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Abstract. For a curve of genus g and any two degrees coprime to the rank, we construct a family of
ring isomorphisms parameterized by the complex Lie group GSp.2g/; between the cohomology of
the moduli spaces of stable Higgs bundles which preserve the perverse filtrations. As a consequence,
we prove two structural results concerning the cohomology of Higgs moduli which are predicted by
the P = W Conjecture in Non-Abelian Hodge Theory: (1) Galois conjugation for character varieties
preserves the perverse filtrations for the corresponding Higgs moduli spaces. (2) The restriction of
the Hodge–Tate decomposition for a character variety to each piece of the perverse filtration for the
corresponding Higgs moduli space also gives a decomposition.

Our proof uses reduction to positive characteristic and relies on the non-abelian Hodge corre-
spondence in characteristic p between Dolbeault and de Rham moduli spaces.

Keywords. Higgs bundles, non-abelian Hodge, the P = W conjecture

1. Introduction

1.1. Cohomology of the moduli of Higgs bundles

Let C be a non-singular irreducible projective curve over C of genus g � 2. Throughout
the paper, we fix a positive integer n > 0. For any positive integer d coprime to n, we
denote byMDol.C; d/ the moduli of (slope-)stable Higgs bundles of rank n and degree d :

.E; �/ W E
�
�! E ˝�C ; rank.E/ D n; deg.E/ D d:
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It is a non-singular quasi-projective variety which admits a Lagrangian fibration

h WMDol.C; d/! A WD

nM
iD1

H 0.C;�˝iC /; .E; �/ 7! char.�/ 2 A;

known as the Hitchin fibration [19, 20]. Here char.�/ stands for the coefficients of the
characteristic polynomial of the Higgs field � , i.e.,

char.�/ D .a1; : : : ; an/; ai WD trace.
Vi

�/ 2 H 0.C;�˝iC /:

The singular cohomology of MDol.C; d/ carries an increasing filtration

P0H
�.MDol.C; d/;C/ � P1H

�.MDol.C; d/;C/ � � � � � H
�.MDol.C; d/;C/;

called the perverse filtration, which is governed by the topology of the Hitchin fibra-
tion [8].

The cohomology, along with the perverse filtration, has been the subject of intense
study in recent years, motivated by the so-called P = W Conjecture in Non-Abelian Hodge
Theory, which we recall in Section 1.3.

1.2. Main results

Before stating our main results, we first recall a natural set of generators for the cohomol-
ogy algebra of MDol.C; d/.

Let .U; �/ be a universal family over C �MDol.C; d/. A natural way to construct
cohomology classes on MDol.C; d/ is to integrate the k-th component chk.U/ over a
class 
 on C , so that the resulting class is determined by k 2 N and 
 2 H�.C;C/.
While the choice of a universal family is not unique, we may normalize the universal
family to get tautological classes

c.
; k/ 2 H�.MDol.C; d/;C/; 
 2 H�.C;C/; k 2 N; (1)

so that they do not depend on the choice of a universal family; see [10, Section 0.3]
and Section 2.1 below. Markman [22] proved that the tautological classes (1) generate
H�.MDol.C; d/;C/ as a C-algebra.

Let ƒ WD H 1.C;Z/ be the lattice with the intersection pairing, and let ƒK be ƒ˝K
for K a field. We consider the similitude group

GSp.ƒC/D ¹A 2 GL2g.ƒC/ j 9�A 2C�; hAw1;Aw2i D �Ahw1;w2i; 8w1;w2 2ƒCº;

(2)
which is a subgroup of GL2g.ƒC/. Here, h�;�i is the intersection pairing on the vector
spaceƒC , and �A is a nonzero constant uniquely determined by A. The symplectic group
Sp.ƒC/ � GSp.ƒC/ is characterized by �A D 1. The natural action of GSp.ƒC/ on ƒC

admits an extension to the total cohomology of the curve

H�.C;C/ D H 0.C;C/˚ƒC ˚H
2.C;C/
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which acts as id on H 2.C;C/ and as multiplication by �A on H 0.C;C/. We note that
this choice of extension of the GSp.ƒC/-action to H�.C;C/ is not the natural extension
compatible with cup product; nevertheless, this choice is essential for our purpose in
view of Theorem 4.1; see Remark 4.2. For A 2 GSp.ƒC/ and 
 2 H�.C;C/, we use
A
 2 H�.C;C/ to denote the class given by the action of A on 
 .

The main result of this paper is the following:

Theorem 1.1. (a) For each integer d coprime to n, there exists an action of GSp.ƒC/

on H�.MDol.C; d/;C/ by C-algebra automorphisms. For each A 2 GSp.ƒC/, the
corresponding automorphismGA acts on tautological generators compatibly with the
action on H�.C;C/:

GA.c.
; k// D c.A
; k/:

Furthermore, it preserves the perverse filtrations:

GA
�
PkH

i .MDol.C; d/;C/
�
D PkH

i .MDol.C; d
0/;C/; 8k; i:

(b) Given two integers d and d 0 coprime to n, there exists a C-algebra isomorphism

�d;d 0 W H
�.MDol.C; d/;C/

'
�! H�.MDol.C; d

0/;C/

which acts on tautological generators via the relation

�d;d 0.c.
; k// D c.
; k/:

Furthermore, this isomorphism intertwines the actions of GSp.ƒC/ constructed in
part (a) for d and d 0; and also preserves the perverse filtrations.

We note that the action described above is uniquely characterized by its action on the
tautological generators. However, it is not obvious that such an action exists, i.e., that it
is compatible with the relations between these tautological generators or preserves the
perverse filtration.

