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Abstract. We study the regularity of the De Gregorio (DG) model w; + uwx = uxw on S 1 for
initial data g with period 7 and in class X: wg is odd and wp < 0 (or wg > 0) on [0, r/2]. These
sign and symmetry properties are the same as those of the smooth initial data that lead to singularity
formation of the De Gregorio model on R or the generalized Constantin—Lax—Majda (gCLM) model
on R or S with a positive parameter. Thus, to establish global regularity of the DG model for
general smooth initial data, which is a conjecture on the DG model, an important step is to rule out
potential finite time blowup from smooth initial data in X. We accomplish this by establishing a
one-point blowup criterion and proving global well-posedness for initial data wg € H! N X with
wo(x)x~! € L. On the other hand, for any « € (0, 1), we construct a finite time blowup solution
from a class of initial data with wg € C% N C%(S1\ {0}) N X. Our results imply that singularities
developed in the DG model and the gCLM model on S can be prevented by stronger advection.

Keywords. 3D Euler equations, De Gregorio model, singularity, regularity

1. Introduction

To model the effect of vortex stretching in the three-dimensional (3D) incompress-
ible Euler equations, Constantin, Lax, and Majda [12] proposed a one-dimensional
model (CLM)

w; = uUyw, Uy =How, (1.1)

where H is the Hilbert transform. Singularity formation of (1.1) was established and
studied in detail in [12]. The effect of advection in the 3D Euler equations is not modeled
in (1.1).

De Gregorio [16,17] considered both effects by adding an advection term uw, to (1.1):

w; + Uy = Uxw, Uy = Hw, (1.2)

Jiajie Chen: Computing + Mathematical Sciences, California Institute of Technology, Pasadena,
CA 91125; current address: Courant Institute of Mathematical Sciences, New York University,
New York, NY 10012, USA; jchen@caltech.edu, jiajie.chen @cims.nyu.edu

Mathematics Subject Classification (2020): Primary 35Q31; Secondary 35Q35


https://creativecommons.org/licenses/by/4.0/
mailto:jchen@caltech.edu
mailto:jiajie.chen@cims.nyu.edu

J. Chen 1620

and provided some evidence that (1.2) admits no blowup. To understand the effect of
advection in (1.2), we can neglect the vortex stretching term u,® in (1.2). The resulting
model can also be seen as (1.3) below with infinite weight @ = oo in the advection term.
One can obtain the global well-posedness of this model using the conservation of |w|| oo
(see, e.g., [46]). Numerical simulations performed in [38,46] and the report in [30] sug-
gest that a solution of (1.2) from smooth initial data exists globally. These lead to the
conjecture that the De Gregorio (DG) model is globally well-posed for smooth initial
data, which was made in [20, 38, 46]. Note that the question of regularity for the DG
model is listed as one of the open problems in [23]. In contrast to the CLM model, there
is a strong competition in the DG model between the nonlocal stabilizing effect due to
advection and a destabilizing effect due to vortex stretching. These two effects are com-
parable, making it very challenging to analyze (1.2). We remark that the stabilizing effect
of advection has been studied in [27, 28] for the 3D Navier—Stokes equations.

Regarding the global regularity of (1.2), the first result seems to be established only
recently by Jia—Stewart—Sverdk [30], who proved the nonlinear stability of a steady state
Asin(2x) of (1.2) with period 7 using spectral theories. In [35], Lei—Liu—Ren discovered
a novel equation (see (2.1)) and a conserved quantity for initial data wy with a fixed
sign and established the global regularity of (1.2) for such initial data. We note that for
strictly positive or negative initial data wo, the CLM model (1.1) does not blow up. On
the other hand, in recent joint work [9] with Hou and Huang, we established finite time
blowup of (1.2) on R with initial data wg € C2° by proving the nonlinear stability of an
approximate blowup profile. Thus the above conjecture on the regularity of the DG model
is not valid for all smooth initial data in the case of R.

In this paper, we study the regularity of the De Gregorio model (1.2) on S! with
period 7r. We focus on odd initial data wq in class X (see (1.4)): wp(x) > 0 or wo(x) <0
for all x € [0, r/2]. These properties are preserved dynamically. The class of initial data
in X seems to provide the most promising scenario for a potential blowup solution of
(1.2)on S! up to now for the following reasons. Firstly, the initial data considered in [9]
that lead to finite time blowup of (1.2) on R have the same sign and symmetry properties
as those in X. Secondly, for the generalized Constantin—Lax—Majda (gCLM) model [46]

w; +auwy = uyw, Uy =How (1.3)

with a > 0, which is closely related to (1.2), singularity formation [5, 6,9, 19, 20] all
develops from initial data with the same sign and symmetry properties as those in X. In
particular, in [6], we established that the gCLM model on S! with a slightly less than 1,
which can be seen as a slight perturbation to (1.2), develops finite time singularity from
some smooth initial data in X . Thirdly, this scenario can be seen as a 1D analog of the
hyperbolic blowup scenario for the 3D Euler equations reported by Hou—Luo [36, 37].
See also [8,32,33]. In fact, the restriction of the (angular) vorticity in [8,32,33,36,37] to
the boundary has the same sign and symmetry properties as those in X . Thus, to establish
global regularity of (1.2) for general smooth initial data, we need to address the important
question of whether there is a finite time blowup in this class. We note that the initial data
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considered in [30] is close to the steady state A4 sin(2x) of (1.2). Thus it belongs to X or
is close to one in X .

Note that the CLM model can only blow up in finite time at the zeros of w [12].
Since vortex stretching is the driving force for a potential blowup of (1.2), it is likely
that a potential singularity of (1.2) with general data is also located at the zeros of w.
For a zero x¢ of w across which w changes sign, the leading order term of w near xg is
al)ﬁw(xo)(x — x0)¥ for some odd k € Z~. It has the same sign and symmetry properties
as those in X. Thus, our analysis of (1.2) with w € X can provide valuable insights on the
local analysis of these potential singularities. For a zero x¢ of @ across which w does not
change sign, the local analysis could benefit from [35].

There are other 1D models for the 3D Euler equations and SQG equation: see, e.g.,
[11,13]. We refer to [11,20] for excellent surveys and [10, 11, 20] for discussions on the
connections.

1.1. Main results
Throughout this paper, we consider initial data @ in the following class:
X :={f : f isodd, m-periodic and f(x) < 0 for x € [0, 7/2]}, (1.4)

unless we specify otherwise. We assume wg < 0 on [0, 77 /2] without loss of generality. For
the case of wy > 0 on [0, /2], we can consider a new variable wyeyw(X) := w(x + 7/2)
and then reduce it to the previous case. It is not difficult to show that the solution w(¢)
remains in X.

Our first main result is a one-point blowup criterion. A similar blowup criterion has
been obtained in our previous work [5] for the DG model and the gCLM model with
dissipation.

Theorem 1. Suppose that wg € X N H' and

/2 CU(%
A(wg) = / w—(’)x sin(2x)| dx < oo.
0

The unique local in time solution of (1.2) cannot be extended beyond T > 0 if and only if

T
[ ux(0,1)dt = oo. (1.5)
0

For w € X N H', we have u,(0,1) > 0. Suppose that @ vanishes to the order |x|ﬁ,

B > 0, near x = 0. Then 2= sin(2x) is of order |x|>#~D=A+1 = |x|A~1 near x = 0, which
is locally integrable. A similar conclusion holds for the local integrability near x = /2.
For € C1* N X, the sign condition in X implies that & degenerates at its zeros in
ST\ {0, w/2) with an order B > 1, if the zeros exist, and thus (‘;—g sin(2x) is still locally
integrable. In particular, for wg € C* N X with a finite number of zeros and a finite order
of degeneracy, the assumption A(wp) < oo holds automatically. Based on Theorem 1, we
obtain the following global well-posedness result.
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Theorem 2. Suppose that wg € X N H', wo(x)x~! € L™, and A(wy) < oc. There exists
a global solution w of (1.2) with initial data wy. In particular,

(@) for wg € X N CY¥ with a € (0,1) and A(wy) < 00, there exists a global solution
Sfrom wy;

(b) for wg € X N C with A(wp) < 00, the unique local solution w € (,; C* from
wy exists globally. If the initial data further satisfies wy € C'* with o € (0, 1) and
wo,x(0) = 0, we have

@)1 + [ux(0,1)] < K(wp)eC2®",

lo)llze = K(wo) exp(2exp(K (@) exp(COQ)1)).

where Q(2) = 0”/ 2 |wo| cot? y dy and K(wgy) is some constant depending on
Hawo(0), Hwo(7/2), [lwollzr, Q(2), A(wo).

In the general case, the a priori estimates are much weaker. See Lemma 5.4 and
Remark 5.5 for more discussion. Since H® < C* for s > o 4 3/2, Theorem 2 implies
the global well-posedness (GWP) in H* N X with s > 3/2. The condition wg(x)x~! € L>®
in Theorem 2 is necessary since we can obtain a finite time blowup for wg that is less reg-
ular near x = 0.

Theorem 3. For any 0 < « < 1 and s < 3/2, there exists wg € X N C* N H* N
C®(S1\ {0}) with A(wg) < oo such that the solution of (1.2) with initial data wy devel-
ops a singularity in finite time. In particular, fOT Ux(0,¢)dt = oo.

One can establish the local well-posedness of (1.2) in C¥® with any k € Z U {0}
and o € (0, 1) using the particle trajectory method [39]. From the ill-posedness result for
the incompressible Euler equations in [2], it is conceivable that (1.2) is ill-posed in C 1
For C! initial data, there is a unique local solution in (),; C*. Thus, in view of the
above theorems, in the class w € X, the blowup criterion in Theorem | and the regularity
results in Theorems 2 and 3 are sharp.

Theorem 2 verifies the conjecture on the GWP of (1.2) on S and rules out potential
blowup of (1.2) from initial data in C°° N X. It also addresses the conjecture made in [20]
in the case of S that the strong solution to (1.2) is global for C! initial data in X . Note
that the smooth initial data that lead to singularity formation of the gCLM model (1.3)
on S [5,6,9] or the CLM model [12] can be chosen in the class of Theorem 2. Thus,
Theorem 2 implies that advection in (1.2) can prevent singularity formation in the CLM
model or the gCLM model for such initial data. The global regularity results in Theorem 2
can be generalized to the DG model (1.2) with an external force fw linear in w, where
f € C*is a given even function. Theorem 3 resolves the conjecture made in [20,49] that
(1.2) develops a finite time singularity from initial data wy € C¥ or wg € H® for any « €
(0,1) and s < 3/2 in the case of S'. The case of R has been resolved in [9] with wg € C°.

In [20], Elgindi—Jeong made an important observation that advection can be substan-
tially weakened by choosing C* data with sufficiently small «, and constructed a C*
self-similar blowup solution of (1.2) on R with small .. For (1.2) on S, a finite time
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blowup from CZ data with small o was obtained in [9]. In Theorem 3, the Holder expo-
nent « can be arbitrarily close to 1. As we will see in the proof, it suffices to weaken
advection slightly. Theorem 3 is inspired by our previous work [6], where we constructed
a finite time blowup solution for the gCLM model (1.3) with a slightly less than 1 and
smooth initial data.

1.2. Connection with the CLM model
The CLM model (1.1) can be solved explicitly [12]:

I) — 40)0()()
0T o £ P (1.6)
Ho(x.t) = 2Hwo(x)(2 — tHwo(x)) — 2t w3 (x) .

(2 — tHwo(x))? + 1203 (x)

We consider the solution of (1.1) with period . From (1.6), the solution can blow up
at x in finite time if and only if wg(x) = 0 and H wy(x) > 0. Consider odd wgy with wg < 0
on (0,7/2). Since Hwo(0) > 0 and Hwy(r/2) < 0, the only point x with wy(x) = 0 and
Hwy(x) > 0is x = 0. Within this class of initial data, from Theorem 1, u, (0, ¢) controls
the blowup in both the CLM model and the De Gregorio model. On the other hand, the
CLM model blows up in finite time for smooth initial data, while from Theorems 2 and 3,
the advection term in the De Gregorio model can prevent singularity formation if the
initial data is smooth enough.

1.3. Competition between advection and vortex stretching

The competition between advection and vortex stretching and its relation to the vanishing
order of w € X near x = 0 can be illustrated by a simple Taylor expansion. Suppose that
near x = 0, w = —x% 4+ l.o.t. fora > 0 and u = cx + l.o.t. for some ¢ > 0, where l.o.t.
denotes lower order terms. We impose the assumption on u since u = —(—0,x) /2
odd and at least C! with 1, (0) > 0 for nontrivial @ € X. The leading order terms of uw,
and uyw near x = 0 are given by

w is

uwy = —acx® +lot., uyw = —cx?+lo.t.

This simple calculation suggests that @ — 1 characterizes the relative strength between
the advection |uwy | and the vortex stretching |u,w| near x = 0. Advection is weaker than,
comparable to, and stronger than the vortex stretching ifa < 1,a = 1, and a > 1, respec-
tively. Considering the stabilizing effect of advection [6,27,46] and the destabilizing effect
of vortex stretching [12], one would expect that there exists singularity formation in the
case of a < 1 and global well-posedness in the case of @ > 1. Theorems 2 and 3 confirm
this formal analysis. In the case of a = 1, e.g. wg € C1* with wg x(0) # 0 in Theo-
rem 2, the effects of the two terms balance, making it very challenging to establish the
GWP result in Theorem 2. To prove these results, we need to quantitatively characterize
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the competition in three different cases and precisely control the effects of advection and
vortex stretching. See more discussion in Section 2.

1.4. Connections with incompressible fluids

1.4.1. The effect of advection. Theorem 2 provides some valuable insights on potential
singularity formation in incompressible fluids. We consider the 2D Boussinesq equations

ws+u-Vo =605, 0;4+u-Vo =0, (1.7)

where w is the vorticity, 8 is the density, and u is the velocity field determined by
Vi(=A)lw.

In the whole space, a promising potential blowup scenario is the hyperbolic-flow sce-
nario with 0y, w being odd in both x, y, and positive 0y,  in the first quadrant. The
induced flow is clockwise in the first quadrant near the origin. A similar scenario has
been used in [26, 50]. In this scenario, the flow in the y-direction in the first quadrant
moves away from the origin. To understand the effect of y-advection, we derive a model
on 6, which is the driving force for the growth in (1.7). Taking the x-derivative of (1.7)
and using the incompressibility condition u, , = —uy x yields

00y +u- VO = —uy x0x —us.x0, = us 0 —uy x0y. (1.8)

Dropping the 8, term and the advection in the x direction and simplifying w = 0, we
further derive

8t9x + u28y9x = Ltz,yex, (19)
u=VE—A) 0, upzy = 0xy(—A) 6y (1.10)

See more motivations for these simplifications in Appendix A.2. Note that the 6-equa-
tion in (1.7) with (1.10) reduces to the incompressible porous media equation [14, 15].
Equation (1.9) captures the competition between the vortex stretching u» 6, and the
y-advection u»0,0, in (1.8). This model relates to (1.2) via 0, — —w, Z)xy(—A)_1
— —H . Moreover, the solutions of the two models enjoy similar sign and symmetry prop-
erties. See more discussion in Appendix A.2. The connection between dy,(—A)~! and
H can be justified under some assumptions [10, 11,29], though it may not be consistent
with the current setting.

Valuable insight from Theorem 2 and the connection between the above model and
(1.2) is that if 6y (x, y) vanishes near y = 0 to order |y|* with a > 1, advection may
be strong enough to destroy potential singularity formation. In the hyperbolic flow sce-
nario, due to the odd symmetry in y, a typical 6 near the origin is of the form 6(x, y) ~
cix't®y 4 lot.forf e CY* and (x, y) ~ c1x%y + Lo.t. for & € C*. In both cases, 0,
vanishes linearly in y, and thus the effect of y-advection can be an obstacle to singularity
formation. Such an effect can be overcome by imposing a solid boundary on y = 0, and
singularity formation with C % velocity has been established in [8]. For smooth data,
the importance of boundary has been studied in [36,37]. In the absence of a boundary,
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new mechanisms to overcome advection or a new scenario may be required to obtain
singularity formation of (1.7) in R2.

1.4.2. Connections with the SQG equation. In [3], Castro—Cérdoba observed that a solu-
tion w(y, t) of the De Gregorio model (1.2) can be extended to a solution of the SQG
equation

O, +u-V0 =0, u=Vt=a)"129 (1.11)

with infinite energy via 0(x, y,t) = xw(y,t). We can perform derivations for (1.11) sim-
ilar to those in (1.7)—(1.10). Under this connection, the terms dropped in the derivations
are exactly 0, and the SQG equation in the hyperbolic-flow scenario [26] reduces exactly
to the DG model (1.2) with a solution in class X. Hence, our analysis of (1.2) provides
valuable insight into the effect of advection in (1.11) in such a scenario. Moreover, from
Theorem 2, we obtain a new class of globally smooth nontrivial solutions to (1.11) with
infinite energy. Note that a globally smooth solution to (1.11) with finite energy has been
constructed in [4] (see also [24]). Singularity formation of (1.11) from smooth initial data
with infinite energy follows from [9].

