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Domain branching in micromagnetism:
Scaling law for the global and local energies

Tobias Ried and Carlos Roman

Abstract. We study the occurrence of domain branching in a class of (d + 1)-
dimensional sharp interface models featuring the competition between an interfacial
energy and a non-local field energy. Our motivation comes from branching in uni-
axial ferromagnets corresponding to d = 2, but our result also covers twinning in
shape-memory alloys near an austenite-twinned-martensite interface (corresponding
to d = 1, thereby recovering a result of Conti [Comm. Pure Appl. Math. 53 (2000),
1448-1474)).

We prove that the energy density of a minimising configuration in a large cuboid
domain Q7 17 = [-L, L]d x [0, T] scales like T-2/3 (irrespective of the dimen-
sion d) if L > T2/3. While this already provides a lot of insight into the nature
of minimisers, it does not characterise their behaviour close to the top and bottom
boundaries of the sample, i.e., in the region where the branching is concentrated.
More significantly, we show that minimisers exhibit a self-similar behaviour near the
top and bottom boundaries in a statistical sense through local energy bounds: for any
minimiser in Qy, 7, the energy density in a small cuboid Qy ; centred at the top
or bottom boundaries of the sample, with side lengths £ > 12/ 3, satisfies the same
scaling law, that is, it is of order 17273,

1. Introduction

In this article, we revisit the mathematical study of domain branching in ferromagnets.
We will do so working within the framework of micromagnetism, a powerful continuum
theory which successfully explains observations of phenomena in ferromagnetic materials
on many length scales, ranging from nanometres to microns. All of these scales are large
enough to neglect the description of the atomic structure of the material, hence allowing
for the use of continuum physics.

A ferromagnet, like iron, is a material having a high susceptibility to magnetisation,
that is, they are noticeably attracted to the magnetic fields generated by magnets. The
strength of the magnetisation depends on that of the applied field, and may persist even if
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the external field is removed. At the atomic level, this is explained by parallel magnetic
alignment of neighbouring atoms.

The main quantity of interest in this theory is the magnetisation density M. It is defined
as the magnetic dipole moment —which may be thought of as a measure of a dipole’s
ability to turn itself into alignment with a given applied field — per unit volume. Denoting
by Q2 C R3 the material sample, it is defined as a vector field in €2, which, far below the
Curie temperature T, has constant length, that is,

M| = M, in€.

Here, M denotes the saturation magnetisation, a material constant (at fixed temperature).
We will next consider the rescaled and extended magnetisation m: R3 — R3, defined
asm = M/M; in  and zero elsewhere, so that

|m|2 _ 1 in Q,
“ 10 elsewhere.

The magnetisation m induces a stray field (demagnetisation field) h: R® — R3, which is
obtained by solving the (normalised) Maxwell equations of magnetostatics

curlh=0 and div(h4+m) =0 inR>.

Hence, h is the Helmholtz projection of (the extended) m. These equations have to be
understood in the sense of distributions, the latter equation thus means that

/ h-V¢dx=—[m-V¢dx, Yo € C2(R?).
R3 Q

In particular, there are two sources for h, corresponding to the two components of the
divergence of m. For a (sufficiently) smooth m, the densities of these components are
given by divm at points of & and —m - v at points of the boundary d€2, where v denotes
the outer unit normal to 2. By an analogy with electrostatics, these are called (magnetic)
volume and surface charges.

Landau and Lifschitz in [20] introduced the so-called Landau-Lifschitz energy for
micromagnetism, which has successfully predicted the behaviour of ferromagnets in a
vast range of situations. In normalised form, in absence of an applied magnetic field and
at fixed temperature (far below T¢), is given by

E(m) = dZ/Q |Vm|? dx + Q/ng(m) dx +/R3 |h|? dx.

Here,

(a) The first term is the exchange energy. It favours the alignment of the magnetisation
along a common direction, that is, a uniform m in 2. It is of quantum mechanical origin
and models a short range attraction between the spins. The material parameter d, called
the exchange length, is its intrinsic length scale.

(b) The second term is the anisotropy energy. It comes from the interaction of the
magnetisation m with the lattice structure of the material.
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The non-negative function ¢: S — R enforces a preference for the direction of the
magnetisation. We will be interested in the uniaxial case

which favours the third axis and thus the directions (0, 0, 1).

The dimensionless material parameter Q is called the quality factor. It separates ferro-
magnetic materials into two broad classes: soft materials, for which Q < 1, and hard
materials, for which Q > 1. We will be interested in strongly uniaxial materials, for
which Q is a large parameter.

From now on, we will be interested in the case of an idealised ferromagnet in the form
of an infinite slab of thickness ¢ that is normal to the easy axis, i.e., R2 x [0, #]. In order to
deal with the unboundedness of the domain, we will impose some artificial periodicity 2¢
in the first two space coordinates, that is, Q@ = [—£, £)? x [0, ¢] and

m(x) = m(x; + 24, x5, x3) = m(xy, xo + 20, x3), VxeR3.

(c) The third term is the non-local stray field energy. It favours magnetisations whose
induced stray field is reduced as much as possible. One has that

[ |h)? dx
[—£,£)2xR

= min{/ |ﬁ|2dx ‘h:R*>R3is [—£, £)%-periodic in (x1,x2), V-(ﬁ+m)=0}
[—£,0)2xR

=/ IV]7'V -m|” dx,
[—€.0)2xR

see the Appendix of [22] for more details on the stray field energy. Hence, instead of min-
imising the non-local energy E(m), we can also include the field h in the minimisation,
which makes the problem more local,! and is similar to the localisation of the fractional
Laplacian via extension, see [3].

We next heuristically explain why and when the parameters of the model allow for
domain branching to occur. For a detailed explanation, we refer the reader to [13, 17]
and references therein. Also, in these references, the variety of microstructures that can
be observed in ferromagnets is discussed, including more about the physics background
of the model. The expert reader may want to skip this discussion and move on to the
statement of the main results in Section 1.1.

Observe that the anisotropy and exchange energies favour the uniform magnetisations
m = £(0,0, 1). Nevertheless, the distributional divergence of £(0, 0, 1) consist of surface
charges of density £1 and F1, respectively at the top (x3 = ) and bottom (x3 = 0)
boundaries, which generate a constant stray field h = F1 in Q. This leads to a stray field
energy (and thus a Landau-Lifschitz energy) of 7 per area in the cross section x1x5.

I'This is actually the point of view that we will take in the remainder of the article.
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However, the stray field energy can be reduced if the third component of the magnet-
isation (and therefore the surface charges) alternates between £1 and F1 at the top and
bottom boundaries. This corresponds to screening, the main driving principle in electro-
statics: the minimising charge distribution has the property that, on mesoscopic scales, the
charges try to arrange themselves in such a way that the macroscopic part of their induced
stray field is reduced as much as possible.

Indeed, for a magnetisation that only depends on x” = (x1, x) and horizontally altern-
ates between £(0, 0, 1) and F(0, 0, 1) with a period w < t, the induced stray field
concentrates in a neighbourhood (in the x3-direction) of the top and bottom boundaries of
size w, which leads to a stray field energy of order w per area in the cross section x;x».

The exchange energy of course prevents that m jumps, which leads to the formation
of domains, i.e., (large) regions where m is nearly constant and equal to (0, 0, 1), separ-
ated by walls, i.e., (small) smooth transition layers between +(0, 0, 1) and F(0, 0, 1). In
strongly uniaxial materials (i.e., when Q is large), the latter are the so-called Bloch walls.
In this case, m smoothly rotates in the x,x3 plane as one crosses the transition layer in the
normal x; direction.

For a magnetisation that only depends on x;, by balancing the exchange and aniso-
tropy energies, one finds that the width of the walls wy,; must be of order d Q‘l/ 2
and that the specific wall energy is of order d Ql/ 2, Letting Wgomain denote the domain
width, this leads to a wall energy contribution, per area in the cross section xjx;, of
order dQ 2wy} . t. Hence, combining with the stray field energy, we obtain a Landau—
Lifschitz energy, per area in the cross section x;xz, of order dQ'2wy .} .t + Wiomain,
leading to an optimal domain width wgomain and energy per area of order (dQ'/2¢)1/2.

Let us observe that for this to be consistent, i.e., for Wy < @Wdomain <K ¢ to hold,
the condition dQ'/? <« t is needed. Thus, in this regime, the uniform magnetisation is
energetically beaten. It would then seem natural to think that the minimiser behaves as
described above. Nevertheless, by varying the domain width in the x3-direction, one can
further reduce the energy. Intuitively, it is convenient to have a very small domain width
near the top and bottom boundaries to reduce the stray field energy, but away from these
surfaces, it is better to have a large domain width to reduce the wall energy.

This is achieved by domain branching, see Figure 1, firstly introduced by Lifschitz [21]
(see also [16, 17]). It is worth mentioning that a similar branching phenomenon, related
on a mathematical level to optimal transportation, occurs in type-I superconductors; see
[4,7,11,12].

The branching though comes at a price, due to the fact that the inter-facial layers
between 4(0,0, 1) and F(0, 0, 1) are now tilted. They thus carry charges in the bulk,
which generate a stray field. Letting wyyx denote the domain width in the bulk, arguing
similarly as above, one finds that the total (bulk) energy per area in the cross section x; x,
is of order Q2w L t + w2, t7", leading to an optimal wyy of order (dQ1/2¢2)1/3
and energy per area in the cross section x;x, of order ((dQ'/2)%1)!/3. We immediately
see that, provided dQ'/? « t, the branched configuration is energetically advantageous,
and that we have consistency, i.e.,

Wwyall < ®domain < Whulk <Lt

holds.
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Figure 1. Branched domain structure.

Choksi, Kohn, and Otto [6] were the first to mathematically prove that the above con-
siderations are correct. More precisely, they proved that there exist universal constants
co, Co > 0 such that

(1) ((dQ"?)? ' < o minE(m) < Co((@Q"/)? )

in the regime
(1.2) 0> 1, do'Y?«t, and €3> (d0V?)r?)'/3,

Notice that the last condition ensures that the artificially imposed period 2£ is larger
than wpyk, 1.€., there is enough room for bulk domains to occur. Actually, the model con-
sidered in [6] is a sharp-interface reduction of micromagnetics, hence slightly simpler.
The exchange energy is replaced by the term d? [, |[Vm|, which has to be understood as
the total variation in €2 of the measure Vm. This part of the energy essentially captures the
total area of the domain walls (up to the factor 2d 2). Later, in [13], an argument to obtain
the lower bound for the minimal micromagnetics energy (instead of the sharp-interface
model) with the same energy scaling was provided.

Moreover, in [6], it is proved that if the domain structure is restricted to be independ-
ent of x3, then the scaling law of the minimum is different, precisely as £2(dQ'/?¢)1/2.
This coincides with the above discussion and strongly suggests that domain branching is
required for energy minimisation.

This work extended previous results by Choksi and Kohn [5], where analogous result
for the 2D version of the same problem were obtained, to three dimensions. Both articles
were motivated by the highly influential work by Kohn and Miiller [18, 19] concerning
branching of twins near an austenite-twinned-martensite interface. In these papers, the
authors identified the scaling law of the minimum energy for a certain non-convex and
non-local variational problem regularised by small surface energy. Conti [9] was able to
go beyond the scaling law of the minimum energy. Notice that even though the bounds
on the minimum energy provide insight about the shape of minimisers, they do not give
precise information about the local behaviour of minimisers near the interfaces where
branching is expected to occur. The purpose of Conti’s work was to address this question,
introducing new ideas which allowed for proving that minimisers are self-similar in a
statistical sense (a more precise description is given later).
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Conti’s result was extended to 3D by Viehmann in his Ph.D. thesis [25].2 In order to
get to it, let us start by describing a I'-type convergence established by Otto—Viehmann
in [22], in which the limiting energy turns out to be the 3D generalisation of the 2D
functional proposed by Kohn—Miiller [18, 19].

Given any 0, T > 0, we let
L (O.TZ)I/S q .
y = —(dQ1/2t2)1/3 and y3 = -

We then perform the change of variables

and define

) TN\1/3 dQl/Z 1/3 V3 . T\2/3 dQ—l/Z dQ—l/Z ,

&= (E) ( ! ) Ty 8= (E) d0V2213 4 v
(oT?)!/?

= (dQ1/212)1/3 t=

y'L.

Notice in particular that §¢ =2 = Q1. Denoting £ = (*’, £3) and h = (h’, h3), by rescaling

the stray field as
A 1 ~
W (%) =-h'(x) and h3(&) =hs(x),
€

we see that div h = 3 divh, where div denotes the divergence with respect to the X
coordinates. We also set m(x) = m(x). Finally, we let

~ 1 L* ¢t 1y
Em)=--—+—E = - — E(m).
i) = 5 77 7 Em) = 5~ E(m)
A direct computation then shows that
2 1

R 25 @/
2 JL.p2xo1) |\ €55;

1 o\
3 (1)
2 Jier,nyexr |\ T hs

dx
and that in the sense of distributions, there holds

df + — / I’ |? dx
28 J—L,1)2x(0,T)

o ) .
v/-(h+-m/)+f(h3+m3)=0 in R3.
& 8x3

Here, V/ denotes the gradient with respect to the first two spaces variables in the X coordin-
ates.

2In fact, our initial motivation was to understand some of the results contained in the Ph.D. thesis of
Viehmann.
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Let us observe that the regime (1.2) is characterised in the parameters ¢, §, L, o and T
by the (equivalent) conditions

-2 0 3 L
feT K1, T e K1 and T2
which, for fixed o and T, can be conveniently written as § < 2 «1<«L.

A main result in [22] is to establish a I'-type convergence® for the energy func-
tional E(th). More precisely, for any L > (6T2)'/3, as §¢=2 — 0 and & — 0 (where
no order of the limits has to be imposed), the functional E(ﬁl) converges to the sharp
interface micromagnetics functional, in the case d = 2,

- 1
E(m) :=0/ |V’m|+—/ |h)? dx.
oLt 2 Ji-L.L} xR

Here, m € {—1,1} a.e. in Qp 1 = [-L, L]? x [0, T] denotes the magnetisation. It is
2 L-periodic in the first d space coordinates, and equal to 0 elsewhere (i.e., for xy4; < 0
and xz41 > T). With V' we denote the gradient with respect to the first d space coordin-
ates, and the stray field 7: R¢T! — R induced by m satisfies

(1.3) V' -h4834m=0 and V xh=0 inR¢"!

> 1,

in the sense of distributions, where V' - h and V' x h denote the in-plane divergence and
the in-plane curl of the vector field /, respectively. This energy functional comes supple-
mented with the (weak) boundary condition m = 0 on {x;4+; = 0} and {xg4+; = T} in
the sense that

m(-,Xg41) 20 weakly-* in L®(RY) as xg4; — 0,7,

that is, infinite branching. Let us emphasise that this condition ensures finiteness of the
anisotropic stray field energy. Moreover, it implies that the generated stray field & vanishes
outside QO .

Since the magnetisation in Qy, 7 takes only the values %1, the first contribution in the
energy has to be understood in the sense of BV functions,

/ |V/m| dx
oL

= sup{/ mV - Edx: £e€® @RI RY) £is [-L, L)% -periodic in X, |§| <1 in QL,T}y
oLT

and can be interpreted as the slice-wise measure of the set where m changes sign. More
precisely,

T
[wmi=2 [ @) = 1) dan
oLt 0

where #1(0{m(-,x441) = 1}) denotes the Hausdorff measure of the set where m takes
the value 1 on the slice x;74; = constant in Qy, 7, corresponding to the usual geometric
interpretation of the gradient of the characteristic function of a set as perimeter.

The constant o represents the interface energy per cross section area. In particular, this
constant ensures that both terms in the energy have the same units.

