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Abstract. In this paper, we obtain sharp estimates for the rate of propagation of the Fisher-KPP
equation with nonlocal diffusion and free boundaries. The nonlocal diffusion operator is given byR

R J.x � y/u.t; y/ dy � u.t; x/, and our estimates hold for some typical classes of kernel func-
tions J.x/. For example, if for jxj � 1 the kernel function satisfies J.x/ � jxj� with  > 1, then
it follows from [Y. Du et al., J. Math. Pures Appl. 154, 30–66 (2021)] that there is a finite spreading
speed when  > 2, namely the free boundary x D h.t/ satisfies limt!1 h.t/=t D c0 for some
uniquely determined positive constant c0 depending on J , and when  2 .1; 2�, limt!1 h.t/=t

D1; the estimates in the current paper imply that, for t � 1,

c0t � h.t/ �

8̂<̂
:
1 when  > 3,
ln t when  D 3;
t3� when  2 .2; 3/;

h.t/ �

´
t ln t when  D 2;
t1=.�1/ when  2 .1; 2/:

Our approach is based on subtle integral estimates and constructions of upper and lower solutions,
which rely crucially on guessing correctly the order of growth of the term to be estimated. The
techniques developed here lay the groundwork for extensions to more general situations.
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1. Introduction

In this paper we determine the spreading rate for the Fisher-KPP equation with non-
local diffusion and free boundaries considered in [11, 17]. The problem is a “nonlocal
diffusion” version of the following free boundary problem with “local diffusion”:8̂̂̂̂
<̂
ˆ̂̂:
ut � duxx D f .u/; t > 0; g.t/ < x < h.t/;

u.t; g.t// D u.t; h.t// D 0; t > 0;

g0.t/ D ��ux.t; g.t//; h
0.t/ D ��ux.t; h.t//; t > 0;

g.0/ D g0; h.0/ D h0; u.0; x/ D u0.x/; g0 � x � h0;

(1.1)

where f is a C 1 function satisfying f .0/D 0, � > 0 and g0 < h0 are constants, and u0 is
a C 2 function which is positive in .g0; h0/ and vanishes at xD g0 and xD h0. For Fisher-
KPP type of f .u/, (1.1) was first studied in [18], as a model for the spreading of a new
or invasive species with population density u.t; x/, whose population range .g.t/; h.t//
expands through its boundaries x D g.t/ and x D h.t/ according to the Stefan conditions
g0.t/D��ux.t; g.t//; h

0.t/D��ux.t; h.t//. A deduction of these conditions based on
some ecological assumptions can be found in [9].

By [18], problem (1.1) admits a unique solution .u.t; x/; g.t/; h.t// defined for all
t > 0, and its long-time dynamical behaviour is characterised by a “spreading-vanishing
dichotomy”: Either .g.t/; h.t// is contained in a bounded subset of R for all t > 0 and
u.t; x/! 0 uniformly as t !1 (called the vanishing case), or .g.t/; h.t// expands to R
and u.t; x/ converges to the unique positive steady state of the ODE v0 D f .v/ locally
uniformly in x 2 R as t !1 (the spreading case). Moreover, when spreading occurs,

lim
t!1

�g.t/

t
D lim

t!1

h.t/

t
D k0 > 0;

and k0 is uniquely determined by a semi-wave problem associated to (1.1).
Problem (1.1) is closely related to the corresponding Cauchy problem´

Ut � dUxx D f .U /; t > 0; x 2 R;

U.0; x/ D U0.x/; x 2 R;
(1.2)

where

U0.x/ WD

´
u0.x/; x 2 Œg0; h0�;

0; x 2 R n Œg0; h0�:
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Indeed, it follows from [16] that the unique solution .u; g; h/ of (1.1) and the unique
solution U of (1.2) are related in the following way: For any fixed T > 0, as �!1,
.g.t/; h.t//! R and u.t; x/! U.t; x/ locally uniformly in .t; x/ 2 .0; T � � R. Thus
(1.2) may be viewed as the limiting problem of (1.1) (as �!1).

Problem (1.2) with U0 a nonnegative function having nonempty compact support
has long been used to describe the spreading of a new or invasive species; see, for
example, classical works of Fisher [25], Kolmogorov–Petrovskiı̆–Piskunov (KPP) [33]
and Aronson–Weinberger [2].

In both (1.1) and (1.2), the dispersal of the species is described by the diffusion term
duxx , widely called a “local diffusion” operator, which is obtained from the assumption
that individuals of the species move in space according to the rule of Brownian motion.
The nonlocal diffusion version of (1.1) considered in [11] has the following form:18̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

ut D d

Z
R
J.x � y/u.t; y/ dy � du.t; x/C f .u/; t > 0; x 2 .g.t/; h.t//;

u.t; g.t// D u.t; h.t// D 0; t > 0;

h0.t/ D �

Z h.t/

g.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx; t > 0;

g0.t/ D ��

Z h.t/

g.t/

Z g.t/

�1

J.x � y/u.t; x/ dy dx; t > 0;

u.0; x/ D u0.x/; h.0/ D �g.0/ D h0; x 2 Œ�h0; h0�;

(1.3)

where x D g.t/ and x D h.t/ are the moving boundaries to be determined together with
u.t; x/, which is always assumed to be identically 0 for x 2 R n Œg.t/; h.t/�;2 d and � are
positive constants. The initial function u0.x/ satisfies

u0 2 C.Œ�h0; h0�/; u0.�h0/ D u0.h0/ D 0; u0.x/ > 0 in .�h0; h0/; (1.4)

with Œ�h0; h0� representing the initial population range of the species. The basic assump-
tions on the kernel function J W R! R are

(J) J 2 C.R/ \ L1.R/; J � 0; J.0/ > 0;
R

R J.x/dx D 1, J is even.

The nonlocal free boundary problem (1.3) may be viewed as describing the spreading
of a new or invasive species with population density u.t; x/, whose population range
Œg.t/; h.t/� expands according to the free boundary conditions8̂̂̂<̂

ˆ̂:
h0.t/ D �

Z h.t/

g.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx;

g0.t/ D ��

Z h.t/

g.t/

Z g.t/

�1

J.x � y/u.t; x/ dy dx;

that is, the expanding rate of the range Œg.t/; h.t/� is proportional to the outward flux of

1The case f .u/ � 0 was considered in [13], where the long-time dynamics are completely
different from the Fisher-KPP case in [11].

2Therefore
R

R J.x � y/u.t; y/ dy D
R h.t/
g.t/

J.x � y/u.t; y/ dy.
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the population across the boundary of the range (see [11] for further explanations and
justification).

One advantage of the nonlocal problem (1.3) over the local problem (1.1) is that the
nonlocal diffusion term

d

Z
R
J.x � y/u.t; y/ dy � du.t; x/

in (1.3) is capable of including spatial dispersal strategies of the species beyond random
diffusion modelled by the term duxx in (1.1). Here J.x � y/ may be interpreted as the
probability that an individual of the species moves from x to y in a time unit.

If f is a Fisher-KPP function, namely it satisfies

(f)

´
f 2 C 1, f > 0 D f .0/ D f .1/ in .0; 1/, f 0.0/ > 0 > f 0.1/,

f .u/=u is nonincreasing in u > 0,

then the long-time dynamical behaviour of (1.3), similar to that of (1.1), is determined by
a “spreading-vanishing dichotomy” (see [11, Theorem 1.2]): As t !1, either

(i) Spreading: limt!1.g.t/; h.t//DR and limt!1 u.t; x/D 1 locally uniformly in R,
or

(ii) Vanishing: limt!1.g.t/; h.t// D .g1; h1/ is a finite interval and limt!1 u.t; x/

D 0 uniformly for x 2 Œg.t/; h.t/�.

Criteria for spreading and vanishing are also obtained in [11, Theorem 1.3]. In particular,
if the size 2h0 of the initial population range is larger than a certain critical number, then
spreading always happens.

1.1. Threshold condition, spreading speed, and accelerated spreading

When spreading happens, the question of spreading speed was considered in [17]. In
sharp contrast to the corresponding local diffusion problem (1.1), it was shown in [17]
that (1.3) may spread superlinearly in time (a phenomenon known as accelerated spread-
ing), depending on whether the following threshold condition is satisfied by the kernel
function J :

(J1)
R1
0
xJ.x/ dx <1.

More precisely, we have

Theorem A ([17]). Suppose that (J) and (f) are satisfied, and spreading happens to the
unique solution .u; g; h/ of (1.3). Then

lim
t!1

h.t/

t
D � lim

t!1

g.t/

t
D

´
c0 2 .0;1/ if (J1) holds;

1 if (J1) does not hold.

As usual, when (J1) holds, we call c0 the spreading speed of (1.3), which is deter-
mined by the semi-wave solutions to (1.3). These are pairs .c;�/ 2 .0;1/�C 1..�1; 0�/
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determined by the following two equations:8̂<̂
: d

Z 0

�1

J.x � y/�.y/dy � d�.x/C c�0.x/C f .�.x// D 0; �1 < x < 0;

�.�1/ D 1; �.0/ D 0;

(1.5)
and

c D �

Z 0

�1

Z 1
0

J.x � y/�.x/ dy dx: (1.6)

If .c; �/ solves (1.5), then we call � a semi-wave with speed c, since the function
v.t; x/ WD �.x � ct/ satisfies8̂<̂

: vt D d
Z ct

�1

J.x � y/v.t; y/ dy � dv.t; x/C f .v.t; x//; t > 0; x < ct;

v.t;�1/ D 1; v.t; ct/ D 0; t > 0:

However, only the semi-wave satisfying (1.6) meets the free boundary condition along
the moving front x D ct , and hence is useful for determining the long-time dynamical
behaviour of (1.3).

The spreading speed c0 is given by the following result:

Theorem B ([17]). Suppose that (J) and (f) are satisfied. Then (1.5)–(1.6) has a solution
pair .c; �/ D .c0; �c0/ 2 .0;1/ � C 1..�1; 0�/ with �c0.x/ nonincreasing in x if and
only if (J1) holds. Moreover, when (J1) holds, there exists a unique such solution pair,
and .�c0/0.x/ < 0 in .�1; 0�.

It was also proved in [17, Theorem 5.3] that as �!1, the limiting problem of (1.3)
is the following nonlocal version of (1.2):8̂<̂

:ut D d
Z

R
J.x � y/u.t; y/ dy � du.t; x/C f .u/; t > 0; x 2 R;

u.0; x/ D u0.x/; x 2 R:

(1.7)

Problem (1.7) and its many variations have been extensively studied in the literature; see,
for example, [1,3–6,12,14,15,23,24,26,31,32,35,38,40,43] and the references therein.
In particular, if (J) and (f) are satisfied, and if the nonnegative initial function u0 has non-
empty compact support, then the basic long-time dynamical behaviour of (1.7) is given
by

lim
t!1

u.t; x/ D 1 locally uniformly for x 2 R:

Similar to (1.2), the nonlocal Cauchy problem (1.7) does not give a finite population range
when t > 0. To understand the spreading behaviour of (1.7), one examines the level set

E�.t/ WD ¹x 2 R W u.t; x/ D �º with fixed � 2 .0; 1/;
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by considering the large time behaviour of

xC
�
.t/ WD supE�.t/ and x�� .t/ D infE�.t/:

As t !1, jx˙
�
.t/jmay go to1 linearly in t or superlinearly in t , depending on whether

the following threshold condition is satisfied by the kernel function, apart from (J):

(J2) There exists � > 0 such that
R

R J.x/e
�x dx <1:

Yagisita [43] has proved the following result on traveling wave solutions to (1.7):

Theorem C ([43]). Suppose that f satisfies (f) and J satisfies (J). If additionally J
satisfies (J2), then there is a constant c� > 0 such that (1.7) has a traveling wave solution
with speed c if and only if c � c�.

Condition (J2) is often called a “thin tail” condition for J . When f satisfies (f), and
J satisfies (J) and (J2), it is well known (see, for example, [23, 41]) that

lim
t!1

jx˙
�
.t/j

t
D c�; (1.8)

with c� given by Theorem C. On the other hand, if (f) and (J) hold but (J2) is not satisfied,
then it follows from [41, Theorem 6.4] that jx˙

�
.t/j grows faster than any linear function

of t as t !1, namely, accelerated spreading happens:

lim
t!1

jx˙
�
.t/j

t
D1:

See also [1, 6, 7, 10, 22, 24, 26, 30, 39, 42] and references therein for further progress on
accelerated spreading for (1.7) and related problems.

It is easily seen that (J2) implies (J1), but the reverse is not true; for example, J.x/D
C.1C x2/�� with � > 1 satisfies (J1) (for some suitable C > 0) but not (J2).

The relationship between c0 D c0.�/ obtained in Theorem B and c� in Theorem C is
given in the following result (see [17, Theorems 5.1 and 5.2]):

Theorem D ([17]). Suppose that (J), (J1) and (f) hold. Then c0.�/ increases to c� as
�!1, where we define c� D1 when (J2) does not hold.

For the local diffusion problem (1.1), sharp estimate for the spreading profile has been
obtained in [19]: When spreading happens,

lim
t!1

Œh.t/ � k0t � D C1; lim
t!1

Œg.t/C k0t � D C2

for some C1; C2 2 R depending on u0. Moreover, the solution u.t; x/ exhibits the corre-
sponding semi-wave profile as t !1. This is strikingly different from the situation of
(1.2), where a well known logarithmic delay happens [8]:

m.t/ WD sup ¹x 2 R W U.t; x/ D 1=2º

D 2
p
f 0.0/d t �

3d

2
p
f 0.0/d

ln t C C0 C o.1/ as t !1
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for some C0 2 R depending on the initial function U0. We refer to [27–29, 34, 36, 37] for
further advances in that direction.

In this paper, we aim to obtain sharp estimates for (1.3) in a similar spirit. It turns
out that when .J1/ holds and so a finite spreading speed c0 exists for (1.3), the functions
h.t/� c0t and g.t/C c0t need not be bounded as t!1. For some rather general classes
of J , we will find the exact rate of growth for h.t/� c0t and g.t/C c0t when .J1/ holds,
and determine the exact rate of growth of h.t/ and g.t/ when .J1/ does not hold.

1.2. Description of the main results

We now describe our main results precisely. For ˛ > 1, we introduce the condition

(J˛)
R1
0
x˛�1J.x/ dx <1.

Let us note that (J2) is equivalent to (J1), and if (J2) holds, then (J˛) is satisfied for all
˛ > 1.

Theorem 1.1. In Theorem A, suppose additionally (J˛) holds for some ˛ � 3, and f 0.v/
is locally Lipschitz in Œ0;1/. Then there exists C > 0 such that for t � 1,

jh.t/ � c0t j C jg.t/C c0t j � C;´
�c0.x� c0tCC/Co.1/ � u.t; x/ � �

c0.x� c0t �C/Co.1/ for x 2 Œ0; h.t/�;

�c0.�xC c0tCC/Co.1/ � u.t; x/ � �
c0.�xC c0t �C/Co.1/ for x 2 Œg.t/; 0�;

where .c0; �c0/ is the unique semi-wave pair in Theorem B, and o.1/! 0 uniformly as
t !1.

Further estimates on g.t/ and h.t/ can be obtained for more specific classes of kernel
functions. We will write

�.t/ � �.t/ if C1�.t/ � �.t/ � C2�.t/ (1.9)

for some positive constants C1 � C2 and all t in the concerned range.
Our next two theorems are about kernel functions satisfying, for some  > 0,

.OJ / J.x/ � jxj� for jxj � 1.

Note that for kernel functions satisfying .OJ /, condition .J/ is satisfied only if  > 1,
and .J1/ is satisfied only if  > 2. Thus accelerated spreading can happen exactly when
 2 .1; 2�. We have the following result on the exact growth rate of h.t/ and g.t/ in this
case:

Theorem 1.2. In Theorem A, if additionally the kernel function satisfies .OJ / for some
 2 .1; 2�, then for t � 1,

�g.t/; h.t/ �

´
t ln t if  D 2;

t1=.�1/ if  2 .1; 2/:

We recall that the meaning of “�” is given in (1.9).
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For kernel functions satisfying .OJ /, clearly .J˛/ holds if 0 < ˛ <  . Therefore when
 > 3 the conclusions in Theorem 1.1 hold. The following theorem is concerned with the
remaining case  2 .2; 3�, which indicates that the result in Theorem 1.1 is sharp.

