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Abstract. We provide a necessary and sufficient condition for the metastability of a Markov chain,
expressed in terms of a property of the solutions of the resolvent equation. As an application of
this result, we prove the metastability of reversible, critical zero-range processes starting from a
configuration.
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1. Introduction

Metastability is a physical phenomenon ubiquitous in first order phase transitions. A ten-
tative of a precise description can be traced back, at least, to Maxwell [51].

In the mid-1980s, Cassandro, Galves, Olivieri and Vares [20], continuing work of
Lebowitz and Penrose [55], proposed a first rigorous method for deducing the metastable
behavior of Markov processes, based on the theory of large deviations developed by Frei-
dlin and Wentsel [25]. This method, known as the pathwise approach to metastability,
was successfully applied to many models in statistical mechanics [54].

In the following years, different approaches were put forward. In the early 20th cen-
tury, Bovier, Eckhoff, Gayrard and Klein [16—18], replaced the large deviations tools with
potential theory to derive sharp estimates for the transition times between wells, the so-
called Eyring—Kramers law. We refer to [14] for a comprehensive review of this method,
known as the potential-theoretic approach to metastability.

More recently, Beltran and Landim [6, 8] characterized the metastable behavior of a
process as the convergence of the order process, a coarse-grained projection of the dynam-
ics, to a Markov chain. Inspired by [17] and based on the martingale characterization of
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Markov processes, they provided different sets of sufficient conditions for metastability.
We refer to [35] for a review of the martingale approach to metastability.

In this article, we show that the metastable behavior of a sequence of Markov chains
can be read off from a property of the solutions of the resolvent equation associated to
the generator of the process. It turns out that this property is not only sufficient, but also
necessary for metastability. This is the content of Theorem 2.3.

As these conditions for metastability do not rely on the explicit knowledge of the
stationary state, they can, in principle, be employed to derive the metastable behavior of
non-reversible dynamics whose stationary states are not known.

To emphasize the strength of our method, we show that the necessary and sufficient
conditions for metastability can be derived from the ones introduced in [6, 8], which have
been proved to hold for all models whose metastable behavior has been derived through
the potential-theoretic method [17] or the martingale method [6, 8]. Moreover, the recent
articles [36, 37, 46] successfully apply the approach introduced here to non-reversible
overdamped Langevin dynamics.

We further illustrate the extent of possible applications by proving that the conditions
for metastability required in this article hold for a dynamics with poor mixing properties:
reversible condensing critical zero-range processes. This is a model which does not satisfy
the conditions in [6], and whose metastable behavior could only be derived so far when
the process starts from measures spread over a well [41]. This new approach permits us to
extend this result to reversible dynamics in which the process starts from a configuration.

We leave for the future the investigation of metastability of critical asymmetric zero-
range processes. For this model the mixing condition I, introduced in Section 6.2, is very
delicate in that the mixing time is slightly smaller than the escape time. In the reversible
situation considered here, we verify condition It through a careful construction of a sub-
harmonic function. It seems difficult to extend this construction to the non-reversible case.
Apart from condition I, all other steps are identical to the reversible case.

Recent advancements

Before providing a more detailed statement of the main results, we review recent progress
in the theory of metastability.

Markov Chain Monte Carlo algorithms have been widely used in order to sample
from a given Gibbs measure. Their efficiency is expressed by the speed of convergence to
equilibrium. It has been shown in several different contexts that non-reversible dynamics
converge faster to equilibrium than their reversible counterpart. This is derived by Kaiser,
Jack and Zimmer [30] for the large deviations from the hydrodynamic limit of inter-
acting particle systems described by the Macroscopic Fluctuation Theory. Bouchet and
Reygner [13] show that the transition time between two wells in overdamped Langevin
dynamics is faster in the non-reversible case. A similar result appears in [44] for random
walks in potential fields.

These results raise the problem of finding the non-reversible perturbation of a
reversible dynamics that does not alter the invariant distribution and optimizes the rate
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of convergence. Lelievre, Nier and Pavliotis [48] solve this problem for overdamped
Langevin equations with quadratic potential. Guillin and Monmarché [28] show that the
asymptotic rate of convergence of generalized Ornstein—Uhlenbeck processes is maxi-
mized by non-reversible hypoelliptic ones.

There are only a few other results on metastability for non-reversible dynamics. Le
Peutrec and Michel [49] obtain by semiclassical analysis the Eyring—Kramers formula
for the exponentially small eigenvalues of the generator of a non-reversible overdamped
Langevin dynamics associated to a potential which is a Morse function satisfying addi-
tional regularity properties.

In the last years, the close connection between quasi-stationary states and exponen-
tial exit laws have been exploited in many different directions. Bianchi, Gaudilliere and
Milanesi [11,12] expressed the mean transition time in terms of soft capacities and derived
sufficient conditions for metastability in terms of local and global mixing characteristics
of the dynamics. Miclo [52] provided an estimate on the distance between the exit time of
a set and an exponential law. Di Gesu, Lelievre, Le Peutrec and Nectoux [22,47] inves-
tigated the distribution of the exit point from a domain. Berglund [9] reviews analytical
methods to derive metastability. Di Gesu [21] derived, recently, the Eyring—Kramers for-
mula for the exponentially small eigenvalues of the generator of reversible discrete diffu-
sions with semiclassical analysis, an expansion obtained in [42,44] by stochastic methods.

We turn to a precise description of the results.

The model. Consider a sequence of countable sets #, N € N, and a collection of #y -
valued, irreducible, continuous-time Markov chains (§y (¢) : ¢t > 0). To fix ideas, one may
think that the sets Jfy are finite with cardinality increasing to infinity, but this is not
necessary.

Let S be a fixed finite set and Wy : J/xy — S a projection in the sense that the cardi-
nality of S is much smaller than that of J . Elements of #y are represented by Greek
letters 7, £, while the ones of S by x, y. The problem we address is under what conditions
the order process (Yn (t) :t > 0), defined by Yy (1) = Wx (En(2)), is close to a Markovian
dynamics which mimics the dynamics of £y (7).

Denote by €3, the inverse image of x € S by Wy, &3 = \IJX,I (x), and by £  the gen-
erator of the Markov chain £y (). The sets €5, are called wells. The following condition
plays a central role in the article.

Resolvent condition. Fix a function g : S — R, and denote by Gy : Hnx — R its lifting:
GN() = es g(x))(g;f/ (n), where y 4, A C Hp, stands for the indicator of the set .
For A > 0, denote by Fy the solution of the resolvent equation

(A—LN)Fy =Gn. (1.1)

Assume that for each A > 0, Fy is asymptotically constant on each set &y : there
exists a function f : S — R such that

lim max sup |Fy(n) — f(x)| =0. (1.2)

N—>o00 x€S8 ne€y,

Of course, f depends on A and on g.
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Assume, furthermore, that there exists a generator £ of an S-valued continuous-time
Markov chain such that

A-L)f =g (1.3)

forallA >0and g : S — R.

We claim that, under the resolvent conditions (1.2), (1.3), any limit point of the
sequence of processes Yy (-) = Wy (En(-)) is the law of the continuous-time Markov
chain whose generator is £. The proof of this claim is so simple that we present it below.
It relies on the martingale characterization of Markovian dynamics.

Assume that the sequence Yy (-) converges in law. Fix A > 0 and a function f : S — R.
Denote by Fy the solution of the resolvent equation (1.1) with g = (A — £) f. Since &y (+)
is a Markov process,

t
My (1) = e Fy (Ex (1)) — Fy (Ex (0)) + /0 eI — La) EnlEN () dr (14)

is a martingale. As Fy solves the resolvent equation (1.1), AFy — Ly Fy = Gy.

By (1.2), Fn(n) is close to f(Wx(n)). Hence, since Yy (En(t)) = Yn(t) and Gy (n) =
g(¥n(n)), we can write

t

My (1) = e ™ f(Yn(1) — F(YNn(0)) + /0 e g(Yn(r))dr +on(1),

where o (1) is a small error which vanishes uniformly as N — co. As g = (A — L) f,

My(t) = e f(Yn(t) — (YN (0) + /0 eMIA = L) Fl(Yn () dr +on(1).

Passing to the limit shows that any limit point solves the martingale problem associated to
the generator £. To complete the argument it remains to recall the uniqueness of solutions
of martingale problems in finite state spaces.

The resolvent condition is also necessary. The previous approach provides a general
method to describe a complex system, a Markovian dynamics evolving in a large
space #, in terms of a much simpler one, an S-valued Markov chain. This abridgement
has been named Markov chain model reduction or metastability; see [35] and references
therein.

The point here is that the existence of this synthetic description of the dynamics can
be read off from a simple property of the generator. It is in force if the resolvent operator
Up.n := (A — Ln)~! sends functions which are constant on the sets €y to functions
which are asymptotically constant.

The second main point of the article is that conditions (1.2), (1.3) are not only suffi-
cient for the convergence of the order process Y (+), but also necessary.

Applications. The last claim of the article is that this method to derive the metastable
behavior, in the sense of the model reduction described above, of a sequence of Markov
processes can be applied to a wide range of dynamics. We support this assertion by pro-
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viding sufficient conditions for assumptions (1.2), (1.3) to hold. These conditions rely on
mixing properties of the dynamics and have been derived in several different contexts in
previous papers. Furthermore, in the last part of the article, we show that these conditions
are in force for reversible, critical zero-range dynamics. In particular, we are able to extend
the results presented in [41] to the case in which the process starts from a configuration
instead of a measure spread over a well &,.

Comments. In concrete examples, one has first to find the time-scale 0y at which a
metastable behavior is observed. Then, one speeds up the evolution by this quantity and
proves all properties of the dynamics in this new time-scale. Speeding up the process
by On corresponds to multiplying the generator by the time-scale 6. In the previous
discussion we started from a generator which has already been speeded up, which means
that the metastable behavior is observed in the time-scale 6y = 1.

This approach to metastability, inspired from techniques in PDE to study the asymp-
totic behavior of solutions of reaction-diffusion equations [23,59], appeared in the context
of Markov processes in [45,53,56]. In these articles, for different models, it is proved that
the solutions of the Poisson equation £y Fy = Gy are asymptotically constant in each
well.

Replacing the Poisson equation with resolvent equations has a significant advantage,
as the solutions of the later equation are bounded. It permits, in particular, to prove L™
estimates instead of the L? estimates derived in [41]. This, in turn, allows to start the
process from a fixed configuration instead of a measure spread over the sets &;.

The existing methods to derive the metastable behavior of a Markov processes rely
on explicit computations involving the stationary state [14, 35]. In contrast, as already
pointed out at the beginning of this introduction, the deduction of (1.2) and (1.3) does not
appeal to the stationary state.

Introducing a transition region. Condition (1.2) is expected to hold only in very special
cases, where the jump rates between configurations belonging to different sets €3, vanish
asymptotically. Only in such a case, one can hope for a discontinuity of the solution of the
resolvent equation (1.1) at the boundary of the set & j{, [an aftermath of condition (1.3)].

To surmount this problem, we introduce a transition set Ay which separates the
wells €3,. The set Ay has to be sufficiently large to isolate the wells, but small enough to
be irrelevant from the point of view of the dynamics.

In this new set-up, Ay, &y forms a partition of the state space #p, where &y =
Uyes €5 - To bypass the set Ay, we focus our attention on the trace of the process &n (-)
on &y and provide sufficient conditions for the projection of the trace process to converge
to a Markovian dynamics. This result requires conditions (1.2), (1.3) to hold only on the
set &, as stated in the first equation.

Furthermore, in this framework, Theorem 2.3 asserts that the resolvent conditions
(1.2), (1.3) hold if, and only if, (a) the order process converges to the S-valued Markov
chain whose generator is &£ and (b) the process £y (-) spends only a negligible amount of
time outside the wells &3;.
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Critical zero-range processes. As mentioned above, this approach is applied to a spe-
cial class of zero-range processes. This Markovian dynamics describes the evolution
of particles on a finite set S. Denote by N > 1 the total number of particles and by
n = (nx : x € S) a configuration of particles. Here, 1, represents the number of particles
at site x for the configuration 7. Let #y = {n € N5 : D ces x = N} be the state space.

Particles jump on S according to some rates which will be specified in the next section.
It has been shown that a condensation phenomenon occurs for this family of rates. The
precise statement requires some notation. Fix a sequence (£ : N > 1) such that £ y — oo,
£n/N — 0. Denote by §%;, x € S, the set of configurations given by

Ey ={ne€Hn :nx =N —Ln}.

For the models alluded to above, un (65) — 1/|S|, where j represents the stationary
state of the dynamics [1,3,4,7,24,27,29].

This means that under the stationary state, essentially all particles sit on a single site.
In consequence, in terms of the dynamics, one expects the zero-range process to evolve
as follows. When it reaches a set €y, it remains there a very long time, performing short
excursions in Ay . Its sojourn at &3, before it hits a new well & va, y # x, is long enough
for the process to equilibrate inside the well €%;. The transition from &%, to a new well
& }\’, is abrupt in the sense that its duration is much shorter compared to the total time the
process stayed in €3,.

We apply the method presented at the beginning of this introduction to derive the
asymptotic evolution of the position of the condensate (the site x where almost all parti-
cles sit) for critical, reversible zero-range dynamics.

