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Supercaloric functions for the porous medium equation
in the fast diffusion case

Kristian Moring and Christoph Scheven

Abstract. We study a generalized class of supersolutions, so-called supercaloric
functions, to the porous medium equation in the fast diffusion case. Supercaloric
functions are defined as lower semicontinuous functions obeying a parabolic com-
parison principle. We prove that bounded supercaloric functions are weak supersolu-
tions. In the supercritical range, we show that unbounded supercaloric functions can
be divided into two mutually exclusive classes dictated by the Barenblatt solution and
the infinite point-source solution, and give several characterizations for these classes.
Furthermore, we study the pointwise behavior of supercaloric functions and obtain
connections between supercaloric functions and weak supersolutions.

1. Introduction

In this paper, we study supersolutions to the porous medium equation (PME for short),
which can be written as

(1.1) d;u —A™) =0,

for 0 < m < oo and nonnegative . We are concerned with the case 0 < m < 1, the fast
diffusion range, and in particular, with some of the main results in the supercritical fast
diffusion range (n — 2)/n < m < 1. Furthermore, we suppose that the spatial dimension
satisfies n > 2. For the standard theory of the porous medium equation, we refer to the
monographs [10,30,31].

Our main objective is to investigate a general class of supersolutions, so-called super-
caloric functions, for the porous medium equation. They are defined as lower semicon-
tinuous functions, which are finite in a dense set, and satisfy a parabolic comparison
principle, see Definition 3.1. Supercaloric functions for (1.1) can be regarded as a coun-
terpart of superharmonic functions in the classical theory, and they arise naturally for
example in obstacle problems, Perron’s method, and in questions related to boundary reg-
ularity, see, e.g., [4,5, 19]. In contrast to weak supersolutions, supercaloric functions are
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not required to satisfy the equation or any Sobolev space property a priori. In the range
(n —2)/n <m < 1, functions such as the Barenblatt solution (6.1) and the infinite point-
source solution (equation (7.2), see [8]) are examples of supercaloric functions which
are not weak supersolutions, since the Sobolev space requirement fails to hold (when
0 <m < 1, see also (7.1)). Furthermore, in the supercritical fast diffusion case, these
functions will be the main examples from two disjoint classes of supercaloric functions,
which we will study in this paper.

The theory of supercaloric functions for the parabolic p-Laplace equation in the super-
critical case is well developed. In the slow diffusion case, Sobolev space properties of
locally bounded supercaloric functions were proven in [17], and the classification theory
of unbounded supercaloric functions is summarized in [21]. In [20], the study of bounded
supercaloric functions was extended to the supercritical fast diffusion range, and for the
classification theory in this case for unbounded supercaloric functions, we refer to [14].

For the porous medium equation, the analogous theory in the slow diffusion case is
also well established. Sobolev space properties of supercaloric functions were studied
in [18], and for the classification theory in the unbounded case we refer to [16]. The
theory in the fast diffusion range, which we address in this paper, is currently open. To
our knowledge, many questions in the critical and subcritical cases are still open for both
equations, and are left to subjects of future research.

The structure of the porous medium equation poses some well-known challenges. For
example, solutions are not closed under addition or multiplication by constants. In our
case, the former poses a serious difficulty in obtaining an appropriate Caccioppoli inequal-
ity and comparison principles, for example. A critical feature that occurs is that one cannot
approximate nonnegative solutions with strictly positive ones by adding constants, and in
this way avoid the set {u = 0} where the equation becomes singular. In order to overcome
this difficulty, we are able to show that in each connected component of the domain, every
supercaloric function is either strictly positive or vanishes identically on any given time-
slice, see Lemma 4.2. The proof of this property relies on an expansion of positivity result
for weak solutions (see [11]), which holds in the whole fast diffusion range 0 < m < 1.
Furthermore, this allows us to express the set where a supercaloric function is strictly pos-
itive as a countable union of time intervals in every connected component of the domain.
The described phenomenon is strongly tied to the nature of fast diffusion, and it does not
occur as such in the slow diffusion case.

In Section 5, we show that the class of locally bounded supercaloric functions is
included in the class of weak supersolutions; a result which was shown for the parabolic
p-Laplace equation in [14, 17,20], and for the porous medium equation in the slow diffu-
sion case, in [18]. The proof is roughly divided into two parts. First, the result is shown
for strictly positive supercaloric functions in Lemma 5.2, whose proof relies on a suitable
obstacle problem stated in Theorem 5.1, which is based on the results in [7,9,25,26,29].
In the second step, this result is generalized to hold for nonnegative supercaloric functions
(Theorem 5.3). The geometry of positivity sets of supercaloric functions established in
Section 4 plays an important role in the second part of the proof.

In the supercritical case, we show that supercaloric functions can be divided into two
mutually exclusive classes, which we call the Barenblatt class and the complementary
class. The former is modeled by the Barenblatt solution (6.1), while the latter is modeled
by the infinite point-source solution (7.2), see [8]. Functions in the Barenblatt class have
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some regularity properties, e.g., in terms of integrability (Theorem 6.8), while functions
in the complementary class are not guaranteed to have any (Theorem 7.3). As was noticed
already in the case of the parabolic p-Laplace equation ([14,21]), prominent singularities
of functions in the complementary class are qualitatively different in the fast diffusion
case than in the slow diffusion case ([16]). Roughly speaking, variables in space and time
change their roles in this respect. For Sobolev space properties in the Barenblatt class, we
use a Moser type iteration, which is based on the combination of the Sobolev inequality
and a suitable Caccioppoli inequality. On the other hand, proofs in the complementary
class are based on Harnack type inequalities stated in Section 4.

In the final section, we study the pointwise behavior of supercaloric functions. It is well
known that every weak supersolution is lower semicontinuous after possible redefinition
in a set of measure zero, see [3,23]. More precisely, pointwise values can be recovered
almost everywhere by the ess lim inf of the function, where only instances of time in the
past are relevant. For the parabolic p-Laplace equation, it was shown in [17], and for
the porous medium equation in the slow diffusion case in [18] that supercaloric functions
enjoy the same property at every point in their domain (for the elliptic case, see also [15]).
In Section 8, we show that the same property holds for supercaloric functions for the
porous medium equation in the fast diffusion case. We conclude the paper by summarizing
the connections between supercaloric functions and weak supersolutions in Corollary 8.5.

2. Weak supersolutions

Let Q C R” be an open set. For T > 0, we denote by Q7 := Q x (0, T) a space-time
cylinder in R”*1. The parabolic boundary of Qr is defined as 9,Q7 := (Q x {0}) U
(0Q x [0, T)). We call Q7 a C*¥%—cylinder if 2 C R” is a bounded C**-domain for
keN and a € (0, 1].

2.1. Notion of weak solutions
We begin by defining the concept of weak (super- and sub)solutions.

Definition 2.1. A measurable function u: Q7 — [0, oo] satisfying

0.T: H. (@) N LY™Q7r)

m 2
u™ el loc

loc

is called a weak solution to the PME (1.1) if and only if u satisfies the integral equality
2.1 / (—udip + Vu™ - Vo) dxdt =0
Qr

for every ¢ € C§°(Q2r). Further, we say that u is a weak supersolution if the integral
above is nonnegative for all nonnegative test functions ¢ € C§°(27). If the integral is
nonpositive for such test functions, we call u a weak subsolution.

Finally, we say that u: Q7 — [0, o] is a global weak solution to the PME (1.1) if it is
a weak solution with the property

u™ e L2(0,T; H'(2)) N LY™(Qr).
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Now we recall a comparison principle for weak super(sub)solutions, see [5, 10,31].

Lemma 2.2. Let0 < m < 1 and let Q7 be a C%*-cylinder with o € (0, 1]. Suppose that u
is a nonnegative weak supersolution and v is a nonnegative weak subsolution to (1.1)
in Qr, such that u™, v"™ € L2(0, T; H'(Q)) N L2/™(Q7). If. in addition,

" —u™) 4 (-,t) € Hy (), forae.te(0,T),

and

1 h
lim—/ f(v—u)+dxdt=0
o h Jo Jo

holds true, then 0 < v < u a.e. in Q.
The following maximum principle also holds, see Lemma 2.8 in [26].

Lemma 2.3. Let m > 0. Let u be a nonnegative weak subsolution with the property that
u™ e L2(0,T; HY(Q)) N LY™(Qr) and k € Rsq. If W™ —k™)4(-1) € HJ(Q) for

ae. t€(0,T)and
1 h
lim —/ / (u—k)4+ dxdr =0,
h—>0 h 0o JQ

u<k aeinQr.

then

Even though we cannot add constants to solutions, we can show the following result
for weak solutions with perturbed boundary values. For the proof in the case m > 1, see
Lemma 3.2 in [19].

Lemma 2.4. Suppose that 0 < m < 1 and Q2 € R". Let g be a nonnegative function
satisfying g™ € L2(0, T;: H'(RQ)), g € C([0, T]; L™T1(R)) N L>®(Q7). Denote g, =
(g™ 4+ e™)'V/™ for e € (0,1]. Let u and u, be global weak solutions in Q (in class
C([0, T]; L™TY(Q))), taking boundary values g and g, respectively, in the Sobolev sense
on the lateral boundary, and u(x,0) = g(x,0) and u.(x,0) = g.(x,0) for a.e. x € Q.
Then, there exists ¢ = c(m, ||gllco, |2|, T) > 0 such that

/ (e —u) T —u™) dxdr < cé(e),
Qr
in which §(¢) := max{sm,fg(gs(x,O) —g(x,0))dx} > 0 ase — 0.

Proof. We use the Oleinik type test function

n(x,t) =

ftT(u;" —u™ —gM)ds, forO0 <t <T,
0, fort > T,

in the weak formulation. Observe that this function vanishes on the lateral boundary in
Sobolev sense, and

T
A =—@l —u™) +&", Vnzf Vu? —u™)ds onQr.
t
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By subtracting the weak formulations with the given test function, we obtain
T
// e —w)WF =" — ™)+ VT —u™) - / V(u? —u™)ds dxdt
Qr t
T
— [ (e, 0) = gx.0) [ —u - em ds i
Q 0

T
_ / (gs(x,O)—g(x,O))/ @ —u™) ds dx—s’”T/ (g0(x,0) — g(x, 0)) dx.
Q 0 Q

The divergence part on the left-hand side equals

1 T 2
5/ (/ (Vug"—wm)dt) dx > 0,
Q 0

s0 we can estimate it away and obtain the equality above as inequality < without that term.
Similarly, since g, > g, the very last term is negative and we can omit that as well. Now
by denoting

M = [|glloo-

in total we have

/ (e —u) (T —u™) dxde
Qr

T
<e¢ /QT(us—u)dxdt+[Q(gg(x,0)—g(x,o))/o ™ —u™) ds dx
<&"C(m,M)|Qr] +C(m,M)T/ (gs(x,0) — g(x,0)) dx,
Q

since the maximum principle, Lemma 2.3, implies u < M and u, < (M™ + 1)/ ae.
in Q7. Now we have that

ge(x,0) = g(x,0) = (8"(x,0) + &™)/™ — g(x,0) =5 0
pointwise a.e. in 2. Also,
0 < ge(x.0) — g(x.0) < @"™/™ — 1) g(x,0) + 207" ¢ L' (),
so the dominated convergence theorem implies

lim [ (ge(x,0) —g(x,0))dx = 0.
e—>0 Q

By choosing
8(¢) = max {8’", /S;(ge(x,O) —g(x,0)) dx},

the claim follows. [
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2.2. Continuous weak solutions

As an auxiliary tool, we will also use a local notion of continuous very weak solution,
see [1,2].

Definition 2.5. We say that a nonnegative function u € C(Q27) is a continuous very weak
solution with boundary values g € C(3,27) if ¥ = g on 9,7 and, for every 0 < #; <
t, < T and smooth Q € 2,

Il

5]
—(u8ﬂ]+umA77)dxdt~l—/ / u™d,ndodt
131 a0

1,1y

=/ u(x,tl)n(x,tl)dx—/ u(x,t) n(x,t) dx
(o] 0

holds true for all n € C%'(Qy,.;,) vanishing on dQ x (t1, t2], where v is the outward-
directed normal vector to Q at points on Q.