Under the radial homogeneity ansatz (¢, r, B) = r?>~2*g(t, B), Elgindi-Jeong [21]
established a connection between a solution 6 to the generalized SQG equation and a
solution g(¢, B) to the gCLM model (1.3) with a > 1 up to some lower order term in
the velocity operator. Our analysis of the global regularity of (1.2) sheds useful light
on the analysis of (1.3) with @ > 1 and constructing globally nontrivial solutions to the
generalized SQG equation using the connection in [21]. In particular, our argument to
analyze u,(0) and a singular integral, which is defined in (2.4) and characterizes the
competition between advection and vortex stretching in (1.2), can be generalized to the
gCLM model with a > 1. See more discussion in Section 7.

Organization of the paper. In Section 2, we discuss the main ideas in the proofs of the
main theorems. In Section 3, we establish the one-point blowup criterion. In Section 4, we
discuss the stabilizing effect of advection in (1.2) and study the positive-definiteness of
several quadratic forms, which are the building blocks for the GWP results in Theorem 2.
In Section 5, we prove Theorem 2. In Section 6, we construct finite time blowup of (1.2)
with C* N H* data. We make some concluding remarks on the potential generalization
of the results in Section 7. Some technical lemmas and derivations are deferred to the
Appendix.

2. Main ideas and the outline of the proofs

In this section, we discuss the main ideas and outline the proofs of the main theorems.

2.1. Difference between the De Gregorio on R and on S

Note that the initial condition considered in [9] that leads to finite time blowup of (1.2)
on R has the same sign and symmetry properties as those in X. To establish the well-
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posedness results in Theorems 1 and 2, we need to understand the mechanism on S that
prevents singularity formation similar to [9].

For (1.2) on S! with @ € X, we have two special points x = 0, x = /2, which
correspond to x = 0, x = oo in the case of R. One of the key differences between the two
cases is captured by the evolution of ||@||1:

d /2 2 /2 /2
E(‘ /O o(x) dx) -2 /0 /0 ()0 (y) cot(x + y) dx dy,

which is derived in (3.10)—(3.11). Since w < 0on [0, /2], — 0”/2 w(x)dx equals ||w]|z1.

For x 4+ y < m/2, the interaction on the right hand side has a positive sign due to
cot(x 4+ y) > 0, which leads to the growth of ||w||;,1. On the other hand, for x + y > /2,
the interaction has a negative sign, which contributes to the decrease of ||| 1. The former
and the latter interaction can be seen as the interaction near 0 and /2, respectively. The
latter plays a crucial role in our proof as a damping term. For comparison, a similar ODE
can be derived for (1.2) on R with cot(x + y) replaced by % The interaction is always
positive and can contribute to the unbounded growth of the singular solution in [9] in the
far field. Yet, for (1.2) on S, similar growth near x = /2 is prevented due to the above
damping term.

Moreover, for (1.2) on S with @ € X, we have —u € X and thus ux(0) > 0 and
Uy (7/2) < 0 for nontrivial w. The sign of u, (77/2) suggests that near x = 77/2, the vortex
stretching term v, w in (1.2) depletes the growth of the solution. Using these observations,
we show that the nonlinear terms near x = /2 are harmless. Thus, the main difficulty is
the analysis of (1.2) near x = 0.

2.2. The one-point blowup criterion
In [35], an important equation was discovered:

20:(V0))? = —u(Vo))?) = sHo(Vo))? + j(Ho)o'. 2.1
which implies

1 2 1 2

29,2 = (w2 + o Hox. 2.2)
2w 2\ w /,

Identity (2.2) can also be obtained from the equation for w, and ™! using (1.2).

To prove Theorem 1, one of the key steps is the estimate of a new quantity
fon/ 2 (‘;—’2‘ sin(2x) dx. The vanishing property of sin(2x) near x = 0, /2 cancels the sin-
gularity caused by 1/w for w € X. Since w(¢) remains in X (see (1.4)) and w < 0 on
[0, /2], %2‘ sin(2x) has a fixed sign. To control the nonlinear terms in the energy esti-
mate, we will exploit the conservation form (u %)zf)x, use an important cancellation for a
quadratic form of wy and a crucial extrapolation inequality for u. Using some estimates in
[5,9], we derive a priori estimates on uy (0), |w|/1, foﬂ/ 2 %% sin(2x) dx, which controls
o(x) away from x = 7/2 by interpolation. By exploiting the damping mechanisms near
x = m/2 discussed in Section 2.1, we further show that 1, (7r/2, t) cannot blow up before



On the regularity of the De Gregorio model for the 3D Euler equations 1627

the blowup of u, (0, t). With these estimates, we obtain an a priori estimate on ||w||zo
in terms of f(; U (0, 5) ds, and establish the one-point blowup criterion by applying the
Beale—Kato—Majda type blowup criterion [1,30]. See also [46].

2.3. Global well-posedness

To prove Theorem 2 using Theorem 1, we need to further control u, (0). In the special
case of wg € C1* with wg »(0) = 0, the key step is to establish

d /2 /2
—/ wcot? x dx = / (Uxw —uwy) cot®> x dx > 0. (2.3)
dt Jo 0

The quantity fon/ % w cot? x dx is well-defined for @ € C1* with w,(0) = 0 and & > 0.
The above inequality quantifies the fact that the stabilizing effect of advection is stronger
than the effect of vortex stretching in some sense for @ in this case. We will exploit
the convolution structure in the quadratic form in (2.3) and use an idea from Bochner’s
theorem for a positive-definite function to establish (2.3). We remark that an inequality
similar to (2.3) has been established in the arXiv version of [9], where a more singular
function cot? x with 8 > 2.2 is used. The inequality (2.3) is stronger than that in [9] since
foﬂ/z w(cot x)P dx is not well-defined for v € C1* with & € (0, 8 — 2) and w,(0) = 0.
Since w < 0on [0, /2], (2.3) implies an a priori estimate of fon/z |w cot? x| dx, based on
which we can further control ||w||; 1, u(0) and establish global well-posedness.

In the general case, wy can vanish only linearly near x = 0. The proof is much more
challenging since fon/ 2 |w cot? x| dx is not well-defined, and there is no similar coercive
conserved quantity. Note that in this case, for wg close to A4 sin 2x in the C? norm, the
solution w(x, t) converges to A sin2x ast — oo [30]. As pointed out in [30], this imposes
strong constraints on possible conserved quantities. Thus, it is not expected that there is
any good conserved quantity similar to some weighted norm of w.

To illustrate our main ideas, we consider wg € C** N X with wo,x 7 0. In this case,
the only conserved quantities seem to be wy (x,?) = wg x (x) for x = 0, 77/2. Surprisingly,
the one-point conservation law wx (0, ¢) = wo, x(0) allows us to control Q(p,¢) defined
below for B < 2. We remark that we do not have monotonicity of Q(,¢) in ¢ similar to
(2.3) when 8 < 2. A crucial observation is the following leading order structure:

%/2 B —wx(0)
0(B.1) 2=/ —w(y,1)(coty)’ dy = 2p + R(B.1), |RB. D] Ze olcra.
’ 2.4)

for any B < 2. As long as w(t) remains in C 1%, we can choose B sufficiently close to 2,
such that (2 — ) Q(B, ) is comparable to —wy (0), which is time-independent. Using this
observation, an ODE for Q(f, t) similar to (2.3) but with a nonlinear forcing term, and an
additional extrapolation-type estimate, we can control Q(fB(¢),t) with B(¢) sufficiently
close to 2. In the case of less regular initial data wp € X N H! with wox~! € L, we
will establish an estimate similar to (2.4). This enables us to further control u, (0) and
establish global well-posedness.
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2.4. Finite time blowup

To prove Theorem 3, we follow the method of Chen—Hou-Huang [9]. We also adopt an
idea developed in our previous work [6] that a singular solution of the gCLM model (1.3)
can be constructed by perturbing the equilibrium sin(2x) of (1.2). We first construct a C*
approximate self-similar profile of (1.2), wy = C - sgn(x)|sin2x|* with @ < 1 sufficiently
close to 1. Our key observation is that for & < 1, the advection uwj is slightly weaker than
the vortex stretching uw. See the discussion in the paragraph before Section 1.2 and in
Section 1.3. Then we establish the nonlinear stability of the profile @y in the dynamic
rescaling formulation of (1.2) based on the coercivity estimates of a linearized operator
established in [35] and several weighted estimates. Using the nonlinear stability results
and the argument in [6, 9], we further establish finite time blowup.

The finite time singularity of (1.2) on R from C2° initial data established in [9] has
expanding support, and the vorticity blows up at co. The singularities of the gCLM model
(1.3) with weak advection constructed in [5,9,19,20] are focusing, and the blowups occur
at the origin. Due to the relatively strong advection and the compactness of the circle,
the C¥ singular solution of (1.2) on S! we construct is neither expanding nor focusing,
which is similar to the solution in [6]. Moreover, the solution blows up in most places at
the blowup time. Compared to the analysis of the gCLM model in [6], the blowup analysis
of (1.2) with C% data is more complicated due to the less regular profile and its estimates
in the nonlinear stability analysis with singular weights.

3. One-point blowup criterion

In this section, we establish the one-point blowup criterion in Theorem 1.
Recall the class X defined in (1.4) and the Hilbert transform on the circle with
period 7:

1 /2
Uy =Hw = —P.V./ o(y)cot(x — y)dy,
vs —n/2 3.1)
1 [/ sin(x + y)
U=—— w(y)log | ——=|dy.
7)o sin(x — y)

For (1.2) with initial data wy € X, it is not difficult to find that w(-, t), —u(-, t) remain
in X.

3.1. Energy estimate

To perform an energy estimate using (2.2), we multiply both sides of (2.2) by

2
—sin(2x) € X so that —% sin(2x) > 0. Integrating over S, we obtain

1d 2 1 ;
— —/ —&sin(Zx) dx —/ M& sin(2x) dx _/ wx Hwy sin(2x) dx
2dt Jg1 w 2 Js1 W ), S

I+ 11 (3.2)
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We introduce the following functionals:

w2
A(w) := / ——2X5sin(2x)dx, E(w):= A(®) + ux(0) + |@]|11,
st @ (3.3)
U(t) :=/ ux(0,s)ds.
0

We choose the special function sin 2x due to the crucial cancellation in Lemma A.3,
= /Sl wy Hwy sin(2x) dx = 0. (3.4)
For I, using integration by parts, we obtain
I = —l[ uw—’%(sin(Zx))x dx = —/ M a)_)% sin(2x) dx
st S1 w

2 sin(2x)

/2 2 2
= —2/ M @ sin(2x) dx.
0 sin(2x) o

2
A crucial observation is that by taking advantage of the conservation form (u %)
and estimating on (2.2) with an explicit function, the coefficient ”:%g’)‘) in the nonlinear

term [ for x away from x = 0, /2 is of lower order than u,, w. We further estimate /

> 0, and cos(2x) <0

X

2
from above. Since w, —u € X, we derive —a;—x sin(2x) > 0
on /4, /2]. It follows that

/4 2 2
I < —2/ M “x sin(2x) dx <
0 sin(2x)

_u__
> sin(2x)

A(w), (3.5)
Lo°[0,7/4]

sin x

where A(w) is defined in (3.3). The fact that the nonlinear term in [7 /4, 77 /2] is harmless
is related to the discussion in Section 2.1. To control ——, we use the following extrapo-
lation.

Lemma 3.1. Suppse that o € X satisfies A(w) < 00, ux(0) < oo and w € L. Then

u

< (ux(0) + [lollLr + Dlog(l@llzeeto,x/31 + 2), (3.6)
Lo°[0,7/4]

[lcos x|"?w] ;e S (A(@) W (0) + ll|1))"?,
[sinx - | roe < (A(w)|ux(x/2)])"2.

sin x

(3.7)

We remark that ||| e [0, /3] can be further bounded by [||cos x|'/2w |, .

Proof. Denote

sin y sin(x + y) sin y tanx 4+ tan y
K(x,y) == . =——1Io ,
sin x sin(x — y) sin x tanx —tan y
1
f(x) =xlog x+! .
x—1
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From (3.1), we get

u 1 /2
sin x b4 /(;

For & < {5 to be determined, we decompose (3.8) as follows:

——K(x,y)dy. (3.8)

sin(x + y) 1 >w(y)
dy = ——/

sin(x — y) oo sin y

u
sin x
/2 o(y) w/2 w(y) sin(x +y)
5/ Ly/x—1]>¢ —K(X’y)‘dy +/ 1)y /x—11<e| ——=|log | =
0 sin y 0 sin x sin(x — y)
=:1+1l
Denote z = 222 For |y/x — 1| > &, x, y € [0, /2], we have
| 1 tan y — tan x sin(x — y) sin(x — y) S |x — y| S
z — — = = &
tan x COSX -COS Yy -tanx cosy -sinx X ~

For x € [0, 7/4] and y € [0, w/2], using sin x < tan x, sin y < tan y and the above
estimate, we get
z+1

log'—‘ = f(z) = logs_l,
z—1

tan y
tan x

K(x,y) < lo

tanx + tan y
tanx —tany N

where we have used f(z) < 1 forz > 2 and z < 1/2 to obtain the last inequality. Hence

—1 /2 lw(y)] —1 /2
I <loge™ - ———dy Sloge™ " - (—=o(y))(coty + 1)dy
0 sy 0

Sloge™ - (ux(0) + f@[).
For I, since |y/x — 1| <& < =+ andx € [0,7r/4], we get y € [0, r/3]. Since sinz < z

on [0, 37/4], we get \;’1?1(();+£ | < |x+y |. Using these estimates, we derive

y+x|\1
15 folusars [ (1 tlog ‘_D_d
ly/x—1|<e y—x\|JXx

1+¢ 1+Z
= ||C()||Loo[0,ﬂ/3]/ (] +]0g 1 )dZ

1—& —Z

Using the change of variable s = z — 1 € [—¢, ¢], we further obtain

II< ||w||L°°[o,n/3]/ log|s|'ds < eloge™ - ||w| Loo[0,n/3]-

Is|<e

Choosing ¢ = (@[ Loo[0,z/31 + 10)7! < we prove

10’

lu(sinx) ™" Loopo,n/a) < (ux(0) + [l + 1) loge™

< (ux(0) + [lo|l1 + D log([|@||Leof0,7/31 + 2),

which is exactly (3.6).
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For x € [0, /2], using the Cauchy—Schwarz inequality, we prove
X
(00 (eos3)!"2] = (eos)” [ s ()l dy
0
X
= [ los(ltcos ) ay
0

/2 w2 /2 1/2
< (/ —~ sin(2x) dx/ |w(x)|(cotx + 1) a’x)
0 0

B
< (A@)ux (0) + [o]l))"?,

which is the first inequality in (3.7). The proof of the second one is similar. ]

3.1.1. Estimates of ||@|1,ux(0). To close the energy estimate using Lemma 3.1, we
further estimate ||w||z1, ux(0) in terms of U(¢). Similar estimates have been established
in [5] and in the arXiv version of [9]. Integrating (1.2) over [0, 7z /2] and using integration
by parts yields

d

/2 /2 /2
—/ —wdx = / (—uxw + uwy)dx = —2/ Uuxw dx =: 1I1I. (3.9
dt 0 0 0

Since w is odd, symmetrizing the kernel in (3.1) we obtain
2 /2 /2
I =—-= / a)(x)/ w(y)(cot(x — y) —cot(x + y)) dy dx
7T Jo 0

2 /2 /2
= — / / o(x)w(y)cot(x + y)dx dy
7 Jo 0

4 /2 x
= ;/0 (—w(x)) (—/0 w(y)cot(x + y) dy). (3.10)

Since —w(x) > 0 on [0, /2] and cot z is decreasing on [0, 7], we get
X p
- [ oot 4y dy == [ oreotydy
0 0
/2
< —/ w(y)cotydy < ux(0). (3.1D)
0
It follows that
/2 d /2 /2
500 [ coond. 5 [T —emdy = gu0 [ o) ay.
0 0 0

Using Gronwall’s inequality, we establish

t
lo®lr < llwollL exp(c / 12 (0. 5) ds) < ol exp(CU)).
0
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Taking the Hilbert transform on both sides of (1.2) and applying Lemma A.1, we derive

%ux(o) = H(uxow —uwy)(0) = 2H (uxw)(0) — H(9x(uw))(0)

/2

= 12(0) - 0?(0) + ~ / oty - () () dy
T 2

—n/

1 (™2
=u2(0) + —[ ——uwdy. (3.12)
4 —m/2 sin y

Note that uw < 0 for all x and u(0) > 0 for w € X. It follows that

d
Tux(0) <u30).
Using Gronwall’s inequality, we obtain

0 = ux(0.1) = ux(0,0)exp(U(2)) = Hwo(0) exp(U(1)).