Theorem 1.3. In Theorem A, suppose additionally the kernel function satisfies .OJ / for
some  2 .2; 3�, f 0.v/ is locally Lipschitz in Œ0;1/, and

Œf .v/=v�0 < 0 for v > 0: (1.10)

Then for t � 1,

c0t C g.t/; c0t � h.t/ �

´
ln t if  D 3;

t3� if  2 .2; 3/:

Note that (f) implies Œf .v/=v�0 � 0 for v > 0, and (1.10) is satisfied, for example, by
f .v/ D av � bvp with a; b > 0 and p > 1.

The proofs of Theorems 1.1 and 1.3 rely on some of the following estimates on the
semi-wave solutions of (1.5), which are of independent interest.

Theorem 1.4. Suppose that f satisfies .f/ and the kernel function satisfies .J/, and �.x/
is a monotone solution of (1.5) for some c > 0. Then the following conclusions hold:

(i) If (J˛) holds for some ˛ > 1, thenZ �1
�1

Œ1 � �.x/�jxj˛�2 dx <1;

which implies, by the monotonicity of �.x/,

0 < 1 � �.x/ � C jxj1�˛ for some C > 0 and all x < 0:

(ii) If (J˛) does not hold for some ˛ > 1, thenZ �1
�1

Œ1 � �.x/�jxj˛�2 dx D1:

The conditions on f and � in Theorem 1.4 can be considerably relaxed; see Section 2
for details.

Remark 1.5. This paper seems the first to establish estimates of the type in Theorems 1.1
and 1.3 for nonlocal diffusion problems, with or without free boundary.

Remark 1.6. The proofs of Theorems 1.1–1.3 are based on subtle constructions of upper
and lower solutions. These constructions rely on first guessing correctly the order of
growth of the term to be estimated, which is perhaps the most difficult part of this research.
The techniques developed here lay the groundwork for extensions to more general situa-
tions.
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1.3. Organisation of the paper

The rest of the paper is organised as follows. In Section 2, we prove Theorem 1.4, where
subtle analysis is used to find out the relationship between the behaviour of the semi-
wave solution and that of the kernel function. Theorem 1.1 is proved in Section 3, through
careful constructions of upper and lower solutions, based on the estimate obtained in Sec-
tion 2. Section 4 is devoted to the proof of Theorem 1.3, where we completely determine
the growth rate of c0t � h.t/ when J.x/ � jxj� with  in the range .2; 3�; note that the
case  > 3 is already covered by the more general Theorem 1.1. In Section 5, we prove
Theorem 1.2 by giving the exact growth rate of h.t/ when J.x/ � jxj� with  2 .1; 2�.

2. Proof of Theorem 1.4

The purpose of this section is to prove the following two theorems, which imply The-
orem 1.4. For possible applications elsewhere, we prove the results under much less
restrictions on � and f . We assume that f is C 1 and f .1/ D 0 > f 0.1/, and � satis-
fies, for some c > 0,8̂̂̂<̂
ˆ̂:
d

Z 0

�1

J.x�y/�.y/ dy�d�.x/Cc�0.x/Cf .�.x// D 0; �.x/ 2 Œ0; 1�;

�1 < x < 0;

�.�1/ D 1; �0.x/ � 0 for x � �1:

(2.1)

Theorem 2.1. Suppose that the kernel function satisfies .J/ and (J˛) for some ˛ > 1, and
f is C 1 with f .1/ D 0 > f 0.1/. If �.x/ satisfies (2.1) for some c > 0, thenZ �1

�1

Œ1 � �.x/�jxj˛�2 dx <1;

and therefore, by the monotonicity of �.x/ near �1,

0 < 1 � �.x/ � C jxj1�˛ for some C > 0 and all x � �1:

The next result shows that Theorem 2.1 is sharp.

Theorem 2.2. Suppose that f is C 1 with f .1/ D 0 > f 0.1/ and the kernel function
satisfies .J/. If (J˛) is not satisfied for some ˛ > 1, and �.x/ satisfies (2.1) for some
c > 0, then Z �1

�1

Œ1 � �.x/�jxj˛�2 dx D1: (2.2)

The following three lemmas play a crucial role in the proof of Theorem 2.1.

Lemma 2.3. Suppose J.x/ satisfies .J/ and (J˛) for some ˛ � 2, and  2 L1..�1; 0�/
is nonnegative and continuous in .�1; 0�. If  is nondecreasing near �1, and satisfiesZ 0

�1

jxjˇ�1 .x/ dx <1 for some ˇ � 1; (2.3)
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then for any � 2 .0;min ¹ˇ; ˛ � 1º�, there exists C > 0 such that

I D IM WD

Z 0

�M

jxj�
�Z 0

�1

J.x � y/ .y/ dy �  .x/
�

dx 2 Œ�C;C � for all M > 0:

Proof. For fixed M > 0 we haveZ 0

�M

Z 0

�1

jxj�J.x � y/ .y/ dy dx D
Z M

0

Z x

�1

x�J.y/ .y � x/ dy dx

D

Z M

0

Z 0

�1

x�J.y/ .y � x/ dy dx C
Z M

0

Z x

0

x�J.y/ .y � x/ dy dx

D

Z 0

�1

Z M

0

x�J.y/ .y � x/ dx dy C
Z M

0

Z M

y

x�J.y/ .y � x/ dx dy

D

Z 0

�1

Z M�y

�y

.x C y/�J.y/ .�x/ dx dy C
Z M

0

Z M�y

0

.x C y/�J.y/ .�x/ dx dy;

and Z 0

�M

jxj� .x/ dx D
Z

R

Z M

0

x�J.y/ .�x/ dx dy:

Therefore we can write I D
P3
jD1 Ij with

I1 WD

Z 0

�1

Z M�y

�y

Œ.x C y/� � x� �J.y/ .�x/ dx dy

C

Z M

0

Z M�y

0

Œ.x C y/� � x� �J.y/ .�x/ dx dy;

I2 WD

Z 0

�1

Z M�y

M

x�J.y/ .�x/ dx dy �
Z 0

�1

Z �y
0

x�J.y/ .�x/ dx dy;

I3 WD �

Z M

0

Z M

M�y

x�J.y/ .�x/ dx dy �
Z 1
M

Z M

0

x�J.y/ .�x/ dx dy:

To estimate I1 we will make use of some elementary inequalities. If s; t > 0 and
� 2 .0; 1�, then it is easily checked that

.s C t /� � s� � t� : (2.4)

If � D nC � with n � 1 an integer, and � 2 .0; 1�, then by the mean value theorem,

.s C t /� � s� D �.s C �t/��1t � �t.s C t /��1 D �ts��1 C �tŒ.s C t /��1 � s��1�

�

nX
kD1

hk�1Y
jD0

.� � j /
i
tks��k C

hn�1Y
jD0

.� � j /
i
tnŒ.s� C t� / � s� �

�

nX
kD1

hk�1Y
jD0

.� � j /
i
tks��k C

hn�1Y
jD0

.� � j /
i
tnC�

D

nX
kD1

ckt
ks��k C cnC1t

� ;

where � 2 Œ0; 1� and ck D ck.�/ > 0 for k 2 ¹1; : : : ; nC 1º.
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Applying this inequality to .x C y/� � x� with x C y > 0 and x > 0, we obtain, for
the case � > 1,

j.x C y/� � x� j �

nX
kD1

ckjyj
kx��k C cnC1jyj

�

with � � n D � 2 .0; 1� and n � 1 an integer, ck D ck.�/ > 0 for k 2 ¹1; : : : ; nC 1º.
Therefore, in the case � > 1,

jI1j �

Z 0

�1

Z M�y

�y

h nX
kD1

ckjyj
kx��k C cnC1jyj

�
i
J.y/ .�x/ dx dy

C

Z M

0

Z M�y

0

h nX
kD1

ckjyj
kx��k C cnC1jyj

�
i
J.y/ .�x/ dx dy

� 2

nX
kD1

ck

Z 1
0

x��k .�x/ dx
Z 1
0

ykJ.y/ dy

C 2cnC1

Z 1
0

 .�x/ dx
Z 1
0

y�J.y/ dy

DW C1:

Since 1 � k � n < � � min ¹ˇ; ˛ � 1º, by the assumptions on J and  we see that C1 is
a finite number.

If � 2 .0; 1�, then

jI1j �

Z 0

�1

Z M�y

�y

jyj�J.y/ .�x/ dx dy C
Z M

0

Z M�y

0

jyj�J.y/ .�x/ dx dy

� 2

Z 1
0

 .�x/ dx
Z 1
0

y�J.y/ dy DW QC1 <1:

Since  .x/ � 0 is continuous in x � 0 and nondecreasing near �1, from (2.3) we
easily deduce

 .�x/ �M1=x
� for some M1 > 0 and all x > 0:

Due to (J˛) (˛ � 2), we have Z 1
0

yJ.y/ dy <1:

Therefore

jI2j �

Z 0

�1

Z M�y

M

M1J.y/ dx dy C
Z 0

�1

Z �y
0

M1J.y/ dx dy

D 2M1

Z 1
0

yJ.y/ dy DW C2 <1;
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and

jI3j �

Z M

0

M1yJ.y/ dy C
Z 1
M

M1MJ.y/ dy

�M1

Z 1
0

yJ.y/ dy DW C3 <1:

We thus have

jI j � C1 C QC1 C C2 C C3 DW C <1 for all M > 0:

The proof is complete.

Lemma 2.4. Suppose that J.x/ satisfies .J/ and (J˛) for some ˛ 2 .1; 2/. Let  be non-
negative, continuous in .�1; 0�, and nondecreasing near �1. Then there exists C > 0

such that

S D SM WD

Z 0

�M

jxj˛�1
�Z 0

�1

J.x � y/ .y/ dy �  .x/
�

dx � C for all M > 0:

Proof. As in the proof of Lemma 2.3, we deduce for fixed M > 0 and � > �1,Z 0

�M

Z 0

�1

jxj�J.x � y/ .y/ dy dx

D

Z 0

�1

Z M�y

�y

.x C y/�J.y/ .�x/ dx dy C
Z M

0

Z M�y

0

.x C y/�J.y/ .�x/ dx dy:

and Z 0

�M

jxj� .x/ dx D
Z

R

Z M

0

jxj�J.y/ .�x/ dx dy:

Hence S D
P3
iD1
QIi with

QI1 WD

Z 0

�1

Z M�y

�y

Œ.x C y/� � x� �J.y/ .�x/ dx dy

C

Z M

0

Z M�y

0

Œ.x C y/� � x� �J.y/ .�x/ dx dy;

QI2 WD

Z 0

�1

Z M�y

M

x�J.y/ .�x/ dx dy �
Z 0

�1

Z �y
0

x�J.y/ .�x/ dx dy;

QI3 WD �

Z M

0

Z M

M�y

x�J.y/ .�x/ dx dy �
Z 1
M

Z M

0

x�J.y/ .�x/ dx dy:

Take � D ˛ � 2. It is clear that QI3 � 0. For QI1, since � < 0,

.x C y/� � x� < 0 when x > 0 and y > 0;
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and hence, by (J˛) and � C 1 D ˛ � 1 2 .0; 1/,

QI1 �

Z 0

�1

Z M�y

�y

Œ.x C y/� � x� �J.y/ .�x/ dx dy

� k k1

Z 0

�1

Z M�y

�y

Œ.x C y/� � x� �J.y/ dx dy

D
k k1

� C 1

Z 0

�1

ŒM �C1
� .M � y/�C1 C .�y/�C1�J.y/ dy

�
k k1

� C 1

Z 0

�1

.�y/�C1J.y/ dy D
k k1

� C 1

Z 1
0

y�C1J.y/ dy DW C1 <1:

Moreover, by (J˛), � C 1 D ˛ � 1 2 .0; 1/ and (2.4),

QI2 �

Z 0

�1

Z M�y

M

x�J.y/ .�x/ dx dy � k k1

Z 0

�1

Z M�y

M

x�J.y/ dx dy

D
k k1

� C 1

Z 0

�1

Œ.M � y/�C1 �M �C1�J.y/ dy

�
k k1

� C 1

Z 1
0

y�C1J.y/ dy DW C2 <1:

Therefore, S � C1 C C2 WD C <1 for all M > 0. The proof is complete.

Let �.x/ be a solution of (2.1) with some c > 0, and define

 .x/ WD 1 � �.x/; Qf .u/ WD �f .1 � u/.

Then  satisfies8̂̂̂<̂
ˆ̂:
0 D d

Z 0

�1

J.x � y/ .y/ dy � d .x/C d
Z 1
0

J.x � y/ dy

C c 0.x/C Qf . .x// for x < 0;

 .�1/ D 0;  0.x/ � 0 for x � �1:

(2.5)

Since Qf 0.0/ D f 0.1/ < 0, there exist " > 0 sufficiently small and some b > 0 such that

Qf .u/ � �bu for u 2 Œ0; "�:

As  .�1/D 0 and  .x/ � 0 for x < 0, we thus have 0 �  .x/ < " for x��1, and so

Qf . .x// � �b .x/ for x � �1. (2.6)

Lemma 2.5. Suppose .J/ is satisfied, and f is C 1 with f .1/ D 0 > f 0.1/. If (J˛) holds
for some ˛ � 2, then the above defined  satisfiesZ 0

�1

 .x/ dx <1:
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Proof. A simple calculation givesZ 0

�1

J.z �w/ .w/dw� .z/C
Z 1
0

J.z �w/dwD�
Z 0

�1

J.z �w/�.w/dwC�.z/:

Integrating the equation satisfied by  over the interval .x; y/ with x < y � �1, and
making use of (2.6), we obtain

c. .y/ �  .x//C d

Z y

x

�Z 0

�1

J.z � w/ .w/ dw �  .z/C
Z 1
0

J.z � w/ dw
�

dz

D �

Z y

x

Qf . .z// dz � b
Z y

x

 .z/ dz:

We extend � to aC 1 function Q� over R satisfying Q�.x/D 0 for x > 1 and j Q�.x/j � 2k�k1
for x 2 Œ0; 1�. Then, due to (J˛), we haveˇ̌̌̌Z y

x

�Z 0

�1

J.z � w/�.w/ dw � �.z/
�

dz
ˇ̌̌̌

D

ˇ̌̌̌Z y

x

�Z
R
J.z � w/ Q�.w/ dw � Q�.z/

�
dz �

Z y

x

Z 1

0

J.z � w/ Q�.w/ dw dz
ˇ̌̌̌

�

ˇ̌̌̌Z y

x

Z
R
J.w/. Q�.z C w/ � Q�.z// dw dz

ˇ̌̌̌
C 2k�k1

D

ˇ̌̌̌Z y

x

Z
R
J.w/

Z 1

0

w Q�0.z C sw/ ds dw dz
ˇ̌̌̌
C 2k�k1

D

ˇ̌̌̌Z
R
wJ.w/

Z 1

0

Œ Q�.y C sw/ � Q�.x C sw/� ds dw
ˇ̌̌̌
C 2k�k1

� 2k Q�k1

Z
R
jyjJ.y/ dy C 2k�k1 DWM <1:

Thus, for x < y � �1,

b

Z y

x

 .z/ dz � c. .y/ �  .x//C dM � ck k1 C dM;

which implies
R 0
�1

 .z/ dz <1.

Proof of Theorem 2.1. Case 1: ˛ � 2. We want to showZ 0

�1

 .x/jxj˛�2 dx <1:

By Lemma 2.5 we have Z 0

�1

 .x/ dx <1:

So there is nothing to prove if ˛ D 2, and we only need to consider the case ˛ > 2.



