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Cayley graphs of R. Thompson’s group F : New estimates
for the density

Victor Guba

Abstract. By the density of a finite graph we mean its average vertex degree. For the Cay-
ley graph of a group G with m generators, it is known that G is amenable if and only if the
supremum of densities of its finite subgraphs has value 2m.

For R. Thompson’s group F , the problem of its amenability is a long-standing open ques-
tion. There were several attempts to solve it in both directions. For the Cayley graph of F in the
standard set of group generators ¹x0; x1º, there exists a construction due to Jim Belk and Ken
Brown. It was presented in 2004. This is a family of finite subgraphs whose densities approach
3.5. Many unsuccessful attempts to improve this estimate led to the conjecture that this con-
struction was optimal. This would imply non-menability of F .

Recently, we have found an improvement showing that this conjecture is false. Namely,
there exist finite subgraphs in the Cayley graph of F in generators x0, x1 with density strictly
exceeding 3.5. This makes amenability of F more plausible. Besides, we disprove one more
conjecture, by showing that there are finite subgraphs in the Cayley graph of F in generators
x0, x1, x2 with density strictly exceeding 5.

Outline

The paper is organised as follows. In Section 1, we recall some basic concepts that we
need. These include Thompson’s group F and its positive monoid M ; graphs in the
sense of Serre and Cayley graphs of groups; density and isoperimetric constants; and
rooted binary trees and forests.

In Section 2, we describe explicitly the way of representing elements in F by
(non-spherical) semigroup diagrams together with the representation of elements in
M by marked rooted binary forests. Also, we explain how the generators of the group
F act on them.

In Section 3, we discuss the amenability problem for the group F in connection
with its Cayley graph density. We list all known results in this direction including the
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one due to Belk and Brown. We formulate there one of our main results (Theorem 1)
that the density of the Cayley graph of F in standard generators x0, x1 strictly exceeds
3.5. This disproves some known conjectures.

In Section 4, we introduce some of the most important technical tools for the
proof of our results. Here, we consider generating functions for various sets of marked
rooted binary forests.

Section 5 contains the proof of Theorem 1. In Section 6, we state and prove The-
orem 2, showing that the density of the Cayley graph of F in generators x0, x1, x2
strictly exceeds 5. This disproves one more of our conjectures from [17].

Sadly, the author passed away before this paper was accepted for publication. With
the highest respect to his original thoughts, the final proofreading was completed by
the Handling Editor. In particular, Lemmas 1 and 3 have been phrased based on the
author’s proofs and a referee’s suggestions.

1. Preliminaries

1.1. Thompson’s monoid and group

Let X D ¹x0; x1; x2; : : : ; xm; : : : º be an infinite countable alphabet. ByM we denote
the monoid given by the following presentation:˝

X j xjxi D xixjC1 .0 � i < j /
˛
: (1)

Applying rewriting rules of the form xjxi ! xixjC1, where j > i � 0, we get a
word of the form xi1 : : :xik , where k� 0 and 0� i1� � � � � ik . It is well known that the
result does not depend on the order of applying the rewriting rules. The corresponding
word over X is called the normal form of a monoid element.

It is easy to check that the monoid M is cancellative. Also, it is known that for
any a; b 2M there exists their least common right multiple. A classical Ore theorem
states that for a cancellative monoid N with common right multiples, there exists a
natural embedding ofN into its group of quotients (see [22] for details). Any element
of this group belongs toNN�1, and the group is given by the same presentation as the
monoid N . ForM , the group that arises is given by presentation (1), and it is denoted
by F .

This group was introduced by Richard J. Thompson in the 60s. Details can be
found in the survey [9]; see also papers [5–7]. It is easy to see that

xn D x
�.n�1/
0 x1x

n�1
0

for any n � 2, so the group is generated by x0, x1. This generating set will be called
standard. The group F can be given by the following presentation with two defining
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relations ˝
x0; x1 j x

x2
0

1 D x
x0x1

1 ; x
x3

0

1 D x
x2

0
x1

1

˛
of length 10 and 14, respectively, where ab ˛ b�1ab.

Elements of the monoid M are called positive elements. Each element of F can
be uniquely represented by a group normal form, that is, a word of the form pq�1,
where p, q are normal forms of positive elements, and the following is true: if the
word pq�1 D : : : xi : : : x�1i : : : contains both xi and x�1i for some i � 0, then it also
contains xiC1 or x�1iC1.

Many authors use an equivalent definition of F in terms of piecewise-linear func-
tions. In fact, there are various presentations of F in these terms. In our paper, we are
not going to use these functions at all and so we do not list all the conditions for them.
This information is standard and can be found in many sources including [5, 9].

It is also known that F is a diagram group over the simplest semigroup presenta-
tion P D hx j x D x2i. See [18] for the theory of these groups. In our paper, we will
use semigroup diagrams to represent elements of F , as well as marked binary forests
for the same purposes. These techniques will be explained below.

1.2. Graphs and automata

We will often work with graphs, including Cayley graphs of groups. Besides, we will
use semigroup diagrams, (rooted binary) trees and forests. So, we are going to recall
the concept of a graph in the sense of Serre [28] together with the corresponding
notation. Informally, this is non-oriented graph, where each geometric edge consists
of two mutually inverse directed edges.

Formally, this is a 5-tuple � D hV; E;�1 ; �; �i, where V , E are disjoint sets (of
vertices and (directed) edges, respectively); �1 denotes the mapping from E to itself;
and � and � are mappings from E to V . We assume that e ¤ e�1, .e�1/�1 D e,
�.e�1/ D �.e/, �.e�1/ D �.e/ for all e 2 E. Here, e�1 is called the inverse edge of e;
�.e/ is the initial vertex of e; and �.e/ is the terminal vertex of e.

A path in a graph � is defined in a standard way. This is either a single vertex
(called a trivial path), or a sequence of edges written as p D e1 : : : en, where �.ei / D
�.eiC1/ for all 1 � i < n.

Let G be a group generated by a set A. Its right Cayley graph �r D C.GIA/ is
defined as follows. The set of vertices is G; for any a 2 A˙1 we put a directed edge
e D .g; a/ from g to ga. The letter a is called the label of this edge. The inverse
directed edge e�1 labelled by a�1 goes from ga to g. Labels are naturally extended
to the set of paths in Cayley graphs.

Sometimes, it is preferable to work with left Cayley graphs �l D C.GIA/. They
are defined in a similar way. The set of its vertices is alsoG. A directed edge eD .a;g/
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with label a goes from ag to g, that is, going along the edge labelled by a, means
cancelling a on the left. Inverse edges and labels of paths are defined similarly for this
case. Notice that a word w in group generators will be the label of a path from the
vertex g 2 G represented by w to the identity element in case of left Cayley graphs.

The cardinality of a finite set Y will be denoted by jY j.
Let G be a group generated by A. For our needs, we can assume that A is always

finite, jAj Dm. Let � D C.G;A/ be the Cayley graph ofG, right or left. To any finite
nonempty subset Y � G we assign a subgraph in � adding all edges connecting ver-
tices of Y . So, given a set Y � G, we will usually mean the corresponding subgraph.
This is a labelled graph that we often call an automaton. For each g 2 Y , we have
exactly 2m directed edges in � starting at g, where a 2 A˙1. If the endpoint of such
an edge with label a belongs to Y , then we say that the vertex g of our automaton Y
accepts a. For the case of right Cayley graphs, this means ga 2 Y ; for the case of left
Cayley graphs, this means a�1g 2 Y .

A vertex g 2 Y is called internal whenever it accepts all elements a 2 A˙1. That
is, the degree of g in Y equals 2m. Otherwise, we say that g belongs to the inner
boundary of Y denoted by @Y . If a vertex does not belong to Y but it is connected by
an edge to a vertex in Y , then we say that the vertex belongs to the outer boundary of
Y denoted by @oY .

An edge e is called internal whenever it connects two vertices of Y . If a directed
edge e connects a vertex of Y with a vertex outside Y , then we call it external. The
set of external edges form the Cheeger boundary of Y denoted by @�Y . It is easy to
check that each of the cardinalities of @Y and @oY does not exceed the cardinality of
@�Y .