Plugging the above estimates, (3.4), (3.5) and Lemma 3.1 in (3.2), we obtain
d
S A@ 3 C(llwollL1. Hwo(0)) exp(CU(1))

 A@) log((A@)wx(0) + o]l L) +2),

where C(||wol|z1, Hwo(0)) is some constant only depending on ||wol|z1, H®o(0). Recall
the energy E(w) in (3.3). Combining the above estimates, we establish

%E(w) < C(lloollL1. Hwo(0)) exp(CU (1)) - E log(E +2).

Solving the differential inequality, we prove

E@) < (Ewo) +2) eXP(eXP(C(HonLI Hoo) [ expCU) ds)). (3.13)

3.2. Estimate near x = /2

In view of Lemma 3.1, we have control of ||@||o0[¢,] using A(@), ux(0) and ||@||1 only
away from x = 7/2, i.e. a < /2, due to the vanishing weight (cos x)!/2. We further
estimate u,(7r/2, t) so that we can apply Lemma 3.1 to control |@| «. This will enable
us to apply the BKM type blowup criterion for (1.2) to establish Theorem 1.

Using a derivation similar to that in (3.12), we obtain

d ” 2(Z +1/7r ! d I+11 (3.14)
—Uu — =Uu - — uw = . .
dt "\ 2 *\ 2 7 Jo cos?y Y

A crucial observation is that for w € X, uy(7/2) = % fon o(y)tan y dy is negative.
Thus the vortex stretching term u2(7r/2) depletes the growth of u(r/2), which is the
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main mechanism ensuring that u (;r/2) does not blow up as long as U(¢) is bounded. See
also Section 2.1. On the other hand, since uw < 0, the advection term % foﬂ c0s12 5 uw dy
is negative and contributes to the growth of u (;r/2). Our goal is to show that the grow-
ing effect is weaker. The main difficulty is the singular functions (cos y)~2,tan y near
y = /2 in I and II since we can control w away from y = 7/2.

For 11, we decompose it as follows:

I 1 ("
11:-] tan2y~ua)dy+—/ uwdy =:1I) + II>.
w Jo T Jo

Since I, does not involve a singular function, its estimate is simple. Using (3.1), we get

F 3
lu(x)| < /0 ()] |cos y|"/?|cos y|~/2|log [sin(x — y)|| dy

|1/2

< H|cosx|1/2a)||ooH|cosx|_l/2||L4/3|| logx|;a < |}|cosx a)Hoo.
It follows that
2] < [ullzes|ollp1 5 |leos x| 20| ol (3.15)
For I and II,, our goal is to establish
I+11 > }Tui(n/Z)—C|ux(n/2)|-||a)||Loo. (3.16)

We will further use Lemma 3.1 and the e-Young inequality to estimate |uy (7/2)] -
|lw]|lze> and close the estimate of 1, (7r/2) in (3.14). Note that near y = /2, we have

1
(cosy) ' tany = 2y + O(|m/2 = y]).

/2
For simplicity, we consider the coordinate near 7/2 and introduce

tan y

f(x)=okx+r/2), gkx)=ulx+m=x/2), s(,y)= (3.17)

tan x
Remark 3.2. Since tanz = z + O(z3),sinz = z + O(z3) near z = 0, in the following

derivations, we essentially treat tan z, sin z similarly to z.

Clearly, gx = Hf, g and f areodd and f > 0,g <0on (0,7/2). Using (3.1), (3.17),
and (tan(x + 7/2))? = (tan x)~2, and symmetrizing the integrals in I, ITy, we get

4 /2 pm/2
I = (How/2)* = (1O = 25 [ [ 1w 70 covrcoty dx dy
= Jo 0
4 n/2 pm/2
NEN A e TS
< Jo 0 tanx -tany
11 /2
I = 1 f& 4. 2 [ /g
w Jo tanZx 7 Jo tan?x
2 (T2 f(x) (™2 sin(x +
= ——2/ —f(z) SO log | ——— (+ )
w2 Jy tan®x sin(x — y)
1 (T2 /2 1 1 sin(x + y)
= — Vg |
72 Jo 0 f(x)f(y)(tanzx + tanzy) © sin(x — y)
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Recall s from (3.17). Note that

1 1
=5 . (3.18)
tan x tan y

s+ 1
1—s|

sin(x + y)
sin(x — y)
‘We further obtain

w/ /
1+H1——/ 2/’ Zf(x)f(y)(s—(l—i—sz)log

. tanx—l—tany‘_

tan x — tan y

tan2

1
iDa’xdy.
1—s

Note that f(x) f(y) > 0 for x, y € [0, 7/2]. The competition between I, I1; is charac-
terized by the interaction kernel K (s) = 4s — (1 + s2)log = +1 < |»s €0, 00). An important
observation is that for large s or small s, K(s) ~ 2s. In partlcular it is easy to obtain

|
K(s) = K6, K6) 25— (145 log |- Ll DO U
1+
>s—Clog T B

for some absolute constants 0 < a < 1 and C > 0. It follows that

*2 2 F () f(9) s+1
I +1 > / [ Tanty ( —Clog l—s‘ '1a5s5a—l)dxdy.
Repeating the above derivations, we get
1 /2 /2 s+ 1
[+, > ~(Hf(0)2 - C f J (Zy ) log Nyeyeqmt f(X) dx dy.
4 o tan?y Jg 1—s
(3.19)
Next, we show that
1 [ s+1
TS 1 oo T() =+ / log ' Aycs<q—1 f(x) dx.
any Jo 11—y

We consider a change of Variable z = tan x. The restriction s € [a,a™!] implies z €

[atan y,a!tan y]. Using dx = 52 —L_dz and (3.18) yields

a_ltany
Iy < 1 lleo / log
a

tan y tan y
a~! tany
< Sl [ e
tan y atany

a1
<11f llze [ tog |~
a

dz

z—l—tany‘ 1

z—tany |1+ z2

z+tany
z—tany

’dz

‘dr < 1 f e,

where we have used another change of variable, z = t tan y, to obtain the third estimate.
Recall f(x) = w(x + 7/2) from (3.17). Plugging the above estimates in (3.19), we
establish

/2 /Ol ,

tan y

I +1h= L(HFO) —C fo dy || £l = JHF©0)? — CIHFO)]- | f 1.
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where we have used the facts that f is odd and that it has a fixed sign on [0, 7r /2] to obtain
the equality. We have thus proved (3.16).

3.2.1. Estimate of ux(7/2). Combining the estimates (3.14)—(3.16), we obtain

%ux(ﬂﬁ) > U3 (1/2) = Clux(x/2)| - @] Loo — [lcos x| 0 w1 =: J.
Recall the energies in (3.3). Using Lemma 3.1, we derive

lolizee < lux (/D12 (E@)? + E@).  [leosx|2o] ol £ E*(@).
Using the e-Young inequality, we

J > 2u2(/2) = Clux(n/2)|(lux (7/2)|?(E(@))'/? + E(w)) — CE*(w)
> %ui(n/Z) — CE*(w).

Since u, (7/2) < 0, we derive
d
27 (/2] = —gui(/2) + CE* ().

Using the estimate (3.13), we get

|ux(t,/2)| < |Hwo(r/2)| + C/O E?(w(s))ds

< |Hwo(/2)| + C(E(wo) + 2)?

t
- exp (2 exp (C(||a)0 1, Hwo) / exp(CU(s)) ds)) . (320
0
3.2.2. The blowup criterion. Using (3.13), (3.20) and Lemma 3.1, we prove

t
[l < K1 (wo) exp(zexp(Kl(wo) [ esoccun ds)), (3.21)
0

where C is some absolute constant, and the constant K;(wp) depends on Hwg(0),
Hwy(1t/2), ||wolz1 and A(wp). Applying the BKM-type blowup criterion, we conclude
the proof of Theorem 1.

4. Stabilizing effect of advection and several quadratic forms

In order to apply Theorem I to establish the well-posedness result, we need to control
ux(0). Yet, u,(0) itself does not enjoy a good estimate. Recall the ODE for u, (0) from

(3.12).
/2

d

2
— 2 £
2740 =ux(0) + — /

uw

o sin’y

dy.
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Since u,(0) > 0 for w € X, the quadratic nonlinearity u2(0) makes it very difficult to
obtain a long time estimate on u (0). Since u, (0) = %2 0”/ 2 w(y)coty dy can be viewed
as a weighted integral of @ with a singular weight near 0, it motivates us to estimate

another weighted integral that controls u, (0). For 8 € (1, 3), we introduce

/2 /2
0.0 = [ oo dv. 5602 [ o oo d

° ’ 4.1)
For w € X N H', Q(B.t) and B(B,t) are well-defined if @ vanishes near x = 0 at
order |x|¥ with y > f — 1. For w € X, since w < 0 on [0, /2], we have Q(B,t) > 0.
The boundedness of Q(B,t) implies that @ cannot be too large near 0, and it allows us to
control the weighted integral of @ near 0. In Section 5, we will combine it and ||w||;1 to
further control u (0).

Remark 4.1. The special singular function (cot y)# and the functional Q (B, t) are moti-
vated by the homogeneous function |y|~# and Jr+ @/ y# dy, which were used to analyze
the gCLM model on the real line in the arXiv version of [9].

Using (1.2), we obtain the ODE for Q(8,1):

d
5260 =—-B(@$.1). (4.2)

We should further estimate B(,t). The key lemma to prove Theorem 2 is the follow-
ing. To simplify the notation, we will drop “¢#” in some places.

Lemma 4.2. Suppose that o € C% is odd with a € (0, 1) and w(x)x~! € L™®. There
exists some absolute constant B € (1,2) such that for B € [Bo,2), we have

B-1 _
sz p(w0e@+ [ oo TR aray),
0,7/2]2 -
4.3)

where s(x,y) = ggti If in addition @ € CY* with a € (0, 1) and w,(0) = 0, then for
B = 2 we have

B(2) > 0.

Note that in Lemma 4.2, we do not impose the sign condition v < 0 (or > 0) on
[0, r/2]. Thus, it is likely that Lemma 4.2 can be generalized to study (1.2) with a larger
class of data.

Lemma 4.2 quantifies the stabilizing effect of advection, and reflects the fact that
advection is stronger or almost stronger than vortex stretching for @ vanishing at least
linearly near x = 0, which has been discussed heuristically in Section 1.3. In fact, if
w € C1¥ with w,(0) = 0, using (4.2) and Lemma 4.2 we find that Q(2, ¢) is bounded
uniformly in ¢ and thus w cannot be too large near 0. In the general case, @ can vanish only
linearly near x = 0. Then Q(2,¢) is not well-defined since w(cot y)? is not integrable. In
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this case, we apply (4.3). Though Q(8, t) may not be bounded uniformly in ¢, the critical
small factor 2 — B indicates that Q (8, t) cannot grow too fast.

4.1. Symmetrization and derivation of the kernel

To prove Lemma 4.2, we first symmetrize the quadratic form B(f) and derive its associ-
ated interaction kernel. The symmetrization idea has been used in [11] to analyze some
quadratic forms in the Hou—Luo model. Denote

tan y cotx
= = _ 4.4)
tan x coty

Since w is odd, applying (3.1) and following the symmetrization argument in the arXiv
version of [9], we derive the following in Appendix A.3 if w vanishes near x = 0 at
order |x|¥ withy > 8 — 1:

1 /2 /2
B =~ [ [ ewen)rptdxay. (45)
T Jo 0
where
_ _ +1 _ 2
Pp(x,y) = (coty)P l(g(sﬁ '+ 1)log ‘iTl‘ —(sP71 - 1)s2 j 1)
+ (coty)’”l(ﬁ(sﬂJrl + 1) log st (sPH1 — 1)i)
2 52 —1
=: (cot y)P 1 Py g(s) + (cot y)PH1 Py g (s). (4.6)

Similar derivations and kernels were obtained in the arXiv version of [9]. The log-
arithmic terms come from the advection term uw, and are positive. The other terms
—(sT — l)szz—fl, t=pf8—1,8+ 1, come from the vortex stretching term u,w and are
negative. Thus, the kernel Pg captures the competition between the two terms. The main
term in Pg is (cot y)#+1 Py 5(s) since (cot y)# ! is more singular. For s near 1, Pg(s) is
positive due to the singularity in log |;_if |. It is not difficult to see that

lim Pyg(s) = (B—2)s",  lim Pyp(s) = (B —2)s" 7 @.7)

Formally, as 8 increases, the kernel Pg(x, y) becomes more positive-definite. Recall
the ODE for Q(f) from (4.1), (4.2). The higher the vanishing order of w near 0, the
larger B we can choose with Q () being well-defined, and it is more likely that Q (8, 1) is
decreasing and bounded uniformly in ¢. Therefore, the higher vanishing order of w near 0
reflects the stronger effect of advection, which potentially depletes the growing effect of
vortex stretching. The asymptotics (4.7) suggests that to obtain the positive-definiteness
of Pg, 8 should be at least 2. Indeed, such a result is proved in the arXiv version of [9] for
B = 2.2 under the sign condition w € X (see (1.4)) by showing that P; g(s) > 0 pointwise.
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However, the method in [9] cannot be applied to the critical case 8 = 2 since a numerical
result shows that P; 5(s) <Ofors <0.50rs > 2.

For B < 2, it is not expected that Pg is positive-definite and the gap is of order 2 — 8
quantified in Lemma 4.2. We study the modified kernel and its associated quadratic form:

Kip(s) = Pig(s) + (2~ B)(s +sP),

(sP~1 —1)s
Kap(s) = P2p(s) + 2= p=——
(4.8)
Kg = (coty)’gHKl’ﬂ + (cot y)#~ le,ﬁ,
B /2 pm/2
B = [ [ ewemKatdrdy.
where P;, s are defined in (4.6), (4.4). Using (4.5), (4.6), (4.8), and the identities
(s + sﬁ)(coty)ﬂ"'1 = cotx - (cot y)ﬂ + (cotx)ﬂ coty,
1 /2
—/ / w(X)o(y)(s + sP)(cot y)PH dx dy (4.9)
T Jo 0 :

/2 /2
= z/ wcoty dy/ a)(coty)'g dy = u,(0)Q(B),
T Jo 0

we derive

7/
26 3 2 / w()0()
. {Pﬁ(x, »+2-8) ((s + s’s)(coty)ﬁJrl +
—B®)
/2 pw/2
re-p(woo@++ [ [ ower

-1 _
(sz—ll)s(coty)ﬂ_l)} dx dy
S J—

B-1 _ 1
%(cot y)ﬂ_1 dx dy).
(4.10)

Hence, Lemma 4.2 is equivalent to B (B) = 0, or the positive-definiteness of Kg for
B € [Bo. 2.

Our key observation is that s(x, y) = zgg can be written as p(u — v) for some
function p and variables u, v, and Kg can be written as a convolution kernel after a
change of variable. This allows us to follow the idea in Bochner’s theorem for a positive-
definite function to leverage the positive part of Kg(s) and establish that Kg is positive-
definite.

In the following derivation, we restrict 8 to 8 € [1.9, 2]. The reader can think of the
special case B = 2, since we will choose 8 to be sufficiently close to 2.
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4.1.1. Reformulation of K g. We introduce

Fi(x) := w(x)(cot x) = ,
~ _B+1
Kl,ﬂ(s) =S 2 Kl,ﬂ

Bttty gttt =, G
= —(s s 0 — s
2 g s—1 s2—1
+2- ,3)(s = +s = ).
Recall s cot y = cot x from (4.4). Usmgs = (cot y)B+1 = (cot y cotx) , we derive

(coty)ﬂ‘HKl,;;(s) = (Coty)ﬁ"'ls%s_%l(l’ﬂ(s) = (coty cotx)#lgl,ﬁ(s).

Hence, we can rewrite the quadratic form associated with Ky g in E’(ﬂ) (see (4.8)) as
follows:

n/2 pm/2
Bi() := /0 /0 (o) (cot Y+ Ky 5(s) dx dy

/2 pm/2 B
- [ [ AwRORsEdD. (4.12)
0 0
For x, y € [0, /2], we consider the change of variable
e* Fy (arctan e?) ~
— — t — —
x = arctane”, y = arctane’, F,(z) = e Wi g(z) = Ky g(e).