In part (a), if we restrict to the arithmetic subgroup Sp.ƒ/ � GSp.ƒC/, the corre-
sponding action can be constructed geometrically as we describe next. If we take the uni-
versal curve C !Mg , then the monodromy of the corresponding family of Higgs moduli
spaces defines an action of the mapping class group �1.Mg/ onH�.MDol.C;d/;C/. This
action is compatible with perverse filtrations by the main result of [9]. Finally, since the
kernel of the symplectic representation of the mapping class group has no effect on the
tautological generators, this action descends to an action of Sp.ƒ/.

We do not know a direct construction of the assignment A 7! GA for A 2 GSp.ƒC/:

Instead, our approach is to use techniques from positive characteristic to construct some
of these GA, and to then couple this construction with density arguments.

1.3. Implications for the P = W Conjecture

The motivation for our results in this paper comes from the P = W Conjecture in Non-
Abelian Hodge Theory, proposed in 2010 by de Cataldo, Hausel, and Migliorini [8]. This
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conjecture predicts that the topology of the Hitchin fibration (particularly the perverse
filtration) interacts surprisingly, via Non-Abelian Hodge Theory, with the Hodge theory
of the corresponding character variety (particularly the weight filtration).

More precisely, we consider the character variety MB.C; d/ of rank n and degree d :

MB.C; d/ WD
°
.a1; : : : ; ag ; b1; : : : ; bg/

ˇ̌̌
ak ; bk 2 GLn for k D 1; : : : ; g;

gY
jD1

Œaj ; bj � D �
d
n � Idn

±
== GLn; �n WD e

2�
p
�1
n ;

obtained as an affine GIT quotient with respect to the action by conjugation. Non-Abelian
Hodge Theory [25] (see [17] for the twisted case) then induces a diffeomorphism between
the moduli spaces MDol.C; d/ and MB.C; d/, which identifies their cohomology rings:

H�.MDol.C; d/;C/ D H
�.MB.C; d/;C/: (3)

The P = W Conjecture refines (3) incorporating the perverse filtration forMDol.C; d/ and
the mixed Hodge structure for MB.C; d/; it predicts that

PkH
�.MDol.C; d/;C/ D W2kH

�.MB.C; d/;C/ D W2kC1H
�.MB.C; d/;C/; 8k

(4)
with W� the weight filtration.

The P = W Conjecture makes the following predictions for the perverse filtration,
which we will deduce as consequences of our main theorem.

1.3.1. Galois. The first prediction comes from Galois conjugation on the character vari-
ety.

Fix n, and consider two integers d;d 0 coprime to n. The Betti moduli spacesMB.C;d/

and MB.C; d
0/ are Galois conjugate via an automorphism of QŒ�� sending �d to �d

0

[16,
Section 4]. Galois conjugation induces an isomorphism preserving the weight filtrations:

z�d;d 0 W H
�.MB.C; d/;C/

'
�! H�.MB.C; d

0/;C/; Wk 7! Wk : (5)

By passing through the non-abelian Hodge isomorphism (3), this induces a ring isomor-
phism between the cohomology groups of the Dolbeault moduli spaces:

z�d;d 0 W H
�.MDol.C; d/;C/

'
�! H�.MDol.C; d

0/;C/; (6)

which, assuming the P = W Conjecture, should preserve the respective perverse filtrations.
The first consequence of our main theorem is that this is indeed the case:

Theorem 1.2. The Galois conjugation z�d;d 0 of (6) preserves perverse filtrations:

z�d;d 0
�
PkH

i .MDol.C; d/;C/
�
D PkH

i .MDol.C; d
0/;C/; 8k; i: (7)

We will show this in Sections 2.2 and 6.2 by matching z�d;d 0 of (6) and �d;d 0 of
Theorem 1.1 (b). The following corollary of Theorem 1.2 is immediate.

Corollary 1.3. For fixed rank n, if the P = W Conjecture holds for some degree d coprime
to n, then it holds for every degree d 0 coprime to n.
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1.3.2. Weight decomposition. The second prediction of Theorem 1.1 relates the perverse
filtration to the weight decomposition of the character variety.

The Hodge structure forMB.C; d/ was shown to be of Hodge–Tate type [24], and we
have a canonical Hodge–Tate decomposition

H�.MB.C; d/;C/ D
M
i;k

Hdgik ; Hdgik WD W2k \ F
k
�
H i .MB.C; d/;C/

�
: (8)

In particular, we have a canonical decomposition W2kH i D
L
k0�k Hdgik0 for the weight

filtration. The P = W Conjecture implies immediately the same equality with Pk replac-
ing W2k :

Using our main Theorem 1.1, we show the following weaker compatibility of the
perverse filtration on the Dolbeault side, with the Hodge–Tate decomposition (8) on the
Betti side.

Theorem 1.4. We have the following compatibility between the decomposition (8) and
the perverse filtration:

PkH
i .MDol.C; d/;C/ D

M
k0

.PkH
i .MDol.C; d/;C// \ Hdgik0 :

Here we use the non-abelian Hodge isomorphism (3) to transfer the decomposition (8)
to H�.MDol.C; d/;C/: In general, the restriction of a decomposition of a vector space
Q D

L
i Qi to a vector subspace Q0 � Q may fail to be a decomposition, i.e., in gen-

eral Q0 ¤
L
i .Q

0 \ Qi /. We prove that instead this is the case for the subspaces of
the perverse filtration in Section 6.2, by relating the Gm which induces the Hodge–Tate
decomposition with the central Gm in the GSp-action we construct.

Finally, the perverse filtration admits a natural splitting, known as the first Deligne
splitting. In Section 6.3, we explain that the operators of our main theorem are compatible
with this splitting; see Corollary 6.1.