By the density of a finite subgraph Y , we mean its average vertex degree. This
concept was introduced in [19]; see also [20]. It is denoted by ı.Y /. A Cheeger iso-
perimetric constant of the subgraph Y is the quotient ��.Y /D

j@�Y j
jY j

. It follows directly
from the definitions that ı.Y /C ��.Y / D 2m. Indeed, each vertex v has degree 2m
in the Cayley graph � . This is the sum of the number of internal edges starting at v,
which is degY .v/, and the number of external edges starting at v. Taking the sum over
all v 2 Y , we have 2mjY j, which is equal to

P
v degY .v/C j@�Y j. Dividing by jY j,

we get the above equality.

1.3. Rooted binary trees and forests

We add this short subsection to introduce some notation used in the paper. More
details on the subject can be found in [20].

Formally, a rooted binary tree can be defined by induction.

(1) A dot � is a rooted binary tree.
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Figure 1. The geometric realization of a rooted binary tree.

(2) If T1, T2 are rooted binary trees, then .T1^T2/ is a rooted binary tree.

(3) All rooted binary trees are constructed by the above rules.

Instead of formal expressions, we will use their geometric realizations. A dot will
be regarded as a point. It is called a trivial tree. It coincides with its root. If T D
.T1
^T2/, then we draw a caret for ^ as a union of two closed intervals AB (goes left

down) and AC (goes right down). The point A is the root of T . After that, we draw
trees for T1, T2 and attach their roots to B , C , respectively, in such a way that the
trees have no intersection, see Figure 1.

It follows from standard combinatorics that, for any n � 0, the number of rooted
binary trees with n carets is equal to the nth Catalan number cn D

.2n/Š
nŠ.nC1/Š

.
Each rooted binary tree has leaves. Formally, they are defined as follows: for the

trivial tree, the only leaf coincides with the root. In case T D .T1
^T2/, the set of

leaves equals the union of the sets of leaves of T1 and T2. In this case, the leaves are
exactly vertices of degree 1.

The following concept will play an important role throughout the paper.

Definition 1. The height of a rooted binary tree T , denoted by ht T , is defined by
induction on the number of carets in T . For the trivial tree, its height equals 0. For
T D .T1

^T2/, its height is htT D max.htT1; htT2/C 1.

Now, we define a rooted binary forest as a finite sequence of rooted binary trees
T1; : : : ; Tm, where m � 1. The leaves of it are the leaves of the trees. It is standard
from combinatorics that the number of rooted binary forests with n leaves also equals
cn. The trees are enumerated from left to right, and they are drawn in the same way.
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After the operations of deleting edges and marking an edge on the top, we get the
following result:
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Figure 2. The diagram representing g D x2
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A marked (rooted binary) forest is a (rooted binary) forest where one of the trees
is marked. On a figure we will usually show the marker as a vertical arrow on a tree
pointing at the root.

2. Semigroup diagrams and binary forests

Let P be a semigroup presentation. For our needs, it suffices to work with the simplest
presentation P D hx j x D x2i. We will use non-spherical diagrams over P to repres-
ent elements of the group F . A more detailed description can be found in [19]. Here,
we will mostly use diagrams that represent elements of the monoid M . Such objects
are called positive diagrams over x D x2. Let us give a brief illustration.

Given a normal form pq�1 of an element in F , it is easy to draw the corresponding
non-spherical diagram, and vice versa. For example, Figure 2 illustrates the diagram
that corresponds to the element g D x20x1x6x

�1
3 x�20 represented by its normal form.

Here, we assume that each edge of the diagram is labelled by a letter x. These
labels are usually not shown. The horizontal path in the picture cuts the diagram into
two parts, positive and negative. The positive part represents the element x20x1x6 2M .
The top path of this positive diagram has label x4, and the bottom path of it has label
x8. So, we have a positive .x4; x8/-diagram over P .

Given a positive .xm; xn/-diagram �1 and a positive .xk; xl/-diagram �2, one
can concatenate them in the following natural way. If n � k, then we identify the
bottom path of �1 with the initial segment of the top path of �2 of the same length.
If n > k, then the initial segment of the bottom path of �1 of length k is identified
with the top path of �2. The result of this operation is denoted by �1 ı�2 or simply
by �1�2. It is well known that this operation is associative.

The operation of concatenation described above requires cancelling dipoles (mir-
ror images of cells) in case of representing elements of the group F . However, work-
ing with elements of M , we do not need this additional operation at all.
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Here we assume that each edge of the diagram is labelled by a letter x. These labels
are usually not shown. The horizontal path in the picture cuts the diagram into two
parts, positive and negative. The positive part represents the element x2

0x1x6 ∈ M . The
top path of this positive diagram has label x4, the bottom path of it has label x8. So we
have a positive (x4, x8)-diagram over P .

Given a positive (xm, xn)-diagram ∆1 and a positive (xk, xl)-diagram ∆2, one can
concatenate them in the following natural way. If n ≤ k, then we identify the bottom
path of ∆1 with the initial segment of the top path of ∆2 of the same length. If n > k,
then the initial segment of the bottom path of ∆1 of length k is identified with the top
path of ∆2. The result of this operation is denoted by ∆1 ◦∆2 or simply as ∆1∆2. It is
well known that this operation is associative.

The operation of concatenation described above requires cancelling dipoles (mirror
images of cells) in case of representing elements of the group F . However, working with
elements of M , we do not need this additional operation at all.

Now let us show how positive diagrams can be replaced by marked forests when rep-
resenting elements of M . We restrict ourselves to the set of positive (xm, xn+1)-diagrams
where m ≥ 2 and n is a fixed number. Let ∆ be such a diagram. We mark the second
edge from the left of the top path of ∆. Then we remove all edges starting at the left-
most vertex of ∆. The result will be a positive diagram ∆′, where one of the top edges
is marked, and the bottom path has length n. Let us illustrate this by the following
expample.

Let w = x3
0x4x5x8x

2
10 be an element of M . It is represented by the following positive

diagram ∆:

r r r r r r r r r r r r r r
Picture 3.

After the operations of deleting edges and marking an edge on the top, we get the
following result:
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Figure 3. The positive diagram � representing w D x3
0
x4x5x8x

2
10
2M .
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Picture 4.

Now we introduce a standard operation to switch between positive diagrams and
rooted binary forests. Given a positive diagram, we take the set of midpoints of all its
edges. For any positive (x, x2)-cell we connect the midpoint of its top edge with the
midpoints of two its bottom edges. The two connecting intervals form a caret. After
we erase the original diagram, we get to a sequence of rooted binary trees. Notice that
to any edge that was a part of both the top path and the bottom path of the positive
diagram, we get a trivial tree consisting of a single vertex.

Here is the result of the above operation applied to ∆′ from Pic. 4:

r r r r r r r r r r r r
?

Picture 5.

One of the trees here is marked so we get a marked rooted binary forest. It is easy to
apply inverse operations. Say, the marked forest from the following picture

r r r r r r r r r r r r r r r r
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will lead to the element w = x5
0x1x

2
4x6x

2
10x13x14x15 ∈ M .

Any set of marked binary forests with n leaves is a finite subset in the Cayley graph
of F . We prefer to work with left Cayley graphs since in this case we need to consider
positive elements instead of negative ones. Otherwise we would work with mirror images
of rooted binary forests with respect to a horizontal axis. Recall that an edge labelled
by a ∈ A±1, where A is the set of group generators, starting at a vertex g, goes to the
element a−1g in the left Cayley graph. We need an explicit description of acting all of
the generators x±1

0 , x±1
1 for the case of the left Cayley graph of F in these generators.

Here are the rules of the game.
Let g be an element represented by a marked rooted binary forest . . . , T−1, T0, T1, . . . ,

where T0 is the marked tree.
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Figure 4. The positive diagram �0.

Now, let us show how positive diagrams can be replaced by marked forests when
representing elements of M . We restrict ourselves to the set of positive .xm; xnC1/-
diagrams where m � 2 and n is a fixed number. Let � be such a diagram. We mark
the second edge from the left of the top path of�. Then, we remove all edges starting
at the leftmost vertex of �. The result will be a positive diagram �0, where one of
the top edges is marked, and the bottom path has length n. Let us illustrate this by the
following example.