(4.13)
The variable r = log tan x maps (0, 7/2) to R. Using Z—’r‘ = ﬁ ands = 22 = /77,

we obtain

Fi (arctan e")Fy(arctane?) - — :
B, = / [ e 1 o) Ky p(e'™)e"e" dt dr

Z[ / Fz(r)Fz(l)Wl,ﬂ(l—r)dldr.
RJR

Recall F; from (4.11). Since cot(arctane”) = e~", we can rewrite F; in terms of w:

B+1 —1
P __ e"w(arctane”)(cot(arctane”)) 2 e~ 2 "w(arctane”)
Z(r) - 1+ le - 1+ le

Next, we discuss the integrability of W; g and F5. Since w(x)x~! € L™ and arctan x
< min(x, 1), and since 8 € [1.9, 2], we get

|F2 ()] £ ™2 " min(1,¢") < min(e™/*, e 771,

Recall the definition of 151’,3 in (4.11). Clearly, |I€1,ﬁ ($)|P, [W1,8(2)|? are locally

integrable for any p > 0. Using (4.7) and ’log |%| — %‘ < s73 for s > 2, and a direct

estimate, we obtain

~ ~ ~ 57
Kip(s) = Kl’ﬂ(s_l), |Kyg(s)| < S_Tl <s Y% fors>2.

~
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. B-1 I >
Note that for large s, the leading exponents s 2 appearing in each term of K; g are
canceled. As a result, we obtain

Wip(z) = Kige®) = Kigle™®) = Wipg(—2), [Wig(z)| e ?* for|z| > 1.
4.14)

Denote by f () = [g exp(—ix€) f(x) dx the Fourier transform of f. Using the
Plancherel theorem, for some absolute constant C; > 0, we get

By(B) = Cy /ﬂ; | Ba ()P 1 5(8) d. (4.15)

4.1.2. Reformulation of K, g. Similarly, we reformulate the kernel K, g and its associ-
ated quadratic form in B () in (4.8) as follows:

n/2 pm/2
Ba(B) := /0 /0 (o) (cot y)Y 1 Kz 4(s) dx dy

- / [ Fo(r)Fa(s)Wa gt — r)di dr = C, / / Ea©)PWap@©)de  (4.16)
RJR R JR

for some absolute constant C; > 0, where

eyrw(arctane’) -
Fu(r) = 1+ o2 . Wap(z) = Ky p(e”),
+e
| , 4.17)
Rop(s) = ﬁ((sﬁ;l ] '_(Sﬂ;‘ Lt 2 )
’ 2 s — 5% —1

The variable F4 corresponds to w(x)(cot x)% after a change of variable. For Igz,ﬁ,
W, g, Fa with s > 2, |z| > 1, we have

|Fa(r)| £ min(e’/4,e_'/4), W, p(z) = Wa g(—2), 152,3 (s) = 162’,3 (s_l),
Wap(2)] < e V%, K2 p(s)] < 574

4.2. Positivity of Wy g

Recall formulas (4.15), (4.16) for Bj(B). To show that B;(B) > 0, it suffices to prove
W g(&) = 0 for any £. Since W, g is even, it is equivalent to show that

1 4 1 )
Gjpt) = SWis é) = 3 /R Wi pg(x)e ™ dx = /R W; g (x) cos(x§) dx
+
>0 (4.18)

for any &. Since G; g(§) and w ;.8 (&) are even, we can further restrict to £ > 0. We first
study the positivity of G g, which is much more difficult than that of G, g.

4.2.1. Positivity of Gy g. Since we are interested in the case where § is close to 2, using
continuity, we can essentially reduce proving G, g > 0 to the special case B = 2.
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Lemma4.3. Let W = W) 5 and G = G 5. Suppose that there exist xo, M > 0 such that

G(E§) >0, §e€[0,M] (4.19)

W'(x) >0, x e 0,xo] (4.20)

—W'(x0) — i(|W”(x0)| —i—/ [W" (x)] dx) > 0. 4.21)
M x0

Then there exists Bo € (1,2) such that for any B € [Bo,2] and &, we have G g(§) > 0.

Using continuity of W; g in 8 and the smallness of 2 — B, we will show that
(4.19)~(4.21) hold for W; g, G1,g. The proof of this part is standard and is deferred to
Appendix A .4.

Next, we prove that (4.20)—(4.21) implies G12(§) > 0 on [M, oo], which along with
(4.19) proves G12(§) > 0. The same argument applies to G g. We simplify W12, G1 2
defined in (4.11), (4.13), (4.18) as W, G.

Large £&. We will choose M to be relatively large. This allows us to exploit the oscillation
in the integral G(§) (see (4.18)) for £ > M. From the definition of W(x) in (4.11) and
(4.13), we know that W(x) is smooth away from x = 0 and W(x) is singular of order
log |x| near x = 0. Using integration by parts twice, we obtain

G(¢§) = S_I[l; W(x)dy sin(x§) dx = —S_I/R W' (x)sin(x£) dx
+ +

= —§72 W' (x)0x(1 — cos(x£)) dx = é_Z/ W”(x)(1 — cos(x§)) dx,
Ry Ry
(4.22)

where the boundary term vanishes since we have W(x) sin(x§) = O(x log x) and
W'(x)(1 — cos x§) = 0(%)(2) = O(x) and the fast decay (4.14). The advantage of the
above formula is that we obtain a nonnegative coefficient 1 — cos(x§). For some x¢ > 0,
we define

G1(§) :=/0 ’ W"(x)(1 —cos(x£)) dx, Ga(§) :=/ W (x)(1 — cos(x§)) dx,
’ (4.23)

It suffices to verify G1(§) > 0 and G, (§) > 0. Thanks to (4.20) and 1 — cos(éx) > 0,
we obtain G1(§) > 0. For G, (), the main term is associated with 1 since cos(x§) oscil-
lates. In fact, using integration by parts again, we obtain

Ga() = — W' (x0) — / W (x) cos(xE) dx

= —W'(xq) — &1 /00 W (x)0dy sin(x§) dx

— —W’(XO) + W”(Xo) Sin(;OS) + /oo W///(x) SinéxE) dx

> —W'(xo) — %(|W”(X0)| + /

X0

o0

W) dx),
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where we have used £ > M in the last inequality. We choose x¢ > 0 and decompose the
integral into two domains x < x¢ and x > Xx¢ in (4.23) since W' in the above derivation
is not integrable near x = 0. Using the assumption (4.21), we obtain G, (&) > 0.

4.2.2. Verification of the conditions in Lemma 4.3. We now discuss how to verify condi-
tions (4.19)—(4.21).
Firstly, G(£) is smooth in £ and the Lipschitz constant satisfies

0:G| < W(x)|x dx =: by. 4.24)
&
Ry

The constant b; will be estimated rigorously. For small £ € [0, M], we compute a lower
bound of the integral G (&) rigorously for the discrete points & = ih, i =0,1,...,n,
M = nh, and verify G(ih) > 0. For & € [ih, (i + 1)h], we use

G(§) > min(G(ih), G((i + 1)h)) — gbl >0 (4.25)

and verify the second inequality to obtain G(¢) > 0. This enables us to establish (4.19).
For (4.20) and (4.21), let us first motivate why they hold for some xo and M. Using
(4.11) and (4.13), we obtain the asymptotic behavior of W(x) for x near O:

C C
W(x) ~ —Clogle* — 1| ~ —Clogx, W'(x) =~ - < 0, W'(x)~ ol 0,

for some constant C > 0. See also (A.3) for a detailed derivation. Note that W' is inte-
grable away from 0. Thus, (4.20) and (4.21) hold for small x¢ and large M.

In practice, we choose xo = log % and M = 20 in Lemma 4.3. Note that W 5 is an
explicit function. We prove (4.20) for xo = log g in Appendix A.4. We discuss how to
compute the integrals in (4.25) and (4.21) and verify these conditions, which are inde-
pendent of &, rigorously in Appendix A.6. This allows us to establish the conditions in
Lemma 4.3. The rigorous lower bound of G(§) for & = ih € [0, M] is plotted in Figure 1,
and G (£) is strictly positive.

Fig. 1. Rigorous lower bound of G(§) for £ = ih,h = 0.05,0 <i <400, G(ih) > 0.
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4.2.3. Positivity of G,,g. Recall W, g, G, g defined in (4.17) and (4.18). For G, g, it is
easier to establish positivity than for G g. From the argument in Section 4.2.1 and (4.22),
a sufficient condition for G, g(§) > 0 is the convexity of W, g. We have the following
result.

Lemma 4.4. Forany B € (1,2], we have Wz”ﬁ (x) >0forx >0.Asaresult, G g(§) >0
forany &£ and B € (1,2].

The proof is based on estimating W’ ) directly using its explicit formula and elemen-
tary inequalities, which is not difficult and deferred to Appendix A.4.

4.2.4. Proof of Lemma4.2. Combining Lemmas 4.3 and 4.4, we establish that there exists
Bo € (1,2) such that for B € [Bo, 2] and any &, Wj,ﬂ(é) =2G1g(§) = 0for j =1,2.
From (4.15), (4.16), we prove B;(8) > 0. Recall the definitions of B(B). B1(B). B2(B)
from (4.8), (4.12), and (4.16). We obtain B(8) = B1(B8) + B»(8) > 0.

Note that to obtain the equivalence between the forms of B(f8) in (4.1) and (4.5), we
require that w vanishes near x = 0 at order |x|” with y > 8 — 1. Using the relation (4.10)
between B(B) and B(B), we prove (4.3) of Lemma 4.2 for B € [Bo.,2) and odd w € C¥
with wx™! € L®. If in addition w € C ¥ and w, (0) = 0, we find that the vanishing order
of w near x = 0 is larger than 1 and choose = 2 to establish B(2) = B(2) > 0. This
concludes the proof of Lemma 4.2.

5. Global well-posedness

In this section, we use the crucial Lemma 4.2 to control u, (0, ) and then establish the
global well-posedness result in Theorem 2 using the one-point blowup criterion of The-
orem 1. We impose the assumptions wg € H! N X, wo(x)x~! € L, and A(wp) < o0
stated in Theorem 2.

Recall Q(B) defined in (4.1). To apply Theorem 1, from Holder’s inequality

/2
12 (0)] < [O ()] coty dy < Q(B)/# |1 7/# 5.1)

we only need to control ||w| ;1 and Q(8). In (3.10) and (3.11), we derive the evolution
of ]|z

d /2 2 /2 pm/2
d—(—/ w(x) dx) = —/ / w(x)w(y)cot(x + y)dx dy. (5.2)
t 0 T Jo 0

Recall the discussion of the interaction on the right hand side in Section 2.1. For
X + y > /2, the interaction has a negative sign and it will play a crucial role as a damping
term.
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5.1. Special case: wg € C1* g (0) = 0

For initial data wg with wg x(0) = 0, wx(0,¢) = 0 is preserved and the value Q(2,1) =
— f0”/2 w(y) cot? y dy is well-defined. Using (4.2) and Lemma 4.2, we obtain

d
T0Q.1) = —BQ.1) <0.

Since w < 0 on (0, 7/2), we derive Q(2,¢) > 0 and

/2 /2
/ wlco ydy = 0(2.1) < 0(2.0) = / o] cot? y dy < oo.
0 0

Next, we estimate ||| ;1. We first establish an estimate similar to (3.11):

/2

- /0 " o(y) cotlx + y) dy < - fo ool ydy = 0Q2.1)  (53)

for x € [0,77/2]. Since cotz < 0forz > w/2,coty <1 on [0, /4], and cot y is decreasing
on [0, 7], for0 <y < x < m/2 we get

L<xcot(x +y) < 1ly<p/aly<xcot(x +y) <1,<p/aly<ycoty < cot y2,

where we have used x + y > 7/2, cot(x + y) <0if 7/4 < y < x in the first inequality.
Since w < 0 on [0, /2], we get (5.3). Plugging (5.3) in the estimates (3.9)—(3.10), we

derive
d 7?2 /2 /2
—/ —wdx < Q(Z,I)/ —wdx < Q(2,0)/ —wdx.
dt Jo 0 0

Using the above estimate and the interpolation (5.1) with 8 = 2, we obtain

lolt < llwoll1e“e>O",

lux(0)] £ (02, )[wl)? < (Q2,0)wo 1) /220",

for some constant C > 0. Applying the same argument as in Sections 3.1 and 3.2 with
U(t) replaced by CQ(2,0)t, we establish

ol < K(wo) exp(2exp(K (@o) exp(CQ(2,0)1) ).

where we have used f(f exp(CO(2,0)s) ds < K(wp)e€220! where K(wy) is some con-
stant depending on H wg(0), Hwo(/2), ||wo||z1, Q(2,0) and A(wp). We have proved the
result in Theorem 2 for the case of wy € C 1'% with o,x(0) = 0.

We remark that the above a priori estimates can be generalized to initial data wy with
lower regularity, e.g. wo/|x|'T® € L™ for some o > 0 and wy € X N H!.

5.2. General case

Recall from Section 2.3 the difficulties and ideas in the general case where wg can vanish
only linearly near x = 0. In this case, the monotone quantity Q (2, ) of the previous case is
not well-defined and not applicable. We will exploit a relation similar to the conservation
law wx (0,1) = wo,x(0) and control Q (B, t) for B sufficiently close to 2.
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5.2.1. Estimate of wx~" . For the less regular initial data wy € H' with wgx~! € L™,
wx (0, 1) is not well-defined. Instead of using the conservation law w, (0, t) = wg x(0), we
show that w(x,¢)x~! cannot grow too fast for x near 0. Consider the flow map

%Cb(x,t) =u(d(x,1),t), P(x,0)=x. (5.4)
We focus on x € [0, /2]. Since u(x,t) > 0,u(0,t) = 0, and u(rw/2,t) = 0, we get

%Cb(x,t) >0, 0=<®(x,11) < D(x,12), (5.5)
for t; < 5. Using (1.2), we derive the equation for w/x:

0 v 2) = ()2
X X X)X

Fix y € (0, 1/2). Using the embedding H'! < C?, we have w,u, € C”. Since
Ux(x) —u(x)/x =0atx =0and w < 0on [0, /2], for x € [0, /2] we get

d (_a)(CD(x,t),t) u(CID(x,t),t))(_w(@(x,t),t))

) = (ux(QD(x, t),t)—

dt D(x,t) D(x,1) D(x,1)
o(P(x,1),1)
< |D(x, )Y _—
T
Denote
m = ||wox"|z.

Using Gronwall’s inequality and (5.5), we derive

o(P(x,1),1)
e

t
<en(C [ 10w ol ds) |2
0

Lo°
t
< mexp(C|(I>(x,t)|y/ lwo(s) || g ds).
0
Since ®(-, 1) is a bijection from [0, 7w /2] to [0, /2] and x is arbitrary, we get

‘a)(x,t)

t
smexp(cw / () ds)
0

t
< m(l + C|x|yexp(C/ lo(s) || g ds)), (5.6)
0

where we have used |x| < 7/2 and

e <14+ Ax-e? <1+ Cxe€4

for some absolute constant C in the last inequality. The above estimate shows that
limsup,._,¢ |@(x, t)/x| is bounded uniformly in ¢, which is an analog of w(0,¢) =
wo.x (0). Moreover, we find that w(x, 1)x~1 € L.
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5.2.2. Weighted L' estimates. From the local well-posedness result and (5.6), we have
o) e XN H"and w(x,1)x™! € L, and w(t) satisfies the assumptions in Lemma 4.2.
A key step to control Q(p, t) is establishing the following weighted L' estimates.

Lemma 5.1. Let B¢ be the parameter in Lemma 4.2. For € [Bo,2), we have

d
—Q(B.1) =C2—-B)0*(B.1) + C(2—B)D(1),
dt (5.7)

d
E”C‘)”Ll < CQ*(B.1) — C2D(1),

for some absolute constants C, C, > 0, where D(t) > 0 is a damping term given by

/2 pw/2
D(t) = —/0 /(; o(x)w(y)cot(x + y)xtysq/2dxdy. (5.8)

As a result, for some absolute constant A > 0, we have

d
7 QB +A2=PlolL) 5 2—B)0*(B.1). (5.9)

At first glance, the estimate (5.9) looks terrible due to the quadratic nonlinearity
0?(B.1). Yet, we have a crucial small factor 2 — B, which can compensate the nonlinear-
ity. The boundedness of wx ™! for x near 0 (see (5.6)) implies the following leading order
structure of Q(B,1):

/2 1
0(B,t) = —/0 w(x,1)(cotx)? dx < m/ x-xPdx+R(B.1)

0

m
< 1F + R(B. ).

where the remainder R (B, t) is of order lower than (2 — 8)~!. For B sufficiently close
to 2, we get (2 — B)Q(B,t) < m, which is time-independent. Formally, the nonlinearity
in (5.9) becomes linear. In Section 5.2.3, we will apply (5.9) and this key observation to
prove Theorem 2.