Fisher-KPP equation with nonlocal diffusion and free boundaries 1281

Suppose ˛ > 2 andZ 0

�1

jxj�1 .x/ dx <1 for some  � 1: (2.7)

Then by Lemma 2.3, for any ˇ satisfying 0 < ˇ � min ¹; ˛ � 1º,Z 0

�M

�Z 0

�1

J.x � y/ .y/ dy �  .x/
�
jxjˇ dx � C (2.8)

for some C > 0 and all M > 0. Moreover, if we fix M0 > 1 such that (2.6) holds for
x � �M0, then for M > M0 and ˇ as above, we have

b

Z �M0
�M

 .x/jxjˇ dx � �
Z �M0
�M

Qf . .x//jxjˇ dx

D c

Z �M0
�M

 0.x/jxjˇ dx C d
Z �M0
�M

�Z 0

�1

J.x � y/ .y/ dy �  .x/
�
jxjˇ dx

C d

Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx:

By (2.8),

d

Z �M0
�M

�Z 0

�1

J.x � y/ .y/ dy �  .x/
�
jxjˇ dx

� dC � d

Z 0

�M0

�Z 0

�1

J.x � y/ .y/ dy �  .x/
�
jxjˇ dx

DW C1 <1 for all M > M0:

Moreover, if we assume additionally that ˇ � ˛ � 2, then we haveZ �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx

�

Z M

0

Z 1
0

xˇJ.x C y/ dy dx D
Z M

0

Z 1
x

xˇJ.y/ dy dx

�

Z 1
0

Z 1
x

xˇJ.y/ dy dx D
1

ˇ C 1

Z 1
0

yˇC1J.y/ dy DW C2 <1:

Therefore, for ˇ 2 .0;min ¹; ˛ � 2º� and M > M0,

b

Z �M0
�M

 .x/jxjˇ dx � c

Z �M0
�M

 0.x/jxjˇ dx C C1 C dC2

� c

Z M

1

xˇ 0.�x/ dx C C3 � c
Z M

1

x 0.�x/ dx C C3

� c .�1/C c

Z M

1

x�1 .�x/ dx C C3 DW C4 <1 by (2.7).
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It follows that Z 0

�1

Q .x/jxjˇ dx <1: (2.9)

Thus we have proved that (2.7) implies (2.9) for any ˇ 2 .0;min ¹; ˛ � 2º�.
If we write ˛ � 2 D nC � with n � 0 an integer and � 2 .0; 1�, then by the above

conclusion and an induction argument we see that (2.9) holds with ˇ D n. Thus (2.7)
holds for  D nC 1. So applying the above conclusion once more we see that (2.9) holds
for every ˇ 2 .0;min ¹nC 1; ˛ � 2º� D .0; ˛ � 2�, as desired.

Case 2: ˛ 2 .1; 2/. Let ˇ D ˛ � 2. As in Case 1, for M > M0,

b

Z �M0
�M

 .x/jxjˇ dx

� c

Z �M0
�M

 0.x/jxjˇ dx C d
Z �M0
�M

�Z 0

�1

J.x � y/ .y/ dy �  .x/
�
jxjˇ dx

C d

Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx

� c

Z �M0
�M

 0.x/jxjˇ dx C zC1 C d
Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx;

where zC1 > 0 is obtained by making use of Lemma 2.4. By (J˛) and ˇ C 1 D ˛ � 1,Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx �
Z 1
0

Z 1
x

xˇJ.y/ dy dx

D
1

˛ � 1

Z 1
0

y˛�1J.y/ dy DW zC2 <1:

Due to ˇ < 0, we haveZ �M0
�M

 0.x/jxjˇ dx D
Z M

M0

 0.�x/xˇ dx

D  .�M0/M
ˇ
0 �  .�M/M ˇ

C ˇ

Z M

M0

 .�x/xˇ�1 dx

�  .�M0/M
ˇ
0 DW

zC3 <1:

Hence

b

Z �M0
�M

 .x/jxjˇ dx � zC1 C zC2d C c zC3 <1

for all M > M0, which impliesZ �1
�1

 .x/jxj˛�2 dx <1:

The proof is complete.
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Proof of Theorem 2.2. We have

jg. .x//j � L .x/ for some L > 0 and all x < 0:

Now for M > M0 � 1 and ˇ D ˛ � 2,

L

Z �M0
�M

 .x/jxjˇ dx � �
Z �M0
�M

g. .x//jxjˇ dx

D c

Z �M0
�M

 0.x/jxjˇ dx C d
Z �M0
�M

�Z 0

�1

J.x � y/ .y/ dy �  .x/
�
jxjˇ dx

C d

Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx

� �d

Z �M0
�M

 .x/jxjˇ dx C d
Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx

Therefore, with zL WD LC d , we have

zL

Z �M0
�M

 .x/jxjˇ dx

� d

Z �M0
�M

Z 1
0

jxjˇJ.x � y/ dy dx D d
Z M

M0

Z 1
x

xˇJ.y/ dy dx

D d

�Z M

M0

Z 1
M0

�

Z M

M0

Z x

M0

�
xˇJ.y/ dy dx

D
d

ˇ C 1

�Z 1
M0

.M ˇC1
�M

ˇC1
0 /J.y/ dy C

Z M

M0

.yˇC1 �M ˇC1/J.y/ dy
�

�
d

ˇ C 1

�Z M

M0

yˇC1J.y/ dy �M ˇC1
0

Z 1
M0

J.y/ dy
�
!1 as M !1,

since ˇ C 1 D ˛ � 1. Therefore (2.2) holds, as we wanted. �

3. Proof of Theorem 1.1

Let us first observe that it suffices to estimate h.t/ � c0t , since the estimate for
g.t/ C c0t follows by a simple change of the initial function: . Qu.t; x/; Qg.t/; Qh.t// WD
.u.t;�x/;�h.t/;�g.t// is the unique solution of (1.3) with initial function Qu0.x/ WD
u0.�x/.

Theorem 1.1 will follow easily from the following two lemmas and their proofs, where
more general and stronger conclusions are proved.

Lemma 3.1. In Theorem A, if additionally (J˛) holds for some ˛ � 2, and f 0 is locally
Lipschitz in Œ0;1/, then there exists C > 0 such that for t � 0,

h.t/ � c0t � �C

�
1C

Z t

0

.1C x/1�˛ dx C
Z c0

2 t

0

x2J.x/ dx C t
Z 1
c0
2 t

xJ.x/ dx
�
;

where c0 > 0 is given in Theorem B.
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Proof. Let .c0; �c0/ be the unique semi-wave pair in Theorem B. To simplify notations
we will write �c0.x/ D �.x/. By (J˛) (˛ � 2) and Theorem 2.1 there is C > 0 such thatZ 1

0

J.y/y˛�1 dy � C; 0 < 1 � �.x/ �
C

x˛�1
for x < 0: (3.1)

Define´
h.t/ WD c0t C ı.t/; t � 0;

u.t; x/ WD .1 � ".t//Œ�.x � h.t//C �.�x � h.t// � 1�; t � 0; x 2 Œ�h.t/; h.t/�;

where ".t/ WD .t C �/1�˛ and

ı.t/ W D K1 �K2

Z t

0

".�/ d� � 2�
Z t

0

Z � c02 .�C�/
�1

Z 1
0

J.x � y/ dy dx d�;

with � , K1 and K2 large positive constants to be determined.
For any M > 0,Z �M
�1

Z 1
0

J.x � y/ dy dx D
Z 1
M

Z 1
x

J.y/ dy dx

D

Z 1
M

Z y

M

J.y/ dx dy D
Z 1
M

.y �M/J.y/ dy

�

Z 1
M

yJ.y/ dy:

Hence, due to
Z 1
0

yJ.y/ dy <1 (because ˛ � 2), we have

2�

Z t

0

Z � c02 .�C�/
�1

Z 1
0

J.x � y/ dy dx d� � 2�
Z t

0

Z � c02 �
�1

Z 1
0

J.x � y/ dy dx d�

�

�
2�

Z 1
c0
2 �

yJ.y/ dy
�
t �

c0

4
t

provided that � > 0 is large enough, say � � �0.
For any given small "0 > 0, due to �.�1/ D 1 there is K0 D K0."0/ > 0 such that

1 � "0 � �.x/ for x � �K0;

which implies that

�.x � h.t//; �.�x � h.t// 2 Œ1 � "0; 1� for x 2 Œ�h.t/CK0; h.t/ �K0�; (3.2)

where we have assumed h.0/ D K1 > K0.
Clearly

K2

Z t

0

.� C �/1�˛ d� � K2�1�˛t �
c0

4
t
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provided � � .4K2=c0/1=.˛�1/. Therefore

h.t/ �
c0

2
t CK1 �

c0

2
.t C �/ > K0 for all t � 0 (3.3)

provided that

K1 �
c0

2
� and � � max ¹.4K2=c0/1=.˛�1/; �0; 2K0=c0º: (3.4)

Define

"1 WD inf
x2Œ�K0;0�

j�0.x/j > 0:

Then ´
�0.x � h.t// � �"1 for x 2 Œh.t/ �K0; h.t/�;

�0.�x � h.t// � �"1 for x 2 Œ�h.t/;�h.t/CK0�:
(3.5)

Claim 1. For suitably chosen �; K1; K2, we have

h0.t/ � �

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy; t > 0; (3.6)

and

�h0.t/ � ��

Z h.t/

�h.t/

Z �h.t/
�1

J.x � y/u.t; x/ dy; t > 0:

Due to u.t; x/ D u.t;�x/ and J.x/ D J.�x/, we just need to verify (3.6). We calcu-
late

�

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx

D .1 � ".t//�

Z 0

�2h.t/

Z 1
0

J.x � y/�.x/ dy dx

C .1 � ".t//�

Z 0

�2h.t/

Z 1
0

J.x � y/Œ�.�x � 2h.t// � 1� dy dx

D .1 � ".t//c0 � .1 � ".t//�

Z �2h.t/
�1

Z 1
0

J.x � y/�.x/ dy dx

� .1 � ".t//�

Z 0

�2h.t/

Z 1
0

J.x � y/Œ1 � �.�x � 2h.t//� dy dx:

From (3.3), for t � 0,

.1 � ".t//�

Z �2h.t/
�1

Z 1
0

J.x � y/�.x/ dy dx

C .1 � ".t//�

Z �h.t/
�2h.t/

Z 1
0

J.x � y/Œ1 � �.�x � 2h.t//� dy dx

� 2�

Z �h.t/
�1

Z 1
0

J.x � y/ dy dx � 2�
Z � c02 .tC�/
�1

Z 1
0

J.x � y/ dy dx:
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And by (3.1) we have, for t > 0,

.1 � ".t//�

Z 0

�h.t/

Z 1
0

J.x � y/Œ1 � �.�x � 2h.t//� dy dx

� �Œ1 � �.�h.t//�

Z 0

�h.t/

Z 1
0

J.x � y/ dy dx

� �
C

h.t/˛�1

Z 0

�1

Z 1
0

J.x � y/ dy dx

D �
C

h.t/˛�1

Z 1
0

yJ.y/ dy

� �
C 2

.c0=2/˛�1.t C �/˛�1
�

K2 � c0

.t C �/˛�1

if

K2 � c0 C
C 2

.c0=2/˛�1
�: (3.7)

Hence, when �;K1 and K2 are chosen such that (3.4) and (3.7) hold, then

�

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx

� .1 � ".t//c0 � 2�

Z � c02 .tC�/
�1

Z 1
0

J.x � y/�.x/ dy dx �
K2 � c0

.t C �/˛�1

D c0 �K2".t/ � 2�

Z � c02 .tC�/
�1

Z 1
0

J.x � y/�.x/ dy dx

D h0.t/ for all t > 0;

which finishes the proof of (3.6).

Claim 2. With � , K1, K2 chosen such that (3.4) and (3.7) hold, and K2 suitably further
enlarged .see (3.8) below/, �0 � 1 and 0 < "0 � 1, we have, for all t > 0 and x 2
.�h.t/; h.t//,

ut .t; x/ � d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//:

A simple calculation gives

ut D �"
0.t/Œ�.x � h.t//C �.�x � h.t// � 1�

� .1 � ".t//h0.t/Œ�0.x � h.t//C �0.�x � h.t//�

D .˛ � 1/.t C �/�˛Œ�.x � h.t//C �.�x � h.t// � 1�

� .1 � ".t//Œc0 C ı
0.t/�Œ�0.x � h.t//C �0.�x � h.t//�;
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and using the equation satisfied by � we deduce

� .1 � ".t//c0Œ�
0.x � h.t//C �0.�x � h.t//�

D .1 � "/

�
d

Z h.t/

�1

J.x � y/�.y � h.t// dy � d�.x � h.t//

C d

Z 1
�h.t/

J.�x � y/�.�y � h.t// dy � d�.�x � h.t//
�

C .1 � ".t//Œf .�.x � h.t///C f .�.�x � h.t///�

D d

�Z h.t/

�h.t/

J.x � y/u.t; y/ dy � u.t; x/
�

C .1 � ".t//

�
d

Z �h.t/
�1

J.x � y/�.y � h.t// � 1� dy

C d

Z 1
h.t/

J.�x � y/�.�y � h.t// dy � 1� dy
�

C .1 � ".t//Œf .�.x � h.t///C f .�.�x � h.t///�

� d

�Z h.t/

�h.t/

J.x � y/u.t; y/ dy � u.t; x/
�

C .1 � ".t//Œf .�.x � h.t///C f .�.�x � h.t///�:

Hence

ut � d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � u.t; x/C f .u.t; x//C A1.t; x/C A2.t; x/;

where

A1.t; x/ WD .˛ � 1/.t C �/
�˛Œ�.x � h.t//C �.�x � h.t// � 1�;

A2.t; x/ WD �.1 � ".t//ı
0.t/Œ�0.x � h.t//C �0.�x � h.t//�

C .1 � ".t//Œf .�.x � h.t///C f .�.�x � h.t///� � f .u.t; x//:

To finish the proof of Claim 2, it remains to check that

A1.t; x/C A2.t; x/ � 0 for t > 0; x 2 .�h.t/; h.t//:

We next prove this inequality for x in the following three intervals, separately:

I1.t/ WD Œh.t/ �K0; h.t/�;

I2.t/ WD Œ�h.t/;�h.t/CK0�;

I3.t/ WD Œ�h.t/CK0; h.t/ �K0�:

For x 2 I1.t/, by (3.1),

0 � �.�x � h.t// � 1 � �.K0 � 2h.t// � 1 � �.�h.t// � 1 �
�C

h.t/˛�1
:
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Then by .f/,

f .�.�x � h.t/// D f .�.�x � h.t/// � f .1/ � L
C

h.t/˛�1

and

f .u.t; x// � .1 � ".t//f
�
�.x � h.t//C �.�x � h.t// � 1

�
� .1 � ".t//

�
f .�.x � h.t/// � L

C

h.t/˛�1

�
:

Thus from the definition of ı.t/, (3.3) and (3.5), we deduce

A2.t; x/ � .1 � ".t//
�
ı0.t/Œ�0.x � h.t//C �0.�x � h.t//�C f .�.x � h.t///

C f .�.�x � h.t/// � f
�
�.x � h.t//C �.�x � h.t// � 1

��
� .1 � ".t//

�
�ı0.t/"1 C 2L

C

h.t/˛�1

�
� .1 � ".t//

�
�K2.t C �/

1�˛"1 C
2LC

h.t/˛�1

�
� .1 � ".t//.t C �/1�˛Œ�K2"1 C 2LC.2=c0/

˛�1�:

Moreover,

A1.t; x/ � .˛ � 1/.t C �/
�˛
� 2.1 � ".t//.˛ � 1/.t C �/�˛;

where by enlarging �0 we have assumed that ".t/ � �1�˛0 < 1=2. Hence

A1.t; x/C A2.t; x/ � .1 � "/.t C �/
1�˛Œ�K2"1 C 2LC.2=c0/

˛�1
C 2.˛ � 1/��10 �

� 0

if additionally
K2 � "

�1
1 Œ2LC.2=c0/

˛�1
C 2.˛ � 1/��10 �: (3.8)

This proves the desired inequality for x 2 I1.t/.
Since A1.t; x/ C A2.t; x/ is even in x, the desired inequality is also valid for x 2

I2.t/ D �I1.t/. It remains to prove the inequality for x 2 I3.t/.
The case x 2 I3.t/ requires some preparations. Define, for 0 < "� 1,

g.u; v/ WD .1 � "/Œf .u/C f .v/� � f ..1 � "/.uC v � 1//; u; v 2 R:

For u; v 2 Œ0; 1�, we may apply the mean value theorem to the function

�.t/ WD g
�
1C t .u � 1/; 1C t .v � 1/

�
to obtain

�.1/ D �.0/C � 0.�/ for some � 2 Œ0; 1�:

Denote
Qu WD 1C �.u � 1/; Qv WD 1C �.v � 1/:
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Then the above identity is equivalent to

g.u; v/ D g.1; 1/C @ug. Qu; Qv/.u � 1/C @vg. Qu; Qv/.v � 1/

D �f .1 � "/C .1 � "/f 0. Qu/.u � 1/C .1 � "/f 0. Qv/.v � 1/

� .1 � "/f 0
�
.1 � "/. QuC Qv � 1/

�
.u � 1/

� .1 � "/f 0
�
.1 � "/. QuC Qv � 1/

�
.v � 1/:

Note that Qu 2 Œu; 1� and Qv 2 Œv; 1�. Since f 0 is locally Lipschitz, there is C1 such that

jf 0.u/ � f 0.v/j � C1ju � vj for u; v 2 Œ0; 1�:

It follows that

.1 � "/f 0. Qu/.u � 1/ � .1 � "/f 0
�
.1 � "/. QuC Qv � 1/

�
.u � 1/

D .1 � "/
�
f 0. Qu/ � f 0

�
.1 � "/. QuC Qv � 1/

��
.u � 1/

� .1 � "/b1.1 � u/;

where

b1 WD C1j Qu � .1 � "/. QuC Qv � 1/j D C1j" Qu � .1 � "/. Qv � 1/j

� C1."C 1 � v/:

Similarly,

.1 � "/f 0. Qv/.v � 1/ � .1 � "/f 0
�
.1 � "/. QuC Qv � 1/

�
.v � 1/ � .1 � "/b2.1 � v/;

where

b2 WD C1j" Qv � .1 � "/. Qu � 1/j � C1."C 1 � u/:

Thus

g.u; v/ � �f .1 � "/C .1 � "/b1.1 � u/C .1 � "/b2.1 � v/

� �f .1 � "/C C1."C 1 � v/.1 � u/C C1."C 1 � u/.1 � v/

D "Œf 0.1/C o.1/C C1.1 � uC 1 � v/�C 2C1.1 � u/.1 � v/;

where o.1/! 0 as "! 0.
For our discussions below, it is convenient to introduce the notations

p.t; x/ WD 1 � �.x � h.t//; q.t; x/ WD 1 � �.�x � h.t//:

Then by (3.2) we have

p.t; x/; q.t; x/ 2 Œ0; "0� for x 2 I3.t/; t > 0: (3.9)

Moreover, since min ¹x � h.t/;�x � h.t/º � �h.t/ always holds, by (3.1) and (3.3), if
we denote C2 WD C.c0=2/1�˛ , then

p.t; x/q.t; x/ �
C"0

h.t/˛�1
� C2"0".t/ for x 2 I3.t/; t > 0: (3.10)
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Now due to ı0.t/ < 0 and �0 < 0, we have, by (3.9) and (3.10),

A2.t; x/ � g.1 � p; 1 � q/

� ".t/Œf 0.1/C o.1/C C1.p C q/�C 2C1pq

� ".t/Œf 0.1/C o.1/C C3"0� for x 2 I3.t/; t > 0;

with C3 WD 2.C1 C C1C2/: Since

A1.t; x/ � .˛ � 1/.t C �/
�˛
� .˛ � 1/��10 ".t/

and f 0.1/ < 0, we thus obtain

A1 C A2 � ".t/
�
f 0.1/C Œo.1/C C3"0 C .˛ � 1/�

�1
0 �

�
< 0 for x 2 I3.t/; t > 0

provided that �0 is sufficiently large and "0 is sufficiently small. The proof of Claim 2 is
now complete.