2. Tautological classes

2.1. Tautological classes

Let C be a complex curve as in the introduction; we assume that .n; d/ D 1. We first
review the construction of the tautological classes

c.
; k/ 2 H�.MDol.C; d/;C/; 
 2 H�.C;C/; k 2 Z�0;

as integrals of normalized classes, following [10]. In this paper, as is standard, when we
push forward cohomology classes, it is always for proper l.c.i. morphisms, and we use the
proper pushforward in cohomology stemming from Chow bi-variant theory coupled with
the cycle class map, as in [14].
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Let

pC W C �MDol.C; d/! C; pM W C �MDol.C; d/!MDol.C; d/

be the projections. We say that a triple .U; �; ˛/ is a twisted universal family over C �
MDol.C; d/ if .U; �/ is a universal family and

˛ D p�C˛C C p
�
M˛M 2 H

2.C �MDol.C; d/;C/ (9)

with ˛C 2 H 2.C; C/ and ˛M 2 H 2.MDol.C; d/; C/. For a twisted universal family
.U; �; ˛/, we define the twisted Chern character ch˛.U/ as

ch˛.U/ D ch.U/ [ exp.˛/ 2 H�.C �MDol.C; d/;C/;

and we denote by
ch˛k.U/ 2 H

2k.C �MDol.C; d/;C/

its degree 2k part. The class ch˛.U/ is called normalized if

ch˛1.U/jx�MDol.C;d/ D 0 2 H
2.MDol.C; d/;C/;

ch˛1.U/jC�y D 0 2 H
2.C;C/;

(10)

with x 2 C and y 2MDol.C;d/ points. For two universal families .U1; �1/ and .U2; �2/,
there is a line bundle L pulled back from MDol.C; d/ so that U1 D U2 ˝ L. By con-
dition (10), normalized classes do not depend on the choice of a universal family. For
any 
 2 H i .C;Q/, the tautological class c.
; k/ is defined by integrating the degree k
normalized class

c.
; k/ WD

Z



ch˛k.U/ D pM �.p
�
C 
 [ ch˛k.U// 2 H

iC2k�2.MDol.C; d/;C/: (11)

There is also an alternative way in [17] to obtain canonically defined classes in
H�.MDol.C; d/;C/ which we briefly review; this will only be used in Section 2.2 to
characterize the action of Galois conjugation on the tautological classes of the character
varieties. We let T be the projective bundle P .U/ associated with any universal family
.U; �/. If we assume that �1; : : : ; �n are the Chern roots of U, then the Chern roots for T

are
�1 � �; �2 � �; : : : ; �n � �;

with � the average of the �i . We may consider Chern classes ck.T / and Chern characters
chk.T / via the Chern roots. In particular, c1.T / D 0. For any twisted universal family
.U; �; ˛/, we have

ch˛.U/ D ch.T / [ exp
�
c1.U/

n
C ˛

�
; (12)

and for a normalized class ch˛.U/ we have

ch˛1.U/ D c1.U/C n˛ 2 H
1.C;C/˝H 1.MDol.C; d/;C/:
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Therefore the degree 1 tautological classes

c.
; 1/ 2 H 1.MDol.C; d/;C/; 
 2 H 1.C;C/; (13)

recover all the classes in H 1.MDol.C; d/;C/, and by (12) any tautological class (11) can
be expressed in terms of (13) andZ




ck.T / 2 H
�.MDol.C; d/;C/; 
 2 H�.C;C/; k � 2: (14)

Remark 2.1. Recall that we have the product formula (see [8, the equation following
Remark 2.4.4])

H�.MDol.C; d/;C/ D H
�.Jac.C /;C/˝H�. OMDol.C; d/;C/

with OMDol.C; d/ the PGLn-Higgs moduli space and Jac.C / the Jacobian of the curve C .
The classes (13) generate the first factor; in turn these are generated by the tautological
classes associated with the normalized Poincaré line bundle over C � Jac.C /. The classes
(14) generate the second factor.

2.2. Character varieties

In [17], Hausel and Thaddeus described the tautological classes directly on the character
variety MB.C; d/ side. By their description, these classes are preserved under Galois
conjugation (5).

Proposition 2.2. For d and d 0 coprime to n, a morphism of C-algebras

H�.MDol.C; d/;C/
'
�! H�.MDol.C; d

0/;C/

is induced by the Galois conjugation (5) if and only if it preserves the tautological
classes (11),

H�.MDol.C; d/;C/ 3 c.
; k/ 7! c.
; k/ 2 H�.MDol.C; d
0/;C/:

This was observed by Hausel [16, Remark 4.8]; we give the proof for the reader’s
convenience.

Proof of Proposition 2.2. We first review the construction of Hausel–Thaddeus [17]. We
consider the map

� W GL2gn ! GLn; .a1; : : : ; ag ; b1; : : : ; bg/ 7!

gY
jD1

Œaj ; bj �;

so that MB.C; d/ is the geometric quotient of ��1.�dn Idn/ by the conjugation action.
Now we follow [17, Section 1] to describe the principal PGLn-bundle T 0

d
corresponding

to T in Section 2.1.
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Let zC ! C be the universal cover with the natural �1.C /-action on zC . Then there is
an action of the group �1.C / � GLn on the product

PGLn � ��1.�dn Idn/ � zC ;

given by
.p; g/ � .h; �; x/ D .Œg��.p/h; Œg��Œg��1; p � x/:

Here Œg� is the projection of g 2 GLn to PGLn, and we view � 2 ��1.�dn Idn/ as a
homomorphism �1.C /! PGLn. The resulting quotient, denoted by T 0

d
, gives the desired

PGLn-principal bundle over the product MB.C; d/ � C . It corresponds to T D P .U/ on
the Higgs side via the diffeomorphism given by Non-Abelian Hodge Theory; we refer to
[17, Section 5] for more details.