3For some technical reasons, their result does not provide a full I"-convergence result, see Theorem 2 in [22].
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1.1. Main results

We consider the energy functional

1
(1.4) Eg, r(m.h) :=o/ |v’m|+—/ |h|? dx
oLt 2 orLr
on the set
Ay =Am k) me Ly, ([0, TEBVx(Qp:{£1}), h € L*(Qr,r3R?), such that
*

V' -h + 0441m = 0 distributionally in R+ m = 0as X441 — 0, T,

(1.5 and periodic lateral boundary conditions},

of admissible periodic configurations, where Q) = [-L, L]?. Note that the stray field
energy can also be expressed as*

(1.6) min  Eg, ,(m,h)
(m,h)eAl ’
LT

= min (a/ |V'm|
m oLT

1
+ min {-/ B2 dx : s [—€, £)2-periodic in x', V/ - 1 + dg1m = o})
2 oLr

1
— min (0/ \V'm| + -/ ||V’|_18d+1m|2dx);
m oL 2 oLr

see the Appendix of [22] for more details. This is an important ingredient in the derivation
of an ansatz-free lower bound on the minimal energy based on interpolation between BV
and H~! with respect to the horizontal variables x’, see Section 4.1 based on [8].

We will also consider the case of zero-flux boundary conditions

A%L’T ={0m,h):meLy, (0,T;BVy(Qr:{%1})).he L%(Or.r;R?), such that
V' h+94.+1m =0 distributionally in Qr 7, m X0as Xg4+1—0,T,
(1.7) h-v'=00nTL 71},

where I', 7 = 0Q} x [0, T'] and the equation and boundary conditions are understood
in a weak sense (as described more precisely in (2.1)). Let us remark that even though
the reduced functional was derived using periodic lateral boundary conditions, from a
physics point of view, the zero-flux lateral boundary conditions are the most natural to
impose in this context, since they account for the situation of a finite sample where the
stray field generated by the magnetisation naturally vanishes outside the sample (recall

that m — 0 as Xg41 —> 0, 7).
The energy functional E has the following important scaling property: for A > 0, let

my(x) = m(A?3x" Axgy1) and  hy(x) =AY RA2PY, Axg41).

4The curl-free condition on / is enforced by the minimisation, see Remark 2.2.
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Then (m;, hy) € AR7° and

Qr2/3L,A—1T

(1.8) (my. hy) =292 P Eg, . (m,h).

EQ)L_Z/3L,/171T

We finally have all the ingredients to present our first result, which provides global
scaling laws for this functional.’

Theorem 1.1 (Global scaling laws). There exist universal constants® Cpp < oo and
0 <cs <Cs < oo such that, if L > CLT01/3 T2/3 then the minimal energy with respect
to periodic or zero-flux boundary conditions satisfies

cS02/3LdT1/3 < min EQL’T(m,h) <Cg o233,
(m,h)e.Aer'L/OT

Note that this is in perfect agreement with (1.1) in the case d = 2, and therefore with
the heuristic computations performed when branching is expected to occur. The lower
bound follows almost directly from an interpolation inequality, see Lemma 13 in [25] and
Theorem 1.1 in [8], while the upper bound is obtained via an explicit construction, which
is inspired by [25] (in the case d = 2).

Our main result, which has partially been obtained by T. Viehmann in his (unpub-
lished) PhD thesis [25], goes beyond the global scaling law, capturing the self-similar
behaviour of minimisers near the top and bottom boundaries. It shows that the energy
within any cuboid

Qui@) = Qus +a, foraeRIT!

sitting at the top or bottom boundaries, for lengths £ < L and ¢ < T which respect the
relation £ >> (012)'/3, satisfies the same scaling laws, i.e., it is of order o2/3¢a1/3,

Theorem 1.2 (Local scaling laws). There exists a universal constant C¢; < 00 such that
the following holds: if L > Cy; a3 T23 and € > Cy, 0131213, then there exist universal
constants’ 0 < ¢y < Cyg < 00 such that any (m, h) minimising (1.4) in Q1 with respect
to periodic or zero-flux boundary conditions satisfies

;0?2013 < Eg, (@y(m.h) < Coo? 041!/
for any cuboid Qy ;(a) witha € R? x {0} ora € R? x {T —t} such that Q@) OL.T.

Remark 1.3. Our results in particular show that the energy density

eg,,(m,h) = ;EQU (m,h)
|Q€,t|
of any minimising configuration (m, k) scales like (07 ~')?/3 and is therefore independent
of the dimension d. The minimal energy density ming,,n) eg, (m, h) has a thermody-
namic limit as L — oo, as shown by Otto and Viehmann [22] (for d = 2), therefore
proving that the energy scaling is asymptotically exact.

SIn the case d = 2 with periodic boundary conditions, this can already be found in [25], while an analogous
statement for d = 1 is contained in the classic work [19].

By a universal constant we always mean a constant that only depends on the dimension d, but not on any
system parameter (like L or 7).

"To be precise, the constant cs only depends on the dimension d, while Cs depends on d and Cy;.
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Remark 1.4. In the following, we will set 0 = 1 for simplicity; the general case can then
be recovered by a simple scaling argument.

Remark 1.5. The main results can be extended to almost-minimisers in the following
sense: (M amost> Paimost) € A"QEZ(; is an almost-minimiser at scale (L, T') if hymos 1S curl-
free (hence a gradient field) and there exists a constant C < oo such that

1 1
IV Maimost| + = RZnoq dx < |V'm| + = h?dx +CLeT'/?
2 2
oL oL oLr oL

. per/0
for all competitors (m, h) € A Orr

Theorem 1.1 also holds for almost-minimisers at scale (L, T) for L > T?/3. In
this sense, almost-minimisers are “low-energy configurations” [6] because their energy
is within a certain factor of the minimum energy.

The extension of Theorem 1.2 requires (M amost> Aaimost) tO be almost-minimising at
any scale £ < L,t < T with £ > t2/3.

For d = 1, Theorem 1.2 was first proved in the seminal work by Conti [9] in the con-
text of twinning in shape-memory alloys, and was recently extended by Conti, Diermeier,
Koser, and Zwicknagl [10] in several directions, including the case in which there are two
phases with different volume fractions, i.e., u € {—0,2 — 0}, where /2 € (0, 1/2] rep-
resents the volume fraction of the minority phase®, in both the regime where the energy
scales like 02/3 and the regime where it scales like o'1/2.

In his unpublished Ph.D. thesis, Viehmann [25] extended Conti’s result to d = 2. In
the process of understanding it, we realised that we could obtain the same local energy
bounds via a simplified proof, that we will present in a structured way. While at the mac-
roscopic level, our proof follows the one of Viehmann, it differs substantially in its details.
Moreover, it has the advantage of working in any dimension and therefore also reproduces
the result contained in [9]. Moreover, our approach, which is inspired by [1, 2], makes a
clear distinction between the detailed study of convex relaxation(s) of the problem and
constructions to transfer properties of the relaxed problems to the non-convex one. In par-
ticular, we break down the rather complicated proof in [25] into its basic building blocks.
On that level the intricacies of several of the constructions are clearly revealed. Finally, the
Campanato-type iterations used to transfer the global scaling law to small cuboids at the
sample boundaries allow for some flexibility, e.g. the extension to almost-minimisers (at
every scale) and the treatment of both periodic and zero-flux lateral boundary conditions.

Let us give a rough idea of our proof. We start by introducing the convex relaxation of
the minimisation problem, that is, we minimise among functions m that satisfy m € [—1, 1]
instead of m € {—1, 1}. This is what we call relaxed problem, which is of course simpler
due to its convexity. Moreover, we consider an over-relaxation, which corresponds to an
Xgq+1-averaged problem, that is trivial to solve. From the over-relaxed problem, we are
able to construct a competitor for the relaxed one, via an explicit boundary layer construc-
tion. Finally, from the competitor for the relaxed problem, we construct a competitor for
the non-convex problem, via a re-distribution of mass, which is compatible with the hard

8Notice that when § = 1 we recover the case analysed in this paper.
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constraint m € {—1, 1}. Of course, in this process, we have to modify the stray field accord-
ingly to satisfy the differential constraint relating them.

These constructions are an essential ingredient for the core argument of our proof:
regularity theory in the form of a Campanato type iteration, that allows us to transfer
the global scaling law to a local one. More precisely, we do two iterations’: an initial
one (which is rather standard for this kind of problems) to reduce to the case for which
L =cp7T?3, where cp 7 is a coupling constant that has to be chosen large enough. Then,
by monitoring two quantities at the same time, we are able to approach the top or bottom
boundary both horizontally and vertically in one go, which is a major advantage and one
of the main novelties of our iteration scheme. The competitor construction plays a key
role in proving a one-step improvement, which is then fed into a Campanato iteration, to
obtain the local scaling law.

A different approach, based on duality estimates, inspired by the highly influential
work of Alberti, Choksi, and Otto [1], will be presented in a forthcoming article [24].
In our view, the ideas introduced in [1] to analyse a sharp interface limit of a model
of microphase separation in diblock copolymers, are more robust in proving screening
properties. In fact, they have been successfully used to treat problems where screening is
a driving principle; see for instance [2, 15].

In a similar model related to domain branching in type-I superconductors derived
in [11], which is actually of branched transport type, it has recently been proved in [23]
that optimal local energy estimates characterise the conjectured Hausdorff dimension of
the irrigated measure in the cross-over regime between uniform and non-uniform branch-
ing. The irrigation problem from a Dirac mass to Lebesgue measure in a two-dimensional
analogue of the energy functional derived in [11] has been solved by Goldman [14], who
proves that the minimiser is a self-similar tree.

The rest of the article is organised as follows. In Section 2, we introduce the relaxed
and over-relaxed problems and construct a competitor of the former from the (unique)
solution to the latter. In Section 3, we construct a competitor for the non-convex problem
based on a building block construction. In Section 4, we provide a proof for Theorem 1.1.
In Section 5, we give the proof of Theorem 1.2. Finally, in Appendix A, we establish an
elliptic estimate which is needed for the building block construction of Section 3.

2. Relaxed and over-relaxed problems

In the study of minimisers of (1.4), it is beneficial to study its convex relaxation and
allow for general lateral flux boundary conditions g € L?(T' 1), as well as general top
and bottom magnetisations m”, m8 € L°(Q} ;[-1, 1]) defined on Q) = [-L, L]?. We
therefore consider the following relaxed minimisation problem:

1
ES (gimBT) = inf —/ |h|? dx,
oLt heky, (gmPT) 2 JoLr

°In the case of zero-flux boundary conditions, an extra iteration for cuboids centred at the boundary T L.T
is needed.
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where the set of admissible functions xfgL T(g; m®T) consists of those functions 4 in
L2(Qr.1:R?) satisfying, for all test functions ¢ € €1(Qr r), that'’

2.1 (h~V/<p+m8d+1<p)dx=/
oLt ry
for some m € L2(Qp r;[—1,1]). We will write
A, (gm®T) i={(m, ) € L*(Qr,7:[-1,1]) x L*(QL,1;R) :
(2.1) holds for all g € €' (Q 1. 7)}

g0+ / (T o(x'. T) — mB (', 0)) dx'.
T o1

and remark that

1
EY (g:mBT) = inf _/ |h)? dx.
OLr (h,m)%rg”(g;mB’Tﬂ oLt

Note that the set of admissible functions AZ‘L , (g:m®B°T) is non-empty only if the bound-
ary conditions are compatible, i.e., if

2.2) / gdyd—! = (mB —mT)ax’,
7 o)

which we shall assume henceforth. In particular, | fFL ;8 d#d-1 <214,

Since (2.1) implies that the vector field (h,m) € L*(QL.1; R4*1) is divergence-free in
Qpr.1,h -V has a well-defined lateral trace'! / - V|1, ,(a) and top/bottom trace m(-,aq+1)
and m(-,ag41 + t) in almost any sub-cube Qy ;(a) = Q¢ + a contained in Oy 7. By
Fubini’s theorem, / - v/|pw(a) € L?(Ty(a)) for almost every £ € (0, L) and ¢ € (0, 7).

Lemma 2.1. Let (m,h) € AG, (g;m®T) be a minimiser of E, (g;m®T). Then h

is a gradient field, i.e., there exists a potential u € H'(Qr 1) such that h = —V'u. This
potential is a solution of

Ay = — /
2.3) { A'u dgy1m in QL T,

—Vu-v=g onTp .

While this is rather standard, we give a proof of Lemma 2.1 for the convenience of the
reader.

Proof. Let (m, h) € A _(g;m®T) be a minimiser of Ef (g;m®7) and let u €

H'(QL.r) be a solution of (2.3). Then

/ hzdx=/ |V'u|2dx+/ |h+V/u|2dx—2/ (h + V'u) - V'udx
oLt oLt oLr oLr

(2.1),=(2.3)/ |V’u|2dx+/ |h+V'u|2de[ |V/u|2dx.
oLr oLr oLr

10That is, they satisfy in the sense of distributions g4 ;m + V' -h = 0 in Qp 7, with lateral flux boundary

*
conditions & - v = g on I', 7 and top/bottom boundary conditions m (-, xg41) — mBT as X441 — 0, T.

with v € R? we will always denote the outer unit normal to I'y, 7 (respectively, Iy ; (a)).
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Since (m,—V'u) € AB‘L (& m®T) by (2.3), minimality of 4 implies that

/ h%dx < / [V'u|? dx,
oL oLr

hence h = —V'u. n

Remark 2.2. The same argument shows that if the pair (m, #) minimises the non-convex
energy (1.4) over AerrL/ 2, then £ is a gradient field.

Remark 2.3. Note that any minimiser (m, h) € ArgL - (g:mBT) of EE‘L - (g:m®T)ina
cube Q1 is locally minimising in any sub-cube Qg,’t(a) Cc QLT ie, niinimising given
its own boundary conditions.

Indeed, let

g=h- VI|I‘“(a)’ mB =m(,a411), M =m(,ag41 +1),

and _
(i, ) € A, (& mPT).

Then

~

(m.h) = (n 1Ql{,t +m lQL,T\Ql,t ’ h th,r +h lQL,T\Ql,t) € AZIL,T (g: mB’T)’

and we have that

2

1 ~ 1 1 ~
—/ |h|2dx= —/ |h|2dx+—/ |h|2dx,
2 oLt 2 0L, 7\Qy 2 Qs

1 1 ~
-/ |h|?dx < -/ |h|? dx
2 Ql,t 2 Ql,t

for any (h, i) € Arg“(fg';n?B’T).

Ie. 1
ES, (gmPT) = —/ |h? dx
oLr

IA

hence

Further, given top and bottom magnetisations m?T ¢ L*(Q7), we define the (curl-
free) fields generating them via

HBT .— _y/y BT
where the potentials u5>T solve
—ANuBT = —mBT inQj.

By (2.2), they have to satisfy the boundary condition

T

(HT—HB)-U’=/ gdxg41 = Tgr ondQj.
0
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2.1. Over-relaxed problem

We will also look at the x4 41-averaged problem corresponding to the linear interpolation

X X
mo(x) == d;l mT + (1 — dTH)mB

between m’ and m®, which can be thought of as an over-relaxed problem given by the
energy functional

1 T
E%L,T(g;mB’T) = E/Q |V/U0|2dx = 5 /;/ |V/v0|2 dx/,
LT A

where vy is the unique solution'? of

~Nvy=—(mT —mB)/T inQrr,
—V'vo-v =gr onTy T,

with fQL 7 Vo dx = 0. Let us stress that vg is constant with respect to x4 1.

It is easy to see that if (m, &) is a minimiser of the relaxed problem E rQelL , (g:mBT),
then the height average

_ T
hT = f hdxd+1
0

is a solution of the over-relaxed problem, i.e., hr = —V'vy and we have

1 _
ES (gmPTy= 1t / iy P d.
oLt 2 oLr

More generally, we have the following.