Let w D x30x4x5x8x
2
10 be an element of M . It is represented by the positive dia-

gram � in Figure 3.
After the operations of deleting edges and marking an edge on the top, we get the

result in Figure 4.
Now, we introduce a standard operation to switch between positive diagrams and

rooted binary forests. Given a positive diagram, we take the set of midpoints of all its
edges. For any positive .x; x2/-cell, we connect the midpoint of its top edge with the
midpoints of two its bottom edges. The two connecting intervals form a caret. After
we erase the original diagram, we get to a sequence of rooted binary trees. Notice that
to any edge that was a part of both the top path and the bottom path of the positive
diagram, we get a trivial tree consisting of a single vertex.

Figure 5 shows the result of the above operation applied to �0 from Figure 4.
One of the trees in Figure 5 is marked, so we get a marked rooted binary forest. It

is easy to apply inverse operations. Say, the marked forest from Figure 6 will lead to
the element w D x50x1x

2
4x6x

2
10x13x14x15 2M .
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Now we introduce a standard operation to switch between positive diagrams and
rooted binary forests. Given a positive diagram, we take the set of midpoints of all its
edges. For any positive (x, x2)-cell we connect the midpoint of its top edge with the
midpoints of two its bottom edges. The two connecting intervals form a caret. After
we erase the original diagram, we get to a sequence of rooted binary trees. Notice that
to any edge that was a part of both the top path and the bottom path of the positive
diagram, we get a trivial tree consisting of a single vertex.

Here is the result of the above operation applied to ∆′ from Pic. 4:
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Picture 5.

One of the trees here is marked so we get a marked rooted binary forest. It is easy to
apply inverse operations. Say, the marked forest from the following picture

r r r r r r r r r r r r r r r r
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will lead to the element w = x5
0x1x

2
4x6x

2
10x13x14x15 ∈ M .

Any set of marked binary forests with n leaves is a finite subset in the Cayley graph
of F . We prefer to work with left Cayley graphs since in this case we need to consider
positive elements instead of negative ones. Otherwise we would work with mirror images
of rooted binary forests with respect to a horizontal axis. Recall that an edge labelled
by a ∈ A±1, where A is the set of group generators, starting at a vertex g, goes to the
element a−1g in the left Cayley graph. We need an explicit description of acting all of
the generators x±1

0 , x±1
1 for the case of the left Cayley graph of F in these generators.

Here are the rules of the game.
Let g be an element represented by a marked rooted binary forest . . . , T−1, T0, T1, . . . ,

where T0 is the marked tree.
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Figure 5. The marked rooted binary forest obtained from �0.
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Now we introduce a standard operation to switch between positive diagrams and
rooted binary forests. Given a positive diagram, we take the set of midpoints of all its
edges. For any positive (x, x2)-cell we connect the midpoint of its top edge with the
midpoints of two its bottom edges. The two connecting intervals form a caret. After
we erase the original diagram, we get to a sequence of rooted binary trees. Notice that
to any edge that was a part of both the top path and the bottom path of the positive
diagram, we get a trivial tree consisting of a single vertex.

Here is the result of the above operation applied to ∆′ from Pic. 4:

r r r r r r r r r r r r
?

Picture 5.

One of the trees here is marked so we get a marked rooted binary forest. It is easy to
apply inverse operations. Say, the marked forest from the following picture

r r r r r r r r r r r r r r r r
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will lead to the element w = x5
0x1x

2
4x6x

2
10x13x14x15 ∈ M .

Any set of marked binary forests with n leaves is a finite subset in the Cayley graph
of F . We prefer to work with left Cayley graphs since in this case we need to consider
positive elements instead of negative ones. Otherwise we would work with mirror images
of rooted binary forests with respect to a horizontal axis. Recall that an edge labelled
by a ∈ A±1, where A is the set of group generators, starting at a vertex g, goes to the
element a−1g in the left Cayley graph. We need an explicit description of acting all of
the generators x±1

0 , x±1
1 for the case of the left Cayley graph of F in these generators.

Here are the rules of the game.
Let g be an element represented by a marked rooted binary forest . . . , T−1, T0, T1, . . . ,

where T0 is the marked tree.
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Figure 6. The marked rooted binary forest representing w D x5
0
x1x

2
4
x6x

2
10
x13x14x15 2M .

Any set of marked binary forests with n leaves is a finite subset in the Cayley
graph of F . We prefer to work with left Cayley graphs since in this case we need to
consider positive elements instead of negative ones. Otherwise, we would work with
mirror images of rooted binary forests with respect to a horizontal axis. Recall that an
edge labelled by a 2 A˙1, where A is the set of group generators, starting at a vertex
g, goes to the element a�1g in the left Cayley graph. We need an explicit description
of acting for all of the generators x˙10 , x˙11 for the case of the left Cayley graph of F
in these generators.

Here are the rules of the game.
Let g be an element represented by a finite marked rooted binary forest : : : ; T�1;

T0; T1; : : : ; where T0 is the marked tree.

• Acting by x0, that is, going along the edge with label x0, means to move the
marker left. That is, T�1 becomes the marked tree for the same forest. This oper-
ation is not applied if T0 is the leftmost tree.

• Acting by x�10 , that is, going along the edge with label x�10 , means to move the
marker right. That is, T1 becomes the marked tree for the same forest. This oper-
ation is not applied if T0 is the rightmost tree.

• Acting by x1, that is, going along the edge with label x1, means to remove the
caret from the tree T0 D .T 0^T 00/. The marker will have its position at T 0. This
operation is not applied if T0 is a trivial tree.

• Acting by x�11 , that is, going along the edge with label x�11 , means to put a new
caret over T0 and T1 making this tree marked. That is, instead of T0 and T1 in
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the forest, we get the tree T D .T0^T1/. This operation is not applied if T0 is the
rightmost tree.

This description will be important for constructing finite subgraphs in the left
Cayley graph of F .

3. Amenability and the density of the Cayley graphs

Recall that the group is called amenable whenever there exists a finitely additive nor-
malised invariant mean on G, that is, a mapping � W P .G/! Œ0; 1� such that

• �.Z1 [Z2/ D �.Z1/C �.Z2/ for any disjoint subsets Z1; Z2 � G,

• �.G/ D 1,

• �.Zg/ D �.gZ/ D �.Z/ for any Z � G; g 2 G.

One gets an equivalent definition of amenability if only one-sided invariance of
the mean is assumed, say, the condition �.Zg/ D �.Z/ .Z � G; g 2 G/. The proof
can be found in [15].

We are not going to list all well-known properties of (non)amenable groups. It is
sufficient to refer to one of modern surveys like [26]. Just notice that all finite and all
Abelian groups are amenable. The class of amenable groups is closed under taking
subgroups, homomorphic images, group extensions, and directed unions of groups.
The groups in the closure of the classes of the union of finite and Abelian groups
under this list of operations are called elementary amenable (EA). Also, we recall
that free groups of rank > 1 are not amenable.

We will often refer to the following well-known statement equivalent to the Følner
criterion [12]. Here, we restrict ourselves to the case of finitely generated groups.

Proposition 1. A groupG with finite set of generators A is amenable if and only if its
Cheeger isoperimetric constant is zero: ��.GIA/ D 0. Equivalently, if jAj D m, then
the Cayley graph C.GIA/ has density 2m.

This holds for any finite set of generators and can be applied to both Cayley
graphs: right or left.

In practice, to establish amenability of a group, it is sufficient to construct a collec-
tion of finite subgraphs Y in the Cayley graph such that infY

j@�Y j
jY j
D 0. Such subsets

of vertices are called Følner sets. Informally, this means that almost all vertices of
these sets are internal.