The metastable behavior of condensing zero-range processes has a long history [2,7,
34,41,53,58]. The critical case, examined here and in [41], presents a major difference
with respect to the supercritical case considered before. While in the supercritical case,
when entering a well, the process visits all its configurations before visiting a new well,
this is no longer true in the critical case. This difference prevents the use of the martingale
approach, proposed in [6, 8], to prove the metastable behavior of a sequence of Markov
chains.

To overcome this problem, we show that in the critical case, when entering a well, the
process hits the bottom of this well before reaching another well. The proof of this result
relies on the superharmonic functions constructed in [41] and on mixing properties of the
process reflected at the boundary of the wells. The fact that the process visits one specific
configuration inside the well permits us to prove its metastable behavior starting from any
configuration inside a well.

Combining the property that the process hits quickly the bottom of a well and that
it mixes inside the well before it reaches its boundary permits us to prove that the solu-
tion of the resolvent equation fulfills (1.2). The proof of property (1.3) also relies on a
computation of capacities between wells. The details are given in Sections 8—12.

To our knowledge, this is the first model which does not visit points and for which one
can prove metastability starting from points and derive explicit formulae for the time-scale
at which metastability occurs and for the generator £ of the asymptotic dynamics.
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Along the same lines, Schlichting and Slowik [57] extended the investigation of
metastability to continuous-time Markov chains which do not hit single points. They
derived asymptotic sharp estimates for mean hitting times by generalizing the potential-
theoretic approach to deal with metastable sets, instead of just metastable points. This
technique has been applied by Bovier, den Hollander, Marello, Pulvirenti and Slowik [15]
to inhomogeneous mean-field models.

Directions for future research. As observed above, it is conceivable to derive properties
(1.2), (1.3) without turning to the stationary state. In particular, this approach might permit
one to deduce the metastable behavior of non-reversible dynamics for which the stationary
measure is not known explicitly (say, non-reversible diffusions [13]). Furthermore, prov-
ing properties (1.2) and (1.3) for a generator £ becomes an interesting problem since
they yield (modulo a third property) the metastable behavior of the associated Markovian
dynamics.

2. A resolvent approach to metastability

In this section, we provide a set of sufficient conditions for a sequence of continuous-
time Markov chains to exhibit a metastable behavior. If the framework below seems too
abstract, the reader may read this section together with the next, where we apply these
results to a concrete example, the critical zero-range process.

We start by introducing the general framework proposed in [6, 8] to describe the
metastable behavior of a Markovian dynamics as a Markov chain model reduction. Let
(Hn : N = 1) be acollection of finite sets. Elements of the set # are designated by the
letters 7, &, and .

Consider a sequence (§x(f) : t > 0) of Hn-valued, irreducible, continuous-time
Markov chains, whose generator is represented by L. Then, for every function f :
JfN —é]R,

Exm= > Rv@.HLFE - f.

EeHn

where Ry (7, £) stands for the jump rates. Denote by Ax () the holding times of the
Markov chain, Ay () = Z#,’ Ry (n,£), and by uy the unique stationary state.

Denote by D(R 4, #x) the space of right-continuous functions x : Ry — JHy with
left limits, endowed with the Skorokhod topology and its associated Borel o-field. Let
Pf,v , N € Hn, be the probability measure on D(R4, #) induced by the process &x (-)
starting from n € # . Expectation with respect to Pf’V is represented by Ef,v .

Fix a finite set .S, and denote by &%;, x € S, a family of disjoint subsets of #. Let

ev=|Jéy and Ay =Jdty\|]Ex.
xeS xeS

The sets &%, x € S, represent the metastable sets of the dynamics & (-), in the sense
that, as soon as the process £x (-) enters one of these sets, say &y, it equilibrates in €3,
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before hitting a new set &%, y # x. The goal of the theory is to describe the evolution
between these sets. To this end, we introduce the order process.

For A C Jy, denote by T**(¢) the total time the process £y (-) spends in s in the
time interval [0, ¢]:

TA() = / 2 alEn () ds.
0

where x4 represents the characteristic function of the set #. Denote by S*(¢) the gener-
alized inverse of T(¢):

SA(t) =sup{s = 0: T*(s) <1} 2.1)
The trace of £y (+) on A, denoted by (& ﬁ (t) : t = 0), is defined by
V() = En(S* (), 120 2.2)

It is an #A-valued, continuous-time Markov chain, obtained by turning off the clock when
the process £y () visits the set A€, that is, by deleting all excursions to A€. For this
reason, it is called the trace process of £y () on .

Let Uy : &4 — S be the projection given by

WUy () =Y x- ey ().
x€S

The order process (Yy (¢) : t > 0) is defined as
Yy () = Wn(ERPN (), 120 (23)

Denote by Qflv , 1 € En, the probability measure on D(R 4, S) induced by the measure PnN
and the order process Yy .

The definition of metastability relies on two conditions. Let £ be a generator of an
S-valued, continuous-time Markov chain. Denote by Qf, x € §, the probability measure
on D(R 4, S) induced by the Markov chain whose generator is £ and which starts from x.

Condition € ;. Forall x € S and sequences (n"V) yen such that ™V € &y forall N € N,
the sequence (QWNN)NeN of laws converges to Q% as N — oo.

The next condition asserts that the process £ (-) spends a negligible amount of time
on Ay on each finite time interval. It ensures that the trace process does not differ much
from the original one when starting from a well.

Condition ®. Forall¢ > 0,

t
lim max sup Eﬁ,v |:/ xay GEn(s)) ds:| =0.
0

N—oo xeS§ ne€y

The next definition is taken from [6].
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Definition 2.1. The process £y (-) is said to be L-metastable if conditions €, and ©
hold.

The first main result of this article provides sufficient conditions, expressed in terms
of properties of the solutions of resolvent equations, for condition € ; to hold. The second
one asserts that these sufficient conditions are also necessary.

Fix a function g : S — R, and let Gy : Hn — R be its lifting to H given by

Gn(m =) gx) ey (). (2.4)
xeS
Note that the function G is constant on each well €3 and vanishes on A . For A >0,
denote by Fy = F Ié’g the unique solution of the resolvent equation

(A—LN)Fy =Gn. (2.5)

Condition 5. Forall A > 0 and g : S — R, the unique solution Fy of the resolvent
equation (2.5) is asymptotically constant in each set &y :

lim sup |Fy(n)— f(x)|=0, x¢€S, (2.6)

N—oo0negy;

where f : § — R is the unique solution of the reduced resolvent equation
A-L0)f =g 2.7)

Remark 2.2. Condition N ; is usually proved in two steps. One first shows that for every
A>0and g:S — R the solution Fy of the resolvent equation (2.5) is asymptotically
constant on each well. In other words, that (2.6) holds for some f. Then, one proves
(A = L) f = g for some generator L.

The first main result of the article reads as follows.

Theorem 2.3. The process &y (+) is L-metastable if, and only if, condition R 1 is fulfilled.
In other words, Conditions ® and € ;. hold if, and only if, condition R is in force.

Remark 2.4. This result provides a new tool to prove metastability. The existing methods
rely on explicit computations involving the stationary state. In particular, they cannot be
applied to non-reversible dynamics whose stationary states are not known explicitly, for
example, to small perturbations of dynamical systems or to the superposition of Glauber
and Kawasaki dynamics. That the solution of a resolvent equation is constant on the wells
might be proven without turning to the stationary state.

Remark 2.5. The introduction of the set Ay which separates the wells makes condi-
tion <M ; plausible. The challenge is to tune Ay correctly: sufficiently large to prove R,
but small enough for ® to hold.
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Remark 2.6. Solving the martingale problem through a resolvent equation, instead of
a Poisson equation, considerably simplifies the proof of the metastable behavior of the
process. As the solutions of the resolvent equations are bounded (see (4.2)), one can hope
to obtain bounds and convergence in L°°, as we do here, instead of L?. Moreover, many
L'-estimates simplify substantially due to the L°°-bound on the solution of the resolvent
equation.

Remark 2.7. Condition Jt; being necessary and sufficient for metastability implies that
it holds for all models whose metastable behavior has been derived so far. The reader will
find in [14,35] a list of such dynamics.

2.1. Applications

To convince the skeptical reader that condition R ; is not too stringent, besides the fact,
mentioned before, that it is also necessary for metastability, we provide two frameworks
where this condition can be proven. First, Theorem 2.8 states that condition 3 ; follows
from properties (HO) and (H1), introduced in [6, 8]. Then, in the next section, to illustrate
how to prove condition 3 ; when assumption (H1) is violated, we prove that it holds for
critical condensing zero-range processes.

The statement of Theorem 2.8 requires some notation. Denote by rx (x, y) the mean-
jump rate between the sets &y, and & Iy\,:

r(x.y) = D mN AN P TTgy, < 7, ] (2.8)

neey,

1
(8 )
In this formula, 74 and r A° for A C Hp, stand for the hitting and return time of the set
A, respectively:

T4 =inf{t > 0: En(F) € A). 2.9)
t:g =inf{t > 01 :ENn(t) € A}, where oy =inf{r >0:&n() # En(0)},
and €} = Uyes\(y) €5 fory € .

Condition (H0). For all x # y € S, the sequence ry(x, y) converges. Denote its limit
by r(x, y):
r(x,y)= lim ry(x,y).
N—>o0

Let Dy (F) be the Dirichlet form of a function F : #y — R with respect to the
generator L y:
Dn(F) =(F, (=N F))uy

Summation by parts yields

Dy(F) =3 3w @Ry FON) — F)P.

n.n €Hn
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Fix two disjoint non-empty subsets 44 and B of Hy. The equilibrium potential
between 4 and B with respect to the process £y () is denoted by &4, g and is given
by

hag() =P [t4 <18]. n€Hn. (2.10)

The capacity between + and B is given by

capy (A, B) = Dy (ha,s).

Condition (H1). Foreach x € S, there exists a sequence (£ : N > 1) of configurations
such that 3, € &, forall N > 1 and
capy (E%, €%
lim max fo\’) =0

N—oco ne€y, CapN(SN, n)
Theorem 2.8. Assume that conditions (HO) and (H1) are in force. Then the solution Fy
of the resolvent equation (2.5) is asymptotically constant on each well &y, in the sense
that

lim max max. |Fn(n) — Fn(0)| = 0.
N—oo xe§ p,tegy,

Furthermore, let fn : S — R be the function given by

fv(x) = (8 ) > Fx(mun(m). xe€s.
neéy

and let [ be a limit point of the sequence fx. Then

[(A=Ly)f1(y) = g(y) (2.11)

forall y € S such that un (AN)/ N (813\’,) — 0, where g is the function in (2.4). In this
formula, Ly is the generator of the continuous-time Markov process whose jump rates
are given by r(x, y), introduced in (HO).

Remark 2.9. Under assumptions (HO), (H1) and O, condition 3t z, is in force. Indeed,
by [8, Theorem 2.1], €5, holds. Hence, by Theorem 2.3, i, is fulfilled. A direct proof
is also possible.

Remark 2.10. Conditions (HO) and (H1) have been proved in many different contexts
including condensing zero-range models [2,7,34,41,58], inclusion processes [10,31,32],
Ising, Potts and Blume—Capel models at low temperature [33, 38, 39,43], random walks
and diffusions in potential fields [42,44,45,56] and many others [35,40].

Remark 2.11. Lemma 7.4 provides a sufficient condition for the identity (2.11) to hold
in the case where uny (Ay)/un (8 ) does not vanish asymptotically.

The rest of the article is organized as follows. In Section 3, we introduce the critical
zero-range process and state, in Theorem 3.2, that it fulfills conditions R and ©. In
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Section 4, we prove Theorem 2.3. In Sections 5-7, we prove Theorem 2.8 and provide
further different sets of sufficient conditions, namely, conditions T and I, for © or N
to hold. These families of sufficient conditions were designed to encompass most of the
dynamics whose metastable behavior have been derived so far. Sections 8—12 are devoted
to the proof of Theorem 3.2.

3. Critical zero-range dynamics

In this section, we introduce the critical condensing zero-range process to which we
apply the resolvent approach described in the previous section. Fix a finite set S with
|S| = k > 2 elements, and consider a continuous-time Markov chain on S with genera-
tor Ly acting on functions f : § — R as

(Lx [)(x) =Y rx. ) = f(0)]

yeS

for some jump rate r : S x § — R4 assumed to be symmetric [r(x, y) = r(y, x) for
all x,y € S]. Set r(x,x) = 0 for all x € S for convenience. Denote by (X(¢)):>¢ the
Markov chain generated by Ly and assume that this chain is irreducible. Note that the
process X(-) is reversible with respect to the uniform measure m(-) on S [m(x) = 1/k
forall x € S].