Claim 3. There exists t0 > 0 such that´
g.t C t0/ � �h.t/; h.t C t0/ � h.t/ for t � 0;

u.t C t0; x/ � u.t; x/ for t � 0; x 2 Œ�h.t/; h.t/�:
(3.11)

It is clear that

u.t;˙h.t// D .1 � ".t//Œ�.�2h.t// � 1� � 0 for t � 0:

Since spreading happens for .u; g; h/, there exists a large constant t0 > 0 such that

g.t0/ < �K1 D �h.0/ and h.0/ D K1 < h.t0/;

u.t0; x/ � .1 � �
1�˛/ � u.0; x/ for x 2 Œ�h.0/; h.0/�;

which, together with the inequalities proved in Claims 1 and 2, allows us to apply the
comparison principle in [11] to conclude that (3.11) is valid.

Claim 4. There exists C > 0 such that

ı.t/ � �C

�
1C

Z t

0

.1C x/1�˛ dx C
Z c0

2 t

0

x2J.x/ dx C t
Z 1
c0
2 t

xJ.x/ dx
�
:

Clearly Z t

0

".�/ d� D
Z t

0

.x C �/1�˛ dx <
Z t

0

.x C 1/1�˛ dx:

By changing the order of integrations we haveZ t

0

Z � c02 .�C�/
�1

Z 1
0

J.x � y/ dy dx d� �
Z t

0

Z � c02 �
�1

Z 1
0

J.x � y/ dy dx d�

D

Z t

0

Z 1
c0
2 �

h
y �

c0

2
�
i
J.y/ dy d� �

Z t

0

Z 1
c0
2 �

yJ.y/ dy d�

D
c0

2

Z c0
2 t

0

y2J.y/ dy C t
Z 1
c0
2 t

yJ.y/dy:

The desired inequality now follows directly from the definition of ı.t/.



Fisher-KPP equation with nonlocal diffusion and free boundaries 1291

Next we prove an upper bound for h.t/ � c0t . Let us note that we do not need the
condition (J˛) in the following result.

Lemma 3.2. Under the assumptions of Theorem A, if .J1/ holds, and additionally f 0 is
locally Lipschitz in Œ0;1/, then there exists C > 0 such that

h.t/ � c0t � C for all t > 0: (3.12)

Proof. As in the proof of Lemma 3.1, .c0; �c0/ denotes the unique semi-wave pair in
Theorem B, and to simplify notations we write �c0.x/ D �.x/.

For fixed ˇ > 1, and some large constants � > 0 andK1 > 0 to be determined, define´
Nh.t/ WD c0 C ı.t/; t � 0;

u.t; x/ WD .1C ".t//�.x � Nh.t//; t � 0; x � Nh.t/;

where ".t/ WD .t C �/�ˇ and

ı.t/ WD K1 C
c0

1 � ˇ
Œ.t C �/1�ˇ � �1�ˇ �:

By comparing u.t; x/ with a suitable ODE solution, we see that there is a large con-
stant t0 > 0 such that

u.t C t0; x/ � 1C
1
2
".0/ for t � 0; x 2 Œg.t C t0/; h.t C t0/�:

Due to �.�1/ D 1, we may choose sufficiently large K1 > 0 such that h.0/ D K1 >

2h.t0/, �h.0/ D �K1 < 2g.t0/, and also

u.0; x/ D .1C ".0//�.�K1=2/ � 1C
1
2
".0/ � u.t0; x/: (3.13)

for x 2 Œg.t0/; h.t0/�.

Claim 1. We have

Nh0.t/ � �

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy for t > 0:

A direct calculation shows

�

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy � �
Z Nh.t/
�1

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy

D .1C ".t//�

Z 0

�1

Z 1
0

J.x � y/�.x/ dy D .1C ".t//c0 D Nh0.t/;

as desired.

Claim 2. If � > 0 is sufficiently large, then for t > 0 and x 2 .g.t C t0/; h.t//,

ut .t; x/ � d

Z Nh.t/
g.tCt0/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//: (3.14)
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We calculate

ut .t; x/ D �.1C ".t//Œc0 C ı
0.t/��0.x � Nh.t//C "0.t/�.x � h.t//

D �.1C ".t//c0�
0.x � Nh.t// � .1C ".t//ı0.t/�0.x � Nh.t//

� ˇ.t C �/�ˇ�1�.x � h.t//

� d

Z Nh.t/
g.t0Ct/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//C A.t; x/

with

A.t; x/ WD .1C ".t//f .�.x � Nh.t/// � f
�
.1C ".t//�.x � Nh.t//

�
� .1C ".t//ı0.t/�0.x � Nh.t// � ˇ.t C �/�ˇ�1�.x � h.t//:

To prove the claim, we need to show

A.t; x/ � 0 for x 2 Œg.t0 C t /; Nh.t/� and t > 0:

Let "0; "1 and K0 be given as in the proof of Lemma 3.1. For x 2 Œ Nh.t/ �K0; Nh.t/�
and t > 0, by (3.5), we have

A.t; x/ � �.1C "/ı0.t/�0.x � Nh.t// � ˇ.t C �/�ˇ�1�.x � h.t//

D �.1C "/c0.t C �/
�ˇ�0.x � Nh.t// � ˇ.t C �/�ˇ�1�.x � h.t//

� c0.t C �/
�ˇ"1 � ˇ.t C �/

�ˇ�1
� .t C �/�ˇ�1Œc0�"1 � ˇ� � 0

provided � is large enough.
We next estimate A.t; x/ for x 2 Œg.t C t0/; h.t/ �K0�. Define, for 0 < "� 1 and

u; v � 0,

g.u/ WD .1C "/f .u/ � f ..1C "/u/:

Then for u; v 2 Œ0; 1�,

g.u/ D g.1/C g0. Qu/.u � 1/

D �f .1C "/C .1C "/f 0. Qu/.u � 1/ � .1C "/f 0..1C "/ Qu/.u � 1/

D �f .1C "/C .1C "/Œf 0. Qu/ � f 0..1C "/ Qu/�.u � 1/

for some Qu 2 Œu; 1�. Since f 0 is locally Lipschitz, there exists C1 > 0 such that

jf 0.u/ � f 0.v/j � C1ju � vj for u; v 2 Œ0; 2�:

Therefore

g.u/ � �f .1C "/ � .1C "/"C1.1 � u/ � �"f
0.1/C o."/ � 2C1".1 � u/:

By (3.2) we have

�"0 � �.x � Nh.t// � 1 < 0 for x 2 Œg.t0 C t /; h.t/ �K0�; t > 0: (3.15)
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Using (3.2), ı0 > 0, �0 � 0 and ".t/ D .t C �/�ˇ � ��ˇ , we obtain

A.t; x/ � .1C ".t//f .�.x � Nh.t/// � f ..1C "/�.x � Nh.t///

� ˇ.t C �/�ˇ�1�.x � h.t//

D g.�.x � Nh.t// � ˇ.t C �/�ˇ�1�.x � h.t//

� ".t/Œ�f 0.1/C o.1/ � 2"0C1 � ˇ�
�ˇ�1�

> 0 for x 2 Œg.t0 C t /; h.t/ �K0�; t > 0

provided � is large enough and "0 > 0 is small enough, since f 0.1/ < 0. We have now
proved (3.14).

Due to the inequalities proved in Claims 1 and 2, (3.13) and

u.t; g.t C t0// > 0; u.t; Nh.t// D .1C "/�. Nh.t/ � Nh.t// D 0 for t � 0;

we are now able to apply the comparison principle to conclude that

h.t C t0/ � Nh.t/; t � 0;

u.t C t0; x/ � u.t; x/; t � 0; x 2 Œg.t C t0/; h.t/�:

The desired inequality (3.12) follows directly from ı.t/�K1C
c0
ˇ�1

�1�ˇ and h.t C t0/�
Nh.t/. The proof is complete.

Proof of Theorem 1.1. Since ˛ � 3, from the definitions of h.t/ and h.t/ in the proofs of
Lemmas 3.1 and 3.2 it is easily seen that

C0 WD sup
t>0

Œj Nh.t/ � c0t j C jh.t/ � c0t j� <1:

Hence for large fixed � > 0 and all large t , say t � t0,

Œg.t/; h.t/� � Œ�h.t � t0/; h.t � t0/� � Œ�c0t C C; c0t � C � with C WD C0 C c0t0;

and

u.t; x/ � u.t; x/ � .1 � ".t/�Œ�c0.x � c0t C C/C �
c0.�x � c0t C C/ � 1�

for x 2 Œ�c0t C C; c0t � C �, where ".t/ D .t C �/1�˛ . This inequality for u.t; x/ also
holds for x 2 Œg.t/; h.t/� if we assume that �c0.x/ D 0 for x > 0, since when x lies
outside of Œ�c0t C C; c0t � C � the right side is negative.

From the proof of Lemma 3.2 we see that the following analogous inequalities hold:

g.t/ � � Nh.t � t0/; u.t; x/ � .1C ".t//�c0.�x � Nh.t � t0//

for t > t0 and x 2 Œg.t/; h.t/�. We thus have

Œg.t/; h.t/� � Œ� Nh.t � t0/; Nh.t � t0/� � Œ�c0t � C; c0t C C �;
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and

u.t; x/ � u.t; x/ � .1 � ".t//min ¹�c0.x � c0t � C/; �c0.�x � c0t � C/º

for t > t0 and x 2 Œg.t/; h.t/�.
Finally we note that as t !1,´

�c0.�x � c0t ˙ C/! 1 uniformly in Œ0;1/;

�c0.x � c0t ˙ C/! 1 uniformly in .�1; 0�;

and the conclusions for u.t; x/ in Theorem 1.1 thus follow directly.

4. Proof of Theorem 1.3

In this section we determine the growth rate of c0t � h.t/ and c0t C g.t/ when the kernel
function satisfies, for some  2 .2; 3�,

J.x/ � jxj� for jxj � 1: (4.1)

That is, .OJ / holds with  2 .2; 3�. As before, we will only estimate c0t � h.t/, since
the estimate for c0t C g.t/ follows by making the variable change x ! �x in the initial
function.

The upper bound for c0t � h.t/ follows directly from Lemma 3.1, so we only need
to obtain a suitable lower bound. It turns out that the case f 0.0/ � d is more difficult to
treat than the case f 0.0/ < d . Therefore we will consider the case f 0.0/ < d first, and
then handle the more difficult case f 0.0/ � d by appropriate modifications of the proof
for the first case.

4.1. The case f 0.0/ < d

Lemma 4.1. Suppose that the assumptions in Theorem 1.3 are satisfied and f 0.0/ < d .
Then there exists � D �./ > 0 such that for all large t > 0,

c0t � h.t/ �

´
� t3� if  2 .2; 3/;

� ln t if  D 3:
(4.2)

Proof. Let ˇ WD  � 2 2 .0; 1�, and .c0; �/ be the semi-wave pair in Theorem B. Define

".t/ WD K1.t C �/
�ˇ ; ı.t/ WD K2 �K3

Z t

0

".�/ d�

and ´
Nh.t/ WD c0t C ı.t/; t � 0;

u.t; x/ WD .1C ".t//�.x � Nh.t//C �.t; x/; t � 0; x � Nh.t/;
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where
�.t; x/ WD K4�.x � h.t//".t/;

with � 2 C 2.R/ satisfying

0 � �.x/ � 1; �.x/ D 1 for jxj < Q"; �.x/ D 0 for jxj > 2Q"; (4.3)

and the positive constants � , K1; K2; K3; K4, Q" are to be determined.
We are going to show that it is possible to choose these constants and some t0 > 0

such that

ut � d

Z Nh.t/
g.tCt0/

J.x � y/u.t; y/ dy � uC f .u/ for t > 0; x 2 .g.t C t0/; h.t//;

(4.4)

Nh0.t/ � �

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy for t > 0; (4.5)

u.t; g.t C t0// � 0; u.t; Nh.t// � 0 for t � 0; (4.6)

u.0; x/ � u.t0; x/; h.0/ � h.t0/ for x 2 Œg.t0/; h.t0/�: (4.7)

If these inequalities are proved, then by the comparison principle, we obtain

h.t/ � h.t C t0/; u.t; x/ � u.t C t0; x/ for t > 0; x 2 Œg.t C t0/; h.t C t0/�;

and the desired inequality for c0t � h.t/ follows easily from the definition of h.t/.
Therefore, to complete the proof, it suffices to prove the above inequalities. We divide

the arguments below into several steps.
Firstly, by Theorem A, there is C1 > 1 such that

�g.t/; h.t/ � .c0 C 1/t C C1 for t � 0: (4.8)

Let us also note that (4.6) holds trivially.