The first estimate in (5.7) is highly nontrivial since the forcing term u, (0) Q(B) (see
(5.13)) cannot be controlled by Q?(B). The idea behind Lemma 5.1 is that for the forcing
terms B(B,t) in (4.2) and (4.3) and that in (5.2), we use the more singular integral Q (8, t)
to control them near x = 0, and the magic damping term D(¢) from (5.2) to control
them near x = /2. To prove Lemma 5.1, we need several inequalities, whose proofs are
deferred to Appendix A.5.

Lemma 5.2. Denote a A b = min(a, b). For x,y € [0, /2] and B € [3/2,2], we have
cot(x + y) < 14 ,5z/2cot(x 4+ y) + (cotx cot y)ﬂ, (5.10)
coty - (cot x)P72 A cotx(coty)‘g*2

< (cotx coty)ﬂ +14ysgppcot(m —x—y), (5.11)
coty -1,5./3 S (cotx cot y)ﬂ + 1tysn/2cot(m —x —y). (5.12)
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Proof of Lemma 5.1. Using o(x)w(y) > 0 for x, y € [0, 7/2]? and (5.10), we obtain

/2 pm/2
/ / w(x)w(y) cot(x + y)dx dy
0 0

/2
<-D(t)+ /0 /0 o(x)w(y)(cot x coty)’g dx dy

<-D(1) + 0*(B.1),

where D(t) is defined in (5.8). Using the above estimate and (5.2), we prove the second
estimate in (5.7). Recall the ODE (4.2) for Q(f,t). Applying Lemma 4.2, for 8 € [Bo,2)
we get

d
EQ(,BJ)
<@- ﬁ)(ux(O)Q(ﬂ n+ L //[ o 1¥ dx dy)
0,7/2]?
= 2-8) + 1), (5.13)

where s = z(’i Next, we estimate f(s) = u . Note that 8 € (3/2,2). For s > 0,
the following estimate is straightforward:

0 < £(5) S Lyz1/25 + Lijaes<r + Lys2sP 72 S s A sP72

Since s = , using the above estimate and (5.11) yields

coty
f(s)(coty)ﬂ_1 <(sAsP?). ((:oty)’g_1 =coty - (cotx)ﬂ_2 Acotx - (coty)ﬂ_2
< (cotx coty)ﬁ + 14 y>n/2c0t(m —x —y) = (cotx coty)ﬂ — 14 y>n/2cOt(x + ).

Using w(x)w(y) > 0 for x, y € [0, /2], the above estimate and (5.8), we derive

/2
0<1I, = / / a)(x)a)(y)((cotx coty)ﬂ —Li4y>n/2 cot(x + y)) dx dy
0 0

= 0%*(B.1) + D(1).

For I, we cannot establish the desired estimate by comparing the kernel similar to
the above since

coty - (cotx)? < (cotx cot y)ﬁ — 14 y5n/2c0t(x 4 y)

does not hold for x close to 0 and y close to /2. In fact, for 7/2 — y = 18, x =1, with
t sufficiently small, the left hand side is O(1), while the right hand side is o(¢). The main
difficulty lies in (cot y)? being too weak to control cot y for y close to /2.

A key observation is that we can further impose the restriction Q(f8, 1) < u,(0) <
o]l z1. In fact, if u,(0) < Q(B, ), we obtain the trivial estimate

[1 = ux(O)Q(ﬂ’l) =< Qz(ﬂvt)'
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In the other case Q(B,t) < u,(0), thanks to the interpolation (5.1), we derive
ux(0) £ QB0 ol 7P < a0 Pl 317

which implies 1 (0) < ||@| ;1. Now, we decompose I; = ux(0)Q(B,t) as follows:

/2
I s /0 ()] coty dy Q(B.1)

/2

/3
- [) ()| oty dy Q(B.1) + / | [0ty dy 0. = Ty + 1

For Ji, since cot y < (cot y)? for y < /3, we get J; < Q2(B,1). For J,, using
0(B,t) <ux(0) < |lwl|lz1, we obtain

/2

/2 /2
5 s / ()] coty dy o]l < /
/3 /3

w(y)coty dy/o w(x)dx,

where we have used w(x) < 0 on [0, 7/2] to obtain the last inequality. Applying (5.12)
and cot(r — x — y) = —cot(x + y), we obtain

NEDS /:/2 /()n/zw(x)a)(y)((cotx cot y)f — 1, 4y>m/2 cot(x + y)) dx dy
= 0*(B.1) + D(1).
Combining the above estimates on Jy, J,, in the other case Q(8,t) < u,(0), we prove
IS+ 125 Q*B.0) + D).

Combining the above estimates on /1, I, we establish the first inequality in (5.7). Esti-
mate (5.9) follows directly from (5.7) by choosing A > 0 with C,A > 2C,e.g. A =2C/Cs.
(]

Remark 5.3. We cannot apply (5.1) to estimate u, (0) in /; directly, since such an esti-
mate only offers

d
7 (QB.0 + plelL) £ @=pT(QB.0) + pllollL)?

with power y < 1 for any well chosen w, which is not sufficient for our purpose. Compared
to (5.9), the above estimate loses a small factor (2 — 8)!~7, which is due to the fact that
we do not have a good estimate on ||w| 1, while for Q(8,t) we have the crucial small
factor 2 — . We only add a minimal amount of ||w||;1 in the energy in (5.9) for a similar
reason.

5.2.3. A bootstrap estimate. Now, we can establish the global well-posedness result of
Theorem 2 in the general case. It follows from a bootstrap lemma.
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Lemma 5.4. Suppose that wy satisfies the assumptions in Theorem 2. Set m =
lwox~Y||Loe. There exists an absolute constant ¢ such that for § = c/m, if
fOT ux(0,5)ds < oo, we have f0T+5 ux(0,5)ds < oo.

Proof. Without loss of generality, we assume m > 0. Recall Q(8, ¢) from (4.1). Denote

HB.1) = 0(B.0) + A2 = P)lw]L1.

In view of Theorem 1 and (5.1), for wg € H' N X, the solution w(x,t) remains in H Lif
H(B,t) < oo for some B < 2. Thus, it suffices to control H. Using Lemma 5.1, we have

d
T HB.0) = p2 = BYH*(B.1) (5.14)
for some absolute constant i > 0 and any 8 € [Bo, 2). Since fOT ux(0,s)ds < 0, using

Theorem 1 we obtain sup, 7 [w(?)|| g1 < oo and [[w(T)|L1 < oco. Using (5.6), we get

/2

/2 1
()| (cot y)? dy < / 0y dy + C / ()] dy
0 0

0(B.T) = /0

1
<o [ (3 4 €y exp(CT sup lo(0)] 1) ) dy + CllaT)
0 t<T

m
2-p

=

+Cm exp(CT sug ||a)(t)||H1) + Cllo(M)|l1,
<

(5.15)
where C is some absolute constant and we have used

|(cotx)’3 —x_ﬂ| < |cotx —)c_1|x_’3Jrl <xP+2 <
in the first inequality. Thus, there exists 81 slightly less than 2 such that
H(B1.T) = Q(f1.T) + A2 = B)llo(T) |1

=

m m
+ Cmexp(CT sup |w(t 1)+Ca)T) 1 < .
o p(CT sup o)) + ClloTl < =4
Solving the ODE (5.14) with § = 1 on the interval ¢ > T yields
d
d_H (Br.1) = —p(2 = 1),
t
which along with the estimate on H (81, T') implies
2-p
2m

H'B1. T +7)> H ' (B1.T) — n2— B1)r > — (2= Bt

Note that u is absolute. We choose § = ﬁ. Then, fort € [T, T + 8], we get

—1 2-p1 2-B1_2-H 4m
H (,31,[) > m im = am H(/Bl,l) < —2_131 . (5.16)

Applying (5.1), we obtain u, (0,7) < # on [T, T + 4], which concludes the proof. m
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Remark 5.5. Denote V(¢) = fOt (ux(0,s) + 1) ds. We can obtain an a priori estimate
for V(¢) by tracking the bounds in the above proof. Using standard energy estimates and
(3.21), we obtain

Cmexp(Ctsupo(®)l1) + C (Ol < (V). C.
§=

g(x,c) :=c-exp(c - exp(c - exp(c - exp(c - exp(c - exp(cx)))))),

for some constant C; > 1 depending only on the initial data. Note that the estimate (3.21)
of ||w| Lo gives triple exponential growth, and then the estimate of ||w|| g1 gives quintuple
one due to extrapolation in bounding ||uy ||zoc. These estimates further lead to the above
sextuple exponential growth. For any 7' > 0, choosing 81 with 2 — ; = ¢ - W
for some absolute constant ¢ and using (5.1) and (5.16) yields

V(T +6) = g(V(T).Cr)

for some constant C > 0 depending only on wy. Since § and C, are independent of T,
iterating the above estimate yields an a priori estimate for V(¢) with any ¢ > 0.

Remark 5.6. The above estimate is consistent with the heuristic in the paragraph below
(5.9) that the nonlinearity (2 — 8)Q?2 in (5.9) or (2 — B) H? is essentially linear. In fact,
fort € [T, T + §], (5.16) implies (2 — B1)Q(B1,t) < (2— B1)H(B1,t) < 4m. Formally,
Q(B,t) grows exponentially in ¢ for B close to 2, which we can barely control, while
in the previous case, Q(2,t) is bounded uniformly. This argument is similar in spirit to
extrapolation, e.g. the BKM blowup criterion [1].

6. Finite time blowup for C* N H* data

In this section, we prove Theorem 3 on finite time blowup for (1.2) with C* N H® data
forany @ € (0,1) and s € (1/2,3/2). We will use the ideas outlined in Section 2.

Since we will adopt several estimates established in [6,35], for consistency, through-
out this section, we assume that the solution @ is 2w-periodic. This modification also
simplifies our notations. Theorem 3 can be established by applying the same argument to
w5 (X) := w5 (2x). As aresult, the Hilbert transform and the set X of (1.4) become

Hf(x):= ZLP.V./ cotx_yf(y)dy,

b4 o 2
X :={f: fisodd, 2m-periodic and f(x) <0 for x € [0, 7]}.

6.1. Slightly weakening the effect of advection

Recall the discussion on the competition between advection and vortex stretching in Sec-
tion 1.3. To show that advection is relatively weak for v € C* N X with v ~ —Cx“ near
x = 0, we study (1.2) using the dynamic rescaling formulation

w; +uwy = (cp + Uy)w, Uy = Hw 6.1)
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derived in (6.3)—(6.5) with the normalization condition
Co(t) = (@ — Dux(0,1), (6.2)

where c,, is a rescaling factor. If u (0, 7) is bounded away from 0, u,(0,7) > C > 0 for
all ¢, the competition between advection and vortex stretching is encoded in the sign of ¢,
since sign(c, ) = sign(a — 1), which can determine the long time behavior of the solution.
See the discussion below (6.5). We remark that the idea and condition (6.2) are similar to
those in [6], which play a crucial role in establishing singularity formation for the gCLM
model.

6.2. Dynamic rescaling formulation

We follow the method of [6,9] to construct a finite time blowup solution using the dynamic
rescaling formulation of (1.2). Let w(x, t), u(x, t) be the solutions of equation (1.2). It is
easy to show that

(I)(x9f) = Cw(f)w(xvl(f))’ ﬁ(xv -C) = Cw(f)u(x,t(f)) (63)
are the solutions to the dynamic rescaling equations
W + Udx = Co® +Ux®, Uy =Ho, (6.4)

where

Cy(r) = exp(/or Co($) ds), t(r) = /Or Cyp(s)ds. (6.5)

We will impose some normalization condition on the time-dependent scaling param-
eter ¢, (1), and establish that —C; < ¢, (t) < —C < 0 for all T > 0 and some Cy,C > 0.
Then the solution of (6.4) is equivalent to that of the original equation (1.2) via the
transformations in (6.3)—(6.5). Moreover, we will establish that the solution @ (-, ) is non-
trivial, e.g. ||@(:, T) || > ¢ > 0 for all T > 0. Then the rescaling relationship (6.3)—(6.5)
implies that

o0
Co(r) <e €7, 1(c0) 5/ e CTdr=C""<
0
and that the solution
lo(x. 1()| = Co(D) M@ (x, 7)| = eCTla(x., 7)|

blows up at finite time 7" = #(00).

Note that a similar dynamic rescaling formulation was employed in [34,41] to study
the nonlinear Schrodinger (and related) equation. This formulation is closely related to
the modulation technique, which has been developed by Merle, Raphaél, Martel, Zaag
and others; see, e.g., [31,40,42-44]. It has been a very effective tool to study singular-
ity formation for many problems like the nonlinear Schrodinger equation [31, 42], the
nonlinear wave equation [44], the nonlinear heat equation [43], and the generalized KdV
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equation [40]. Recently, it has been used to establish finite time blowup from smooth ini-
tial data in model problems for the 3D Euler equations, including the DG model [9], the
gCLM model [5, 6,9, 19] and the Hou-Luo model [10].

To simplify our presentation, we still use ¢ to denote the rescaled time in the rest of
this section, unless specified, and drop ~ in (6.4). Then (6.4) reduces to (6.1).

6.3. Construction of an C* approximate steady state

Based on the discussion in Sections 1.3 and 6.1, we first construct an approximate steady
state (wg, Cw,a) Of (6.1) with wy € C* and wy &~ —Cx® near x = 0. Following the idea
in [6], we perform the construction by perturbing the equilibrium sin x of (1.2). A natural
choice of wy 1S

1 [~ -1
Wy = —sgn(x)|sinx|%cq, cq = (—[ (sin x)* cot = dx) . (6.6)
T Jo 2
We choose the above ¢, to normalize H w,(0) = 1. Let u, be the associated velocity with
Uq,x = Hwy. We choose ¢, o according to (6.2),
Coa = (00— Dug x(0) =a—1. 6.7)

Denote
wp = —sinx, u; =sinx, Ny =wy— 0. (6.8)

For « close to 1, we expect that (wgy, Uy ) is close to (w1, uy).

Lemma 6.1. Let k1 = %, Ky = %. Forky < 12 <o < 1landx € [—m, ], we have

0
10" ne| S (1 —a)|sinx|2™, i=1,2,3, (6.9)
|Hna| S (1—a)|x[', |8xH7el S (1 —a)sinx[17", (6.10)
(@ = Dy — sinx - (Waxx — @1x0)| S (1= ) Alx[?)]sinx|[*7. (6.11)
For x near 0, the above estimates on w, are similar to those for w, = —x% and
w1 = —Xx. The reader can think of k1, k5 as close to 1, and that « is even closer to 1.

Proof of Lemma 6.1. By symmetry, it suffices to consider x > 0.
Firstly, using Lemma A.4 and 1 < o — k», we obtain

[(sin x)® — sin x| = (sin x)*2(sin x)*™*2(1 — (sinx)!7%) < (1 — @)(sinx)*2.  (6.12)

Recall ¢, defined in (6.6). Using the above estimate, we obtain

1 (" X
—/ [(sinx)® —sinx|cot=dx S1—a, |cg—1Z1—a. (6.13)
T Jo 2
Next, we establish the estimate of w,, defined in (6.6). A direct calculation yields
Wy x = —Coa(sinx)* ! cos x,
o,X o ( ) . 2 5 ' (6.14)
Wy, xx = —Ca0t(a — 1)(sin x)* ™ cos” x + acq(sin x)*.
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We consider a typical case i = 3 in (6.9), and the case i = 1 or 2 can be proved
similarly. Recall w;, u1, ny from (6.8). Using (6.12), (6.13) and k» < «, we get

[Naxx| = |@axx — sinx| S |oecq (sinx)* —sinx| + (1 — o) (sin x)* 2

< |(sinx)* — sinx| 4+ (1 —a)(sinx)*"2 < (1 — &) (sin x)*272,

For (6.11), the first bound (1 — a)|sinx|*~! follows directly from (6.9). Using (6.14),
|w1,xx| = sinx and a direct calculation, we obtain

l(@ — Dwg —sinx - (Wg,xx — ®1,xx)|
<|eq (@ — Da(sinx)* ! (cos x — cos? x)| + C(sinx)**! + sinx - |y x|
<(sinx)*71|x|? + (sinx)*T < (sinx)* 7 x|?,
where we have used |1 — cos x| < x2.

Next, we prove (6.10). Denote D, = sinx - dx. Using (6.9) and k, = % close to 1, we
have

0xnallLs < (1—a) |||sinx|K2_1 ||L4 Sl-a,

) ) _ (6.15)
[0x(Dxna)lls < |||8x77a|+|51nx'a)2¢77a|||L4 < (1 —a)lsin x[*2 1||L4 Sl—oa.