The zero-range process describes the evolution of particles on S. A configuration
n € NS of particles is written as 77 = (17x)xes Where 7, represents the number of particle
at x under the configuration n. For N € N and Sy C §, denote by Hy s, C NS0 the
subset of configurations on Sy with exactly N particles:

HN,so = {n eNS Y g, = N}. G.1)
x€So

Let #n = Hn,s. The critical zero-range process is the continuous-time Markov chain
{nn(t)}+>0 on Hy with generator acting on functions F : #y — R as

ENF)) = Y gn)r(x. )IF©@™n - F()). 1€ Hy, (32)
x,y€S

where
forn > 2.

g0 =0. g)=1. and gn)=——

In this equation, 0V, x, y € S, stands for the configuration obtained from 7 by moving
a particle from x to y, when there is at least one particle at x:

ny—1 ifz=x,
(@™ m; =1 +1 ifz=y,

Nz otherwise,

if ny > 1. Otherwise, ¥V n = 7.
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3.1. Condensation of particles

It is elementary to check that the unique invariant measure for the irreducible Markov
chain 7y (-) is given by

N 1
Zny(log N)=1 a(n)’

un(n) =

where
a(n) = l_[ a(nx) with a(n) = max{n,1}forn >0,

xeS

and where the partition function Z y . is defined by

N 1

INg = —— E —. 33

YT (log Nyt £ a(n) 3
N

The factor N/(log N)*~1 was introduced so that Zy,, has a non-degenerate limit when
N tends to infinity: By [41, Proposition 4.1], limy o Zn, = &. Furthermore, the zero-
range process 71y () is reversible with respect to uy (+).

Define the metastable well as

Ey =neHn:nx=N—Ln}, x€S8,
where £y is any sequence satisfying

1
im Y0 and lim Y _
N—>oo N N—oo log N

Assume that {5 = N/log N for simplicity. The set &y, can be regarded as a collection of
configurations in which almost all particles are sitting at site x. As defined previously, let

év=Jéy and Ay =Jty\ 6N,

xeS xeS

so that Hy = &y U Ay gives a partition of #. The following result is [41, Theo-
rem 2.3].

Theorem 3.1. Forall x € S, limy_, iy (E%) = 1/k. In particular,
lim ;LN(E;N) =1 and lim /LN(AN) =0.
N—o00 N—o0

Hence, as N — oo, under the invariant measure, almost all particles are condensed
at a single site. In this sense, the critical zero-range process 1y (-) condensates. The main
result of the article describes the evolution of the condensate.

This model is said to be “critical” for the following reason. Suppose that we replace
g(nyx) in (3.2) by [g(nx)]* for some o > 0. It is known that the condensation phenomenon
occurs if @ > 1, while a diffusive behavior without condensation is observed if ¢ < 1. For
this reason the zero-range process 7y (-) is said to be critical at o« = 1.
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3.2. Order process

Let Oy = N?log N be the time-scale at which the condensate moves, and denote by £y (+)
the process obtained by speeding up the zero-range process ny (-) by Oy, i.e., Ex(t) =
nn (t6y) for all ¢ > 0. Note that the process £y (-) is the H#y-valued, continuous-time
Markov chain whose generator is given by Li, =6OnLy.

Denote by Pﬁ,v the probability measure on D(R 4, # ) induced by the process &y (-)
starting from n € #y, and by EnN the expectation with respect to Pf7v .

Recall from (2.2), (2.3) the definition of the trace process (Ef/v (t))¢>0, of the pro-
jection Wy : &y — S, and of the order process (Yn(¢)):>0. For critical zero-range
processes, the order process Yy (+) specifies the position of the condensate for the trace
process Ef,” (7). Recall that QWN , N € Hy, denotes the probability law on D(R4, S)
induced by the order process Yy (-) when the underlying zero-range process £ (-) starts
from 7.

3.3. Main result

We first introduce the S-valued Markov chain (Y (¢));>o describing the evolution of the
condensate. Denote by rg , C C §, the hitting time of the set C with respect to the random
walk X (-) introduced above:

& =inf{t>0:X(t)eC}.

Let Qf , x € S, be the law of the process X(-) starting at x. For two non-empty
disjoint subsets A, B of S, the equilibrium potential between A and B with respect to the
process X(:) is the function hff g - S — R defined by

hfp(x) = Q¥ [ef <f], xeS. (3.4)
The capacity between A and B is given by
capy (A, B) = Dx (h} p). (3.5)

where Dy () stands for the Dirichlet form associated to the process X(-), which can be
written as
1 2
Dx(f) =5 > m)r(e. IS () = f(0)] (3.6)
x,yeS
for f : S — R. If the sets A, B are singletons, then we write capy (x, y) instead of

capy ({x}. {»}).
Denote by (Y (¢));>0 the S-valued, continuous-time Markov chain associated to the
generator Ly actingon f : § — R as

(Ly [)(x) = 6K Y capy (x, )[f(») = f(x)]. (3.7)

yeS
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Recall from the previous section that we denote by Q)I;Y , X € S, the probability mea-
sure on D(R4, §) induced by the Markov chain Y(-) starting from x. Sometimes, we
re Ly Y

present Q" by Q.
The next theorem is the third main result of the article.

Theorem 3.2. Conditions Ry, and D hold for the critical zero-range process, where
Ly is given by (3.7). In particular, the critical zero-range process is Ly-metastable.

In view of Theorem 2.3, this result establishes that, in the time-scale 8y = N2 log N,
the condensate evolves as the Markov chain Y (-) and outside some time intervals whose
total length is negligible, almost all particles sit on a single site.

Remark 3.3. The so-called martingale approach developed in [6, 8] to derive the
metastable behavior of a Markov process, based on potential theory, does not apply here
because the process does not visit all points of a well before jumping to a new one, and
condition (H1) of [6] is violated. This characteristic is the main difference between the
critical zero-range process and the supercritical ones.

Remark 3.4. By using the so-called Poisson equation approach developed in [45,53,56],
we proved in [41] a weaker version of Theorem 3.2. Denote by u%, (+), x € S, the measure
on &3, obtained by conditioning 1y on &3 :

wun (1)

, c 8%.
un(€x) TSN

uy () =

We assumed in [41] that the initial distribution is a measure vy concentrated on a set &3,
for some x, and satisfying the following L2-condition: there exists a finite constant Cop

such that 5 5

dVN) :| vn (1)

E  x —_— = <(Cp forall N € N. (3.8)
s [(du’fv 2 wm = °

neéy

The main novelty of Theorem 3.2 is that it removes assumption (3.8) and allows the
process to start from a fixed configuration inside some well.

Remark 3.5. The proof of Theorem 3.2 relies on many estimates obtained in [41], in
particular, on the construction of a superharmonic function inside the wells.

Remark 3.6. The equilibration inside the well, or the loss of memory, is obtained in two
different manners. First, we derive a sharp bound on the relaxation time of the process
reflected at the boundary of a well. This relaxation time is shown to be much smaller than
the metastable time-scale Oy .

Then, we show that the process visits the bottom of the well before visiting a new
well. This crucial property is derived with the help of the superharmonic function alluded
to above. Thus, although the process does not visit all configurations in a well before
reaching a new one, it visits a specific configuration.
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Remark 3.7. The symmetry of the jump rates r of the chain X is used in the construction
of the superharmonic function. Theorem 3.2 should still hold without this assumption, but
a proof is missing.

The proof of Theorem 3.2 relies on Theorem 2.3. The strategy is presented in Section 8
and the details in Sections 9—12.

4. Proof of Theorem 2.3

In the first part of this section, we show that condition 3t ; implies conditions € and .
In the second part, we prove the converse.

4.1. Condition R entails € and D

We first show that the solution of the resolvent equation is bounded. Fix a function g :
S — R and A > 0. It is well known that the solution of the resolvent equation (2.5) can
be represented as

o0
Fy(n) =EY [/ e MGy (EN(S)) dsi|. (4.1)
0
In particular, there exists a finite constant Cy = Cy(A, g) such that

max |Fy(n)| < Cop. 4.2)
neHn

The next result asserts that condition Ji ; implies condition .
Lemma 4.1. Assume that condition R ¢ holds. Then condition D is in force.

Proof. We first claim that for all A > 0,

lim max EY [ /0 s xay En () ds} =0. (4.3)

N—oconeéyn

Indeed, fix A > 0and g : S — R given by g(x) = 1 forall x € S. Let Gy, Fy be given
by (2.4) and (2.5), respectively. By (4.1) and since Gy = Xey forall n € #Hp,

Fx() -3 =E) [ [ e iomenin -1 ds} =K} [ [P ranenon ds].

Since the solution f of the reduced resolvent equation (A — £) f = gis f(x) = 1/A for
all x € S, claim (4.3) follows from (2.6).
Fix ¢, A > 0, and observe that

EnN |:/0 Aoy En(s)) ds:| < e'“E,]N [/{; e_ASXAN (En(5)) ds]

< MEY [ /0 e pan (6 (5) ds}

for all n € K. Hence, condition © follows from (4.3). [ ]
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We prove some consequences of condition i ;. The next result asserts that the process
&n (-) cannot jump from one well to another quickly. The proof of this result is similar to
the one of [56, Proposition 5.2]. Recall from (2.9) that we denote by t4, A4 C Hy, the
hitting time of the set 4. Let

éEx= |J & xes (4.4)
yeS\{x}

Lemma 4.2. Assume that condition R holds. Then, for all x € S,

limsup limsup sup PnN [tgx <t] =0. 4.5)
t=>0 N—oco negy N

Proof. Fix A > 0,x € S and "V € €y Let f : S — R be the function given by f(y) =
1 —6x,y.Setg =(A— L) f,and denote by Fy the solution of the resolvent equation (2.5).
Let M (¢) be the martingale defined by

My (t) = Fn(En (1)) — Fn (§n(0)) —/0 (LnFn)En(r))dr.

As Ly Fy = AFy — Gy, forevery t > 0,

INAT
E)[Fy(En(@ AT = Fy(Y) + EY [ fo (AFn — GN)(EN(r)) dr}, (4.6)

where T = Tgx -
N

By condition 3. and the definition of f, limy_c Fy(n") = 0. By (4.2) and by
definition of G, AFy — Gy is bounded. The right-hand side of (4.6) is thus bounded by
an + Cyt for some finite constant Cy and a sequence ay such thatay — 0.

We turn to the left-hand side of (4.6). Since f > 0, by condition R there exists a
constant ¢y > 0 such that cy — 0 and FN(Q‘) = Fn(@)+cy =0forall € Ey.

Claim A. Fy(¢) > 0forall{ € Hy.

To prove this claim, let { be a configuration at which Fy achieves its minimum
value so that (Ly Fy)(§) = (L Fy)(€) = 0. If ¢ € Ey, there is nothing to prove.
If £ € Ap, then since Gy vanishes on Ay and (A — Ly)Fy = Gy, it follows that
Fy(@©) =AY (LN Fn)(©) > 0sothat Fy(8) = Fy(¢) + ey > 0, as claimed.

The left-hand side of (4.6) is equal to EnN [ﬁN (En( AT))] —cn.By R, for N suf-
ficiently large, Fy ¢)>1/20n € - Hence, the left-hand side of (4.6) is bounded below
by (1/2)PY [En (1 A7) € EX] —cN.

Putting together the previous estimates yields

PN (1 A7) € E§] < 2(en +an + Cob).

To complete the proof of the lemma, it remains to remark that

Pf,V[féfV <11 <PYEn(t AT) € EX]. .



C. Landim, D. Marcondes, I. Seo 1580

The next result states that the sequence (Q;VN) NeN is tight.

Proposition 4.3. Assume that condition ® and (4.5) hold. Then the sequence (Q;VN )NeN
is tight, and any limit point Q* of this sequence is such that

Q*[Y(t) #Y(t—)] =0 forallt > 0. 4.7

Proof. This result follows from conditions 2, (4.5) and Aldous’ criterion. We refer to
[41, Theorem 5.4] for a proof. [

Recall from (2.1) the definition of the time-change S A1), A C Hy. Clearly, for all
t>0,
TA(SM1)) = 1. (4.8)

In contrast, we only have S*(T*(¢)) > ¢ and a strict inequality may occur. Furthermore,
forall > Oand ¢ > 0,

t+e
(SM)—t = 6} € { /0 Je (En(5)) ds = s}. 4.9)

Indeed, if S*(t) >t + ¢, applying T* on both sides of this inequality, as T* is an
increasing function, by (4.8),

t>T*t+e) sothat 14+e—T*( +¢) > e

This last relation corresponds exactly to the right-hand side of (4.9).

Denote by {F%};5¢ the natural filtration of D(Ry, Hx) generated by the process
En(), FO = 0(En(s) : s € [0,2]), and by {F,};>0 its usual augmentation. Let G be the
filtrations defined by

S :=TFgen( fort>0. (4.10)

Lemma 4.4. Assume that condition  is in force. Then, for all A > 0 and t > 0,

lim sup EY [e™M — e ASEN (0] = g
N—>oconeéy

and ,
lim sup EY [/ {e " — eASEN (r)}dr] =0.
0

N—>ocone€y 7
Note that these expressions are positive since SN (r) > r forall r > 0.
Proof. To prove the first assertion, note that the expectation is bounded by
N &
E; [Ki(S™N (1) — )],

where K (a) = 1 —e™*4.
Fix ¢ > 0. As K is continuous, there exists 6 > 0 such that K (a) <eforall 0 <a <§.
Since K is bounded by 1, the previous expectation is less than or equal to

e+ PY[SEN (1) —1 > §].
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By (4.9) and Chebyshev’s inequality, this expression is bounded by

1 t+6
e 5B | [ anenon s

At this point, the first claim of the lemma follows from condition © by taking the limit
N — oo and then ¢ — 0.
The proof of the second assertion is similar. The expectation is equal to

EY Uot eMKL(SEN (r) — ) dr]

Asr +— SE¥(r) — r and K, are increasing maps, this expectation is bounded by

1
TE KA (S5 (1) = 1)].
At this point, the second assertion of the lemma follows from the first one. [

The next result establishes the uniqueness of limit points of the sequence Q;VN .

