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Optimal agnostic control of unknown linear dynamics
in a bounded parameter range

Jacob Carruth, Maximilian F. Eggl, Charles Fefferman and
Clarence W. Rowley

Abstract. Here and in a follow-on paper, we consider a simple control problem in
which the underlying dynamics depend on a parameter a that is unknown and must
be learned. In this paper, we assume that a is bounded, i.e., that |a| < ayax, and
we study two variants of the control problem. In the first variant, Bayesian control,
we are given a prior probability distribution for a and we seek a strategy that min-
imizes the expected value of a given cost function. Assuming that we can solve a
certain PDE (the Hamilton—Jacobi—-Bellman equation), we produce optimal strate-
gies for Bayesian control. In the second variant, agnostic control, we assume nothing
about a and we seek a strategy that minimizes a quantity called the regret. We
produce a prior probability distribution dPrior(a) supported on a finite subset of
[—amax, @max] so that the agnostic control problem reduces to the Bayesian control
problem for the prior dPrior(a).
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1. Introduction

Here and in [7, 8, 17], we explore a new flavor of adaptive control theory, which we call
“agnostic control”. Our introduction borrows heavily from that of the follow-on paper [7].
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Many works in adaptive control theory attempt to control a system whose underlying
dynamics are initially unknown and must be learned from observation. The goal is then to
bound REGRET, a quantity defined by comparing our expected cost with that incurred by
an opponent who knows the underlying dynamics. Typically, one tries to achieve a regret
whose order of magnitude is as small as possible after a long time. Adaptive control theory
has extensive practical applications; see, e.g., [4,5,9,22,30].

In some applications, we do not have the luxury of waiting for a long time. This is the
case, e.g., for a pilot attempting to land an airplane following the sudden loss of a wing,
as in [6]. Our goal, here and in the follow-on paper [7], is to achieve the absolute mini-
mum possible regret over a fixed, finite time horizon. This poses formidable mathematical
challenges, even for simple model systems.

We will study a one-dimensional, linear model system whose dynamics depend on
a single unknown parameter a. When a is large positive, the system is highly unstable.
(There is no “stabilizing gain” for all a.) Here, we suppose that the unknown a is confined
to a known interval [—dyax, @uax] and we do not assume that we are given a Bayesian
prior probability distribution for it. In [7], we extend our results to deal with the case in
which a may be any real number.

Modulo an arbitrarily small increase in regret, we reduce the problem, here and in [7],
to a Bayesian variant in which the unknown a is confined to a finite set and governed by a
prior probability distribution.

For the Bayesian problem, our task is to find a strategy that minimizes the expected
cost. This leads naturally to a PDE, the Bellman equation. We prove here that the opti-
mal strategy for Bayesian control is indeed given in terms of the solution of the Bellman
equation, and that any strategy significantly different from that optimum incurs a signifi-
cantly higher cost. We proceed modulo assumptions about existence and regularity of the
relevant PDE solutions, for which we lack rigorous proofs. (However, we have obtained
numerical solutions,’ which seem to behave as expected.)

Let us now explain the above in more detail.

The model system. Our system consists of a particle moving in one dimension, influ-
enced by our control and buffeted by noise. The position of our particle at time ¢ is denoted
by ¢(¢) € R. At each time ¢z, we may specify a “control” u(¢) € R, determined by history
up to time ¢, i.e., by (¢(5))sefo,¢]- A “strategy” (aka “policy”) is a rule for specifying u(z)
in terms of (¢(s))sefo,¢] for each . We write 0, 0’, 0™, etc. to denote strategies. The noise
is provided by a standard Brownian motion (W(¢))>o.

The particle moves according to the stochastic ODE

(1.1) dq(t) = (aq(t) +u(t))dt +dW(t), q(0) = qo.

where a and g are real parameters. Due to the noise in (1.1), ¢(¢) and u(¢) are random
variables; these random variables depend on our strategy o, and we often write g (¢)
and u (¢) to make that dependence explicit.

IFor details on all of the numerical simulations referenced in this paper, we refer the reader to the supple-
mentary material available on our website: https://github.com/meggl23/Numerical AgnosticControl (visited on
November 20, 2024).


https://github.com/meggl23/NumericalAgnosticControl

Optimal agnostic control of unknown linear dynamics 653

Over a time horizon 7" > 0, we incur a COST, given2 by

T
(1.2) CosT :/0 {(q())* + (u(t))*} dt.

This quantity is a random variable determined by a, go, T and our strategy o. Here, the
starting position go and time horizon 7" are fixed and known, but we do not know the
parameter a.

We would like to keep our cost as low as possible. We write ECOST(0, @) to denote
the expected value of the COST (1.2) for the given a in (1.1).

In this paper, we study two variants of the above control problem, which we call
Bayesian control and agnostic control.

For Bayesian control, we are given a prior probability distribution dPrior(a) for the
unknown a in (1.1). We assume that d Prior is supported in an interval [—ayax, @yax]. Our
task is to pick the strategy o to minimize

amax

(1.3) EcosT(o, dPrior) = / EcosT(o, a) dPrior(a).

Anax

For agnostic control, we are given that a belongs to a known interval [—dyax, @max]>
but we are not given a prior probability distribution dPrior(a), so we cannot define an
expected cost by (1.3). Instead, our goal will be to minimize worst-case regret, defined
by comparing the performance of our strategy with that of an opponent who knows the
value of a and plays optimally. Let o,y (a) be the optimal strategy for known a. Thus
EcosT(o, a) is minimized over all o by taking 0 = aop[(a).3 We will introduce several
variants of the notion of regret.

To a given strategy o, we associate the following functions on [—dyax, @max]:

e Additive regret, defined as
AReg(o,a) = EcosT(0,a) — ECOST(0oopi(a),a) > 0.
* Multiplicative regret (aka “competitive ratio”), defined as

EcosT(o, a)
ECOST(0op(a),a) ~—

MReg(o,a) =

* Hybrid regret, defined in terms of a parameter y > 0 by setting
EcosT(o,a)
ECOST(0op(@). ) + ¥

HReg, (0,a) =

See [7] for a discussion of the regimes in which these three notions provide useful infor-
mation.

Writing REGRET(0, @) to denote any one of the above three functions on the interval
[—amax> +amax], we define the worst-case regret:

(1.4) REGRET*(0) = sup{REGRET(0,a) : a € [—ayax, duax]}-

We seek a strategy o having the least possible worst-case regret.

2By rescaling, we can consider seemingly different cost functions of the form fOT (g% + Au?) for A > 0.
3See standard textbooks (e.g., [3]) for the computation of oopc(a) and its expected cost.
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Thus, we have posed two problems: for Bayesian control, find the strategy that mini-
mizes expected cost; for agnostic control, find a strategy that minimizes worst-case regret.

To prepare to present our results, we next discuss a relevant PDE, the Bellman equa-
tion.

We will see that the problem of Bayesian control is intimately connected to the fol-
lowing PDE for an unknown function S(q, ¢, {1, {2) of four variables:

_ _ 1
0= 0,5 + (A1, 82)q + o) 8,5 + (€1, 8200706, S + % 0, S + 5 928

(1.5) |
+q02, S+ quazlS + (g% + udy).
where
1
(1.6) Ugpt = —3 049,

with terminal condition
(L.7) Sl;=r = 0.

Here, a(¢1, {2) is a known, smooth function of two variables.

We have succeeded in finding numerical solutions of (1.5)—(1.7), but we lack rigorous
proofs of existence and smoothness of solutions. Accordingly, we impose a PDE assump-
tion to the effect that (1.5)—(1.7) admit a solution S satisfying plausible estimates (see
Section 4.3). Our numerics suggest that the PDE assumption is correct. Qur results below
are conditional on the PDE assumption.

We are ready to state our main results. We begin with Bayesian control. For a func-
tion a(¢y, {2) given in terms of dPrior by an elementary formula, we define a function
Uopt(q, 1, C1, 82) as in (1.5)—(1.7), and then specify a strategy 0 = Opayes(d Prior) by set-
ting

(18) ua(t) = uopt(qa(t)sZvé.l(t)9§2([))’ with
t t

L9 &)= / ¢°(5)[dg°(s) —u®(s)ds] and &(0) = / (¢° (5))* ds.
0 0

Note that {;(¢) and {»(¢) are determined by past history up through time ¢, hence so
is u?(t) in (1.8). As explained in [7], heuristic reasoning suggests that ogayes(d Prior) is
the optimal strategy for Bayesian control with prior belief dPrior. Our rigorous result
confirms this intuition. Recall that g is our starting position.

Theorem 1.1. Fix a probability distribution dPrior on [—ayax, Auax], and let S, uqy and
0 = OBayes (d Prior) be as above. Then the following hold.

(A) EcosT(a, dPrior) = S(qo, 0,0, 0).
(B) Let 6’ be any other strategy. Then
EcosT(o’, dPrior) > ECOST(o, dPrior).

For a class of “tame strategies” ¢/, we can sharpen (B) above to a quantitative result.
A tame strategy o' satisfies the estimate

' ()] < Cllg” (1) +1] (allz € [0,T])
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with probability 1, for a constant C, called a tame constant for o’. The quantitative version
of (B) is as follows.

Theorem 1.2 (Quantitative uniqueness). Let dPrior and 0 = 0gayes(dPrior) be as in The-

orem 1.1. Given ¢ > 0 and given a constant C, there exists § > 0 for which the following
holds.

Let 0’ be a tame strategy with tame constant C.
If EcosT(c’, dPrior) < ECOST(o, dPrior) + 8, then the expected value of

T
/0 {g°(6) —q° () + [u® (t) —u® (t)|*} dt

is less than e.

Quantitative uniqueness will play a crucial role in our analysis of agnostic control.
Our main result for agnostic control is as follows.

Theorem 1.3. Fix [—ayax, @uax), o, T (and y, if we use hybrid regret). Then there exist
a probability measure dPrior, a finite subset E C [—ayax, Auax], and a strategy o, for
which the following hold.

(I) o is the optimal Bayesian strategy for the prior probability distribution dPrior.
(II) dPrior is supported in the finite set E.

(Ill) E is precisely the set of points a € [—dyax, Auax] at which the function
[_aMAx»aMAx] >ar— REGRET(U,LI)

achieves its maximum.
(IV) REGRET*(0) < REGRET*(a”) for any other strategy o’.

So, for optimal agnostic control, we should pretend to believe that the unknown a is
confined to a finite set £ and governed by the probability distribution d Prior, even though
in fact we know nothing about a except that it lies in [—dyax, @max]-

Let dPrior, o and E be as in (I), (II) and (IIT) of Theorem 1.3. Since ¢ is the optimal
Bayesian strategy for dPrior (by (I)), and since dPrior is supported on the finite set E
(by (IT)), we have for any other strategy o’ that

EcosT(o,ay) < EcosT(o/,a9) forsome ag € E.
In particular, we have
REGRET(0, ag) < REGRET(0',a9) for some aq € E.
Combining this with (IIT), we see that for any a € [—dyax, @vax], We have
REGRET(0, a) < REGRET(0”, ay).

Therefore (1), (II) and (IIT) of Theorem 1.3 easily imply (IV). The hard part of Theorem 1.3
is the assertion that there exist d Prior, E and o satisfying (I), (I) and (III).
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Theorem 1.3 lets us search for optimal agnostic strategies: We first guess a finite set £
and a probability measure d Prior concentrated on E. By solving the Bellman equation,
we produce the optimal Bayesian strategy 0 = 0Opayes(d Prior), which allows us to com-
pute the function [—ayax, @uax] @ @ = REGRET(0, @). If the maximum of that function
occurs precisely at the points of E, then o is the desired optimal agnostic strategy. Other-
wise, we modify our guess (E, dPrior). We have carried this out numerically for several
[_aMAX7 aMAX]’ qoand T.

This concludes our introductory discussion of agnostic control for bounded a (i.e.,
for a € [~ayax, amax))-

We briefly touch on another variant of the control problem (1.1): agnostic control for
unbounded a.

Suppose we assume absolutely nothing about our unknown a; it might be any real
number. For any strategy o, we define REGRET* (0) as in (1.4), except that now the sup is
taken over all a € R. Our task is to pick o to minimize REGRET* (¢).

Our companion paper [7] analyzes this problem by comparing optimal agnostic control
for arbitrary a with the case in which a is confined to a large interval [—aysx(€), @max (€)],
depending on a small parameter ¢ > 0. Roughly speaking, [7] shows that any strategy for a
confined to [—ayax(€), +ayax(€)] may be modified to produce a strategy for arbitrary
a € R, with an increase in worst-case hybrid regret of at most ¢. (See [7] for precise
statements.)