We recall existence, comparison and stability results for the notion defined above
from [1,2].

Theorem 2.6. Let0 < m < 1 and let Q7 be a C'*-cylinder with a € (0, 1]. Then, for any
nonnegative function g € C(dpS21), there exists a unique locally Holder continuous very
weak solution u € C(271) in the sense of Definition 2.5 such that

u=g ondpQr.

Furthermore, if uy and u, are very weak solutions with nonnegative boundary values g,
and g, respectively, satisfying g1, g2 € C(3,QT) and g1 < g2, then u; < us.

Theorem 2.7 (Corollary 2.3 in [2]). Let 0 <m < 1 and let Q1 be a C Y% _cylinder, with
a €(0,1]. Also, let h; € C(3,2T) be nonnegative, and let u; € C(Q2T) be the correspond-
ing very weak solution given by Theorem 2.6, for j € Ny. If we have

sup |h; —hol =0 as j — oo,
3, Qr

then

lim u; =uo in Qr,
j—>oo
and the convergence is locally uniform in Q x (0, T] as ] — oo.

The advantage here is that the comparison principle and the stability results hold
for solutions according to Definition 2.5, even though such solutions are not required
to belong to the (global) parabolic Sobolev space, in contrast to Lemma 2.2. This will
be the case, e.g., for weak solutions appearing in the definition of supercaloric functions
(Definition 3.1 (iii)/(iii’)), which will only belong to the local parabolic Sobolev space in
their domain of definition.

Then we are at the stage of stating a useful result concerning existence and comparison
of continuous weak solutions.
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Theorem 2.8. Let 0 < m < 1, and let Qr be a CY*-cylinder with a € (0, 1]. Sup-
pose that the nonnegative function g € C(Qr) satisfies g™ € L0, T; H (Q)) and
3;g™ € Lm+D/m(Q 1. Then, there exists a unique global weak solution u to (1.1) such
that u € C(Q7), u is locally Hélder continuous and u = g on 0,Q2T. Moreover, if g’ sat-
isfies conditions above, g < g’ on 0,0t and h' € C (Q7) is a global weak solution with
boundary values g’ on 0,2, then h < h' in Qr.

Proof. By Theorem 1.2 in [28], there exists a global weak solution u to (1.1) such that
ueL®0,T; L™ (Q)) and u™ € L?(0, T; H'(R)), and u attains the lateral boundary
values in the sense u™ — g™ € L%(0, T; Hy (R2)), and the initial values g, = g(x,0) in
L™ %1 sense. Observe that since g € L*>°(Q27), also u € L®(Q7) by the maximum prin-
ciple, Lemma 2.3. Now Theorem 18.1 in Chapter 6 of [11] implies that u is locally Holder
continuous and [26] that u € C(Q7). Furthermore, the solution is unique by Theorem 5.3
in [31]. It is a straightforward consequence that u is a very weak solution according to
Definition 2.5 with boundary values g.

By Theorem 2.6, there exists a unique locally Holder continuous very weak solution
il € C(Q7) according to Definition 2.5 such that i = g on 0,Q7. By uniqueness, u and 7
coincide. The comparison principle holds by Theorem 2.6. ]

2.3. Some properties of weak supersolutions

Next we state a Caccioppoli inequality for bounded weak supersolutions, see Lemma 2.15
in [18].

Lemma 2.9. Let m > 0. Suppose that 0 < u < M is a weak supersolution in Q. Then,
there exists a numerical constant C > 0 such that

i
f /§2|Vum|2dxdt§CM2mT/ |Vg|2dx+CM'"+1/ £2 dx
t Q Q Q

forevery § = §(x) € Cg° () with§ > 0, and any ty,t, satisfying 0 < t; <t <T.

In the following, for v € Ll

i0c(R27), h > 0 and 7; > 0, we use the mollification in time
defined as

1 t
(2.2) [uln(x,t) = z/ e$ /My (x,s)ds, foranyt e (r;,T).
T

1

For the standard properties of this mollification, see, e.g., Lemma 2.2 in [17].
The proof of the next lemma follows the lines of the proof of Lemma A.1 in [6], see
also Lemma 2.7 in [24].

Lemma 2.10. Let m > 0. If u is a nonnegative weak supersolution in Q, then min{u, k }
is a weak supersolution in Q for every k > 0.

Proof. Let us start with a mollified weak formulation,

/ 0 [ulne + [Vu™]s - Vo dxdt > 0,
Qr
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for ¢ € C5° (27, Rx0), and use a test function

W™ — k™)_

nm, with o > Oand?’)ecgo(QT,RZ()).

q):

For the divergence part, we have

llm/ [Vu™]y - Vo dxdt

m (u™ —k™)- V™ —k™)_
://ngvu -(V??( m”_km) — +on [ mikm)__i_g]z)dth

5//9 Vu™ .V ((” kmk)m):r dxdt—>//g V(min{u, k}™) - Vi dxds

as 0 — 0, by the dominated convergence theorem. For the parabolic part, we obtain

(Dl — k)
8[ dd= 81 dd
/;T [ulng dxdr [LTn [l xdi

([ ]];Z —km)— +o

— k) (el — k™)
/fm nd Dl ( o e Ml —) dxar

< mwh—kmf
_//;ZTnat[M]]h (lIu]]hm—km)_+a dxdt,

since the map

(s™ —k™)_
H —
(sm—km)_+o
is decreasing and

Dbl = 1~ Tl

Now we can estimate further
([e]y — &™)—
nd;u] dxdr
[LT : han—km +o
m__ femy_
// 773 / # ds] dxdr
Qr 1, 8™ —k™)-+o
m__ femy_
f 8,17 [ 4 ds] dxdr
Qr 1, 8™ —k™)-+o
N mo_ jemy_
h ° / 8,1) / Mds] dxdt
o « " —kM_to

inaid / nlk — (u — k)_] dxdr.
Qr
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Since k — (u — k)— = min{u, k}, in total we have
// —min{u, k}9,n7 + V(min{u, k}) - Vndxdr > 0,
Qr

which completes the proof. ]

A result in [23] states that every weak supersolution has a lower semicontinuous rep-
resentative.

Theorem 2.11. Let m > 0 and let u be a nonnegative weak supersolution in Q. Then,
there exists a lower semicontinuous function uy such that u.(x,t) = u(x,t) for a.e.
(x,t) € Q. Moreover,

Ux(x,t) = essliminf u(y,s),

(3,5)—>(x,¢
s<t

for every (x,t) € Qr.

3. Notion of supercaloric functions

Up next, we define (quasi-)super- and subcaloric functions.

Definition 3.1. Let U C R”*! be an open set. A function u: U — [0, o] is called a
supercaloric function if

(i) u is lower semicontinuous,

(ii) u is finite in a dense subset,

(iii) u satisfies the comparison principle in every subcylinder Qy, 1, = Q X (#1,12) € U:
ifh e C(Qy,) is a weak solution in Q, ;, and if & < u on the parabolic boundary
of Q4 ,n,-thenh <uin Qy 4,.

We call u a quasi-supercaloric function if (i) and (ii) hold, and (iii) is replaced by
(iii") u satisfies the comparison principle in every C 2:@_subcylinder Qy,.1, = O X (11,12)
€ U:ifh € C(Qy,s) is a weak solution in Qy, ;, and if 4 < u on the parabolic
boundary of Qy, s,,then h <wuin Qy s,.
A function u: Q7 — [0, 00) is called subcaloric function if the conditions (i), (ii)
and (iii) above hold with (i) replaced by upper semicontinuity, and the inequalities in (iii),
by >. The function u is called quasi-subcaloric if (iii’) holds instead of (iii) with >.

The notion of quasi-supercaloric functions is only used as an auxiliary construct for the
following proofs. In fact, it turns out that the classes of supercaloric and quasi-supercaloric
functions coincide, see Proposition 3.5. However, the proof requires a more detailed ana-
lysis of quasi-supercaloric functions and is therefore postponed to the end of this section.

Our next goal is to prove that every lower semicontinuous weak supersolution is a
supercaloric function. Observe that a weak supersolution is lower semicontinuous after
a possible redefinition in a set of measure zero by Theorem 2.11. However, since the
comparison principle from Lemma 2.2 is limited to C2*-cylinders, as a first step we only
obtain the following preliminary result.
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Lemma 3.2. Let 0 < m < 1. If u is a nonnegative weak supersolution in Qr, then u is
a quasi-supercaloric function in Q.

Remark 3.3. At the end of this section, we will improve this result and show that lower
semicontinuous weak supersolutions are supercaloric functions, see Lemma 3.6.

Proof. We only need to show the comparison principle (iii’) from the definition of quasi-
supercaloric functions. Let Q;,,, € Q7 be a C%*-cylinder, and let & € C(Qy,,1,) be
a weak solution, which implies 2™ € L2 (11, t2; H,!.(Q)). We are not able to use the
comparison principle between weak subsolutions and supersolutions, Lemma 2.2, directly,
since we would need /™ € L2(t,t,; H'(Q)). Thus we proceed as follows.

Denote

% = min {u*,lnax h},
01115
which is a lower semicontinuous weak supersolution by Lemma 2.10.
_ Welethj: Q4 ,1, = Rxo be Lipschitz functions for j = 1,2, ..., such that for h; :=
hj|3th1,t2 we have 0 < hj < h™ on 0,0y, s, and
3.1 sup [h}/™ —h 75 0.
ap Qtl,tz

By Theorem 2.8, there exists a unique weak solution h ie€C (Q1,.1,) in Oy, 1, taking the
boundary values hjl./m continuously, and ﬁy’ — ﬁj € L(11,12; Hy (Q)). By Lemma 2.2,
we have that l;j(x,t) <u(x,t) <u«(x,t) forae. (x,t) € Qs .1, Since u = uy a.e. by
Theorem 2.11, it follows that (1)« = u, everywhere. Together with continuity of ﬁ_/ it
follows that ﬁj (x,t) S ux(x,t) forevery (x,t) € Qs 1,-

Furthermore, since the condition (3.1) holds, Theorem 2.7 implies that also in the
limit j — oo, h(x,1) < u«(x,t) holds for every (x,?) € Qy, . Thus u is a quasi-
supercaloric function. |

In the next lemma, we show that the comparison principle for super(sub)caloric func-
tions holds in general space-time cylinders. The proof follows the lines of Theorem 3.6
in [5] (see also Theorem 3.3 in [19]), in which the result was proved in case m > 1.
Observe that the result is proved for quasi-super(sub)caloric functions, which implies that
the result also holds for super(sub)caloric functions.

Lemma 3.4. Suppose that 0 < m < 1. Let Qy,.1, €@ R"*! be a cylinder. Suppose that u
is a nonnegative (quasi-)supercaloric and v is a nonnegative (quasi-)subcaloric function

in Qtl,tz' If

0o # lim sup v(y,s) < lim inf u(y,s)
Qtl,tza(y,s)—)(_x,[) Qtl,tza(yss)_)(xst)

forevery (x,t) €0, Q1,15 thenv < uin Qi 4.

Proof. Fix § > 0 and denote 1, :=t, — 8, Tp :=1tp —§/2 and T, :=tp, — §/4. If u is
unbounded, we may consider % = min{u, suth1 5 v} instead of u in the proof, which
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is a bounded quasi-supercaloric function in Q,, z, as a truncation of a quasi-supercaloric
function. Then in the end, by proving v < u in Qy, 1, this implies v < u in Q;, ;, since
# < u in Qy, 1, Therefore, from now on we assume that u is bounded. Furthermore,
observe that v is locally bounded in Qy, ;, by definition, and the assumption implies
that v is bounded in Qy, 3,.