Lemma 2.4. Let (m,h) € ArgL , (g.m®T) and assume that h is a gradient field. Then

T
/ hdxgi = HT —HB on Q).
0

Proof. Leth = —V'u for some u € H'(Qp r). Then, by admissibility,

T
H=-VU :=/ —V'udxgyq
0

is a weak solution of

—~ANU =mB —mT in Q7 ,
T T

-V'U -V :/ hvidxgiq =/ gdxgy1 ondQj.
0 0

By definition of H BT — _v'yB.T the function u? — u® satisfies the same PDE (includ-
ing boundary conditions). By uniqueness, we must have H = HT — HB. |

12Note that the equation is solvable by (2.2).
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Lemma 2.5 (Orthogonality). Leth € L?(Qy ). Then
1 = 5 1 5 1 = 5
- |h—h|“dx = = |h|“dx — = ||~ dx.
2 Ql,t 2 Q(,t 2 Qé,t
Proof. Leth € L?(Qy,). Then
1 = 5 1 5 1 = 5 - -
- |h—h|“dx = = |h|"dx — = |he|”dx + hy - (hy — h)dx,
2 Ql,t 2 Qé,t 2 Qé,t Ql,t
and since
- -_— - t -_—
/ ht(ht—h)dx =/ ]’l;/ (h,—h)dxd_H dX/:O,
(¥ (o)) 0
the claim follows. L]

2.2. A competitor for the relaxed problem

Given the minimiser of the over-relaxed problem, we can use it to construct a competitor
for the relaxed problem by correcting the boundary data. This will be done in a boundary

layer of size r > 0.
For r > 0, we define the set

A (Qrr) =07\ Qr_, x[0.T].

Let X (Qr,7)bethesetofall (m,h) € L*°(A,(Qr,T);[-1.1]) x Lz(A,(QL,T);Rd) sat-
isfying dg41m + V'-h =0in A, (Qr 1) with boundary conditions m(-,0) =m(-,T) =0

andh-v=g—grondQ; x[0,T],h-v=00n0dQ;_, x[0,T].

Proposition 2.6. Let g € L*(I'r,7) and m®T € L>°(Q} :[-1,1]) be such that (2.2) holds.

There exists a universal constant C < oo such that if >

2

r T _ ,\V/@+n T r 1 B
2.4) I szax{(ﬁﬁL’T(g—gT) ) ,—sup‘]{) hdde),ZsQuiﬂH |},

LQ'L

then there exists (my, h;) € X, (L, T) with the following properties:'*

T? 1 r T2
(2.5) - —/ < +-—51 (g-3r)?
L2 LT Ap,r(r) ' L L? 'er
—(d+1) T2
2 < L) — — )2
(26) T”8d+1mr||L§d+1L;<,’(AL,T(r)) ~ <L L2 ‘fr‘L,T(g gT) .

13The assumption may appear asymmetric in terms of H B and HT . However, in view of Lemma 2.4, control

on H8 and the cumulated field implies control on HT as well.

14Hereafter, we use the symbol < to indicate that the inequality holds up to a dimensional constant.
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Remark 2.7. Assumption (2.4) in particular implies the following estimate (in a weak
topology)

1
sup‘][ mo dx" <5 forall xg41 €10, T],
Py f

on the linearly interpolated magnetisation mg(-, Xg4+1) = xdf LmT + (1 - x"—T“)mB,
where the supremum is taken over all plaquettes P, of size r in Q) \ Q7 _,.

Indeed, since 0y, ,mo = (mT —m®B)/T = A'vy, we have that

Xd+1
][ mo dx’ =][ mB dx’—i-][ / OxgpMo(x’, Eqq1) dEgyy dx’
P} P/ P/ Jo

Xd+1
2][ V/.Hde/—i—/ ][ A'vo dx’" dEg 41
P/ 0 "

1 B d—1 1 a1 ’ ’ d—1
= 7 H” -v'dJdt + o7 Vl)()‘U dJe d€d+1
| P/| Jap; |P/1 Jo aP;
1 1
= HE .V dged! + Xd11 / Vg - v/ dged1,
| P/I Jap; | P/ aP;
Note that since m8, mT € L>°(Q}), and therefore dx,, ,mo € L°(Q}), the functions
HB = —V'u®B and —V'vy are continuous by elliptic regularity'”, hence we may bound
apP] apP]
‘ modx'| < | /rlsup|HB|—i—| /rlTsup|V'v0|
P/ |Pr| P/ |Pr| P/

A

L1 T T @9 1
—(—sup|HB|+—sup)][ hdxd_HD < =

where in the last step we also used that

T
—V/U() = i_lT = f thd+1.
0

In particular, we can ensure that | fPr’ modx’| < 1/2if C is chosen large enough.

The proof of Proposition 2.6, inspired by [25], proceeds via localisation of the problem
in small boundary plaquettes P, of size r and a splitting of the boundary flux f ;=g —gr
into two components:

(1) the oscillatory part of the boundary data f(-,xz4+1) — faPr’ﬂaQ’L f(, xg+1), giving
rise to a divergence-free field i1 (carrying no “charges”, therefore not influencing
the magnetisation), and

(2) the average boundary flux f, PIN3Q) f(-, xg+1), giving rise to a bounded field h;
compatible with the magnetisation m,..

I5This follows from maximal L? regularity, which implies that HB —V'yye Wl"”(Qi) for any p < oo,
and therefore HB, —V'vg € C%%(Q} ) forany & € (0, 1) by Morrey’s inequality.
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Remark 2.8. Here one would be tempted to do a standard boundary layer construction
based on screening properties, like, for instance, the one performed in Lemma 2.4 of [15]
for optimal transportation. Nevertheless, such a strategy has a major problem in our situ-
ation: one needs that 719 + Mpoundary-layer € [—1, 1], Which is a hard constraint that is not
accounted for in such a type of construction. We overcome this difficulty by the passage to
a convex combination, which essentially converts boundedness by one in L to requiring
smallness in a weaker topology, see Remark 2.7.

Proof of Proposition 2.6. The construction is done locally in each boundary plaquette P;.

We first take out the oscillatory part with a divergence-free field h; = —V’v; by solving
the elliptic PDE
—Av; =0 in P} x {xg41},
—V'01 v = f = fypiagy S Xavn) o (0PN Q7) x {xat},
—V'v-v=0 on (P \ 007) X {Xg41}.

Note that the solvability condition is fulfilled, and by elliptic regularity, we have the fol-
lowing bound:'°

2
[omesr [ (ferasnffCo)
Plx{xg41) aP/NIQ) aP/NIQ)

2
< r/ F2Coxar).
0P/N0Q}

In particular, summing over all the boundary plaquettes and integrating over [0, T'], we get

1 1 r r
27) —— hi2d =—/ [hzd’d < — 2,
27 LdT/AL,T(r)| 17 dx = 7o | ; P;I 1P dxdxasr S 4 f

I'Lr
Recall the linearly interpolated magnetisation
Xd+1 Xd+1
mo(-, Xg41) = T m’ + (1 -7 )mB-

For the averaged boundary flux, we make the ansatz that m, = A(in — mg) for some well-
chosen m taking values in [—1, 1], and we allow A = Ap/(x441) € [0, 1/2] to depend
on x4 41 in the given plaquette P,. Then m,(x) € [—1, 1] for all x € P/ x [0, T], and thus

mo+m, =Am+ (1 —A)ymoe[—-1,1] on QL T.

This magnetisation gives rise to a field h; = —V’v,, which is defined slice-wise (for
fixed x4+1) as the solution to

—Avy = —0g41my in P/ x {xgz41},

Vv = fCo) on @080} x s,
aP/NBQ)

—V'v v =0 on (0P/\ 007 ) X {Xg41}.

161n the following estimates on the L2 norm of the fields, it is important to keep the right-hand sides localised
to a plaquette, because we have to sum over all boundary plaquettes in the end, in order to not pick up a term
that cancels the small factor in the final estimate.
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Note that this elliptic PDE has a solution if

_/aP;ﬂﬁQi f= /P; 0g1my = adH[A(/P;de/_/P; modx’)],

which is ensured by the choice

1 Xd+1
A fo i faP,’maQ’L f
fPr’ mdx’ — fPr, mo dx’

Alxg 1) =

Note that A(0) = A(T') = 0, since fOT f dxg41 = 0 for almost every x’ € dQ), . Since we
need to ensure that A € [0, 1/2], we select in € [—1, 1] in such a way that for a given sign
of the enumerator the denominator is the largest possible, i.e.,'’

1 /xd+l [ f)
|PL| Jo aP/NDQ),

Note that /72 only depends on x4 in P/ x [0, T]. Indeed, with this choice, by Remark 2.7,

we can estimate
_ 1
)][ mdx’—][ modx"zl—sup ][ modx"z—,
’ P/ P/ ’ 2
r r r r

sothat A < 1/2if
1 Xd+1 1
Bl 12
|P/| Jo aP/NDQ), 4

We next argue that this is implied by our assumption (2.4) on the size of the boundary
layer. Indeed,

B 1 /xd-H/ |8P maQL 1/2 e /‘xd-H/ 1/2
|P/1 Jo apmaQ'L & | P/l PﬂaQL

—d+1/2 ,T2 1/2 (2.4
< (_) d+1)/ (T_][ fz) / (2<4) l’
L L2 TLr - 4

if the constant C in (2.4) is chosen large enough. Notice that we have the finer estimate

5 < (d+1)/2 1/2
(2.8) ~ (L) L2 Ld— IT/ /P OBQ’ B

which will be important when summing up the estimates over all plaquettes.
Next, we show that d;41m, € L°° and satisfies the estimate (2.6). To this end, notice
that

m(x) 1= sign ( —

dg+1my = 0g41(A(M —mo)) = X' (i —mg) + A(dg4171 — dg41mo)
= N(m —mg) — Adg41mo,

where we used that A vanishes where /7 changes sign, so that Ad; i = 0.'%

‘pr fo faP’naQL f
fp 7 dx! fP/ mo dx’

'8This argument is a bit formal, since %Lrlctly speaking i is only a function of bounded variation. However,
it can be made rigorous with little effort.

1n fact, we have that 1 = argmin {

:m € [—1, 1] such that A > 0}.
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Using that [m® 7| < 1, the latter term is easily bounded by

T_mB, 1 @91 —d+1/2,T2 1 T 1/2
|/\8d+1MO|§l’u’§— < —<L) (_2d—1// fz) )
T T T\L L2 LA7T Jo Japinag)

For the other term, we calculate

1
—TPI faP}ﬂBQ’L S xaq) B fPr/ d4+1mo dx’ ‘
fpymdx’ — fp, modx’ fpymdx’ — fp modx’

A (xg41) =
In particular, bounding the first term in a similar way as A in (2.8) (but without the
X4+1-integral) and the second term as before, we obtain

r )—(d+1)/2< 1

1/2
Py < (+ —/ (-, %4 41))
Va0l = (7 [a+i aPmaQ’Lf( Xd+1)

—(d+1)/ r /
+ (%) B 2<Ld-1HT/0 /aPmaQi fz)l -

[7(-, xa41) —mo(-, Xa4+1)llLe(oy) < 2,

and so, since

it follows that

sup |9 2 (ry @V _ L 2
plda+1imr(-. Xa+1)|” < LT Jyprnoo foCxat)
100,

P/ L
ry—@+n 1 T
() mm e
L LT Jo Japinag)
By standard elliptic regularity'®, we then have the following estimate for 1, = —V'v5:
sup |ha (-, xg11)|* < r? d . 2 (.
2 xg4 )" S rosup|dgamy (o xa+0)|" + foC xa41)
P} Pl OP/NIQ)

ry—@d-1y 1
< () [ e
L L1 Japinag,
r\-@d-n 1 T
(1) e / / s*.
L LT Jo  Jarinag,
In particular, we get that

1 /T/ ) 1 (T /r\d ) roo1 T )
s | mePars o [ (5) s mPaxen s T [ g
LT Jo Jp, T Jo \L) L LT o S,

YIndeed, this follows from maximal L? regularity for v, using that 944 m, (-, xg41) € LP(P}) for
ae. xg41 €[0,T] and p > 1, combined with the Sobolev embedding A2(-, xg4+1) = —V'v2(-, X441)
eWLP(P]) — L%°(P)).
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Summing over all the boundary plaquettes, we then obtain the bound

1

29 — —
LAT Jua, r(r)

1 T r
)P dx = —[ a2
LdT 0 ; Pr/ L FL,T

Putting the two contributions (i.e., ; and 45) together, we have constructed an admiss-
ible pair (m,, h,) € X, (L, T), where h, = hy + h,, which by (2.7) and (2.9) satisfies the
estimate

1 / 2 r 2
— [hr|"dx < — S "
LeT AL, (r) L TLr

3. Construction: From relaxed to non-convex

In this section, we construct a competitor for the non-convex energy (1.4) from a compet-
itor for the relaxed problem. This construction will play an essential role in the proofs of
our main results, as we shall see in Section 4 and Section 5. We start with a building block
for the full branching construction.

Lemma 3.1 (Building block for the construction). Let Q = [0, 114+, Given an admiss-
ible pair (M, H) € L*(Q;[—1,1]) x L>(Q;R?) such that

ad+1M+v/‘H =0 and ||ad+1M||L2

00 <1
yd+1Ly/(Q) ~

there exist functions Mell ([0, 1]; BV, ([0, 114: +1)) and He L2(Q:R?) such that

Yd+1
g 1M +V'-H=0inQand H-v' = H-v onT = 9[0,1]? x [0, 1], and satisfying
the estimates

3.1) [|V’M|§1,
9
(3.2) /|I—~I—H|2dy§1.
o

Remark 3.2. Since the construction for d > 2 will be done in such a way that it is constant
in the directions ys, ..., yq4, for simplicity and to not overburden the reader with notation,
we will give the proof just for d = 2. The generalisation to higher dimensions is then
immediate.

Moreover, the proof can be adapted to the case d = 1 (and simplified considerably),
thus recovering a construction similar to [9].

Proof for d = 2. The construction of a F1-valued function M from M is done in two
steps: a geometric refinement in the lower half of the cube and a local averaging with
respect to the refined subdomains. It is worth remarking that the geometric refinement
will be crucial when constructing a competitor for the non-convex energy, in view of the
weak boundary conditions that the magnetisation needs to satisfy on the top and bottom
boundaries of the domain sample.
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Step 1. Averaging.
Let S;; = [0,1/2]* + (i/2, j/2) fori, j € {0, 1}, and define

M(x', y3) dx’ for y3 €[1/2,1],
37 2
M(y):=1 11
(1—2y3)][ M(x',y3)dx'+2y3/ M(x',y3)dx" for y3€[0,1/2),y’€ Sjj.
Sij [0,1]2

Let us observe that our construction refines from a single plaquette for y3 € [1/2, 1] to
four identical plaquettes for y3 € [0, 1/2). The main idea here is that for y3 € {0, 1}, in each
plaquette, M is equal to the average of the magnetisation over the corresponding plaquette.
In the upper half of the cube, i.e., for y3 € [1/2, 1), since there is only one plaquette, we
define M as the average of the magnetisation over the corresponding plaquette. Then, in
the lower half of the cube, i.e., for y3 € (0, 1/2), on each plaquette at height y3 we take
a convex combination between fSij M(y', y3)dy’ and f[0,1]2 M(y’, y3) dy’, where the
coefficients of the convex combination are taken to be linear with respect to y3 and so
that M does not jump at y3 = 1/2.

We remark that the constructed M is such that M € [—1,1] in Q and

/[0 " M@y y3)dy' = f[o 1]21\_4(y’,y3) dy” forevery y3 € [0,1],

i.e., the average per ys-slice is preserved.
Step 2. Construction of a =1-valued magnetisation.

With the locally averaged M, we can now proceed to define a +1-valued magnetisa-
tion M with the property that in each horizontal plaquette S;; x {y3}, there is exactly one
interface curve, by shifting the magnetisation according to the volume fraction in each
horizontal slice.