Brin and Squier [5] proved that the group F has no free subgroups of rank > 1.
It is also known that F is not elementary amenable [10]. However, the famous prob-
lem about amenability of F is still open. The question whether F is amenable was
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asked by Ross Geoghegan in 1979; see [13, 14]. There were many attempts by vari-
ous authors to solve this problem in both directions. Some of these papers contained
new interesting ideas. We are not going to review a detailed history of the problem;
this information can be found elsewhere. However, to emphasise the difficulty of the
question, we mention the paper [23], where it was shown that if F is amenable, then
Følner sets for it have a very fast growth (like towers of exponents).

Notice that if F is amenable, then it brings an example of a finitely presented
amenable group which is not EA. If it is non-amenable, then this gives an example of
a finitely presented group, which is not amenable and has no free subgroups of rank
> 1. Notice that the first example of a non-amenable group without free non-abelian
subgroups has been constructed by Ol’shanskii [24]. (The question about such groups
was formulated in [11]; it is also often attributed to von Neumann [29].) Adyan [1]
proved that free Burnside groups withm > 1 generators of odd exponent n � 665 are
not amenable. The first example of a finitely presented non-amenable group without
free non-abelian subgroups has been constructed by Ol’shanskii and Sapir [25]. Grig-
orchuk [16] constructed the first example of a finitely presented amenable group
which is not EA.

Now, let us discuss the question about the density of the Cayley graph of F in
the standard generating set A D ¹x0; x1º. It was shown in [19] that the density is at
least 3. In the Addendum to the same paper, there was a modification of the above
construction showing that there are finite subgraphs with density strictly greater than
3. An essential improvement was obtained in [4]. The authors constructed a family of
finite subgraphs with density approaching 3.5. This was the best known estimate for
the density of the Cayley graph of F for many years. Some authors believed that the
above estimate was exact (for instance, see [8]). There were several heuristic reasons
for that. See [17] for the corresponding Conjecture 1. However, it turned out that 3.5
is not the best estimate for the density. One of the main results of the present paper
can be stated as follows.

Theorem 1. The density of the Cayley graph of R. Thompson’s group F in the stand-
ard set of generators ¹x0; x1º is strictly greater than 3:5. Equivalently, the Cheeger
isoperimetric constant of the group F in the same set of generators is strictly less
than 1

2
.

This result increases the chances that F is amenable.
We will need a precise description of the Belk–Brown construction. The reader

can find more information in [3, 4]. Notice that in [20] we also gave a description of
Belk–Brown sets.

The following elementary result was proved in [20]. We will refer to it as the
symmetric property.
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Proposition 2. LetG be a finitely generated group, and let � DC.G;A/ be its Cayley
graph. Let Y be a finite nonempty subgraph of � . Then, for any a 2 A˙1, the number
of edges in the Cheeger boundary @�Y labelled by a is the same as the number of
edges in @�Y labelled by a�1.

Let n � 1, k � 0, be integer parameters. By the Belk–Brown set BB.n; k/ we
denote the set of all marked forests that have n leaves, and each of their trees has
height at most k. According to Section 2, we regard BB.n; k/ as a finite subset of F ,
that is, a set of vertices of the left Cayley graph of F in standard generators. These
generators have a partial action on this set. The rules are described at the end of the
previous section. We only remark that when we add a caret over two trees (acting by
x�11 ), we need to claim that each of these trees has height at most k � 1. Otherwise,
we go outside the set BB.n; k/ going along the edge with label x�11 .

Let us discuss briefly some properties of these sets including heuristic reasons for
the conjecture that the above construction could be optimal. For any fixed k, let n� k.
Since any tree of height k has at most 2k leaves, any forest in BB.n; k/ contains at
least n

2k trees. So, if we choose a marked forest in random, the probability for this
vertex of an automaton to accept both x0, x�10 approaches 1 as n!1 with k fixed.
Now, look at the probability to accept x1. The contrary holds if and only if the marked
tree is trivial. Removing this trivial tree produces an element of BB.n; k � 1/, hence,
we are interested in the probability jBB.n�1;k/j

jBB.n;k/j . As the set of forests with n leaves has
cardinality the Catalan number cn, we obtain jBB.n; k/j � cn � 4n. So, one cannot
expect the value of the quotient to be better than 1

4
. The probability not to accept the

inverse letter x�11 is the same by the symmetric property (Proposition 2). This gives an
expected bound 1

2
for the Cheeger isoperimetric constant. So, many people believed

that the value 3.5 for the density of the Cayley graph of F should be optimal.
One possible idea to modify the construction was to introduce a non-zero lower

bound for the height of trees in the forest. According to our private communication
with Jim Belk, this approach does not work. It gives either the same bound or even
worse.

However, the above sets can be modified in a different way using some ideas of [2]
and also our recent papers [17, 20]. The details will be given in the next sections.

4. Generating functions

Here, we are giving details on the generating functions of the sets of forests and
marked forests. We need this to obtain analytic estimates for the size of some finite
subsets in the Cayley graph of F . General information about the techniques of gener-
ating functions can be found in [30].
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Let us define a sequence of polynomials by induction

ˆ0.x/ D x; (2)

ˆk.x/ D x Cˆk�1.x/
2; k � 1: (3)

Notice that ˆk.x/ is the generating polynomial for the set of trees of height at
most k. This means that the coefficient on xn in this polynomial shows the number
of such trees with n leaves. This follows directly from (3). The summand x corres-
ponds to the trivial tree (with one leaf); for the tree T D .T1^T2/ of height � k, we
have height � k � 1 for each of the trees T1, T2. By induction, the pair of them has
generating function ˆk�1.x/2. This agrees with (3).

Lemma 1. Let ˆk.x/ be the generating polynomial for the set of trees of height at
most k. The polynomial ˆk.x/ has:

(1) a unique positive root �k;

(2) degree m D 2k;

(3) an associated generating function

1

1 �ˆk.x/
D 1Cˆk.x/Cˆk.x/

2
C � � � D

X
n�0

˛k.n/x
n

where the coefficients ˛k.n/ count the number of unmarked forests of n leaves
and with trees of maximum height k; and

(4) the root �k satisfies the limit:

�k D lim
n!1

˛k.n � 1/

˛k.n/
:

Proof. It is easy to see that the equation ˆk.x/ D 1 has a unique positive root that
we denote by �k . Let us give an estimate for it. First of all, ˆk.14 / <

1
2

by induction.
Thus, 1

4
< �k . On the other hand, ˆk.14 / �

1
2
�

1
kC4

, where the inequality is strict
whenever k � 1. Indeed, this holds for k D 0, and for k � 1, one has by induction

ˆk

�
1

4

�
�
1

4
C

�
1

2
�

1

k C 3

�2
D
1

2
�

k C 2

.k C 3/2
>
1

2
�

1

k C 4
:

Let " > 0. We show that ˆk.14 C "/ � ˆk.
1
4
/C wk", where

wk D
k C 4

3
�

2

.k C 2/.k C 3/
:
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This holds for k D 0 since w0 D 1. For k � 1, we have by induction on k

ˆk

�
1

4
C "

�
�
1

4
C "C

�
ˆk�1

�
1

4

�
C wk�1"

�2
>
1

4
Cˆk�1

�
1

4

�2
C "

�
1C 2ˆk�1

�
1

4

�
wk�1

�
:

Using the fact that 2ˆk�1.14 /� 1�
2
kC3

, we see that the coefficient on " is greater
than or equal to

1C
k C 1

k C 3

�
k C 3

3
�

2

.k C 1/.k C 2/

�
D wk;

so ˆk.14 C "/ > ˆk.
1
4
/C wk", as desired.

Taking "D 3
2k

, one can check thatˆk.14 C "/ >
1
2
�

1
kC4
C

3wk

2k
> 1. This implies

an upper bound: �k < 1
4
C

3
2k

. In particular, �k ! 1
4

as k !1.

Notice that for k � 1 the value of �k is close to 1
4
C

�2

k2 as some numerical
experiments show. However, we do not need any exact estimates here.

Let R be the set of all complex roots of the equation ˆk.x/ D 1 different from
�k . By the triangle inequality, 1 D jˆk.�/j � ˆk.j�j/, where the inequality is strict
for all � 2 R since no other roots are positive reals. Hence, j�j > �k for all � 2 R. It
is also clear that �k is a simple root of ˆk.x/ since the polynomial is increasing on
x > 0.