We extend u up to the parabolic boundary by setting

u(x,t) = lim inf u(y,s) forevery (x,t)€0,0¢ 2.
Q1),1,2(3,8)—>(x,1)

The function v is extended analogously via lim sup. By standard arguments it follows that
u (v) is lower(upper) semicontinuous in Q;, z,.
For ¢; = 1/], take nested C>“-cylinders Q;j - € Q x (t1, To] with

2

o .
Uoi=0 s>
’ ] 1

j=1
and :
V™ < u™ + Ee}“ in 0,5\ (07 x(s;, %)
We can find a nondecreasing sequence of functions /1; € C%!(Qy, r,, Rs0) such that

-  j—oo m . : .
i —— u™ pointwise in Oy, z,,

satisfying B _
v < hj + 8;" <u™ + 8;” in Q4.1 \ (Q] X (Sj,‘(z]).

Observe that by construction,

171120y, o) = 4™ llLo(0,, op) < 00 Tforevery j €N.

In view of Theorem 2.8, we can find continuous global weak solutions /; and h i

in Q!j,rz that take the boundary values }}jl/ m

the Sobolev/trace sense on d, 07 .1+ Since v is quasi-sub- and u quasi-supercaloric, and

and (h i+ 8;”)1/ " continuously and in

Q!j,,z € Q1,.1, are C**-cylinders, we have that

. A J
uz=hj and v<hj inQf ..

By extending /; by l;jl/m and hj by (hj + 8;”)1/”‘ to O \ ij,rz, the inequalities
above hold also in this set. Furthermore, we clearly have

hj < hj in Qs r, \ ng,‘rz’

and
. L J
hj <h; in Qsj’r2
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by the comparison pr1n01ple for weak solutions, see Lemma 2.2. Furthermore, sequences
of functions h; and h are uniformly bounded in Q,, ., since &; is by the maximum
principle from Lemma 2.3.

By the estimate for the local Holder continuity (see Theorem 18.1 in Chapter 6 of [11]),
we have that the families 4; and h ; are locally equicontinuous, which by Arzela—Ascoli
and a diagonal argument shows that there exist subsequences /; and h ; that converge
locally uniformly in Q;, ., to continuous functions / and h, which satisfy & < h, and by
earlier inequalities, also

(3.2) u>h and v<h inQy.q,.

Let us restrict to a subsequence for which the aforementioned convergences hold. By using
Corollary 3.11 in [7] and Lemma 2.4, we have

// A — e+ D/m g dy
Q

11,72

5//Qj

5j.T2

(hj —hy)(™ — W™ dxdr + //Q R — R ED/m g dy

tl,tz\Q§]',12
< c(m, |1 ]loo, | O], t2 — t1) max {8;" /Q_(l;j(x,sj) + 8;.")1/m —hj(x,s;)Ym dx}
J

1 .
+ 8;n+ Q11,0 \ Qh{j,r2|
j—o0o
< c(m, |[ulloo, |Q1, 12 — t1) max {&]", (|u[| %, + &)™ = Julloo} —— 0,

where we used the facts that ||/ [|oo < [[u]|”, < oo and s — (s + 8;-")1/’” —sl/m s a
nondecreasing mapping.

Since the functions /; and l/lAj are uniformly bounded in Qy, r,, h; — h and ﬁj —h
pointwise in Oy, ,, the estimate above together with the dominated convergence theorem

implies
// R — g |t DIm qxdr < 0.
0

1,72
Thus i = h ae. in QO X (t1, t2). By continuity of h and h this holds at every point, which
together with (3.2) concludes the result in Q X (¢1,72) = Q X (t1,t, — 8). Since § > 0
was arbitrary, the result holds in Q x (1, £3)- [

For the proof of the following two lemmas in the case m > 1, see Proposition 3.8 and
Theorem 3.5 in [5].

Proposition 3.5. Let 0 < m < 1. If u is a nonnegative quasi-supercaloric function, then
u is a supercaloric function.

Proof. Let Qy, .1, € Qr and leth € C(Q4,.1,) be a weak solution in Qy, ,, such that 2 <u
on d, 04,1, Since & is continuous in Qy, 1,, it is also bounded in Q, ;,. By an analogous
proof as in Lemma 3.2, /4 is a quasi-subcaloric function. Since u is a quasi-supercaloric
function, we may use Lemma 3.4 to conclude that # < u in Qy, ;,, which implies the
claim. |
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Combining the preceding proposition with Lemma 3.2, we obtain the desired improve-
ment of Lemma 3.2.

Lemma 3.6. Let 0 < m < 1 and let u be a nonnegative weak supersolution in Q.
Then, uy is a supercaloric function in Q.

In the next lemma, we show that supercaloric functions can be extended by zero in the
past.

Lemma 3.7. Let 0 < m < 1 and let v: Qr — [0, 00] be a supercaloric function in Q.
Then
v in2x(0,T),
u =
0 in Q x (—o0,0],

is a supercaloric function in Q x (—oo, T).

Proof. Clearly u satisfies items (i) and (ii) in Definition 3.1 since v does, and v > 0. By
showing (iii’), the claim holds by Proposition 3.5.

Fix a C2%-cylinder Q;,.,, € 2 x (=00, T), and let 1 € C(Q,,.;,) be a weak solution
in Qy,,s, such that 7 <wu on d, Oy, ,+,. Furthermore, suppose that Q;, 1, N (2 x {0}) # &
since otherwise the comparison (in (iii’) of Definition 3.1) clearly holds.

By definition of u, we have that

h<v=0 ond,[Q x (t1,0)],

i.e., h =00nd,[Q x (#1,0)]. This implies that # = 0 in Q x (#1,0). Since A is continuous,
this implies that 7 = 0 in Q x (¢1, 0]. Now by using also continuity of 4 we have that
lim sup h(y,s) =h(x,t) < lim inf v(y,s)
Qo.1, 2(,8)—>(x,1) Q0,1,3(y,5)—>(x,1)
for all (x,t) € 9, Qo,s,. Since v is supercaloric and / is subcaloric in Qg ,, it follows that
h <wvin Qo by Lemma 3.4 completing the proof. ]

Then we recall a parabolic comparison principle for super(sub)caloric functions in
noncylindrical bounded sets from Theorem 5.1 in [5].

Lemma 3.8. Let m > 0 and let U C R"™! be a bounded open set. Suppose that u is a
nonnegative supercaloric and v is a nonnegative subcaloric function in U. Let T € R and
assume that
limsup v(y,s) < liminf u(y,s)
Us(y,5)—(x,t) Us(y,s)—>(x,t)
forall (x,t)€{(x,t)€dU :t < T}. Then
v<u in{(x,t)eU:t<T}

The following result shows that the class of supercaloric functions is closed under
increasing limits, provided that the limit function is finite in a dense set, see Proposition 4.6
in [5].

Lemma 3.9. Let m > 0 and let uy be a nondecreasing sequence of nonnegative super-
caloric functions in Q. If u := limg_, oo Uy is finite in a dense subset of Q2r, then u is a
supercaloric function in Q.
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4. Positivity sets of supercaloric functions

First we recall the following result on expansion of positivity for weak solutions.

Theorem 4.1 (Proposition 7.2 in Chapter 4 of [11]). Let 0 < m < 1. Assume that u is
a locally bounded, nonnegative weak solution to (1.1) in the class C,c(0, T; Lf'g:“ 1 ()).
Suppose that for some (x,,t,) € QT andr > 0,

Ku(-.10) = M} 0 B(xo.r)| = a|B(x,.7)|

holds true for some M > 0 and o € (0, 1). Then there exist constants ¢, 8,1 € (0, 1),
depending only on n, m and o, such that

u(-t) >nM in B(x,,2r), forallt €t, + (1 —&)§M'"""r t, + M '™™r?],
provided that B(x,,16r) X (t,,ty, + SM'™"r?) € Qr.

We use the expansion of positivity for the following characterization of the positivity
set of supercaloric functions in the fast diffusion case.

Lemma 4.2. Let 0 < m < 1 and assume that u is a nonnegative supercaloric function
in Qr, where Q C R” is open and connected. Then, for any time t € (0, T), either u is
positive on the whole time slice Q x {t}, or u vanishes on the whole time slice.

Proof. As a first step, we prove the claim for a continuous, nonnegative, bounded weak
solution to (1.1). Let us fix a time ¢ € (0, 7). We claim that u, := u(x,,t) > 0 for some
X, € 2 implies

4.1 u(-,t) >0 in B(x,,r),

for any r > 0 with B(x,, 16r) € . First, we note that the continuity of  implies
1
4.2) u > 5 Uo in B(x,,0) x [t — 0%, t] C Qr

for some o > 0. If r < g, this already implies claim (4.1). Otherwise, we apply The-
orem 4.1 with the parameter @ := (o/r)" € (0,1). Let § = 6(n, m,a) € (0, 1) be the
number determined by this theorem. We choose M € (0, %uo] so small that

SM'T"r? < %,
andlett, :=t — M '™™r2 € [t — 02, t]. Because of (4.2) and M < %uo, we have
Ku(-.10) = M} 0 B(xo,r)| = | B(xo,0)| = a| B(x,,7)|.
Therefore, Theorem 4.1 implies
u(-,t) > nM in B(x,,2r)
for some 7 > 0, which implies claim (4.1). Next, we observe that this yields the implication

(4.3)  u(x,,t) > 0in some point x, € 2 = u(x;,t) > 0in any point x; € Q.
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For the derivation of this claim, we recall that €2 is connected and consider a curve I" C

that connects x, and x;. Then we cover I" by finitely many balls B(x;,r),i =1,..., L,
with x;41 € B(x;,r) foranyi =0,..., L — 1. Since I' is compactly contained in 2, we
can choose the radius > 0 small enough to ensure B(x;,16r) € Q foreachi =1,..., L.

Repeated applications of the positivity result (4.1) imply that u is positive on each of the
balls B(x;j,r) x {t}, and in particular, u(xy,¢) > 0.

This proves claim (4.3). The contraposition of this implication ensures that u(x;,#)=0
for some x; € Q implies u(x,,?) = 0 in any point x, € . We conclude that either u is
positive or zero on the whole time slice €2 x {¢}. This proves the claim for a continuous,
bounded weak solution.

Now, we consider a supercaloric function u: Q7 — [0, oo]. Let us assume for con-
tradiction that there is a time ¢ € (0, T') for which Q4 = {x € Q:u(x,t) > 0} satisfies
@ # Q4 S Q. By lower semicontinuity of u, the set €2 is open. Because €2 is connected,
its subset 24 cannot be relatively closed. Therefore, there exists a point x, € Q24 N €,
in which we have u(x,,t) = 0. We choose a neighborhood B(x,,r) C 2. Because of
Xo € 0924, there exists a point x4 € B(x,, r) with u(x4,t) > 0. If u(x4+,1) < oo, let
a:=u(xy,t). fu(xy,t) = oo, leta € R.y. By lower semicontinuity of u, there exists a
8 > 0 such that

1
u > 54 on B(x4,28) x [t — 6,1t + 6] € Qr.

We choose a function n € C§°(B(x4,26), [0, 1]) with » = 1 in B(x4, §), and abbreviate
0 1= |xo, — x4|. Then we consider the weak solution to the Cauchy—Dirichlet problem

d;v— Av™ =0 in B(x,,0) X (t —6,t +9),
v=2Lapt/m on d,[B(x,,0) X (t — 8,1 + 8)].

Theorem 2.8 implies that v is nonnegative, bounded and continuous up to the boundary.
Therefore, the first part of the proof implies that for every time s € (t — §,¢ + &), the
function v is either positive on the whole time slice B(x,, 0) X {s}, or it vanishes on
the whole time slice. However, since (x4, ) € d,[B(x,,0) x (t — §,t + 8)] for every
s € (t—4,t+9), and in this point we have v(x4,s) = %a > 0, we can exclude the
second alternative. This proves v > 0 on the whole domain B(x,,0) X (t —§,t + §).

Moreover, by construction we have u > v on d,[B(X,,0) % (t —§,t + 6)]. Therefore,
by definition of the supercaloric function u, we have u > v on B(x,,0) x (t —§,t + 6),
and in particular,

u(xp,t) > v(xy,t) > 0.