The two complex varietiesMB.C; d/ andMB.C; d
0/ can be obtained by base change

of a scheme defined over QŒ�� via two complex embeddings QŒ�� ,! C; the two embed-
dings differ by an automorphism of QŒ�� sending �d to �d

0

. Hence we have identified
the cohomology of the two moduli spaces as C-algebras induced by this automorphism
of QŒ��:

H�.MB.C; d/;C/
'
�! H�.MB.C; d

0/;C/: (15)

Furthermore, as an immediate consequence of the description of the bundle T 0
d

, the pairs
.MB.C; d/;T

0
d
/ and .MB.C; d

0/;T 0
d 0
/ correspond via the automorphism �d 7! �d

0

above.
In particular, the isomorphism (15) preserves each class (14) if we pass through the non-
abelian Hodge correspondence. Switching back to the tautological classes c.
; k/, the
“only if” direction is now clear. The “if” direction follows from Markman’s theorem [22]
that the classes c.
; k/ generate the total cohomology as a C-algebra.

2.3. Change the degree by n

Let OC .1/ be a degree 1 line bundle on the curve C . Taking tensor product with OC .1/

induces an isomorphism between the moduli spaces

MDol.C; d/
'
�!MDol.C; d C n/; .E; �/ 7! .E ˝OC .1/; �/: (16)

Proposition 2.3. The isomorphism of the cohomology

H�.MDol.C; d/;C/
'
�! H�.MDol.C; d C n/;C/

induced by (16) preserves the tautological classes:

H�.MDol.C; d/;C/ 3 c.
; k/ 7! c.
; k/ 2 H�.MDol.C; d C n/;C/:

Proof. Under the isomorphism (16), a universal family forMDol.C;d C n/ is obtained by
taking the tensor product of a universal family forMDol.C;d/ with the pullback of OC .1/

from C . Hence the isomorphism

H�.C �MDol.C; d/;C/
'
�! H�.C �MDol.C; d C n/;C/

induced by (16) also preserves the normalized classes, and thus the tautological classes.
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3. Similitude groups

3.1. Good elements

We fix two integers d; d 0 coprime to n. We call an element A 2 GSp.ƒC/ good if there
is an isomorphism of C-algebras

GA W H
�.MDol.C; d/;C/

'
�! H�.MDol.C; d

0/;C/

such that:

(i) GA.c.
; k// D c.A
; k/ for any 
 2 H�.C;C/ and k 2 N;

(ii) GA.PiH j .MDol.C; d/;C// D PiH j .MDol.C; d
0/;C/ for any i; j 2 N.

We denote by G the set of all good elements. It is clear that Theorem 1.1 is equivalent to

G D GSp.ƒC/: (17)

We prove some basic properties for G in Section 3.2, and conclude the section with a
criterion for (17).

3.2. Basic properties

Lemma 3.1. The set G � GSp.ƒC/ is closed under the left or right action of Sp.ƒ/.

Proof. This is given by the monodromy symmetry. More precisely, for fixed d , a mon-
odromy operator obtained by varying the curve C is of the form

H�.MDol.C; d/;C/
'
�! H�.MDol.C; d/;C/; c.
; k/ 7! c.M
; k/;

with M 2 Sp.V / (cf. the end of Section 1.2), and it follows from [9, Theorem 1.1.1]
that a monodromy operator preserves the perverse filtration. The lemma follows from
composing GA with a monodromy operator on the left or right.

Lemma 3.2. The set G � GSp.ƒC/ is Zariski closed.

Proof. For convenience, we pick a C-basis e1; : : : ; e2g of H 1.C;C/. So we have the
C-algebra generators

c.1; k/; c.ei ; k/; c.pt; k/; i; k 2 N; (18)

ofH�.MDol.C;d/;C/ andH�.MDol.C;d
0/;C/. In order to prove that G is Zariski closed

in GSp.ƒC/, it suffices to show that (i) and (ii) are Zariski closed conditions for A 2
GSp.ƒC/.

We first treat (i). Any c.A
; k/ can be expressed in terms of the classes (18) with
coefficients given by certain entries of the matrix A. Hence the condition that GA is a
C-algebra isomorphism sending c.
; k/ to c.A
; k/ is equivalent to any relation between
¹c.
; k/º on MDol.C; d/ being sent to a relation between ¹c.A
; k/º on MDol.C; d

0/,
which is clearly a Zariski closed condition on the entries of A.
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For (ii), we consider a filtered basis of each cohomology group with respect to the per-
verse filtration; that is, we require that each piece Pj of the perverse filtration is spanned
by a subset of the basis. Condition (ii) can be expressed completely in terms of the filtered
basis, namely, the image of every vector of the basis which lies in Pj is sent to a vector
which is only a linear combination of the subbasis giving a basis of Pj . In other words,
condition (ii) is equivalent to the vanishing of certain coefficients for the linear transfor-
mation GA under the filtered basis. By Markman [22] every vector of the filtered basis
is expressed in terms of a linear combination of products of the classes (18). Hence the
coefficients for the linear transformation GA under the filtered basis are polynomials in
the entries of the matrix A, whose vanishing is also a Zariski closed condition.

Combining the two lemmas above, we get the following criterion for G D GSp.ƒC/.

Proposition 3.3. If the set

¹�A j A 2 G � GSp.ƒC/º � Gm

is infinite, then G D GSp.ƒC/.

Proof. The Borel density theorem entails that Sp.ƒ/� Sp.ƒC/ is a Zariski dense subset.
We then deduce from Lemmas 3.1 and 3.2 that G is preserved by the right action of
Sp.ƒC/ on GSp.ƒC/. Hence to prove G D GSp.ƒC/, it suffices to prove that the image
of G via the projection

GSp.ƒC/! GSp.ƒC/=Sp.ƒC/

is dense, where the quotient is with respect to the right action. This is exactly the assump-
tion of the proposition, since the similitude character �A defines an isomorphism

GSp.ƒC/=Sp.ƒC/ D Gm:

Next, we use techniques from positive characteristic to construct sufficiently many
elements in G .

4. Reduction to positive characteristic

In this section, we will always use Q`-adic cohomology with the prime ` coprime to p.
In order to compare Q`-adic cohomology with singular cohomology with C-coefficients,
we fix an isomorphism Ql

'
�! C.