It is easy to see that the degree of ˆk equals m D 2k . Let

ˆk.x/ D p1x C p2x
2
C � � � C pmx

m:

It is clear that all coefficients pi .1� i �m/ are strictly positive, where p1D pmD 1.
We are interested in the following generating function:

1

1 �ˆk.x/
D 1Cˆk.x/Cˆk.x/

2
C � � � D

X
n�0

˛k.n/x
n (4)

presented as a power series. Clearly, ˆk.x/l is the generating function for the set
of forests with l � 0 trees, where all these trees have height at most k. Adding all
these polynomials, we get (4). So, the coefficients ˛k.n/ show the number of forests
(not marked) having n leaves with the upper bound k for the height of each of their
trees. Obviously, all these numbers are strictly positive. These coefficients satisfy the
following linear recurrent equations:

˛k.nCm/ D p1˛k.nCm � 1/C � � � C pm˛k.n/ (5)

for n � 0. It follows from the theory of such equations [27, Theorem 2.2] that the
space of their solutions has a basis formed by sequences �n; n�n; : : : ; nd�1�n, where
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� runs over the set of roots of the characteristic equation for the above recurrence,
where d is the multiplicity of the root �. In our case, the characteristic equation is

�m � p1�
m�1
� � � � � pm�1� � pm D 0; (6)

so its roots are ��1
k

and ��1.� 2 R/. The theory allows us to write down

˛k.n/ D C
�
��1k

�n
C

X
�2R

Q�.n/
�
��1

�n
for some polynomials Q�.n/. We already know that j��1

k
j > j��1j for all � 2 R. Let

us show that C > 0.
The coefficients ˛k.0/; ˛k.1/; : : : ; ˛k.m � 1/ are positive, so there exists a pos-

itive constant � such that ˛k.n/ � �.��1k /n for n 2 ¹0; 1; : : : ; m � 1º. Applying the
recurrent equation (5) and using the fact that ��1

k
satisfies the characteristic equation

(6), we see that ˛k.n/ � �.��1k /n for all n � 0 by induction. Therefore, C is nonzero
since otherwise ˛k.n/ D o..��1k /n/. So, C equals the limit ˛k.n/�nk as n!1, and
therefore, it is a positive real number.

We obtained that
˛k.n/ � C.�

�1
k /n;

where the equivalence means that the quotient is asymptotically 1. In particular,

lim
n!1

˛k.n � 1/

˛k.n/
D �k :

The existence of such a limit is not true in general if we replace ˆk.x/ by arbitrary
polynomials.

Another important generating function will be

ˆk.x/

.1 �ˆk.x//2
D

X
n�0

ˇk.n/x
n: (7)

Here,ˆk.x/ is the generating function for the choice of a tree that will be marked.
The generating function for forests to the right from the marked tree, as well as the
forests to the left of it, equals (4). So, (7) gives us the generating function for the set
of marked forests with the bound k for the height. The coefficient ˇk.n/ shows the
number of such forests with n leaves. That is, this is a cardinality of the Belk–Brown
set: jBB.n; k/j D ˇk.n/.

To find the growth rate of the coefficients of this and other power series, we need
the following fact.
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Lemma 2. Let P.x/ be a polynomial, and let ‰.x/ D
P
n�0 .n/x

n be a power
series, where all coefficients are positive, and the limit � D limn!1

.n�1/
.n/

exists.
Then, the power series for the product P.x/‰.x/ D

P
n�0 ı.n/x

n satisfies the fol-
lowing condition:

lim
n!1

ı.n/

.n/
D P.�/:

Proof. Let P.x/ D a0 C a1x C � � � C asxs . Comparing the coefficients on xn for the
formal series, we get ı.n/ D a0.n/C a1.n � 1/C � � � C as.n � s/. Dividing by
.n/ and using the fact that limn!1

.n�r/
.n/

D �r for any r � 1, we obtain that

ı.n/

.n/
! a0 C a1� C � � � C as�

s
D P.�/ as n!1:

The proof is complete.

Although the fact is elementary, we will widely use this lemma throughout the
paper in the process of estimating coefficients of generating functions.

Remark. Lemma 2 is very useful to estimate probabilities of some events. We can
be interested in finding the probability that the marked tree belongs to some finite
set, for instance, the probability that the marked tree has height k. The generating
polynomial for the set of these trees is P.x/ D ˆk.x/ � ˆk�1.x/. If we take the
generating function

1

.1 �ˆk.x//2
D

X
n�0

k.n/x
n (8)

and multiply it by P.x/, then we get the generating function for the set of forests in
which the tree of height k is marked. According to Lemma 2, the limit of the above
probability as n!1 will be P.�k/ D 1 �

p
1 � �k . The same concerns some other

probabilities. Say, in [20], we studied the Cayley graph of F in symmetric generators
¹x1; Nx1º, where Nx1 D x1x�10 . We needed to estimate the probability that the marked
tree has height k together with the tree to the right of it. We did it in a combinatorial
way. Now, the same can be done analytically taking the square of the above polyno-
mial P.x/ and the value of it at x D �k . In general, Lemma 2 shows that separate
events of the above form are asymptotically independent; that is, we can simply mul-
tiply the limits of probabilities for them.

We will be interested in finding the asymptotics of the coefficients of (8). It is easy
to see that the characteristic equation for the linear recurrent relations of k.n/ is the
square of the equation for ˛k.n/, that is,�

�m � p1�
m�1
� � � � � pm�1� � pm

�2
D 0:
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Therefore, the complex roots of it will be the same, with double multiplicity. In par-
ticular, ��1

k
will have multiplicity two. According to [27, Theorem 2.2], we have

k.n/ D .AnC B/
�
��1k

�n
C

X
�2R

S�.n/
�
��1

�n
for some polynomials S�.n/. We remember that j��1j < ��1

k
for all � 2 R. On the

other hand, we know that ˛k.n/ � �.��1k /n for some positive constant � for all n � 0.
Since (8) is the square of (4), one has

k.n/ D ˛k.0/˛k.n/C ˛k.1/˛k.n � 1/C � � � C ˛k.n/˛k.0/ � .nC 1/�
2
�
��1k

�n
:

This implies A ¤ 0. Taking the limit of k.n/�
n
k

n
as n!1, we see that A is a pos-

itive real number. So, k.n/ � An.��1/n and the limit limn!1
k.n�1/
k.n/

D �k exists.
Now, we can apply Lemma 2 taking (8) for ‰.x/ and ˆk.x/ for P.x/. This gives us
limn!1

ˇk.n/
k.n/

D ˆk.�k/ D 1. Therefore, ˇk.n/ � k.n/ � An.��1k /n, and we know

the asymptotic growth of ˇk.n/. In particular, limn!1
ˇk.n�1/
ˇk.n/

D �k .

5. Proof of Theorem 1

The proof will essentially use almost all of the notation introduced in the previous
section. The basic idea of the proof is as follows. The subset BB.n; k/ of the left
Cayley graph of F has some fragments with small density. The probability to meet
such a fragment has a positive uniform lower bound. If we remove such fragments
from the subgraph, we increase its density, exceeding the value 3.5.

Let us describe the fragments we are interested in. Let : : : ; T0; T1; T2; T3; T4; : : :
be a rooted binary forest, where T0 is marked and all trees have height at most k. We
claim that trees Ti .0 � i � 4/ exist in this forest, and the following conditions hold:

• T0 and T2 are trivial trees,

• T1 and T3 have height k,

• T4 is a nontrivial tree.

The latter condition is added for simplicity. A forest satisfying the listed conditions
will be called special. To each of these forests we assign vertices a, b, c of the left
Cayley graph of F in the standard generating set. Here, a corresponds to the forest
with T0 as a marked tree; b and c denote the forests where T1 and T2 are marked trees,
respectively.

In the left Cayley graph of F in standard generators, these vertices look as in
Figure 7.
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x0
a

x0
b

x0
c

x0

x1

Figure 7. Vertices a; b; c of the left Cayley graph of F .