Proposition 4.5. Assume condition R . is in force. Fix x € S and a sequence (0 )N en
such that nV e &y forall N € N. Let Q* be a limit point of the sequence QnNN which

satisfies (4.7). Then Q* = Q%.

Proof. Fix A > 0 and a function f : S — R, and let g = (A — £) f. Denote by Fy the
solution of (2.5). Under the measure PfYVN , the process My (t) given by

My (t) = e M Fy(En (1) — Fn (v (0) + [0 e [(A = Ln) FN)En () dr

is a martingale with respect to the filtration {F;};>¢ defined above (4.10). By (2.5), we
may replace (A — L) Fy by Gy . Thus, since Gy vanishes on Ay,

My (1) = e * Fy (v (1)) — Fx (6w (0)) +/0 ¢TGN (En () xey En(r)) dr.

Recall the definition of the filtration {GV };>¢ from (4.10). Since S N (1) is a stopping
time with respect to F;, the process My (1) = M(SEN (1)) is a martingale with respect to
the filtration {9?’ }e>0:

My (6) = e SN OFy €5V (1) — Fy (657 (0))
SEN (1)
+ /0 e Gy (En (M) ey (E (1) dr.

The presence of the indicator of the set &y in the integral permits us to perform the
change of variables r’ = TEéN (r). Hence, by (4.8),

MN (t) = ekaEN (t)FN (gg—f,N (1)) — Fy (é]é\:lN 0)) + /Ot e,,lSEN (r/)GN (gg-E:N (r/)) dr'.
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By definitions of Gy, Yy (+), by condition it ; and by Lemmata 4.1 and 4.4,

t

My(t) = e f(Yn(1) — f(YNn(0)) — /0 e g(Yn () dr’ + Ry (1),
where, for all t > 0,

lim sup EY[Ry(1)] = 0. (4.11)

N—o0nedy;

Fix0<s<t,p>1,0<s; <s$p <--- <s§p <s and a bounded measurable function
h:S? - R.Let

M (Y () := e f(Y () — e f(Y(s5)) + / e[ = Ly) FIY () dr,

SY() = hX(s51),....Y(sp)),
and let Q* be a limit point of the sequence Q;VN satisfying the hypothesis of the proposi-
tion. As My (¢) is a martingale and n™ € &%, by (4.11),

Eq+ [} (Y()S(Y ()] = Jim ENy [ (Yn (DS XN ()] = 0.

To complete the proof, it remains to appeal to the uniqueness of solutions of martingale
problems in finite state spaces. ]

We are now in a position to prove that condition i ; entails € and D.

Proof. The statement follows from Lemma 4.1 and Propositions 4.3 and 4.5. |

4.2. Conditions C; and D imply R

Recall equation (4.1) for F . Since Gy vanishes on A 5, we may rewrite this identity as
oo
Fy(n) = EY [/0 eMGNED) 1ey (E(t))dt]-

As the chain £y (¢) is irreducible, lim, o, 7€ (t) = co. Hence, by the change of variables
' =TE@),

o0 _ o0 _ e
v =B | [T OGx e wpar] =gy [T Ogrvonar]
because Gy (§€ (7)) = g(Yn (7). Therefore,
o0
v =By | [ ervorar| + &,
where the absolute value of the remainder RE\}) (n) is bounded by
e €
ek | [ e = 50 ar |

because Sg(l) >t forallt > 0.
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By Condition €, forall x € §,

im sup (6| [ e Hervonar| -] [T e aoranar] | o
0 0

N—ooneéy,

Note that the convergence is uniform in £}, because we may consider a subsequence
N e &% of initial conditions which attains the maximum and apply condition €. to
this sequence. By (4.1), the second term in the previous formula is f(x), where f is the
solution of (2.7).

To complete the proof of the theorem, it remains to show that the remainder Rgé)(n)
converges uniformly to 0. This is a consequence of the second assertion of Lemma 4.4.

5. Potential theory

We review below some results of potential theory used in the next three sections. The
notation is the one introduced in Section 2. Recall that we represent by Ry : Ky X Hy —
[0, 00) the jump rates of the process £n (+), and by Ay () = ¢, Rn (1, ) the holding
times. We adopt the convention that the jump rates vanish on the diagonal: Ry (n,7) =0
for all n € . Denote the jump probabilities by px (n,¢) = Rn (1, $)/An ().

We represent by (-, ), the scalar product in L?(uy): for F, G : Ky — R,

(F.Gluy = Y FGmpn ().
neHny

Denote by L;r\, the adjoint of the generator £y in L2(uy). Itis well known that L}LV is
the generator of an Jx -valued, continuous-time Markov chain, represented by E;{, (). The
jump rates, holding times and jump probabilities of this process are denoted by R}LV .90,
)t;rv (n) and p;rv (n, ), respectively. For a probability measure v on #, we denote by PI’N
the measure on D(R, #Hp) induced by E;{, (+) starting from v. Expectation with respect
to PI’N is represented by EI’N.

Fix two disjoint non-empty subsets 4 and B of . The equilibrium potential
between 4 and B with respect to the process £y (-) has been introduced in (2.10). The
one for the adjoint process E;{, (+) is denoted by hTA’ g - Jn — [0, 1] and is given by

Wy g =PhV [ty <18, neHy. (5.1)

Recall from (2.8) the definition of the mean-jump rates between &y, and & [y\, for the
process £y (). The ones for the adjoint process S}:, (+), represented by r}:, (x, y), are defined
analogously. Since the holding times of the adjoint process coincide with the original
ones, A;rv (n) =An(), r;(, (x, y) is equal to the right-hand side of (2.8) with PnN replaced
by P},

The first result of this section establishes an elementary identity between mean jump
rates of the process and its adjoint. Recall that é;f, has been introduced in (4.4).
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Lemma 5.1. Forallx #y € S,

UN(EIN (X, y) = pn (EX)rn (3, %),

and

;Cr}:/(x,z) ;CVN(X z) = (8 )capN(Sz’\‘,,él){,).

Proof. By the definition (2.8) of the jump rates ry (x, y),

uNENIIN () = 3 v (AN Py [rey, < 75, ]
neéy

Let My (n) = un(n)An(n). This measure is invariant for the embedded, discrete-time
Markov chain. With this notation, the right-hand side can be written as

D D MR =1f ]

negy tegy,

Reversing the trajectory, this sum is seen to be equal to

N
> 2 Myv@PPY [m =1 1= v (E)rk (5. 0).
negy ey,
which proves the first assertion of the lemma.
To prove the second one, note that

pN(EX) Y vz = Y My(P gy < 1 ] = capy (EX. €X).
z#x neéy

By [26, (2.4) and Lemma 2.3], capy (E:‘x LEY) = cap;fv (E:’x , &%), where the last expres-
sion represents the capacity with respect to the adjoint process. To conclude the proof, it
remains to rewrite the same two identities for the adjoint process. ]

Conditions (HO), (H1). Recall from Section 2 the statement of these conditions. We
present below some consequences of them. The next result is [6, Proposition 5.10], which
essentially asserts that the process hits every configuration inside a metastable set before
arriving at another metastable set.

Lemma 5.2. Assume that condition (H1) is in force. Fix x € S and a sequence (CV :
N > 1) such that N € &, forall N > 1. Then

lim sup max Py[t;n > 233 ]=0.
N—oo ne€y

The next result asserts that, starting from a well §%;, the process &y (+) visits any point
in &% quickly.
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Lemma 5.3. Assume that conditions (HO) and (H1) are in force. Fix x € S, and let (¢N :
N > 1) be a sequence of configurations such that tN € &y forall N > 1. Then, for all
5§ >0,

lim sup max Py,[t;ny > 8] = 0.
N—oo negy

Proof. Fix a sequence (n¥ : N > 1) such that "V € &y for all N > 1. By [8, Theo-
rem 2.1], the process Yx (-) converges to Y (-). The assertion of the lemma follows from
this fact, Lemma 5.2 and [6, Lemma 3.1]. [

In the reversible case, the mean jump rate ry (-, -) can be expressed in terms of capac-
ities: By [6, Lemma 6.8], ry (x, y) is equal to

—[eapy (6% E5) + capy (€} E3) — capy (6 UEH.En(S\ Lxy)]. (52
un(Ey)
where Ex (S \ {x, y}) = Uzes\{x’y} &%;. Hence, estimating the mean-jump rates boils
down to estimating the capacity between metastable wells, which can be achieved by
using the variational characterizations of capacities, known as the Dirichlet and the Thom-
son principles [35]. In the non-reversible case, a robust strategy of estimating mean-jump
rates via capacities between wells has also been developed in [8, 34, 44].

We complete this section with a formula for the average of equilibrium potentials. Fix
two disjoint non-empty subsets #4 and 8 of # . According to [8, Proposition A.2],

Z MN(n)hl,g(ﬂ)=CaPN(«An£)EiV+ [/ )([,A,ufe]f(éN(S))dS], (5.3)
neAUB ABLIO

where vl g 1s the equilibrium measure between + and B:

vl 50 = NN PVt < Tl LeA (54

1
capy (A, B)

6. The solutions of the resolvent equation

Theorem 2.3 asserts that a sequence of Markov processes is metastable if conditions 3t
and  are fulfilled. In this section and in the next, we present sufficient conditions for Jfi
and ® to hold. We start by dividing condition % ¢, into two subconditions, ") and §R(LZ).
In this section, we present two mixing properties, assumptions 8 and I, which
imply condition R As a by-product, we show that condition 90t implies condition D if
un(ANn)/un(Ey) — 0 forall x € S. We leave condition §R(LZ) to the next section.

Condition RV, The solution Fy of the resolvent equation (2.5) is asymptotically con-
stant on each well €3 in the sense that

lim max max |[Fyx(n) — Fn({)| =0.

N—oo0 x€S 1,0y
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Remark 6.1. Clearly, condition (V) is satisfied if the wells & v are singletons as in the
Ising model under Glauber dynamics [19] or in the simple inclusion process [10,32].

6.1. Visiting condition B

The first condition is built upon the existence in each well of a configuration which is
visited in a time-scale much shorter than the metastable one.

Condition ‘8. There exist configurations {}, € &y, x € S, such that

lim max PY[c,y >s]=0 (6.1)
N—oo neé’}yv K [ tn ]

foralls >0and y € S.

The next result asserts that this property is sufficient for #(") to hold. The proof is
postponed to the end of the subsection.

Proposition 6.2. Condition B implies condition V.

Remark 6.3. Condition (6.1) requires the process to visit the bottom of the well quickly.
It is weaker than (H1), which implies that the process visits all configurations in a well
before jumping to a new one. Actually, Proposition 10.1 below asserts that a stronger ver-
sion of condition (6.1) holds for reversible, critical zero-range processes, a model which
does not satisfy condition (H1).

Corollary 6.4. Assume that conditions (HO), (H1) are in force. Then RD holds.

Proof. By Lemma 5.3, condition (6.1) holds under the assumptions (HO) and (H1). The
assertion of the corollary follows, therefore, from Proposition 6.2. n

Remark 6.5. Conditions (HO) and (H1) have been derived for supercritical condensing
zero-range processes in [7,34,58] and for many other dynamics. These results support the
introduction of condition (6.1).

We turn to the proof of Proposition 6.2. We start by showing that we may mollify the
solution with the semigroup (Px (¢) : ¢ > 0) associated to the generator £y .

Lemma 6.6. Forall T > 0,

sup max [Fy(n) — (Pn () FN)()] = 2T |Gy ||co-

0<t<T neHyn

Proof. Fix T > 0and 0 <t < T. By the representation (4.1) of Fy,

(PN () FN)(n) = EY [/0 e MGN(EN(s +1) ds}-

By a change of variables, the right-hand side can be rewritten as

EY [ / e—“GN(sN<s>)ds}+E£,V [ / {e—“s—”—e—“}GN@N(s))ds]

t
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The first term is equal to Fy () + Ry, where the absolute value of Ry is bounded by
t|GN|loo- As 1 —e™® < a fora > 0, the second term is bounded by || Gy || co- |

Proof of Proposition 6.2. Fix x € §,n € &y and s > 0, and write (Py (s) Fx)(n) as
EN[Fy(En (). ey <51+ RY.

where the remainder RE\}) is bounded by max¢egy, P?f [t;;\c/ > $]|| Fn ||oo- By the strong
Markov property, the previous expression is equal to

E [[Pn (s — 103 ) FNI(CX). Tz, < 5]+ Ry
By Lemma 6.6, this expression is equal to Fy (51{,) + R%), where

IR < 251G w0 + 2§11€12§ P [ty > s]IIFlloo-
N

Hence, by Lemma 6.6 once more,

max |Fy (1) — Fx(E3)| < 451Gy [loo + 2 max PY [tgx > s][| Fi [l co-
neéy teéy

By (4.2), the sequence Fp is uniformly bounded. The same property holds for the
sequence Gy by definition. To complete the proof of the assertion, it remains to let
N — oo and then s — 0 and to recall the hypothesis (6.1). ]

6.2. Mixing condition N

The second set of assumptions requires the mixing time of the reflected process on a well
to be much smaller than the hitting time of the boundary.