4.1. Non-abelian Hodge in positive characteristic

Our main tool to construct elements in G is to use the non-abelian Hodge correspondence
in positive characteristic [4, 11, 15].

Let Cp be a curve over an algebraically closed field k of positive characteristic p > 0.
Throughout the rest of the paper, we assume that p is large enough so that it is coprime
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to the rank n. We denote by C .1/p the Frobenius twist of the curve Cp obtained from the
base change of

Frob W k! k; x 7! xp;

and we denote by
Frp W Cp ! C .1/p

the relative Frobenius k-morphism, which is finite of degree p.
As in the case of C, the moduli spaceMDol.C

.1/
p ;d / of (slope-)stable Higgs bundles of

rank n and degree d over the curve C .1/p carries a Hitchin fibration hp WMDol.C
.1/
p ; d /!

A.C
.1/
p /. Compared with the characteristic zero case, a new feature in characteristic p is

the existence of a Hitchin type fibration, which is called the Hitchin–de Rham morphism,
from the moduli space MdR.Cp; dp/ of (slope-)stable flat connections

r W E ! E ˝�Cp ; rank.E/ D n; deg.E/ D dp; (19)

to the Hitchin base A.C .1/p / associated with the Frobenius twist C .1/p . More concretely,
the p-curvature of a flat bundle gives rise to a morphism E ! E ˝ Fr�p�C .1/p

, whose
characteristic polynomial induces the Hitchin–de Rham morphism

h.1/p WMdR.Cp; dp/! A.C .1/p /I

we refer to [21] and [15, Section 3] for more details about the p-curvature and
the Hitchin–de Rham fibration. Consequently, the cohomology of both moduli spaces
MDol.C

.1/
p ; d / and MdR.Cp; dp/ admits perverse filtrations induced by hp and h

.1/
p ;

respectively.
Groechenig’s version of the non-abelian Hodge theorem in characteristic p [15, The-

orem 1.1] asserts that the two morphisms (Hitchin for C .1/p ; and Hitchin–de Rham for Cp)

hp WMDol.C
.1/
p ; d /! A.C .1/p /; h.1/p WMdR.Cp; dp/! A.C .1/p / (20)

are both proper and surjective, and are étale-locally equivalent over the base A.C .1/p /.
We remark that Chen–Zhu [4] proved a similar result for stacks (without semistability
assertions) for arbitrary reductive groups.

The Hitchin–de Rham fibration (20) for Cp in degree dp,

h.1/p WMdR.Cp; dp/! A.C .1/p /; (21)

is closely related to the Hitchin fibration for the Dolbeault moduli space for Cp in the
same degree dp,

hp WMDol.Cp; dp/! A.Cp/; (22)

via the Hodge moduli space

� WMHod.Cp; dp/! A.C .1/p / �A1t ! A1t

parameterizing t -connections; this was constructed in [21] in the degree 0 case and was
extended to the case of .n; dp/D 1 by [11, Proposition 3.1]. More precisely, it was shown
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in [11] that � is a smooth family over A1t ; the fiber of � over t D 0 2A1t recovers (21); the
fiber over t D 1 recovers (22), post-composed with the natural universal homeomorphism
between the Hitchin basesA.C .1/p /

'
�!A.Cp/; this latter can be identified with the relative

Frobenius for the Hitchin base A.Cp/ [12, Lemma 4.3].

4.2. Cohomological correspondences

Note that the correspondence (20) is local in nature. Under the coprimality assumption
.n; dp/D 1 for rank and degree, de Cataldo and Zhang [11] established a series of global
cohomological correspondences that we now describe.

The global nilpotent cones associated with the Dolbeault and the de Rham moduli
spaces

NDol.C
.1/
p ; d / WD h�1p .0/; NdR.Cp; dp/ WD h

.1/
p

�1
.0/ (23)

are isomorphic by the étale equivalence of (20). In fact, there is a distinguished isomor-
phism given by (33) that we will describe later. The cohomology rings of the global
nilpotent cones (23) carry natural filtrations induced by the respective perverse filtrations
and the decomposition theorem; see [11, Remark 2.3].

We have the following canonical commutative diagram of canonical ring isomor-
phisms (coefficients Q` throughout), which are also filtered isomorphisms for the respec-
tive perverse filtrations:

H�.MDol.Cp; dp// H�.MdR.Cp; dp// H�.NdR.Cp; dp//

H�.MDol.C
.1/
p ; d // H�.NDol.C

.1/
p ; d //

.d/
'

.c/
'

'

.a/

' ‚M .b/ ' (24)

where the perverse filtrations on the cohomology groups ofNDol and ofNdR are defined in
[11, Section 2.2]; (a) is the filtered isomorphism in [11, (33) combined with Remark 2.3],
and it is induced by restriction; (b) is the second filtered isomorphism in [11, (36)] and it is
induced (this also uses results of M. Groechenig, as indicated in loc. cit.) by the local non-
abelian Hodge correspondence over 0 2 A.Cp/ (see (33)); (c) is the filtered isomorphism
in [11, (31)], and it is induced by restriction; (d) is the filtered isomorphism in [11, (25)].
See also the companion diagram (30). The composition is the filtered ring isomorphism

‚M W H
�.MDol.C

.1/
p ; d /;Ql /

'
�! H�.MDol.Cp; dp/;Ql /: (25)

4.3. Lift to characteristic zero via finite fields

Given a curve C over the complex numbers, for each prime p with p > n and p ¤ `, we
can use the canonical isomorphism ‚M to produce a non-canonical ring isomorphism

z‚M W H
�.MDol.C; d/;C/

'
�! H�.MDol.C; dp/;C/; (26)

filtered with respect to the respective perverse filtrations.
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The construction proceeds as follows. First, notice that, for a given p, it suffices to
construct z‚M for a specific curve C and then apply a monodromy argument, as in [9],
or [11, Proposition 3.3 (2)], to extend to arbitrary curves. Note that this introduces an
ambiguity governed by the monodromy action of Sp.V /.

