19) since then the
asymptotic completeness is obvious by the unitarity of #*. Let S be defined for
aninterval I,y = [u?/2,00),0 < ' < p, sufficiently big to include the given closed
interval /. Then, for any & € C®(R4 x S?~1) with supp/ € (I N J) x S~! and
for any y € C® (Rd), we can compute, by Lemma 5.3,

o0

(Y, WEeTI®p) 4 = lim ee= (W, e H TE(1)h) g dt
£—> +
o0

_ lim (227D ( [Ty, 5 )]mdx)
0

8—>+
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By Fubini’s theorem and (4.42c), we can further proceed as

(W, WEeTI ) g

o0

— lim (27i)"! / (FieR(A % ie)y. ¢S [h(A. )]) s dA
e—>04 J
= lip (270 / (W — (H = RO % o), g3 (A, )]) e
0
= el_i)r(r)l+(:i:2ni)_l / (¥, 3 [h (A, )] — R F ie)yr 3 [h(A, -)]) ge dA
0

(v, FE)* (T AIR(A, ) 5 dA

0\8 0\8

(FOEIFEQ) Y, h(A,))g dA = (O FFy ) 5.

This implies, as operators Hyny — J~€1m1,
(Wﬂ:)* — eﬂ:i(GL—q)L)?:l:‘
We have proven (1.19) with ¥ = & — ®, and we are done with (1). ]

To prove the remaining assertion (2), we use an approximation argument to be
studied in the following. Fix any p € (0,0) and § € (0,0 — p), and let ¢ = 1/ for
any j € N. For these parameters p, ¢, and § used as inputs in Lemma 4.1 (2) we
decompose V', accordingly and the denote the decomposition as

V="Ts;+W,;.

Lemma 5.5. Let u > ' > 0, I = ['?/2,00), and J = [u?/2, 00), and fix a suffi-
ciently large R > 0. Let S, S1,; be determined as in Theorem 1.3 for V, Vi ;, and let
K, Ky, be their Legendre transforms as in Theorem 1.14, respectively. Then,

lim Oy ; =0 locally uniformly on I x sé-1 (5.18)
j—o0

with Oy ; being the limit from Lemma 4.12 for S and Si,;, and

lim ® ; =0 locally uniformly on J x §é-1 (5.19)
j—oo

with @y ; being the limit from Lemma 5.1 for K and Ky_;.
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Remark 5.6. In the construction of S, St ;, K, Ki,; we can use the same R, since it
depends only on sizes of zeroth to second derivatives of V, V1 ;, which are uniformly
estimated due to Lemma 4.1 (2). See the proofs of Theorems 1.3 and 1.14.

Proof. We proceed in two steps.

Step 1. To prove (5.18), we can partially mimic the proof of Lemma 4.12. For details
of the following computations, see the proof there, though one should note that S and
St,; now are more specific than before.

Let y; be the flow from Section 4.2 associated with Sy ;; we discuss the limit

S1(2.0) = lim (S(h.y;(A.1.0) = SL; (k. (4.1, 60))).
Omitting the argument, we can compute its derivative in ¢ as
S = Su) = 5 V8L VS V8L = VS ks (520)
Hence, we are led to consider
u= (VS —VS;)>
Its z-derivative is computed as
JIVSL P
= (VS = VSL;) - (V2S)(VS = VSLj) = (V(rVs.)) - (VS = VS ).

and thus we can deduce that for any (small) § > 0 there exist C;, T > 0, independent
of j € N, such that

d%u <—Q-8r'u+Cj 4 1 >T
By integration, we then deduce that

u(t) <272y + C i 1> T (5.21)
By another integration, (5.20) and (5.21) imply a uniform bound

IS — S| < 1S =S| + CTu(T) + C3j .

On the other hand, by integrating a version of (4.26) from ¢t = 0 (where u vanishes)
tot = T (for fixed T'), we deduce that

(S = SL)(D)| + C2Tu(T) < Caj ™2
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(In fact, the bound holds with j~!/2 replaced by j~!, if we invoke the variational
principle of Lemma 2.5 to bound the first term.)
We conclude that, for large ¢,

1S — S| < Csj71/2,
In particular, |2y ;|, |OL, ;| < C3, 712, and (5.18) follows.

Step II. The proof of (5.19) is similar. We consider versions of (5.8a) and (5.8b) using
versions of (5.8¢) and (5.11), omitting here the details. ]

Proof of Theorem 1.20 (2). Let K be the Legendre transform of S from Theorem 1.3,
as given in (2). Note that the phase corrections eT'¥ = e*(®1=®) are independent of
choice of V4, since so are F* and W*. Thus, it suffices to choose Vi ; such that the
associated difference O ; — &y ; converges to 0 as j — oo. However, this obviously
follows from Lemma 5.5. =
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