Recap. Let us summarize what we have achieved. Suppose our goal is to minimize worst-
case hybrid regret in the setting in which a may be any real number. Modulo an arbitrarily
small increase in regret, we may reduce matters to the case in which a is confined to a
bounded interval [—ayax, @uax]- We then look for a probability measure d Prior living on
a finite set £ C [—dyax, @umax], such that the regret of the optimal Bayesian strategy for
dPrior is maximized precisely on E. We can calculate the optimal Bayesian strategy for
a given prior probability measure by solving a Bellman equation. However, our results
are conditional; we have to make an assumption on the existence, smoothness, and size of
solutions to the Bellman equation. In numerical simulations, we have produced evidence
for our PDE assumptions, and we have produced optimal agnostic strategies for cases in
which the unknown a is confined to an interval.

Ideas from the proofs. We mention one significant technical point regarding the proofs
of Theorems 1.1, 1.2 and 1.3: we need a rigorous definition of a strategy. Certainly the
phrase “a rule for determining u(¢) from past history” is not precise.

We want to allow u(¢) to depend discontinuously on past history (g(s))se[o,s]. For
instance, we should be allowed to set

_J —q@) if|g@)]>1,
u(t) = { 0 otherwise.

On the other hand, we had better make sure that we can produce solutions of our stochastic
ODE
dq = (aq +u)dt +dW.

We proceed as follows.
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At first we fix a partition
(1.10) O=ty<thh<---<tny=T

of the time interval [0, T']. We restrict ourselves to strategies o in which the control u ()
is constant in each interval [t,, f,4+1), and in which, for each v, u(t,) is determined by
q(t1),-..,q(ty), together with “coin flips” g? = (£1,&,--+) €{0,1}N. For all v, we assume
that u(¢,) is a Borel measurable function of (¢(¢1),...,q(t), §), and that

lu(ty)| < Cramellg(t)] + 1].

A strategy as above is called a tame strategy associated to the partition (1.10), with a tame
constant Crpye. For such strategies, it is easy to define the solutions ¢ (¢), u®(¢) of our
stochastic ODE (1.1).

Most of our work lies in controlling and optimizing tame strategies associated to a suf-
ficiently fine partition. In particular, we will prove approximate versions of Theorems 1.1
and 1.2 in the setting of such strategies (see Lemmas 4.6 and 4.9, respectively).

We will then define a tame strategy (not associated to any partition) by considering a
sequence 7y, 72, . .. of ever-finer partitions of [0, T']. To each partition 7, we associate
a tame strategy o, with a tame constant Craye independent of n. If the resulting ¢°” (¢)
and u%"(¢) tend to limits, in an appropriate sense, as n — 00, then we declare these lim-
its ¢ (¢) and u(t) to arise from a tame strategy o with a tame constant Crayg.

Finally, we drop the restriction to tame strategies and consider general strategies. To
do so, we consider a sequence (0,),=0,1,2,... of tame strategies, not assumed to have a
tame constant independent of n. If the relevant ¢°” (¢) and u°” (¢) converge, in a suitable
sense, as n — 00, then we say that the limits ¢(¢) and u(¢) arise from a strategy o.

It is not hard to pass from tame strategies associated to partitions of [0, T'] to general
tame strategies, and then to pass from such tame strategies to general strategies. The work
in proving Theorems 1.1 and 1.2 lies in our close study of tame strategies associated to
fine partitions.

We provide only a few comments on the proof of Theorem 1.3. The main work lies
in proving an analogue of Theorem 1.3 in which the unknown ¢ is confined to a finite set
A C [—ayax, Auax] rather than to the whole of [—ayax, ayax]- We apply that analogue to
a sequence Aj, A,, ... of fine nets in [—ayax, Auax]> €8> An = [—Amax, Auax] N 27" Z,
and pass to the limit as n — oo using a weak compactness argument. To establish the
result for finite A, we proceed by induction on the number of elements of A. Details may
be found in Section 6.

Future directions. Our work suggests several unsolved problems, among which we men-
tion:

* Prove (or disprove) the PDE assumption.

+ Consider problems in which the particle lives in R, not just in R'; and in which the
dynamics of the particle depend on more than one unknown parameter. Can that be
done without rendering the relevant numerics hopelessly impractical?

* Even for the model problem considered in this paper, improve the numerics to let us

produce optimal agnostic strategies for a larger range of ay,x and 7' than we can deal
with today.
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We speculate briefly on a particular model problem in which we do not know a priori
what our control does.
Consider a particle governed by the stochastic ODE

(1.11) dq(t) =au@)dt +dWwW(), ¢(0)=0.

As usual, g(¢) denotes position, u(¢) is our control, W(¢) is Brownian motion, and we
incur a cost

T
/0 (@O + W)} dr.

In the simplest case, suppose we know a priori that a = 1 or ¢ = —1, each with prob-
ability 1/2. We write ECOST(0) to denote the expected cost incurred by executing a
strategy o, and we set

(1.12) EcosT* = inf{ECosT(o) : all strategies o'}.

For this simple model problem, we conjecture that the inf in (1.12) is not achieved by
any strategy o, because heuristic reasoning suggests that there is a regime in which we
would like to set ¥ = 00 to gain instant information about a.

Clearly, there is much to be done before we can claim to understand agnostic control
theory.

Survey of prior literature. Literature that considers adaptive control of a simple linear
system similar to the one considered in this paper commonly consists of one or more of the
following features: (i) unknown governing dynamics, (ii) unknown cost function, and (iii)
adversarial noise. Examples of such work include [12, 15, 19,25-27, 34], as well as our
own prior work [8, 17].

Initial work in obtaining regret bounds in the infinite time horizon for the related LQR
(linear-quadratic regulator) problem was undertaken in [1], which proved that under cer-
tain assumptions, the expected additive regret of the adaptive controller is bounded by
O(~NT). Further progress was made on this problem in [10]. Assuming controllability
of the system, the authors gave the first efficient algorithm capable of attaining sublinear
additive regret in a single trajectory in the setting of online nonstochastic control. See
also the related [29], which obtained sublinear adaptive regret bounds, a stronger met-
ric than standard regret and more suitable for time-varying systems. Additional adaptive
control approaches include [13, 14] using the system level synthesis. This expands on
ideas in [32], which showed that the ordinary least-squares estimator learns a linear sys-
tem nearly optimally in one shot. Other work uses Thompson sampling [2, 24] or deep
learning [11]. Perhaps most related to the work performed in this study is [23], which
designed an online learning algorithm with sublinear expected regret that moves away
from episodic estimates of the state dynamics (meaning that no boundedness or initially
stabilizing control needed to be assumed).

In [17], the third and fourth authors of the present paper, along with B. Guillén Pegue-
roles and M. Weber, found regret minimizing strategies for a problem with simple un-
known dynamics (a particle moving in one-dimension at a constant, unknown velocity
subject to Brownian motion). In [21], along with D. Goswami and D. Gurevich, they gen-
eralized these results to an analogous, higher-dimensional system with the addition of
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sensor noise. In [17], they also posed the problem of finding regret minimizing strate-
gies for the more complicated dynamics (1.1). In [8], the authors of the present paper,
along with M. Weber, took the first steps toward resolving this problem. Specifically, we
exhibited a strategy for the dynamics (1.1) with bounded multiplicative regret.

Historically, significant work has been undertaken in the closely related “multi-armed
bandit” problem; see, for instance, the classic papers [31,33]. Recent work considering
this paradigm includes [35], which used reinforcement learning to obtain dynamic regret
whose order of magnitude is optimal, and [16], which studied the more general generalized
linear bandits (GLBs) and obtained similar regret bounds.

We finally want to point out the parallel field of adversarial control, where the noise
profile is chosen by an adversary instead of randomly. This includes [28], which attained
minimum dynamic regret and guaranteed compliance with hard safety constraints in the
face of uncertain disturbance realizations using the system level synthesis framework,
and [20], which studied the problem of competitive control.

As this list of references is by no means exhaustive and does not do justice to the
wealth of studies in the literature, we point the reader to the book [22] and the references
therein for a more thorough overview of online control.

We emphasize that our approach in [7,8,17], and in the present paper, differs from the
other work cited above in that

* we seek strategies that minimize the worst-case regret for a fixed time horizon T,
whereas the literature is mainly concerned with 7" — co.

» Typically, in the literature one assumes either that the dynamics are bounded or that
one is given a stabilizing control. We make no such assumptions in [7], and so we
must control a system that is arbitrarily unstable.

* However, we achieve the above ambitious goals only for a simple model system.

2. The game

We will deal with random variables

2.1 arrue € [—Aumax, +amax],
2.2) “Coin flips” &1, &, ... € {0, 1} (we write § for (¢1,£5,...)),and
2.3) Brownian motion W(t), starting at W(0) = 0.

The random variable argye is deterministic and known in Section 3, unknown but
subject to a known prior in Sections 4 and 5, and unknown without a known prior in
Section 6.

The &,, the real number argye, and the Brownian motion are mutually independent.
The variable argye has a prior probability distribution given by the measure d Prior(a) in
Sections 4 and 5; and each &, is equal to 0 with probability 1/2, and to 1 with probabil-
ity 1/2.

When agyg has a prior probability distribution, we write Prob[&] to denote the proba-
bility of an event & with respect to the above probability space, and we write E[X] for the
expected value of X with respect to that probability space.
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Given a € [—ayax, +auax]), We write Prob,[&] for the probability of event & condi-
tioned on the event arryz = @, and we write E, [ X] for the expectation of X conditioned
on drgug = a@; Probg[---] and E, [ - -] make sense without an assumed prior for a.

Similarly, given a € [—ayax. +awax] and 7 = (91,72, ...) € {0, 1}N, we shall write
Prob, ;[€] and E, ;[X] to denote the probability and expectation, respectively, condi-
tioned on the event arryg = @ and §, = 1, for all v.

Also, we write E;[X] and Prob; [€] to denote expectation and probability, respectively,

conditioned on § = 7].

The above conditional expectations make sense even if, for instance, a is not in the
support of dPrior.

Fix a terminal time T > 0 and a partition

O=ty<ty<---<ty=T of[0,T].

Fix a starting position qo € R. A tame rule at time ¢, is a Borel measurable function
or,: RY x {0, 1}N — R, satisfying the estimate

2.4) 106, (15 -+ 4> )| < Crame [lgw] + 1]

forall (q1.....qv.£) € RV x {0, }N.If v = 0, then oy, is simply a function on {0, 1}Y.
(We use the product topology on R” x {0, 1}N to define Borel measurability. We require
Borel measurability to avoid technicalities. In particular, the composition of Borel mea-
surable functions is Borel measurable, whereas the composition of Lebesgue measurable
functions need not be Lebesgue measurable.)

A tame strategy is an array 0 = (0y,)v=0,1,..,N—1, Where, for each v, o;, is a tame
rule at time ¢, with the same Craye serving in (2.4) for all the #,. We call Crpyg a tame
constant for the strategy o. Until further notice, we say simply “strategy” in place of “tame
strategy”. If the oy, do not depend on the coin flips § , we call o a deterministic strategy.
We will often write oy, in place of oy, .

Given a strategy 0 = (04, )v=0,1,..., N—1, We define random variables ¢° (¢) for ¢ € [0, T]
and u?(¢) for t € [0, T'), as follows.

By induction on v, we define ¢ (¢) for ¢t € [0, 1,] and u®(¢) for ¢t € [0, t,).

In the base case v = 0, we set ¢° (1) = qo for ¢ € [0,1,] = {0}. Since [0, #,) = [0, 0)
is empty, there is no need to define u? in the base case.

For the induction step, we fix v > 0, and assume that we have defined ¢°(¢) for t €
[0,7,] and u®(¢) for t € [0, t,). We extend the definition of ¢ (¢) to ¢ € [0, t,+1], and that
of u?(t)tot € [0,1,+1), as follows:

e fort e [ty,ty+1), we set
u? (1) = 01,4 (11). .4 (1), €):
e fort € [ty,t,+1], we define g9 (¢) as the solution of the stochastic ODE
dq°(t) = (arue q° (t) +u°(t)) dt + dW(2),

with the initial value ¢ (¢,) already given by our induction hypothesis.
This completes our induction on v, so we have defined the random variables g° (¢), u (¢).
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In addition to g°(¢) and u?(¢), we define random variables {7 (¢,) and {5 (#,) (0 <
v < N) by the following induction.
§1 (to) = §3(t0) = 0 (recall, tp = 0);
E?(tv+1) = gtlr(tv) +4°(t) - [Aqg —u’(t,) At],
where Ag) = q%(ty+1) — q°(ty) and Aty = ty41 — 15
¢35 (tv+1) = &5 (1) + (qa(lv))zAlw
Thus,
) =Y q°@)(Aq) —u® () Ar,) and Z(0) = Y (¢°(t)* Aty
o<pu<v o<u<v

We will try to pick our strategy o to make the expected value of

T
[0 7)) + @® (1)) di

as small as possible.