Denote by Vy,, x € §, a set of large wells which contain the wells Ey: €y C Vy.
Let (¢ S’x (¢) : t > 0) be the continuous-time Markov chain on 'Vj; obtained by reflecting
the process &y () at the boundary of this set. In other words, in the discrete setting, the
process £ S’x () behaves as the original process inside the well V3, but its jumps to the
set (V)¢ are suppressed.

Denote by di, (i, v) = dfc\’,N (1, v) the total variation distance between two probabil-
ity measures (, v on Vy:

. (6.2)

/J(n)u(dn)—[J(n)V(dn)

1
diy(p,v) = 3 sgp

where the supremum is taken over all measurable functions J : Vi, — R bounded by 1,
supgeyy, [J(§)] = 1.
Assume that the reflected process Sf,’x (+) is ergodic. Denote by (‘J)]If,’x (t):t>0)its

semigroup, by 7 R* = 7 ﬁ’x its stationary state, and by ¢, (e) =15, (), 0 <& < 1,its
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mixing time:

X () = inf{t >0 sup dy (8, PRF (1), nR¥) < e}.
neéy

The next result asserts that the following mixing properties entail condition )RV,

Condition 9. The process & (-) starting from a well &3; cannot escape from the well Vy,
within a time-scale hy <« 1: Forall x € S,

lim sup P} [z(yxye <hy]=0. (6.3)

N—o0 €€y,
Furthermore, for every x € S, the reflected process éﬁ’x (+) is ergodic, and for all ¢ > 0,

fnix(8) < hy (6.4)
for all N sufficiently large.

Proposition 6.7. If the mixing property W is satisfied, then condition RV holds.

Remark 6.8. Barrera and Jara [5] proved that the mixing time of small random pertur-
bations of dynamical systems satisfying certain regularity assumptions is of polynomial
order. Since the hitting time of the boundary is exponentially large [25], the previous
result applies to this setting.

The proof of Proposition 6.7 relies on a simple estimate between the semigroup of the
original process and the semigroup of the reflected one.

Lemma 6.9. Foreachx € S,n € &y andt > 0,
(PN (O FN)@0) — PREOFN)M)] < 20 Fy llooP) Trevye < 11.
Proof. Fix x in S, nin &%, and write (Py (¢) Fn)(n) as
) [Fx(En (), Tovgye > 1]+ E) [Fn (En (@), Tvg)e < 1].

In the first term, we may replace the process &y (-) by the reflected one since the pro-
cess remained in the set 'Vy in the time interval [0, 7]. The second term is bounded by
PnN [T(V}fr)" < t]|| FN || oo- Writing the indicator function of the set {'L'('V}’{,)c > t} as 1 minus
the indicator of the complement, we conclude the proof. |

Proof of Proposition 6.7. By Lemmata 6.6 and 6.9 with T =t = hy, and hypothesis
(6.3),
lim sup |Fy(n) = (P (hw) Fy)(n)| = 0.

N—o0 ey,

Fix x € §,n € &3 and & > 0. By definition of the total variation distance,

(PR (W) FN) (1) = Exrx [FN]| < 21| Fy [loodity (8, P3 (hy), 75%). (6.5)
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By the contracting property of the semigroup, the distance
R, R, R,
Ay Sy PN @), 7R = dfy (8, Py (1), e RF P (1))
is decreasing in ¢, and thus by (6.4), the right-hand side of (6.5) is bounded from above

by
2||FN||ooEsup A2 (Se PR (1, (), 7R¥) = 2| Fy | oe
68;’{,

by definition of the mixing time. This completes the proof of the proposition because the
sequence (Fy) is uniformly bounded in N. |

6.3. Local equilibration and condition ®

The same argument shows that condition J)? guarantees a fast local equilibration inside
each well. In particular, condition  results from assumption 9t and the property that
un(An)/un(€y) — Oforallx € S.

Consider a uniformly bounded sequence (Qn)nen of functions Qn : Hy — R:
There exists a finite constant M > 0 such that

sup |OnN(n)| <M forall N € N. (6.6)

neHy
Recall the definition of the probability measure (7,, introduced in Remark 3.4.

Proposition 6.10. Assume that condition W is in force. Then, forall x € S and T > 0,

sup
ne€y

T T
E;V[/ QN(sN(z»dt}—Eﬁx[/ QN(sN(t»dr] < 6M(T + Dow (1),
0 0

where the error term oy (1) on the right-hand side is uniform in N, M and T.

Proof. Fix x € S and n € &%, and let

T
an(n) = EN [ /0 O (En(s) ds}.

Note that
lgn (&) < TM forall N € N and ¢ € Hy. (6.7)

By (6.4), there exists a sequence (¢y : N > 1) such that limy ey = 0 and
1> (en) <hpyforall N > 1. Letsy =t% (en). Since Q y is uniformly bounded by M,

mix

T+hy
an(n) = EV [ [ oweno ds} + MO(hy).

hy

By (6.3), this expectation is equal to

T+hy
EY [[h On(En(s)) ds, Ty ye > hN:| + MTon(1).

N
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By the Markov property and the definition of ¢, we may write the previous expectation
as

EN[gn (En (hy)). Tevx)e > hy].

Recall that we denote by Sﬁ’x () the reflected process at the boundary of Vy;. Denote
by P,,R ¥ the law of the reflected process £ IIS’X (-), and by EnR’x the expectation with respect
to P~

Due to the presence of the indicator of the set {T('V}‘{,)c > hy }, we may replace in the

previous expectation £y (hy ) by SS’X (hy) and then remove the indicator of that set. After
these modifications the previous expression becomes

EX*[gn (En (hn))] + MToy(1).
By definition of sy and since sy < hy, the expectation is equal to
Exxlgn] + MToy(1).
We have just proved that

;ug lgn () —gn Q)| < 6M(T + 1)on(1).
n,$€8

The assertion of the proposition follows from this bound by averaging { according to u%,.
(]

Corollary 6.11. Assume that condition IR is in force. Then, forall x € S and T > 0,

T
N pn (AN)
e [ aenomar| <& @t T+ 6T+ Dow()

In particular, if un (An)/un(Ey) — 0 for all x € S, then condition D holds.

Proof. By the proposition, for every x € S, n € €y and T > 0,

T T
EY [ [0 xAN(sN(r»dz} <EY, [ /0 XAN@N(t))dr]+6(T+1)oN<1>.

The expectation is bounded by

Lo px(A)
e[ revnonar] - rCy

where the last identity follows from the fact that p is the stationary state. ]
7. Proof of Theorem 2.8
In this section, we examine the possible limits of the average of the solutions of the resol-

vent equation (2.5) in each well and prove Theorem 2.8. Most of the notation is borrowed
from Section 5.
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Recall from the statement of Theorem 2.8 the definition of the function fj . Note that
condition Y holds if and only if

lim max max |Fy(n) — fn(z)] = 0.
N—oo zeS ne&y;

Condition ER(LZ). Let £ be the generator of an S-valued, continuous-time Markov chain.
Forallx € S,

lim fy(x) = f(x),
N—o0
where f : § — R is the solution of the reduced resolvent equation

A-L)f =g
Remark 7.1. It is clear that 8 and ER(LZ) together imply condition R ;.

By (4.2) and the definition of fu, there exists a finite constant Cy = Co(A, g) such
that
sup max | fy (x)| < Co.
N>1 xeS§
Let £ be the generator of the S-valued Markov chain induced by the rates r introduced
in condition (HO):

(LX) = rE ) = ).

yeS

andletv) = vl . s
O

in (5.4).

y € S, be the equilibrium measure between & 1{, and & IJ\’,, as defined

Proposition 7.2. Assume that conditions (HO) and RY are in force. Let f be a limit
point of the sequence fy. Then

[(A=L) 1) = g()
forall y € S such that

. &Y
lim (Z’N(%Z))ENT U M Xan (EN(s))ds] =0. (7.1)
N—>oo vy 0
z#Yy
Proof. Fix y € §, and denote by h; = th v g» the equilibrium potential between & i
N°*°N

and & }\7, for the adjoint process, as defined in (2.10). Multiply the resolvent equation (2.5)
by h; and integrate with respect to the stationary measure uy to get

MEN. B iy = ENFN D)y = (G 1)y (7.2)

Consider the right-hand side of this equation. Since G vanishes on Ay and is equal
to g(z) on &%, z € S, and since on the set E, h; is equal to the indicator of the set & Y

(GN. 1)y = g (E3).
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We turn to the first term on the left-hand side of (7.2). For similar reasons, it is equal
to

A uwENG + Y wv () En (k] ().

y
neEy, neAy

By (4.2), the sequence Fy is uniformly bounded. As h;r, is bounded by 1, the second term
is bounded by Co(X,8) D, en,y UN (n)h}: (). On the other hand, by definition of fy, the
first term is equal to Ay (Ex) /v (¥).

We turn to the second term on the left-hand side of (7.2). Since L}L\,h; =0on Ay,

(CNFN ]y = (FN LT i = Y D un ) Fn (&l (.

xXeS neéy,

Since the equilibrium potential h; vanishes on & 1{, and is equal to 1 on & ]{, forn € &%,
x # y.as ALy () = An (),

«ehrham = 3 REm.0mi©) —nim)]

{edn

=2anm) Y Py OP Mgy < ey ] = AvP)lrgy < ey I
feHn

Similarly, as h;(() —1= —PéV’T[TéK, < T@X,]» forn € &7,
ENADO) = =An (P ey < 183 ]

Therefore,

(ENFN Dy =Y D unAn ) Fy Py ey <]
x#y negy;
= 2 N AN Ey P [rgy < o]

ne@%

Recall from (2.8) the definition of r;{, (z,z’). Add and subtract fx to rewrite the right-hand
side as

D unED N (. y) — un (EN SN D) D k(. x)+ Ry, (13)
x#y xX#y
where the absolute value of the remainder Ry is bounded by
max. max |Fy (1) = IO i @Dk ) + v E3) 3 ri 00
ne x#y x#y
By Lemma 5.1, this expression can be rewritten as

2y (€) max. max x[Fy(n) = /v ) > vy, x).
x#y
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For the same reasons, the sum of the first two terms in (7.3) is equal to

pn(EX) Y rn ()N () = fu ()]
x#y

Recollecting all previous calculations and dividing by ux (8 ) permits us to rewrite
(7.2) as
A - - _ R®
In(y) N (X)) v () = fnO)] = g() + Ry,
xX#y

where the absolute value of Rﬁ) is bounded by

D p (DI )+ 2max max [Py ) = fv ()] 3w (3.)

KN (8 )WEAN x#y

for some finite constant Cy = Cy(A, g). By (5.3), with A = €3, B = E:“IJ\’,, and the second
assertion of Lemma 5.1, this expression can be rewritten as

Co Y- (v {EY [ [ rantenon ds} +max mas |y (1) —fN<z)|}

n
xX#y

for a possibly different constant Cy. To conclude the proof, it remains to recall the state-
ment of conditions (HO), RV, and the hypotheses of the proposition. ]

In the previous proof we used the identity

(X rviv2))EY [ /0 W XAN(SN(s»ds} = (8 ;2 kNG (T4

z#y neAN

In particular, (7.1) holds for y € S if and only if the right-hand side vanishes as N — oo.

Corollary 7.3. Assume that conditions (HO) and RV are in force. Let f be a limit point
of the sequence fy. Then

(A =Ly) f1(y) = g(»)

forall y € S such that iy (AN)/;LN(SK,) — 0. In this formula, Ly is the generator of
the continuous-time Markov process whose jump rates are given by r(x, y), introduced
in (HO).

Proof. The right-hand side of (7.4) is bounded by un (An)/ N (8 ). Thus, the assertion
follows from Proposition 7.2. ]

Proof of Theorem 2.8. Theorem 2.8 follows from Corollaries 6.4 and 7.3. ]

We complete this section with a method to prove condition (7.1) when the hypotheses
of Corollary 7.3 are not satisfied. The idea behind the decomposition below is that -4y
is contained in the basin of attraction of & 1{, In particular, starting from a configuration
in sy the set & va is reached quickly. We refer to Figure 1 for an example of illustration
of the set Ay .
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N\ A /

An

E;{, AN Ex AN

Fig. 1. This picture illustrates the idea behind the statement of Lemma 7.4. To simplify, we argue
in a continuous setting, but the same idea applies to the discrete setting. Consider a diffusion on
the potential field appearing in the picture. The valley 813\), is a metastable set and &% a stable

one. As un (AN)/unN (8y) does not converge to 0, we decompose Ay as A/ U Ap, so that

UN (A Y/ un (8 ) — 0. On the other hand, as 4y is a subset of the domain of attraction of the
valley & &z , we can expect (7.5) to hold.

Lemma 7.4. Fixy € S, and suppose that Ay may be decomposed as Ay = Ay U Ay,
Ay NAy = @, where uy(Aly)/un(Ex) — 0, and

rgy

lim sup EN |:/ N Xan En(s)) dsi| =0. (7.5)
N—ooeAn 0

Then (7.1) holds for y.