Step 1. Choose t0 D t0.�/ and K2 D K2.�/ so that (4.7) holds.
For later analysis, we need to find t0 D t0.�/ andK2 D K2.�/ so that (4.7) holds and

at the same time they grow slower than linearly in � .
Since f 0.1/ < 0, there exists small "� > 0 such that for any k 2 .0; "��,

f .1C k/ �
f 0.1/

2
k < 0 < �

f 0.1/

2
k � f .1 � k/:

It follows that, for Q� WD f 0.1/=2,

w.t/ D 1C "�e
Q�t ; w.t/ D 1 � "�e

Q�t

are a pair of upper and lower solutions of the ODE w0 D f .w/ with initial data w.0/ 2
Œ1 � "�; 1C "��. By .f/, the unique solution of the ODE

W 0 D F.W /; W.0/ D ku0k1
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satisfies limt!1W.t/ D 1. Hence there exists t� > 0 such that

W.t�/ 2 Œ1 � "�; 1C "��:

Using the above defined upper solution w.t/ we obtain

W.t C t�/ � 1C "�e
Q�t for t � 0:

By the comparison principle we deduce

u.t C t�; x/ � W.t C t�/ � 1C "�e
Q�t for t � 0; x 2 Œg.t C t�/; h.t C t�/�:

Hence
u.t0; x/ � 1C ".0/=2 for x 2 Œg.t0/; h.t0/�

provided that

t0 D t0.�/ WD
ˇ

j Q� j
ln � C

ln.2Q"�=K1/
j Q� j

C t�:

By (4.1), for any fixed !� 2 .ˇ;  � 1/, we haveZ
R
J.x/jxj!� dx <1:

Then by Theorem 1.4, there is C2 such that

1 � �.x/ � C2=jxj
!� for x � �1:

Hence, for K > 1 we have

.1C ".0//�.�K/ � .1C ".0/=2/ � .1C ".0//Œ1 � C2K
�!� � � .1C ".0/=2/

D K1�
�ˇ=2 � C2K

�!�.1CK1�
�ˇ / � 0

provided that

K!� � 2C2 C
2C2

K1
�ˇ :

Therefore, for all K1 2 .0; 1�, � � 1 and K � .4C2=K1/1=!��ˇ=!� , we have

.1C ".0//�.�K/ � .1C ".0/=2/ � 0:

Now define

K2.�/ WD 2max ¹.4C2=K1/1=!��ˇ=!� ; .c0 C 1/t0.�/C C1º: (4.9)

Then for K2 D K2.�/ we have

h.0/ D K2 > K2=2 � .c0 C 1/t0 C C1 � h.t0/;

and for x 2 Œg.t0/; h.t0/�,

u.0; x/ D .1C ".0//�.x �K2/ � .1C ".0//�.�K2=2/ � 1C ".0/=2:

Thus (4.7) holds if t0 and K2 are chosen as above, for any � � 1, K1 2 .0; 1�.
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Step 2. We verify that (4.5) holds if � , K1; K3 and K4 are chosen suitably.
Denote

C3 WD �

Z 0

�1

Z 1
0

J.x � y/ dy dx D �
Z 1
0

J.y/y dy: (4.10)

A direct calculation shows, writing ".t/ D ",

�

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx

D �

Z Nh.t/
�1

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx � �
Z g.tCt0/

�1

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx

D �

Z 0

�1

Z 1
0

J.x � y/Œ.1C "/�.x/C �.t; x C h.t//� dy dx

� �

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/Œ.1C "/�.x/C �.t; x C h.t//� dy dx

� .1C "/c0 C C3K4" � �

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/.1C "/�.x/ dy dx

� .1C "/c0 C C3K4" � �

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/�.x/ dy dx:

By elementary calculus, for any k > 1,Z �k
�1

Z 1
0

1

jx � yj2Cˇ
dy dx D

Z �k
�1

Z 1
�x

1

y2Cˇ
dy dx D ˇ�1.1C ˇ/�1k�ˇ : (4.11)

Due to (4.1) and (4.8), there exists C4 > 0 such that

�

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/�.x/ dy dx

� C4�.g.t C t0/ � Nh.t//

Z g.tCt0/� Nh.t/

�1

Z 1
0

1

jx � yj2Cˇ
dy dx

� ��C4

Z g.tCt0/� Nh.t/

�1

Z 1
0

1

jx � yj2Cˇ
dy dx D

��C4

ˇ.1C ˇ/
.jg.t C t0/j C Nh.t//

�ˇ

�
��C4

ˇ.1C ˇ/
Œ.c0 C 1/.t C t0/C C1 C c0t CK2�

�ˇ

D
��C4

ˇ.1C ˇ/.2c0 C 1/ˇ

�
t C

.c0 C 1/t0 C C1 CK2

.2c0 C 1/

��ˇ
; (4.12)

where �� WD �.�1/ � �.�K2/ � �.g.t C t0/ � Nh.t//. Therefore, for all � > 0 so large
that

� >
.c0 C 1/t0 C C1 CK2

.2c0 C 1/
; (4.13)
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which is possible since t0.�/ and K2.�/ grow slower than linearly in � , we have

�

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx

� .1C ".t//c0 C C3K4".t/ �
��C4

ˇ.1C ˇ/.2c0 C 1/ˇ
.t C �/�ˇ

D c0 C ".t/

�
c0 C C3K4 �

��C4

K1ˇ.1C ˇ/.2c0 C 1/ˇ

�
� c0 �K3".t/ D h

0.t/

provided that K1; K3 and K4 are small enough that

K1.c0 C C3K4 CK3/ �
��C4

ˇ.1C ˇ/.2c0 C 1/ˇ
: (4.14)

Therefore (4.5) holds if we first fixK1;K3;K4 small so that (4.14) holds, and then choose
� large such that (4.13) is satisfied.

Step 3. We show that (4.4) holds when K3 and K4 are chosen suitably small and � is
large.

We have

ut .t; x/ D �.1C ".t//Œc0 C ı
0.t/��0.x � Nh.t//C "0.t/�.x � h.t//C �t .t; x/;

and, writing ".t/ D " to simplify the notation,

�.1C "/c0�
0.x � Nh.t//

D .1C"/

�
d

Z Nh.t/
�1

J.x�y/�.y� Nh.t// dy�d�.x� Nh.t//Cf .�.x� Nh.t///
�

D d

Z Nh.t/
�1

J.x�y/Œu.t; y/��.t; y/� dy�dŒu.t; x/��.t; x/�C.1C"/f .�.x� Nh.t///

� d

Z Nh.t/
g.tCt0/

J.x�y/u.t; y/ dy�du.t; x/Cf .u.t; x//

Cd

�
�.t; x/�

Z Nh.t/
�1

J.x�y/�.t; y/ dy
�
C.1C"/f .�.x� Nh.t///�f .u.t; x//:

Hence

ut .t; x/ � d

Z Nh.t/
g.tCt0/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//C A.t; x/

with

A.t; x/ WD d

�
�.t; x/�

Z Nh.t/
�1

J.x�y/�.t; y/ dy
�
C.1C"/f .�.x� Nh.t///�f .u.t; x//

�.1C"/ı0.t/�0.x� Nh.t//C"0.t/�.x�h.t//C�t .t; x/:
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Therefore to complete this step, it suffices to show that we can chooseK3;K4 and � such
that A.t; x/ � 0. We will do that for x 2 Œ Nh.t/� Q"; Nh.t/� and for x 2 Œg.t0 C t /; Nh.t/� Q"�
separately.

Claim 1. If Q" > 0 in (4.3) is sufficiently small and � is sufficiently large, then�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�
C .1C "/f .�.x � Nh.t/// � f .u.t; x//

�
d � f 0.0/

2
�.t; x/ > 0 for x 2 Œ Nh.t/ � Q"; Nh.t/�: (4.15)

We have, for x 2 Œ Nh.t/ � Q"; Nh.t/�,

d

�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�

D K4".t/

�
d � d

Z 0

�1

J.x � Nh.t/ � y/�.y/ dy
�

� K4".t/

�
d � d

Z 0

�2Q"

J.x � Nh.t/ � y/ dy
�
D K4".t/

�
d � d

Z Nh.t/�x
Nh.t/�x�2Q"

J.y/ dy
�

� K4".t/

�
d � d

Z Q"
�2Q"

J.y/ dy
�
� K4".t/

�
d �

d � f 0.0/

4

�
D

�
d �

d � f 0.0/

4

�
�.t; x/

provided Q" 2 .0; "1� for some small "1 > 0.
On the other hand, for x 2 Œ Nh.t/ � Q"; Nh.t/�, by .f/ we obtain

.1C "/f .�.x � Nh.t/// � f .u.t; x// � f ..1C "/�.x � Nh.t/// � f .u.t; x//

D f .u.t; x/ � �.t; x// � f .u.t; x//;

and due to 0 < K4 � 1,

0 � u.t; x/ � .1C "/�.Q"/CK4" � 2�.Q"/C �
�ˇ :

So u.t; x/ and �.t; x/ are small for small Q" and large � . It follows that

f .u.t; x/ � �.t; x// � f .u.t; x// D ��.t; x/Œf 0.u.t; x//C o.1/�

D ��.t; x/Œf 0.0/C o.1/� � �

�
f 0.0/C

d � f 0.0/

4

�
�.t; x/

for x 2 Œ Nh.t/ � Q"; Nh.t/� provided that Q" is small and � is large. Hence, (4.15) holds.
Denote

M WD sup
x�0

j�0.x/j:



Y. Du, W. Ni 1300

For x 2 Œ Nh.t/ � Q"; Nh.t/�, by (4.15) we have

A.t; x/ �
d �f 0.0/

2
�.t; x/� .1C ".t//ı0.t/�0.x� Nh.t//C "0.t/�.x� h.t//C �t .t; x/

� ".t/

�
d �f 0.0/

2
K4� 2K3M �ˇ.t C �/

�1
�K4ˇ.t C �/

�1

�
� ".t/

�
d �f 0.0/

2
K4� 2K3M � �

�1ˇ
�
1CK4

��
� 0

provided that we first fix K3 and K4 so that (4.14) holds and at the same time

d � f 0.0/

2
K4 � 2K3M > 0; (4.16)

and then choose � sufficiently large.
Next, for fixed small Q" > 0, we estimate A.t; x/ for x 2 Œg.t C t0/; Nh.t/ � Q"�.

Claim 2. For any given 1� � > 0, there is c1 D c1.�/ such that

.1C "/f .v/ � f ..1C "/v/ � c1" for v 2 Œ�; 1� and 0 < "� 1: (4.17)

Indeed, by (1.10) there exists c1 > 0 depending on � such that

f .v/ � vf 0.v/ � 2c1 for v 2 Œ�; 1�:

Since

lim
"!0

.1C "/f .v/ � f ..1C "/v/

"
D f .v/ � vf 0.v/ � 2c1

uniformly for v 2 Œ�; 1�, there exists "0 > 0 so small that

.1C "/f .v/ � f ..1C "/v/

"
� c1

for v 2 Œ�; 1� and " 2 .0; "0�. This proves Claim 2.
By Claim 2 and f 2 C 1, there is a positive constant Cf such that, for vD �.x � Nh.t//

2 Œ�.�Q"/; 1�,

.1C "/f .v/ � f ..1C "/v C �/

D .1C "/f .v/ � f ..1C "/v/C f ..1C "/v/ � f ..1C "/v C �/

� c1" � CfK4"

when " D ".t/ is small.
We also have

d

�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�
� �d

Z Nh.t/
�1

J.x � y/�.t; y/ dy � �dK4".t/;
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and

�t .t; x/ D ��
0 Nh0K4".t/C �K4"

0.t/ � ���K4".t/ �K4ˇ.t C �/
�1".t/

� �.�� C ˇ�
�1/K4".t/

with �� WD c0 maxx2R j�
0.x/j.

Using these we obtain, for x 2 Œg.t0 C t /; Nh.t/ � Q"�,

A.t; x/ � �dK4".t/C.1C"/f .�.x� Nh.t///�f . Nu.t; x//C2Mı0.t/C"0.t/C�t .t; x/

� ".t/Œc1�K4.Cf Cd/�2MK3�ˇ.tC�/
�1
�.��Cˇ�

�1/K4�

� ".t/Œc1�K4.Cf Cd/�2MK3���K4�ˇ�
�1.1CK4/� � 0

provided that we first choose K3 and K4 so small that

c1 �K4.Cf C d/ � 2MK3 � ��K4 > 0

while keeping both (4.14) and (4.16), and then choose � > 0 sufficiently large.
Therefore, (4.4) holds when K3; K4 and � are chosen as above. The proof of the

lemma is now complete.

4.2. The case f 0.0/ � d

Lemma 4.2. In Lemma 4.1, if f 0.0/ � d , then (4.2) still holds.

Proof. This is a modification of the proof of Lemma 4.1, where in the definition of Nu, we
add a new term �.t/ and change �.t; x/ to ��.t; x/; see the details below.

We will use similar notations. Let ˇD  � 22 .0;1�, and for fixed Q"> 0, let � 2C 2.R/
satisfy

0 � �.x/ � 1; �.x/ D 1 for jxj < Q"; �.x/ D 0 for jxj > 2Q":

Define ´
Nh.t/ WD c0t C ı.t/; t � 0;

u.t; x/ WD .1C ".t//�
�
x � Nh.t/ � �.t/

�
� �.t; x/; t � 0; x � Nh.t/;

where

".t/ WD K1.t C �/
�ˇ ; ı.t/ WD K2 �K3

Z t

0

".�/ d�;

�.t; x/ WD K4�.x � Nh.t//".t/; �.t/ WD K5".t/;

and the positive constants � , Q" and K1; K2; K3; K4; K5 are to be determined.
Let

CQ" WD min
x2Œ�2Q";0�

j�0.x/j:

Then for x 2 Œ Nh.t/ � 2Q"; Nh.t/�,

Nu.t; x/ � �.��.t// � �.t; x/ � CQ"�.t/ �K4".t/ � ".t/.CQ"K5 �K4/ > 0
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if
K4 D CQ"K5=2; (4.18)

which combined with �.x/ D 0 for jxj � 2Q" implies

u.t; x/ � 0 for t � 0; x � Nh.t/: (4.19)

Let t0 D t0.�/ and K2 D K2.�/ be given by Step 1 in the proof of Lemma 4.1. Then
Œg.t0/; h.t0/�� .�1;K2=2/, and due to �.0;x/D 0 for x � h.t0/ < K2=2 < K2 D Nh.0/,
we have

u.0; x/ D .1C ".0//�.x �K2 � �.0// � .1C ".0//�.�K2=2/

� 1C ".0/=2 � u.t0; x/ for x 2 Œg.t0/; h.t0/�: (4.20)

Step 1. We verify that by choosing K1; K3 and K5 suitably small,

Nh0.t/ � �

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx for all t > 0: (4.21)

By direct calculations we have

�

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx

� �

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/.1C "/�.x � Nh.t/ � �.t// dy dx

D .1C "/�

Z 0

�1

Z 1
0

J.x � y/�.x � �.t// dy dx

� .1C "/�

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/�.x � �.t// dy dx

� .1C "/c0 C .1C "/�

Z 0

�1

Z 1
0

J.x � y/Œ�.x � �.t// � �.x/� dy dx

� .1C "/�

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/�.x/ dy dx:

Let M1 WD supx�0 j�
0.x/j and C3 be given by (4.10). Then

.1C "/�

Z 0

�1

Z 1
0

J.x � y/Œ�.x � �.t// � �.x/� dy dx � 2C3M1�.t/:

By (4.12),

�

Z g.tCt0/� Nh.t/

�1

Z 1
0

J.x � y/�.x/ dy dx

�
��C4

ˇ.1C ˇ/.2c0 C 1/ˇ

�
t C

.c0 C 1/t0 C C1 CK2

.2c0 C 1/

��ˇ
:
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Therefore, as in the proof of Lemma 4.1, for � so large that

� >
.c0 C 1/t0 C C1 CK2

.2c0 C 1/
: (4.22)

we have

�

Z Nh.t/
g.tCt0/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx

� .1C "/c0 C 2C3M1�.t/ �
��C4

ˇ.1C ˇ/.2c0 C 1/ˇ
.t C �/�ˇ

D c0 C ".t/

�
c0 C 2C3M1K5 �

��C4

K1ˇ.1C ˇ/.2c0 C 1/ˇ

�
� c0 �K3".t/ D Nh

0.t/

provided that K1; K3 and K5 are suitably small so that

K1.c0 C 2C3M1K5 CK3/ �
��C4

ˇ.1C ˇ/.2c0 C 1/ˇ
: (4.23)

Step 2. We show that by choosingK3;K5 suitably small and � sufficiently large, for t > 0
and x 2 Œg.t C t0/; Nh.t/�,

ut .t; x/ � d

Z Nh.t/
g.tCt0/

J.x � y/u.t; y/ dy � u.t; x/C f .u.t; x//: (4.24)

Using the definition of u, we have

ut .t; x/ D �.1C "/. Nh
0
C �0/�0.x � Nh � �/C "0�.x � Nh � �/ � �t

D �.1C "/Œc0 C ı
0
C �0��0.x � Nh � �/C "0�.x � Nh � �/ � �t

and

�.1C "/c0�
0.x � Nh � �/

D .1C "/

�
d

Z NhC�
�1

J.x � y/�.y � Nh � �/ dy � d�.x � Nh � �/C f .�.x � Nh � �//
�

� .1C "/

�
d

Z Nh
�1

J.x � y/�.y � Nh � �/ dy � d�.x � Nh � �/C f .�.x � Nh � �//
�

D d

Z Nh
�1

J.x � y/Œu.t; y/C �� dy � dŒu.t; x/C ��C .1C "/f .�.x � Nh � �//

D

Z Nh.t/
�1

J.x � y/u.t; y/ dy � du.t; x/

� d

�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�
C .1C "/f .�.x � Nh � �//
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� d

Z Nh.t/
g.tCt0/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//

� d

�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�
C .1C "/f .�.x � Nh � �// � f .u.t; x//:

Hence

ut .t; x/ � d

Z Nh.t/
g.tCt0/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//C B.t; x/

with

B.t; x/ WD �d

�
�.t; x/ �

Z Nh
�1

J.x � y/�.t; y/ dy
�

C .1C "/f .�.x � Nh � �// � f .u.t; x//

� .1C "/.ı0 C �0/�0.x � Nh � �/C "0�.x � h � �/ � �t :

To show (4.24), it remains to choose suitableK3;K5 and � such that B.t; x/� 0 for t > 0
and x 2 Œg.t C t0/; Nh.t/�.