We will choose C to be the lift of a curve defined over Fp . Let Cp be a smooth
curve defined over the finite field Fp; here for notational convenience, we denote the base
change of Cp to an algebraic closure k of Fp by the same symbol Cp: By our choice, we
have Cp D C

.1/
p : We can lift Cp to a morphism C ! Spec.R/ with R a complete strictly

Henselian DVR of characteristic zero with residue field k, where the geometric generic
fiber C is a connected non-singular curve of genus g � 2.

Specialization morphisms associated with the smooth family C ! Spec.R/ induce
canonical isomorphisms

H�.C;Q`/ D H
�.Cp;Q`/; H�.MDol.C; d/;Q`/ D H

�.MDol.Cp; d /;Q`/; (27)

where we apply [11, Proposition 3.3 (2)] for the second isomorphism. If we combine
these with the canonical isomorphism ‚M of (24) and tensor with the fixed isomorphism
Q`
'
�! C, we obtain the desired z‚M .

Theorem 4.1. The ring isomorphism z‚M satisfies

z‚M .c.
; k// D c.p
�1Fr�p
; k/; 8
 2 H

�.C;C/; 8k 2 N:

Here, Fr�p W H
�.Cp;C/

'
�! H�.Cp;C/ is the Frobenius pullback associated with the

relative Frobenius k-morphism Frp W Cp ! C
.1/
p D Cp; and we have used the fixed iso-

morphism Q`
'
�! C.

Remark 4.2. If we view the operator Ap WD p�1Fr�p W H
�.C;C/ ! H�.C;C/ as an

element in GSp.ƒC/, then by the peculiar action defined in Section 1.2, it acts as id on
H 2.C;C/ and as multiplication by �Ap D p

�1 onH 0.C;C/; thus justifying introducing
this action.

5. Proof of Theorem 4.1

5.1. Isomorphisms

In the setting of Section 4.3, we consider the relative Dolbeault moduli space for degree d ,

MDol.C=R; d/! Spec.R/; (28)

that is smooth over R, and the Hodge moduli space that is smooth over A1t [11, Proposi-
tion 3.1]:

� WMHod.C; dp/! A1t : (29)
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The morphism z‚M for Theorem 4.1 is obtained as a composition, by inserting the
Dolbeault moduli spaces for C into (24), by using (27), and by keeping in mind that
Cp D C

.1/
p ,

H�.MDol.C; dp// H�.MDol.Cp; dp// H�.MdR.Cp; dp// H�.NdR.Cp; dp//

H�.MDol.C; d// H�.MDol.Cp; d // H�.NDol.Cp; d //

'

.27/ u2 .d/
'

.c/
'

'

.27/ u1

' e‚M
'

.a/

' ‚M .b/ '

(30)

Here u1 and u2 are the specialization maps (27) associated with (28), for degrees d
and dp respectively; .a/ and .c/ are the natural restriction maps for the global nilpo-
tent cones (23); .d/ is the specialization map associated with (29); .b/ is induced by the
local non-abelian Hodge correspondence over 0 2 A.Cp/ (see (33)); and z‚M is the com-
position.

For our purpose, we calculate each map with respect to the tautological classes.

Remark 5.1. We note that by [18, Lemma 3.1 and the proof of Corollary 3.2], the fact
that the rank and the degree are coprime ensures that each of the Dolbeault, de Rham,
and Hodge moduli spaces above carries a universal family. In particular, we may define
the tautological classes c.
; k/ for each cohomology in the chain above via a universal
family, compatibly with restriction maps.

5.2. Restrictions and specializations

We first note that restrictions .c; a/ and specialization maps .u1; d; u2/ preserve the tauto-
logical classes, i.e., they send c.
; k/ to c.
; k/.

This statement is clear for restriction maps, since the restriction of a universal
family on MDol.Cp; d / (resp. MdR.Cp; d /) to the corresponding global nilpotent cone
NDol.Cp; d / (resp. NdR.Cp; d /) is still a universal family.

For the specialization maps u1;u2 and .d/, this follows from the existence of universal
families over Spec.R/ and A1t respectively; see Remark 5.1.

5.3. Global nilpotent cones

Finally, we treat the morphism .b/ in (30). Our goal is to prove the identities (42) and (43),
to be used in Section 5.4 when proving Theorem 4.1.

In order to carry out the computation, we need the precise description of the non-
abelian Hodge correspondence [15, Corollary 3.28, Lemma 3.46] for the global nilpotent
cones, which we review briefly as follows.

LetDCp be the sheaf of crystalline differential operators on the curve Cp D C
.1/
p : The

pushforward of DCp along the Frobenius map Frp W Cp ! Cp satisfies

Frp�DCp D ��D ;
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where � is the projection T �Cp ! Cp and D is a uniquely determined OT �Cp -algebra;
see [15, Lemma 2.8]. Moreover, by [15, Theorem 3.20], the restriction of D to any spec-
tral curve C˛ � T �Cp splits, i.e., we have an isomorphism

D jC˛ D EndOC˛
.V˛/ (31)

with V˛ a rank p vector bundle on C˛ , well-defined up to tensoring with a line bundle.
We denote by Cn � T �Cp the spectral curve associated with 0 2 A.Cp/; it is the

n-th thickening of the 0-section Cp � T �Cp . By [15, proof of Corollary 3.45], there is a
canonical choice of a vector bundle Vn of rank p that splits D jCn as in (31). Such a choice
induces a canonical isomorphism � between the global nilpotent cones NDol.Cp; d / and
NdR.Cp; dp/. For our purposes, we need to describe the interaction of universal families
under this isomorphism.