Recall from (6.6) that u4,x(0) = Hwe(0) = 1 = u; x(0). This implies H 7y (0) = 0.
Since the Hilbert transform is L*-bounded, using Holder’s inequality and (6.15) yields

x x 3/4
|Hna<x)|=‘ /0 9 Hija(y) dy Sllaanallm(/O 1dy) < 19 Hnall o™

= x4 Hxnalps < x¥*|0xnalps < (1—a)x®2,

Since Dy Hnqy vanishes at x = 0, i, using an estimate similar to the above yields
| D Hia ()] < (193 (Dx Hija () a (x4 A [0 = /%)
< 119 (D Hito (x)) | lsimx Y/*.
Applying Lemma A.2 (n = 2) yields
dx(Dx Hng) = 0x(H(Dxna) — H(Dxna)(0)) = dx(H(Dxna) = H(xDx1q).
Applying (6.15) and the fact that H is L*-bounded, we establish
| Dx Hna(x)] < I|H(@x Dxna) | lsin x[*'*
< 19 Dl alsinx'* < (1 a)sinx| 4,
which implies the second inequality in (6.10). ]

The above L* estimate on H 1, can be replaced by L? estimates with larger p, which
yields a higher vanishing order of H 17, near x = 0. Here, the power |x|3/4 is sufficient
for our later weighted energy estimates.
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6.4. Nonlinear stability of the approximate steady state

In this section, we follow [6, 9] in performing stability analysis around (wy, Ce,o) cOn-
structed in (6.6), (6.7), and we establish the finite time blowup results. We first introduce
some weighted norms and spaces.

Definition 6.2. Define the singular weight p = (sin %)_2, the standard inner product (-, -)
on S!, the weighted norms || - || 7 and the Hilbert space # as follows:
2m k4 2
1 | f|
(fe)=[ fegdx, |fl%:= s
0 2

4 J_, sin

dx, H:={f:f0)=0.[f]s <oo}

(6.16)
with inner product (-, -) g induced by the # norm.

The # norm was introduced in [35] for the stability analysis of the De Gregorio
model. By definition, we have

(f. 83 = (4m) " (fx. gxp). (6.17)

6.4.1. Linearized equation. Linearizing (6.1) around wg, ¢4, We obtain the equation for
the perturbation w, ¢, (W 4+ Wy, €y + Co,«) is the solution of (6.1)):
W = —UgWx + Ug x® + UxWy — UW,x + Coa® + Cowy + N(w) + F(wa)
=: Lqw + N(w) + F(wy), (6.18)
where the nonlinear term N(w) and the error term F(wg ) are given by
N() = (co T ux)o —uwy, F(®a) = (Coa + Uax)Oa — UaWo,x. (6.19)
We choose the normalization condition on ¢,, according to (6.2),
o = (¢ — Dux(0). (6.20)
Under conditions (6.2) and (6.20), it is easy to see that the slope of w/x® is fixed, i.e.

Cow(x, 1) + we(x) . 0(x,0) + w(x) . w(x,t) . w(x,0)
lim ———— = lim ————=,  lim ——~ = lim ———.
x—0 X x—0 X% x—>0 x¢% x—>0 X%

In particular, if the initial perturbation wo(x) vanishes near x = 0 with order higher
than x%, e.g. x2%, the perturbation w(x, ) will also vanish near x = 0 with higher order.
This allows us to perform energy estimates on  with a singular weight near x = 0.
We treat the linearized operator &£, as a perturbation to &£;, where
L1 =—U10x + U1 xO + Ux®] —U®D] x = —SINX - Wx + COSX W — U, SINX + U COS X,
where we have used the explicit formulas (6.8), and perform the following decomposition:
Low = L10 — (Ug — U)0x + (Ug,x — UL x)® + Ux (W — ©1)
— U(Wg,x — O1,x) + Copa® + CoWq
=10 —u(e)ox + Hijg - 0 + Uxlg — UNg,x + Co,a® + Co®q
=: Lo + Ry, (6.21)
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where u(nq) denotes the odd velocity u with uy = Hrng. In fact, we have u(ny) =

_(_8xx)_1/277a~
The operator £, enjoys an important coercive estimate established in [35]. The fol-
lowing slight modification of the result in [35] is taken from [6].

Lemma 6.3. Suppose that f,g € # and fS‘ f dx = 0. Denote eg(x) = cosx — 1 and

Je=A{(feo)x, ([ &)y = (f — fe€o,& — gee0) -

We have:

(a) Equivalence of norms: (# /R - eq, (-,-)y) is a Hilbert space and the induced norm
I~ NIy satisfies 511.flze < I/ lly < 11/ llse-
(b) Orthogonality: |eg|lge = 1 and
(f = feeoeode =0, | f15% = S2+ 1/}
(¢) Coercivity: (£1f, fly < —%||f||§,

Using (6.17) and the above result (b), we can represent (-, -}y as follows:

(f.8)y = {f = feeo.&)3e = (41) "' (fx + fesinx, gxp), (6.22)

where we have used dyeqg = — sin x.

6.4.2. Weighted H' estimates. We consider an odd perturbation @ which satisfies
f g1 dx = 0. Recall the linearized equation (6.18) and the decomposition (6.21). Per-
forming an energy estimate on (@, w)y yields

% %(a),a})y = (ila),a))y + (e(Raw, w)Y + (N((,()),Cl))y + (F(wd)va))Y' (623)

The estimate of the first term (£, w)y follows from Lemma 6.3:
(L1w, )y < —3lo]}. (6.24)
For the remainder Ry in (6.21), a direct calculation yields

0xRow = _u(na)wxx + aanOt W F UxxNag — UNg,xx + Co,a®Wx + CoWa,x
= _u(na)wxx + eﬂo¢,2w~
Applying (6.22), we derive
(Row, w)y = (47) N0y R, (wx + @, sin x)p)
= (47[)_1 (~u(Na)Wxx, (Ox + we sin x)p)
+ 47) N Ra2, (0x + we sinx)p) =: 1 + 1. (6.25)

Recall p = (sin %)_2. Since sin 5 < x, we can essentially treat p as x~2. For II, it suf-
fices to estimate || Ry 2wp'/?||2. Since ¢, = (o — 1)1, (0) by (6.20), we decompose Ry »
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as follows:
Ra2 = 0xHng - @ + uxxna — (U — ux(0) SiN X) N, xx

+ ux (0)((o — l)wa,x —sinx - na,xx) + Cw,aWx. (6.26)

Next, we estimate the L2(p) norm of each term. The main difficulty is the estimate of
the nonlocal term, e.g. ||1xx7ap'/? |2, due to the singular weight p near x = 0 and that
the profiles wy, ¢ are not smooth near x = 0, 7. Since napl/z ¢ L° (see (6.6) and (6.8)),

we need to perform a weighted estimate on u . It is based on the lemma below, which
shows that the Hilbert transform commutes with 1/x up to some lower order terms.

Lemma 6.4. Suppose that f/x € L>([—m, n]). Then
'Hf—Hf(O) —H(i) <
X

~
X

The proof is deferred to Appendix A.1. Since u, w are odd, we get U, (0) = 0. Apply-
ing the lemma with f = u, and using the fact that H is L2-bounded, we get

2)

1 —
hexxnep? N2 < luxxx ™ z2lnallee S (1= )]s

Uxx

X

w w
< - X
<

L2

<

~

+
L2

S el (6.27)
L2

|5

X X

L1

Applying (6.9), we obtain

Denote il = u — u, (0) sin x. Next we estimate ||ii7)q_xxp"/?||2. From (6.6) and (6.9),
Na.xx iS similar to [sin x|*~2, which is singular at both x = 0, 7. To overcome the singu-
larities from 74 ., and p'/2, we estimate i (sin x)~'x~'. For |x| > /2, since ii(7) = 0
and [sinx| S |7 — |x||_l, we get

~r s 1.1 ~ -1 ~
li(sin) ™' S i [ = ][] S 10xilloo < Nluxxllz < lleollse-

For |x| < 7 /2, since % (0) = 0, (0) = 0, using integration by parts, we obtain

1 |1t ]
|71 (sinx) " x| 5—2

yyu()’) (x—=y) d)"

1/2
s;nayya-y—lnz(/o P rdy)

Since dy,1(y) = 0,yu + u,(0) sin y, using (6.27) we derive
Ji(sinx) " £ 272 (Jurex Tz A+ Jux DX 5 ol e
Since p'/? = (sin 3)” I < x~1, applying the above estimate and (6.9) we obtain

[ — 1 (0) 5in X) 7 xxp 2|2 < [7(sin x) ™1 012 ]|0o | erx Si0 |2
< (1 —a)|ollge|lsinx[27 ], < (1 -a)lolw.
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The estimates of other terms in (6.26) and [ in (6.25) are relatively simple. Since w
vanishes at x = 0, 7, using the Hardy-type inequality of Lemma A.5 we get

loGsin )™ p1 2|2 < lox 22 + [o|m — 1xI| 7|, $ lloxx™ 2 + ol
< loxx72 5 Mol
Applying the above estimates and (6.10) in Lemma 6.1, we obtain
|85 Hno - 0p' |2 < o(sinx) ™ o1 |2 [sinx - 9 Hi oo < (1= a)wllse.
Applying (6.11) in Lemma 6.1 and (1 — &) A x2 < (1 — a)'/?|x| yields
Jux(0) (@ = D = sinx - )12
< llusllzee (1 =) Afx?)lsin x|~ x7H],
<l ll2(1 =)' [[sinx[*7
< (=) lloxlz £ (1 - o) [o]z.
Recall ¢y = (o — 1) from (6.7). The estimate of the last term in (6.26) is trivial,

12|,

lcw,awxp S -a)|o|se.

Combining the above L?(p) estimates of each term in (6.26), we establish
11| £ | Ra2p' 2 2ll(@x + we sinx)p' 22 < (1 =) 2o s lwllse + |oe])
< (1 -0)"ol%. (6.28)

where we have applied |w,| < ||w| 5 from Lemma 6.3 in the last inequality.
Next, we estimate the term / from (6.25). Applying integration by parts, we get

It = (—u(a)xx. 0xp) = (~(na)p, 30x(0x)?) = 5(x U (na)P)p~" 03 p).
Iy = (_u(na)a)xm We SIN X - )O) = a)ff(aX(u(na)p ' Sinx)’wx)'
Since p = (sin %)_2, |0xp| < plx|™!, and dxu(ne) = Hng, applying (6.10) we derive

105 (1)) S (|a (o)l + 112 )ps 1951 (1a)loop < (1 = ),

10x (u(na)p - sinx)| < |u(na)pl + Ixax(u(na)p)l
S 19xu(ma)llos|xpl + (1 —a)|x[p < (1 —a)|x]p.
Using the above estimate and Lemma 6.3 (b), we establish
111 S 19 u(a)p)p ™ loollwxp'?13 5 (1= @)l

112 S (1= @)we| - [oxxpllr £ (1 =a)l|olgelloxp[1 S (1 —a)|ollZ-

(6.29)

Plugging the estimates (6.28) and (6.29) in (6.25) and then applying Lemma 6.3, we
obtain
(Raw.0)y] £ (1 =) [0]F < (1 =)0 (6.30)
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6.4.3. Estimates of nonlinear and error terms. Recall the nonlinear term N(w) and the
error term F (wgy ) from (6.19). Since N (w) is similar to that in [6,35] and the perturbation
o lies in the same space J, the estimate of N(w) is almost identical to that in [6,35]. In
particular, we get

[(N(@). 0)y| < llol3 < loly (6.31)

and refer for the detailed estimates to [0, 35].
In the following derivation, we use the implicit notation O( f') to denote some term g
that satisfies |g| < f. It can vary from line to line. By symmetry, we focus on x € [0, r].
For the error term F(w,,), we first compute

8xF(wa) = Ug,xxWo — UgWg,xx T Co,aWa,x- (6.32)

Recall u1 =sinx, w1 = —sinx, 1y = Wy — @1 from (6.8), and ug x —u1,x = Hng.
Applying Lemma 6.1 and |wy| < [sinx|* (see (6.6)) yields

Ug,xx®o = (U1xx + Ox HNg,x)0g = U1 xx0 + O((1 — Ol)|Sil‘1X|Kl_l+a)
= Ulxx®1 — sin X - Ny + 0((1 —Ol)|Sinx|K1_1+“)

= (sinx)? + O((1 — o) sin x[F171F9), (6.33)
We decompose the second term on the RHS in (6.32) as follows:

UgWq,xx = UgNa,xx T+ Ua®1,xx = (ug — Sinx)not,xx +sinx - Na,xx + Ua®1 xx
=11+ 1+ Is. (6.34)
Using (6.10) yields
|uoc,xx| S |u1,xx| + |0x Hno| < |Sinx|Kl_1,

[ug —sinx| < (lux(Ma)lloo + 1)|sinx| < [sinx].

Recall uy, x (0) = 1 from (6.6). For 0 < x < 7/2, the above estimate implies

x
[ug —sinx| < |ug — x| + C|x|3 = 'f (ua,x(x) _uoz,x(o)) dx| + C|x|3
0

P p
_ ‘/ ua,xx(yux—y)dy‘ P 5 [ 37wy + Ol
0 0
S |X|K1+l.
Therefore,
|ug —sinx| < 1x§n/2|x|Kl+l + Lysayalsinx| < [sinx| - [x]!,

which along with (6.9) implies the estimate of /7 in (6.34),

1] < (1 —a)[sinx |27 x|
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For 75 in (6.34), applying (6.10) and u; = sinx, w; = —sinx, we get

I3 = u1w1,xx + (Ug —UO1 xx = (Sinx)2 + 0(|Sinx|2”ua,x”oo)
= (sinx)? + O((1 — a)|sin x|?).
Recall ¢y, = a — 1 from (6.7). We combine /5 of (6.34) and ¢ qwq,x of (6.32) and
then apply (6.11) to obtain

|coa®a,x — 2| = [(@ = Dwg,x —SINX - Ngxx| S (1 —a) A |x|2)|5inx|a_l

< (1 —a)?|x| - |sinx|*7L,
Plugging the above estimates on /; and ¢ o in (6.34), we establish

UgWg,xx — Co,aWa,x = Iy + I3 + ([2 - Cw,aa)ot,x)
= (sinx)? 4+ O((1 — &) V/2|x |1 |sin x|*271), (6.35)
where we have used |sin x| < [sinx|27!, [sin x| < |x| < 1 and k, < « to combine the
estimates of [; in the last estimate.

Recall k1 = 2, kp = % from Lemma 6.1. Combining (6.32), (6.33) and (6.35), we

4’
establish
0:F(@a) = (sinx)? - (1= 1) + O((1 = a)lsin x| 1~ +)

+ 0(1 — )" /?|x |1 |sin x|~
= (1 —a)"?|sin x| |x|*1,
where we have used |sin x [“1 7% %2 < |sin x|“! < |x|*! to obtain the last estimate. Using
the above estimate and Lemma 6.3, we prove
1/2
[(F(a), 0)y| S [F@a)lyloly S 110xF(@e)p?2]oly

< (1 =)' 2|[sinx[ x| Lllolly < 1 —a) o]y,

(6.36)

where the integral is bounded since 2k, — 2 = —% > —1,2k0 + 21 — 4 = —% > —1.

6.4.4. Nonlinear stability and finite time blowup. Combining (6.24), (6.30), (6.31) and
(6.36), we establish the following nonlinear estimate for some absolute constant C > 0:

1 d 3
3 gilol = =(5 = Cit =) 10l + clt —alloly + Clolf.

Therefore, there exist absolute constants «g < 1 sufficiently close to 1 and p > 0 such
that for any o € (wo, 1), if the initial perturbation satisfies ||wo |y < |1 — |'/2, then

lo@)lly < pll —al'/?,

Coa + Colt) = (@ =11 +ux(0) < (@ = D1 =Cla—1]"?) < J(@—1)

for all > 0. Since p = O(1) near x = 7 and (0ywg)?p is integrable near x = 7, we can
choose the initial perturbation wg such that ||wo|ly < |1 — |2, wy € C2((—7/3,7/3))
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and wy + wy € C* N C®(S!\ {0}). For example, wy can be —w, near x = 7, zero
near x = 0 and smooth in the intermediate region. A simple Lemma A.6 shows that
wo + wy € H® for any s < o 4+ 1/2, and a direct calculation gives fon Isinx - f2/f|dx
< 0o where f = wy + wy. Using the rescaling argument in Section 6.2, we establish
finite time blowup of (1.2) from wg + wy.

The condition fOT Uphy,x (0, 1) dt = oo in Theorem 3, where uypy is the velocity in
(1.2), follows from Theorem 1 or a calculation using the above a priori estimates on the
perturbation and the rescaling relations (6.3)—(6.5). Due to the inclusions C* C C*! and
HS C H%' for0 < @1 < o and 57 < s, we conclude the proof of Theorem 3.

7. Concluding remarks

We have constructed a finite time blowup solution of the De Gregorio model (1.2) from
C“ initial data for any 0 < o < 1, and established the global well-posedness (GWP) from
initial data wg € H' N X with we(x)x~! € L™, based on a one-point blowup criterion.
These results verified the conjecture on global regularity of the DG model on S! for
smooth data in X, and showed that advection can prevent singularity formation if the
initial data is smooth enough.