Since u(x,,t) = 0 by construction, this yields the desired contradiction. Therefore, we
have established the claim also in the case of a supercaloric function. ]

Corollary 4.3. Let 0 < m < 1 and assume that u is a nonnegative supercaloric function
in Qr, where 2 C R” is open and connected. Then, the set

4.4 At = {t € (0,T):u is positive on Q x {t}}

can be written as a countable union Ay = J); A;, where A; is an open subinterval of
(0,T) for every .
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Proof. In view of Lemma 4.2 and since u is lower semicontinuous, the set
Ay :={t € (0,T):u is positive on Q2 x {t}}

is an open subset of (0,7"). We decompose A + in its connected components A; = (#;,1,% 2),
i €l,ie, Ay = ;5 Ai, with disjoint open intervals A;. Since Ay is an open subset
of the real line, there can be at most countably many connected components, i.e., we can
choose the index set either as / = N or of the form / = {1,..., L}. |

We state Harnack type estimates for weak solutions that will be used later on. In the
following, we denote A := n(m — 1) + 2.

Lemma 4.4 (Theorem 17.1 in Chapter 6 of [11]). Let (n —2)/n < m < 1. Suppose
that u is a nonnegative weak solution in the class Cioc (0, T; Lf;’:r Y(Q)). Then there exists
y = y(n,m) such that

< Y inf / (x.7)d 2/4 N t—s\1/-m)
sup u_—( in u(lx,t x) y( )
B(y,r)x[s.] (t —s)y"/* \2s—i<z<t Jp(y 2r) r2

Sor all cylinders B(y,2r) X [s — (t —5),5 + (t —5)] € Q7.

Lemma 4.5 (Proposition B.1.1 in [11]). Let 0 < m < 1. Suppose that u is a continuous
nonnegative weak solution in Q. Then there exists y = y(n,m) > 1 such that

. t —s\1/(1-—m)
sup / u(x,7)dx <y inf / u(x, 1) dx—i—y( 5 )
s<t<t JB(y,r) S<T<tJB(y.2r) r
for all cylinders B(y,2r) x [s,t] € Qr.

Up next, we prove a weak Harnack inequality for supercaloric functions. The proof
follows the approach in Proposition 3.1 of [13].

Lemma 4.6. Let (n —2)/n <m < 1 and u be a nonnegative supercaloric function in Q.
Then, there exist constants ¢y, c3,a € (0, 1), depending only on n and m, such that the
following holds. Assume that for some s € (0, T), we have

1-m
0 := cz(f u(x,s) dx) >0,
B(x,,2r)

and B(x,,64r) x (s,s + 0r?) € Qr. Then the estimate

inf u(-,t)>cy ][ u(x,s)dx
B(x,,2r)

(x0,27)
holds for any t € [s + afr?,s + 0r?].

Proof. Let us assume (xg,s) = (0,0) and Qs := Bg4r X (0,S5) € Qr, forsome S < T.
Let u be a supercaloric function in Q7, and let ux := min{u, k} be its truncation of level
k =1,2,... We want to solve a Dirichlet problem in Qs with uy(x, 0) xp(,2-) on the
initial boundary and zero on the lateral boundary. However, in order to guarantee existence
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of a (unique and continuous) solution, we solve a regularized problem instead. To this end,
we rely on the lower semicontinuity of u7” (x, 0) x p(0,2r) to approximate it pointwise from
below by Lipschitz functions w;’,‘i, such that 0 < Vg ; < Yk i+1 < uk(x,0)xB(0,2r) in
Q x {0} with ¥ ; (x) = ug(x,0) xp(o,2r) pointwise in  as i — oo. That is, we consider
the problem

dihis — AGZ) =0 in Os,

hk,i(x,t) =0 on dBga, X (0, S),

hi,i(x,0) = Vg i (x) on B(0, 64r) x {0}.
By Theorem 2.8, a unique global weak solution /iy ; € C(0Qy) exists such that hei =0
on the lateral boundary and Ay ; = V¥ ; on the initial boundary. Since 0 < ¥ ; < ug < u
on the parabolic boundary, from the comparison principle in the definition of supercaloric
functions, it follows that 0 < hix ; < ug < u in Q. From Theorem 2.8, it also follows that
0 < hr; < hgiy1 in Qg for every i, so that s ; forms a nondecreasing sequence with
respect to i € N. We set

i=( (.0 dx)l_m =4 (L g dx)l_m

BZr

and

where y is the constant from Lemma 4.5. By Lemma 4.4, we have

sup  hg; <1 Yi,i (x) dx,
Burx(8/2.8) Bar

for y; = y1(n,m) > 0. From Lemma 4.5, it follows that

1
inf hii(x,7)dx > —/ hii(x,0)dx.
0<t<8 J B4y 2y JB,,

By using the previous two estimates, we obtain

1
[ hri(x,0)dx < hi i (x, d
oty ]132, ki (x, 0) x_]£4r ki (x,7) dx
1
- hg,i(x,7)dx + hyei(x.7) dx
|Bar| i (0)> o} Bar | Bar| {he,i (D) =co}NBar
_ Mhei( 1) > co} N Bay|

71 ][ Yi,i (x) dx + ¢y,
|B4r| BZr

forany t € 6 /2, §) and an arbitrary constant ¢, > 0. By choosing

1
Co = = ]izr Yii(x) dx,
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the estimate above gives

1

[hii (-, 1) > co} N Bar| = 55— | Bar|
i [4 4r 2n+2)/J/1 4r

for any t € (3 /2, S). At this point we can apply the expansion of positivity, Theorem 4.1.
This gives that there exist constants ¢, o, n € (0, 1), depending only on n and m, such that

n .
hi,i(-,t) > m ]{32, Y,i(x)dx in Bg,

forallz €[t 4+ (1 —¢e)acl™r2, 7 + ocl~™r2). Observe that this holds for any 7 € (5/2,5).

o
Now if we choose the constant ¢ > 0 such that

) |Bl| 1-m 1 1-m
€= (4”7/) +U(2”+2y)

1-m
Ok, :==c¢ <]{; Yi,i (x) dx) o Skyii=Okir?,
2r

and

we have that

i n
4.5 nf hy: > — (x dx,
) Ber(olzsk,i,sk,i) i = n+2y ]{32, Vke,i (x)

where « € (0, 1) depends only on n and m. Moreover, if we first let i — oo and then
k — oo, by monotone convergence we have

1-m
8ki — 6, where §:=¢ <][ u(x,0) dx) r2.
By

The left-hand side of (4.5) can be estimated from above by using comparison as

inf hii < inf U < inf u.
Bgrx(ady;,8k,i) Bgr x (b ; ,0k,i) Bgy x(ady ;,8k,i)

By passing to the limit in (4.5), first in i — oo and then in k — oo, we obtain

. n
nf u> u(x,0)dx
Bgr>]<(a8,8) T 2nt2y ]{;Zr (x,0)

by using the monotone convergence theorem on the right-hand side. The claim follows. =

If Q2 is connected, as a consequence of Lemma 4.2, the positivity set of a supercaloric
function in 7 has the form  x A4, where the set A C (0, T') is a countable union of
open time intervals. The next lemma guarantees that the supercaloric function vanishes at
the endpoint ¢, of each of these time intervals, provided 7, < T'.

Lemma 4.7. Let 0 < m < 1, and suppose that u: Qg — [0, 00] is a supercaloric function

in Qr such that for some t, € (0, T), we have u(x,t,) = 0 for all x € Q. Then,

lim | u(x,t)dx =0 forevery K € Q.
tTto K
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Proof. Since an arbitrary compact set K € Q27 can be covered by finitely many balls B,
with By, € , it suffices to prove the claim for the case K = B, with By, € Q.

Let B(y,4r) x [s,t,] € Q7. Consider the regularized Dirichlet problem as in the proof
of Lemma 4.6 in @ = B(y, 4r) x (s,t, + ) € Q7. By using Lemma 4.5 together with
the comparison principle iy ; < ux < u in @, it follows that

. to — s\ 1/(—m)
[ wswarsy it [ bgeoaey ()
B(y.r) §<t<lo JB(y,2r) r

(to - s>1/(1—m)
= )/ rA s

since u(+, t,) = 0. By using the monotone convergence theorem, we can pass to the limit
i — oo and k — o0 to obtain

/ u(x,s)dx <y (
B(y.r)

Since s < t, was arbitrary, provided that B(y, 4r) x [s,t,] € Q7 holds, we may pass to
the limit s — ¢, in the estimate above, from which the claim follows. [

to — s\ 1/(—m)
=)

We prove a variant of Lemma 2.9 when the supersolution vanishes at the final instant
of time. The result will be important in the following section.

Lemma 4.8. Let 0 <m < 1. Let u: Qr — [0, 00] be a supercaloric function in Q such
that u is a weak supersolution in Q2 X (t1,t2) for some interval (t1,t;) € (0, T). Further-
more, suppose that u(x, t;) = 0 for every x € Q. Then,

153
/ /n2|wm|2dxdz54M2m(r2—z1)/ |Vn|? dx
151 Q Q

for any nonnegative n € C§°(2) and M = |u|| oo (spt(n)x(t1,12))- If u does not vanish at t,
then we have

iy
/ /772|Vu’”|2dxdt§4M2m(t2—t1)/ |Vn|2dx+2Mm+1[ n? dx.
t JQ Q Q

Proof. We start with a mollified weak formulation for u, which can be written as

(7] 1 2
/ / 0lulne + [Vu™]p - Ve dxdr > —/ u(x, rl)/ @™/ y(x,5)dsdx > 0
T1 Q h Q 71

for a.e. 75 € (11, 1) and a.e. 71 € (f1, 72). The time mollification [-], is defined as in (2.2).
Up next, we use a test function

¢ =(M" —u")an?,

where n € C5° (2, R>0) and a is a piecewise affine approximation of x, ,(?).
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For the parabolic part, we have

153 (%) (%)
/ /at[[u]]hwdxdtzf /asnszat[[u]]h dxdt—/ /aanzumatl[u]]h dxdr
T Q 7 JQ T JQ
(%) 12
5/ /aansza,ﬂu]]h dxdt—/ /ozanz[[u]]'lf’fitﬂu]]h dxdr
Q
T1 o
—/ /o/ > M™ [u]y, dxdt + —/ /a' n* [ul " dxdr
=0 12 agm 12 m+l
anM udxdt+— anu dxdt

e—>0

— — nszu(rl) dx+—/ nzum+1(‘cl) dx
Q m+1 Jo

1
+ / 7> M"™u(ty) dx — L 2u" (1) dx
for a.e. 7, € (t1,12) and a.e. 71 € (¢1, 72). Since m+~_lu””rl < M™uy, the sum of the first

two terms on the right-hand side is nonpositive, and we can discard it. After passing to the
limit &~ — 0, for the integrand of the divergence part we have

Vu™ Vo = —aen? |Vu™|? + 20,0 (M™ —u™)Vy - Vu™.
For the latter term, we use Young’s inequality and obtain
1
20en (M™ —u™) V- Vu™ <20,n M™ V| [Vu™| < 5%7}2 |vum|2 + 2058M2m |V77|2'

By passing to the limit ¢ — 0 and combining the estimates, we have

[
—/ / n? |Vu™|? dxdr §2M2m(‘L'2—‘L'1)/ |Vn|? dx
2Jy Ja Q

1
+/ n> M™u(t,) dx—T n?u™ () dx.
By multiplying this inequality by 2 and letting 7, — #, and 7; — ?1, the first claim follows
by using Lemma 4.7, while the second one follows by using 0 < u(z;) < M. ]

5. Bounded supercaloric functions

First we state a result concerning the obstacle problem that will have significant import-
ance in further results of this paper. The existence and regularity results stated in the
following theorem can be extracted from [7,9,26,29] (see also [25]). The proof of prop-
erties (i) and (iv) can be found in [27].