3. Tame strategies associated to partitions

3.1. Setup

In this section, we take arrye to be fixed, arryeg = @, and we suppose that our strategy
makes no use of coin flips.
We fix a partition

3.1 O=tg<t1 <---<ty=T

of a time interval [0, T'].
We fix a (deterministic) strategy o for the game with starting position go. We assume
that our strategy is tame, i.e.,

(3.2) [u? (ty)] < Crame[lg° )| + 1]
for a constant Cryye.
We write ¢, C, C’, etc., to denote constants determined by
* Crame in (3.2),
 an upper bound for the time horizon 7,
* an upper bound for d gy,
 an upper bound for |gg]|.

These symbols may denote different constants in different occurrences.
We define
Aty :=ty41—t, forallv (0 <v < N),

and we assume that

(3.3) (Atyax) := max At, is less than a small enough constant c.
v



J. Carruth, M. F. Eggl, C. Fefferman and C. W. Rowley 662

We write X = O(Y) to denote the estimate | X | < CY.
We write ¢,, to denote ¢ (t,), u, to denote u?(¢,), and Ag, to denote g, +1 — ¢y -
Note that
(3.4 Uy =oy(q1,-..,9v),
where 0, is given by the strategy o for decisions at time t,,.
Thanks to (3.2), we have
(3.5) luv| < Cllgv| + 1]

Recall that the ¢, evolve as follows.
The random variable g¢ is given, and u is specified by the strategy o. The random
variables g, +; and u, 4 are then determined from ¢, and u,, as follows.

¢ We solve the stochastic ODE
(3.6) dq(t) = (aq(t) +uy)dt +dW() forte [ty tht1],

with initial condition ¢(¢,) = ¢,. Here, a is the (given) value of argys, and W(t)
denotes Brownian motion at time ¢.

e Wesetqg,r1 = q(ty+1)-
e Wesetu,+1 = 0y+1(q1,...,qv+1) (compare with (3.4)).

Thus, the gy, u,, are random variables defined by induction on v.
Solving the ODE (3.6) using an integrating factor, we find that

ea(t—tv) —1 t

6D a0 -a(t) = (g, +u) [ |+ [ e awe)
t
for t € [t,,ty+1]- In particular,
(3.8) Agy =qvi1—qy = (a%J + uv)Az: + AW,
where
e“At" —1
(3.9) A =[——]
a
and
fy+1
(3.10) AW, = / W) W (s).
t

(If @ = 0, we interpret the above fractions in square brackets as (¢ — t,,) in (3.7), and At,
in (3.9).) We warn the reader that AW, #£ W(t,4+1) — W(t,).
Note that AW, is a normal random variable with mean 0 and variance

B eZaAtv -1
3.11) AR, = [—]
2a
(again, equal to At, ifa = 0).
Note that
(3.12) Aby, AtF = At, + O((Aty)?).

Note also that A7, At} and AW, depend on a.
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We introduce the sigma algebras ¥,,, defined as the algebra of events determined by
the AW, for 0 < u < v. Note that g,, u, and AW, (i < v) are F,-measurable (i.e., they
are deterministic once we condition on %, ), while the AW, for > v are independent
of %,,.

Remark 3.1. Thanks to equation (3.8), the sigma algebra ¥, may be equivalently defined
to consist of all events determined by ¢, ..., g,. This equivalence holds because argrue
has been fixed (arys = a).

3.2. Estimates for probabilities of outliers
We suppose
(3.13) Q > C for alarge enough C,

and we estimate the probability that max, |¢,| > Q. To do so, we set

uy = uy/qy and u) = 0if |gy] > 1;
ul = 0and u® = u, otherwise.
Thus,
(3.14) Uy = upgy + u
and
(3.15) lull, [l < C.

Also, u! and u9 are ¥,-measurable.
Thanks to (3.14), we can rewrite (3.8) in the form

Agy = (@ +uy) qu(ALY) + uy(AL)) + AW,
or equivalently,

[+ gyiq] = (1 + 78" Atful)[e™g,] + e 40+ Arful 4 e 9+ AW,

(See (3.9).)

Setting
(3.16) M, = ] a+e % Ariuy)™",

0<pu<v

(3.17) m, = e v+ Ar*u0, and
(3.18) qy =M, e ™" q,,
we see that
(3.19) Gye1 =4y + Mypimy + Mypq e P AW,
and that

(3.20) 45 = qo.
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Since .
e Myl | <C (i =0.1) and Y (A1}) <C.
w
we have
(3.21) c<M,<C and |m,| < CAt,.

Moreover, My, is ¥, -measurable.
Let A € R, to be fixed below. From (3.19) and (3.21), we have

(322)  exp(dqiyy) < {exp(Aqh) - exp(CIA|AL)} exp({My 1 e 1} AAW,).

Here, the quantities in curly brackets are ¥, -measurable, while AW, is independent of ,,.
Recalling that AW, is a normal random variable, with mean 0 and variance O(At,),
we deduce from (3.21) and (3.22) that

E[exp(Aqy11) | Fo] < exp(Agy) exp(CA|ALy) exp(CA*Aty).

Thus, the random variables
(3.23) Z, = exp(—=C[|A| + A*]1,) exp(Aqy) (0 <v < N)
form a supermartingale, with

Zo = exp(Aqo) = exp(C|A]).
Consequently, for any Q > 0 we have
Prob[ max Z, > exp(|A|Q)] < exp(|A|(C — 0)).

By definition (3.23), this means that
(3.24) Prob[Lql — C[|A| + A*]t, > |A|Q for some v] < exp(|]A|(C — Q)).

Taking Q greater that 2C in (3.24) (see (3.13)), and picking A = +Q, we learn from (3.24)
that
Prob[|¢¥| > CQ for some v] < C exp(—cQ?).

Recalling (3.18) and (3.21), we conclude that
(3.25) Prob[max lqv| > Q] < Cexp(—cQ?)
v

if O satisfies (3.13).
Thus, we have succeeded in estimating the probability that max,, |¢,| is large.
Immediately from (3.5) and (3.25), we have also

(3.26) Prob[ml?x luy| > Q] < C exp(—cQ?)

if Q satisfies (3.13).



Optimal agnostic control of unknown linear dynamics 665

We now turn our attention to

(3.27) L) = Z qulAgy —uy, Aty
o<u<v
and
(3.28) L) = Y qi A
0<p<v

Note that {;(¢,) can be rewritten as

GE) = X A3 @ —aD) — 5 g~ Y wugu

o<u<v o<u<v
(3.29) | ] =
= a0 5% —5 2 (Aq)’ = Y uuguA.
n=0 o<u<v
Now suppose that
(3.30) max |qy|, max |u,| < CQ, with Q asin (3.13).
% Vv

Then from (3.28) and (3.29), we have

(3.31) |62(2,)] < CO?  (all v),
and
(3.32) G0 = CO* 4| Y {(Ag* = ALY Gllv),
O<u<v

since also

N N

DAy =Cy Ay =C.

n=0 w=0

We will show that

(3.33) Prob[m‘?x‘ Z {(A‘Iu)z — Afu}‘ > CQZ(AZMAX)I/Z:I < C exp(—c0?).

o<u<v
In view of (3.25), (3.26), and (3.33), estimates (3.31) and (3.32) imply the inequalities
(3.34) Prob[ max | (1,)| > CQ?] < C exp(—cQ?),
v
(3.35) Prob[max [C2(2))| > CQZ] < Cexp(—c0?),
v
for Q as in (3.13). Thus, to prove (3.34) and (3.35), it remains only to prove (3.33).

Estimate (3.33) will have further applications in a later section.
‘We now prove (3.33).
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From (3.8) and (3.12), we have
D {(Agu)? = Ady) =) (agqu +uu)* (A1)

u<v u<v
(3.36) +2) (aqu +u) (A AW, + Y {(AW,)? — A}
u<v u<v

= TERM 1(v) + TERM2(V) + TERM 3(v),

with
(3.37) 0 < TERM 1(v) < C max{|q,| + [uy|}? - (Atyax), allv.
“w
To estimate TERM2(v), we fix @ > C as in (3.13) and study the random variables
(3.38) Yy = exp(~C 22 0% (Atyax)* 1)
" €Xp (A Z(Cll]u +up) - Liag,+u,l<co (At;) AWM)
U<v

for a large enough constant C, and for A € R to be picked below. Since (ag,, + uy) -
IL\aqMJruMKCQ is ¥,-measurable for u < v, we have
E[Yo41| 5] = Yy -exp(—C A% 02 (Atuax)* AL)
-E[ exp([A (aqy + 1) - Lag, 4uyi<co - (AL AW, | 5, ]
Yy - exp(=C2% 0% (Atyax)> Aty)
exp (CIAagy + 1) - Liag uyl<co - (AP AF).

(Here, we use the fact that AW, is independent of %,,, and normal with mean 0 and vari-
ance Af,.)

If we take C large enough, then the product of the exponentials on the right in (3.39)
is less than 1. Thus,

(3.39)

IA

E[Yv+1|$’v] EYV, with Y()E 1.
So the Y, form a supermartingale. Consequently,
(3.40) Prob(3v such that ¥, > exp(c 02)) < exp(—c 0?).

We now pick A = [sgn]¢ [(Atyax)] ™!, with sgn = £1 and ¢ > 0 a small enough constant.
Combining (3.38) and (3.40) then yields the estimate

Prob(EIv such that [(AzMAX)]—l( > (agy + ) - ]l|aqu+uu|<CQ(AZZ)AWM) > CQZ)

n<v
< exp(—cQ?).
Consequently,

Prob(EIv such that ‘ 3 (agy + uu)(At;)AWM‘ > CQZ(AIMAX))

w<v

< exp(—c Q?) + Prob(3 u such that |ag,, + u,| > CQ).
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Recalling (3.36), we have
(3.41)  Prob(max |TERM2(v)| > CQ?(Atyax))
v

<exp(—cQ?) + Prob(mﬁx{lqul + [upl} > cQ).
We turn our attention to TERM 3(v). Let

(3.42) Z, = exp(=C 22 (M) 1) -exp (X Y {(AW,)? = A7}

n<v

for a large enough constant C, and for A € R to be picked below.
Then Z¢ = 1, and

(343)  E[Zys1]F] = Zy exp(—C A2 (Atyax) Aty) - E[exp(AM{(AW,)? — AT, 1]
For |A| < ¢(Atyax)™!, we have

Elexp(A{(AW,)? — A7, })] = exp(—AA7,) - X2 p=x2/200 gy

1 )
V2rar, L.
= exp(—=AAR) - (1 — 2A(A7,)) /2
< exp(CA% (A1)?) < exp(CA*(Alyax) Aly).

(3.44)

Substituting (3.44) into (3.43), and taking ¢ large enough, we find that
E[Zy11|F0] = Zv,

i.e., the Z, form a supermartingale. This holds for |A| < ¢(Atyax)~'. Since Zy = 1, it
follows that
Prob(3v such that Z, > exp(c Q?)) < exp(—c 0?).

Taking A = (Atyax) /2 - [sgn], with sgn = %1, we conclude that

Prob(EIv such that exp ( —Cty + (AIMAX)A/Z‘ 2:{(AW,,«)2 — AfM}D > exp(c Qz))

n<v
< exp(—cQ?),

so that

Prob(m]flx‘ X:{(AWM)2 — Afu}‘ > CQZ(AIMAX)I/z) < exp(—cQ?).

n<v
Recalling (3.36), we conclude that

(3.45) Prob(m3x|TERM3(v)| > CQZ(AIMAX)I/Z)) < exp(—cQ?).
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Estimates (3.37), (3.41) and (3.45) control TERM 1(v), TERM2(v) and TERM 3(v). Sub-
stituting these estimates into (3.36), we learn that

Prob(mjlx‘ 2:{(A61M)2 — At} > C’QZ(AIMAX)l/z)
n<v
< Cexp(—cQ?) + CProb(mlilx{lqMI + [upl} > Q).
Finally, recalling (3.25) and (3.26), we see that

Prob( max | " {(Ag)? — Af)| > €7 Q% (Atun)'?) = C exp(—c0?),

W<v

completing the proof of (3.33).
Next, we estimate

Aq,‘f =q° (tv+1)—q° (), Aiiv = ;?(lv-l—l)_é-?(tv)v Aig,v = Zg(lv-l—l)_{g(tv)'
Recall that
Agy = (agy +up) Aty + AWy, ALY, = g7 (Aq) —ujAn), AL, = (q7)* Aty

Let Q > C for large enough C, and suppose |¢9| < Q. Then also |uJ| < C[|¢9| + 1] <
C'Q,so

|Agqy| < CO(AL) + |[AW,],
ALY < Q(1AqT| + CQAL) < C'Q*(At,) + Q|AW,], and
|ALS | < 0%(An),
hence for p > 1, we have
(1AqT] + ALY, + [ALS )P < Cp 0P (AL)P + Cp QP |AW,|P.