For y; €[1/2, 1], we set

M@y={+; if y1 € [0, m ()] U [1/2,12(y3)]:
—1, else,
where
. 1+ M(y) 1
n1(y3) =min(ys————> ),
(3.3) ( 2 2)

1+1‘_/1(y)’1\_/1(y))
2 2 )
and we recall that M (y) = f[0,1]2 M(y)dy’ € [—1, 1] depends only on y3.

n2(y3) = % + max ((1 - ¥3)

For y3 €0, 1/2), the local averaging is refined to ensure that the construction is
compatible with the top boundary conditions of four cubes with corresponding volume
fractions: we define
+1, ify'eS;and y; €[i/2,i/2+ (1 + M(y))/2].

—1, elsewhere on S;;.

M (y) ¢={

Note that the magnetisation M is piecewise constant in ;.



T. Ried and C. Roman 422

In words, the main idea here is that for y; € {0, 1}, all the “positive” mass of M
in each plaquette, that is, the Lebesgue measure of the set where M(-, y3) = 41 in the
corresponding plaquette, which is equal to (1 4+ M(y))/2, is shifted to the left in the
y1-direction, which preserves the average.

In the lower half of the cube, we do exactly the same. However, recall that for y; €
(0,1/2), M is not longer equal to the average of M over the corresponding plaquette, but a
convex combination between the average over each plaquette and the average over the four
of them. This in particular ensures that for y3 = 1/2 the “positive” mass in [0, 1]% x {1/2}
is equally distributed (and shifted to the left) in the 2 plaquettes [0, 1/2] x [0, 1] x {1/2}
and [1/2, 1] x [0, 1] x {1/2}. Hence, M is constant in the y,-direction at y3 = 1/2.

For y3 € (1/2, 1), the “positive” mass in [0, 1]? x {y3} is unequally distributed (and
shifted to the left) in the 2 plaquettes [0, 1/2] x [0, 1] x {y3} and [1/2, 1] x [0, 1] x {y3}.
More precisely, we put a fraction y3 in the first plaquette, and the remaining (1 — y3)
fraction in the latter. A key observation is that when one reaches y3 = 1, then (1 — y3)
vanishes and therefore all the “positive” mass is shifted to the left in the single plaquette
[0,1]% x {1}.

For the reader’s convenience, in Figure 2 and Figure 3 we depict how M looks like in
two simple situations.

V3

1/2

It ! yl
1/4 1/2 3/4 1

Figure 2. Given y, € [0, 1], this depicts M (-, y», -) in the case when f[o M dy’=0and M =0

for every y3 € [0, 1]. The set {]\71(- ,¥2,-) = +1} is coloured in green, whereas {M(~, y2,) = —1}
is coloured in blue. Notice that in this special case, M is constant in y, direction.

We remark that the constructed M is such that M € [—1, 1] in Q and

0t = [ Gy = [ My

for every y3 € [0, 1], i.e., the average per slice in y3 direction is preserved.
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V3 V3

1/2 1 1/2 1

» »
1/8 1/4 3/8 1/2 5/8 3/4 7/8 1 1/8 1/4 3/8 1/2 5/8 3/4 7/8 1

Figure 3. The picture on the left depicts M (-, y2,) for y, € [0, 1/2], and the one on the right,
for y» € [1/2, 1], in the case f[o M dy’ = 1/4 for every y3 € [0, 1], and fSoo Mdy =1,
fs,oMdy' = fg  Mdy' =—1/4, and fg M dy" = 1/2 for every y3 € [0,1/2]. The set

{M('; ¥2,+) = +1} is coloured in green, whereas {]\7(~, y2,+) = —1} is coloured in blue. Observe
that M is not constant in y, direction for y3 € [0, 1/2).

Remark 3.3. The refinement is done in such a way that the constructed =+ 1-valued mag-
netisation in Corollary 3.4 is continuous in the vertical direction.

Since this construction creates at most 3 interfaces for y3 € [1/2, 1] and at most 8
interfaces for y3 € [0, 1/2) (at most 6 in y; direction and at most 2 in y, direction), the
total surface energy created is bounded by

/ VM| < 1.
o

Step 3. Construction of corrector fields.

As the local rearrangement of the magnetisation creates “excess charges” 03 (]\71 - M),
we have to define a corrector field H,,, such that

(3.4)

33(M —M)+ V' -Hey =0 in Q,
Hee v =0 onT,

in order to obtain a competitor for the non-convex problem satisfying the right boundary
conditions (since the corrector field satisfies Neumann boundary conditions).

We treat the cases y3 € [0, 1/2) and y3 € [1/2, 1] separately.
Case 1. For y3 €[1/2, 1], we have
33M = 2'7/1 (¥3) ¥ |_{y1=m(y3)}+277/2(Y3) H! Lty =na ()}

with 71 5 defined in (3.3).
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There holds
1+ M) y3., —
/ — — 7 it
MO =1 oy (5 + 5 0 M ().
1+M(y) 11—y, —
/ _ _ —_
203 =1 ) 1w zM(y)/z}( 2 T2 83M(y))
I3 M (y)
+ 1{(1—%)%@)%@)/2} 2
1+M(y) 3., — M
- 1%@51/2}(_ 2 T2 83M(y)) Tt

and we construct H,; as superposition of (slice-wise defined) corrector fields correspond-
ing to the decomposition””

33(1‘71 -M) = 1{y3@51/2}((1 + M) H! Liyi=m@an—(1 + M) ! L(y1=nz(y3)})
1 iy ) (V303 M) H L= 017303 M) H Ly =m0
+((03M) I |y, = a2y =93 M)
Corrector 1.1. For m@ < 1/2, we solve
=V HG) = (4 M) I = gan =1+ M) H =m0, 117 5 {y3},
with boundary condition Hc(olr) -V = 00n d[0, 1]? x {y3}. A solution is easily found to be
HG) = —(1+ M)eily, >y + (1 + M)eily,zpy = —(1+ M) el <y <n).

where e; = (1, 0) denotes the unit vector in y; direction. For )@%(y)

Hc(olr) = 0. Note that this field satisfies ||HC(01r) ||Loo([0,1]2x{y3}) < 2, hence

> 1/2, we set

(3.5) IHD L2 qoap2xq1 2.1 < 2-

Corrector 1.2. For the next correction field, we first note that

83M = 83M dy/,
[0,1]2

so that as for the first corrector we can set
Hc(ozr) = _y3(a3M) €1 1{771 <y1=<m2}
for y3 (1 + M(y))/2 < 1/2 and Hc(ozr) = 0 otherwise, which solves

=V HZ) = y303M) K [y, =ny 3= 303 M) H L1y, — 52}

20Notice that M does not depend on y’ for y3 € [%, 1].
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in [0, 1] x {y3}, with boundary condition HY v =0on [0, 1]? x {y3)} for n@
< 1/2. We then have the bound

1 1
2) 12 2) (12 72
I HE W2 o1t /2 = /1/2 I HE WZ e o, 112031y 403 5/0 (93M)" dys
2
Corrector 1.3. For the remaining correction, we make the ansatz Hc(fr) =V UESQ ,

where v§§’2 is a solution of the elliptic PDE

ADE) = 0sM = (03M) I Ly =ary 0 [0, 112 x {3},
Vol v =0 on [0, 1]2 x {y3}.

for y3 € [1/2, 1]. Note that by Lemma A.1 (for d = 2), this PDE is solvable and the
solution satisfies the bound

IH N L2012 051 S 103M 220112 x00sp) S 103M || oo (qo0.12x (s}

hence
(3.7) IHE 220, 112x11/2,11) < ||33M||L§3L;<,>(Q)-

Case 2. For y; € [0, 1/2), where the local averaging is refined, there is a change also
in the y, direction. This is why we do the construction of a comparison field on the four
plaquettes S; ;,i,j =0, 1.

To this end, define

i 11+ M(y) .
nG,j)(¥3) = 5+§T for (i, j) €40, 1},
recalling that
M®»y)=(1- 2y3)][ M(x', y3)dx" + 2y M(x',y3)dx’, fory' €S;;.
Sij [0,1]2

Then

Y 1
3M = 2’7/(0,0) (y3) I L{y1=n<o,o)(y3)}ﬂSoo +277/(1,0) (v3) #! L{y1=n(1,o)(y3)}ﬂslo
1 1
+ 277/(0,1)()}3) H |-{YI=W(0,1)(J13)}0501 +277/(1,1)(y3) H L{Y1=77(1,1)(Y3)}0511 >
with

1

/ l y3
o =5([ M-
@) 2\ Joap

Mdy’) n —(/ BMdy — 4 M dy/)
Sij 2 [0,1]2 S,'j

1
+ = M Cly/.
2 Jsy
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Corrector 2.1. We first solve
(3-8)

~V-HD = Y (| MOy dy - ][ MY, y3)dy") 2 Ly =y Gsnins;
ijetony 71O Sis

in [0, 1]? x {y3} with boundary condition HY v =00n 9[0, 1]% x {y3}. We proceed in

two steps. Consider the field

1

Hc(:r a)(Y) = - Z [( ) Mdy' — M dy’) l{ylzn(o,j)(ys))ﬂSoj
j=0 [071] SO/’

~( o MY —]ﬂ M dY') Ly 0annsy | €1
s 1

which has zero normal flux through the boundary. Its horizontal divergence has an extra
contribution from surface charges at the interface {y; = 1/2}, given by

1

Z (2 M dy’ —][ M dy' —][ M dy/) Je! Ly =1/2}n(S0,,US1))>
=0 [0,1]2 So,; S1.j

which we correct with the field

HGP ()
_<2 My — {4 May _][ Mdy’)(el +er) inSioNi{ys = yi—1,
[0 1]2 So’o Sl,()
= _(2 Mdy' — Mdy' — Mdy’)(el—ez) 1nSllﬂ{y2<__y1}
[0’1]2 SO,I Sl,]
0 otherwise.

Note that Hc(:r’ﬂ ) is continuous in y2 across the sector boundary between S1¢ and Sy;
because

(3.9) 4 Mdy' = Y M dy',
(0,112 ijet0,1y” i

and that HS&?) - v/ = 0.0on 9]0, 1]2 x {y3)}.
Hence, Hc(:r) = HC(:;“) + Hcor “B) 4 is a solution of (3.8) with the right boundary condi-
tions. By construction, it satisfies ||HCOI.) lLoo([0,112x {35y < 1for y3 €[0,1/2), hence

(3.10) IH | oo o.112x10.1/2)) S 1

Corrector 2.2. Next, we solve

c(osr) = Z 3 / 83Mdy/ _][ 3M dy/) g |.{y1='l(i,j)(y3)}ﬂsij
i,j €{0,1} Sij

in [0, 1]? with boundary condition Hc((;? -1 = 0 on 9[0, 1]? in an analogous way.
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More precisely, we set Hc(osr) = Hc(osr’a) + Hc(osr’ﬁ ), with

HS® () =- Y J’3[(/

frst [0.1]2

~( [[0 2 0aM dy' — ]ﬂ 93M dy') 1{y15,,(1’]_)(y3)ml]_] .

1

03M dy/ - ]{9 M dy/> I{Y1Z77(0,_,')(J/3)}ﬂso]'
0j

and a corresponding correction for the discontinuities at the interface {y; = 1/2} given by
HGD ()
_y3(2/ 93 Mdy’ _][ 93 Mdy’ _][ 83Mdy/)(el+62) in S10 N {yz>y1 — 1},
[0,1]2 So.0 S10

- —y3(2/ 83Mdy'— 83Mdy'— 83Mdy/)(61—6'2) in Snﬂ{yzsg—yl},
[0,1]2 So,1 St1,1
0 otherwise.

In particular, we have the bound
IHS) | o112 xtyp) S 193M oo, 112x(yap)  for y3 €10, 1/2),
hence
(3.11) IHS L2 qo.1x0.1/20 S 195M 123, 19(0)-
Corrector 2.3. Finally, we solve the elliptic PDE
1 .
AV =M = 3 (54 9aMay) ' Ly poanns, 0 [0 17 x {ya),

i,j€{0,1} Siy
Vo® v =0 on [0, 1] x {y3}.

cor

Note that by (3.9),

1 1
Jow ¥ =3 X G, M)

i,j€{0,1}

1
=a3( My —= 3 Mdy'):O.
[o.1? et

Hence the equation is solvable, and with Lemma A.1 (for d = 2), we obtain a correction
field HC(OGr) =V végr) satisfying

IHE N 120012051 S 103M 220112 x00sp) < 103M || oo (0172 (3}
which gives the bound

(3.12) IHS | r200,112x10,1/2)) S ||33M||L§3L;3>(Q)~
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Putting together the different parts of the corrector field, i.e.,

g | Hel + HG + HG) for ys e[1/2.11,
cor 4) ) (6)
Heor + Heo! + Heor  for Y3 € [O, 1/2)»

we obtain a field that solves (3.4).
Step 4. Bound on the energy of the corrector field.

Combining the estimates (3.5), (3.6), (3.7), (3.10), (3.11), and (3.12), we get, by the
assumption ||83M||L§3Lo?(g) < 1, that
¥y

[ 1Herl 4y < 14 105M 13, 1500, 5 1 .

With the building block at hand, we can now proceed with the construction of a com-
petitor for the non-convex problem.

Corollary 3.4 (Competitor for the non-convex problem). Let (M, i) € ArgL , (g.mBT)

and assume that ||8d+1mrel||22 L®(011) < T~L. Then for any N € N there exist func-
*d+1"x! LT

tions i € LY, ([0.T):BVx(Q}:{*1})) and h € L*(Qr 1:R?) such that

BT

dgpm+V' -h=0inQrr, h-vV =g onTLr, i > m asxgi1 — 0,T,

and with the property that

L\—1
(3.13) ]1 Vi < (= ,
oLT (N)
- ) L2
(3.14) ][ i —hl?ar < 2 L
oLr * N2 T2

Remark 3.5. At this stage, including the additional parameter N € N seems artificial.
However, it will play an important role in balancing the two energy terms. Indeed, the
right-hand sides of (3.13) and (3.14) are of the same order if and only if

in which case

][ v/ +][ i = b2 dx < T2,
orLr orLr

Of course, since N has to be an integer, this is only possible if L > T2/3.

Proof. We proceed in several steps.

Step 1. Decomposition of Qp, T.

We divide the cuboid Q7 into smaller cuboids, where in order to treat the top and
bottom boundary condition m =~ m5B-T we do this in such a way that the x4 -scale gets
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finer and finer towards the boundaries x;+7 = 0, T. To this end, we dyadically decom-
pose Qp.r, taking into account the natural anisotropic scaling between horizontal and
vertical directions. More precisely, fix an integer N € N, let k € N, and split

oLt = U U Q{i ..... ig

1 seees ig €{—2kN,...2kN—1}
where Q].‘1 1= P¥  x I with dyadic horizontal plaquettes
P =X [(n27FL/N, (in + 1) 27 L/N],
and dyadic vertical intervals I = I ,? ul kT , with
]]? _ [(23/2)—k % (23/2)= k=) %] and IkT _ [T _ (232D % T — (23/2)7k %]

Note that (e 70 = [0, 7/2] and U en IT =[T/2,T], so we are refining towards the
top and bottom boundaries.

Step 2. Reduction to building blocks.
According to the decomposition of Q1 7, we decompose

m—Z Z m“ iy and hrel—z Z hn g

k ll ..... k 11 .....
k
where m; ig = lelkl . and hl1 g = hl ok i
We then rescale each of the cubes Qi1 g with the matrix
Sk = diag(o’,...,0",0441), with o =27 L o, =232k L2321,

and shift by the vectors b = b;,_;, = (i1,...,iq,(2*? — 1)71) € R4*!, (o obtain

Qn g = = Sk ([0, 1]d+1 +b).