Theorem 5.1. Let 0 < m < 1 and let 2 C R" be a bounded Lipschitz domain. Let
satisfy y™ € C1(Qr, Rxo). Then, there exists a function u € C(Qr) with the following
properties:

(1) u is a weak supersolution in Qr,

(1) u >y everywhere in Qr,
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(iil) u =¥ on 0,Q7,
(iv) u is a weak solution in the set {u > V}.

We start by proving that supercaloric functions are weak supersolutions on their pos-
itivity set.

Lemma 5.2. Let O <m < 1. Let u > 0 be a locally bounded supercaloric function in Qr,
where Q C R" is an open set. Then u is a weak supersolution in Q.

Proof. Consider a compactly contained cylinder @ = Qy, 1, 1= B(x,,7) X (t1,12) € QT
and choose a larger cylinder QwithQe @ e Q7. Observe that by lower semicontinuity
of u and u > 0in Q7, we have that u > § > 0 in @, for some § > 0. Furthermore, there
exists a sequence () with the properties ¥, € C°(Qr) foreachk = 1,2,...,

O0<vY)<yYp<---<u and klim Yr=u in@.
—>00

Next we consider the obstacle problem in Theorem 5.1, with obstacle yx. By The-
orem 5.1, there exists a solution vy € C(Qy, ,s,) to the obstacle problem, with vy = VY on
0p 01,1, In the set

Uk :i={(x.1) € Q1 2 0k(x.0) > Y (x, 1)},

vk is a weak solution. Since vy = Y on 0, Qy, 1, it follows that vy = Y on dUy, except
possibly when ¢ = #,. That is,

Ve =Y <u ondUp N{t <t}
We want to use now Lemma 3.8 to conclude that
5.1 vy <u inUp N{t <t}

Since vy is continuous in Qy, 1, it follows that vy is continuous in Uy N {t < t,}. From
here it follows that

limsup ve(y,s) = Yr(x,t) <u(x,t) < liminf u(y,s)
Upa(y,5)—>(x,1) Ur3(y,5)—>(x,1)
for each (x,7) € {(x,t) € dUy : t < t,} by using also lower semicontinuity of u. Now we

can use Lemma 3.8 to conclude (5.1).
Consequently, we have that

Ve < vk <u inQp,

which implies that vz — u as k — oo pointwise in Qy,,7,. By Lemma 2.9, [Vv;"| is uni-
formly bounded in L2(V X (1, t2)) for every subdomain V & B(x,, r). This together
with pointwise convergence implies that Vv;” converges weakly to Vu™ in L2(V x
(t1,12), R™). This implies that u is a weak supersolution in any Qy, ;, € Q7. Since being
a weak supersolution is a local property, it follows that u is a weak supersolution in Q7.
That is,

/ (—ud;p + Vu™ - Vo) dxdt >0
Qr

for any nonnegative ¢ € C§°(227). |
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Next, we generalize the preceding result to nonnegative supercaloric functions.

Theorem 5.3. Suppose 0 < m < 1. Let u > 0 be a locally bounded supercaloric function
in Q. Then u is a weak supersolution in Q.

Proof. Write Q as a union of its connected components, i.e., 2 = | ieN Q7 in which
each Q7 is open and connected. By Corollary 4.3, we may decompose the positivity set

Ai :={t € (0, T): u is positive on 7 x {¢}}

into at most countably many disjoint open intervals Ai =U;e I A , where A] (tl 11 2

On each of the sets 7/ x A{ , Lemma 5.2 implies that u is a weak supersolutlon
to (1.1),i.e.,u™ € L? (A] H! (27)) and

loc

(5.2) / _ (—uds;p + Vu™ - Vo) dxdr >0
Al Jai

for all nonnegative test functions ¢ € C°°(§2f X A] ).
First we show that u™ € L (0, T; H,}.(2)). To this end, let K C €2 be compact and
(s1,$2) € (0, T). Choose an open set K’ such that K € K’ €  and a cutoff function
n€C§(K') suchthatn = 1in K and |Vn| < ¢ dist(K, dK)~! with a numerical constant
¢ > 0. Denote K/ := K N Q/, which is compact since K; = K \ (U#j Q*) is closed.

For each A] € (0, T), Lemma 4.8 implies that u™ € L2(A] H\! (27)). Denote
Il :={i € I; : A] N (51.52) # @)

Observe that for every ¢t € (0, T) \ A{;_ we have u(-,¢) = 0 and Vu™(-,¢t) = 0 on Q/. By
applying Lemma 4.8 on the sets 7/ x (A7 N (s, 52)), we obtain

52
//qu |2dxdt<// 2|\Vu™ 2 dxdr = Z/ / n? |Vu™|? dxdr
s1 JKJ Aﬁ(slsz)

eI’

§4M2m/ |Vn|? dx Z(t tl{l)—f-ZMmH/ n? dx

eI’ @/

< 4TM2’”/

|Vn|? dx +2M"’+1/ n? dx < oo
QJ

QJ

for M = |[u||Loo(k7x(s1.s,))» Where the last integral can be omitted in the case s> ¢ A’
Since ©/ and K/ are disjoint, and Q = Ujen @/ and K = ;e K7, we can sum over
j € N and obtain

52
/ f [Vu™|? dxdt §4TM2'"/ [Vn|? dx+2Mm+1[ n? dx < oo.
K Q Q

Since K, s1 and s, were arbitrary, this finally implies that u™ € L2 (0, T; H,}.(R)).
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Then we show that the integral inequality (5.2) holds in 27 for all test functions
9 e C5°(27,R>0). Observe that this implies ¢ € C5° (27 x (0,7),R>) forevery j € N.
Fix i € I;. For such a test function a standard cut-off argument yields

12
/ (—udsp + Vu™ - Vo) dxdt > —/ ug dx
T QJ QI x{1p}

1

for every 11 € A{ anda.e. 75 € A{ with 7, > 77. In the case tij , < T, the last term vanishes
in the limit o 1 ti] , due to Lemma 4.7. If t; , = T, we only consider test functions that

vanish in a neighborhood of Q/ x {T'}, so that we can omit the last integral also in this
case. Since ¢ vanishes also in a neighborhood of €2/ x {0}, we may pass to the limit
1 —> tl{I as well. Thus we get

ts
/. (—udrp + Vu™ - Vo) dxdt > 0.
t

J
i I

By recalling that u(-,¢) = 0 and Vu™(-,t) = O forevery t € (0, 7) \ A, we obtain
// (—ud;p + Vu™ - Vo) dxdt = Z/ A (—udsp + Vu™ - Vo) dxdt > 0.
QJx(0,T) — A JQi

By summing up over j € N and using the fact that the Q/ are disjoint, we conclude the
proof. ]

We show that a supercaloric function is a weak supersolution also if it belongs to the
appropriate energy space.

Lemma 5.4. Let 0 <m < 1. Let u: Qr — [0, 00] be a supercaloric function in Qr such
thatu™ e L2 (0, T Hl(l)C(Q)) N Ll/m(QT). Then u is a weak supersolution.

loc loc

Proof. By Theorem 5.3, the truncation u; = min{u, k} is a weak supersolution for every
keN,up(x,t) <ugspi(x,t) and limg o0 g (x, ) = u(x,t) for every (x,t) € Qr. This
implies that

k—o00

lim —/ drpuyp dxdt = —/ drp u dxdt
Qr Qr

for every ¢ € C§°(Q27, R>0), by the dominated convergence theorem and the fact that
ue Llloc(Q T)-
There also holds
lim Vul’(x,t) = Vu™(x,t) forae. (x,1)eQr,
k—o00
|Vu'| < |Vu™| foreveryk =1,2,..., and |Vu™|e L} (Q7).

Again, by dominated convergence theorem, we can conclude that

lim // Vuy' - Ve dxdt = // Vu™ - Vo dxdt
k—o00 Qr Qr

for every ¢ € C§° (27, R>0), which concludes the proof. |
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6. Barenblatt solutions

In the case (n — 2)/n < m < 1, the Barenblatt solution can be written as
B(x,1) = (CHOYI™ (42* 4 x>V for (x,1) € R" x (0, 00),

in which A =n(m—1)+2,C =2mA/(1 —m) and A > 0. The Barenblatt solution is
a continuous weak solution in R” x (0, co). However, we may define a function u in the
whole space as

| B(x,1), t>0,
6.1) u(x,t) = { 0. ‘<0

which is not even a weak supersolution in R” x R. That is because the integrability
assumption for the gradient fails in any neighborhood of the origin, i.e., because |Vu™| ¢
L2 (R™ x R). However, u is a supercaloric function in the whole space R” x R. This is
due to Lemma 3.7, since 8 is a supercaloric function as a continuous weak solution in the
upper half-space by Lemma 3.6.

The Barenblatt solution is the leading example of a supercaloric function in Barenblatt
class that, on the other hand, is not a weak supersolution. The Barenblatt solution defined
in (6.1) satisfies

o;u—Au" =M§ inR" xR
in the weak sense, where § is Dirac’s delta at the origin and M > 0 represents the mass at
the origin (A is a decreasing function of M). Furthermore,

1% 12
/ / wmt2/m dxdt = 0o and / / |Vu'”|1+1/(1+m") dxdr = oo,
t1 JB(0,r) ty JB(0,r)

forevery t; <0, t, > 0and r > 0. Later on, this will show that the integrability exponents
obtained in Lemmas 6.5 and 6.6 are sharp. We interpret

(6.2) Vu™ = lim V min{u, k}"
k—o00

for a supercaloric function u. The weak gradient of the truncation is well defined for
each k € N, since min{u, k}™ € leoc(O, T: HI(IJC(Q)) by Theorem 5.3. If the gradient
defined in (6.2) is a locally integrable function (together with u™), then it is the weak
gradient of u” in the standard sense. Observe that Vu™ = 0 a.e. in {u = oo}, since
Vmin{u, k}'"* = 0 a.e. in {u = oo} forevery k € N.

We will make use of the following Caccioppoli inequality. For the case m > 1, see
also Lemma 2.4 in [22].

Lemma 6.1. Let 0 < m < 1. Suppose that u > 0 is a supercaloric function in Qt and let
@ € Cg° (27, Rx0). Then there exist numerical constants c1, c2 > 0 such that

// u e |\ Vu™ |2 p? dxdt + ess sup/ ul=% 92 dx
Qr te(0,7) JQ

=S [ e vel axar s 2 ] w= ) axar
£ Qr e(l—e) Qr

holds for every ¢ € (0, m).
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Remark 6.2. In points with u = 0, we interpret the first integrand on the left-hand side
as zero. This is reasonable since formally for ¢ € (0, m), we have

4m?
u T [V = o |Vu=9/212 and
m-—ée&

m-—¢&

2

> 0.

Remark 6.3. The result in Lemma 6.1 holds also if u is a weak supersolution by The-
orem 2.11 and Lemma 3.6.

Proof of Lemma 6.1. We again notice that Q@ = ;< €2/, where each Q7 is open and

connected. First, we consider an arbitrary connected component 2/, but denote it by Q
for simplicity. By Corollary 4.3, we may decompose the positivity set

Ay :={t € (0,T):u is positive on Q2 x {t}}

into at most countably many disjoint open intervals Ay = | J; ¢ ; Ai.