Proof. In (7.1), write ya, as yxuay + X Al We estimate the two pieces separately. By
(7.4) with A’y instead of Ay,

K59 un(Ay)
(;yrw ) )EY [ /0 xA/N(st)ds} PIEAY

By hypothesis, this expression vanishes as N — oo.
On the other hand, starting the integral from the hitting time of 4y and applying the
strong Markov property yields

EiV; [ /0 R Aoy EN(5)) ds} = Ef)" [ / o XAy EN(s)) ds]

Y AN

< sup EZ |:/(;€ XAN(EN(S))dS}

feAn

By assumption this expression vanishes as N — oo, which completes the proof. ]
8. Proof of Theorem 3.2
In view of Theorem 2.3, to prove Theorem 3.2 we have to show that conditions ® and R

hold. The proof is based on the theory developed in the previous sections. We proceed as
follows.
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Condition R . In Proposition 10.1, we show that condition ¥ is fulfilled. Hence, by
Proposition 6.2, property %t (V) holds.

In Corollary 12.2 we show that condition (HO) holds. Since we have already proved
that condition R is fulfilled, and since, by Theorem 3.1, un (An)/ N (65) — Oforall
x € §, by Corollary 7.3, property Eﬂzzi is in force, where Ly is the generator introduced
in (3.7).

Condition ©. Recall the assumptions (6.3) and (6.4) of condition 9. In Corollary 9.2,
we show that condition (6.3) holds for some enlarged wells 'Vy; and a time-scale hy < 1.
Then, in Proposition 11.1, we prove that, for every & > 0, the mixing time ¢}, (¢) of the
zero-range process reflected at the boundary of Vy; is bounded by a sequence sy < hy.
This property implies condition (6.4). These two results yield condition J)¢, which is the
assertion of Corollary 11.2. Thus, by Theorem 3.1 and Corollary 6.11, property ® is

fulfilled.

Remark 8.1. To deduce property %! one could also invoke Corollary 11.2 and Propo-
sition 6.7. On the other hand, condition 2}{223 has been proven in an alternative way in
[41, Section 7].

9. Escape from large wells

In this section, we prove that condition (6.3) holds for the critical zero-range process for
a sequence (hy)nen, hy — 0, and enlarged wells (Vy, x € S)yen, Vy D €.
For N € N, set
my = N/(log N)? with &€ (0,1)

and let hy be the macroscopic time-scales given by

2 (log N)1/2 1
hy = " A0e N : ©.1)
On (log N)1/2+28
For x € S, define a larger well by
VN ={neHn:n, <myforally € S\ {x}}. (9.2)

As in [41], denote by Wy, Dy, x € S, the wells given by
Wy =neHn:n>=N-my}, Dy={neHy:n.>N-N"}. (9.3)

In this formula, y € (0,2/«) is a fixed constant. The sets Dy, are called deep wells and
the sets Wy, shallow wells.
Denote by ¢y, € Jy the configuration such that all N particles are located at site x,
so that
{y €Dy C &y C Wy CVy. (9.4)

The main result of this section asserts that the process &y (-) starting from a well €3
cannot escape from the well Wy, within the time-scale hy .
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Proposition 9.1. Forall x € S,

lim sup Pf,v [t(w;{])c <hy]=0.
N—ooneéy;

By the last inclusion of (9.4), the next result is a straightforward consequence of
Proposition 9.1.

Corollary 9.2. Forall x € S,
lim sup P;V[T(V)’\C/)C <hy]=0.
N—ooneéy;

9.1. Estimates based on capacity

In this subsection, we state several estimates based on the following bound of the capacity
between &3 and (W5, )¢ with respect to the critical zero-range processes.

Lemma 9.3. There exists a finite constant C such that

CoOn

capy (Ex, (Wy)©) < m
N

forallx € S and N > 1.
Proof. Let Q(n) = q(N — ny) for some function g : Z — R such that
0 ifk <{p,
q(k) = .
1 ifk >my.
The precise expression for g will be specified below in (9.5). By the Dirichlet principle
and since Q(0”%n) = Q(n)if y,z # xorn & Wy \ &y,
capy (& (Wx)°)
<DN(@) =6y Y, Y unMgh)rx.»Qen - omI*.

neWi \EY, yeS

By definition of the jump rates and of Q, this expression is bounded by

Coy Y. unmg(N —nc+1)—q(N —no))
neWwyx\&x
for some finite constant C. Let

R ={neHn:N—nx =k}

so that
my—1

capy (Ex- (Wa)) < COy >~ un(Ro)lgk + 1) — q(k)]*.
k=Ln
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Define
Zl =N MUN (R ) !

SN U (R)TL

i=Ly

q(k) =

k € [KN,mN]. (9~5)

It follows from the penultimate displayed equation that

Coy
capy (Ex. (W) < e . (9.6)
TN (R

Foriy <i <my,

N I Zig-a(logi)*™2 € 1
Znx(logN)<—1 N —i 1 “logN i

un (Ri) =
Here, we have used the facts that Zy , Z; 1 are bounded, that N/(N —i) ~ 1 and
logi/log N >~ 1fori € [{x,mpy — 1]. Inserting this into (9.6) yields

COn _ Con
og N) X7 i = m%logN’

capy (Ex, (Wy)©) <

as claimed. [

Based on the previous estimate of capacity, we can refine [41, Propositions 9.4 and
8.6], replacing the set &y, = Ex \ €3 by the much larger set (Wy)°.

Lemma 9.4. Forall x € S,

lim inf 1an Te < T, ] =1.
N—o0nedy; (eDy; [ ¢ (W) ]

Proof. By [38, (3.3)] and the monotonicity of capacity,

capy (1. (Wx)) _ capy (€. (Wy)©)
capy(m,§) = capy(n,8)
Hence, by [41, Lemma 9.3] and Lemma 9.3,

Pf;’ [‘L’; > T('Wj{,)"] <

N7*(log N)<~1
PV [t; > tiwrye] < C ————— =on(1),
n [T > Tewx)el < 2 log N ~n(1)

where the last equality holds because y < 2/«k. This completes the proof. ]

Recall from [41, Proposition 9.1] that the deep wells Dy, are attractors, in the sense
that
lim inf P [r@x < T(wy yl=1 forallx €S. 9.7

N—o0neéy;

Lemma 9.5. Forall x € S,

lim inf mfP Tr < Tewxye| = 1.
N, dof, ot [7e < 7(wy)e]
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Proof. Fixx € §,n € €y, and { € Dy,. Then, by the strong Markov property,
P,]N[‘L’;- < 'L'('W]){])C] > Pflv [‘L’; < Twr)es Toy, < T(’ij,)"]

> PnN [Ta@}f/ < ‘L’('W;{,)c] 5612)1‘;{/ Pé.v [‘L’; < T(w])\f/)c].
Therefore, we have

inf  inf P Te < T c
teDX, ne&y, [z W) ]

>1an Tox < Tewxye| X inf inf P [te < tewx e
= it Py [eoy < owgye] < inf, inf, £t < towy)el-

The first term on the right-hand side is 1 — o (1) by (9.7), and the second one is 1 — o (1)
by Lemma 9.4. This completes the proof of the lemma. ]

9.2. Proof of Proposition 9.1

The proof of Proposition 9.1 is similar to the one of [41, Theorem 3.2]. First, we establish
the following estimate, whose proof is omitted since it is completely identical to the proof
of [41, Proposition 8.4]. It suffices to replace &3 by (W5 )¢ and 1/yy by ty.

Lemma 9.6. For all x € S and every probability measure vy concentrated on €y,

UN

2
1
N 2 2
Y [y <hy])? < lnfvlaz,y;v[(—w;v ) LLN ey o &R (%))

By inserting vy = my () := un(-|Dy ) into the previous equation, we obtain the
following estimate. The order of magnitude of hy is critically used in the proof of this
result.

Lemma 9.7. Forall x € S,

lim P [‘L’(W’c ye = hy] =0.

N—o0

E [(UN )T MUN(EN)
wy |\ T x
Wy unN (D )

by Lemmata 9.3 and 9.6 we get

Proof. Since

1 On C 1
un(Dy) m3 log N (logN)l/2 un (D)

(PQIN [Tewy)e =< hy])? < Chy

By [41, Lemma 4.2], uy (Dy) =~ y*~!, which completes the proof. |
Proof of Proposition 9.1. Fix n € 81’@ and { € Dy,. By Lemma 9.5,
PnN [T('ij,)" <hy] < Pﬁ,v[f(’ij,)" <hy, ¢z < T('Wf{/)"] + PnN [te > ‘L’(wj)\cl)c]

= PnN[T(W})\C,)‘ <hy, T < ‘L'('W}J\C/)c] + ON(I).
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By the strong Markov property,
Pflv[‘[('w]){])c <hy, ¢ < ‘L'('WZ){])(:] < P?] [T(’w}‘{,)c < hy]

so that
Pflv[‘[('w]){])c <hy] < P?][‘L’(W}‘{,)c <hy]+on(1).

Multiplying both sides by 7}, () and summing over { € Dy, we get
P [t(wy)e <hy] < P,]fjxv [tewy)e < hn]+on (D).

Apply Lemma 9.7 to complete the proof. ]

10. Condition 2B for critical zero-range processes

In this section, we prove that the process £y (-) starting from a well €y, hits quickly the
configuration {y. For N > 1, define the time-scale uy by

m%v 1
uy = —-—— = —
N On (log N)1+28
Proposition 10.1. Forall x € S,

lim sup Pflv[rm >uy] =0.
N—ooneéy;

In particular, condition B holds for the critical zero-range processes.

This result is crucially used in the next section to verify the requirement (6.4) of
condition .

10.1. A superharmonic function

We first establish, in Lemma 10.6 below, the estimate stated in Proposition 10.1 for the
process which is reflected at the boundary of ‘Wy5,. The proof of Lemma 10.6 is based
on the construction, carried out in [41, Section 10], of a function Gj’f,  Hy — R, for
x € S, which is superharmonic on Wy, \ Dy;. For the sake of completeness, we recall its
definition and main properties below.

Fix xo € S, and let S = S \ {x¢}. For a subset € of #Hy, let

int€ ={ne€:0%'ne€forall x, y with r(x, y) > 0},
d€ =€ \int €,
€ ={neHy:ne€oro™ne € for some x, y with r(x, y) > 0}.

With this notation, let

X X X . X X X
Uy =Wy \ Dy sothat intUy = Wy’ \ Dy.
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Recall, from (3.5), that /14,5 (-) and capy (-, ) represent the equilibrium potential and
the capacity, respectively, associated to the underlying random walk X. For each non-
empty subset A of Sy, consider the sequence (b;" y)x,yes defined by

bA hx,A"' ()’)

1
= - A e,
Yk capy (x, A°) Y

and bf’ y = 0 otherwise. By elementary properties of the capacity and the equilibrium
potential, b;‘,y = bﬁx forall x,y € S (see [41, Lemma 10.2]). Moreover, by [41, Lemma
10.3],

b, <bP, forallx,yeS (10.1)

ifAC B CSop.
For each non-empty subset A4 of Sy, define the quadratic function P4(-) as

1
PA(’]) =5 Zb;{xnx(nx -+ Z b;l,ynxny-

x€A {x,y}CA
By [41, Lemma 10.8],
2 s 2
(Yo m) =Pom e m) . (10.2)
x€So x€So

Fix A € Sy. For each constant ¢4 > 0 and positive integer £ > 1, let PZA : ‘u’;;) — R
be given by
Pl () = PA(p) — cal®.

The dependence of PEA on the constant ¢4 is omitted from the notation. Taking Pf =0
forall n € ‘uﬁ), define the corrector function Wj : ‘Uf\? — R by

We(n) = min{P(n) : A C So, A # So}.
By [41, Lemma 10.10], there exists a constant 0 < C < oo such that
—C0* < Wy(n) <0.

Hence, by (10.2) and the previous bound, P50(n) — Wy(5) > 0 forall 5 € Uy
For each positive integer m > 2, define the function ij,o : Hn — R by

m

. > PO ~ W, e U,
Gy () =1 1= (10.3)
0, ¢ doy \ UL,

Here, again, the dependence of G;f,o on m is omitted. The next result is [41, Theorem 9.2].
Recall that Lfv = Oy Ly, introduced in Section 3.2, is the generator of the speeded-up
process.
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Theorem 10.2. For large enough m and a suitable selection (c4)acs, of constants, the
function GX,O is superharmonic in 'WX,O \ O‘D;\C,O. More precisely, there exists a positive
constant C > 0 such that

co
LYGWI) < ———

foralln € W0\ DYO.
N — Nxo " N \ N

Additionally, there exist constants 0 < ¢1 < ¢ < 00 such that

CI(N - r’xo) =< G}flo(n) =< CZ(N - nxo) (104)

foralln € Wy \ Dy

10.2. Reflected processes

Denote by (é\]’f, (t))¢>0 the continuous-time Markov chain on ‘Wy, obtained by reflecting
the zero-range process £ (-) at the boundary of this set. In other words, the process &5, (+)
behaves as the zero-range process inside the well Wy, but its jumps to the set (Wy,)¢
are suppressed. Denote by Pf,v " the law of the reflected process £ (), and by E,,N ¥ the
. . DN, x
expectation with respect to Py .
The next result asserts that the function G is also superharmonic in 'W3" \ Dy’
for the reflected process. Denote by [f;}) the generator associated to the reflected pro-

cess g?jf,o ).