By the classical BNR correspondence, a Higgs bundle in NDol.Cp; d / is given as
.��F ;�/where F is a stable pure 1-dimensional sheaf supported onCn; and � WCn!Cp
is the projection. It corresponds to a flat connection .E;r/ 2 NdR.Cp; dp/ satisfying

Frp�E ' ��.F ˝ Vn/: (32)

To globalize (32) over the moduli spaces, we denote by � the non-abelian Hodge
correspondence for the global nilpotent cones induced by Vn:

� W NdR.Cp; dp/
'
�! NDol.Cp; d /; .E;r/ 7! .��F ; �/; (33)

where E and F satisfy (32). The isomorphism (b) in (30) is �� with inverse ��. We
consider the degree p finite map

F WD Frp � � W Cp �NdR.Cp; dp/! Cp �NDol.Cp; d /; (34)

and the projection

z� W Cn �NDol.Cp; d /! Cp �NDol.Cp; d /:

We also have the following natural projections:

pdR W Cp �NdR.Cp; dp/! Cp; qdR W Cp �NdR.Cp; dp/! NdR.Cp; dp/;

pDol W Cp �NDol.Cp; d /! Cp; qDol W Cp �NDol.Cp; d /! NDol.Cp; d /;

r W Cn �NDol.Cp; dp/! Cn:

Let V be the pullback r�Vn of Vn along the projection r ; it is a vector bundle of
rank p. Let .UdR;r/ and

.UDol; �/ D .z��Fn; �/ (35)

be universal families over the schemes on both sides of (34), where Fn is a universal
family over Cn �NDol.Cp; d /. The isomorphism (32) shows that the pushforward F�UdR

and z��.Fn ˝ V/ coincide after restricting over any closed point on NDol.Cp; d /. There-
fore F�UdR is the tensor product of z��.Fn ˝ V/ and a line bundle pulled back from
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NDol.Cp; d /. Modifying the universal family Fn by this line bundle, we may assume that
the universal families UdR and Fn satisfy

F�UdR ' z��.Fn ˝ V/: (36)

Recall the following type of classes (cf. (9)), which play a role in producing normal-
ized and tautological classes. Let ˛0 2 H 2.C �NDol.Cp; d /;Q`/ be a class of the form

˛0 D p
�
Dol˛

0
0 C q

�
Dol˛

00
0 : (37)

We need the following two classes of the form (37) (for the first, Dol is replaced
by dR):

˛1 WD
p � 1

2
p�dRc1.!Cp /; ˇ WD

p � 1

2p
p�Dolc1.!Cp /: (38)

By explicit calculation, we have the identity td.TF / D 1 C ˛1 for the Todd class
td.TF / of the virtual tangent bundle TF (cf. [14, Theorem B.7.6]). The class ˇ will appear
naturally shortly.

Lemma 5.2. We have the identities

F�Œch˛1.UdR/� D ch.F�UdR/ D p � chˇ .UDol/: (39)

Proof. The first identity follows by applying Grothendieck–Riemann–Roch (GRR) (cf.
[14, Example 18.3.10]) to the l.c.i. morphism F of (34):

ch.F�UdR/ D F�Œch.UdR/ td.TF /� D F�Œch˛1.UdR/�: (40)

To argue for the second identity, we need three useful facts: Firstly, since the inclusion
i W Cp ,! Cn is a section to the projection � W Cn ! Cp , it follows that the isomorphism
i� W H 2.Cn/ ! H 2.Cp/ is the inverse to the isomorphism �� W H 2.Cp/ ! H 2.Cn/.
Secondly, the splitting Vn on Cn that is chosen in [15, proof of Corollary 3.45] satis-
fies the identity of vector bundles i�Vn D Frp�OCp . Thirdly, we have c1.Frp�OCp / D
p�1
2
c1.!Cp /, thus pˇ D p�Dolc1.Frp�OCp /. With these three facts, we obtain the follow-

ing equalities:

ch.F�UdR/ D ch.z��.Fn ˝ V// D z��Œch.Fn/ td.Tz�/ ch.V/�

D z��Œch.Fn/ td.Tz�/r���.p C i�c1.Vn//�

D z��Œch.Fn/ td.Tz�/z��p�Dol.p C c1.Frp�OCp //�

D z��Œch.Fn/ td.Tz�/�.p C pˇ/

D p � ch.z��Fn/.1C ˇ/ D p � chˇ .UDol/; (41)

where the first equality follows from (36); the second follows from GRR; the third follows
from the definition V WD r�Vn and the first useful fact above; the fourth follows from the
identity � ı r D pDol ı z� W Cn � NDol ! Cp and the second useful fact above; the fifth
follows from the projection formula and the third useful fact; the sixth follows from GRR;
and the last follows from (35).
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By twisting (39) with a class ˛0 of the form (37), and by using the projection formula,
we get the identity

F�ŒchF
�˛0C˛1.UdR/� D ch˛0.F�UdR/ D p � ch˛0Cˇ .UDol/: (42)

By integrating the left-hand side of (42) over a class 
 2 H�.Cp;Q`/; the projection
formula, together with the identities qDol ı F D � ı qdR and Frp ı pdR D pDol ı F; yields
the identities Z




ch˛0.F�UdR/ D qDol�
�
p�Dol
 [ F�ŒchF

�˛0C˛1.UdR/�
�

D qDol�F�
�
F �p�Dol
 [ chF

�˛0C˛1.UdR/
�

D ��qdR�
�
p�dRFr�p
 [ chF

�˛0C˛1.UdR/
�

D ��

Z
Fr�p


chF
�˛0C˛1.UdR/:

By integrating the right-hand side of (42), and by using the fact that �� and �� are
mutual inverses, we finally get the following identity for every ˛0 and 
 :Z

Fr�p

chF

�˛0C˛1.UdR/ D �
�

�
p �

Z



ch˛0Cˇ .UDol/

�
: (43)