Let t1, 2 € A; =: (4,1, t;,2) for some i € I. We consider truncations uy = min{u, k},
k =1,2,..., which are supercaloric functions with the same positivity set as u. For sim-
plicity we denote uy by u. By Lemma 5.2, u satisfies the mollified weak formulation

12
/ / @0 [ulp + [Vu™)p - Vo dxdr >0
T1 Q

for any nonnegative ¢ € C3°(2 x (71, 12)). By a standard approximation argument, the
same holds more generally for test functions ¢ € C§°(S27). Here [-];, denotes the standard
mollification in time, and we consider & < %dist(aAi, (71, 72)). Observe that in (2 X (11 —
h, 1o + h)) Nspt(p), we have 0 < § < u < k < oo for some 6§ > 0. We test the mollified
formulation with [u], @? € L%(11, 72; H} (2)). From the parabolic part, we obtain

/ /Q 2 [l 3, [uly dxdr

1 (e . 1 .
[ et avar+ = [ @ity d

1—¢
1
1% /S;([”]}lfs‘/)z)(',fl) dx

— —

1 & 1
- / /Qul_sat(wz) dxdr + 1% /Q(ul_agaz)(-, 72) dx
7
1

/ W) (1) dx
Q

1—¢

ash — 0, for a.e. 11 < 15 in A;. Observe also that the second term on the right-hand side
converges to 0 when o — £; ».
For the gradient, we have

V(uly* 9% = 20l Vo = — @2l '~ Va
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Observe that since 0 < § < u < k, we also have § < [u], < k. Now each mollified term
above converges pointwise a.e. when 7 — 0. In particular, the last term is majorized by

—e— — —e— — 2
02 [l VAT VU] < 87T ) o5 [V ]

and for the integral of the majorant, we have the convergence

2
. SPNE _ 2
fim / / 5 o 012 [V ddr
h—0 7 Q

2
- / [Q 55 ooy 912 [V P dxdr < oo,
T1

since [Vu™];, — Vu™ in L2 (Qr) when h — 0. Thus, we can use a variant of the dom-

inated convergence theorem (see Theorem 4 in Chapter 1.3 of [12]) to conclude

(%) 17
lim / / @ [l VU™ - " VU™, dxdt = / / Q> umE |\ Vu™ |2 dxdt.
h—)O T1 Q T1 Q

We can argue similarly with the other term in the divergence part, which implies

[ [y v o7 axas

2 g 2
— 2/ / Qu e Vu™ . Vo dxdt — —/ / @2 umE | Vu™|? dxde
T1 Q m T1 Q

when 4 — 0. By Young’s inequality, we have
2
20u*Vu™ - Vo < Zi Q2umE V™| + 0 m—e |Vol|?.
m e

By combining the results, we obtain
€ 1:2 2, —m—¢ m)|2 1 1—e 2
T ng u |Vu™|” dxdr + 1% Q(u ©°)(-, 1) dx
2

2m © m—e 2 1 © 1—¢ 2
< — u" | Vol|* dxdt + —— u %10 (¢”)| dxdr
& T Q l—e¢ T1 Q
1
+ —/ W% 9?)(-, 1p) dx.
1—¢ Q

Now we can pass to the limit 7, — #; » so that the last term vanishes due to Lemma 4.7
if t;» < T and also in the case t = T, since ¢ vanishes in a neighborhood of  x {T'}.
On the right-hand side, we may integrate over 2 x A;. At this point, we also pass to
the limit k — oo in the truncations. Using Fatou’s lemma for the first term on the left-
hand side and the monotone convergence theorem for the remaining terms, we obtain the
inequality above for the original function u. Observe that if the right-hand side tends to
infinity, the estimate clearly holds. Thus we may assume that the right-hand side is finite.
By considering separately the terms on the left-hand side, in the first term we can pass to
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the limit 7; — #; ;. In the second term on the left-hand side, we take the supremum over
71 € A;. In this way, we arrive at the bound

// Q*uT"mE | V™ |2d)cdt—|—esssup/(ul €92)(-, 1) dx
QXAZ'

teA;

4m? + 2me(1 —
< met n;g( 2 [/ u™ ¢ |Vo|? dxdt
g QxA;

2 _
+ — mte—é // ul™%19,(¢?)| dxdr.
e(l—e) QxA,

Observe that in Q7 \ (U; ¢ ; © x A;), both sides are zero since in this set ¥ = 0 and
Vu™ = 0, see also Remark 6.2. By summing up over i € I, we have

// u™" 8 | VU2 o dxdr + ess SUP/ u(x. 1) " p(x.1)* dx
Qr te(0,T)/Q

< C—;// u™ ¢ |Vo|? dxdt + C—Z/ ul™9; (p?)] dxdt,
&2 Ja, e(l—e) Jq,

for numerical constants ¢y, c; > 0. In the end, we may sum up over all connected com-

ponents of €2, which concludes the proof. ]
We recall Sobolev’s inequality, see [11,21].

Lemma 6.4. Assume that w € L]’Z)C(O, T; WI;C’IJ(Q)) and ¢ € Cg°(Q2T), and r > 0. There

exists a constant ¢ = c(n, p,r) such that the inequality

n
(6.3) // lpw|? dxdt < ¢4 // [V(pw)|? dxdt ess sup/ lpw|" dx ,
Qr Qr 0<t<T

is valid forq = p + pr/n.
Up next, we prove a local integrability result for supercaloric functions by exploiting
a Moser type iteration.

Lemma 6.5. Let (n —2)/n <m < 1 and let Q be an open set in R". Suppose that u is
a nonneganve supercaloric function in Qr. If u € Ly, (27) for some s > 5(1 —m), then
uelLl (Qr) wheneverq < m + 2/n.

loc

loc

Proof. By Theorem 5.3, the truncations u; := min{u, k} are weak supersolutions for
any k > 0 and satisfy the Caccioppoli estimate in Lemma 6.1. Up next, we combine the
Sobolev inequality, Lemma 6.4 and Caccioppoli inequality, Lemma 6.1.
Letp € C5°(27),0 <¢ <1 and ¢ = 1 in a compact subset of 2. Since m > (n —2)/n,
it follows that 5 (1 —m) < 1. Therefore, there exists ¢ € (0,m) withs = 1 —& > Z(1 —m).
We choose
(s—(1-m)/2 _ . (m—e)/2 2s

= = ., p=2 and r=—F—1—_>2
w uk Mk P an r s—(]—m)
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in Sobolev’s inequality, and start to estimate the right-hand side. For the first term, we have

[ Mot axa
Qr

52// up 1+S|Vgp|2dxdt+c// u, "I IV ) Pe? dxdt
Qr Qr

=ff

in which ¢ = c¢(m, &) > 0. In the last step we applied the Caccioppoli inequality from
Lemma 6.1 with ¢ = 1 — 5. With the aforementioned lemma we can also estimate the
second term from the Sobolev inequality (6.3). Since r > 2, the function ¢"/2 € Co(Qr)
is an admissible test function in the Caccioppoli inequality, which gives

€ss sup/ Lti((p’/z)2 dx

te(0,T)
< c// ]'C”_Hs "2|Vp|? dxdt + ¢ // ul " 210, (¢?)| dxdt
Qr

< c// m=1+5 |y p|? dxdr —i—c[/ u3 |9, (¢?)| dxdt,
Qr

where ¢ = ¢(m, €) > 0. By using the Sobolev inequality, Lemma 6.4, and the two inequal-
ities above, we obtain

2y_(1—
// (pquz(H_") = G dr
Qr
142/n
< (c // u;c"_lJFS|ch|2 dxdt +c// ui|8,(<p2)|dxdt) ,
Qr Qr

with a constant ¢ = c¢(n, m, €) > 0. We can estimate

// u;c"_1+s|V(p|2 dxdt
Qr

=// X{uk>1}u;€"_1+s|v(p|2dxdt+// X<y~ 5| Vo|* dxds
Qr Qr
5// u;|w|2dxdz+[/ |Vo|? dxdt,
Qr Qr
and further

2y_(1—
f/ goqui(H_") = G dr
Qr

<c(n,m,e) ([/ uj (IVel?> +19:(¢?)]) dxdr + // |Vol|? dxdt)1

<c(n,m,e) // (IVo]* + [3:(¢?)]) dxdt—i—// |V<p|2dxdt)1
Qr

uZ—1+s|V(p|2 dxdt—}—c// ui|8,(¢2)|dxdt,
Qr

T

+2/n

+2/n
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Now we can pass to the limit k¥ — oo and use monotone convergence theorem on the
left-hand side, which implies

(1+2)—(1-m)
oe "(@r).

We can repeat this procedure as long as ¢ > 0, i.e., the integrability exponent is strictly
less than 1. By iteration we obtain a sequence of integrability exponents

uelL

2
§; = Si—l(l + ;) — (1 —m),

provided s;—; < 1. The exponents can be written in terms of the integrability exponent
so=1—e>Z(1—m)as

5 = (1 " %)i(so - %(1 —m)) n %(1 —m).

In a finite number of iteration steps we obtain the integrability u € L
leto € (O,m)and s =1 —
once more we obtain

L .(S27). Then, we

: +2 5o Combining the Sobolev and Caccioppoli inequalities

ue Lm+2/n—0(QT).

loc

Since o € (0, m) is arbitrary, the claim follows. [

Next we prove a local integrability result for the gradient Vu™.

Lemma 6.6. Let (n —2)/n <m < 1 and let Q@ C R" be an open set. Suppose that u is
a nonnegative supercaloric function with u € Ly, () for some s > 5 (1 —m). Then, the
weak gradient Vu™ exists and |Vu™| € L (Qr) forany g <1+ 1/(1 + mn).

Proof. By Lemma 6.5, it already follows that u € L] (Q27) whenever r < m + 2/n. In
particular, u € L} (7). First we start with truncations ux = min{u,k}. Let Q' € 2,0 <
t; <t < T and ¢ € (0, m). By Theorem 5.3, the truncation uy, is a weak supersolution for
every k € N. Now, forg <1+ 1/(1 +mn) and ¢ € C§°(Qr) withp = 1in Q" x (t1,1)
and ¢ > 0, we have

i
/ / |Vuy'|? dxdr = / [Vuy'|? dxdt
151 Q/ ApN(t1,12) JQ

= / / (u,:(m+8)/2 |Vu;€"|)q7 uz(m+8)/2 dxdt
AN(t1,t2)

q/2 1) 4 1—q/2
=< (/ / Mkm 8|Vuk |2 dxdt (/ / u;,q(ers) dxdt)
131 4
1—q/2
=< ( // m €|V(ﬂ|2 +uk |a ((,02)| dxdt / / - q( +8) dl)
Qr /
(m+ 1—-q/2
S( // U™ Vo2 +u' " 10,(¢?)]) dxdt / / y i mte) 4. dt)
Qr /
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for ¢ = c¢(&) > 0 by using Holder’s inequality and the Caccioppoli inequality, Lemma 6.1.
The first integral on the right-hand side is clearly bounded since u € L} (7), and the

loc
second is as well whenever qq(m + &) <m + 2/n by Lemma 6.5. Since ¢ > 0 can

oy
be chosen arbitrarily small, the second integral is finite whenever ¢ < 1 + 1/(1 4+ mn),

which completes the proof. ]

Remark 6.7. Observe that in the case 0 < m < (n — 2)/n (and in particular, when m =
(n —2)/n), the proof of the preceding lemma also implies that if u € L} .(7) is a super-

caloric function in Q7, then [Vu™| € L (Qr) for every ¢ < 2/(m + 1). Indeed, in that

loc
case,2/(m + 1) > 1 and Vu™ is a weak gradient of u™.

Finally, we state characterizations for Barenblatt type supercaloric functions.

Theorem 6.8. Let (n —2)/n <m < 1 and let Q be an open set in R™. Suppose that u is
a nonnegative supercaloric function in Qr. Then the following statements are equivalent:

(i) wuelLl
i) weL: ™ (@r).

(iii’) There exists a € (5(1 —m), 1) such that

(Qr) for some q > 5 (1 —m).

sup / u(x,1)* dx < oo,
§<t<T—$8 !
whenever Q' @ Q and § € (0, T/2),
(iii) There holds
sup / u(x,t)dx < oo,
§<t<T—§ !
whenever Q' € Q and § € (0,T/2).