Recall that AW, is independent of ¥, and normal, with mean O and variance at
most CAt,. It follows that, for any p > 1, we have

(3.46)  E[(1Aq]] + 1887, +1A85,D7 [ Fu] = Cp Q% (AP + Cp QP (Aty)P/?

whenever |g9| < Q. (Recall, g7 is deterministic once we condition on ¥,.) In particu-
lar, (3.46) implies that

(3.47) Prob[|Aq7| + |AL] | + |ALS | > (A1) | F)] < C(At,)'00°

if |¢%] < Q and C < Q < (Ar,)~1/1000,
Together with (3.46) for p = 2, 4 and Cauchy—Schwarz, (3.47) implies the estimate

E[(|Agy| + [ALT | + (AL, D7 - Liag9|+1a87, 1 +1A8g 1> (Ar)2/5 | %]
< C(Atv)loo for p =1,2,

provided |¢7| < Q and C’ < Q < (At,)~"/1%%0 for large enough C’.
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Next, we estimate |¢g? () — g0 | = |q°(t) —q°(t,)| for t € [t,, ty41].
Recall that

ea(t—t,,) -1

47 ()~ g7 = (aqg +u) - |

t
] +/ e@t=s) dW(s) fortet,,ty+1]
a t

v

If g9 < O with Q > C (for large enough C), then also |u{| < CQ, hence

t
1q°(t) — q%] < CO(At,) + /e“(t_s)dW(s)‘ fort € [ty, ty11].
t,

v

Applying the reflection principle [18] to the Gaussian process

t
wW(t) =/ e dW(s) (t=>t,),
Iy
we see that

Prob [ max

t€fty,ty+1]

/ a9 dW(s)| > CO(A)'2] = € exp(—c 0?).

Iy

Since fttv e?t=5) dW(s) (t > t,) is independent of F,, it now follows that

Prob[ max |¢°(1) — ¢°| >C’Q(sz)1/2‘37v] < Cexp(—c0?)

te[tv=tv+1]

provided |¢gJ| < Q and C < Q for large enough C. Taking

0= (A1,)?/3
T Cl(A)?
we find that
(3.48) Prob[ max g7 () ~ 7| > (sz)z/S‘yrv] < C(Aty)1000
telty,ty+1

provided |gJ| < c - (At,)~1/10,
Let us summarize the results of the above discussion.

Lemma 3.2 (Lemma on rare events). We condition on argyg = a and g? = 7). Fix a strat-
egy 0. For constants ¢ and C depending only on upper bounds for |qo|, amax, Crame,
and T, the following holds.
Suppose Atyax = max,(t,+1 — ty) < c. Then, for Q > C, the following hold with
probability > 1 — exp(—c Q?):
* g @) [u®(n)| = Q forallv.
* 17 @)1 185 ()] < @ forallv.
205M<u(‘10([u+1) - CIU(ZM))Z - tu‘ = QZ(A[MAX)I/2 forallv.
Moreover, suppose we fix v and condition on ¥, the sigma algebra of events deter-
mined by the q° (t,,) (0 < p < v). Suppose that |q,| < (At,)~1/1000,
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Then
E[(1AGy |+ |AL] 1+ 1AL D7 - 1aggisiacy, 1+1acg, = (anyis | Fo] = C(AR)TP
for p = 1,2, and
Prob[|Aqy| + |ALT, | + A5, > (An)*P| 5] < C(AnR) 1.
Also, we have

Prob[ max |q°(t) —q7| > (A1,)?/5 |:Fvi| < C(Ar,)"%

tefty,ty+1]

provided |q3| < c - (At,)"110, Finally, for Q > C, we have

Prob| max 1g°(1) —gf| > C'Q(A)" 5] < Cexp(—cQ”) if lau] = 0.
tE[ty,tv+1
Proof. To deduce the third bullet point from (3.33), we note that

DALY = Y [(A) + O((AL)H)] =ty - (1 + O(Alyay).-

o<pu<v o<u<v

The remaining assertions of the lemma have already been proved as stated. ]

3.3. The probability density

We continue to adopt the assumptions and notation of Section 3.2. Our goal is to derive, for
fixed N < N, an approximate formula for the joint probability density of (g1,...,qy5) =
(°(t1),...,q°(ty)). Let us denote this joint probability density by ®(g1,...,q5). Thus,

(3.49) Prob((¢° (11). . ...q° (t5)) € E) =/Ecp(q-1,...,qj\-,) dg,---dgy

for measurable sets £ C RV,
By formula (3.8),
Agy = (agy + uy) At) + AW,

with AW, mutually independent and normal, with mean 0 and variance Afy; consequently,
the joint probability & is given by

N-1
(3.50) O@Gr.....G5) =[] ¢v
v=0
with
1 1
3.51 = — ——[AGy — (agy + 11y) ALF]?).
( ) v \/mexp( 2AT, [Agy — (agy + uy) v] )

Here, AGy = gv+1 — 4v, 90 = qo, and u,, denotes the control exercised by the strategy o
at time #, given that ¢°(,,) = g, for 0 < ;1 < v and & = 7. Note that i,, is determined by
qls ceey 4711 (and CIO)
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We make the following assumptions on (g1, ..., §y):
(3.52) mslx(|57v| + luv)) < 0,
(3.53) | (43 — 15| = 0% (Anu0 4,
v

with Q > C given.

Thanks to Lemma 3.2, (3.52) and (3.53) are very likely true for (g1, ...,qy5) =
(g°(t1),...,q°(x)). Under assumptions (3.52) and (3.53), we will simplify the expres-
sions (3.50) and (3.51).

First of all, since At = At, + O((At,)?) we have

[Agy — (agy + ﬁv)At:] = [AGy — (agy + uy)AtLy] + ERR,,
with
ERR, = O(Q(A1,)?)
thanks to (3.52). Hence,
[AGy — (agy + ﬂv)At:]z
= [AGy — (agy + 1,)*An)* + ERR% + 2ERRy[AGy — (agy + uy) Aty]
= [Agy — (agy + 1) AL)* + O(Q*(A1,)*) + 2ERR, (AGy).

Therefore,

1 P ~ - *
Z E[Aqv —(agy + VV)Atv]z

B54) =) M%[Aqv — @Gy + )AL + Y 00X (AL + Y

ERR,
Af,

(Agy).
The last sum has absolute value at most

—1/2 J ERRy 2 12/ A = 12
(3.55) c Xv:(mv) {_Afv } +C ij(mv) (AGy)>.
The expression (3.55) is, in turn, at most

D003 (AP + C(Anx)? D (AGy)?
v v
= 0(Q*(Atun)"/?) + C(Atuw) 2| Y (AG)* — 1] + Crg(Atun)
v

= 0(Q*(Atuan)'?),
thanks to (3.53). Therefore, (3.54) implies that
1 _ - _
(3.56) ) 577 A4y — @y + )AL

v

1 _ _ _
= Z Q,A_f [AQV - (aqv + Mv)Atv]z + O(QZ(AIMAX)I/Z)‘
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We want to replace Af, by At, on the right in (3.56). To do so, note that

1 1 a
- = —— + O(An),
2AL,  2Aft, 2 +O0(An)

thanks to (3.11). Consequently,

1 1 i o X
Y (_ZAf,, - _2sz) [AGy — (aGy + i1y) Aly]

v

= Y la+ 0(An)] @y + 1) AL (AG) + Y | = 5 + 0(An) | (A4,)°

(3.57)
+ 0[5 + 0] @d +i)Pany?
- 2
= TERM « + TERM f8 4+ TERM Yy
Now
a _ _ a
TERM f = —— ;m%)z + O(Ata) ;(Aqv)z = =31y + 0(Q*(Anu) ')

by (3.53), while

TERM y = Z 0(Q*(Aty)*) = 0(Q*(Atyax))

by (3.52). To estimate TERM «, we apply (3.52) and (3.53) to write

ITERM @] < C ) “(agy +1)*2(A1)*2 + C 3 (AR 2 (Ag,)?
v v

IA

0(Q*(Atyax)'"?) + C(Atyax)'? Y (AGy)
= 0(0* (At )+ C(Btun) [ Y (A0 — 1] = 0(0* (Atn) ).

Combining our estimates for Terms «, § and y, and recalling (3.57), we learn that

1 1 _ _ _ 2 a 2 1/4
;(m 2Atv>[Aqv (@gy + i) AL = =2 15 + 0(Q*(Atyn)/*).

Consequently, (3.56) implies that
1 _ - -
358) Y. 37, |84y — (g + TRYNME

v

a 1 _ _ _
= _5 Iy + Xv: m [Agy — (agy + 1iy) Atv]z + O(QZ(AIMAX)IM)-

Again applying (3.11), we see that
1 . 1
V2nAL,  N2mAt

(1—%aAtv+0(Atv)2> = exp (—%aAtquO(Atu)z),

1
V2w ALy
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so that

N—
s =<rgm> (-2 F a0+ o)

v=0

(3.59)

= ( 1_[ W) exp(— %tﬁ + O(AIMAx))-
v=0 V v

Putting (3.58) and (3.59) into (3.50) and (3.51), we find that

N— | {

Geoy FUrdn)= Q{ﬁ exp ( — Sar 184 — (@dy + i) AL}
“(1+ 0(Q*(Atyax) ")),

In particular, the factors exp(5¢y) arising from (3.58) and (3.59) cancel.
We record our result (3.60) as a lemma.
Lemma 3.3 (Lemma on the probability distribution). We condition on aryz =a and § =1.
Then, for constants ¢ and C determined by qg, ayax, Crave, and an upper bound
for T, the following holds.
Suppose Atyax = max,(ty41 —t,) < c. Fix N < N. Let ®(g, ... ,45) be the joint

probability density for (¢° (t1),...,q° (t5)).
Let Q > C, and suppose (q1, . . .,q ) satisfies

max(q,] + ) < © and | Y @1 — 3% — 15| = Q2 (A,
v

where u,, is the control exercised by the strategy o at time t, when

@), ") = @1>-..,Gy) and E=TH.
Then

@i, ... Iij[{ T x( ZAltv[Aq,, (aé,,—}-ﬁ,,)Atv]z)}

(1 + 0(Q*(Atwax)''*)).

Here, Agy = Gvi1 — Gv (With §o = qo), Aty = tyy1 — by, and O(Q*(Atyax)'/*) denotes
a quantity whose absolute value is at most CQ?(Atyax)'/*.

3.4. Analytic continuation

In this section, we prepare to make an analytic continuation of the function mapping a €
[—amax, +amax] to the expected cost incurred by a strategy ¢ assuming that ay.x = a.
We set up notation.

We fix a tame strategy o = (0y)o<y<n and coin flips 7j; we write %, to denote the
control exercised by the strategy o at time ¢, assuming that g°(¢,) = g, for 1 < pu <v

and £ = 7 (ie., 4y, = u°(ty) = 0u(q1,....qv, ).
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We define functions

o 1 [Ag — (ag + W) An)
361 A . q, . = —— —
GOD Yu(AT.3.0.) = e exp AL )
and
N-1
(3.62) Y(Gr.....qn.a) = [ vo(Adv. Go. 101 ... Gv). ).
v=0

In (3.61), Ag, g and u are real variables, while a € C. In (3.62), AGy := Gy+1 — Gy, With
do := qo- Again, in (3.62),a € C.
‘We introduce a set

E= {(él» ....4N) € RN :m‘?x Igv| < (AZMAX)_1/16

(3.63) ) .
and | 3" (Gu+1 = 30)% = T| = (At ).

We denote by

®(q1,...,4n,a) (a € [~ayax, +auax])

the probability density for (g% (¢1),...,q%(ty)) assuming that argyg = @ and § =1.
According to Lemmas 3.2 and 3.3, we have

(3.64) ®(G1,....4n.a) = ¥(q1,...,qn.a) - (1 + ERR(q1,....qN.a))
fOI‘ (é],...,qN) € E anda € [_aMAx,aMAx], Wlth

(3.65) [ERR(q1. ... 4N, @) < (Atyax) /5,

(3.66) E [ Lo t),.ao@nner] < C exp(—c(Atyax)~'/%).

Since |u®| < C[|q°| + 1] for a tame rule o, we have, for a € [—ayax, @maxl,

(3.67) D 4w + (@)% Aty < € max|gy > + C.

By Lemma 3.2, we have
(3.68) Eq 7 l{max |¢7 (1)” + |u? (1)|*}] < C.