Lemma 10.3. Fix x¢ € S, and let vao be the function given by (10.3). Then there exists
C > 0 such that

(LG < — foralln € Wy \ Dy.

_N
N - Nxg
The main difference between this lemma and Theorem 10.2 is the analysis around the

boundary of 'W;?, since the generator £} differs from £ y there, as the jumps to (W)*
are excluded.

Proof of Lemma 10.3. Since we possibly have (L3 Gy') (1) # (£nGy)(n) only at the
boundary BW;,O = {n:nx, = N —my}, it suffices to show that

(LRG) () < (L5630 () forall g € JWi.

At 8W1)\‘,°, the reflected process cannot decrease the number of particles at site xq. Thus,

(LRGN = (LG — Oy > g(nxp)r(xo. MG @V n) = G ()],
yeSs

and it is enough to show that

Gy (%) = G (n) forall n € IWy.
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Actually, by the definition (10.3) of GK,O, it is enough to show that
P00 ) = We(@™¥) = P20 () — We(n) (10.5)

forall £ > 2 and n € IWy,.
Fix A € Sp. By definitions of P50 and P4 along with the increasing property (10.1),

PS()(axo,yn) _ PSO(U) = Z bf’()znz > Zb;{znz

zeSo z€A

= PA(c™Vy) — PA(). (10.6)

Hence, if Wy(n) = PKA (n) and Wy(o™*7Vn) = PEA (07 n) for the same set A & S \ {xo},
then (10.5) follows from (10.6).

On the other hand, if W, () = PZA (n) and Wy (0*Yn) = P(B (c*¥n) for some A # B,
then by definition of Wy and (10.6),

We(0™¥n) — We(n) = PE(@™n) — P (n)
PA @™ n) — P (n) < P(c™¥n) — P(n).

IA

This completes the proof of (10.5) and of the lemma. ]

10.3. Hitting times of the reflected process

In this subsection, we establish, in Lemma 10.6 below, that the assertion of Proposition
10.1 holds for the reflected process &3 (-). The first result asserts that the process &3, ()
hits the set Dy, quickly when it starts from a configuration in &y .

Lemma 10.4. There exists C > 0 such that, forall x € S and N > 1,

~ my/t
sup EN¥[rgy] < C——2.

X
negy

Proof. By the martingale formulation, for every ¢ > 0,

x Nt
Dy

T
EN*[GY iy (toy, A D) = Gy (1) + EN~ [ /O (LNGN) (TN (s)) ds]-
By Lemma 10.3, there exists a positive constant C, whose value may change from line to
line, such that
COyn co

(EXGRI) =~ - = =% forn € Wy,
X

On the other hand, by (10.4), G3, is non-negative. Therefore, by the next to last displayed

equation,
CGN’\N
——E " [tpx At] < GN (D).
o B A1) < GR ()
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By (10.4), there exists a finite constant C; such that G, (7) < C1(N — ny). Hence, since
N —ny <Ly forne &y,

WEW ’x[TfDl)\C/ /\t] < C]EN

To complete the proof of the lemma, it remains to let # — oo. ]

The next result asserts that gj{, () hits the configuration {3, quickly when it starts from
a configuration in Dy;.

Lemma 10.5. There exists a finite constant C such that

. NY%(log N k—1
sup EWN’X[Q;\:’] < C#
nedy; N

forallx € S and N > 1.

Proof. 1f n = {3, there is nothing to prove. For n # {3, we recall the well-known identity
(see [6, Proposition 6.10])

N,x
By b3

EN,X[_[ i]= —— TN
N capy, (0, Cx)

(10.7)

where bf;’ ’;x and capy; (1, {3;) denote the equilibrium potential and the capacity between 1
SN

and ¢y, with respect to the reflected process §;f, (), respectively, and where i (-) denotes
the invariant measure conditioned on Wy, i.e.,

" un ()

BN C) = pun(IWy) = — .

N M v (W)
Observe that j1%, (-) is the invariant measure of the reflected process g? ¥ ().
Applying the trivial bound bnN ’;x < 1to(10.7), we get
SN

~ 1
EN’x[r ] < —

TN capk (0. 4%)
By [41, Lemma 9.3],

COy
capl (1-48) Z S iog N1

Actually, in [41, Lemma 9.3] this bound is proved for the capacity with respect to the orig-
inal zero-range process, but the same proof applies to the reflected process. To complete
the proof, it remains to combine the previous bounds. ]

Lemma 10.6. Forall x € S,

lim sup Pflv’x[tm >uy] =0.
N—o0neéy,
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Proof. By Lemmata 10.4 and 10.5, and the strong Markov property,

. c A
BN [rgy] < ——(myly + CN7*(log N)*'} < 2
N =Gy On

since we have assumed that y < 2/k. The assertion of the lemma follows from the Cheby-
shev inequality. ]

10.4. Proof of Proposition 10.1

Consider the canonical coupling of the zero-range process £y (-) and the reflected pro-
cess gj{, (-) starting together at n € 'Wy,. The two processes move together until &y (-)
hits (‘W5 )¢. From this point on, they move independently according to their respective
dynamics. By Proposition 9.1, starting from &%,, we can couple the original zero-range
process and the reflected process gj{, () up to time hy with a probability close to 1.

The joint law of £y (-) and § v (+) under this canonical coupling is represented by f’an
Denote by 74 and T4 the hitting time of a set /4 with respect to &x(-) and gj\‘, (+), respec-
tively.

Proof of Proposition 10.1. Recall the definition of the sequence uy introduced at the
beginning of Section 10, and the one of hy presented in (9.1). Fix n € €},. By Proposi-
tion 9.1,

PnN[Q/}ff > llN] = PUN[Q}{/ > uy, I(w;\c,)c > hN] +on(1).

Recall the canonical coupling introduced above. On the event {'L'('W})\C/)C > hy}, the

two processes &y (¢) and g? v () move together until hy . Since uy < hy, on the previous
event the sets {z¢x > uy } and {?;}f/ > uy} coincide. Thus,

PnN[ng)\r/ > uy, T(wy)e > hy] = PnN’x[T;—X/ > uy, T(wy)e > hy]
SNox i~
= P'I x[‘[;;\f] Z Uy, Tewyye > hy].
Since
pN.x[2 pN, x> _ DN,
P'l x[’l.'g—;\cl > uy, T(Wy)e > hN] < P’I x[‘l.’;-[)\cl > llN] = P’I x[T;/}\C] = llN],

by Lemma 10.6 this quantity vanishes as N — oo. It remains to combine the previous
estimates. ]

11. Condition IN for critical zero-range processes

In this section, we prove condition (6.4) for a time-scale sy < hy and the large wells
Vy introduced in (9.2). For N > 1, define

sy = (14 (log N)/*)uy. (11.1)

Note that sy < hy.
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Recall from Section 6.2 and equation (6.2) the definitions of the reflected process
Sﬁ’x -) and of the total variation distance d{,(:,-). For ¢ > 0, let

DIy(t) := sup diy (8, PR* (1), n®¥).
nE’V;\C/

Note here that we prove a stronger version of mixing than the one required in condition
It since the supremum in the definition of Dy (¢) is taken over all configurations in Vy,.

Proposition 11.1. Forall x € S,
lim Diy(sy) = 0.
N—oo

It follows from this result that for all & > 0 the mixing time ¢*. (&) is bounded by sy

mix

for N sufficiently large. In particular, condition (6.4) holds because sy < hy.
Corollary 11.2. Condition IR holds for the critical zero-range processes.
Proof. This follows from Corollary 9.2, Proposition 11.1, and the fact thatsy < hy. =

The proof of Proposition 11.1 is divided into several steps. We first show that the
process éf,’x (+) hits the configuration {3, in the time-scale uy . The reasoning carried out
in the proof of Lemma 10.6 does not apply to the process Eﬁ’x () because Lemma 10.3
does not hold for it. We present below an alternative argument, based on Propositions 9.1
and 10.1.

Recall from Section 10.4 the definition of the canonical coupling of the zero-range
process &y (+) and the reflected process gj{, (). The same definition permits one to couple
£xn(-) and éﬁ’x (-). Denote by PR~ the joint law of £y (-) and Sﬁ’x (-) under the canonical
coupling.

Lemma 11.3. Forall x € S,

: R,x _
lim sup Py [r;;\c/ >uy] =0.
N—oconegy;

Proof. By Proposition 10.1,
on(l) = Pf]v[‘[;-;\c/ >uy] > Pflv[l';}){, > uy, Ty > hy].

Let 15( stand for the hitting time of the configuration {3, with respect to the reflected
N

process Eﬁ’x (). Replace the probability measure on the right-hand side of the previous
equation by the coupling measure IA’,,R’x. Since hy > uy,

PnR’x[‘L';-;\cl > uy, (Ve > hy] = PIIR’X[TER;{, > uy, T(Wy)e > hy]
By Proposition 9.1, the right-hand side is equal to
Pl = un] —on(D) = PP [rf = uv] —on(D).

as claimed. [
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We next recall a bound on the spectral gap established in [41].

Theorem 11.4. There exists a constant co > 0 such that the spectral gap of the reflected
process 5115,’)6 (-) on Vy, is bounded below by cos&1 forall N > 1.

This result is [41, Theorem 6.1]. One just has to replace £ by mpy in the statement
and in the proof of that result.

Recall from Section 6.2 that 7®*, x € S, represents the stationary state of the
reflected process SS’X (+)- Moreover, for n € Vy, and ¢ > 0, the measure §;, Tg’x (1) on Vy
stands for the distribution of the reflected process éf,’x (1) starting at 7. Let

Ty (1) = 8ex PR (D).

The next result asserts that the reflected process Eﬁ’x (-) starting from {3, mixes in the
time-scale (log N) Vduy.

Lemma 11.5. There exist two constants Cy, Co > 0 such that, for all x € S and t >

(log N)/*uy,
deV(jT]){’(" [), ]TR,x) < Cle—Cz(logN)l/s'

Proof. By the Cauchy—Schwarz inequality,

1 X (n,t 2 .

nevy

Since the process £y (-) is reversible, the conditioned measure .y (-|'Vy) is the stationary
measure for the reflected process ES’X (-). Hence, by the standard L2-contraction inequal-
ity (see [50, Lemma 20.5]) and Theorem 11.4, the summation on the right-hand side,
which is actually the square of the L2-distance between my (-, 1) and aR* (), is less than
or equal to

2
e—colt/un) Z {—”1)\67("’0) - 1} ()

R,x
pevy LT

for some constant c¢o > 0 independent of N. As t > (log N)/*uy and an(m,0) =
1{n = £y}, this expression is bounded by

1
e—co(logN)l/4 ~1).
@)

By the explicit formula for the invariant measure uy,
1 N 1 . 1
pun (V%) Zy(log N)¥—1 a(ty) ~ (log N)<—!

for some constant ¢; > 0. Putting together the previous estimates yields

TR () =

d’f‘cv(n[)il('v l), nR,X) < Cl—le—CO(lngN)l/4(log N)K—l « cl—le—(CO/Z)(logN)l/4.

This completes the proof. u
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Proof of Proposition 11.1. The proof relies on Lemmata 11.3and 11.5. Fixx € §,n € €y,
and 4 C Vy. By Lemma 11.3, we can write

P[5y (sv) € Al = PR [E ™ (sw) € Al < uw] +on (1), (11.2)

where the error term o (1) on the right-hand side is bounded by 2P,1,e - [rf} > uy] and
N
hence is independent of #.
R R

Denote by a7y, () dt the distribution of Tex conditioned on Tpx <UN. Then, by the
N

N
strong Markov property, we can write the probability on the right-hand side as
"N ORxeR
/0 ng,éx[sN’x(sN —1) € Aoy (1)dr. (11.3)

Since sy —t > (log N)/*uy for all 7 € [0, uy], by definition of sy, it follows from
Lemma 11.5 that
P ey (5w — 1) € Al = RN (A)] < diy (s — 1), 2 7)

1/8
< Cle—CQ(logN) / ,

(11.4)
where we have used the fact that

diy(vi,v2) = sup [v1(A) —va(A) (11.5)
ACVy

for any probability measures v and v, on . By (11.4) and (11.3), we can assert that
the right-hand side of (11.2) is 7®*(#4) 4 ox (1). Thus,

PR (sy) € A] — R (A) = on (1),
where the error term is independent of 4. Therefore, by (11.5), we can conclude that

D¥y(sy) = sup [PR[ER¥(sy) € A] — nRF(A)] = on (1),
ACVy

as claimed. [

12. Condition (HO0) for critical zero-range processes

In this section, we verify condition (HO) by establishing the following proposition. For
each A C S, write

en(4) = J &x-

xe€eA

Proposition 12.1. Fix a non-empty subset S1 S S, and let S; = S \ S1. Then

=

lim capy (En(S1).En(S2)) =6 ) capy(x.y).
N —o0
xeSl,yes?
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The proof is similar to that of [7, Theorem 2.2]. As in [7], we prove the lower and
upper bounds separately. The respective proofs is given in Sections 12.1 and 12.2. We
prove several technical lemmata in Section 12.3.