Proof. (1) = (ii): Holder’s inequality.
(iii’) = (i): Elementary.
(i) = (iii’): This is a direct consequence of the Caccioppoli inequality, Lemma 6.1.
(iii) = (iii’): Holder’s inequality.
(ii) = (i): Follows from proving contraposition —(i) = —(ii) in Theorem 7.3.
(i) = (iii): Follows from proving contraposition —(iii) = —(i) in Theorem 7.3. [ ]

Observe that every supercaloric function u in the Barenblatt class satisfies

0 < lim // —updrp + Vuy - Vo dxdt = // —udrp + Vu™ - Vo dxdt,
Qr Qr

k—o00

for every nonnegative ¢ € C§°(27) by Theorem 5.3 and Lemmas 6.5, 6.6. Together with
Riesz’ representation theorem, this implies that for every supercaloric function u in the
Barenblatt class, there exists a nonnegative Radon measure u in Q7 such that

// —ud;p + Vu™ - Vo dxdt = / @ du  forevery p € Cy°(Q).
QT Qr
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7. Infinite point-source solutions

In this section, we consider supercaloric functions that do not fall into the class described
by Theorem 6.8. As a starting point, we recall that a function

(7.1) u(x,t) = |x|~" /" forn>=3,0<m<1,

based on the fundamental solution to the elliptic (Laplace) equation is a supercaloric func-
tion to the porous medium equation in the whole space R”*!. In the supercritical case,
the singularity of the function in (7.1) is mild enough to guarantee that it belongs to the
Barenblatt class. However, |Vu™| ¢ L2 (R"*!), which implies that u is not a weak super-
solution.

For the rest of this section, we focus only on the supercritical range (n —2)/n<m < 1.
In the complementary class, the leading example is the infinite point-source solution,
which possesses a slightly similar behavior as (7.1). The infinite point-source solution
(see [8]) can be written as
Ct )1/ 1-m) 2m

W s where C = m(Z—n(l—m))>0,

12 Ulx1) = (

for (x,t) € R" x (0, 00).
This function is a continuous weak solution to (1.1) in (R” \ {0}) x(0, c0). However,

u ¢ ngl_m)(]R” x (0, 00)), which implies that u is not even an integrable function in
R"™ x (0, o). However, U is a supercaloric function in R” x (0, o0), which we show in

the next lemma.

Lemma 7.1. The infinite point-source solution U defined in (7.2) is a supercaloric func-
tion in R"™ x (0, 00).

Proof. Denote Uy = min{U, k}. Now Uy is clearly continuous in R” x (0, co), and
it is a supercaloric function in (R” \ {0}) x (0, co) as a truncation of a continuous weak
solution. Let Qy, .1, = O X (t1,12) € R" x (0, 00) be a C?*~cylinder such that 0 € Q, and
lethe C(Qy,,s,) be aweak solutionin Qy, s,, with i < Uy on d, Oy, 1,. This immediately
implies that 4 < k in Qy, ,, and, in particular, that 7 < U = k on {0} X [t1,12). Then,
since h is subcaloric, we can use Lemma 3.4 to conclude that we also have & < Uy in
(0\{0}) x (11, 12).

If 0 € dQ, we can use the fact that U = k in B,(0) x (t1, 1) with r = (kcl—fl,,,)l/z.
Since h < k in Qy,,1,, it follows that 1 < Uy in (B,(0) N Q) x (t1,t;) with the previ-
ously defined r. In the set (Q \ B, (0)) x (f1,2), we can use Lemma 3.4 to conclude that
h < Uk in (Q \ B;(0)) x (t1,t2), and therefore in the whole cylinder Q;,,;,. Thus Uy is
supercaloric in R” x (0, c0).

By Lemma 3.9, also the pointwise limit limg o, Ur = U turns out to be supercaloric
in R" x (0, 00). u

Again, zero extension of U to nonpositive times ¢ < 0, say u, is supercaloric in R” x R
n(1—
by Lemma 3.7. However, u ¢ p24m (R" x R).

loc
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We can modify the example above to obtain supercaloric functions with as bad singu-
larity as we please. We can define

Ct )1/(1—"1)
|x |2

U(x, 1) = (

in which ¢ > 2 can be as large as we wish and
C = qm<2+ an_ —n).
1—m

This is still a supercaloric function in B(0, 1) x (0, co). However, for given e > 0, U ¢ L{, .
ifg > 2(1—m).

Before stating characterizations in the complementary class, we state and prove an
auxiliary result, which is analogous to Lemma 4.5 in [14].

Lemma 7.2. Let (n —2)/n <m < 1. Let u be a nonnegative supercaloric function in Q.
Suppose that there exist a point x, € Q2 and a sequence (t;) in (0, T) witht; —t,€(0,T)
as j — oo, such that

lim u(x,t;)dx = oo
J =0 JB(xo,r)

whenever r > 0 and B(x,,r) € Q2. Then,

liminf u(x,s)|x — x,/>0™™ > 0
(x,8)—>(x0,1)

foreveryt > t,.

Proof. Fix r > 0 with B(x,,64r) € Q and let ¢ € (t,, T). Then, for large enough j we

have that
][ u(x,t;)dx > 4c<
B(x,,r) .

where ¢ = c(n,m) is the constant from Lemma 4.5 with integral averages. There exist
truncations u; := min{u, k; } such that

t—1t 1/(1—m)
=)

’

t—1;\1/(1-m)
(7.3) ug, (x, ;) dx = 26( 5 ) .
B(xo,r) r

By lower semicontinuity of u; , there exists a sequence of Lipschitz functions (Y, i )ien,
such that

0 <Yk <Yk i+1 < uﬁ and Yy, ;i — u;c", pointwise in Q7 as i — oo.

By Theorem 2.8, there exists a unique continuous solution g; ; € C(B(x,,2r) x (¢, T)),
such that i, ; = w,i// 'l" on the parabolic boundary of B(x,,2r) x (t;, T). By the compar-
ison principle from the definition of supercaloric functions, it then follows that /g, ; < ug,
forevery i € N.
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By taking s = ¢ and ¢ < T in Lemma 4.5, we have that

. t—1tj 1/(1—m)
sup ][ hg;i(x,7)dx <c¢ inf ][ hg;,i(x,7)dx + ¢ ( 5 )
B(xo,r) G<T<t JB(xp,2r) r

tj<t<t

’

. t—1t 1/(1—m)
<c inf uki(x,t)dx—i-c( > )
ti<t<t B(x0,27) ! r

where comparison was used in the second inequality. We can further bound the left-hand
side from below as

sup ][ i i(x,7)dx > ][ i, i(x, 1) dx = ][ w;('i”(x,tj) dx.
B(xo.r) B(xo.r) B(xor)

ti<t<t

By combining the inequalities above and passing to the limit i — oo and using (7.3), we
obtain

t —tj\1/(1-m) . .
2c< rzj) = ]i(x N ug; (x, ;) dx = lim wkj/”i”(x,tj) dx

1700 JB(x,,r)

t—t;\1/(1=m)
<c u(x,r)dx—i—c( > )
B(x0,2r) r

for any T € (¢, ¢) and large enough j. From here, it follows that

t —t;\1/(1—m)
( 2]> < ][ u(x, ) dx.
r B(x,,2r)

By passing to the limit j — oo, this implies

1-m
r2<][ u(x, ) dx) >t —t,,
B(x,,2r)

for any 7 € (,, t). Observe that » > 0 was arbitrary. By taking any sequence (r;) with
0<rj - 0as j — oo, we have

1-m
liminfrjz( ][ u(x, ) dx) >t—1,>0
J =00 B(xo,er)
for any 7 € (1, 1).

For the constant c; = ¢, (n, m) from Lemma 4.6, we fix & € (0, min{c,(t —t,), T —1}),
T € (15, t) and choose truncation levels k; such that

1-m
czrjz( ][ ug; (x,7) dx) =c¢
B(x052rj)

holds for all large enough j. Now we can apply Lemma 4.6 and obtain

inf  u(-,s)> inf ug (-,5)>c(n,m) Ug, (x, ) dx
B(x,,21}) B(x,,2rj) U B(x0,2r}) U

- =2/(1—m
=C(l’l,m)€1/(1 M)rj /( )
for any s € [t 4+ ae, T + €], where @ = a(n, m) € (0, 1) is the constant from Lemma 4.6.
Since the sequence (r;) and numbers t € (f,,¢) and ¢ € (0, min{c,(t —t,), T —t}) could
be chosen freely, the claim follows. [
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Next we state characterizations for the complementary class.

Theorem 7.3. Let (n —2)/n < m < 1 and let Q be an open set in R". Assume that u is a
nonnegative supercaloric function in Q. Then the following statements are equivalent:
(i) u¢Ll (Qr)foranyq > 5(1—m).
.. 2(1—m)
() wglg " (Qr)

(iii’) Forevery a € (5(1 —m), 1) there exist Q' € Q and § € (0, T/2) such that
sup / u(x,1)* dx = oo.
§<t<T—-8JQ
(iii) There exist Q' € Q and § € (0, T/2) such that
sup / u(x,t)dx = oo.
§<t<T—$8 /

(iv) There exists (x,,1,) € QT such that

liminf u(x,s)|x — x| >0 foreveryt > t,.
(x,9)—>(x0,1)

Proof. (ii) = (i): Holder’s inequality.
(iii”) = (iii): Holder’s inequality.
(1) = (iii’): Elementary.
(iv) = (iii’): Fix t > t,. Then, for some r > 0 there exists & > 0 such that

u(x,s)|x — x0|2/(1_m) > ¢

whenever (x, s) € (B(x,,7) \ {xo}) X ((t —r,t + 1) \ {t,}). This implies that

/ u(x,1)* dx = oo
B(x,,r)

forevery @ > 5(1 —m) and ¢ € ((t —r,t + r) \ {£o}). This implies (iii’).

(iv) = (ii): Same argument as above.

(iii) = (iv): By (iii), there exist an instant of time ¢, € (0, T') and a sequence (z;) in
(0, T) with t; — t,, such that

lim u(x,t;)dx = oo
Jj—oo Jo

for some Q' € Q.
Let us fix a small r, > 0. We claim that there exists a point x, € 2’ such that

lim u(x,t;)dx = oo
J 00 JB(x0,r)

for every r € (0, r,). This can be shown by contradiction. Assume that for any y € Q' there

exists a radius ry € (0, r,) such that

limsup/ u(x,t;) dx < oo.
B(y=ry)

Jj—oo
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Take an open cover {B(y,ry) : y € Q'} of Q'. By compactness of &/, this has a finite
subcover, say {B(yx,rx) : k = 1,2,..., M}, which implies

M
/ u(x,t;) dx < Z/ u(x, ;) dx,
Q7 k=1 B(ykark)

for any j € N. When j — oo, the left-hand side tends to infinity, while the right-hand
side stays bounded, implying the desired contradiction. Thus we have established that
there exists a point x, € €2 such that

lim u(x,tj)dx = oo
J %0 JB(x0,r)

for arbitrarily small r > 0. Now we can use Lemma 7.2 to conclude the proof. ]

8. Pointwise behavior of supercaloric functions

In this section, we show that every supercaloric function coincides with its esslim inf-
regularization, cf. Theorem 2.11 for the case of weak supersolutions. Proofs are partly
based on [17,18].

Theorem 8.1. Let 0 <m < 1, Q CR” be an open set, and u: Qr — [0, 00] a supercaloric
function in Q. Then,

u(x,t) = essliminf u(y,s) forevery (x,t)€Qr.
(y,S)sz(x,t)

First, we prove existence and some properties of a Poisson modification we will use
in the proof.