Our analysis provides valuable insights on the global well-posedness of (1.2) with
more general data, and it is likely that some results are generalizable. A potential direc-
tion is to generalize the one-point blowup criterion to a finitely-many-points version.
For simplicity, we assume that the number of zeros of w(x, t) is finite, and the zeros
are x;(t), i = 1,...,n, with dyw(x;(t),t) # 0. It is shown in [30] that the number
n and dyw(x;(¢),t), i = 1,...,n, are conserved. Denote N.(¢) := {x : w(x,7) = 0,
sgn(wy (x,t)) = +1}. A natural generalization of Theorem 1 is that the solution of (1.2)
cannot be extended beyond T if and only if

T
[ S ue(e )] di = oo. B
0

xeN_(1)

A weaker version is that Y ;_; |ux(x; (¢),7)| controls the breakdown of the solution. These
blowup criteria are consistent with that of the CLM model. See the discussion in Sec-
tion 1.2. We believe that these criteria are important for the GWP from general smooth
initial data.

Passing from (7.1) to the GWP, a possible approach is to estimate functionals and
quadratic forms similar to those in Section 4 in suitable moving frames. We remark that
our proof of Lemma 4.2 does not require the assumption on the sign of w. Thus, it is
conceivable that the argument can be adapted to study other scenarios.

Our analysis has benefited from the property that the zeros of w with w € X (see (1.4))
are essentially fixed. For more general data, controlling the locations of the zeros of w can
be a challenging problem.

For the gCLM model on a circle with a parameter ¢ > 1 and wy € C* N X,
monotonicity of fon/z lw(y)|(cot y)# dy with B = B(a) < 2 and a priori estimates of
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@)1, ux(0,1) can be studied by the argument in Sections 4 and 5. These a priori esti-
mates shed some helpful light on the regularity of the gCLM model with wp € C*° N X.
Note that for a > ag with ag &~ 1.05, these estimates have been established in the arXiv
version of [9].

Appendix A. Some technical lemmas and derivations

A.l. Properties of the Hilbert transform and functional inequalities
The following Cotlar identity for the Hilbert transform is well known; see, e.g., [9,18,20]).
Lemma A.1. For f € C®(S"), we have

H(fHf) = 3(Hf)* = f?).
We have the following commutator identity from [6, Lemma 2.6].

Lemma A.2. For f € H'(S') with period nm, we have

R P S

The case n = 2 is proved in [6]. The general case follows by a rescaling argument.
We use the following important lemma to establish the energy estimate in Section 3.

Lemma A.3. Suppose that o € H' is w-periodic and odd. Then
/ wx Hwy -sin(2x) dx = 0.
Sl

Proof. We prove the identity for @ € C°°, and the general case @ € H! can be obtained
by approximation. Applying Lemma A.2 with f = w and n = 1 yields

S = /Sl wyxHwy - sin(2x) dx
= / wx (H(sin(2x)wx) — H(sin(2x)wx)(0)) dx
Sl
= / wx H(sin(2x)wy) dx.
s1

Denote f = sin(2x)wy. Using m(2x) 2(tamx + cotx) = 2(00t(7‘[/2 — Xx) + cot(x)),

(3.1) and Lemma A.1, we obtain

S = %/Sl(cot(%—x) +cot(x))f-Hfdx

2w (3) - mirnno)

2awr(3)-r(3)-aro- o),
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Since w € C* and it is odd, we get f(0) = f(/2) = 0. Note that

Hf(%) — Hf(0) = %/Sl (cot(% — x) + cotx) sin(2x)wy dx

1 2
= —/ - sin(2x)wy dx = 0.
7w Js1 sin(2x)

We obtain S = 0, as desired. [

We use the following simple lemma from [8] to estimate the profile in Section 6.
Lemma A4. Forx € [0,1], @, A > 0, we have
(1—x%x* < a/A.

Proof. For the sake of completeness, we present the proof. Using Young’s inequality, we
get

A
A A Ala+1 Ala+1
<9 a1 —x®) + Gx*\*® =2 _AMe ’ <
A 1+ 1/a A\l + 4/ -
We have the following Hardy-type inequality [25] in a bounded domain.

1- x"’)x’l . (g(l _ x"‘)) (xa))t/a

>a|52

Lemma A.5. For p > 1 and L > 0, suppose that fx~P/2, f,x~P/2+1 € L2((0, L]). Then

L g2
Js
/ —dx 51,/0 2 dx.

It can be proved by applying an integration by parts argument. A proof can be found
in [10, Supplementary material].
Next, we prove the commutator-type Lemma 6.4.

Proof of Lemma 6.4. A direct calculation yields

S = L(HT ~ HIO) - H(f)

1 ("1 - 1 1 -
- _Cotx y—}——cotz——cotx 4 S dy
or o\ x 2 x 2y
)f@)
y

1 ”1
— x(ycotz—(x—y)cot

2w 2 2
5 [ 1w -so-mIPay,
m - y

where g(z) = z cot 5 satisfies g(z) = g(—z). Since g is Lipschitz on [-37/2, 37/2],
-3

2 5 _2 5 17

2(sin %) z

lg'(2)] =

z z ' |sinz — z|
cot — — 5| =
2 2(sin %)

and applying |g(y) — g(y — x)| < | x|, we get the desired result. |
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A.2. Derivation of a model for 2D Boussinesq equations

We derive the model (1.9)—(1.10), and discuss its connections with (1.2). Recall the
Boussinesq equations (1.7) and (1.8):

0,0y +u-Vl, = —ul,xéx — Mz,xey = uz’yex — uz,x9y.

Inspired by the anisotropic property of 8 in [8], i.e. |6,| < |0x| near the origin, we
drop the 6, term. To study y-advection, we further drop the x-advection term. Then we
obtain (1.9),

0:0x + u28y9x = Mz,ygx.

Since 6, is the forcing term in the w-equation of (1.7), it leads to a strong alignment
between 6, and w. Thus, we simplify the w-equation in (1.7) by @ = 8, which leads to
the following Biot—Savart law in (1.10):

u=VE—A) 0, upy =0y (—A) 16,

This model relates to (1.2) via 0y — —w, 0xy (=A)~! — —H. The velocities of the
two models u» and u are related via u, , = axy(—A)—lex ~—H(—w) = Ho = uy.
Moreover, the solutions of the two models enjoy similar sign and symmetry properties.
Suppose that 6, satisfies the sign and symmetry properties in the hyperbolic-flow sce-
nario. The induced flow u;(x, y) is odd in y with us(x, y) > 0 in the first quadrant
near (0, 0). The odd symmetries of Oy, u, in y are the same as those of w, u in (1.2)
for the class X of (1.4). Moreover, for fixed x > 0, —0;(x, -) and w satisfy similar sign
conditions, and u5(x, -) and u satisfy similar sign conditions near the origin.

A.3. Derivation of (4.5)—(4.6)

Recall the formulas for u, u in (3.1) and the quadratic form in (4.1). Using integration
by parts, we obtain

/
B(B) = /0 2(2uxa) — (uw)y) cot? x dx

/2 /2 1
=2f uxa)cotﬂxdx—ﬁ/ uwcotP 1 x . s—dx =11 +1I
0 0 sin” x

The boundary terms uw cot? x|g/ % in the integration by parts vanish since u(s/2) = 0
and u(x) = O(x), w(x) = O(xY) with y >  — 1 near x = 0 by the assumption in
Lemma 4.2.

Since w is odd, using (3.1) and symmetrizing the kernel we get

/2 /2
I = %/ w(x) cot? x/ o(y)(cot(x — y) —cot(x + y)) dy
T Jo 0

1 /2 pm/2
= _/ / o(x)w(y)Pi(x,y)dxdy,
T Jo 0
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where
Pi(x,y) = cot? x - (cot(x — y) — cot(x + y)) + cot? y - (cot(y — x) — cot(x + y)).

Recall s = C"”‘ from (4.4), so cotx = s cot y. We expand cot(x — y), cot(x + y) as

follows:
cotxcoty + 1 scot?y +1
cot(x —y) = = )
coty —cotx coty-(1—y)

cotxcoty—1  scot>y—1

cot(x + = = .
(x+) coty + cotx coty-(1+5s)

Thus, we obtain

s s 1 1 1
cotlx = y) —cotlx + y) = coty l—s 1+s +coty 1—s+1+s

252 1 2

1—s2+coty1—s2’

cot(y—x)—cot(x+y)=coty-(— o0 )+ ! (— ! + ! )
Il—s 1+4s coty l—s 1+

2s 1 2s

1—s2 cotyl—s2

=coty -

= —coty-

Using the above formulas and cot? x = s cot? y, we get

252 1 2
Py = tﬁ LB ty -
pEcon s (Coy 1—s2+coty 1—s2)

2 1 2
—}—cotﬁy- —coty - _ u
l—s2 coty 1 —s2

B+1 B+1

y- P -1

= cot

y-(s 1_S2-

1—
1—

We remark that P; <
For 11, using (3.1), we get

/2 :
17— B / a)(X) B—1 x/ o) lo Slln(x +y)
sin? x 0 sin(x — y)
/2 pm/2
—— [ [ P pewew) dxay.
T Jo 0
where 41 51
cotP™  x  cot’™ sin(x
Pzzé( — + Zy)logw
2\ sin®x sin” y sin(x — y)
Note that
cotP—1; — cotP 1z 4 cotPt - sin(x + y) _ |cotx +cotyl 1+
sin? z ’ sin(x — y) cotx —coty 1—s|
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=)}

We remark that P, is positive. Combining the formulas for Py, P», we derive (4.5)—(4.6).

We derive

Py(x,y) = 'B(cotﬁHy (1 +sﬁ+1)log =

‘#Lcot‘9 Ly. (1+s‘3 D log

A.4. Positive-definiteness of the kernel

In this subsection, we prove Lemmas 4.3 and 4.4, which are related to the positive-
definiteness of the kernel K; g. We establish (4.20) for xo = log % in Appendix A.4.1.

Proof of Lemma 4.3. We show that there exists 8¢ € (1, 2) such that conditions (4.19)-
(4.21) hold for W = W, g, G = Gy g with 8 € [Bo, 2]. Then using the same argument as
in Section 4.2.1, we obtain G g(§) > O for all £ and B € [Bo, 2].

Firstly, we impose B € [1.9, 2]. Recall G; g defined in (4.18),

G;p(§) =/0 Wi g(x) cos(x§) dx, (A1)

and W g from (4.11), (4.13). Clearly, W) g(x) converges to W; »(x) as B — 2 almost
everywhere. Moreover, from the formula for W; g and the decay estimate (4.14), we have

Wi p(2)| < 1izi=1e77* + 11,11 (1 + [log Iz]|). (A2)

where the term log |z| is due to the logarithm singularity log |s — 1| = log |e? — 1| in
(4.11). Thus, using the dominated convergence theorem yields

lim Gq4(§) = G1,2(5).
B—2
Using (A.1) and (A.2), we find that G g(§) is equicontinuous:
o0
96,51 < [ Wp(llxldx 5 1.
Thus, G1,g(§) converges to Gy,»(§) uniformly for £ € [0, M], where M is the parameter
in Lemma 4.3.
For x near 0, from (4.11) and (4.13) we have
p 11 x
Wig(x) = ——(e o Y te” o3 M) logle* — 1| + Sg(x),

where Sg(x) is smooth near x = 0. Thus a direct calculation yields

Bl C
axxVVI,ﬂ (x) = _E(e + x)axx 10g |€ - 1| - m
b
> g(e*ﬂf‘x +e i _° €S2 S s

- - - > _ -
(e*=12 |x[ 7 x* |x]
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for some absolute constant C > 0 and |x| < 1/2. Therefore, there exists § > 0 such that
0xxWrp(x) >0, x€[0,6]. (A4)

Note that W) g(x) = 1%1,,3 (e®) (see (4.11)) is smooth for (8, x) € [1.9,2] x [§, x¢], where
Xo is the parameter in Lemma 4.3. We find that 0., W; g(x) converges to dxx W12(x)
uniformly for x € [8, xo] as B — 2, and 9 W g(x0) — 0xWi2(xp) as B — 2.

Next, we consider the integral of W' in (4.21). We need a decay estimate of Wl’”ﬁ
s+1
s—1

Forr = e* > l and s > r > 1, performing Taylor expansion of log |3*=| and ﬁ, we

find that the kernel K 1,8 enjoys the expansion
B—11i-2

Kip= ;ai(ﬁ)s""i(ﬁ), la; (B)] < 1, maX( o ) < a;(B) < 10(i -(FAlg,)

with ; (B) increasing. Since the expansions for log | i_i} | and s21—1 converge uniformly for

s >r > 1, the above expansion also converges uniformly. Thus, we can exchange the sum-
mation and derivatives when computing 9% K g- We are interested in the leading order
term in the above expansion. It decays at least as s~#~1/2 gince the other terms in K 1.8
that decay more slowly, such as s*#=1/2  are canceled. Using Wig(x) = K 1,8(e*) and
(A.5), for x > xo > 0, we get

03 D _ai(Bre P

i>1
B—1
<e Tz X < eH4,

~

03 W5 (x)| =

=[S aB) @)@
i>1

where the implicit constant can depend on x¢. Note that 93 W; g (x) — 93 W) »(x) for any
X > x9 > 0 as B — 2. Using the dominated convergence theorem, we get

o0 o0
lim / |03 W, p(x)| dx = / 103 W1 2(x)| dx. (A.6)
B—27 Jx, X0

Note that conditions (4.19)—(4.21) hold with strict inequality for W = W; 5, G = G ».
From the uniform convergences G g(§) — G1,2(§) on [0, M], 02W) g(x) — 32 Wi 2(x)
on [3, xo], 0xWj g(xo) = 0xWi2(x0) as B — 2, (A.4) and (A.6), we conclude that
there exists Bo € (1,2) such that (4.19)—(4.21) hold for W = W, g, G = G g with

B € [Bo.2]. u

A4.1. Convexity of W; g. We first establish (4.20) for xo = log % and then prove
Lemma 4.4.

Since W; g is given explicitly in (4.11), (4.13) and (4.17), to simplify the derivations
we have used Mathematica. All the symbolic derivations and simplification steps are given
in Mathematica (version 12) [7]. We only provide the steps that require estimates.

Suppose that W(x) = K(e*) and denote s = e*. Using the chain rule, we get

Ixx Wi p(x) = 0xx Ki p(e") = > (3°K; p)(e”) + ¥ (9K p) (e¥)
= 529K, g (s) + 50K, g(s) =: L; (s, B). (A7)
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To establish (4.20), i.e., dxx Wi 2(x) > 0 for x € [0, xo], xo = log %, it suffices to prove
I1(s,2) > Ofors € [1,2]. Fori = 1, B = 2, using symbolic calculation, we get

P+ P
453/2(1 4 )3’

s—i—l‘

I](S,Z) =
s—1

Py =9(1 4+ 5)*(1 —s + s%) log

We do not write down the expression of P; since it is an intermediate term and is not used
directly. We provide its formula in Mathematica [7]. Using log(1 + z) < z for z > —1,
1—s

we obtain
2 2
> - = . (A.8)
1+s 1+s 1+s

Using the above inequality and simplifying the expression yields

log

1+s
1—=5

:—log‘

I(s,2) > m(ﬂ +9(1 +5)*Q —s+ sz)s—}-il)
RN
P, — 2(=9+ 95 4 275> — 1857 — 595* 4 95° + 956).

(s—1)2

Since s € [1, 2], using s’ < s/ fori < j and 95 + 95 < 15 + 25 < 41 we obtain
—9 + 95 + 2752 — 185> — 595* + 95° + 95°

< (95 +27s% — 185> — 18s*) + s*(9s + 952 — 41) < 0,

which implies P3 > 0 on [, 2]. Hence I;(s,2) > 0 on [I, %] and we get (4.20) with
xo = log %

Proof of Lemma 4.4. Recall W, g(x) = 152’,3 (e*) and formulas (4.17). Denote s = e*.
Using (A.7), it suffices to prove that I,(s, §) > 0 for all s = e* > 1. Using symbolic
calculation, we have

R =557 (i py + a4 0p ) =P

where I, 1 (s, B) is an intermediate term and its formula is given in Mathematica [7]. Since
B > 0, using (A.8) we get

I>(s, B) > gs_a (12,1(S,ﬂ) +a?(1 + Sza)ﬁ) =: gs_alz,z(&ﬂ)

Next, we show that 15 (s, 8) > 0. Simplifying the expression, we obtain

Pi+ P+ P
La(s.p)="21"2""3 Py = —2a%(s* — 1)2(1 — 25 + s29),
2= 1
P, = 8as(s®> — 1)(s® + 5%9), Pz = 4s(3s% + s* — 524 — 352129,
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Since a = % € [0%] and s > 1,weget2s—1—s2“ >2s—1—s=s5—12>0. Thus,
we obtain P;, P, > 0. Using 524 < again, we derive
P53 > 45(3s% + s* —5 — 35%) = 45%(s® — 1 + 35 — 3s?)
=452(s — 1)(s?+ s+ 1—35) = 4s2(s — 1)> > 0.