We study the function

N-1
[—amax, Tamax] > a = By 5 [ Z{(q”(lv))z + (MO(IV))Z}AIV];

v=0

we denote this function by ECOST(a).
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The above definitions and estimates yield:

N-1
(3.69) EcosT(a) = Ea’ﬁ[ D @7 1)) + W (1,))*} Aty - ]l(qo(t])ch(m))eE]
’ v=0
+ ERROR 1(a),
with
[ERROR 1(@)] < E, (€ max{lg” @)I* + [u” (1)} - Lge t)..o.gm )¢ ]
. a1 |2 oy V12021 1/2
(3.70) = (Eam[C max{|g? (t)|* + [u” (1) *}*])
1/2
- (Probg 7 ((¢°(11), ... 4°(n)) ¢ E))"
< C’exp(—c'(Atyax) " V®).
Moreover,

-/ (1@ + 2 80) @ an.a) dgi - dan
@G1,--.gN)EE

%

= /@ - {(;{éf T+ AL) Y@ @)

.....

(14 BRR(@@1, . G- @) 1 -+ dn |

= (I+ERROR2(a)) (D@ +a2)An) %@, .. an.a)ddr -+ day .
(G1---dN)EE v

with
(3.71) |[ERROR 2(a)| < C(Afyax) "3,
thanks to (3.64) and (3.65). Together with (3.69) and (3.70), this yields

EcosT(a) = ERROR 1(a)

+ (1 4 error2(@) - [ {( 40+ 7 80) V.. dw.)} i+ da,

with ERROR 1(a) and ERROR 2(a) controlled by (3.70) and (3.71). Since also
0 <EcosT(a) <C

by Lemma 3.2, it follows that

EcosT(a) = / {(Z{qﬁ + ﬁﬁ}Atv)

(3.72) @G1oGn)EE N E

-U(q1, ... ,CYN,a)} dgi---dgn + ERROR3(a),
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with

(3.73) |ERROR 3(a)| < C(Atyax) '8,

Equation (3.72) and estimate (3.73) hold for a € [—ayax, +amax]- We make an analytic
continuation of the integral in (3.72) from a € [—ayax, +auax] to @ = agr + iay in the

rectangle
R ={ar +iay :ar € [—auax, ausxl a1 € [-9, 8]},

for a small § > 0 to be picked below.
We write /(a) to denote the integral in (3.72). Thus,

G714 )= fE (D@ + a2 an) W@, av.a) gy -+ ddy
v
fora =ag +iay € R, and
(3.75) |[EcosT(a) — I(a)] < C(Atyax)"/® fora € [—ayax, +amax].
A glance at (3.61) and (3.62) shows that the integrand in (3.74) has the form

B(G1,-...dn)exp(@*Ga(Gi,....gn) +aG1(q1,....Gn) + Go(Gi, .- .. Gn)),

where B, Gy, G and G, are bounded measurable functions of (¢1,...,gn) on E. More-
over, the region of integration, £, is bounded; see (3.63). Therefore, I(a) is an analytic
function on R.

Next, we estimate

66 [ (M@ EAL) G a.ar +ian)] ddy - ddy
E v
forag + iay € R. From (3.61), we have
a2
V0(AG.q..ar +ian)| = exp (32 An) ¥0(A7.3. T ar).
hence (3.62) implies that

i} _ . aj _ i} a
(G1.....qn.ar +iar)| = exp(Z;’qﬁArv)\P(ql,...,qN,aR).
v

Moreover, for (¢1,...,gn) € E and ar € [—amax, +amax], (3.64) and (3.65) yield
V(g1,....qn.ar) <2®(g1,....4n.ar).

Consequently, for ag € [—amax, duax], the integrand in (3.76) is at most

2
(Y@ +aan) e (5 Y a2 A0) @G- v an).
v v
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Since ®(g1,...,qn,ar) is the probability density for (¢°(¢1), ..., ¢°(tx)) assuming
arrue = ag and £ = 7j, it follows that the integral (3.76) is at most

- exp (? 2:(97"(1‘\,))2 Atu)] fora € R.

Recall that |u?(t,)| < C[|¢° (t,)| + 1] and that |a;| < § fora = ag +ia; € R.
Consequently, for ag + ia; € R, we have

2
(St @0 + @ @n?han) exp (L Y @0 ()7 An)
< Cs-exp(C8* max lg° (t)1?).

So the integral (3.76) is at most

(3.77) CsEyp 5| exp (C8% max|q% (1,)|?)] fora € R.
v

On the other hand, Lemma 3.2 gives

(3.78) Eqpilexp(e max g% (n)|M)] < €

for agr € [—awax, auax] and ¢ > 0 small enough.

We now fix § = ¢ small enough that C$§? < ¢ with C and c as in (3.77) and (3.78). We
conclude that the integral (3.76) is less than a large constant C, independent of a € R.

So we have shown that /(a) is analytic and bounded for

a € (—ayax, Tauax) X (=6, 6).
Recalling that we have taken § = ¢ and that (3.75) holds, we obtain the following result.
Lemma 3.4 (Analytic continuation lemma). Let o be a tame strategy, and let ij € {0, 1}N.
Then there exists an analytic function I;(a) on the rectangle
cR = {aR + ia[ AR (S (_aMAx, aMAx), ay (S (_é, 6)}
such that
[I;(@)] <C onR

and
N-1

Ea,?][ Z{(qa(tv))z + (”a(tv))z}Atv] - I;,(Cl)) = C(AIMAX)I/S
v=0

for a € (—awax, +amax)- Explicitly,

N-1
I;(a) = /E ( Z{le + uﬁ}At,,)
v=0

p 1 [qv+1 — qv — (aqy + uy) AL
.\E}{—mexp<— Y ? 2At,,v v )}dql...qu,
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where

E = {(ql, ..qn) € RY imax|g,| < (Atyay) 116

(3.79) _ _
and ‘ Z(q,,_H — qv)2 -T| < (AZMAX)I/s}.

and u,, denotes the value assigned by o to the control at time t,, assuming that q° (t,)) = q,
forO<pu<vand& =1.

3.5. Moments of increments

We retain the assumptions and notation of Section 3.2. Recall that ¥, is the sigma algebra
of events determined by ¢ (¢,) (0 < p < v), and that

Aty =ty — b, Agqy = q% (tv11) — q° (1),
Aé'l,v = C(ly(tv+l) - C?(lu), Aé'2,v = Eg(tv-&-l) - {g(lv).

We suppose that dpup = @ andg = 1.
Recall also that

(3.80) Agy = (aqy + uy)AL) + AW,
(3.81) ALy = qu(Aqy —uyAty) = ag? Atk + quu, (AtF — At)) + ¢, AW,
(3.82) ALy = q2AtL,.

We condition on #,; thus, ¢, and u, are deterministic, while AW, is normal, with
mean 0 and variance Af,. We suppose that

(3.83) lgvl, luy] < @, with Q > C given.
Then
AQV = O(Q)Atv + AWVs Aél,v = O(Qz)Alv + QVAWV, AZZ,U = O(QZ)Atv»
so that
(3.84) (Aqy)? = 0(0%)(A1)? +20(0Q) At, AW, + (AW,)?,
(3.85) (Aé‘l,v)(ACIv) = 0(Q3) (Alv)2 + O(Qz) At, AW, + Qv(AWv)z,
(3.86)  (ALw)(Agy) = 0(Q%) (A1) + O(Q%) At, AW,,
(B87) (AL = 0(2%)(AL)? + 0(Q%) (AL) (AW,) + g (AW,)?,

(3.88) (Agz,v)(Aé‘l,v) = 0(Q4) (Atv)2 + O(Q3) (Atv)(AWv)
(3.89)  (ALw)® = 0(0%(An)>.

Moreover, all the quantities O(QP°%*") above are deterministic once we condition on F,,.
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Therefore, (3.80)—(3.82) and (3.84)—(3.89) yield the following:

(3.90) E[Agy| %] = (agy + uy) Aty + O(Q(A1)?),
(3.91) E[AL1y | F] = agi(At) + 0(Q%(A1)?),
(3.92) E[ALy | 7] = g2 At

(3.93) E[(AL1,)? | 7)) = g7 ALy + 0(Q*(An)?),
(3.94) E[(AL10)(AL2w) [ F] = 0(0*(An)).,

(3.95) E[(AL2,)? | 7] = 0(Q*(An)?),

(3.96) E[(Aqy)* | F,] = Aty + O(Q*(A1,)?),

(3.97) E[(Ag,) (A1) | 7] = quAt, + 0(Q°(An)?).
(3.98) E[(Aqy)(AL2w) | o] = O(Q3(At)?).

(Here we have used the fact that Az and A7, are A, + O((Aty)?).)
We define an event

(3.99)  TAME, = {|Aqy| = 2(A0)*°, [AL1y| < 2(A0)%5, |AL,| < 2(A1)*5).
From Lemma 3.2, we obtain the estimate
E[(Ag)*(AL10)* (A82,)* - Tnormame, | 7] = O((AR)')
for integers o, o1, a2 > 0 with g + o1 + @ < 2. Also from Lemma 3.2, we recall that
Prob[NOT TAME, | #,] < C - (At,)'°°.
Consequently, (3.90)—(3.98) imply the conclusions of the following lemma.

Lemma 3.5 (Lemma on moments of increments). We fix drryg = a andg = 7). We suppose
that
0>C and (Atyax) < Q1000

Define the event
TAME(Y) = {|Aqd| < 2(A1,)*° |AL] | < 2(A1)*5 |ALS | < 2(A1)*3).

Let ¥, be the sigma algebra of events determined by q° (t,,) (0 < u < v).
Fix v, and suppose that

g% (1)1, [u? ()| = Q.
Then the following hold:
E[(Aqy) Leamew) | F0] = (agy +u7) (Afy) + ERR1,
E[(AL],) Loavew) | F2] = algy)? (Any) + ERR2,
E[(ALS,) Luavew) | Fo] = (¢9)% (A1) + ERR3
[
[

™

(AQ3)2 Lramew) | #1] = (At,) + ERR4,
E[(Aqy) (AL],) Liamew) | Fo] = g7 (Aty) + ERRS,
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E[(Aqgy) (Aég,u) Lrame) | Fv] = ERRO6,
E[(AL] )% Loawew) | Fo] = (¢7)*(Aty) + ERR 7,
E[(Aé‘iv) (Aé‘g,v) Lrame) | Fv] = ERRS,
E[(Aég,u)z Lrame) | Fv] = ERRY,

where
[ERR1],...,|[ERRO| < C'Q*(At,)>.

Also, under the above assumptions, we have
Prob[NOT TAME(v) | %] < (At,)?°.
Here, of course,
4y =4q° (1), uy =u’ (1),
Aty = ty41 — by, Aqy = q° (tv+1) — q¢° (1),
Aé'i,, = E?(tv+l) - Cf(tV)7 Aé‘g,v = gg(tv+1) - Zg(IV)'

The constants C and C’ are determined by qo, Ayax, Crame and an upper bound for T.

3.6. Stability under change of assumption

Let f(g1....,gn) be a nonnegative function on R¥ . For 7 € {0, 1}~ and for a;, a, €
[—amax, +amax], we compare

E, ilf(q° (), ....q° (tn))]
with
Eaz,ﬁ[f(qa(tl)’ ) qa(tN))]

for a tame strategy o.
To do so, let ®(g;, ..., gn,a) denote the probability density of

(¢°(t1).....q° (tw))

assuming thatg = 7 and drryg = a.
According to Lemma 3.3, the following holds for @ = ay,a;. Let Q > C and Q <
(Atyax)~1/1990 and suppose that

max(1g, | + ) < Q.

| Y @ =@ = T| = 0% (B,
0<v<N

(3.100)

where i, denotes the value of u“ (¢,,) assuming ¢° (¢,,) = g, for u < v. (Recall that the u,,
do not depend on a.) Then

®(617~~"qN’a)

(3.101) = ]_[ {ﬁ exp ( - ﬁ [(Gv+1 —qv) — (agy + ﬁv)Atv]z)}

0<v<N
(1 + ERR(q1,...,4N, )
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with
(3.102) [ERR(1, . - ., 4N, a)] < CO*(Atyax)/*
and go = qo.
Applying (3.101) and (3.102) with a = a; and with a = a,, we see that if (3.100)
holds, then
@(6}1,...,@1\],612) = Q(é],...,é[\],al)
1 - _
(3.103) exp (= 5 [3 = a}1 8 (T) + a2 — ] E(T))

(1 + ERR(G1,-..,GN,a1,a2)),

with

B.104) (M) = Y @@ —@l—iAn), M) = Y G An,
0<v<N 0<v<N

and

(3.105) [ERR(G1. ... 4N . a1.a2)| < CO*(Alyax)'/*.

If (3.100) holds, then
(3.106) 1E7(T)I.185(T)| < CQ?

(see (3.29)).
Letting & denote the event that (g% (¢1), ..., ¢° (tn)) satisfies (3.100), we conclude
from (3.103), (3.105) and (3.106) that

E,, 5[ f(@° ). ....q° (tn)) - 1¢]

(3.107) 5

<E, ;[f(q°).....q°(tn)) - Lg] - exp(CQ~|az — a1]) (1 +ERRf (a1, az)).
with
(3.108) |[ERRf (a1, a2)| < CQz(AlMAx)IM-

On the other hand, Lemma 3.2 shows that the complement of &, denoted &, satisfies
Prob,, 7 [“€] < exp(—c 0?),
and therefore, by Cauchy—Schwarz, we have
Eu, 5 f(q° (1), ....q° (tn)) - Leg]
(3.109) A " o 1/2
< exp(—¢'0%) (Eqy 5 [f 2@ (1), q”@n)]) .