Proposition 8.2. Ler 0 < m < 1. Let (hy) be a nondecreasing sequence of nonnegative
continuous weak solutions in Qr, ie., h;c" € LIZOC(O, T; ngc(Q)) for each k € N, and
suppose that the pointwise limit limg_ oo hy = h is bounded in Q. Then, h is a locally
Hoélder continuous weak solution in Qr with h™ € L*(0,T; H! (2)), and Vi — Vh™

weakly in L2 ().

loc

Proof. First observe that the sequence (/) is bounded, since hy < h for every k € N.
By Theorem 18.1 in Chapter 6 of [11], it follows that the family (%) is locally equicon-
tinuous. Then the Arzeld—Ascoli theorem implies that there exists a subsequence /i, that
converges uniformly to some function g, which is locally continuous in 27 by the uni-
form limit theorem. Furthermore, since limg_, o, by = h pointwise, it follows that g = &.
Lemma 2.9 implies that Vi7" — VA™ weakly in L2 (Qr), which further implies that &
is a weak solution in Q7 and that ™ € L2(0, T; H L (£2)). As a bounded weak solution,

loc

the function / is locally Holder continuous by Theorem 18.1 in Chapter 6 of [11]. ]
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Proposition 8.3. Let 0 <m < 1 and let Q;, 1, € Qr be a C**-cylinder. Let (vg) be a
nondecreasing sequence of nonnegative continuous weak supersolutions in Qr such that
limg o0 Vg = v, in which v is a bounded supercaloric function in Q. Then, there exists
a Poisson modification defined as

kK _ {hk in Q X (t1.1],

up = .
P Vi otherwise,

where hy € C(Qy,,1,) is a weak solution in Qy, r, with hj € L%(t1,t2; HY(Q)) such that
hx = vi on 0y Q4 1, and hy' — v} € L2(t1,t2; HO1 (R)).

Furthermore, u’;, is nondecreasing, and the limit up = limy_ oo u];, can be written as

v otherwise,

up = {h in Q X (ll,lz],

in which h € C(Qy,.1,) is a weak solution in Qy, 4, with h™ € L*(t1, t2; H'(Q)).
Moreover, up is a bounded supercaloric function in Q1 and V(u];,)m — Vu'g weakly
in L2 (Q7). In particular,

loc

Vh;cn —~ V™  weakly in Lz(Qtl,tz)'

Proof. Since vy, is continuous, there exist functions ¥ € C%!(Q27) such that

0< W}i < w;;H < v,'c” everywhere in Q7 foreveryi € N,

lim ¢} = vf" everywhere in Q7, and
1—>00

. i—00
sup  [()Y™ —vp] — 0.
athl,tz

Let h;{ be a weak solution in @, ;, taking the boundary values (w,i)l/ "™ on d,Qy,, s, both
continuously and in Sobolev sense (Theorem 2.8). Denote

u];;i _ {h;{ in Q x (t1, 1],

v otherwise.

The sequence h;'c is increasing with respect to i in Qy, s, by the aforementioned theorem,
and hi € C(Qy,,1,) for each i € N. By Theorem 2.7, lim; o0 h, = hy pointwise every-
where in Qy, ,, where iy € C(Qy, 1,) is a (unique) very weak solution in Q, ;, such that
hi = vi on 3, Oy, 1,. Since the sequence (hfc) with respect to i satisfies the assumptions
in Proposition 8.2 in Qy, ;,, we have that i is a locally Holder continuous weak solution

with 1} € L?(11,12: H,} (Q)). Then Theorem 2.7 implies uk e C(Qr \ (0 x {12))), u];,’i
is increasing with respect to i, and lim; _, o u];;’ = u’j, pointwise in Q7. Since v is super-
caloric in Q7 by Theorem 3.6, we have u];;’ < v < v everywhere in Q7. This implies
that also u’f, < v <.
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Next we show that u'} is a (bounded) supercaloric function. Since u’IZ is lower semi-
continuous and bounded, properties (i) and (ii) in Definition 3.1 are clear. For (iii’), let
Vs, € Q1 be a C2%cylinder and g € C(Vy, 5,) be a weak solution in Vj, 5, with g <uk,
on d,Vj, 5,. Suppose that V, s, intersects both Qy, s, and its complement, since other-
wise the claim is clear. Now since vy is supercaloric, we immediately have g < vy in Q7,
which implies g < u’;, in Vs, 5, \ (Q X (#1, t2]). Since hy is supercaloric and g is subcal-
oricin Qy, s, we can use Theorem 3.4 to conclude that g < Ay in Vy, 5, N Oy, 1, Finally,
we have g < hy on the slice (V N Q) x {t,} by continuity of g and /. This implies that
g=< u’;, in Vs, s,, which shows that u]}‘, is supercaloric.

Now, since u]} is a bounded supercaloric function, Theorem 5.3 implies that we have

u’} € LIZOC(O, T: HIZ)C(Q)). Furthermore, h}" € L?%(t1.t,; H'(Q)), since u]; =hi in Q¢ 4,
Lemma 2.2 implies that hg <hj 41 < Supy, 0, ., ¥ for every k € N, since the sequence (v)
is increasing. As the sequence (/) satisfies the assumptions in Proposition 8.2 in Qy, ;,,
we have that i1 = limy_, o hig is a locally Holder continuous weak solution in Q,, ;, with
™ e L2(t1. 1 H . (Q)).

As (u’j,) is an increasing and uniformly bounded sequence, Lemma 3.9 implies that
the limit up is a bounded supercaloric function. Furthermore, Theorem 5.3 implies that
u € L (0, T: H..(2)). This further implies h™ € L?(t1, t; H'(Q)), since up = h
in Q1

Since (u’l‘g) is an increasing, uniformly bounded sequence of weak supersolutions
in Q7 converging to up, Lemma 2.9 implies that V(u’l‘,)m — Vu'’p weakly in Lﬁ)C(QT).
Finally, this implies that VA" — VAh™ weakly in L*(Q4,.1,), since ull‘2 =hrandup =h

in Qtlyt2' |

Before a proof of Theorem 8.1, we state and prove another auxiliary result.

Lemma 84. Let 0 < m < 1 and let @ C R” be a connected open set. Suppose that
v: Q7 — [0, 00] is a supercaloric function in Qr and let Qy, .1, € QT be such that [t1, t2]
is contained in the positivity set A defined in (4.4). Assume that

v=y aeinQsu

for some y € (0, 00). Then,

v(x,t) =y forevery (x,t) € Q X (t1,1].

Proof. By lower semicontinuity of v, it follows that v < y everywhere in m Thus,
without loss of generality, we may assume that v is bounded in Q7. Since Q;, ;, €
Q x A, it follows that there exists § > 0 such that v > 0 everywhere in Qy, ;,+5. Let
Y € C*°(Qy, t,+5) be such that

Y1 <yp<---<v and kll)rr;o Yr =v everywherein Qy, 1,45.

Now by applying Theorem 5.1 in a similar fashion as in Lemma 5.2, we can find a
sequence of continuous weak supersolutions vg in Qy, s+ suchthat vy < vy <--- <
with ¥, < v < v everywhere in Qy, ;,+5, Which implies vg (x,#) — v(x,t) for every
(x,1) € Oy, 1,+5- Observe that we further have Vv — Vo™ weakly in L2 (O4.1+5) by
Lemma 2.9.
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Fix t’ € (¢, t2) such that v(x,t’) = y for a.e. x € Q. Observe that this holds for
a.e. t' € (11, t). Furthermore, fix a C%“-cylinder Q' € Q and define Poisson modific-
ations of vx and v in Q7, 18 AS in Proposition 8.3.

Since hy, is a weak solution in Q it follows that

/
t' tr+8°

// —hidip + VhY - Ve dxdt = / v (x, ) o(x, 1) dx
/t/,tz o’
for all ¢ € C*°(Q7, ,,) vanishing on the boundary of Q7}, , except possibly on Q’ x {t'}.
By Proposition 8.3, we have that VA}! — VA™ weakly in LZ(Q;, t2+8) when k — oo. Also

vg(x,1’) = v(x,t’) as k — oo for every x € Q. Thus, by passing to the limit k — oo,
we obtain

8.1) //Q

since v(x,t’) = y for a.e. x € Q’. Since y > 0 is a weak solution as a constant, we also
have

(8.2) // —ydp + Vy" - Vo dxdr = f v o(x,t') dx.
// Q/
'ty

~hd;@ + V™ . Vo dxdt = / yo(x,t') dx
Q/

I
/.1y

By approximation, we may use test functions satisfying ¢ € L?(¢,2; H} (Q")), with ;¢ €
L2(Q), 1,) and ¢(12) = 0. Observe that the Oleinik type test function

ttz(v]':’(x,s) —h(x,s))ds, fort' <t <t
0, fort > t,,

p(x,1) := {
is admissible. By using this test function and subtracting (8.1) from (8.2), we obtain

I = //Q/ (y — h)(vy — hy') dxdt

t'ty

%)
z_/[, V(y’”—h’”(x,t))./t V(i (x,s) — hi(x,s)) ds dxdr =: II.

Observe that since Vvi' — Vv™ and VA" — Vh™ weakly in L2(Q;/ ,,) When k — oo,
andv = y ae.in Q}, , , we obtain

1
I, 2%, -

%) 2
/ V(™ — W (x,1)) dt‘ dx < 0.
t/

Q/

Thus, by Corollary 3.11 in [7] and using the facts above, we conclude

/f |]/m _hM|(m+1)/m dxdr < // (y—h)(ym—hm) dxdt
[/’12 ;/,12

= lim Iy = lim II; <0,
k—o0 k k—o0 k=
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which implies that 1 = y a.e. in Q}, . Since h € C(Q}, , .4), it follows that h =y
everywhere in Q' x (¢', t2].

Since & < v everywhere in Q;,’t2+8 and v < y everywhere in Qy, s,, it follows that
y = h <v < yeverywhere in Q' x (¢, 5], i.e., v = y everywhere in Q' x (¢', 1,]. Since
this holds for arbitrary Q' € Q and a.e. t’ € (1, 1), the claim follows. |

Proof of Theorem 8.1. Fix (x,,1t,) € Q1 and denote

A = essliminf u(y,s).
(v,8)—>(x0,t0)
s<t,

Without loss of generality, we may assume that €2 is connected. By lower semicontinuity
of u we have that A > u(x,,t,). Thus, if A = 0 there is nothing to prove. Let us suppose
that A > 0.

Suppose that also u(x,,?,) > 0. Then, it follows that ¢, € A; for some i € I, which
further implies that there exists r, > 0 such that B, (x,) X (t, — r2,t,) € Q x A; for every
r < ro. This implies that A > 0. Furthermore, for any y € (0, 1), there exists r < r, such
that u > y a.e. in B,(x,) X (tp — 12, 1,). Now v = min{u, y} is a supercaloric function
satisfying v = y a.e. in By(x,) X (o — 12, 1,). By Lemma 8.4, it follows that v = y
everywhere in B, (x,) X (o — 12, 1,], i.e., u > y everywhere in B, (x,) X (o — 12, 1,]. In
particular, u(x,,t,) > y. Since y < u(x,,%,) < A and y € (0, A) was arbitrary, we have
A =u(x,,t,).

Then suppose that u(x,, f,) = 0 and A > 0. From the latter, it follows that there exist
&> 0and r > 0 such that

ess inf u>e.

By (x0)X(to—12,1,)
Thus,

essinfu(-,t) > ¢
By (x,)

for a.e. t € (t, — r2,t,). Let (#;) be a sequence in (¢, — r2, t,) for which above holds for
everyi € N,and t; — t, asi — oo. Since u(x,, ?,) = 0 implies that u(x, ¢,) = 0 for all
x € Q, we may use Lemma 4.7 to conclude

0 <& <essinfu(-t;) 5][ u(x,tl.)dxH_oﬂo’
r(x0) B (x0)

which is a contradiction. Thus A = 0, which completes the proof. [

In order to summarize our results on the connections between nonnegative supercaloric
functions and weak supersolutions, we consider the classes
W = {u4 : u is a weak supersolution in Q7},

§ = {u : u is a supercaloric function in Q7},

Sg={u:ues, um el (0,T; H' () NLL"Qr)),

Wy, = {u« : u € W, u is locally essentially bounded in Q7},
Sp = {u : u €8, uis locally bounded in Q7},

where (-)« denotes the ess lim inf-regularization defined in Theorem 2.11.
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As a direct consequence of Lemmas 3.6, 5.4 (or Theorem 5.3) and Theorem 8.1,

together with the examples presented in Sections 6 and 7, we can conclude the follow-
ing connections of nonnegative supercaloric functions and weak supersolutions.

Corollary 8.5. LetO <m < 1. Then W S S, W = Sg and Wy, = Sp.

Funding. K. Moring has been supported by the Magnus Ehrnrooth Foundation.
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