Claim. There exist small Q"0 2 .0; Q"=2/ and some QJ0 > 0 depending on Q" but independent
of Q"0 such that

�d

�
�.t; x/ �

Z Nh
�1

J.x � y/�.t; y/ dy
�
C .1C "/f .�.x � Nh � �// � f .u.t; x//

� QJ0 �.t; x/ for x 2 Œ Nh.t/ � Q"0; Nh.t/�: (4.25)

Indeed, for x 2 Œ Nh.t/ � Q"0; Nh.t/�,

d

�
�.t; x/�

Z Nh.t/
�1

J.x � y/�.t; y/dy
�
DK2".t/

�
d � d

Z Nh.t/
�1

J.x � y/�.y � Nh.t//dy
�

� K2".t/

�
d � d

Z Nh.t/
Nh.t/�Q"

J.x � y/ dy
�
D K2".t/

�
d � d

Z Nh.t/�x
Nh.t/�Q"�x

J.x � y/ dy
�

� d�

�
1 �

Z 0

�Q"CQ"0

J.y/ dy
�
� d�

�
1 �

Z 0

�Q"=2

J.y/ dy
�
:

On the other hand, for x 2 Œ Nh.t/ � Q"0; Nh.t/�, we have

.1C "/f .�.x � Nh � �/ � f .u/ � f ..1C "/�.x � Nh � �// � f .u/

D f .uC �/ � f .u/ D �.f 0.u/C o.1// D .f 0.0/C o.1//�

since both u.t; x/ and �.t; x/ are close to 0 for x 2 Œ Nh.t/ � Q"0; Nh.t/� with Q"0 small.
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Hence, for such x and Q"0, since f 0.0/ � d ,

�d

�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�
C .1C "/f .�.x � Nh.t/// � f .u.t; x//

� d�

�
�1C

Z 0

�Q"=2

J.y/ dy
�
C f 0.0/�C o.1/�

� QJ0 �.t; x/ with QJ0 WD
d

2

Z 0

�Q"=2

J.y/ dy:

This proves (4.25).
Clearly

��t .t; x/ D ˇK4K1.t C �/
�ˇ�1

� 0:

Denoting M1 WD supx�0 j�
0.x/j, we obtain, for x 2 Œ Nh.t/ � Q"0; Nh.t/� and small Q"0,

B.t; x/ � QJ0K2".t/C 2.ı
0.t/C �0.t//M1 C "

0.t/

D QJ0K2".t/C 2".t/.�K3 �K5ˇ.t C �/
�1/M1 � ˇ.t C �/

�1".t/

� ".t/Œ QJ0K2 � 2.K3 CK5ˇ�
�1/M1 � ˇ�

�1�

D ".t/Œ QJ0K2 � 2K3M1 � �
�1.K5ˇM1 C ˇ/� � 0

provided that K3 is chosen so small that (4.23) holds, and

QJ0K2 � 2K3M1 > 0; (4.26)

and � is chosen sufficiently large.3

We next estimate B.t; x/ for x 2 Œg.t C t0/; Nh.t/ � Q"0�. From Claim 2 in the proof of
Lemma 4.1, and the Lipschitz continuity of f , there exist positive constants Cl D Cl .Q"0/
and Cf such that, for v D �.x � Nh.t � �.t/// 2 Œ�.�Q"0/; 1�,

.1C "/f .v/ � f ..1C "/v � �/

D .1C "/f .v/ � f ..1C "/v/C f ..1C "/v/ � f ..1C "/v � �/

� Cl" � Cf � � Cl" � CfK4"

when " D ".t/ is small. Hence

.1C ".t//f .�.x � Nh.t/ � �.t/// � f . Nu.t; x//

� Cl".t/ � CfK4".t/ for x 2 Œg.t C t0/; Nh.t/ � Q"0�; 0 < Q"0 � 1:

Clearly,

�d

�
�.t; x/ �

Z Nh.t/
�1

J.x � y/�.t; y/ dy
�
� �dK4".t/;

3In fact, by the choice of K2 D K2.�/ in (4.9), for fixed K3, (4.26) always holds for large
enough � .
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and

�t .t; x/ D �K4�
0 Nh0.t/".t/CK4�"

0.t/ � ��K4".t/

with �� WD c0 maxx2R j�
0.x/j.

We thus obtain, for x 2 Œg.t C t0/; Nh.t/ � Q"0� and 0 < Q"0 � 1,

B.t; x/ � �K4".t/d C .1C "/f .�.x � Nh// � f .u/C 2M1.ı
0
C �0/C "0 � �t

� Cl".t/ �K4".t/.d C Cf C ��/C 2M1Œ�K3".t/CK5"
0.t/�C "0.t/

� ".t/ŒCl �K4.d C Cf C ��/ � 2M1.K3 CK5ˇ.t C �/
�1/ � ˇ.t C �/�1�

� ".t/ŒCl �K4.d C Cf C ��/ � 2M1K3 � �
�1ˇ.2M1K5 C 1/� � 0

if we choose K3 and K5 so small that (4.23) and (4.26) hold and at the same time, due to
(4.18),

Cl �K4.d C Cf C ��/ � 2M1K3 > 0;

and then choose � sufficiently large. Hence, (4.24) is satisfied if K3 and K5 are chosen
small as above, and � is sufficiently large.

From (4.19), we have

u.t; g.t C t0// � 0; u.t; Nh.t// � 0 for t � 0:

Together with (4.20), (4.21) and (4.24), this enables us to use the comparison principle to
conclude that

h.t C t0/ � Nh.t/; u.t C t0; x/ � u.t; x/ for t � 0; x 2 Œg.t C t0/; h.t/�;

which implies (4.2). The proof of the lemma is now complete.

4.3. Proof of Theorem 1.3

By Lemma 3.1 and then by (4.1), there exists C0 > 0 such that

h.t/ � c0t � �C

�
1C

Z t

0

.1C x/1� dx C
Z c0

2 t

0

x2J.x/ dx C t
Z 1
c0
2 t

xJ.x/ dx
�

� �C

�
1C

1

 � 2
C

Z 1

0

J.x/ dx C C0

Z c0
2 t

1

x2� dx C C0t
Z 1
c0
2 t

x1� dx
�
:

Therefore when  2 .2; 3/ we have

h.t/ � c0t � �C Œ QC C ln.t C 1/C QC1t3� � � � OC1t3� for all t � 1

and some OC1; QC ; QC1 > 0, and when  D 3,

h.t/ � c0t � � OC2 ln t for all t � 1 and some OC2 > 0.

These combined with Lemmas 4.1 and 4.2 yield the conclusion of Theorem 1.3.
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5. Proof of Theorem 1.2

Throughout this section, we assume that J satisfies .J/ and .OJ / for some  2 .1; 2�. So
there exist positive constants C1 and C2 such that

C1

jxj C 1
� J.x/ �

C2

jxj C 1
for x 2 R and some  2 .1; 2�: (5.1)

Clearly now (J1) is not satisfied.
The purpose of this section is to prove Theorem 1.2, and as before we will only prove

the estimate for h.t/, since that for g.t/ follows by the change of variable x ! �x.
Theorem 1.2 will follow directly from the lemmas in Sections 5.1 and 5.2 below.

5.1. Upper bound

This is the easy part of the proof.

Lemma 5.1. Assume that .J/ and .f/ hold. If spreading happens, and (5.1) is satisfied,
then there exists C D C./ > 0 such that

h.t/ �

´
Ct1=.�1/ if  2 .1; 2/;

C t ln t if  D 2:
(5.2)

Proof. Define, for t � 0,

Nh.t/ WD

´
.Kt C �/1=.�1/ if  2 .1; 2�;

.Kt C �/ ln.Kt C �/ if  D 2;

u.t; x/ D u WD max ¹ku0k1; 1º; x 2 Œ� Nh.t/; Nh.t/�;

with positive constants � and K to be determined.
We start by showing

Nh0.t/ � �

Z Nh.t/
� Nh.t/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx for t > 0; (5.3)

and

� Nh0.t/ � ��

Z Nh.t/
� Nh.t/

Z � Nh.t/
�1

J.x � y/ Nu.t; x/ dy dx for t > 0:

Since u.t; x/ D u.t;�x/ and J.x/ D J.�x/, it suffices to prove (5.3).
By simple calculations and (5.1), for any k > 1,Z 0

�k

Z 1
0

J.x � y/ dy dx D
Z k

0

Z 1
x

J.y/ dy dx D
Z k

0

J.y/y dy C �k
Z 1
k

J.y/ dy

�

Z k

0

C2y

y C 1
dy C k

Z 1
k

C2

y C 1
dy �

Z 1

0

C2 dy C
Z k

1

C2y

y
dy C k

Z 1
k

C2

y
dy;
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and soZ 0

�k

Z 1
0

J.x � y/ dy dx �

´
C2 C

C2
2�

.k2� � 1/C C2k
2�

�1
if  2 .1; 2/;

2C2 C C2 ln k if  D 2:
(5.4)

Clearly Z Nh.t/
� Nh.t/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx D Nu
Z 0

�2 Nh.t/

Z 1
0

J.x � y/ dy dx:

Hence for 1 <  < 2, by (5.4),

�

Z Nh.t/
� Nh.t/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx

� � Nu

�
C2 C 2

2�

�
C2

2 � 
C

C2

 � 1

�
.Kt C �/.2�/=.�1/

�
�

K

 � 1
.Kt C �/.2�/=.�1/ D Nh0.t/

provided that K > 0 is large enough. And for  D 2,

�

Z Nh.t/
� Nh.t/

Z 1
Nh.t/

J.x � y/ Nu.t; x/ dy dx � � Nu
�
2C2 C C2 lnŒ2.Kt C �/ ln.Kt C �/�

�
� � Nu

�
2C2 C C2 ln 2.Kt C �/C C2 lnŒln.Kt C �/�

�
� K ln.Kt C �/CK D Nh0.t/

if K � 1. This finishes the proof of (5.3).
Since u � 1 is a constant, we have, for t > 0, x 2 Œ� Nh.t/; Nh.t/�,

ut .t; x/ � 0 � d

Z Nh.t/
� Nh.t/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//: (5.5)

Moreover, Nh.0/ � h0 for large � , and obviously

u.t;˙ Nh.t// � 0 for t � 0;

u.0; x/ � u.0; x/ for x 2 Œ�h0; h0�:

Hence we can apply the comparison principle to conclude that

Œg.t C t0/; h.t C t0/� � Œ� Nh.t/; Nh.t/�; t � 0;

u.t C t0; x/ � u.t; x/; t � 0; x 2 Œg.t C t0/; h.t C t0/�:

Thus (5.2) holds.

5.2. Lower bound

We will consider the cases  2 .1; 2/ and  D 2 separately.
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5.2.1. The case  2 .1; 2/. We start with a result from [20].

Lemma 5.2 ([20, (2.11)]). If J satisfies (J), then for any " > 0, there is L" > 0 such that
for all l > L", the function  l .x/ WD l � jxj satisfiesZ l

�l

J.x � y/ l .y/ dy � .1 � "/ l .x/ in Œ�l; l �: (5.6)

Lemma 5.3. Assume that the conditions in Theorem 1.2 are satisfied and  2 .1; 2/. Then
there exists C D C./ > 0 such that

h.t/ � Ct1=.�1/ for t � 1: (5.7)

Proof. Define

h.t/ WD .K1t C �/
1=.�1/; t � 0;

u.t; x/ WD K2
h.t/ � jxj

h.t/
; t � 0; x 2 Œ�h.t/; h.t/�;

with positive constants � and K1; K2 to be determined.

Step 1. We show that, for large K1,

h0.t/ � �

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx for t > 0: (5.8)

By simple calculations and (5.1), we obtain

�

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx � �K2

Z h.t/

0

Z 1
h.t/

J.x � y/
h.t/ � x

h.t/
dy dx

D
�K2

h.t/

Z 0

�h.t/

Z 1
0

J.x � y/.�x/ dy dx D
�K2

h.t/

Z h.t/

0

Z 1
x

J.y/x dy dx

D
�K2

h.t/

�Z h.t/

0

Z y

0

C

Z 1
h.t/

Z h.t/

0

�
J.y/x dx dy �

�K2

2h.t/

Z h.t/

0

J.y/y2 dy

�
�K2C1

2h.t/

Z h.t/

0

y2

y C 1
dy �

�K2C1

4h.t/

Z h.t/

1

y2� dy �
�K2C1

8h.t/

h.t/3�

3 � 

D OC0.K1t C �/
.2�/=.�1/

�
K1

 � 1
.K1t C �/

.2�/=.�1/
D h0.t/

provided that 0 < K1 � OC0. � 1/ and � � 1. This finishes the proof of Step 1.

Step 2. We show that, by choosingK1;K2 and � properly, for t > 0 and x 2 .�h.t/;h.t//,

ut .t; x/ � d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//: (5.9)
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From the definition of u, for t > 0 and x 2 .�h.t/; h.t//,

ut .t; x/ D K2
jxjh0.t/

h2.t/
� K2

h0.t/

h.t/
D
K1K2

 � 1
h.t/1� :

Claim 1. For x 2 Œ�h.t/; h.t/�, there exists a positive constant OC1 depending only on 
such that Z h.t/

�h.t/

J.x � y/u.t; y/ dy � OC1K2h.t/1� : (5.10)

By (5.1), writing h.t/ D h for simplicity of notation, we haveZ h

�h

J.x � y/u.t; y/ dy D
Z h�x

�h�x

J.y/u.t; y C x/ dy

� K2

Z h�x

�h�x

C1

jyj C 1

h � jy C xj

h
dy:

Thus, for x 2 Œh=4; h�,Z h

�h

J.x � y/u.t; y/ dy � K2

Z 0

�h=4

C1

jyj C 1

h � jy C xj

h
dy

D K2

Z 0

�h=4

C1

jyj C 1

h � .y C x/

h
dy � K2

Z 0

�h=4

C1

jyj C 1

�y

h
dy

D
K2

h

Z h=4

0

C1y

y C 1
dy �

C1K2

2h

Z h=4

1

y1� dy

�
C1K2

4.2 � /h
.h=4/2� DW OC1K2h

1� :

And for x 2 Œ0; h=4�,Z h

�h

J.x � y/u.t; y/ dy � K2

Z h=4

0

C1

jyj C 1

h � jy C xj

h
dy

� K2

Z h=4

0

C1

y C 1

y

h
dy � OC1K2h1�

by repeating the last few steps in the previous calculations.
This proves (5.10) for x 2 Œ0; h�. It also holds for x 2 Œ�h; 0� since both J.x/ and

u.t; x/ are even in x.

Claim 2. We can choose smallK2 and large � such that, for x 2 Œ�h.t/; h.t/� and t � 0,

d

Z h

�h

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x// � F�

Z h

�h

J.x � y/u.t; y/ dy

for some positive constant F�.

It is clear that 0 � u.t; x/ � K2, and thus for small K2 > 0,

f .u.t; x// D Œf 0.0/C o.1/�u.t; x/ � 3
4
f 0.0/u.t; x/:
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Moreover, by (5.6), there is L1 > 0 such that for �1=.�1/ � L1,

d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy C
f 0.0/

4
u.t; x/ � du.t; x/ for x 2 Œ�h.t/; h.t/�:

Therefore Claim 2 is valid with F� D f 0.0/=2.
Combining Claims 1 and 2, we obtain

d

Z h

�h

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//

� F� OC1K2h.t/
1�
�
K1K2

 � 1
h.t/1� � ut .t; x/

provided that K1 � F� OC1. � 1/. This proves (5.9).

Step 3. We prove (5.7) by the comparison principle.
It is clear that

u.t;˙h.t// D 0 for t � 0:

Since spreading happens for .u; g; h/, for fixed � � 1 and smallK1;K2 as chosen above,
there exists a large t0 > 0 such that

Œ�h.0/; h.0/� � Œg.t0/=2; h.t0/=2�;

u.t0; x/ � K2 � u.0; x/ for x 2 Œ�h.0/; h.0/�:

Moreover, since J.x/ and u.t; x/ are both even in x, (5.8) implies

�h0.t/ � �

Z h.t/

�h.t/

Z �h.t/
�1

J.x � y/u.t; x/ dy dx for t > 0:

These combined with the estimates in Steps 1 and 2 allow us to apply the comparison
principle to conclude that

Œ�h.t/; h.t/� � Œg.t C t0/; h.t C t0/�; t � 0;

u.t; x/ � u.t C t0; x/; t � 0; x 2 Œ�h.t/; h.t/�:

Hence (5.7) holds.