Since the tree T0 is empty, we cannot remove a caret from it. This means that a
does not accept x1 in the automaton BB.n; k/. The tree T1 has height k, so a caret
cannot be added to T0 and T1 to stay within BB.n; k/. So, a can accept only letters
x0 and x�10 .

Exactly the same situation holds for the vertex c. Notice that the leftmost edge
labelled by x0 may not belong to the subgraph if T0 is the leftmost tree in the special
forest.

As for the vertex b, we can remove the caret from T1 so b accepts x1. However,
it does not accept x�11 since the tree T1 has height k and no caret can be added to T1
and T2. Thus, a, c have degree 2 in BB.n;k/ and b has degree 3 in the same subgraph.

If we have another special forest with the corresponding vertices a0, b0, c0, then
the respective vertices in the two special forests cannot coincide. The only case could
be a0 D c (or a D c0, which is totally symmetric). However, this is impossible by the
choice of the tree T4 in the special forest. If we go from a0 by a path labelled by x�20 ,
then we meet vertex c0 that corresponds to the trivial tree. Going along the path with
the same label from c, we get the forest with marked tree T4, which is nontrivial by
definition. So, this condition allows us to avoid repetitions.

Lemma 3. Consider the generating function

1

.1 �ˆk.x//2
D

X
n�0

k.n/x
n

(from (8)) and consider the polynomial

P.x/ D x2.ˆk.x/ �ˆk�1.x//
2.ˆk.x/ � x/

for the set of forests T0; : : : ; T4, where T0 and T2 are trivial trees, T1 and T3 are trees
of height k, and T4 is a nontrivial tree of height at most k. Let �k.n/ represent the
number of special forests in BB.n; k/.

We have that

lim
n!1

�k.n/

k.n/
D P.�k/
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and

lim
k!1

P.�k/ D
3

64

�
1 �

p
3

2

�2
>

1

1200
:

It follows that the special forests occur in BB.n; k/ with guaranteed positive probab-
ility that does not depend on the parameters whenever n� k � 1.

Proof. Let us find the number �k.n/ of special forests in BB.n; k/ using generating
functions. The set consisting of one trivial tree has generating function x. This con-
cerns trees T0 and T2. The generating function for the set of nontrivial trees of height
� k is ˆk.x/ � x. This concerns T4. The generating function for the set of trees of
height k is ˆk.x/ �ˆk�1.x/. This concerns trees T1 and T3. Taking a product

P.x/ D x2
�
ˆk.x/ �ˆk�1.x/

�2�
ˆk.x/ � x

�
;

we get a polynomial for the set of forests T0; : : : ;T4 with the above conditions. Adding
forests to the left and to the right of these 5 trees, we get the generating function

P.x/

.1�ˆk.x//
2 .

The number of special forests divided by the coefficient k.n/ of (8) approaches
P.�k/ according to Lemma 2. That is,

lim
n!1

�k.n/

k.n/
D P.�k/:

We know that ˆk�1.x/ D
p
ˆk.x/ � x by (3), so

P.�k/ D �
2
k.1 �

p
1 � �k/

2.1 � �k/:

When k ! 1, this value approaches p D 3
64
.1 �

p
3
2
/2 > 1

1200
. This shows that

special forests occur in BB.n; k/ with guaranteed positive probability that does not
depend on the parameters whenever n� k � 1.

Now, let us exclude from BB.n;k/ triples of vertices a, b, c for each special forest.
Also, we delete all directed edges incident to some of the deleted vertices. The result
will be a subgraph in the left Cayley graph of F . We denote it by BB0.n; k/. Let us
estimate its density. For every special forest, we delete 3 vertices and no more than 5
geometric edges, that is, no more than 10 directed edges. So, the set of vertices of
BB0.n; k/ has cardinality

jBB0.n; k/j D jBB.n; k/j � 3�k.n/ D ˇk.n/ � 3�k.n/:

The cardinality of the set of directed edges of the whole Cayley graph incident
to vertices in BB.n; k/ is 4ˇk.n/. Some of these edges are external; the others are
internal. The number of external edges labelled by x0 is ˛k.n/; they correspond to
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forests with the leftmost tree being marked. The generating function for them is (4).
The same holds for external edges with label x�10 : they correspond to the forests
with the rightmost tree being marked. So, the number of external edges in B.n; k/
labelled by x˙10 equals 2˛k.n/. Recall that ˛k.n/� C.��1k /n and ˇk.n/�An.��1k /n,
so ˛k.n/ D o.ˇk.n//.

Vertices in BB.n;k/ that do not accept x1 correspond to the case when the marked
tree is trivial. The generating function for the set of these vertices is x

.1�ˆk.x//
2 . So,

the coefficient on xn is ˇk.n � 1/, which is, according to symmetric property (Pro-
position 2), exactly the same number of vertices that do not accept x�11 . The same fact
can be also checked directly using generating functions.

So, we have 2˛k.n/C 2ˇk�1.n/ external edges in BB.n; k/. The other 4ˇk.n/ �
2˛k.n/ � 2ˇk�1.n/ edges are internal. Dividing by the number of vertices, we get
4 � 2ˇk.n�1/

ˇk.n/
� 2˛k.n/

ˇk.n/
approaching 4 � 2�k as n!1 and then approaching 3.5 as

k !1. This explains why the density of Belk–Brown sets approaches 3.5.
From a BB 0.n; k/, when one adds a special forest (getting back to BB.n; k/), the

number of vertices goes up by 3, while the number of internal edges goes up by 10
(except in an edge case, e.g., if T0 is the leftmost tree of BB.n;k/, where the calculated
density will be even less), so the density is pushed towards 10

3
< 3:5. Since adding any

special forest decreases the density, BB 0.n; k/ must have the density greater than 3.5.
This is because the density of special forests is always greater than zero. We formalise
this observation in the next paragraph.

The sets BB0.n; k/ have ˇk.n/ � 3�k.n/ vertices. The number of directed edges
in BB0.n; k/ is greater than or equal to 4ˇk.n/ � 2˛k.n/ � 2ˇk�1.n/ � 10�k.n/. So,
the density of BB0.n; k/ has a lower bound

4ˇk.n/ � 2˛k.n/ � 2ˇk�1.n/ � 10�k.n/

ˇk.n/ � 3�k.n/
D
4 � 2˛k.n/

ˇk.n/
� 2ˇk.n�1/

ˇk.n/
� 10�k.n/

ˇk.n/

1 � 3�k.n/
ˇk.n/

!
4 � 2�k � 10P.�k/

1 � 3P.�k/

as n!1. The latter approaches

3:5 � 10p

1 � 3p
D 3:5C

0:5p

1 � 3p
> 3:5C

1

2400

as k !1. So, for some n� k � 1, we can reach the density of finite subgraphs of
the Cayley graph of F in standard generators greater than 3.5004.

This completes the proof of Theorem 1.
Notice that sets BB0.n; k/, for which the densities are close to this value, are

really huge. Indeed, we had an estimate �k < 1
4
C

3
2k

in Section 4. Our inequalities
will work provided 0:5p > 3

k
, so k will be around 7200. For the value of n, we need at
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Figure 8. The fragment of the left Cayley graph of F in generators ¹x0; x1; x2º.

least n > 2k to get a large number of trees in a marked forest (or even higher). Finally,
the number of forests with n leaves grows like a Catalan number, that is, around 4n.
Therefore, our proof works for sets of size greater than 22

7200
. Even if we improve the

estimate of �k , the exponent 7200 will be replaced by several hundreds. It is clear that
such sets are out of any reasonable computer search. These numbers somehow agree
with the result from [23] on the sizes of Følner sets as towers of exponents.

6. Proof of Theorem 2

The following result disproves our Conjecture 2 from [17].

Theorem 2. The Cheeger isoperimetric constant of the Cayley graph of Thompson’s
group F in the generating set ¹x0; x1; x2º is strictly less than 1. Equivalently, the
density of the corresponding Cayley graph strictly exceeds 5.

By [17, Theorem 1], this means that there are no pure evacuation schemes on the
Cayley graph of F in these generators.