Combining (3.108) and (3.109), we obtain the following result.
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Lemma 3.6 (Lemma on change of assumption). Suppose Q > C for a large enough
constant C. Let ay, as € [—ayax, +awax), let i € {0, 13N, and let f(G1,...,qn) be a
nonnegative function on RN. Let o be a tame strategy. Assume that Q < (Atyax)~ /1900,
Then

Eu 5[ f(@°(t).....q° (tn))]
< exp(CQ%az —ay|) (1 + CO*(Atur) ) By, 5 [£(q° (t1), . ... q° (tn))]

/
+exp(—¢0%) (Eans [£2@700)...q7@n))])

3.7. Disasters due to undercontrol

Our tame strategies o are defined to guarantee that
(3.110) u? (0] = Cllg” ()] + 11,

which is reasonable, given our assumption that @ pyg € [—ayax, dvax]- However, if arpys >
ayax, then we expect (3.110) to undercontrol, leading to exponentially large expected cost.
The following lemma confirms that intuition.

Lemma 3.7 (Lemma on undercontrol). Let o be a deterministic strategy satisfying (3.110),
and suppose arryg = a, where a exceeds a large enough constant Cy. Write E,[. . .] for
the corresponding expectation. Assume that Atyax is less than a small enough positive
number determined by a and T'. Then

Eq [ ZN{QO(%))Z + (uo(tu))2}Atv] > cT?exp(caT).
o<v<

Proof. We write g, for ¢°(t,), Ag, for ¢, +1 — gy, uy for u®(t,), and At, fort,4+; —t,.
We let F, denote the sigma algebra of events determined by ¢1, ..., ¢,. Thus, ¢, and u,,
are deterministic once we condition on %,,.

Recall that

(3.111) Agy = (agy + un)(ALY) + AW,

where AW, is normal with mean 0 and variance

- 2aAt,) — 1
A7, = SXPQaAnL) — 1,
2a

moreover, AW, is independent of %,. Here,

exp(aAt,) — 1
a

AtF =

v

Since Af, < Atyax is less than a small enough positive number determined by @ and T,
we have

(3.112) |Af, — Aty|, |ALF — Aty < 1073 A,
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From (3.111) we have
Gyp1 = 4y + 2qu[(agy + u,)(AL)) + AW, + (agy + un) (A1)
+ 2(aqy + uy) (ALY AW, + (AW,)?
> ¢y (1 +2aA1)) + 2quy (AL)) + [2q0 + 2(agy + un)(AL)]AW, + (AW,)%.
Consequently,
(3.113) Euolq2 11 %] = g2 (1 + 2aAt)) + 2qvu, (AL)) + (AFR).
For § > 0 to be picked in a moment, we have
2gyuy| < 82¢2 4+ 8%*u? < C§2¢q% + C§2,

thanks to (3.110).
Putting this inequality into (3.113), we find that

(3.114) Eqlg2 1| F0] = ¢2 (1 + [2a — C872] At)) + (AR, — C8* AL)).
We take § to be a small enough constant ¢ such that
Af, — C82AtF > % Aty
see (3.112). Since a exceeds a large enough constant C, we then have
2a —C872] > a,
so from (3.114) we obtain
Baldlr| ) 2 63 (1 +aAE) + 3 A

Again applying (3.112), and recalling that A#, < Atyax is less than a small enough posi-
tive number determined by a and 7', we conclude that

1
E, [q,H_1 | 7] > exp( aAt,,)qv + = Aty,

and therefore

(3.115) Eq[g2,,] > exp ( aAtv) Ealg?] + = Atu

Since (3.115) implies that

1
Eq [‘73+1] > E, [6]5] + 3 At, for each v,

we conclude that

1
E, [qv] EZV for each v.
We pick vy so that
1 2
5 T < tV(] < 5 T.

(Our smallness assumption on Azy,x implies that such a vq exists.) Then

1 1
[qvo] =9 tv() Z T.
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Returning to (3.115), we have
1
E, [qu] > exp (5 aAtv)Ea [qf] for each v,
hence for v > vy we have
1 1 1
Ealg3] = exp (5 altv — )] Elg3) = 5 T exp (5 alt — tug)).

In particular,

1 3
E, [qf] > 1 T exp(caT) fort, € [Z T, T].

Consequently,
1
Ea[ Z {q2 —i—uﬁ}sz] > Ea[ Z qutv] > — Texp(caT) - Z At
0<v<N t,€[2T,T] t,€[3T,T]

> cT?exp(caT),

since each A7, < Afyax is less than a small enough positive number determined by a
and T. The proof of the lemma is complete. ]

3.8. Costing by integrals

Let o be a deterministic tame strategy. We condition on

Arrue = @ € [—Amax, Fauax]s

and write Prob, [-] and E,[-] to denote the corresponding probability and expectation.
We want to compare

T
Cost(o) =[0 {(@°()* + W’ (1)} dt

with
CosTp(0) = D {(q° (1)) + (u® (1))} Aty

0<v<N
(“D” for “discrete”).

Lemma 3.8 (Lemma on costing by integrals). For any m > 1, we have
Eq[|COST(0) — COSTp(0)["] = Con(Atyax)™/.
Proof. Recall that u?(¢t) = u?(t,) for t € [¢,, t,+1]. Hence,

CosT(o) —CoSTp (o) = Z /”1{(610(;))2_(qa(t,,))z}dz

0<v<N v

_ Z / vl {[qa(t) _ qa(tv)]z +2¢°(t) [¢° (1) — qU(lu)]} dt.

0<v<N v
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Setting
Osc(v) = max ]Iq"(t) —q% ()|,

te [tv St 1

we therefore have

|CosT(0) = CosTp(0)| = ), {(0sC(v)® + 2147 ()| (OSC(v))} Aty
0<v<N

so that by Holder’s inequality,

|CosT(0) — CoSTp(0)|" < Cp Z {(0SC(1)®™ + |¢° (t,)|™ (OsC(v))™} At,.
0<v<N

Consequently,
E,[|CosT(0)—CoSsTp (0)|™]

<Cp, E.[(Osc(v)*™](Aty)
(3.116) Og;N

+Cn Y (Eallg® @)P™DY? (Ea[(0sC()*™ ) /> Aty
0<v<N

‘We now estimate the right-hand side of (3.116).

Fix a large enough constant Cy, and let %, denote the sigma algebra of events deter-
mined by ¢?(z,,)) forp =1,...,v.

Lemma 3.2 shows that
(3.117) Ea[lg” (t)1*"] < Cn
and that, given Q> > Q; > C,, we have
(3.118) Prob,[Osc(v) > QZ(AZ‘V)U2 | #v] < C exp(—c Q%) if |47 ()| < O1.
From (3.118), we see that

E,[(0sc(v))*™ | F,] < Cn Q7" (AL)™  if 1¢° ()] < Q1.
In particular,
(3.119) Eo[(0SC(1))*™ - 1igo()1<C.] < Cm(AL)™
and, for k > 0,
(3.120)  E4[(OSC(m))*™ + Ljgo (1)) [e[Ca 2k .Contk+1)]
< G - (Cx2%H D)2 (A1,)™ - Proba [l ()] > C42"].

Another application of Lemma 3.2 gives

Prob [|g% (1) > C42F] < C exp(—c2%),
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so that (3.120) implies that
Eq [(0SC(1))*™ - 11g0 (1) jelCat Coattiy] < Cm - (22™F) (Aty)™ - exp(—c2%F).
Summing over k > 0, and combining the result with (3.119), we learn that
(3.121) E.[(0sC(v))?™] < Cr(AL,)™.
From (3.116), (3.117), and (3.121) we conclude that

E,[|C0sT(0) — COSTp(0)|"] < Cn Y (AL)™?T! < C) (Atyax)™?,
0<v<N

which is the conclusion of the lemma.

3.9. Continuous vs discrete

Let o be a tame strategy, possibly depending on coin flips £. In this section, we compare

the following random functions of time:

qe(t) =q°(@t) fort €[0,T],
qp(t) = q°(ty) fort € [ty,ty41), eachv < N,

L) =3P - 33— 51— [ WO ©ds forie0.7]

1 1 1
T =@ W)~ 5a5 =5 Y (AW = Y uu)q° () Aty
o<pu<v o<u<v

fort e [t,,ty41), eachv < N,
t
8a.c) = / (¢°(s))*ds forte[0,T],
0

& p(t) = Z (q° (tu))> Aty for i € [t,.1,41), each v < N.

o<pu<v

We recall that u? (¢) is constant on [t,, t,,41) for each v, so there is no need to introduce

analogous quantities for u°.
We establish the following result.

Lemma 3.9 (Lemma on continuous variants). Let Q be greater than a large enough con-

stant C. Then there exists an event BAD(a, Q) with the following properties.
o Foreach a € [—ayax, +auax] and ij € {0, 1IN, we have

Prob, ;[BAD(o, Q)] < C exp(—c0?).
e If BAD(o, Q) does not occur, then

max |2 (1) — g (1) < CO(Atyax)'/*
t€(0,T)

max [¢2 (1) — &8 p(1)] < CO*(Atuax) 4,
t€[0,T) ’ ’

max |5 o (t) — &3 p ()] < CO*(Atyax) ™.
t€[0,7T) ’ ’
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Proof. From Lemma 3.2, the following have probability at most C exp(—c Q2) when con-
ditioned on arpyr = @, £ = 7j (any a@ € [—awax, Auaxl)s 1 € {0, I}N):

(3.122) max| Y (Ag9? =] > 02 (At 2,
0<p<v
(3.123) max |g;| > O,
”w
(3.124) mﬁx|ui| > Q.

Moreover, with
Osc(v) ;= max |¢°(@) —q°(t)]

t€[ty,ty41]
and F7 defined as the sigma algebra of events determined by the g% (f,) for u < v,
Lemma 3.2 gives also the following, for each fixed v:

Prob, ;[0sC(v) > CQ(AL)?| ] < Cexp(—cQ?) if gy < Q.
This implies that
Prob, ;[Osc(v) > CQ(AZI,)I/2 and |g,| < Q] < C exp(—c0Q?).

Since also
Probg ;i [lgv| > 0] < C exp(—0?),
it follows that
Prob, 5[0SC(v) > CO(A)?] < C exp(—cQ?)
for each fixed v, and for all Q > C.
Taking Q(At,)~"/# in place of Q here, we find that

Probg ;[0sC(v) > CQ(An)'*] < Cexp(—cQ*(An) /%) = C' exp(—¢ Q%) (At).
Summing over v, we find that the event

(3.125) 0Osc(v) > CO(A1,)*  for some v,

conditioned on aryg = a and § = 7j, has probability at most C exp(—c Q?).
We now define BAD(Q, o) to be the event that at least one of the conditions (3.122)—
(3.125) holds. Then, as claimed,

Prob, ;[BAD(Q,0)] < C exp(—c 0?)

for any a € [—ayax, +awax] and any 7 € {0, 1}N.
We now suppose that BAD(Q, o) does not occur, and compare g¢ () with g3, (),
1.c () with &7 5 (7), and £F - (¢) with £ 1, (7).
Since BAD(Q, o) does not occur, we have

(3.126) max |¢° (t,)|, max [u® (t,)| < O,
% v

(3.127) max| Y (Ag9? 1| = 02 (At
" ozu=v

(3.128) max 0SC(v) < CO(Atyax) /4.
v
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For any v, and any ¢ € [t,,, t,+1), we have

192.(1) — g% )| = 1¢° (1) — ¢° (tv)| < OsC(v) < CO(Atwax) /4.

Thus,
max qu(l) _Qg(t” = CQ(AIMAX)1/47
t€[0,T]

as claimed. Next, for any v and any ¢ € [t,,1,+1), we have

1 1
T =850 = 3 1@ 0P - @ @)+ 5[ X (g -]
O<u<v
1 fut o o o
—3=w= Y [Tl 6 - @ ds
o<u<v In
- / 4 (0)g° (5) ds

= TERM1 4+ TERM2 — TERM 3 — TERM4 — TERM 5.

(Here, we have used the fact that u® (s) = u®(t,,) for s € [t,,, t4+1).) We note that

(3.129) max [¢% ()] < max {|¢°(#)| + Osc(v)} < CQ,
t€[0,T] 0<v<N

by (3.126) and (3.128). Hence, for ¢ € [t,, t,+1), we have

ITERM 1| < max |q° (@) |¢° (t) — ¢° (ts)| < CQ OsC(v) < CO*(Atyax) /™.
t€l0,T]

So
ITERM1| < CO?(Atyax)'/* forallz € [0, T).