5.4. Proof of Theorem 4.1

Recall that the isomorphism (b) in .30/ is ��, for which we have the identity (43).
We claim that there is a necessarily unique class ˛0 of the form (37) such that the two

Chern characters in the first and third term of (42) are simultaneously normalized.
We pick ˛0 to be the unique class of the form (37) so that chF

�˛0C˛1
1 .UdR/ lies in

the Künneth component

H 1.Cp/˝H
1.NdR.Cp; dp// � H

2.Cp �NdR.Cp; dp//;

and consequently chF
�˛0C˛1.UdR/ is normalized. To do so, we use the fact that F is a

product and that F � is an isomorphism.
Since F D Frp � �; we know that F� respects the Künneth components. Therefore

the class chˇC˛0.UDol/ is also normalized, and our claim is proved.
Since both Chern characters are normalized, it follows from (43) that the isomor-

phism �� respects tautological classes. Moreover, in view of (43), we obtain the following
explicit expression for the isomorphism z‚M evaluated on the tautological classes:

z‚M .c.
; k// D ‚M .c.
; k// D �
�

Z



chˇC˛0.UDol/ D

Z
1
p �Fr�p


chF
�˛0C˛1.UdR/

D c.p�1Fr�p
; k/:

Here we abuse notation by omitting the horizontal isomorphisms in (30), which all respect
normalized and tautological classes.
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6. Proofs of the main theorems and of Deligne splittings

6.1. Proof of Theorem 1.1

In view of Proposition 3.3, it suffices to show that there are infinitely many A 2 G with
distinct �A 2 Gm.

We first note that, if for one complex curve C of genus g � 2 we find an isomorphism
of the form GA as in Section 3.1, then by composing with parallel transport operators we
obtain an isomorphism of the same form for any non-singular complex curve of genus g.
Therefore, we may choose any curve to construct elements in G .

For any prime p > n with
dp D d 0 mod n; (44)

we work with C and its reduction Cp as in Section 4.3. By Proposition 2.3 and Theo-
rem 4.1, we obtain

Ap D p
�1Fr�p 2 G with �Ap D p

�1
2 Gm:

The theorem follows since there are infinitely many primes p satisfying (44).

6.2. Proofs of Theorems 1.2 and 1.4

Theorem 1.2 is deduced from Theorem 1.1, since it follows from Proposition 2.2 that the
Galois conjugation (5) coincides with the isomorphism �d;d 0 of Theorem 1.1 (b).

Now we prove Theorem 1.4. We consider the action of the 1-dimensional subgroup

T WD ¹� Id2g j � ¤ 0º � GSp.ƒC/

on the total cohomology H�.MDol.C; d/;C/ induced by the action of Theorem 1.1 (a).
We note that the weight decomposition of this T -action recovers the Hodge–Tate decom-
position (8) via non-abelian Hodge (3). More precisely, we have

Hdgij D ¹! 2 H
i .MDol.C; d/;C/ j � � ! D �

2j�i!; 8� 2 TºI

this follows directly from the explicit description of the T -action on the tautological
classes:

� � c.
; k/ D �2�ec.
; k/; 8
 2 H e.C;C/; 8� 2 T :

Furthermore, by Theorem 1.1 (a) each piece of the perverse filtration preserves the T -
action. Hence the weight decomposition of T on each piece PkH i .MDol.C; d/; C/
induces the desired decomposition

PkH
i .MDol.C; d/;C/ D

M
j

�
PkH

i .MDol.C; d/;C/ \ Hdgij
�
:

This completes the proof of Theorem 1.4.
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6.3. Extension to Deligne splitting

As we will recall briefly, the perverse filtration on the cohomology H�.MDol.C; d/;C/
admits a natural splitting, known as the first Deligne splitting [6, 13]. Conjecturally this
splitting corresponds, via Non-Abelian Hodge Theory, to the Hodge–Tate splitting of the
weight filtration on H�.MB.C; d/;C/ in (8).

We first review some background. Suppose we are given a triple .H; F; �/ where
H is a C-algebra, F an increasing filtration on H concentrated in degrees Œ0; 2r�, and
� is an element of H . We say that � is an F -Lefschetz class if (i) multiplication by �
maps FkH to FkC2H and (ii) multiplication by �i induces isomorphisms �i W GrFr�i H '
GrFrCi H . An F -Lefschetz class � on H induces, by means of an explicit linear algebra
construction, a natural splitting of F called the first Deligne splitting [6]. In our setting,
H DH�.MDol.C;d/;C/ is the cohomology of the Dolbeault moduli space equipped with
its perverse filtration P , and the P -Lefschetz class � is a degree 2 cohomology class. The
first Deligne splitting satisfies the following natural compatibility. Suppose we are given
two such triples .H;F; �/ and .H 0; F 0; �0/ and a ring isomorphism f W H

'
�! H 0, which

is a filtered isomorphism, for which f .�/D �0. It is clear that if � is an F -Lefschetz class
then �0 is an F 0-Lefschetz class and moreover f preserves the corresponding Deligne
splittings.

This compatibility gives us the following corollary of our main theorem.

Corollary 6.1. The operators GA of Theorem 1.1 preserve the first Deligne splittings for
H�.MDol.C; d/;C/.

Proof. As explained in [10, Remark 3.5], in the case of H�.MDol.C; d/;C/, the first
Deligne splitting is independent of the choice of P -Lefschetz class �. In other words, we
have naturally defined subspaces Sj � H for which

Pk D
M
j�k

Sj :

By the compatibility stated before the proposition, given two Dolbeault moduli spaces
MDol.C; d/ and MDol.C; d

0/, any ring isomorphism

H�.MDol.C; d/;C/
'
�! H�.MDol.C; d

0/;C/;

which is a filtered isomorphism, automatically preserves the first Deligne splitting and
the graded pieces Sj . In particular, this applies to the operators GA constructed in this
paper.
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