Based on this transformation, we define the new variables y = (Sx)~'x — b € [0, 1]¢*!

and the transformed functions

ME i, 0) = mb i, (Se(r+0). and HE  (0) = ZELRE (k0 + b)),

i1..0g / i1..0g

Note that M¥ . e L®(Q:[-1.1]), H

11.. ld

€ L2(Q:R?), and that

l1 ld

+V-HE =0

l1.. ld 11.. ld

da1 M

Furthermore,

(315) ||ad+1 11 ld“ LOO(Q) 0d+1||ad+1mll ld” (Qk )
+1 x’ g
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Step 3. Putting together the building blocks.
Appealing to Lemma 3.1, we have that there exist functions Ml-]f‘
HF¥ € L?(Q;R?) such that

I1.. ld

€ BV(Q;=*1) and

g

8j+1Mi’f +V-HF =0 inQ,
Hl.k . .v’:H.k YL onT,
1..2d 11...14
such that
sk
0 VM i, I < 1
2
/ \AE = HE P ST+ a0 M ld||L2 L)
Define

Z Z mll g Qk i with mn zd(x) 11 zd((Sk) x_b)
k

d
i1...0q
/

=> > hf. ilor o with hf () = A (S x = b).
k

d
i1...0g
Then i € BV(QLr: £1), h € L2(QL 13 RY),
0g1m+ V' = 0,

and 9y m € L? L¢? since the constructed /1 is continuous across the top and bottom

xd+1

boundaries of Q¥ by construction, see Remark 3.3.

i1...ig
Step 4. Estimate on the energies.

For the energies, we have

/QL o= ar =3 3 / B ) — Bk (0P dx

k i1, l’d

=3 Y ) oam / e (Sk(y + b)) — B (Se(y + B)IPdy

k i1y, ig

_ZZ(U

0d+1

/)d+2

[ HE () — AF () dy.

.....

It follows, from ||8d+1m||i < 1/T and (3.15), that

aly@rr ™

0d+1
||ad+1M11 g ” IL;?(Q) < T

<1 foranykeN,
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hence by (3.2),
Ld+2 (2k 3/2
J,, amitas X syt (4 )
oLr X N T
d k d
< (5)2 Ly (L) < (5)2 L
N T p V2 N/ T
For the surface energy created in the construction of 772, we obtain

/QL’TW/;%I <) > ! 0d+1(/ Vi i, +8).

k i1..ig

/)d+2

where the additional constant term accounts for the jumps between neighbouring building
blocks. Hence, by (3.1), it follows that

d—
[, S S e e s Yy (2 = NCNEY)

k i1..ig

< (%)_EdTZz*k/z S (%)_IL"T. .
k

4. Global energy bounds: Proof of Theorem 1.1

4.1. Lower bound on the global energy
The lower bound on the global scaling of the energy of a periodic minimising configura-

tion has been proved in [8] based on the interpolation inequality

1 _
(4.1) luell s < IVl 2 NV e

for any periodic function u: [0, A]? — R with f[o N dx’ = 0, with an implicit constant

that only depends on d. A similar proof based on a weak-L*/3 interpolation inequality
can also be found in [25].

Proof of Theorem 1.1 (Lower bound). Note thatif (m,h) e APQEZ/ 2, in particular m2T =0,
then fQi m(x’, xg+1)dx’ = 0 for any x4 €[0, T]. Indeed, by the first equation in (1.3)

and integration by parts (using periodic boundary conditions or /- v" = 0 on dQ}), it
follows that

Xd+1
/m(x’,xdﬂ)dx/:/ / OxgpM(X', yar1) dygp dx’
0; 01 Jo

Xd+1 Xd+1 d
—/ / V' hdx'dyg4q = —/ h-v'd#4dyg4 = 0.
0 0 90}
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By admissibility, we can bound
Eg, ;(m,h) > Eg, ,(m*,h™)

for any minimiser (m*, h*) in AlgrL , and AOQL > respectively. By (1.6) and Poincaré’s

BT _

inequality (in x4 1; recall that m 0), we can further bound

T
4 qu54/|%mVWwﬁmﬂw
LT 7 J0

1 ro_._
zﬁ//waﬁmmmﬁ
0, Jo

In the periodic case, we can now apply Young’s inequality and (4.1) to estimate

1
|[V'm*|dx + 5[ |h*|? dx

EQL,T(m*’h*) = / 0
L.T

oLr

T
1
Z/ ([ [Vm*|dx' + — ||V’|_1m*|2dx’) dxg1
o \Jor 272 J o
L L

T 2/3, 1 1/3
> |V/m*|dx’ — [1V/|7Ym*|? dx’ dxg4q
o o T2 o +
L L
T
4.2) > T—2/3/ / Im*|*3dx’ dxg4q = LT3,
o Jo,
since |m*| = 1.

For the case of zero-flux boundary conditions on I'y, 7, we extend (m, h) to [—L, 3L]d
x[0, T'] by a sequence of d even reflections of m and corresponding reflections of & across

each face of I';, 7 to obtain an admissible configuration in APQCE ot More precisely,
—L,3L]49 x[0,T
given (m, h) on Qp, 1, we first define
D (x) = m(x), xe[-L,L] x[=L, L% x[0,T],
" | m@L—=x1.x2,....x441), x€[L,3L] x[-L, L% x[0,T],
hD (= § P xe[-L,L]x[-L, L4~ x [0, 7],
) (=hi b, hg)QL —x1,x2, ..., Xg41), X€[L,3L]x[-L, L% x[0,T],

so that g ;m® 4+ V. kM = 0 distributionally in [-L,3L] x [-L, L]~ x [0, T] with
lateral boundary conditions (") - v' = 0 on d([—L,3L] x [-L, L]~") x [0, T]. Note that
thanks to the zero-flux boundary conditions satisfied by /, the field 2(!) has no jump across
the surface {L} x [-L, L]¥~! x [0, T]; similarly, by construction, the magnetisation m
has no additional jumps on the reflection surface {L} x [-L, L]?~! x [0, T']. We then set

n® () = m W (x), x€[-L,3L] x [-L,L]x[~L,L]14"2x][0,T].
T mW (1,20 —x2,x3, ..., x441), x€[-L,3L] x [L,3L]x[-L, L]*72x[0,T],
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and
h®(x)=hV(x),  forxe[-L,3L]x[-L,L]x[-L,L]*2x][0,T],
R (x) = (WD, =k, 88 R D) (01, 2L — x2,x3, .0 K1)
forx €[~L,3L] x [L,3L] x [-L, L]*"2 x [0, T].
which satisfies d441m® + V' - h® = 0 distributionally in [-L,3L]? x [-L, L]¢"2 x

[0, T, with lateral boundary conditions #® - v' = 0 on d([—L,3L]? x [-L, L]?2) x
[0, T'], and proceed inductively to define

@ () [ M), x€[-L, 3L !X [-L, L] [0, T],
T mYTD(xy, . xg_1. 20 — xg.xg41). x€[—L,3L1¥ "' x[L,3L]x[0,T].

and
KD (x) = h9V(x), forxe[-L,3L]* ' x[-L,L]x[0,T],
KD (x) = (WD, D D) X1, 2L — X, Xa ),
forx € [-L,3L]4 ' x [L,3L] x [0, T].

per

By construction, (m(d), h(‘i)) € ‘A’[—L,3L]dx[o,T]’

inter-facial energy, we have

and since we have not added any extra

Er_1 3114x[0,7] mD h @Dy =24Eg, . (m.h).

Applying the lower bound (4.2), valid in the periodic case, to E[_; 3714 x[0,77(m @) p(d)y,
it follows that there exists a universal constant ¢y < oo such that

Eg,r(m.h) = 27 E_y 3pyixjo,r(m @ ) 2 ¢, LT, u

4.2. Upper bound on the global energy

The upper bound is mainly a consequence of the construction in Corollary 3.4.

Proof of Theorem 1.1 (Upper bound). Since mB7T = 0, in the case of zero-flux boundary

conditions we have that (my, i) = 0 is a solution of the relaxed problem. Therefore,
Corollary 3.4 provides the existence of a competitor for the non-convex problem, that is a
pair (m, h) € AOQL r (recall (1.7)). In particular, & satisfies zero-flux boundary conditions

on I'y 7 and /n L 0as Xg+1 — 0, T. Moreover, (11, ﬁ) satisfies (3.13) and (3.14) (with
het = 0), which by Remark 3.5 lead us?®! to

min,  Eop(mh) <1Qurl(f VAl f 1= ol ax)
(m’h)e""OQL,T orr orLr

SIQLr| TP < LT,

2IRecall that this requires the constant Cy, 7 in the relation L > Cp1 T2/3 to be large enough.
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Let us remark that in this case, the competitor is built out of building blocks looking
exactly as in Figure 2 (since M = M = 0 everywhere). Also, at this point one sees the
importance of the refinement in our construction, since it is the key point that allows for /1
to satisfy the weak boundary condition at xgz4+1 = 0, 7.

In the case of periodic boundary conditions, we do exactly the same, except that this
time the constructed pair (772, &) does not satisfy the correct boundary conditions. Arguing
as in the proof of the lower bound, we can extend (771, h) to [—L, 3~L]d x [0,T] by a
sequence of d even reflections of 7 and corresponding reflections of / across each face

of I', T to obtain a periodic configuration (Mm@, ﬁ(d)) € Aerr that satisfies
[~L,3L)4 x[0,T]

Ep_p spyixgor) @D 0D =22 Eg, (i, h) < LT3,

Then, by suitably contracting this pair in the horizontal directions (keeping the height
fixed), we obtain a competitor for the non-convex energy (1.4) in AerrL , (recall (1.5)),
with the same energy (up to a larger dimensional factor). More precisely, setting

= ~ = 1 -~
m(x) =m@Dex +®,....0),x441) and h(x) = 5 ADQx" + (€, ... 0),x411).
for x € Q1. we get the desired periodic competitor, which satisfies

EQL,T (’%,ﬁ) < E[_L,3L]dX[O,T](}7f’t(d),h~(d)) < LdT1/3,

hence
min_ Eg, ,(m,h) < L4TY3.
(m.h)eAly '
L,T
This concludes the proof. ]

5. Local energy bounds: Proof of Theorem 1.2

We are now ready to present the proofs of the local energy bounds. Without loss of gen-
erality, we will prove these estimates for small cuboids at the bottom boundary of the
sample. The proofs can easily be adjusted for cuboids at the top boundary.

5.1. Lower bound on the local energy

The lower bound on the local energy in cuboids at the bottom sample boundary is obtained
by a suitable extension of the localised minimiser (m¢,¢,he,¢) = (mlg, ,(a). Ml 0, ()) and
rescaling to obtain an admissible pair (77, };) in a large cuboid with periodic lateral bound-
ary conditions and zero top/bottom magnetisation, for which the global lower bound can
be applied.

In contrast to the periodic extension in the global case (see Section 4.1), we now have
to take into account that the normal component of / along I'; ;(a) is non-vanishing. Since
jumps of /4 at the boundary have to be compensated by an according change in m in order
to preserve admissibility, the extension will be performed differently.
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Proof of Theorem 1.2 (Lower bound). Assume, without loss of generality, thata = 0. We
proceed in several steps.

Step 1. Extension to Qg »;.

We first extend my , to a magnetisation in Qy »; by an even reflection across the top
surface [—€, £]¢ x {},

My (x), x e[, €% x[0,1],
my (x', 2t —xg41), x€[—€, 07 x[t,21].

Mm@ (x) := {

Note that the extension 7® is continuous along [—£, £]¢ x {t}. Since

ad—i—lme,t(x)’ xE[—K,E]d X [O’ t]’

9 5 (0) —
) = e (82— xar), xe [=0.09 x (1. 21],

we define the extension of iy ; to Qy »; via odd reflection,

FO(x) = hes(x), x e[, x[0,1],
' —hg (X2t — xg41), x€[—£, €% x (t,21],

so that

V' hy s (%), xe[—£, 0% x][0,1],

VRO () =
C) =) 9 by (0,20 — xa). xe [0 x (1.21].

In particular, 3441 4 V- 2©® = 0in Qg ,,, with top/bottom boundary conditions
@00 =m@,2t) =0

and lateral boundary conditions hO .y = hes-v onTy, and hO .y = —hgs-v' on
o[—L, 014 x (t,21].
Step 2. Extension to [—£, 3£]¢ x [0, 21].

Now that the magnetisation has been extended in such a way that the top boundary
condition is zero, we extend (1179, 1(9) to a periodic (with respect to x’) configuration in
[—£,3£] x [0, 2¢]. To this end, define®® for j = 1,....d,

A (x) = hU ™V (x), ifxe[—€, 3077 x [—€, €] x [—€,£]%7 x[0,2¢]
and
RO (x) = (=YD, =YD RV D —RYED =R TY)
(xl, e ,xj_l,zﬁ — X, Xj41s- .- ,Xd,Xd+1),

if x € [—€,30)77" x [€,34] x [—£,£]977 x [0,2¢1].

22With the convention that [a, b]® = @.
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Then, for x € [, 3£)7 ™" x [—£, €] x [—£,£]4~7 x [0, 21],
V. fz(j)(x) V. ];(j_l)(x),
while for x € [—£, 3]/ ™" x [€,34] x [—£, £]¢~7 x [0, 21],
V- hD(x) = —V/‘ﬁ(j_l)(x1,...,Xj_1,2£ — Xj Xl e s Xds Xd41)
and AY) .1/ is continuous across the 7" reflection surface [—£, 3]/ 1 x {£} x [, £]¢~7
x [0, 2¢]. Hence, setting
mD(x) =mV=D(x), ifxe[—£, 307" x [, €] x [-£, £ x[0,21]
and

m(])(x) = —m(f_l)(xl, e X1, 28— X X X g X 1),

if x € [—€,3€)7 71 x [€,30] x [, £]977 x [0,2], we have that dg1m) + V' - h() =0
in [—€,3€)7 x [—€,£]977 x [0,2¢] forall j =0,...,d. Since we flipped the sign of the
magnetisation in the extension, we also have that

/ ﬁz(j)(x’,xd+1)dx’ =0 forallxgy; €[0,¢],j =1,...,d.
[—£,34)) x[—£,£]9—7

Step 3. Rescaling and global lower bound.

We now shift and rescale (1774, h @) to obtain an admissible configuration in Q iT

with L = ( )2/3 2£. To this end, set
- 2t 2t
m(x) = m(d)((T) x'+,...,0), 7xd+1) and

h(x) := (7) v h(d)((th) (x"+ (57-.-75))»2—75xd+1>a forxe Qjy r.

Then (m, h) € Aper ir is admissible, and by the global lower bound (4.2), there exists a
universal constant cg > 0 such that

(5.1 Eg, (.h) > csLT'3,

Step 4. Energy bound.