Note that the zero-range dynamics that we are considering now is reversible, and thus
we can express the mean-jump rate 7y (x, y) as in (5.2). Hence, the following is immediate
consequence of Theorem 3.1 and Proposition 12.1.

Corollary 12.2. The critical zero-range processes satisfy condition (HO) with

r(x,y) = 6kcapy(x,y), x,y €S.

Now we turn to the proof of Proposition 12.1.

12.1. Lower bound

We start with a lower bound whose proof is a modification of [7, Proposition 4.1]. For the
proof, we have to introduce a notion of tube along which the metastable transition occurs.
For x,y € S,x # y, define the tube 43" between €% and €3, as

={feHn_1:Ex+E =(N—-1)—L€y/3and &, & < (N —1)—Ln}.
Then we can observe that
Iy’ =457 and JyY NIRY = 0if {x, y} # {z. w} (12.1)

for all large enough N. From now on, all the computations implicitly assume that N
is large enough. This is legitimate since we will send N to oo in the end. The former
condition in (12.1) is immediate from the definition. For the latter, the statement is obvious
if {x,y} N{z,w} = @. To check the other case, suppose that £ € ny N Jj)f,’w for some
Xx,y,w € §S. Then we must have

2(]V_I_ZN/3) SSx‘i‘(Sy‘i‘Ex‘i‘Ew)fEx""N_l
and hence &, > N — 1 — 2{ /3. This contradicts the condition & < N — 1 — £ of Jl;cv’y.

Proposition 12.3. Fix a non-empty subset S1 S S, and let S, = S \ S1. Then

=

liminf capy (En (S1), En(S2)) > 6 E capy (x, y).
N—>o00
xeS!,yeS2

Proof. Write ) = hg}v (S1).6n (S2) (see (2.10)) for the equilibrium potential between
EN(S1) and En (S2) so that capy (En (S1). En(S2)) = Dy (H).

Let o, € J; denote the configuration with one particle at site x and no particles at
the other sites. We can write the Dirichlet form as

S PO e 4 o0y) — biE + o0

EeHn—_1 z,WES (E)

Dn(h) =

2(log N)" YZ Nk
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Thus, by (12.1), we can bound Dy (h) from below by

el DD r(z’w)[b(é + ow) — H(E + o). (12.2)

2(10g N)K_lzN’K xe€S1,y€SH ée(ﬂ';,’y zZ,wes a(g)

For x € Sy and y € S5, fix a configuration & € J” such that h(§ + ox) # H(E + 0)).
Define a function f : S — R as

_ BE + 00) — B(E + 0y)
BE +00) —HE+0y)’

Since f(x) = 1 and f(y) = 0, we can apply the Dirichlet principle for the underlying
random walk to get (see (3.5) and (3.6))

f@) €Ss.

22 Wb + ow) — bE + o)

z,weS

= kDx (f)[H(E + 0x) — h(E + 0y)]* = kcapy (x, Y)[HE + 0x) — HE + 0,)]%.

The same inequality obviously holds when §(§ + o,) = h(§ + o,). Hence, we can bound
the summation at (12.2) from below by

) [xcapx(x,w ) L[b(s+ox)—b(s+oy)12}. (123)

x€S1,yeS ge‘g}‘\/y a(S)

Fix xo € §1 and yo € S> and denote So = S \ {xo, yo}. Foreach { € Hy s, (see (3.1))
with k <€y /3,1let G¢ : {0,..., N — 1 — k} — R be the function defined by G;(i) =
H(§) where £ is the configuration in Hy given by &, = {, for v € Sy, &, = i, and
&y, = N —k —i. Then we can rewrite the second sum of (12.3) as

En/3 | Nty .
Ty (G (i + 1) = G¢(i 2].
,;EE%SOL(Z) iz%:_k IV —k—1-p el D= Ge@]

By the Cauchy—Schwarz inequality, the innermost sum above is bounded from below by

N—{n—1 _
3 i(N—k—l—i)] (G (N =€) = Ge(Ew — k). (12.4)

i={n—k

By an elementary estimate,

N—Ly—1 _1 1 -1
. 3 7 _ _ —7 = —_ =
Nh_r)nooN [ ; . i(N—-k—-1 l)] [/0 u(l u)du] 6,
I=LN—

and by the fact that G¢ (N —{y) = 1 and G¢({ny — k) = 0, we can assert that (12.4) is
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(6 + on(1))/N3. Summing up, we have shown so far that

I{n/3
Z capy (x,y) x |:(1 N)<—2 Z Z (;):|

x€S1,y€SH k=0 teH).

Dy () = [1 4 on (D]

K

Now it suffices to apply Lemma 12.7 and [41, Proposition 4.1] to complete the proof. m

12.2. Upper bound
Now we deduce the upper bound of the capacity.

Proposition 12.4. Fix a non-empty subset S1 < S, and let S, = S \ S1. Then

=

limsup capy (Ex(S1). En(S2)) <6 > capy(x. y).

N—oo x€S1,y€S>

We remark at this moment that Proposition 12.1 is an immediate consequence of
Propositions 12.3 and 12.4.

We fix S and S, throughout this subsection. We prove the proposition exactly as in [7,
Section 5] where a test function is constructed and then the upper bound is established via
the Dirichlet principle. This test function can be constructed as a suitable approximation
for the equilibrium potential bg,, (s,).6 (s,)- We repeat the construction of the test func-
tion in exactly the same way as in [7, Section 5].

The set D C RS is defined as

D= {ue[Ol Zux_l}
xeS
and for each x, y € S and ¢ € (0, 1/6) we define
={ueD:uy>1—¢},
LY ={ueD:iuy+uy,>1—c¢}
From now on, fix x € S and ¢ € (0, 1/6). Let ¢ : [0, 1] — [0, 1] be a smooth bijective
function such that ¢(¢) + ¢(1 —¢t) = 1 for all £ € [0, 1] and ¢ = 0 on [0, 3¢]. Then,
define H : [0,1] — [0, 1] as H(t) = 6f0¢(t) u(l —u)du.Foreach y € S\ {x}, we write
hx,y = h{’; Vi) (see (3.4)) for the equilibrium potential between x and y with respect to

the underlying random walk. Then, enumerate the elements of S by x =z1,25,...,2, =y
in such a manner that

I = hx,y(Zl) > hx,y(ZZ) Z e hx,y(ZK) = 0.

Then,foreachyeS\{x},deﬁneF{y:J(’N >R, 1<j<k-1, asF1 (m)=Hmx/N)

and
IROES ( —|—m1n{ an] }) for j € 2,k —1].
i=1
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Define Fyy : Hy — R as
Kk—1 )
Fey(m) =Y lhey(z)) = hey (24 DIFL ().
j=1

For y # x, write X = L7\ Di,. We can observe that the k — 1 sets K3, y # x, are
pairwise disjoint compact subsets of D. Therefore, there exists a smooth partition of unity
©3 : D —[0,1], y # x, such that

Z ®y=1 onD and OF=1 onXjforye S\ {x}
yeS\{x}

With the constructions above, we define Fy : #y — R as

Fe = ). O3(0/N)Fey(n).

yeS\{x}
Finally, the test function Fg, : #ny — R is defined by
Fs, () = Y_ Fx(n).
x€eSy

The main property of this test function is the following lemma.

Lemma 12.5. We have

limsup Dy (Fs,) < 6(1 + 81/2)3 Z capy (x, ).

N—oo x€S1,y€ESH

We omit the proof of this lemma since it is identical to those of [7, (5.11), (5.12),
Proposition 5.3]. Even if those results have been proved for « > 1, the same argument
also holds for « = 1. The only different part is [7, Lemma 5.2] which is used in the proof
of [7, (5.11)]. We substitute this lemma by the following lemma.

Lemma 12.6. For x,y € S, define
Iy ={nedn nc+ny = N—Ly})
and let I, = Uyes\{x} J);Vy. Then, for all x € S and ¢ € (0, 1/6), there exists a constant
C. > 0 depending only on & > 0 such that
1
5 2 2 kg w)Fee™ ) = Fe(P

neHXn\Iy z,weS

_ _Ce(loglog N)?
~ Zn«N2(log N)%'
(12.5)

Proof. Basically, we perform the same proof as in [7, Lemma 5.2], but the fact that ¢ = 1
makes it slightly different.

Since Fx(n) = 1if ny > (1 —3¢)N and Fx(n) = 0if n, < 2eN, we can restrict the
first sum of (12.5) to configurations n € #y \ J}, satisfying eN < ny < (1 —¢&)N. Since
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there exists C, > 0 such that

Ce
Fy(c®¥n) — F. < —,
nrgggll x(07%n) = Fx(n)] = N
we can bound the left-hand side of (12.5) from above by
C
e > ()
neHn\TyeN<nx<(1—e)N
(1—-e)N
= CSN Kk—1 72 Z Z L
Zy(log Ny*IN? &= S, at

max {ny:y#x}<N—i—L{y
(1—¢)N
C. 11
= -, 12.6
Znalog NN 2 2 a9

i=eN £ely_; s\(x;Un)

where, for So C S, we define
Hn,so0(l) ={ne Hns,:nx <N —~Lforall x € Sp}. 12.7)

Since Hy—i s\(x}(€n) is a subset of Hy_; s\(x}(¢n—i), we can further bound (12.6)
from above by
(1—¢)N

C. 1
Zy.s(og N)<—IN 2 7 2 a()

) i
i=eN = §€Hn_is\ixyUn—i)

C.loglog N N N (log(N —i))*2
~ ZnsN?logN | (log N)<—1 Pyt i(N—1i)
C.loglog N { N N_NX/l:ogN 1 } _ _Ce(loglog N)?
= > (= > >
Zn,sN?logN |logN i= g N i(N—1i) ZnsN?(logN)
where the first and last inequalities follow from Lemma 12.8. ]

Now we are ready to prove the upper bound.
Proof of Proposition 12.4. Tt is immediate that

1 ifne&n(S),
FSI (77) = .
0 ifne&n(S2).
Hence, by Lemma 12.5 and the Dirichlet principle, we get
6
limsup capy (Ex (S1). En(S2) < (1 + €)= 3" capy(x. y).
N—o00 K

xe€S1,y€SH

Letting ¢ — 0 completes the proof. ]
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12.3. Auxiliary lemmata

In this subsection we prove two technical lemmata. The first one is used in the proof of
Proposition 12.3.

Lemma 12.7. Forallc > 0and x,y € S, we have

cln

N%oo (IOgN)K Z Z (12.8)

n=0¢%ed,,

Proof. By the definition (3.3) of the partition function, we can rewrite (12.8) as

1 CKZN (log n)" 1Z
N—»oo (log N)K

n,K=1

as the case n = 0 is negligible. Since (Z, «)nen is bounded by [41, Proposition 4.1], and

since
log N
1

Z (lo gn)"_1 1
(loglog N)¥ Tk

=

it suffices to prove that

1 k—1
(logn) 7

=1.
N—>oo (10g N)¥ . %N n "

This follows from [41, Proposition 4.1], from the elementary fact that
CEZN (logn)*™! _ (log(clw))* — (loglog N)*
n - K ’

n=log N
and from limy o0 log £ /log N = 1. |

The next lemma is used in the proof of Proposition 12.4. Recall the definition of
Hn,s,(£) from (12.7). We simply write Hx (£) = Hu,s(£).

Lemma 12.8. Define 55\7) = N/(log N)?. For k > 2 and a > 0, there exists a constant
C = Cy 4 > 0 such that

N Z 1 <CloglogN

(log N )<—1 a(n) — log N
nedn &)

(12.9)

Proof. We proceed by induction. For k = 2, we can rewrite and bound the left-hand side
of (12.9) as

(a)
N—Ly

N/2
log N ()n(N—n) logN iy n log N
n=€1\‘;
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Now we assume the result holds for all ¥ € [2, k9 — 1] and all @ > 0. Then, we will
show that (12.9) holds for k = k¢ and a > 0. Define, for n < Kgf;“),

AN = {E € Hy_ns\@wy b < N — L forall y € S\ {x}).

We first claim that
AN C Hy—ns\ oy (LD, (12.10)

To verify this, it suffices to check that

N — N
Womo Ny N
(log(N —n))a+! (log N)<
This follows for n < K%H) from the inequality

N —n 2N N
+ < < .
(log(N —n))a+!t = (log N)4+t! = (log N)*

Observe that we can write

N 1
(log N)<o=1 2 a(y)

nedtn ()

(@t N
(3 5 >

- Z + Z }[—H } (12.11)
=0 gt a(n)(log N)¥o s a(t)

By the induction hypothesis and (12.10), the first summation above is bounded by

ga+
N NZ 1 3 1
(log Nyt 2= [ a(n) @)
n=0 Eedn—n.s\x N T,)
ga+n
- CN NZ 1 (log(N —n))~2 loglog(N —n)
~ (log N)¥xo—1 = am) N —n log(N —n)
fa+n
log log N NX: log log N
(log (log N)2 a(n) log N

On the other hand, for the second summation of (12.11), we can enlarge A;ﬁ,‘; to
HN—n,s\{x} SO that the summation is bounded by

N_glatD
N XN: ZNkg—1(10g(N —n)) 02 1 - CloglogN

cC—
(log N )xo—1 gy (N —n) a(n) — log N
n=Ly

by [41, Proposition 4.1]. ]
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