Combining the above estimates of P;, we establish I5(s, 8) > 0 for s > 1, 8 > 1, which
further implies 0,x W, g > 0 for x > 0. [

A.5. Proof of other lemmas

Proof of Lemma 5.2. Recall that x, y € [0, 7/2] and 8 € [3/2,2]. In the following esti-
mates, the reader can think of the special case § = 2.
Forx + y < m/2,since y < m/2 — x and cot z is decreasing on [0, ], we have

cotxcoty > cotxcot(w/2 —x) = 1. (A9)
Since min(x, y) < %(x + y) < /4, we obtain max(cot x, cot y) > 1 and
(cot x coty)ﬁ > cotx cot y > min(cot x, cot y) > cot(x + y).

The case x + y > 7/2 is trivial, and we get (5.10) in Lemma 5.2. Next, we consider
(5.11):
I :=coty- (cotx)ﬁ_2 Acotx - (coty)ﬁ_2

< (cotx coty)ﬁ + 1iysqpcot(m —x —y) =:J.

Note that 11> /5 cot(wr — x — y) is nonnegative. Without loss of generality, we assume
x < y.Since f <2 and cotx > coty, we get

I =coty- (Cotx)ﬁ_z.

Case 1: x +y <m/2. Since x < y and x < %(x + y) < 7 /4, using (A.9), cotx > 1,
cotx > coty and B € [1,2] we get

J > (cotx coty)’s > (cotx coty)ﬂ_1 > (coty)ﬁ_1 >coty - (cotx)ﬂ_2 =1.
Case 2: x + y > m/2. Inthis case, J contains the term cot(mr — x — y) > 0.

Case 2.a: x > /3. Since y > x > /3, we know that cot y < cotx, cotx < 1 and
cot(wr —x — y) > cot(xr/3) = 1. It follows that

I <cotx- (cotx)’g_2 = (cotx)ﬂ_1 <1Zcot(r—x—y)< J.

Case2.b: x <m/3andmw —x —y <y. Since 1 < cotx and cotz is decreasing on [0, 7],
we get
I Scoty <cot(mr —x — ).
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Case 2.c: x <m/3andw —x —y >y. Since y > %(x +y)>n/4and x < /3, we

have

1

cotx 2 x , coty Zcosy = m/2—y.

Note that 7 — x — y > y implies 7/2 — y > x /2. We find that
2 —
cotxcoty > T2y 2 1,
X
which along with 1 < cotx, coty < cotx, 8 € [1,2] implies

I <coty- (coty)ﬂ_2 = (coty)ﬂ_1 < (cotx coty)’s_1 < (cotx coty)’s < J.

This concludes the proof of (5.11).
Next, we prove (5.12),

Il :=coty -1,55/3 < (cotx coty)‘g +1iysnppcot(m —x—y)=J.

We focus on y > /3. We consider three cases: (a) x + y <nw/2,(b)x +y > 7/2
andm —x—y <y, (c)x+y>mn/2,7m —x —y > y. In the first case, from (A.9), we
have J > 1 Z II. In the second case, since cot z is decreasing, we get

J >cot(r —x—y)>coty >1I.

In the third case, since x <7 —2y <mw —2n/3<n/3,y>n/3andn/2—y > x/2,
using the same argument as in Case 2.c we get

cotxcoty 21, J > (cotxcoty)ﬂ =1z
This concludes the proof of (5.12) and of Lemma 5.2. ]

The initial data constructed in Section 6.4.4 enjoys the following regularity in Sobolev
space.

Lemma A.6. Suppose that wy + we € C®(S'\ {0}) and wy € C*(—n/3, 7/3). Then
wo + wy € HS forany s <o + 1/2.

Proof. Let y be a smooth even cutoff function on S! (27-periodic) with y(x) = 1 for
|x| < /8 and y(x) = 0 for |x| > /4. We decompose wg + wy as follows:

Wy + Wy = Ywg + ywo + (1 — x)(wo + wy) =: I + 11 + III.

Clearly, II, IIl € C? C H®! for any 51 <2.Denote f, = ywg. Since fy is odd, it enjoys an
expansion wy(x) = Zkz 1 ag sin(kx). Next, we estimate ay. Using integration by parts,
we get

T C T
ap = C/ Sfusin(kx) dx = ?/ foycoskxdx
0 0

C T
T | Qi+ Vjpnnso) frcoskordx = 01 + 2
0
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where the restriction 1,<,/4 is due to the fact that y is supported in |x| < /4. Recall
formula (6.6) for wy. A direct calculation yields

1/k 1/k
/1] <e kil/ | fuldx < / lx|*Vdx <o k7179
0 0

sin

For J;, using cos kx = 0y kkx, 10" we(x)] < |x|* and integration by parts again, we

derive . P
(lsintk k7Y 1] 1 [T

Tl <g k1 ((|SRERTD) (L —/ " sinkx|d

|2 < ( A S )T E " | £ sinkx|dx

< k—l 1 1 ol + 1 7[/4 | |0t—2d
- - - X X
~e k\k kJik

Se KTV + kTN R < koL

Therefore, for s < @ + 1/2, we establish

Z |ak|2k25‘ < Zk—2—2a+2s < 00,

k>1 k>1

which implies wy y = fo € H*® and concludes the proof. |

A.6. Rigorous verification

To establish Lemma 4.2, we need to verify conditions (4.19) and (4.21) in Lemma 4.3.
Note that condition (4.20) has been verified in Appendix A.4.1.

Since the kernel W 5 is explicit (see (4.11) and (4.13)), to simplify the derivations
we have used Mathematica. All the symbolic derivations and simplification steps are
given in Mathematica (version 12). We only provide the steps that require estimates.
All the numerical computations and quantitative verifications are performed in MAT-
LAB (version 2019a) in double-precision floating-point operations. The Mathematica and
MATLAB codes can be found via [7]. We will also use interval arithmetic [45, 48] and
refer for the discussion to Appendix A.6.4.

To obtain (4.19), using the approach in Section 4.2.2, we only need to verify (4.25).
Conditions (4.25) and (4.21) involve a finite number of integrals and the Lipschitz con-
stant by in (4.24). Since these conditions are not tight, we use the following simple method
to verify them.

To estimate the integral of f on [A, co) with A > 0, we first choose B sufficiently
large and partition [4, B] into A = yg < y; <--- < yy = B. We will estimate the decay
of f in the far field in Appendix A.6.3, and treat the integral in [B, co) as a small error.
For each small interval I = [y;, y;+1], we use a trivial first order method to estimate the
integral

imin () = [ fdx <llmax f@) 1=y =y (A0
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Denote by f*(I), f!(I) the upper and lower bounds for f in I. To use (A.10),
we estimate f’(I), f*(I) for each interval I = [y;, y;+1]. For simplicity, we drop the
dependence on /.

We simplify W , defined in (4.11), (4.13) as W. All the integrands involved in (4.25),
(4.21), (4.24) are W(x) cos(x§) for§ =ih,i =0,1,...,M/h, and |W(x)x]|, |W" (x)].
To obtain the piecewise upper and lower bounds for these integrands, using basic interval
arithmetic (see, e.g., [22])

(fo)" = max(f"g". f'g". f'g'. f'g").

(f9)' = min(/"g", f'g". f g’ f'g"). (A1)

|1 =max(| 111D, (f-9 =fT-g" (-9 =S"-¢,
we only need to obtain the bounds for cos(x&), W, [Wx|, W””. Those for x are trivial.
A.6.1. Upper and lower bounds for W, Wx, W”’.~ We simEIify 161,2 in (4.11) to K.
Denote s = ¢*. Using the chain rule and W(x) = K(e*) = K(s), we get

RW(x) = 3 K(e¥) = (3 K)(e*) + 3¢*(*°K)(e”) + e*(0K)(e”)
= 33K (s) 4 3529%K (s) + sdK (s) =: D3K(s).

Since e* is increasing, the bounds for W on [x;, x,,] and those for K on [e*!, e*] enjoy

fl — gl(ex’,ex“), fu — gu(exl,ex“),

N i ~ (A.12)
(f.g) = (W.K), (3;3;W, D3K), (W(x)x, K(s)logs).

Thus it suffices to get bounds for K. K log s, D3K. Recall K from (4.11) with B =2

- s+ 1] s32—g3/2
K(s) = (s3% + 573/%) log Ll B 2s
s—1 s2—1
3/2 4 32 s+1 L1 ts 1l
= (32 4 5732y og || 25712 T2 T (A.13)
s—1 s+1
. . . .. 3/2 3/2 3/2
In the interval s € [s7,s,] with 1 <s; < sy, using monotonicity, e.g. s>~ € [s;"~, s, 71,

the fact that log |%| is decreasing and (A.11), we get the upper and lower bounds for K :

1 ~ Su t 1 1280 4 Sy + 1
R (s1.50) = (577 + 5,%/%) log ”—_1‘ s /2 T T D

! 1
§u+1 sz—sl—ler—i—l @14
¢ _ (3/2 4 32 1 -1/2°1 !
K*(s1.80) = (53 +5,7°7%) log m’_zs“ T

Next, we consider K logs. For s € [s;,s,] with s; > 1, since logs > 0 we get

K(s)logs < K*logs < max(K*logs;, K* logsy).
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Similarly, we obtain the lower bound for K log s. Yet, near s = 1, the upper bound blows
up due to log |s; — 1] in K*. Note that logs < s — 1. Using (A.8), for s > 1 we get

s+ 1 1 1 s+1
~Dlog|> =) = - 1)+l
((S Ylog | 1) (s+1 s—l)(s ) +log
2 s+1
— 1 > 0.
s+1+0gs—l_

Thus, log |§_i;|(s — 1) is increasing on [s;, 5] and

v+ 1
1“(514_1)'

1
log s+1 logs <10g
s_

‘ (s—1) <log

u
We obtain the following improvement for the upper bound of K (s) log s on [s7, su]:

—1/2Sl + 57+ 1

K (s)log(s) < (s;/2 + 5;3/2) log 11
u

-log s;.
(A.15)

' (su— 1) —

For D3K(s), firstly, using symbolic computation, we get

Pyz(s) — Pa1(s) + Ps(s)
Ps(s) 7

P41 (s) = 545 + 5457 4+ 266s5* 4 1245° 4 26655 + 5458 + 545°,

D3K(s) = P4>(s) = 180s> + 180s7,

s+ 1
Ps(s) = 27(s> — D*(1 + s + 5%) log —| Pe(s) = 8(s — 1)3s>2(1 + 5)*.
(A.16)

Since 1 < s; < sy and P41, Pay, Pe are increasing, we get Py = P, (sy), P,il = Py, (s;)

for m = 41, 42, 6. The bounds for Ps are also trivial:

su 41
-1

1
P¥ =27(s2 — 1)*(1 + s, + 52) log il +1 ‘
s; —
Using the bounds for P4, Pss, Ps, Pg and (A.11), we can further derive the bounds
for D3K.

P5 —27(1 - D*1 + s +sl)10g

’

A.6.2. Upper and lower bounds for cos(xé) For f € C?([a.b]) and x € [a, b], the basic
linear interpolation implies f(x) = 3=5 f(b) + 2 =S+ 2f”(xl)(x —a)(x — b) for
some x; € [a, b] and

(b—a)

min(f(@). f(6)) = == 11"l vla

b —
< () = max(f (@, fo) + L D | aotany

Applying the above estimate to f(x) = cos(x&) and | f"(x)| < 52, we derive the upper
and lower bounds for cos(x§) on [a, b].
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To verify (4.25), it suffices to get a lower bound for G (&) with & = jh. Applying
(A.12), (A.14), the above estimate for cos(x§) and (A.10), we get

/yiﬂ cos(xE)W(x) dx > (yir1 —yi) - ', 1(x) := cos(x§)W(x).
Vi

The term I’ can be obtained using (A.11). For y; close to 0, we should avoid using (A.11)
to derive I! since it involves W¥(x7, xy) = K"(e*, e*) (see (A.14)), which blows up
near x = 0. For x£ < 7/2, since cos(x£) > 0, we derive I’ using

cos(xE)W(x) > cos(x&)W'! > min((cos(-£))' W', (cos(-£))*W?).
For large &, the above estimate is not sharp due to large oscillation in cos(x§). Denote
= w, ho = b — a. We consider an improved estimate:
b b b
/ cos(xE)W(x)dx = / cos(x&)(W(x) —m) dx + m/ cos(x§&) dx
a a a
sin(x§)|?
m—
§

- W er Wy sin(b§) ; sin(a§) _ holcos(xE) " W ; Wz’

— holcos(x§)[“|W —m[*

where we have used W —m € [W; —m, W, — m]—[ W’ Wy W’]

Using the above estimates, we obtain the lower bound of the mtegral in G(§) of (4.18)
in a finite domain. The integrals in (4.24) and (4.21) in a finite domain are estimated
similarly.

A.6.3. Decay estimates of W, 8)3c W. It remains to estimate the integrals in (4.25), (4.18),
(4.24) and (4.21) in the far field. For s > 1, using Taylor expansion, we get

s+ 1 2
1 — —(Zk—l),
e ‘ Z %1
(A.17)
s+ 1 2 573
1 _“ —@k-1) _ ~ .
‘Ogs—l' s —3k§s 31—s—2
Using the above estimate and (A.13), we obtain
. 2 s2+s+1 2 573 s+1
Kl < |§3/2.2 _9g-1/2 3/2 % §73/2
Kl =< s * e R S gt iy
=11+ 1L+ Is.
—1/2 -3/2 :
Note that /; = +1 <2s . We derive
- _ 2 s+1 _ -
K| <s 3/2(2+ 37 = tlog| o D =572 K (). (A.18)
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Next, we estimate D3K (see (A.16)). Using (A.17), we decompose Ps in (A.16) as
follows:

2
|Ps — Psar| < Psenr,  Psy = 27(s> — D*(1 45 + sz)—,

-3
s
Pser =27(s2 = D*(1 + s +s2)—
’ 31—s"
Recall P41, Psn, Ps from (A.16). Denote P; = Psp — P41 + Ps . We estimate
(A.16) as follows:

|P42_P41+P5,M|+P5,err< |P7|+P5,err

|D3K| < < .
Ps Ps Ps

(A.19)

By definition, P7 is a sum of a polynomial in s and s~!. Simplifying the expression
of P; (see details in [7]) and using the triangle inequality, we find that
|P7| < Pg = 54 4 54571 + 2165 + 2705 + 288s> + 585* + 165° + 482s5° + 185”7
=: 5" Pg ait(9),
where Pg i := Ps (s)s77is decreasing in s. For Pg (see (A.16)) and the error term Ps ¢,
we have
P = 8(=1 45’ 2(1 +5)* = 5772 8(1 =571 =1 572 P (),

P 91 + s + 52 —s29(1 + s - - -
5,err ( ) < 5/2¥ <s 3/21(1 + 5 l) = 3/2Elail(s)-

Ps  4s55/2(1+s) — 4

Plugging the above estimates in (A.16), (A.19), we obtain

|D3I€(S)| < |P7| + PS,err <& P5,err
=P Ps — Ps  Ps
P3 i
sﬁ/z( o +Eml) =1 572 Ky (A20)
P6ta1|

Clearly, K[au (s) is decreasing. Since Pg wil, Erail are decreasing and Peg ;) is increas-
ing, Kta11,2 is decreasing. Using W(x) = K (e™), we estimate the integrals in G(§) (see
(4.18) and (4.24)) in the far field as follows:

/OO W(x)cos(x€) dx
B

o0
. - i )
< Klail(eB)/ e 32 gdx = Kmn(eB)ge 3B/2
B

A

o0 - o0
/ [W(x)x|dx < Kmﬂ(eB)/ e ¥ 2x dx (A.21)
B B

N 2B 4\ _
Ktail(eB)(T + 5)6 33/2,

and treat them as errors. Similarly, we estimate the integral in (4.21) in the far field.
This concludes the estimates of all the integrals in (4.25), (4.18), (4.24) and (4.21).
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A.6.4. Interval arithmetic. To implement the above estimates and verify (4.25), (4.21)
rigorously, we adopted the standard method of interval arithmetic [45,48]. In particular,
we used the MATLAB toolbox INTLAB (version 11 [47]) for the interval computations.
Every single real number p involved in the above estimates is represented by an interval
[P, pr] that contains p, where [p;, p,] are some floating-point numbers. We refer to
[9,10,22] for related discussion.
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