Note that in the construction of (779, A4, we changed the sign of the magnetisation
along the reflection surface and therefore picked up an extra interfacial energy of twice
the area of the surface along which we reflect, i.e., a total energy of CdZd ~1¢ for some
dimensional constant C; < oo. It follows that

- (Lg) (21\~34-1/3 ) d
EQZ,T(m’h) = <T) Ef_g s xjoon @D, h4)

2t\—%d-1/3
- (?) 3 (2dEQZ,t(me,I’he,t)+Cded_lt)

2t\—2%d-1/3
= (?t) ’ (Zdedtte’t(mLt,hg’t)+Cd£d_1l),
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hence

21N 2d+1/3 -
)3 Eg, (i) =270 Cqt™!

eg,,(mgs heys) = 274 g4t (F

. 24d+41/3 .
) g-dg-d;m (2—;) i esLATV3 274yt =23 ¢cg172/3 _ 274 C 01,

Therefore, there exists a universal constant ¢g; < 0o such that if £ > c¢,#%/3, then
. —2/3
e, (mes i) = 51723,

with ¢ = 23 ¢cg — Cy/(2% ¢g;) > 0. "

5.2. Upper bound on the local energy
Asin [9,25], instead of directly looking at the energy density

eQuu@)=f vl f i
Qé,t (a) Ql (@)

in a smaller cuboid
Q¢i(@) = Q¢ +a, foraeR? x {0},

we will keep track of the local energy with field shifted by its height average®’ (corres-
ponding to a linear approximation of the magnetisation), ie.,

][ V' m| +][ |h he|? dx.
04,(a) 0.(a) 2

In order to obtain the desired local scaling law of the energy of a minimiser, we are there-
fore led to also study the decay of the cumulated field strength

/ hdxg41

which, combined with the orthogonality relation (Lemma 2.5), allows us to pass the local
energy bound from the energy density shifted by h; to the unshifted energy density

1 -
e@ui@n=f Vml+f Sh-RPac+ ][ L P ax
00,(a) 04.(a) 2 Qz () 2

1 _
5.2) 5][ V'm| +][ SR dx+ 5 n(Qet(a»
0.4 (a) 0. 2

n(Qe.(a)) = - sup
t oy

=7 sup lhyl,
€ 0,

We start with the outer loop of the argument, which proves the upper bound on the
local energy. The core ingredients are the one-step improvement results presented in Sec-
tion 5.2.1 (in the interior) and Section 5.2.2 (at the boundary), which drive the Campanato-
type iterations in Section 5.2.3.

23Recall that /1, is the solution of the over-relaxed problem introduced in Section 2.1.
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Proof of Theorem 1.2 (Upper bound). Let Cp7 < oo (to be chosen later). We start in a
cuboid Q7 with L > Cpr T/, and let (m. h) € A%’ be a minimiser of (1.4) with

top and bottom boundary conditions m® = mT = 0.
By Theorem 1.1, there exists a constant Cg < oo such that the energy density satisfies

e(Qrr) < CsT2/3,

In order to transfer the energy scaling from the large scale to smaller cuboids at the
sample boundary, we run an iteration based on a one-step improvement for the renormal-
ised energy density

FQuu@) = 5 ( £ o wmiesf a-hoa).

We will also denote 5

fo(Qes@) = 5 (Qei @)
Note thatif e(Qr,7) < Cs T-2/3 then

T4/3
L2

(5.3) fo(QLr) < Cs — < CsCif <

for any € > 0if C 7 is chosen large enough. Therefore f; (and f, as we will see in the next
step) provides a good (non-dimensional) small quantity which is suitable for an iteration
down to smaller scales. For this iteration it is convenient to work with cuboids Q ;7 , such
that L = CLT T2/3 with Crr/8 < cpr < Cpr /4. Thus, the first step in our proof consists
of transferring the energy scaling from Q7 to Q7 , (note that in this step the height of
the cuboid remains fixed).

Step 1.

Choose Crr so large that the assumption of Proposition 5.11 holds. Then there exists
a constant ¢z with the property that Cr7/8 < cp7 < Cpr/4 and such that, for L =
c.7T?/3, there holds

4/3

£(Q; @) S fo(Qr.1) + TL_Z

for any a € R? x {0} satisfying Qi rla) Q%L’T.

Step 2.

We now consider the cumulated field H(x’) := fOT hdxg41, which by the first equation
in (1.3) satisfies V' - H = — fOT dg41mdxgi; = —(mT —m®B) = 0 with periodic or
zero-flux boundary conditions on dQ7 . Since an energy-minimising / is a gradient field,
h = —V'u (see Remark 2.2), we have H(x') = —V’(fOT udxgy1) = —TV'ur, hence the
function i solves —A’tiT = 0 on Q; with periodic or zero-flux boundary conditions. But
that means 7 is constant, implying that the cumulated field H = 0 on Q7 , in particular,

n(Qr,r) =0andn(Qj r(a)) = 0.
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Hence, we have that
4/3

(5.4 f(Q; r@) = fo(Qf r(@) S fo(QL.T) +

and therefore, inserting (5.3), we get f(QL r(a)) < e for any € > 0 if Cp7 is chosen
large enough. Due to good screening properties, the quantity f has the right decay on
smaller length scales: for any { <L /8 and t < T such that [ = crt2/3, and b such that
Qe,t(b) - Q%L’T(a), there holds

4/3

£(0, ) 5 £(Q7 (@) + TL—2 and

T4/3, 1

+2,
)

/3 d+2
n(Qg,(b) S Q@) + =) = (fQir@+

see Proposition 5.13 (increasing Crr, hence cr 7, if necessary).
Combining this with (5.4), recalling that f(Qr,7) = fo(QL,r), we are led to
4/3

F(Qe, ) % f(Qur) + = and n(Qg,B) % (f(Qur)+
for any b such that QZ,t(b) C Q%Z,T(a).

)

T /3)d+2

Step 3.

By a covering argument, we can then extend the estimate from Step 2 to cuboids
Q¢ (b) with £ > cp7t?/3: we divide Qg ,(b) into J = (£/£)¢ disjoint cuboids Q; (b)),
j =1,..., J of lateral side length { = cp71?/3 centred at points b; on the bottom bound-
ary of Q7 (without loss of generality, the constant ¢, 7 is chosen such that J € N); see
Figure 4.

L>CppT?3

{> (?LTIZ/3

{ = ct?/3 T

&

b

° ~.
L:CLTT2/3

Figure 4. Depiction of the different cuboids and scales used throughout the proof.

In the boxes O ,(b;) we can apply Sept 2, from which it follows that

J
1 1 -
£y = = / |V’m|+—/ lh =y dx
ey t;;( 0;, () 2Jo;, )
J

(5% r0p, .

J=1
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and using that f(Q;,(bj)) < f(Qr,1) + T4/3/L2, we obtain

4/3

1:;3) = (%j)z(f(QL,T) + Tl:z )

(55 f(Quib) 2 (%)d”] (

Similarly, we may estimate

" T
(50 n(Qes(b) = psup s [l = 5 supn(Qz, ;) < ¢ L(roun+ 2

J )

Step 4.
Finally, recalling (5.2), the local energy bound follows for any cuboid Qg ,(b) <
Qs r(a) (with £ > cprt*/? and a such that Q7 rla) < Q%L ), since
gL s 5

02
e(Qu (b)) = —f(Qe 1(0)) + 5n(Qy, (b))%,

) usmg (5.5), (5.6), and the fact that f(Qr,r) = fo(OL,1) < Cs T“/3/L2 we obtain
with £ = c;7t2/3 and [ = ¢, 7T?/3, that
4/3

P P
eQus®) 5 5 (F@Lr) + 1) + 5 (f(Qp) +

4/3, 2/(d+2
< (DY < pagarn o,

~

T4/3>2/(d+2)

Step 5. The role of the lateral boundary conditions.

This proves the upper bound in the theorem for small cuboids contained in Q 3L
We now give an argument how to extend this to any cuboid contained in Qy, 7 sitting at
the bottom boundary.

If (m, h) satisfies periodic boundary conditions, then it also minimises the energy
in Q1 7. Therefore, applying Step 1 of the proof, we obtain

4/3 T4/3

T
Jo(Qf r(a@) < fo(Q2r,1) + 72 < fo(Qr,r) +

for any a € R? x {0} such that O;. r(@) <0 LT (and in particular for any a such that
0;. r(a) € Qp 7). We can then apply Step 2, Wthh holds for any b such that Q; i [(b) €
Qs7 3L 7 (a). Combining the two, we deduce that Step 2 holds for any b such that Q i (D) €
Q L.7- Hence, the local energy upper bound is extended to any cuboid contained in Q1 1
sitting at the bottom boundary.

If (m, h) satisfies zero-flux boundary conditions, then by arguing as in the proof of
the global scaling laws, we can obtain a new configuration (772, 1), which is periodic
in O,z 7 and that has the same energy up to a dimensional constant. More precisely,
we can extend (m, h) to [—-L,3L]? x [0, T] by a sequence of d even reflections of m and
corresponding reflections of /& across each face of I'z, 7 to obtain an admissible configur-

ation in AIE
[~L.3L)9 x[0,T]
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Finally, by translating the extended configuration to Q[_»; 114 x[0,7]> W€ g€t a peri-
odic pair (77, k) in AEL . that satisfies

EQZL,T(HA:L }:i) = szQL,T(m,h) 5 LdT1/3,

Since  is a gradient field, so is h, therefore we deduce that (m, l;) is an almost-minimising
configuration at scale (2L, T'). Hence, Step 1 (which still holds true for almost-minimisers
at scale (2L, T')) implies that for Cp 7 large enough we can find a constant Cr.7/8 <cpr <
Cpr /4 such that for L = ¢, 7T?/3, we have

~ T4/3 4/3
f0(Qf 7(@) < fo(Qar,1) + 737 < fo(Qrr) + 7z’

forany a € Q) x {0} such that Q5 (a) Q%L,T. However, at this stage we do not know

whether (771, };) is almost-minimising on smaller scales, so that when iterating down to
smaller cuboids with Proposition 5.13, we have to leave some space to the lateral bound-
ary I'; 7. Therefore, in contrast to the periodic case, we can benefit from this estimate
only for a’s such that Q; r(a) € Qr,T.

Applying Step 2, we infer that the outcome of that step holds for any » such that
QZ,t(b) - Q;i’T(a), for any a such that QZ,T(") C Qr.r- Moreover, as a careful look
at the proof reveals, the factor 3/4 was arbitrarily chosen (for concreteness purposes), and
can actually be replaced by any factor y < 1. This reflects the fact that the argument holds
for any cuboid located at a positive distance from I'z 7, leaving enough space to benefit
from interior regularity.

Hence, it only remains to extend the previous local energy bounds to cuboids centred
at the lateral boundary I'z, 7. In order to do so, we appeal to an iteration at the boundary.
Letting Qz"t(b) = Qy:(b) N O, be a cuboid at the boundary of QO 7, centred in a
point b € I't. 7 N {x441 = 0}, and arguing almost verbatim as in Step 2, replacing the use
of Proposition 5.13 by Proposition 5.15, we deduce that

’

. T4/3 . T4/3\1/(d+2)
F(Q5,0) 5 f(Qur) + 5 and n(QF,®) < (F(QLr)+ =)

forany b € I'L,r N {xz4+1 = 0}.

Thus, combining the estimates on cuboids located in the bulk of Q;, 7 with the ones
centred on I', 7 N {xz41 = 0}, we deduce that Step 2 holds for any b such that Q i [(b) S
QLT Hence, the local energy upper bound is extended to any cuboid contained in Q. 1
sitting at the bottom boundary. This concludes the proof. ]

The rest of this section is devoted to the proof of the one-step improvement results
and the iteration to smaller scales. In our forthcoming article [24], we will give a simpler
proof by a closer study of the convex relaxation of the problem, which is based on duality
and avoids some of the more complicated constructions (especially the boundary layer
construction). It also shows from a somewhat different angle that the shift of the energy
by A, is quite natural in view of the convex relaxation.>*

24In fact, h; is the solution to the over-relaxed problem introduced in Section 2.1, which makes this approach
similar to [2].
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5.2.1. One-step improvements in the interior. We start with a first one-step improve-
ment result, which allows us to go to smaller widths £ < L, while keeping the height T
fixed. This one-step improvement result is somewhat simpler, because it does not need
decay of the cumulated field encoded in the quantity n defined above. However, this will
be a crucial ingredient in the second one-step improvement result.

Lemma 5.1 (One-step improvement, version A for fixed height). Let (m, h) be a minim-
iser of the non-convex energy (1.4) in Qr . with periodic or zero-flux lateral boundary
conditions and m® = mT = 0.

For any 6 € (0, 1/2], there exists an € > 0 such that the following holds: if £ < L is
such that fo(Q¢ 1) < €, then

4/3

5.7 Jo(Qoer(@) = 0fo(Qer) So —

for any a € R% x {0} with |a| < (1 — 260)¢ (so that Oa90.17(a) S O,1).
Remark 5.2. We have the followings observations.

(1) In order to iterate this one-step improvement, (5.7) shows that we need £ > T2/3,
which is consistent with the prediction that branching is observed on cuboids at the sample
boundary that are wide enough to capture the oscillations of the magnetisation. More
precisely, fix 6 € (0,1/2], and let fo(Qr,7) < € with the € given by Lemma 5.1. Further,
letcpr > (2C96_1)1/2, where Cy is the implicit constant in (5.7). Then

T4/3 € €

Jo(Qor,7(@) = 0fo(QL.1) + Co —j5— = O + Co it < >ty =e

hence we can iterate the one-step improvement.

(2) As the proof of Lemma 5.1 reveals, the assumption m” = 0 can be replaced by the

1/3

assumption fOT hdxg4+1 < T7'/2 on the cumulated field.

(3) Since a € R? x {0} is required to be such that O20¢,7(a) € Or,T, this implies
that Qg¢ 7(a) € Q-g)L,T, in particular, the smaller cuboid has to stay away from the
boundary I'z 7.

Lemma 5.3 (One-step improvement, version B for fixed aspect ratio). Let (m, h) be a
minimiser of the non-convex energy (1.4) in QT with periodic or zero-flux lateral bound-
ary conditions, m® =0, and |mT| <1.

For any 6 € (0,1/3] and A < o0, there exist constants §, € € (0, 1) with the property
that

5d+2

(5.8) €<

>

such that the following holds: if £ < L andt < T are such that

f(Quy) <€ and n(Qg;) <6,
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then for any a € R? x {0} with |a| < (1 — 30) (so that Q3ge,(a) € Qyt), there holds

t4/3
(39 S(Qoyg32,(@)) = 0f(Qer) So -
(5.10) n(Qog,p32(@) = 0"°n(Qus) So f(Qe)VH?.

Note that we are going down with a different exponent in the x” and x4 directions.
This ensures that the ratio 72/3¢~! stays invariant when going down to smaller scales and
later ensures the right scaling relation on the smaller scales.

Remark 5.4. Fixing 0 € (0, 1/4], we can iterate this one-step improvement. Indeed, let
f(Q¢y) <eandn(Qg,) < d with € and § from Lemma 5.3 (which are fixed by the choice
of 0).If C,, Cy < oo denote the implicit constants in (5.10) and (5.9), then

14/3 € [4/3
f(Qoyg32,(@) <0f(Qpy) + Cr Vel < 7 +Cy =
and
5
n(Qoug3/2(@) = 02 1(Qre) + Cu f(Qe)" @D < 2 4 €y /0FD,

as long as a € R4 x {0} is such that O3p0,:(a) € Qg . By (5.8), for the choice 4 = 2C,, it
then follows that 11(Q gy 43/2,(a)) < 8. Hence, if Cy1*/3 /4> < 3¢ /4, which is guaranteed
if £ > Cy; 12/3 with Cyp > (%)1/2, we also have f(Qgy g3/2,(a)) < €. Let us mention
that the condition on a implies that Qg g3/2,(@) € O (1_20)¢,93/2¢» S0 that the iteration
(Proposition 5.13) based on Lemma 5.3 only gives information on f and n on smaller
cuboids at the top/bottom boundary that have positive distance from I'z, 7.

Before giving the proof of Lemma 5.1 and Lemma 5.3, let us start with some technical
preliminaries that will be useful. The first one concerns the choice of a good cuboid with £
on which the boundary trace is well-behaved. The second one concerns a monotonicity
formula for the renormalised energy density f, which seems to be new in this context and
plays an important role in Lemma 5.3.

Lemma 5.5 (Choice of good width). Let h € LZ(Q’L) for some L > 0. Then the set of
Le[L/2, L] such that

(h-v)?dged! s][ |h|? dx’

90} 3

has positive Lebesgue measure.