Next, (3.127) tells us that
ITERM2| < Q%(Atyax)/? forallz € [0, 7).

Clearly
ITERM3| < (Atyiax)-

Furthermore,

fu+1
[TERM4| < Y Iu"(lu)I/ lg°(s) — q° (1) ds
In

0<u<N

=CO ), OSC(mAn, = CQ - max0sC(n) < CO* (Atyu)'/*
0<u<N

thanks to (3.126) and (3.128). Finally,

ITERM 5| < max [u° ()] - _max |qa(f)| - (Atyax) < CQZ(AIMAX)»
v t€l0,T]
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by (3.126) and (3.129). Combining our estimates for TERMS 1-5, we find that

|§f,c (t) - ?,D(ZN =< CQZ(AIMAX)1/4a

as claimed. We pass to {5 ~ and {J [,. For € [t,,#,+1), we have

Ec0-Go01=| X [THa R —@ s+ [ @ ol

o<u<v

~. tu+1 ~.
= Y o max 197()]) / 147(5) —¢° (t)] ds + max_|q% ()| - Atyax
0<p<v ref0,T] I ref0,T]

<CQ > 0sc(u)Al, + CO*Atyux < C'Q max_ 0sC(p) + CO*Atyux
0<u<N

0<p<v

< C"0%*(Atyax)"*,  thanks to (3.128) and (3.129).

The proof of the lemma is complete. ]

3.10. Refining a partition

Let o be a tame strategy 0 = (07, )o<v<nN associated to a partition

(3.130) O=to<ti<---<ty=T.
Suppose
(3.131) O=ig<f <+ <ig=T

is a refinement of the partition (3.130).
We would like to associate a tame strategy 6 = (6;M
such a way that

)0<M<]§, to the partition (3.131) in
%(t)y =q°(t) forallze[0,T], and

(3.132) qA() q° (1) [0.7]

u®(@) =u@) forallze|0,T).

That would tell us that refining the partition (3.130) allows additional tame strategies, but
does not rule out any tame strategies o.

Unfortunately, no such & exists. The problem is that, in order to be a tame strategy, &
must satisfy

(3.133) u® ()] < Cramellg® ()] + 1] with probability 1.
It may happen that
u® (F)] = [u” (t)] > Crane - [19° (G + 1]

for some fu € (ty,ty+1), in which case (3.133) contradicts (3.132). Accordingly, we mod-
ify (3.132), as follows. .
For each 1 (0 < o < N), define v(u) to be the index v for which #, <7, < t,,41.
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Define a stopping time t by setting

o | least iy, such that [u® (5¢4))| > 2 Crame[lq% ({)| + 1], if such a 7, exists,
R A otherwise.

Then define random processes §(t), 1u(t) (t € [0, T]) by setting

G(t) =¢q°@)and u(t) = u°(t), for0 <t <r,
u(t) =0, fort <t <T,

and on [t, T'] defining § by

dqt) = (arwus-q@))dt +dW(2),
with initial condition §(z) = ¢ (7).

Note that
(3.134) [0(i)| < 2Cramel|q(f)| + 1] forall 7.

It is a tedious exercise (left to the reader) to exhibit a tame strategy 6 = (6fu)0<u< &

associated to the partition (3.131), such that g (1) = q%(t) for all t € [0, T] and #i(r) =
u?(t) forallt € [0,T).
Whereas our original tame strategy o satisfies

(3.135) 104, (@15 - -+ @vs E)] < Crans[lgo| + 1],

the strategy & satisfies instead

(3.136) 167, (q1. - - qp- §)] = 2Cranellgpul + 11;

compare with (3.134). ) )
In place of (3.132), we will show that ¢ (¢) and u° (¢) are likely very close to g° (¢)
and u (1), respectively. To see this, we fix @ € [—ayax, @uax] and 7 € {0, 1}N, and condi-

tion on argug = @ and £ = 7.
We define random variables

(3.137) Osc(v) = max : g% (@) — q° (t,)]

IE[tVstv+1

and an event

(3.138) DISASTER : Osc(v) > 1 for some v.

In Section 3.8, we proved that

(3.139) E, 5 [(0SC(1)™] < Cu(At,)™? forallm > 1.

Hence, )
Prob, 5[0sc(v) > 1] < Cz(At,)™  forallm > 1,
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and consequently
(3.140) Prob, 5[DISASTER] < > Ca(An,)" < Ch_y (Atyuy)™ !
0<v<N

forany m > 1.
Next, we prepare to estimate

T S A
/0 {lg° (@) =g O + [u® (1) —u® ()"} dt.

Let
qS(t) = q°(t,) fort € [ty.ty11). 0 <v < N.
Then
ty+1
/ |95 (1) = ¢° ()™ dr < (Osc(v))*" Ay,
ty
hence
T
Fad [/ 450 =g (O™ di] < 37 By 5105’ Aty
(3.141) 0 d

S Cm (AIMAX)m )
thanks to (3.139). Similarly,

T
(3.142) B [ 180 - 0" OF" dr] < Cu(atun)™.
0
where qg(t) = qa(fu) for 1 € [fy, tyut1), 0 < p < N. We have also
T
61y Bl [ 1 OPmd] = Eas[ ¥ l7@)P"a0] < G,
0 0<v<N

thanks to Lemma 3.2. Similarly,

(3.144) E,.; [/OT PO dz] < Cp.
From (3.141) and (3.143), we obtain

(3.145) Eq7 [/OT " @P" dt] < Cp form=1.
Similarly, from (3.142) and (3.144), we have

(3.146) Ea,ﬁ[/oT 14% (1) |2 dt] <Cp form>1,

Turning to u® and u%, we recall that u°(t) = u°(t,) for 1 € [ty, ty+1), 0 < v < N;
hence,

T
(3.147) Ea,;,[/ |u"(l)|2mdt]=Ea’,7[ 3 |u°(tv)|2’”Atv]§Cm (m > 1),
0

0<v<N
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by Lemma 3.2. Similarly,

T A
(3.148) E,,[/ e (1)) 2™ dz] <Cn (m>1).
0

From (3.145)—(3.147), we see that

T
6149 ol [ 1620 =701+ O~ " dr] < Cu =)
0
Moreover, unless DISASTER occurs, we have T = T, hence
(3.150) g% (1) = q° @) and u® (1) = u®(r) forallze [0,T].
Indeed, if DISASTER does not occur, then for0 < v < N and ¢ € [t,, t,41) we have
lg° () —q° ()] < 1,

hence [|¢°(¢)| + 1] and [|¢°(¢,)| + 1] differ by at most a factor of 2. Since |u®(¢,)| <
Cranmellq? (8)] + 1], it follows that |u® (¢,)| < 2Crame[|l¢® (2)| + 1] for t € [t,,, ty4+1), 0 <
v < N. In particular,

(3.151) U (5 )| < 2Cramellg® (@) + 1] forall p (0 < p < N).

Comparing (3.151) with the definition of t, we see that, as claimed, ¢ = T unless DISAS-
TER occurs.

Thus (3.150) holds unless DISASTER occurs.

From (3.149), (3.150) and (3.140), we now have

T o) A
Bas| [ 11670 =g @1+ 10 @) =@y

T
= Ea,ﬁ [/ {1g° () —q° @) + [u® (1) —u® (@)} Lpisaster dt]
0

(3.152) - "
= (Ba [ [ 11070~ 0”01 + 1 @ = )" ar])

0

- (Prob,, ; [DISASTER])"/?

<Cm,m- (AIMAX)(';’_I)/2 for any m,m > 1.
We record this result as a lemma.

Lemma 3.10 (Refinement lemma). Let 0 be a tame strategy associated to a partition

(A) O=ty<t1i<---<tn=T,
and let
(B) O0=iy<fy <+ <ig=T

be a refinement of the partition (A).
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Then there exists a tame strategy & associated to the partition (B), such that

T P A —
Eai] [ 11670 =07 O]+ 16 (0 = u 1) dr] < G (Btun)”
0

forallm,m > 1 and all a € [—ayax, +auax), 7 € {0, 1}N.
The strategy G satisfies the same estimates as we assumed for o (see 3.110), except
that Crpyg is replaced by 2 Crpye.

4. Bayesian strategies associated to partitions

4.1. Setup

In this section, we take azyg to be governed by a known prior probability distribution
dPrior(a), concentrated on an interval [—dyax, +@max]-
We fix a partition

“.1) O=ty<thh<---<ty=T

of the time interval [0, T'].
We fix a deterministic strategy o for the game starting at position gy.
We assume that our strategy o is tame, i.e.,

(4.2) ()] < Cellg° @) + 1]
for a constant C7,,,.. We call C{,,,.. the tame constant for o.

We write
4y =4q° (). Aqy =gy, —qy.
v =80, ALY, =8, —0,.
Gu=0W), AL, =80 ,1-8,,
u =u’(ty).

Until further notice, ¢, C, C’, etc., will denote constants determined by Cove in (4.2)
together with ay,x and upper bounds for 7" and |go|. The symbols ¢, C, C’, etc., may

denote different constants in different occurrences. We assume that

4.3) Atyax = max (t,41 —ty) < c for a small enough constant c.
0<v<N

We write X = O(Y) to indicate that | X| < CY. We write ¥,” to denote the sigma
algebra of events determined by ¢°(¢,,) for u = 0,1, ..., v. Note that ¥” depends on o,
because arryg 1S not deterministic.

We write Prob]. .. ] to denote probability, and we write EJ. . .] to denote expectation.

If we condition on argyg = @, then we write Proby[...] and E,[...] to denote the
corresponding probability and expectation. Thus, for instance, E,[X | ¥,”] denotes the
expected value of X conditioned on F,7, given that arye = a.
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For any event &, we have

anax

4.4 Prob[€] = / Prob, [€] dPrior(a)

4.5) Prob[&|F)]] = / Prob, [6 | F.7] dPost(a| F,).
—anmax

where dPost(a | ¥,7) is the posterior probability distribution for @rryx conditioned on F,°.
Similarly, for any random variable X, we have

(4.6) E[X] = / " By [X] dPrior(a)
—anmax
aAmax

4.7 EX|¥%)] = / E.[X | F)] dPost(a| ).
—amax

Thanks to (4.4)—(4.7), the following results are immediate from Lemma 3.2.

Lemma 4.1 (Bayesian lemma on rare events). Suppose Q > C for a large enough C.
Then the following hold with probability > 1 — exp(—c Q?):

* g @)l [u®(w)| = O, forall v.

* 187 @) 155 ()] < Q2 forall v.

.| Zoguq;(qg(tu—&-l) —q%(tw)? — 1] < Q%(Atyax)"/?, for all v.

Moreover, suppose we fix v and condition on ¥,, the sigma algebra of events deter-
mined by q°(t,) for 0 < p < v. Suppose |q°(t,)| < Q, where C < Q < (At,)~1/1000
(for large enough C).

Then for p = 1,2, we have

B[(1Aqy| + AL+ 1AL D7 Tiagg +iaeg, 1+1agg 1> (anys | FT < C - (A1)

also
Prob[ max |¢° (1) —q]| > (Atv)2/5|37v0] < C - (At,)1000

tefty,ty+1]

and
Prob[|AqT| + |ALS | + |ALS | > (At)* | F ] < C - (A1) 'O,

4.2. Posterior probabilities and expectations

Fix Q > C for large enough C. For each v, let OK(v) denote the set of all (¢1,...,4,) € RY
such that

(4.8) max gu| + liu] < Q
and
49) | Y80 = 1] = 02 (A,

w<v

where AG,, = Gu+1 — Gu-> o = qo, and 1, is defined to be the value assigned to u? (¢,,)
provided ¢° (t,,) = g, fory < u.
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According to the Bayesian lemma on rare events, we have
(4.10) Prob [NOT 0K ()] < exp(—c Q?).

Now, thanks to (4.3) and Lemma 3.3, the following holds for a € [—ayax, @uax] and
G1,...,4v) € OK(v):

Prob[arye € [a,a + da] and ¢° (t,,) € [Gu, Gy + dGu] for p < v]
= (1+ 0(Q*(Atyn) ™) - (%) - dG1 - d G,

where

(x) = [dPrior(a) - T1 {\/ﬁ exp ( - ﬁ (Agu —(aqu + ﬁu)Atu)z)}]-
n

o<pu<v

Note that

1- _
() = dPrior(a) -exp ( — = (2. a® + &1,y a ) - {Factor independent of a},
5 %2, ;

where
(4.11) bow =baw (@1 G0) = Y Gr AL

O=p<v
(4.12) Gw =C10@1e @) = Y Gu (A — il ALy).