5.2.2. The case  D 2. The following simple result will play an important role in our
analysis later.

Lemma 5.4. Let l1 and l2 with 0 < l1 < l2 be two constants, and define

 .x/ D  .xI l1; l2/ WD min
²
1;
l2 � jxj

l1

³
; x 2 R:

If J satisfies (J), then for any " > 0, there is L" > 0 such that for all l1 > L" and l2 � l1
> L", Z l2

�l2

J.x � y/ .y/ dy � .1 � "/ .x/ in Œ�l2; l2�: (5.11)
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Proof. Since
R

R J.x/ dx D 1, there exists B > 0 such thatZ B

�B

J.x/ dx > 1 � "=2: (5.12)

In the following discussion we always assume that l1 � B and l2 � l1 � B . Clearly, for
x 2 Œ�.l2 � l1/C B; .l2 � l1/ � B�, due to

 .x/ D 1 in Œ�.l2 � l1/; l2 � l1�;

we haveZ l2

�l2

J.x � y/ .y/ dy �
Z l2�l1

�.l2�l1/

QJ .x � y/ .y/ dy D
Z l2�l1

�.l2�l1/

QJ .x � y/ dy

D

Z l2�l1�x

�.l2�l1/�x

J.y/ dy �
Z B

�B

QJ .y/ dy

� 1 � "=2 > .1 � "/ .x/:

It remains to prove (5.11) for x 2 Œ�l2;�.l2 � l1/C B� [ Œ.l2 � l1/ � B; l2�. By the
symmetric property of  .x/ and J.x/ with respect to x, we just need to verify (5.11) for
x 2 Œ.l2 � l1/ � B; l2�, which will be carried out according to the following three cases:

.i/ x 2 Œl2 � l1 � B; l2 � l1 C B�; .ii/ x 2 Œl2 � l1 C B; l2 � B�; .iii/ x 2 Œl2 � B; l2�:

(i) For x 2 Œl2 � l1 �B; l2 � l1 CB�, since  .z/ is nonincreasing for z � 0, we haveZ l2

�l2

J.x � y/ .y/ dy D
Z l2�x

�l2�x

J.y/ .y C x/ dy

�

Z B

�2l2Cl1CB

J.y/ .y C x/ dy �
Z B

�B

J.y/ .y C x/ dy

�

Z B

�B

J.y/ .y C l2 � l1 C B/ dy:

By the definition of  , for y 2 Œ�B;B� we have

 .y C l2 � l1 C B/ D
l2 � .y C l2 � l1 C B/

l1
D 1 �

y C B

l1
:

Hence,Z B

�B

J.y/ .y C l2 � l1 C B/ dy D
Z B

�B

J.y/ dy �
Z B

�B

J.y/
y C B

l1
dy

� 1 � "=2 � kJ kL1.R/
2B2

l1
� 1 � " � .1 � "/ .x/

provided
l1 � 4kJ kL1.R/B

2=";



Fisher-KPP equation with nonlocal diffusion and free boundaries 1313

which then givesZ l2

�l2

J.x � y/ .y/ dy � .1 � "/ .x/ for x 2 Œl2 � l1 � B; l2 � l1 C B�:

(ii) For x 2 Œl2 � l1 C B; l2 � B�,Z l2

�l2

J.x � y/ .y/ dy D
Z l2�x

�l2�x

J.y/ .y C x/ dy

�

Z B

�2l2�BCl1

J.y/ .y C x/ dy �
Z B

�B

J.y/ .y C x/ dy:

From the definition of  , for x 2 Œl2 � l1 C B; l2 � B� and y 2 Œ�B;B�,

 .y C x/ D
l2 � .y C x/

l1
D
l2 � x

l1
�
y

l1
D  .x/ �

y

l1
:

Thus, by (5.12),Z l2

�l2

J.x � y/ .y/ dy �
Z B

�B

J.y/ .y C x/ dy

D  .x/

Z B

�B

J.y/ dy �
Z B

�B

J.y/
y

l1
dy D  .x/

Z B

�B

J.y/ dy � .1 � "/ .x/:

(iii) For x 2 Œl2 � B; l2�,Z l2

�l2

J.x � y/ .y/ dy D
Z l2�x

�l2�x

J.y/ .y C x/ dy

�

Z l2�x

�2l2�BCl1

J.y/ .y C x/ dy �
Z l2�x

�B

J.y/ .y C x/ dy

D

Z B

�B

J.y/ .y C x/ dy �
Z B

l2�x

J.y/ .y C x/ dy

As in (ii), we see thatZ B

�B

J.y/ .y C x/ dy D  .x/
Z B

�B

J.y/ dy � .1 � "/ .x/:

By the definition of  ,

 .y C x/ � 0 for x 2 Œl2 � B; l2�; y 2 Œl2 � x;B�;

which indicatesZ l2

�l2

J.x � y/ .y/ dy �
Z B

�B

J.y/ .y C x/ dy � .1 � "/ .x/:

The proof is now complete.
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Lemma 5.5. If the conditions in Theorem 1.2 are satisfied and  D 2, then there exists
C > 0 such that

h.t/ � Ct ln t for t � 1: (5.13)

Proof. Fix ˇ 2 .0; 1/ and define8<: h.t/ WD K1.t C �/ ln.t C �/; t � 0;

u.t; x/ WD K2 min
²
1;
h.t/ � jxj

.t C �/ˇ

³
; t � 0; x 2 Œ�h.t/; h.t/�;

with constants � � 1 and 1� K1 > 0; 1� K2 > 0 to be determined. Obviously, for
any t > 0, the function @tu.t; x/ exists for x 2 Œ�h.t/; h.t/� except when jxj D h.t/ �
.t C �/ˇ . However, the one-sided partial derivates @tu.t ˙ 0; x/ always exist.

Step 1. We show that by choosing � and K1; K2 suitably,

h0.t/ � �

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx for t > 0; (5.14)

�h0.t/ � ��

Z h.t/

�h.t/

Z �h.t/
�1

J.x � y/u.t; x/ dy dx for t > 0: (5.15)

Since u.t; x/ D u.t;�x/ and J.x/ D J.�x/, we see that (5.15) follows from (5.14).
By elementary calculations and (5.1), we have

�

Z h.t/

�h.t/

Z 1
h.t/

J.x � y/u.t; x/ dy dx � �
Z h.t/�.tC�/ˇ

0

Z 1
h.t/

J.x � y/u.t; x/ dy dx

D �K2

Z �.tC�/ˇ
�h.t/

Z 1
0

J.x � y/ dy dx D �K2

Z h.t/

.tC�/ˇ

Z 1
x

J.y/ dy dx

D �K2

�Z h.t/

.tC�/ˇ

Z y

.tC�/ˇ
C

Z 1
h.t/

Z h.t/

.tC�/ˇ

�
J.y/ dx dy

� �K2

Z h.t/

.tC�/ˇ

Z y

.tC�/ˇ
J.y/ dx dy � �C1K2

Z h.t/

.tC�/ˇ

y � .t C �/ˇ

y2 C 1
dy

� �C1K2

Z h.t/

.tC�/ˇ

y � .t C �/ˇ

2y2
dy

D �C1K2
1

2

�
ln h.t/ � ˇ ln.t C �/C

.t C �/ˇ

h.t/
� 1

�
� �C1K2

1

2
.ln h.t/ � ˇ ln.t C �/ � 1/

D �C1K2
1

2

�
lnK1 C ln.t C �/C ln.ln.t C �// � ˇ ln.t C �/ � 1

�
�
�C1K2.1 � ˇ/

2
Œln.t C �/C 1� � K1 ln.t C �/CK1 D h0.t/
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provided

ln.ln �/ � � lnK1 C 2 and 0 < K1 � �C1K2.1 � ˇ/=2; (5.16)

which then finishes the proof of Step 1.

Step 2. We show that by choosingK1;K2 and � suitably, for t > 0 and x 2 Œ�h.t/; h.t/�
with jxj 6D h.t/ � .t C �/ˇ ,

ut .t; x/ � d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//: (5.17)

From the definition of u, for t > 0,

ut .t; x/ D

´
K1K2

.1�ˇ/ ln.tC�/C1
.tC�/ˇ

C
K2ˇ jxj

.tC�/1Cˇ
if h.t/ � .t C �/ˇ < jxj � h.t/;

0 if jxj < h.t/ � .t C �/ˇ :

Claim 1. For x 2 Œ�h.t/;�h.t/C .t C �/ˇ � [ Œh.t/ � .t C �/ˇ ; h.t/� and large � ,Z h.t/

�h.t/

J.x � y/u.t; y/ dy �
C1K2ˇ ln.t C �/

4.t C �/ˇ
; (5.18)

where C1 > 0 is given by (5.1).

A simple calculation yields, for x 2 Œh.t/ � .t C �/ˇ ; h.t/�,Z h.t/

�h.t/

J.x � y/u.t; y/ dy � K2

Z h.t/

h.t/�.tC�/ˇ
J.x � y/

h.t/ � y

.t C �/ˇ
dy

D
K2

.t C �/ˇ

Z h.t/�x

h.t/�.tC�/ˇ�x

J.y/Œh.t/ � .y C x/� dy:

Hence, for x 2 Œh.t/ � 3
4
.t C �/ˇ ; h.t/�, by simple calculations and (5.1),Z h.t/

�h.t/

J.x � y/u.t; y/ dy �
K2

.t C �/ˇ

Z 0

�.tC�/ˇ=4

J.y/.�y/ dy

D
K2

.t C �/ˇ

Z .tC�/ˇ=4

0

J.y/y dy �
C1K2

.t C �/ˇ

Z .tC�/ˇ=4

0

y

y2 C 1
dy

�
C1K2

2.t C �/ˇ

Z .tC�/ˇ=4

1

y�1 dy D
C1K2

2.t C �/ˇ
Œˇ ln.t C �/ � ln 4�

�
C1K2ˇ ln.t C �/

4.t C �/ˇ

provided that
ˇ

2
ln � � ln 4: (5.19)
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And for x 2 Œh.t/ � .t C �/ˇ ; h.t/ � 3
4
.t C �/ˇ �,Z h.t/

�h.t/

J.x � y/u.t; y/ dy �
K2

.t C �/ˇ

Z 3.tC�/ˇ=4

0

J.y/Œh.t/ � .y C x/� dy

�
K2

.t C �/ˇ

Z .tC�/ˇ=4

0

J.y/y dy �
C1K2ˇ ln.t C �/

4.t C �/ˇ
:

This proves (5.18) for x 2 Œh.t/ � .t C �/ˇ ; h.t/�.
For x 2 Œ�h.t/;�h.t/C .t C �/ˇ �, (5.10) also holds since both J.x/ and u.t; x/ are

even in x. Claim 1 is thus proved.

Claim 2. We can choose small K2 and large � such that, for x 2 Œ�h.t/; h.t/�,

d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x// � F�

Z h.t/

�h.t/

J.x � y/u.t; y/ dy

(5.20)
for some F� > 0.

For small K2 > 0, from 0 � u.t; x/ � K2 we obtain

f .u.t; x// � 3
4
f 0.0/u.t; x/:

For large � and t � 0, we have

h.t/ � .t C �/ˇ � �ˇ .K1�
1�ˇ ln � � 1/ � �ˇ : (5.21)

Hence, by (5.11), there is large L1 > 0 such that, for �ˇ > L1,

d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy C
f 0.0/

4
u.t; x/ � du.t; x/ for x 2 Œ�h.t/; h.t/�:

Therefore (5.20) holds with F� D f 0.0/=2.
Applying (5.18) and (5.20), for x 2 Œ�h.t/;�h.t/C.tC�/ˇ /[.h.t/�.tC�/ˇ ; h.t/�

we have

d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � u.t; x/C f .u.t; x//

�
F�C1K2ˇ ln.t C �/

4.t C �/ˇ
� K1K2

ln.t C �/C 1
.t C �/ˇ

D K1K2
.1 � ˇ/ ln.t C �/C 1

.t C �/ˇ
C

K2ˇh.t/

.t C �/1Cˇ

� K1K2
.1 � ˇ/ ln.t C �/C 1

.t C �/ˇ
C

K2ˇjxj

.t C �/1Cˇ

D ut .t; x/
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if apart from the earlier requirements, we further assume

ln � > 2 and K1 � F�C1ˇ=8: (5.22)

For jxj < h.t/ � .t C �/ˇ , u.t; y/ D K2 and

d

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � du.t; x/C f .u.t; x//

� F�

Z h.t/

�h.t/

J.x � y/u.t; y/ dy � 0 D ut .t; x/:

Thus (5.17) holds. (Let us stress that it is possible to find K1, K2 and large � such that
(5.16), (5.19), (5.21) and (5.22) hold simultaneously.)

Step 3. We finally prove (5.13).
Clearly, u.t;˙h.t// D 0 for t � 0. Since spreading happens for .u; g; h/ and K2 > 0

is small, there is a large constant t0 > 0 such that

Œ�h.0/; h.0/� � Œg.t0/=2; h.t0/=2�;

u.0; x/ � K2 � u.t0; x/ for x 2 Œ�h.0/; h.0/�:

By [21, Remark 2.4], we see that the comparison principle still applies to our situation
here, even though @ut .t; x/ has a jumping discontinuity at jxj D h.t/� .t C �/ˇ . There-
fore we have

Œ�h.t/; h.t/� � Œg.t C t0/; h.t C t0/�; t � 0;

u.t; x/ � u.t C t0; x/; t � 0; x 2 Œ�h.t/; h.t/�:

So (5.13) holds. This completes the proof of the lemma.

Acknowledgments. We thank the anonymous referees for their careful checking of the paper.

Funding. This research was partially supported by the Australian Research Council.

References

[1] Alfaro, M., Coville, J.: Propagation phenomena in monostable integro-differential equations:
acceleration or not? J. Differential Equations 263, 5727–5758 (2017) Zbl 1409.35204
MR 3688429

[2] Aronson, D. G., Weinberger, H. F.: Multidimensional nonlinear diffusion arising in population
genetics. Adv. Math. 30, 33–76 (1978) Zbl 0407.92014 MR 511740

[3] Bates, P. W., Fife, P. C., Ren, X., Wang, X.: Traveling waves in a convolution model for phase
transitions. Arch. Ration. Mech. Anal. 138, 105–136 (1997) Zbl 0889.45012 MR 1463804

[4] Bates, P. W., Zhao, G.: Existence, uniqueness and stability of the stationary solution to a
nonlocal evolution equation arising in population dispersal. J. Math. Anal. Appl. 332, 428–
440 (2007) Zbl 1114.35017 MR 2319673

https://doi.org/10.1016/j.jde.2017.06.035
https://doi.org/10.1016/j.jde.2017.06.035
https://zbmath.org/?q=an:1409.35204
https://mathscinet.ams.org/mathscinet-getitem?mr=3688429
https://doi.org/10.1016/0001-8708(78)90130-5
https://doi.org/10.1016/0001-8708(78)90130-5
https://zbmath.org/?q=an:0407.92014
https://mathscinet.ams.org/mathscinet-getitem?mr=511740
https://doi.org/10.1007/s002050050037
https://doi.org/10.1007/s002050050037
https://zbmath.org/?q=an:0889.45012
https://mathscinet.ams.org/mathscinet-getitem?mr=1463804
https://doi.org/10.1016/j.jmaa.2006.09.007
https://doi.org/10.1016/j.jmaa.2006.09.007
https://zbmath.org/?q=an:1114.35017
https://mathscinet.ams.org/mathscinet-getitem?mr=2319673


Y. Du, W. Ni 1318

[5] Berestycki, H., Coville, J., Vo, H.-H.: Persistence criteria for populations with non-local dis-
persion. J. Math. Biol. 72, 1693–1745 (2016) Zbl 1346.35202 MR 3498523

[6] Bouin, E., Garnier, J., Henderson, C., Patout, F.: Thin front limit of an integro-differential
Fisher-KPP equation with fat-tailed kernels. SIAM J. Math. Anal. 50, 3365–3394 (2018)
Zbl 1403.45001 MR 3817762

[7] Bouin, E., Henderson, C., Ryzhik, L.: Super-linear spreading in local and non-local cane toads
equations. J. Math. Pures Appl. (9) 108, 724–750 (2017) Zbl 1375.35565 MR 3711472