Proof. By Fubini’s theorem,

L
/ (h-v)?dJd! d@:/ (h.u)2dx/5/ |h|? dx’ < oo,
L/2J3Q) [L/2,L)4 oL

so that ,(h-v)2dJe4=" is finite for Lebesgue-a.e. £ € [L/2, L]. Given A > 1, we let
30, g

24
A= {e e[L/2, L] ;/ (h-v)2dged—! < —f |h|2dx’}.
90, L Jo,
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By Markov’s inequality, for any A4 > 1 it holds that |A¢| < L/2A, and hence |A| >
%(1 —1/A) > 0, and for all £ € A, we have

Lad—1
(h-v)2dFed—1 < 2A(—) ][ 1|2 dx’ < 2dA][ 7|2 dx’.
20, ¢ o, o)

The results thus follows. [

Lemma 5.6 (Monotonicity formula). Let h € L?(Qy 1) for some £, T > 0. Then the map
2

t ][ = 5
> — (h—hy)“dx
62 Qs
is non-decreasing in [0, T1.

Proof. Since h € L?(Qyq.1), h(-,1) is well-defined and finite for Lebesgue-a.e. 1 > 0 by
Fubini’s theorem. We calculate

d- d1 ! 1 _

—h; = —— hd =—(h(-,t) —h;),

dr’ dtt/o d+1 t(( ) ’)
and obtain with this

d ¢? - 1d t _
—— (h—h)?dx = —— z/ ][ (h —hy)?dx" dxg4q

1 ? _ _ _ d-
- 6—2(/ ][ (h — hy)? dx +z][ (h(-,t)—h,)zdx’—ztz][ (h—h,)-d—h,dx)
0 Jo, 9, Qs t

= elz(z ][Qw(h—/},)zdx +t][Q£’t(h(-,t)—i_zt)2dx—2t ][Qw(h—l_zt) (b 1) =hy) )

t ][ 5
=—+4 (h=h(-1)*dx >0,
62 Ql,t

which proves the claim. ]

The proofs of both Lemma 5.1 and Lemma 5.3 have the same first steps and only
deviate at the end when it comes to estimating the cumulated field strength n. We therefore
start with the common part first and conclude the proofs separately.

Proof of Lemma 5.1 and Lemma 5.3 (common part). Let 6 and a € R¢ x {0} be as in the
assumptions of Lemmas 5.1 and 5.3, respectively, and denote £g = 0¢,t, = tt for 7 < 1.
Step 1. Choice of good width.

Let p € [0¢,204] be a good width in the sense of Lemma 5.5 (in an x4 -integrated
version). Then for g := h - v|r,, (4) and its height average g;, = f(;’ gdxg41, there holds

][ (g — 2e)? 404 dug 1y < ][ (h— Ty dx < 674 f (h— e, dx,
Tyt (@) 020¢,1; (@)

(e
and applying the monotonicity formula from Lemma 5.6, we obtain

7

_ 12 _
Gf, o-horesif u-iters s
Litr Lt
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hence
12 _ _ _

(5.11) = ][ (¢ —81)*dH N dxgi1 S 07D £(0p).
P= T4 (@)

Step 2. Construction of a competitor.

Let (m,, h,) € X, (Qp,t, (a)) be the admissible pair constructed in Proposition 2.6
with g = h - v, that is, h, - v = (h — Et,) -v on Iy (a) (extended by zero outside
Ar(Qpr, (@) = (Qp(a) \ Q)_,(a)) x [0, 1]). Further,_set mlr =-V'. f(f’ hdxg41. Then
Im*| < Lin Q}, and (M, heet) = (*Em's +my he, + hy) € Argp’tr (a) 18 admissible
for the relaxed problem in Q,; (a) with boundary conditions given by the non-convex
minimiser (m, k). Let us observe that

1
t
ad-i-ln'lrel = l‘_m T+ ad+l"nr»
T

and therefore
(2.4),(2.6)

2 < 2 . ’<
tr||ad+lmrel||L)2€d+1LZ</)(Qp,t1(a)) = 1 + tt||ad+lmr||l‘)2€d+1 Li‘/’(Ap,z,(r;a)) ~ 1.

We can thus apply Corollary 3.4, which provides the existence of an admissible pair
(m,h) € Ag,, a)(8&; mB-T) such that (3.13) and (3.14) hold in Q,,, (a).
We claim that

_ tr _ te B
(512) htr = f hd.Xd+] = f /’ldXd+1 = ht,~
0 0
In fact, let us observe that
- e te B mtt —mB
—V'h, = —V/‘][ hdxgiq =][ dgprmdxgyy =
0 0 Iz

Moreover, on I, ;. (a) it holds that

tr tr tr
][ h-vdxgqq =][ gdxgiq =][ h-vdxgyq.
0 0 0

By construction, hisa gradient field, hence h = —V'ii, where ii is a solution to

—~Nu=—(m'= —mB)/t, inQ,;.(a),
—Vu-v=g, on I'py, (a).

Finally, by observing that ug = —V’ /;z, is also a solution, by uniqueness we deduce the

validity of the claim.
On the other hand, by (local) minimality of (m, k) in Q,;, (a), we have

1 _1 -
(5.13) / [V'm]| +—f h* dx 5/ |V'if| + —/ h* dx.
Q1. (a) 2J0, @ Qp1c (@) 2J0,(
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Step 3. Orthogonality and optimality.
To bound f(Q¢, s, (a)), we start by estimating

fOun@ == ([ el [ aeh)
Lotz =5 = — Ny,
o 6 031\ oy, . @ 20y 0@ t

2 1 , 1 -,
== —( Vml+ 3 (h =%
6 L1 N 0pr (@ Qp.1¢ (@)

By Lemma 2.5, we further have that

1 _
/ V| +—/ (h—hi,)?
Q. (@) 2J0pi (@
1 1 _
:[ |V’m|+-/ hz——[ h7 dx
Qp.1e(@) 2J0,.( 2J0,.(
(5.13) 1 N 1 _
< / |V’rﬁ|+—/ hzdx——/ htztdx
Qp1c (@) 2J0, @ 2 J0pi(@

- 1 =
%”/ V7| + -/ (h — hy,)? dx,
o) 2J0,1(

hence
fOuna@y = o ([ Wy [ R
Lg,t: = = — — hy,
o K% zgtl' Qp,tr(a) 2 Qp,tr(a)
(313 2 /N . =
(5.14) < iz(—+][ (h—h,,)zdx).
p=rp Qi (@)

Step 4. Estimate of the correction fields in the interior and in the boundary layer.
Note that since m® = 0, we have HB = 0, so that by Proposition 2.6 we may bound
2

12 .= 12 - t =
S b GehaPars S i
Oy (a P JQpsa P J Qs (a)

2
(B.14) 2 H2 21
5 r P + de_/ h% dx
P %t Jap . (ria)

25,04 1 2 any
S5 w0
NZ P? Jr, 1 (@)

te /2 ,
][ hddeDiz][ (& — &)
0 IO Fp,tr(a)
G.11)

1 FEas -
S 3z T (07 1000) T+ 1(Q0n @)D (0.

I
+ — sup
P o)

Inserting this in (5.14), we are led to

Nt? 1 —(d+2) —(d+2)
S(Qayir(@) 5 (25 37+ (07D Q)T+ 0(Qpac@)8™ U 1(00)).

d+2
d+1
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Recalling that £9 = 64, optimising in N € N (i.e., choosing N = [t;2/3p]), we find with
tg = p =24y,

4/3
(5.15) f(Quyr.(@)) S tzz +1(Qpa, (@)~ £(0, ).
[’

d+2
)d+1

+ (67 £(0e)

Remark 5.7. Since minimality of (m, h) in Q7 is only used in (5.13) (in the form of
local minimality of (i, h) in Q. (a), it can be replaced by almost-minimality in Oy ; in
the sense of Remark 1.5. This leads to an extra term Ct*/3/{2 in the estimate, and can
therefore be absorbed in the right-hand side of (5.7) and (5.9).

At this point, the proofs of Lemma 5.1 and Lemma 5.3 deviate: to bound the camulated
field strength 7(Q ., (a)), we have to distinguish the cases ¢ = 1 (for = T') and t = §3/2
(fort < T).

Proof of Lemma 5.1. We proceed in two steps.

Step 5.A. Treatment of the cumulated field. Note that for 1 = T and t = 1, we have
fOT hdxg4+1 =0, cf. Step 2 of the proof of Theorem 1.2. In particular, f(Q¢,7)=fo(Q¢,1)

and
1 T
m(Qnr) =5 sup | [ havan| =0
0

P 9}

which simplifies estimate (5.15) to

T4/3

(516)  fo(Qe,r(@) 5 5 + 67U (97U 1,00 7)VETD £3(04 7).
0

Step 6.A. Choice of €. Let C > 0 be the implicit constant in (5.16). In view of (5.7),
we choose

Then
cp—d+2 (9_(d+2)f0(Q4 T))l/(d+1) < cp—@+2) (9—(d+2) 6)1/(d+1) <0

’

from which it follows that
4/3

F(Quyr(@) — 6f(Qer) < -

2
EO
Proof of Lemma 5.3. We proceed in two steps.

Step 5.B. Estimate on the cumulated field strength n. As we shall next show, for 7 < 1,
the cumulated field strength n(Q, ;. (a)) decays with respect to the vertical direction. Let
us observe that

(5.17) n(Qyr, (@) < gn(Qp,t,(a»,

so it suffices to estimate n(Q s, (a)).
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/\

n(Qpr.(a)) < ke sup
P oL@

By the triangle inequality and since Q,(a) € Q3,,(a) € Q), we have
Iy
][ h dde + — sup

tr t
]l hdxgiq —][ hdxd+1‘
P oL@'Jo 0

23 t
f thd+1—f thd+1).
0

We claim that the latter term can be estimated by

IA

T—”(Qet)-i-— sup
P o)

(5.18) il sup ][ hdxgyq — ][ hd}cd_,_1 < f(rf(Ql’t))l/(d“‘Z),
P Qp(a) )
thus
14 14
(5.19) 1(Qpar(@) = S 7n(Qeo) < 2 (ef (Qea)H,

Before providing a proof for (5.18), let us observe that, by inserting (5.19) in (5.17), we
find

(5.20) 10t (@) = 2 1(Qe,) S 07 (2f (Qe)) @+

and that, by plugging (5.19) into (5.15), we obtain

4/
F(Qty i, (@) 5 T + 07D (6742 (00, )YV + 2 n(00)

(5:21) +3 (rf(Qe,z))l/(d“))f(Qe,t).
In order to prove (5.18), let us consider the function
23 t t I —-
) = [ s = [Chdxan = [Ch-Rdre. 30y,
0 0 0
By the Cauchy—Schwarz inequality, we have that
tr _ t _

522)  [H&P <t / (h—he)? dxg iy < tet ][ (h—he)*dxg .

0 0

‘We now apply interior elliptic regularity to estimate sup,. ¢ 0, | H(x")|2. To this end, note
that H solves the equation
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Further, by minimality, /4 is a gradient, so that also H = —V'U is a gradient field whose
potential solves —A'U = M, with |[M| < 2. Let x;, be an arbitrary point in Q/,(a). Then,
by elliptic regularity, we can bound

HODP S f  HPO + @0 sup [V HP
By (xi) B (x%)
G2 - )
< « trt][ (h—hy)”dx + (af)”,
oy

where the last inequality holds as long as Byg(x}) C QZ’ which is guaranteed for any
o < 0, since x € Q7 (a) € Qg (a), hence Byy(xy) € 0%y, (a) S O} by our assumption
on a. Optimising in « then yields

tet

- 1/(d+2
(5.23) o= (= ][ (h — hy)? dx
(62 Q(i,t )

' (e,

in particular the condition & < 6 is fulfilled if € is chosen small enough (see the next step).
From this, we deduce that

sup  |H(X)? £ € (2f(Qe)) P,
x' € Qp(a)
which by definition of H proves the claimed estimate (5.18).
Step 6.B. Choice of € and §. We can now fix the parameters € and § for r = 63/2.

Let C be the maximum of the implicit constants in inequalities (5.20) and (5.21). Given
0 € (0, 1/2], we choose § so small that

3 93/2 o)
o=@+ B n(Qes) = 3
which is ensured by the choice § = ed;cs/z . We then choose € so small such that

CO (O3 f(Qe )V <

5

| S

and

CG_(d+2) max {(9_(d+2)f(QE t))l/(d+1)v 9—1 (93/2f(QE t))l/(d+2)} <

Wl

which is ensured by the choice”’
§ \d+2 Q4+3,d+1 Qa+4. d+2
. d+1/2( d+2 —3/2
€ = min {9 (2C> ,0 (_3C ) ,0 (_3C ) }

Notice that, in particular, ¢ < #¢1/2 which implies that & < (63/2¢)1/(@+2) < g,
see (5.23). [

This completes the proofs of Lemma 5.1 and Lemma 5.3. ]

23In fact, given any constant A < co we may choose € to satisfy € < 8d+2/A.
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5.2.2. One-step improvement on the lateral boundary. In this subsection, we extend
the previous one-step improvements to small cuboids

Q7 s(@) = Qus(@)N QL

with center a € T 7 N {x4z41 = 0} at the boundary®°. This requires a few modifications
compared to the previous two one-step improvements, in particular an adapted boundary
layer construction and the appeal to boundary regularity for the elliptic PDE satisfied by
the cumulated field.

Lemma 5.8 (One-step improvement, version C for fixed aspect ratio on the lateral bound-
ary). Let (m, h) be a minimiser of the non-convex energy (1.4) in Qr.r with zero-flux
lateral boundary conditions, m® = 0, |mT| < 1. For any 6 € (0,1/2] and A < oo, there
exist constants §, € € (0, 1) with the property that
gd+2
€< 1
such that the following holds: for any a € ', t N {xg4+1 = 0}, we have that if £ < L and
t < T are such that

>

£05, @) <€ and n(Q},(@) <38,

then there holds
4/3

S (Qgy g3z, (@) = 07 (Qg (@) So th
n(Q5y g3, (@) = 02 n(QF (@) So f(Q7, () F2.

In order to provide a proof for Lemma 5.8, as before we start with some technical
preliminaries that will be useful.

Lemma 5.9 (Choice of good width). Letra €'t N{x44+1 =0} . If h € LZ(QZ (@)) for
some £ € (0, L], withh-v = 0on Qy(a) NI'L T, then the set of p € [(/2,{] such that

][ (h-v)2dx4' < ][ |h|? dx’
305 (a)y Q¢la)

has positive Lebesgue measure.
Proof. 1t is a minor modification of the proof of Lemma 5.5. ]

Lemma 5.10 (Monotonicity formula). Let h € LZ(QZ r(@)) for some £, T > 0, and for
some a € 'y, 7 N {xg41 = 0}. Then the map
2

t -
tf—)—zf (h—h,)zdx
€ Jo; @
is non-decreasing in [0, T

Proof. Tt is a minor modification of the proof of Lemma 5.6. ]

26 As before, we will write Q7 (@) := Qy(a) N Q7 for the projection of Q7 (a) to the first d coordinates,
and '} (a) := 8Q7 (@)’ x [0, 5] for the lateral boundary.
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We are now ready to give a proof for Lemma 5.8.

Proof. Let 6 € (0,1/2],ae€'L,r N {xg4+1 = 0}, and denote £y = 64, 1ty = §3/2¢. The
first three steps of the proofs of Lemma 5.1 and 5.3 can be applied almost verbatim. Let
us therefore only point some of the adaptations.

Step 1. Choice of good width.
Let p € [0€, 2¢] be a good width in the sense of Lemma 5.9. Then

b eemrartaensf o G-htaes o G-hytas
Tpip@ Q‘%Ue (@ Q04
and applying the monotonicity formula from Lemma 5.10, we obtain

12 - t? . .
6% f (h—hy)?dx < 2 (h—h)*dx < f(Qy (@),
;,,@ 0;, @

hence

2
B =m0 a5 (07 ()

P tg (a

Step 2. Construction of a competitor.