The proof is based on the same idea as the one for Theorem 1. We take the sets
of vertices BB.n; k/ and consider the special forests defined in the beginning of Sec-
tion 5. Now, the set of our generators is ¹x0; x1; x2º, so we have to describe the
conditions to accept x2 and x�12 for a vertex in an automaton. For a marked forest,
accepting x2 means that the tree to the right of the marker exists and it is nontrivial.
Applying x2 means that we remove the caret from this tree, and our marker stays at
its original place.

To accept x�12 for a vertex means that there exist two trees to the right of the
marker, and each of them has height � k � 1. In this case, we can add a caret over
this pair of trees staying inside BB.n; k/. The marker does not change its place.

According to this description, the fragment of the left Cayley graph of F in gen-
erators ¹x0; x1; x2º will look as in Figure 8 for any special forest (we keep the notions
and the notation of the previous section).

Notice that trees T1, T3 of the special forest have height k. So, no carets can be
placed over any pair of trees of the form Ti , TiC1, where 0� i � 3. This explains why
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no edges labelled by x�11 , x�12 can be accepted by vertices in the picture. The vertex
a corresponds to a trivial marked tree, so it does not accept x1. However, it accepts
x2 since the tree to the right of T0 has a caret. A similar situation holds for the vertex
c. As for b, it accepts x1, but it does not accept x2 since the tree T2 to the right of the
marked tree T1 is empty.

The condition on the tree T4 allows us to avoid repetitions of vertices a, b, c for
different special forests.

Now, we are subject to remove vertices of the form a, b, c for all special forests.
We also remove geometric edges incident to these vertices. The resulting subgraph
is denoted by BB00.n; k/. For 3 vertices, we thus remove no more than 14 directed
edges from the graph. The key point here is the inequality 14

3
< 5. Indeed, similar to

the calculation for Theorem 1, and as 14
3
< 5, adding any special forest to BB00.n; k/

must lower density towards 5. Here, 5 is the limit of densities for BB.n; k/ considered
as subgraphs in the left Cayley graph of F in generators ¹x0; x1; x2º. In the previous
section, the same role was played by the inequality 10

3
< 3:5.

Now, let us estimate densities of these new subgraphs BB00.n; k/ obtained from
B.n; k/ after removing vertices and edges. We need to know the number of external
edges labelled by x2. The generating function for the set of vertices that do not accept
x2 is 1

1�ˆk.x/
C

xˆk.x/

.1�ˆk.x//
2 . Here, the marked tree is either rightmost, or the tree to

the right of it is trivial. The number of such vertices is ˛k.n/C ˇk.n � 1/. The same
number of vertices that do not accept x�12 due to Proposition 2 (symmetric property).

So, we need to take all 6ˇk.n/ directed edges incident to vertices of BB.n; k/ in
the Cayley graph and subtract the number of external edges. This gives us

6ˇk.n/ � 2˛k.n/ � 2ˇk.n � 1/ � 2.˛k.n/C ˇk.n � 1//

D 6ˇk.n/ � 4˛k.n/ � 4ˇk.n � 1/

as the number of internal edges (see the number of external edges labelled by x˙10
and x˙11 in the previous section).

The density of BB.n; k/ with respect to ¹x0; x1; x2º equals

6 � 4
˛k.n/

ˇk.n/
� 4

ˇk.n � 1/

ˇk.n/
! 6 � 4�k

as n!1. Then, it approaches 5 as k !1.
To improve this estimate, we go to BB00.n; k/. We delete from BB.n; k/ no more

than 14�k.n/ directed edges and 3�k.n/ vertices. The density of BB00.n; k/ has a



V. Guba 166

lower bound

6ˇk.n/ � 4˛k.n/ � 4ˇk�1.n/ � 14�k.n/

ˇk.n/ � 3�k.n/
D
6 � 4˛k.n/

ˇk.n/
� 4ˇk.n�1/

ˇk.n/
� 14�k.n/

ˇk.n/

1 � 3�k.n/
ˇk.n/

!
6 � 4�k � 14P.�k/

1 � 3P.�k/

as n!1. The latter approaches

5 � 14p

1 � 3p
D 5C

p

1 � 3p
> 5C

1

1200

as k !1. So, for some n� k � 1, we can reach the density of finite subgraphs of
the Cayley graph of F in generators ¹x0; x1; x2º greater than 5.0008.

This completes the proof of Theorem 2.
Notice that in [20] we thought of the generating set AD ¹x0; x1; x2º as a possible

candidate to have the doubling property. See [21, Section 8] for a general discussion
of this property with respect to non-amenability of groups. Briefly, this means that
jA˙1Y j � 2jY j for any finite nonempty subset Y of the group F . This is equivalent
to the fact that the outer boundary @oY has cardinality at least jY j. Now, we know this
is not true. Moreover, even the Cheeger boundary @�Y may have cardinality strictly
less than jY j. This is exactly what Theorem 2 claims; it is a stronger fact because
j@�Y j � j@oY j.

However, if we take a wider set of generators like A D ¹x0; x1; x2; x3º, then
the probability of the automaton BB.n; k/ not to accept x˙1i is almost 1

4
for each

i 2 ¹1; 2; 3º. Even if we made a slight improvement of the density, then it is difficult
to imagine that the isoperimetric constant will be far from 3

2
. So, we still have a chance

that pure evacuation schemes on C.F IA/ will exist for this case, according to [17].
Constructing them will mean non-amenability of F .

Funding. This work was supported by the Russian Foundation for Basic Research
(Project no. 20-01-00465).

References

[1] S. I. Adyan, Random walks on free periodic groups. Izv. Akad. Nauk SSSR Ser. Mat. 46
(1982), no. 6, 1139–1149 Zbl 0512.60012 MR 0682486

[2] G. N. Arzhantseva, V. S. Guba, M. Lustig, and J.-P. Préaux, Testing Cayley graph densities.
Ann. Math. Blaise Pascal 15 (2008), no. 2, 233–286 Zbl 1191.20025 MR 2473819

[3] J. M. Belk, Thompsons’ group F. Ph.D. thesis, Cornell University, 2004

https://zbmath.org/?q=an:0512.60012
https://mathscinet.ams.org/mathscinet-getitem?mr=0682486
https://doi.org/10.5802/ambp.249
https://zbmath.org/?q=an:1191.20025
https://mathscinet.ams.org/mathscinet-getitem?mr=2473819


Cayley graphs of R. Thompson’s group F : New estimates for the density 167

[4] J. M. Belk and K. S. Brown, Forest diagrams for elements of Thompson’s group F . Inter-
nat. J. Algebra Comput. 15 (2005), no. 5-6, 815–850 Zbl 1163.20310 MR 2197808

[5] M. G. Brin and C. C. Squier, Groups of piecewise linear homeomorphisms of the real line.
Invent. Math. 79 (1985), no. 3, 485–498 Zbl 0563.57022 MR 0782231

[6] K. S. Brown, Finiteness properties of groups. J. Pure Appl. Algebra 44 (1987), no. 1-3,
45–75 Zbl 0613.20033 MR 0885095

[7] K. S. Brown and R. Geoghegan, An infinite-dimensional torsion-free FP1 group. Invent.
Math. 77 (1984), no. 2, 367–381 Zbl 0557.55009 MR 0752825

[8] J. Burillo, Introduction to Thompson’s group F . 2016, preprint
[9] J. W. Cannon, W. J. Floyd, and W. R. Parry, Introductory notes on Richard Thompson’s

groups. Enseign. Math. (2) 42 (1996), no. 3-4, 215–256 Zbl 0880.20027 MR 1426438
[10] C. Chou, Elementary amenable groups. Illinois J. Math. 24 (1980), no. 3, 396–407

Zbl 0439.20017 MR 0573475
[11] M. M. Day, Amenable semigroups. Illinois J. Math. 1 (1957), 509–544 Zbl 0078.29402

MR 0092128
[12] E. Følner, On groups with full Banach mean value. Math. Scand. 3 (1955), 243–254

Zbl 0067.01203 MR 0079220
[13] R. Geoghegan, Open problems in infinite-dimensional topology. Topology Proc. 4 (1979),

no. 1, 287–338 Zbl 0448.57001
[14] S. M. Gersten, Selected problems. In Combinatorial group theory and topology (Alta,