[8] Bramson, M. D.: Maximal displacement of branching Brownian motion. Comm. Pure Appl.
Math. 31, 531–581 (1978) Zbl 0361.60052 MR 494541

[9] Bunting, G., Du, Y., Krakowski, K.: Spreading speed revisited: analysis of a free boundary
model. Netw. Heterog. Media 7, 583–603 (2012) Zbl 1302.35194 MR 3004677

[10] Cabré, X., Roquejoffre, J.-M.: The influence of fractional diffusion in Fisher-KPP equations.
Comm. Math. Phys. 320, 679–722 (2013) Zbl 1307.35310 MR 3057187

[11] Cao, J.-F., Du, Y., Li, F., Li, W.-T.: The dynamics of a Fisher-KPP nonlocal diffusion model
with free boundaries. J. Funct. Anal. 277, 2772–2814 (2019) Zbl 1418.35229 MR 3990735

[12] Chen, X.: Existence, uniqueness, and asymptotic stability of traveling waves in nonlocal evo-
lution equations. Adv. Differential Equations 2, 125–160 (1997) Zbl 1023.35513
MR 1424765

[13] Cortázar, C., Quirós, F., Wolanski, N.: A nonlocal diffusion problem with a sharp free bound-
ary. Interfaces Free Bound. 21, 441–462 (2019) Zbl 1430.35240 MR 4046017

[14] Coville, J., Dávila, J., Martínez, S.: Pulsating fronts for nonlocal dispersion and KPP nonlin-
earity. Ann. Inst. H. Poincaré C Anal. Non Linéaire 30, 179–223 (2013) Zbl 1288.45007
MR 3035974

[15] Coville, J., Dupaigne, L.: On a non-local equation arising in population dynamics. Proc. Roy.
Soc. Edinburgh Sect. A 137, 727–755 (2007) Zbl 1133.35056 MR 2345778

[16] Du, Y., Guo, Z.: The Stefan problem for the Fisher-KPP equation. J. Differential Equations
253, 996–1035 (2012) Zbl 1257.35110 MR 2922661

[17] Du, Y., Li, F., Zhou, M.: Semi-wave and spreading speed of the nonlocal Fisher-KPP equation
with free boundaries. J. Math. Pures Appl. (9) 154, 30–66 (2021) Zbl 1473.35665
MR 4312283

[18] Du, Y., Lin, Z.: Spreading-vanishing dichotomy in the diffusive logistic model with a free
boundary. SIAM J. Math. Anal. 42, 377–405 (2010) Zbl 1219.35373 MR 2607347

[19] Du, Y., Matsuzawa, H., Zhou, M.: Sharp estimate of the spreading speed determined by non-
linear free boundary problems. SIAM J. Math. Anal. 46, 375–396 (2014) Zbl 1296.35219
MR 3152735

[20] Du, Y., Ni, W.: Analysis of a West Nile virus model with nonlocal diffusion and free bound-
aries. Nonlinearity 33, 4407–4448 (2020) Zbl 1439.35220 MR 4127784

[21] Du, Y., Ni, W.: Spreading speed for some cooperative systems with nonlocal diffusion and
free boundaries, part 1: Semi-wave and a threshold condition. J. Differential Equations 308,
369–420 (2022) Zbl 1479.35191 MR 4340782

[22] Fang, J., Faye, G.: Monotone traveling waves for delayed neural field equations. Math. Models
Methods Appl. Sci. 26, 1919–1954 (2016) Zbl 1515.35090 MR 3540646

[23] Fang, J., Zhao, X.-Q.: Traveling waves for monotone semiflows with weak compactness.
SIAM J. Math. Anal. 46, 3678–3704 (2014) Zbl 1315.35051 MR 3274366

[24] Finkelshtein, D., Tkachov, P.: Accelerated nonlocal nonsymmetric dispersion for monostable
equations on the real line. Appl. Anal. 98, 756–780 (2019) Zbl 1407.35027 MR 3908984

[25] Fisher, R.: The wave of advance of advantage genes. Ann. Eugenics 7, 335–369 (1937)
[26] Garnier, J.: Accelerating solutions in integro-differential equations. SIAM J. Math. Anal. 43,

1955–1974 (2011) Zbl 1232.47058 MR 2831255
[27] Graham, C.: Precise asymptotics for Fisher-KPP fronts. Nonlinearity 32, 1967–1998 (2019)

Zbl 1411.35158 MR 3947215

https://doi.org/10.1007/s00285-015-0911-2
https://doi.org/10.1007/s00285-015-0911-2
https://zbmath.org/?q=an:1346.35202
https://mathscinet.ams.org/mathscinet-getitem?mr=3498523
https://doi.org/10.1137/17M1132501
https://doi.org/10.1137/17M1132501
https://zbmath.org/?q=an:1403.45001
https://mathscinet.ams.org/mathscinet-getitem?mr=3817762
https://doi.org/10.1016/j.matpur.2017.05.015
https://doi.org/10.1016/j.matpur.2017.05.015
https://zbmath.org/?q=an:1375.35565
https://mathscinet.ams.org/mathscinet-getitem?mr=3711472
https://doi.org/10.1002/cpa.3160310502
https://zbmath.org/?q=an:0361.60052
https://mathscinet.ams.org/mathscinet-getitem?mr=494541
https://doi.org/10.3934/nhm.2012.7.583
https://doi.org/10.3934/nhm.2012.7.583
https://zbmath.org/?q=an:1302.35194
https://mathscinet.ams.org/mathscinet-getitem?mr=3004677
https://doi.org/10.1007/s00220-013-1682-5
https://zbmath.org/?q=an:1307.35310
https://mathscinet.ams.org/mathscinet-getitem?mr=3057187
https://doi.org/10.1016/j.jfa.2019.02.013
https://doi.org/10.1016/j.jfa.2019.02.013
https://zbmath.org/?q=an:1418.35229
https://mathscinet.ams.org/mathscinet-getitem?mr=3990735
https://doi.org/10.57262/ade/1366809230
https://doi.org/10.57262/ade/1366809230
https://zbmath.org/?q=an:1023.35513
https://mathscinet.ams.org/mathscinet-getitem?mr=1424765
https://doi.org/10.4171/ifb/430
https://doi.org/10.4171/ifb/430
https://zbmath.org/?q=an:1430.35240
https://mathscinet.ams.org/mathscinet-getitem?mr=4046017
https://doi.org/10.1016/j.anihpc.2012.07.005
https://doi.org/10.1016/j.anihpc.2012.07.005
https://zbmath.org/?q=an:1288.45007
https://mathscinet.ams.org/mathscinet-getitem?mr=3035974
https://doi.org/10.1017/S0308210504000721
https://zbmath.org/?q=an:1133.35056
https://mathscinet.ams.org/mathscinet-getitem?mr=2345778
https://doi.org/10.1016/j.jde.2012.04.014
https://zbmath.org/?q=an:1257.35110
https://mathscinet.ams.org/mathscinet-getitem?mr=2922661
https://doi.org/10.1016/j.matpur.2021.08.008
https://doi.org/10.1016/j.matpur.2021.08.008
https://zbmath.org/?q=an:1473.35665
https://mathscinet.ams.org/mathscinet-getitem?mr=4312283
https://doi.org/10.1137/090771089
https://doi.org/10.1137/090771089
https://zbmath.org/?q=an:1219.35373
https://mathscinet.ams.org/mathscinet-getitem?mr=2607347
https://doi.org/10.1137/130908063
https://doi.org/10.1137/130908063
https://zbmath.org/?q=an:1296.35219
https://mathscinet.ams.org/mathscinet-getitem?mr=3152735
https://doi.org/10.1088/1361-6544/ab8bb2
https://doi.org/10.1088/1361-6544/ab8bb2
https://zbmath.org/?q=an:1439.35220
https://mathscinet.ams.org/mathscinet-getitem?mr=4127784
https://doi.org/10.1016/j.jde.2021.11.014
https://doi.org/10.1016/j.jde.2021.11.014
https://zbmath.org/?q=an:1479.35191
https://mathscinet.ams.org/mathscinet-getitem?mr=4340782
https://doi.org/10.1142/S0218202516500482
https://zbmath.org/?q=an:1515.35090
https://mathscinet.ams.org/mathscinet-getitem?mr=3540646
https://doi.org/10.1137/140953939
https://zbmath.org/?q=an:1315.35051
https://mathscinet.ams.org/mathscinet-getitem?mr=3274366
https://doi.org/10.1080/00036811.2017.1400537
https://doi.org/10.1080/00036811.2017.1400537
https://zbmath.org/?q=an:1407.35027
https://mathscinet.ams.org/mathscinet-getitem?mr=3908984
https://doi.org/10.1111/j.1469-1809.1937.tb02153.x
https://doi.org/10.1137/10080693X
https://zbmath.org/?q=an:1232.47058
https://mathscinet.ams.org/mathscinet-getitem?mr=2831255
https://doi.org/10.1088/1361-6544/aaffe8
https://zbmath.org/?q=an:1411.35158
https://mathscinet.ams.org/mathscinet-getitem?mr=3947215


Fisher-KPP equation with nonlocal diffusion and free boundaries 1319

[28] Hamel, F., Nolen, J., Roquejoffre, J.-M., Ryzhik, L.: A short proof of the logarithmic Bramson
correction in Fisher-KPP equations. Netw. Heterog. Media 8, 275–289 (2013)
Zbl 1275.35067 MR 3043938

[29] Hamel, F., Nolen, J., Roquejoffre, J.-M., Ryzhik, L.: The logarithmic delay of KPP fronts in a
periodic medium. J. Eur. Math. Soc. 18, 465–505 (2016) Zbl 1338.35243 MR 3463416

[30] Hamel, F., Roques, L.: Fast propagation for KPP equations with slowly decaying initial con-
ditions. J. Differential Equations 249, 1726–1745 (2010) Zbl 1213.35100 MR 2677813

[31] Hutson, V., Martinez, S., Mischaikow, K., Vickers, G. T.: The evolution of dispersal. J. Math.
Biol. 47, 483–517 (2003) Zbl 1052.92042 MR 2028048

[32] Kao, C.-Y., Lou, Y., Shen, W.: Random dispersal vs. non-local dispersal. Discrete Contin.
Dynam. Systems 26, 551–596 (2010) Zbl 1187.35127 MR 2556498

[33] Kolmogoroff, A., Petrovsky, I., Piscounoff, N.: Étude de l’équation de la diffusion avec crois-
sance de la quantité de matière et son application à un problème biologique. Bull. Univ. État
Moscou Sér. Int. Sect. A Math. Mécan. 1, no. 6, 1–25 (1937) Zbl 0018.32106

[34] Lau, K.-S.: On the nonlinear diffusion equation of Kolmogorov, Petrovskij, and Piscunov.
J. Differential Equations 59, 44–70 (1985) Zbl 0584.35091 MR 803086

[35] Liang, X., Zhou, T.: Spreading speeds of nonlocal KPP equations in almost periodic media.
J. Funct. Anal. 279, 108723, 58 (2020) Zbl 1446.35242 MR 4134892

[36] Nolen, J., Roquejoffre, J.-M., Ryzhik, L.: Convergence to a single wave in the Fisher-KPP
equation. Chinese Ann. Math. Ser. B 38, 629–646 (2017) Zbl 1365.35074 MR 3615508

[37] Nolen, J., Roquejoffre, J.-M., Ryzhik, L.: Refined long-time asymptotics for Fisher-KPP
fronts. Commun. Contemp. Math. 21, art. 1850072, 25 pp. (2019) Zbl 1423.35208
MR 4017787

[38] Rawal, N., Shen, W., Zhang, A.: Spreading speeds and traveling waves of nonlocal monostable
equations in time and space periodic habitats. Discrete Contin. Dynam. Systems 35, 1609–
1640 (2015) Zbl 1302.45003 MR 3285840

[39] Souganidis, P. E., Tarfulea, A.: Front propagation for integro-differential KPP reaction-
diffusion equations in periodic media. Nonlinear Differential Equations Appl. 26, art. 29,
41 pp. (2019) Zbl 1423.35212 MR 3986726

[40] Sun, Y.-J., Li, W.-T., Wang, Z.-C.: Traveling waves for a nonlocal anisotropic dispersal equa-
tion with monostable nonlinearity. Nonlinear Anal. 74, 814–826 (2011) Zbl 1211.35068
MR 2738633

[41] Weinberger, H. F.: Long-time behavior of a class of biological models. SIAM J. Math. Anal.
13, 353–396 (1982) Zbl 0529.92010 MR 653463

[42] Xu, W.-B., Li, W.-T., Ruan, S.: Fast propagation for reaction-diffusion cooperative systems.
J. Differential Equations 265, 645–670 (2018) Zbl 1388.35106 MR 3784439

[43] Yagisita, H.: Existence and nonexistence of traveling waves for a nonlocal monostable equa-
tion. Publ. RIMS Kyoto Univ. 45, 925–953 (2009) Zbl 1191.35093 MR 2597124

https://doi.org/10.3934/nhm.2013.8.275
https://doi.org/10.3934/nhm.2013.8.275
https://zbmath.org/?q=an:1275.35067
https://mathscinet.ams.org/mathscinet-getitem?mr=3043938
https://doi.org/10.4171/JEMS/595
https://doi.org/10.4171/JEMS/595
https://zbmath.org/?q=an:1338.35243
https://mathscinet.ams.org/mathscinet-getitem?mr=3463416
https://doi.org/10.1016/j.jde.2010.06.025
https://doi.org/10.1016/j.jde.2010.06.025
https://zbmath.org/?q=an:1213.35100
https://mathscinet.ams.org/mathscinet-getitem?mr=2677813
https://doi.org/10.1007/s00285-003-0210-1
https://zbmath.org/?q=an:1052.92042
https://mathscinet.ams.org/mathscinet-getitem?mr=2028048
https://doi.org/10.3934/dcds.2010.26.551
https://zbmath.org/?q=an:1187.35127
https://mathscinet.ams.org/mathscinet-getitem?mr=2556498
https://zbmath.org/?q=an:0018.32106
https://doi.org/10.1016/0022-0396(85)90137-8
https://zbmath.org/?q=an:0584.35091
https://mathscinet.ams.org/mathscinet-getitem?mr=803086
https://doi.org/10.1016/j.jfa.2020.108723
https://zbmath.org/?q=an:1446.35242
https://mathscinet.ams.org/mathscinet-getitem?mr=4134892
https://doi.org/10.1007/s11401-017-1087-4
https://doi.org/10.1007/s11401-017-1087-4
https://zbmath.org/?q=an:1365.35074
https://mathscinet.ams.org/mathscinet-getitem?mr=3615508
https://doi.org/10.1142/S0219199718500724
https://doi.org/10.1142/S0219199718500724
https://zbmath.org/?q=an:1423.35208
https://mathscinet.ams.org/mathscinet-getitem?mr=4017787
https://doi.org/10.3934/dcds.2015.35.1609
https://doi.org/10.3934/dcds.2015.35.1609
https://zbmath.org/?q=an:1302.45003
https://mathscinet.ams.org/mathscinet-getitem?mr=3285840
https://doi.org/10.1007/s00030-019-0573-7
https://doi.org/10.1007/s00030-019-0573-7
https://zbmath.org/?q=an:1423.35212
https://mathscinet.ams.org/mathscinet-getitem?mr=3986726
https://doi.org/10.1016/j.na.2010.09.032
https://doi.org/10.1016/j.na.2010.09.032
https://zbmath.org/?q=an:1211.35068
https://mathscinet.ams.org/mathscinet-getitem?mr=2738633
https://doi.org/10.1137/0513028
https://zbmath.org/?q=an:0529.92010
https://mathscinet.ams.org/mathscinet-getitem?mr=653463
https://doi.org/10.1016/j.jde.2018.03.004
https://zbmath.org/?q=an:1388.35106
https://mathscinet.ams.org/mathscinet-getitem?mr=3784439
https://doi.org/10.2977/prims/1260476648
https://doi.org/10.2977/prims/1260476648
https://zbmath.org/?q=an:1191.35093
https://mathscinet.ams.org/mathscinet-getitem?mr=2597124

	1. Introduction
	1.1. Threshold condition, spreading speed, and accelerated spreading
	1.2. Description of the main results
	1.3. Organisation of the paper

	2. Proof of Theorem 1.4
	3. Proof of Theorem 1.1
	4. Proof of Theorem 1.3 
	4.1. The case f'(0)<d
	4.2. The case f'(0)≥d
	4.3. Proof of Theorem 1.3

	5. Proof of Theorem 1.2
	5.1. Upper bound
	5.2. Lower bound

	References