As before, we start with the over-relaxed solution in Q;,t X (a), i.e., (xi—;rlmte, }_zte),
and modify it using Proposition 2.6 in a boundary layer to a competitor (i, fiy) for
the relaxed problem with boundary conditions g = & -v on T} o.to (a), bottom magnetisa-
tion m® = 0, and top magnetisation m’ = —V'. fo hdxgq coming from the minimiser
(m,h)in Q. By means of Corollary (3.4), (e, re1) € eA)rg* @ (g;0,m") can now be

Pty
massaged into a competitor for the non-convex problem. Appealing to (local) minimality
of (m,h)in Q7 , (a) then allows us to estimate
4/3
F(0F, (@) S L 4+ 07D (674D £(0F ()T +n(Q, (@) F(QF, (@)
9
Step 3. Estimate on n.

We now estimate

n(Qp ., (@) 5 — sup
P 05y

f hd)Cd+1 +_ sup f hdxa’+1 f hd)Cd+1
P o5y
——n(Qg,(a))vL— sup

][ hdxgy1 — ][hdxdﬂ
P 05y

As in the previous one-step improvement, let us consider the function

to ¢ t ty _
H(x') = /0 hdvgss - /0 hdvgiy = /0 (h—h)dxas. X' €05

Since this time we need to control the maximum of H over Q7 (a)’ up to the boundary,
we extend H across the lateral boundaries dQ 7 (a)’ N dQ} as follows: Q7 (a)' N 00}
may consist of up to d interfaces. We present the argument for the case that the number
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of such interfaces is k € {1, ..., d}, and these interfaces are situated, respectively, at
x1=L,x; =1L,...,xx = L. In that case, as in the proof of the global lower bound on
the energy (for zero-flux boundary conditions), we define successively extensions H /)

on the extended (by reflections along the axes x1, ..., x;) domain Qz’(j )(a) as follows:

H(x"), if x'€ Q7 (a)

HO(x') =
) {(—Hl,Hz,...,Hd)(ZL—xl,xz,...,xd), if ' €0\ 0F(a),

with

V-HD(') =V -H(x') forx' € Qj}(a), and

V-HD ) = (V- H)QL = x1,%,...,xq) forx'e 03P (@) \ 0 (a).
Note that H - v’ = 0 on the interface {x; = L}, so we can set

tT" m(x',t) —m(x', tg), if x" € Q7 (a)',
m(l)(x’) = t79m(2L —X1,X2,...,X4,1)
—mQ2L — x1,X2,...,Xg,tp), ifx' € QZ’(I)(a)’ \ Q;(a),

to obtain V' - H® = m® with |m™| <2 on QZ’(I)(a)’. Define inductively, for j =
L,...,k,

H(j)(x/) — H(j_l)(x/), if x' e QZ’(j_l)(a)/v
HD(x') = (Hy,...,— i1y Ha)(xn, .o 2L — x5, ... xg),
if v € QZ‘,(])(Q)/ \ Qz,(]—l)(a)/’

and, correspondingly,

tTG m(j—l)(x/’ ) — m(j—l)(x/’ t0), if x' e QZ,(]'—I)(a)/’
m (x) = ITGm(f_l)(xl, 2L —Xxj, ..., xg,1)
—mUD(xy, . 2L = x5, xatg), iExX' €0V @)\ 0V ).

Finally, we set H := H® and /1 := m® on QZ’(k)(a)’. Then H satisfies V/ - H = i, and
in particular, |V’ - H| = |iii] < 2. Note that this construction crucially uses that H - v’ = 0
across th(a) N I', 7. By minimality of /& and the construction of the extension, Hisa
gradient. 5

Now for any x/, € 03 (a)’, by interior elliptic regularity for the potential of H, we have
that

|H<x;>|s][ |H”dx" + (@€)> sup |V’-ﬁ|25a‘df*(k)()|ﬁ|2dx’+(ae>2,
Qg’ a)

B, (x%) B!, (x})

as long as « is small enough so that B),,(x}) C QZ’(k) (a)’. By construction of H, we then
have

IH()| < o ][

|H|?dx' + (al)® Sa4tgt ][ (h — h)?dx + o202,
Q¢(a)

07, @)
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and we can optimise in ¢ to obtain

_(let .
@ = (e_z ][sza)(h_ht) dx :

)1/(d+2)

hence

)2/(d+2)

t —
e < e(G f bR
€ Jo; @

and by taking the supremum over all x;, € Q7(a)" we obtain

sup  |H(x))| < 52(93/2f(ta(a)))z/(d"'z).

xi € Q5 (ay
The rest of the proof now proceeds as the proof of Lemma 5.3. ]

5.2.3. The iterations. We are now in the position to iterate our one-step improvements.

Proposition 5.11 (Iteration, version A). There exist universal constants € € (0, 1) and
crt > 1 (depending only on the dimension d) such that the following holds: if fo(QL.T)
<eand !l < L/4is such that { > crrT?/3, then

4/3

(5.24) Jo(Qer(a)) < fo(QL,7) + Z

for any a € R% x {0} such that Q¢ rl(a) C Q%L,T.

Remark 5.12. The choice £ < L/4 and a such that Qg r(a) C Q% LT In particular
|a| < L/2, is arbitrary at this point. Since the iteration is based on the interior one-step
improvement Lemma 5.1, we just have to make sure to have some positive distance to the
boundary I'z 7.

Proof. Without loss of generality, let ¢ = 0 and fix 8 € (0, 1/4]. The general case can
be obtained by applying Lemma 5.1 once with a such that Q; r(a) € O 31T and then
re-applying it for the fixed centre a.

Step 1. Proof for cuboids with geometrically related side lengths.

We first prove the bound (5.24) for £ = £ := 6 L for some N € N, and then extend
the result to arbitrary £ such that ¢z 7 T2/3 < { < L. More precisely, we prove inductively

that there exists a universal constant Cy < oo such that fork = 0,1,..., N there holds?’
k T4/3 k—1 3j
(5.25) fo(Qum) =0 fo(Qur) + Co—5 6571 37 07V
0<j<k-1

Note that the inequality holds trivially for k = 0, so assume that (5.25) holds true for all
l<k<KwithK <N-—1.

27With the convention that a summation over the empty set is equal to zero.
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By the induction hypothesis for k = K, we have that

4/3 9K 1 Z 9—3j

0<j<K-1

(5.26) fo(Que.r) < 0% fo(QL.1) + Co

T4/3 1 — @3k
=605 fo(QL.1) + Co p2E-D

1-63
— gk 4/ g2(N—K+1) 1-0%K
fo(Or,1)+Cop —— 1P 1_03

Note that 02V—K+1D < | gince K < N — 1, hence, provided that cLT >2Co(1 — 93)/6,
we may bound

T4/3 Co 1
Fo(Qur) < 0% fo(Qir) + Co —5 =75 <05 fo(QL.r) + 5 ——5
2 1-06 cir 1—06
< 27K 4 % <e.
We can therefore apply Lemma 5.1 to infer that
T4/3 Cg T4/3
Jo(Qexyy,1) = 0f0(Qegr) + Co —5— = =0/0(Que.r) + ok 72

with Cy the implicit constant in (5.9). Using (5.26), we then obtain

K T4/3 X . X T4/3
foQuyr) = 0K fo(QLr) + Co—5- 0% 37 07 +Co07K —
0<j<K-1
< 65" fo(0r, T)+Co 9K Y oY,
0<j<K

where the last inequality holds provided that the constant Cy is chosen such that Cy > Cg.
Finally, by taking k = N in (5.25), we obtain

QNIZQ 3j

4/3 1—-6 3N
= 0" fo(QL.1) + Co —- 672D T
T4 /31 93N 4/3

=0V fo(Qr.1) + Co —— B 92 < fo(QL,r) +

fo(Qer) <0V fo(OL1) + Co

Step 2. General £ < L /4.

If £ is not of the form in Step 1, then there exists an N € N such that £ € ({y+1,¢n).
But then we can bound

Oy \d+2 T? , 1 _
(v f Siar) =67 fo0u .
N+1 Uy Quy.T Quy.T 2

hence (5.24) follows from Step 1. ]

fo(Qe,r) < <
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Proposition 5.13 (Iteration, version B). There exist universal constants €,8 € (0, 1)
and cgy > 1 (depending only on the dimension d) such that the following holds: if f(Qr,T)
<en(QLr) <6 andl < L/8 t <T are such that £172/3 = LT~2/3 > ¢, then

4/3

F(Qes(@) < f(OLr) + TL—
(5.27)

T4/3\1/(d+2)
n(Qes@) £ QL) + (f(QLr) + —5)

for any a € R¢ x {0} such that Qy(a) S Q/;L
1

Remark 5.14. As in the previous iteration, the choice £ < L /8 and a such that Q 2(‘1) C

/% L is arbitrary, as long as we make sure to stay away from the boundary I'z, .

Proof of Proposition 5.13. Without loss of generality, let « = 0 and fix 6 € (0, 1/8].

Step 1. Proof for cuboids with geometrically related side lengths.

We let £ := 0% L, 1, := (63/2)¥T for k € Ny. We assume that £ = £ and hence also
t =ty for some N € N, and extend the statement to arbitrary £, ¢ with fixed aspect ratio
in Step 2. Note that

t;:/3 T4/3
(5.28) @ = Iz forall k € N.
In view of Lemma 5.3 and Remark 5.4, we will prove inductively that, fork =0,1,..., N,
there holds?®
(5.29) f(Qupn) < 6. > o,
0<j<k-1

(5.30) n(Qq) < 02n(0L1)

v Z 0],/2( Z ei)l/(d+2).

0<j<k—1 0<i<k—j-2

Observe that the inequalities trivially hold for k = 0. Assume that (5.29) and (5.30)
hold true for 0 < k < K with K < N — 1. Let us first prove that (5.29) holds fork = K + 1.
By the assumption on level K, we have that

T4 4/3 K-1 4/3
(53D f(Quax) < 0% f(Qrr) +C —5 122)9’<9Kf(QLT)+ — 5 =<

provided that the constant in L > T?/3 is chosen large enough. We can therefore apply
Lemma 5.3 to infer
4/3

F(Qterrinns) <0 f(Oteux) + Co.s ’gz :

28With the convention that a summation over the empty set is equal to zero.
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with Cy, r the implicit constant in (5.9). Then, by inserting the first inequality in (5.31)
and using (5.28), we obtain

Kl 743 K T4/3
S Qi) O (Qur) +C =) 07 +Cop —
j=1
X T4/3 K
<O fQLr) +C 5 D
j=0

where the last inequality holds provided that the constant C is chosen such that C > Cy_¢.
Let us now prove that (5.30) holds for k = K + 1. As before, we can estimate

n(QZK,tK)

K—-1
N ' o T4/3 N 1/(d+2)
<0X2nQrr)+C Z 9]/2(9K 7 f(QLr) + 12 Z 61)
=0 0<i<K—j—2
K—1 ~

~ Bfdr2 C T43 1 \1/(d+2)
% ¢ 1/(d+2) ,
< n(Qr.r)+ —1—92(dd+2) f(Qr.r) + 1_91/2( 12 1_0)

hence n(Qyy 1) < 6 provided € is chosen small enough (depending on 6 and § fixed) and
the constant in L > T'/3 is chosen large enough. We can therefore apply Lemma 5.3 to
infer

n(Qugvixir) < 02 1(Qugux) + Conf Lk, tx)/ @2,

with Cy , the implicit constant in (5.10). Combining with the induction hypotheses (5.30)
and (5.29), we are led to

n(Q[K+1JK+1)
K—1
~ . L T4/3 \ 1/(d+2)
< 0" (0512 n(01r) + C Y 02 (65 fQr by 3 0) )
j=0 0<i<K—j-2
743 K21 C1/@+2)
+ Con (65 QL) +C — 3 0')
i=0
(K+1)/2 s /2 (nK—j T4/3 A\ 1/@+2)
= 0 n(QL’T) +C Z 0’ (9 Jf(QL,T) + ? Z ) )
J=1 0<i<K—j-1

743 K21 J1/d+2)
+ Cou € (65 f(QLr) +—5 2 0')
1

i—0

T4/3 ei)l/(d+2)

K
<6F 200 )+ TY 0 (657 fQLn) + o Y
j=0 0<i<K—j—1

’

provided we choose C > Cy,,C. The result is thus proved.
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Step 2. General £, t with fixed aspect ratio.

If £, ¢ are not of the form in Step 1, then there exists an N € N suchthatf{ € ({n+1,4n)
andt € (ty+1,tn). By Lemma 5.6, we can estimate

12 , 1? 1 .
FQu =55 f IVml+ iz f Sl R ax
Qs Qi

<’12V][ v |+tfzv][ Lk 2d
e Qo " e Qé,th i

Lty

{ d 2
Sy

=079 £( Q40 in)-

Similarly, following the line of argument in Step 5.B of the proof of the one-step improve-
ment (Lemma 5.1), we may bound

n(Qe) S 07 (1(Qey.an) + f(Quy)@H?),
hence (5.27) follows from Step 1. ]

1 _
V' m| +][Q 5|h—ht,v|2dx)
Lty

IntN

Proposition 5.15 (Iteration, version C at the boundary). There exist universal constants
€,6€(0,1) and cg; > 1 (depending only on the dimension d ) such that the following holds:
if f(Qz,T(a)) <e, n(QI”:,T(a)) <6 foracTrr N{xg4+1 =0}, andl < L,t <T are
such that 0t72/3 = LT—2/3 > Cys, then

4/3

T
J(Q¢ @) = f(QLr@) + —5

T43\1/(d+2)
n(Q7,@) £ n(Qf r@) + (fQLr@) + 75 ) .

Proof. The proof of Proposition 5.15 is a minor modification of the proof of Proposi-
tion 5.13, using the boundary one-step improvement (Lemma 5.8) instead of the interior
one-step improvement (Lemma 5.3). |

A. A useful elliptic estimate

Lemma A.L. Let Q' = (0.1)¢, f€ L2(Q') and H = {a1} x X9_,(a;.bj) C Q'. Letu
be the unique solution of the elliptic Neumann problem

1
—A/ = —_ P—— 4 d—1 ; /
u f <| | Q/fdx)e% |_H mQ,

—Vu-v =0 on 30/,

(A1)

with zero average ,[Q' udx’ = 0. Then

1
(A.2) / |V’u|2dx’§—/ f2dx'.
Q/ |H| Q/

While this result is rather standard, we give a proof for the convenience of the reader.
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Proof. Note that the right-hand side of the PDE in (A.1) lies in the negative-order Sobolev
space H1(Q’) ~ HJ(Q’)*. Indeed, let 9 € €} (Q’). Then

1
/ @dH? " = lim —/ @ yedx',
’ el0 € o’

d

1) = Layarrey (D) [ | 1wy ) ().
j=2

Q
where?’

Define
'i:e(xl) = l(al,a1+e)(x1)(x1 - al) + 1(a1+e,1)(x1)€~
Then 14, 4,+¢) = &., and integration by parts yields

€

d
1 1
o prear' == [ oot [Tt )4
j=2

Hence, by the Cauchy—Schwarz inequality,
1 / 2 1 2 d / 2 /
o[ oxear| = (5 [ @ [Ttaaenar) [ ol
€ o’ € o’ j=2 Q'

= ([1es —a»eizfolse(xl)zdxl)/g Vgl ax’

j=2
2e 112 g ’12 g7
= H|(1-—ai=3) [ [VePax' <|H| | [Vilax"
o’ o’
It follows that
‘/Q,godﬂ’d_lLH‘ <|H['?|V'gllL2on forallg e CAQ).
We may now estimate

’/ Vu-Viedx

(€))

‘ Q/f(de/_(llzl_| Q/fdx') /Q/q)d%d_lLH‘

1
< I/ lzacon Iellen + (i /Q ) HT2 IV el

Poincaré
< THITY2 1 f D2 1V 9ll20r)-

Taking the supremum over all ¢ € C1(Q’) yields (A.2). |
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