Utah, 1984), pp. 545–551, Ann. of Math. Stud. 111, Princeton University Press, Princeton,
NJ, 1987 Zbl 0616.20015 MR 0895631

[15] F. P. Greenleaf, Invariant means on topological groups and their applications. Van Nos-
trand Mathematical Studies 16, Van Nostrand Reinhold, New York, 1969
Zbl 0174.19001 MR 0251549

[16] R. I. Grigorchuk, An example of a finitely presented amenable group that does not belong
to the class EG. Mat. Sb. 189 (1998), no. 1, 79–100 Zbl 0931.43003 MR 1616436

[17] V. Guba, Evacuation schemes on Cayley graphs and non-amenability of groups. Internat.
J. Algebra Comput. 32 (2022), no. 8, 1477–1494 Zbl 07643794 MR 4526118

[18] V. Guba and M. Sapir, Diagram groups. Mem. Amer. Math. Soc. 130 (1997), no. 620,
viii+117 Zbl 0930.20033 MR 1396957

[19] V. S. Guba, On the properties of the Cayley graph of Richard Thompson’s group F . Inter-
nat. J. Algebra Comput. 14 (2004), no. 5-6, 677–702 Zbl 1088.20021 MR 2104775

[20] V. S. Guba, On the density of Cayley graphs of R. Thompson’s group F in symmetric
generators. Internat. J. Algebra Comput. 31 (2021), no. 5, 969–981 Zbl 1502.05090
MR 4295341

[21] V. S. Guba, R. Thompson’s group F and the amenability problem (in Russian). Uspekhi
Mat. Nauk 77 (2022), no. 2(464), 69–122. English translation: Russ. Math. Surv. 77 (2022),
no. 2, 251–300 Zbl 07552946 MR 4461368

[22] E. S. Ljapin, Semigroups. 3rd edn., Transl. Math. Monogr. 3, American Mathematical
Society, Providence, RI, 1974 Zbl 0303.20039 MR 0352302

[23] J. T. Moore, Fast growth in the Følner function for Thompson’s group F . Groups Geom.
Dyn. 7 (2013), no. 3, 633–651 Zbl 1300.20049 MR 3095713

https://doi.org/10.1142/S021819670500261X
https://zbmath.org/?q=an:1163.20310
https://mathscinet.ams.org/mathscinet-getitem?mr=2197808
https://doi.org/10.1007/BF01388519
https://zbmath.org/?q=an:0563.57022
https://mathscinet.ams.org/mathscinet-getitem?mr=0782231
https://doi.org/10.1016/0022-4049(87)90015-6
https://zbmath.org/?q=an:0613.20033
https://mathscinet.ams.org/mathscinet-getitem?mr=0885095
https://doi.org/10.1007/BF01388451
https://zbmath.org/?q=an:0557.55009
https://mathscinet.ams.org/mathscinet-getitem?mr=0752825
https://zbmath.org/?q=an:0880.20027
https://mathscinet.ams.org/mathscinet-getitem?mr=1426438
https://doi.org/10.1215/ijm/1256047608
https://zbmath.org/?q=an:0439.20017
https://mathscinet.ams.org/mathscinet-getitem?mr=0573475
https://doi.org/10.1215/ijm/1255380675
https://zbmath.org/?q=an:0078.29402
https://mathscinet.ams.org/mathscinet-getitem?mr=0092128
https://doi.org/10.7146/math.scand.a-10442
https://zbmath.org/?q=an:0067.01203
https://mathscinet.ams.org/mathscinet-getitem?mr=0079220
https://zbmath.org/?q=an:0448.57001
https://doi.org/10.1515/9781400882083-026
https://zbmath.org/?q=an:0616.20015
https://mathscinet.ams.org/mathscinet-getitem?mr=0895631
https://zbmath.org/?q=an:0174.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=0251549
https://doi.org/10.1070/SM1998v189n01ABEH000293
https://doi.org/10.1070/SM1998v189n01ABEH000293
https://zbmath.org/?q=an:0931.43003
https://mathscinet.ams.org/mathscinet-getitem?mr=1616436
https://doi.org/10.1142/S0218196722500667
https://zbmath.org/?q=an:07643794
https://mathscinet.ams.org/mathscinet-getitem?mr=4526118
https://doi.org/10.1090/memo/0620
https://zbmath.org/?q=an:0930.20033
https://mathscinet.ams.org/mathscinet-getitem?mr=1396957
https://doi.org/10.1142/S021819670400192X
https://zbmath.org/?q=an:1088.20021
https://mathscinet.ams.org/mathscinet-getitem?mr=2104775
https://doi.org/10.1142/S0218196721500454
https://doi.org/10.1142/S0218196721500454
https://zbmath.org/?q=an:1502.05090
https://mathscinet.ams.org/mathscinet-getitem?mr=4295341
https://doi.org/10.4213/rm10040
https://doi.org/10.1070/RM10040
https://zbmath.org/?q=an:07552946
https://mathscinet.ams.org/mathscinet-getitem?mr=4461368
https://zbmath.org/?q=an:0303.20039
https://mathscinet.ams.org/mathscinet-getitem?mr=0352302
https://doi.org/10.4171/GGD/201
https://zbmath.org/?q=an:1300.20049
https://mathscinet.ams.org/mathscinet-getitem?mr=3095713


V. Guba 168

[24] A. Y. Ol’shanskii, On the problem of the existence of an invariant mean on a group (in
Russian). Usp. Mat. Nauk 35 (1980), no. 4(214), 199–200. English translation: Russian
Math. Surveys 35 (1980), no. 4, 180–181 Zbl 0465.20030 MR 586204

[25] A. Y. Ol’shanskii and M. V. Sapir, Non-amenable finitely presented torsion-by-cyclic
groups. Publ. Math. Inst. Hautes Études Sci. (2003), no. 96, 43–169 Zbl 1050.20019
MR 1985031

[26] M. V. Sapir, Combinatorial algebra: Syntax and semantics. Springer Monogr. Math.,
Springer, Cham, 2014 Zbl 1319.05001 MR 3243545

[27] R. Sedgewick and P. Flajolet, An introduction to the analysis of algorithms. 2nd edn.,
Addison-Wesley, Reading, MA, 2013

[28] J.-P. Serre, Trees. Springer, Berlin, 1980 Zbl 0548.20018 MR 0607504
[29] J. von Neumann, Zur allgemeinen Theorie des Masses. Fund. Math. 13 (1929), 73–116

Zbl 55.0151.01
[30] H. S. Wilf, Generatingfunctionology. Academic Press, Boston, MA, 1990

Zbl 0689.05001 MR 1034250

Received 23 October 2022; revised 16 August 2023.

Victor Guba
Victor Guba passed away on 7 December 2023. His affiliation was with the Vologda State
University, 15 Lenin Street, 160600 Vologda, Russia

https://doi.org/10.1070/RM1980v035n04ABEH001876
https://zbmath.org/?q=an:0465.20030
https://mathscinet.ams.org/mathscinet-getitem?mr=586204
https://doi.org/10.1007/s10240-002-0006-7
https://doi.org/10.1007/s10240-002-0006-7
https://zbmath.org/?q=an:1050.20019
https://mathscinet.ams.org/mathscinet-getitem?mr=1985031
https://doi.org/10.1007/978-3-319-08031-4
https://zbmath.org/?q=an:1319.05001
https://mathscinet.ams.org/mathscinet-getitem?mr=3243545
https://zbmath.org/?q=an:0548.20018
https://mathscinet.ams.org/mathscinet-getitem?mr=0607504
https://zbmath.org/?q=an:55.0151.01
https://zbmath.org/?q=an:0689.05001
https://mathscinet.ams.org/mathscinet-getitem?mr=1034250

	Outline
	1. Preliminaries
	1.1. Thompson's monoid and group
	1.2. Graphs and automata
	1.3. Rooted binary trees and forests

	2. Semigroup diagrams and binary forests
	3. Amenability and the density of the Cayley graphs
	4. Generating functions
	5. Proof of Theorem 1
	6. Proof of Theorem 2
	References