0<pu<v
Hence, for

((ilv ) ‘?v) € OK(V),

the posterior probability distribution for arzye, given that g% (t,,)) = g, forpu =1,...,v,
is given by

@.13)  dPost(alqy,. ... qv)
dPrior(a) - exp (— 1 & va® + 1,0a)

= (1 + 0(Q*(Atyax) /%)) -

Z
for a normalizing constant Z. Since
anax
/ dPost(al|gy,...,qy) =1,

—amAX

equation (4.13) holds with
amax 1 - _
4.14) Z = / dPrior(a) - exp ( ~3 Cawa® + 1 a).
—amax

We have thus proven the following result.
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Lemma 4.2 (Lemma on posterior probabilities). Suppose Q > C for a large enough C.
Fix v, and suppose (q° (t1), . ..,q°(ty)) satisfy

(4.15) max ¢° ()| + [u” (6] < Q.
(4.16) | Y (Ag7 1) ~ 1] = 02 (Anu)
n<v

Then the posterior probability distribution for ayue conditioned on ¥ is given by

dPost(a| ) = (1 + 0(0(Atyax) /%))

4.17) exp ( ~leg)a? + gg(zv)a) . dPrior(a)
Z

with

(4.18) Z = / P exp (- %gg(zv)bZ + &7 (1)b) dPrior(h).

Corollary 4.3. Under the assumption of the above lemma, we have

(4.19) Eldmue | F] = 00 (Atyax) /™) + a(¢¢ (1), &5 (1)),

where

amax

[E exp (= % & +a é‘_l) dPrior(a)

—amax

(4.20) G606 = P @S (= 5 Lo - aly) dPrior(@)

for (C1,52) € R

Thanks to the above corollary, formula (4.7), and Lemma 3.5, we now have the fol-
lowing results.

Lemma 4.4 (Lemma on posterior expectations). Suppose Q > C for large enough C,
and assume that Atyax < Q—1000.
Define the event

TAME(Y) = {|AqZ| < 2(A1)*° |ALY | < 2(A6)%%, 1AL, | < 2(A1,)*).
Fix v, and suppose we have

o o
glg])}qq (Gl + @ =0

and

Z (Aqo(lu))z —h| = QZ(A[MAX)1/4-

0<p<v



Optimal agnostic control of unknown linear dynamics 697

Then the following hold:

E[(Agy) - Lrave | 7] = [a (5] (1), 83 (b)) qy + uy](Aty) + ERR],
E[(AL],) - Laawewy | F71 = (6], (). 85, (1)) - (¢2)* (Aty) + ERR2,
E[(AZS,) - Loaven | 771 = (¢9)*(Aty) + ERR3,

E[(Ag)? - Lyaww) | 771 = (Aty) + ERR4,

E[(Aqy) - (AL] ) - Laave) | 7] = g5 (Aty) + ERRS,

E[(Aqy) - (A7) - Lrave | F)] = ERRG,

E[(AL] ) Loane) | F7] = (¢9)*(At,) + ERR7,

E[(Aé‘if,‘,)(Aég’v) : ILTAME(v) | -?v] = ERRS&,

E[(AZ5,)*  Loawew) | F,7] = ERRY,

where
|ERR1[,..., [ERRI| < C'O*(Atyax)/*Aty.
Moreover, under the above assumptions on (q° (t1),...,q°(t,)), we have
Prob[NOT TAME(v) | 7] < (At,)?°.
Here,

i JEux aexp (— % > + aty) dPrior(a)
a (§1 ) Ez) = AnaxX a? 1 '
[O exp (— % ¢ + aty) dPrior(a)

Amax

4.3. The PDE assumption

For our given probability distribution dPrior(a), we fix the function a({;, {») given in
the preceding section, and we introduce the following PDE for an unknown function
S(q,t,81,8) definedon R x [0, 7] x R x [0, 00):

_ _ 1
0=0:8 + (a(61.52)q + uop) 3¢S + a(51.82)q% 95, S + 47 05, S + 5 ;8

4.21) |
+q 46, S + 3 q> 97,8 + (q° + uly).
where
1
(4.22) Ugpt = —3 04S.

We assume the existence of a solution of the above PDE, satisfying the following addi-
tional conditions.
The TERMINAL CONDITION:

(4.23) S(q.1.81.8) =0 att=T.
POSITIVITY:

(4.24) S(g.t,81,82) > 0.
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ESTIMATES: We assume S € C2'!. For |a| < 3, we have almost everywhere that

(4.25) 10%S(q. 2,81, 02)| < K- [1+ |gq| + [C1] + 182[]™
for constants K, my > 1. Moreover,
(4.26) uope (g2, £1, &) < Crfe [lg| + 11.

Note that (4.25) holds everywhere, not just almost everywhere, when || < 2.

We call K, mg, CoPyi, dwax, and our upper bounds for 7" and |¢o| the BOILERPLATE
CONSTANTS. We now broaden our definition of constants ¢, C, C’, etc., to allow them to
depend on the BOILERPLATE CONSTANTS. As usual, these symbols may denote different
constants in different occurrences.

We strengthen our large Q assumption. More precisely, we assume from now on that
O > C for alarge enough constant C. Since the meaning of the constant C has changed,
the above is stronger than our previous large Q assumption.

We assume that

AtMAX S Q-lOOO'

4.4. The allegedly optimal strategy

Let uope = Uopi(g, 2, $1, {2) be as in Section 4.3. We define a strategy ¢ based on the
function up.

Given v (1 < v < N) and given real numbers g1, . .., ¢, we define numbers u,,, {1
and {, , by inductionon p =0, 1,...,v so that {; o = {2,0 = 0, and, for each p,

uu = uopt(qu,a t/u ZI,M) {2,#)»

SIS Z qy ([gy+1 — gyl —uy Aty),

o<y<p
Cou = Z qy Aty,
0<y<p
We then set 6,,(q1, . .., gv) equal to the above u,, for u = v.

We define our ALLEGEDLY OPTIMAL STRATEGY 6 to be the collection of tame rules
6= (5v)v=0,1,...,N—1-

Thanks to our PDE assumption (see (4.26)), each &, is indeed a tame rule with tame
constant Cyhys, hence & is a strategy.

4.5. Performance of competing strategies

We have just defined the allegedly optimal strategy &, that is based on the functions

Mopl(qs tv é‘ls 52)’ S((L tv é‘la é‘z)s and C_l(é‘l ) é‘z)'
In this section, we compare the performance of & with that of an arbitrary competing

(deterministic, tame) strategy o, also defined with respect to the given partition 0 = ty <
t1 <--- <ty = T.We assume that

4.27) (Atyax) < Q2000m0
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(See Section 4.3 for mg.) Thanks to our assumption 4.26, the strategy ¢ satisfies
[u® ()] = Colks [1g” ()] + 1],

i.e., & is tame with constant CTOE;AE. We assume that the strategy o is tame with con-
stant CS, ., i.e., we assume that

TAME?
[u® (0)] = Crywe [19° ()] + 1.

In this section, we write ¢, C, C’, etc., to denote constants determined by CPve and the
BOILERPLATE CONSTANTS (one of which is Cyfy;). We strengthen our large Q assump-
tion by supposing that Q > C for a large enough C. Since the meaning of constants C
has changed, this indeed strengthens our previous large O assumption.

We define

(4.28) U ={(¢.51.8) € R 1 |q|, 18], 18| < O},
(4.29) UT ={(¢.81.82) € R : |ql. [&1]. |¢2] <20}
For each 1 (0 < u < N) we introduce the event
(4.30)
0Ky = {(@7 (). 8 (). 8 ) € U | 30 (Aq7(0,)? = 1] = Q% (Bt 4},
O<y<u

We define the event
(4.31) DISASTER = {OK,, fails for some u < N}
and the stopping time

t,, for the least u for which 0K, fails, if there is such a p,
T =tn otherwise.

(4.32) z:{

Note that 7 is indeed a stopping time with respect to the %, i.e., the event t > 1, is
F.7 -measurable, for each v.
We define a cost-to-go by setting

(4.33) CT6° (1) = ) [(@° () + W (1)) Aty

Ly<t,<t

To measure the difference between the strategies o and &, we introduce the random vari-
able

(4.34) DISCREP? (f,) = u® (1)) — Uopi(q7 (1) tus 87 (210). 85 ().

Note that
Uopt(q7 (1) T 8 (1), §3 (1)
is not the same as y 3 y y
u% (1) = uopt(q° (t)s s &7 (), 85 (t))-
In the next lemma, we compare the cost-to-go of o with that of 6. We will be con-
ditioning on ¥, so the quantities ¢° (¢,), u°(t,), {7 (t,) and &3 (¢,) may be regarded as
deterministic.
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Lemma 4.5 (Main lemma on competing strategies). Fix v (0 < v < N). Suppose

*) (47 (0), 67 (1), £ (1) € U.
Then
E[CTG? (1,) | F°] 4+ C Q™ Prob[DISASTER | #.°]
N > S (0,10, 6 (). 5 0) +E[ Y (DISCREP? (1) Aty | 77 |
ty<t, <t

= OP"T — 1) - (Atyax) /.
If 0 = 0, then
B) E[CTG? (1) | 7] < S(Aq"(lv),lv,é“‘f(lv),ig(lu))
+C Q%™ Prob [DISASTER | F.7]+ Q2™ (T —1,) - (Atyax) /2"
We fix the large constant ¢ throughout this section.

Proof. We proceed by downward induction on v.
In the base case,v = N. Since 1 < T = ty, we have CTG? (f,,) = 0. Also,

S(q° (1), 1. 87 (1), 85 (1)) = 0

by the terminal condition for our PDE. Moreover, the sum

Y (DISCREP® (1)) Al
ty<t,<t
is empty, and T — ¢, = 0. Therefore, (A) asserts that
C Q%™ Prob[DISASTER | %] > 0,
while (B) asserts that if ¢ = &, then
0 < C Q%™ Prob[DISASTER | 7].

These two (equivalent) inequalities are obviously correct, so our lemma holds in the base
casev = N.

For the induction step, we fix v < N, and assume that (A) and (B) hold with (v + 1)
in place of v. We will deduce (A) and (B) for the given v. To do so, we first dispose of a
trivial case.

Suppose for a moment that OK,, fails for some p < v. Then DISASTER occurs, and
T < t,; consequently, CTG? (#,) = 0, and

> (DISCREP (1)) Aty = 0.

ty<t,<t

Therefore, (A) asserts that

C O > S(q° (1) s, L (1), 5 (1)) — Q2™ (T — 1) - (Atyax) /2,
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while (B) asserts that if 0 = & then
0 < S(q° (1), 10, 85 (). £5 (1) + C Q2™ + Q™0 (T — 1) - (Atyax) /2.

These inequalities are immediate from our assumptions on the PDE solution S, together
with our hypothesis

(q° (1), 87 (1), £5 (1)) € U.
Thus, our induction step is complete in the trivial case in which OK,, fails for some @ < v.

From now on, we assume that

(4.35) OK_, holds forall p < v.
Thus,
(4.36) T >yt

For the moment, we condition on ¥7, ;, and distinguish two cases:

Casel.  (q°(ty+1), 8 (tv+1), &5 (tv+1)) € U,
Case Il (q° (ty+1), CT (tv+1), &5 (tv+1)) & U.

In Case 1, our inductive hypothesis tells us the following:
E[CTG? (ty4+1) | F) 1] + C Q%™ Prob[DISASTER | Frl

> S ()t 8 (), G (g ) +E[ Y (DISCRER (1)) Aty | 77, ]

ty+1=5ty <t

- szO(T - tv+1) : (AIMAX)I/ZO;
and if 0 = & then

E[CTG? (tv+1) | F)1]
< S(¢% (tv1)s to1, 65 (h041), 83 (tv41)) + € Q> Prob[DISASTER | 7,7, ]
+ 0T —ty41) - (Atyax) .
Since
CTG? () = CTG (tu+1) + [(¢% (1)) + (7 (2,))*] Aty
thanks to (4.36), the above inequalities yield at once that

E[CTG? (t,)| FZ.,] + € Q™ Prob[DISASTER | F.7,
>8(q° (ty41) . tor1. 8§ (to11). 85 (b11) + [(@7 (1)) + (u®(1,))?] Ay
(AD) + E[ Z (DISCREP? (t,,))* At | 3«‘&1]

ty+1=<ty <t

- Q2m0 (T —ty41) - (AIMAX)I/ZO;



J. Carruth, M. F. Eggl, C. Fefferman and C. W. Rowley 702

and if o = &, then
E[CTG? (tv) | F,711]
(BI) < S(q7 (tv1) tug1, E§ (v 41). 85 (to11)) + [(67 (1)) + (7 (10))*] Aty
+ € Q™M Prob[DISASTER | .2, ;] + Q2™ (T — ty41) - (Atyax)/?°.

Estimates (Al) and (BI) hold in Case I.
We turn to Case II. In that case, OK, 41 fails, DISASTER occurs, and T = #,41, hence

CTG (t) = [(¢° (t,))* + (u° (t,))*] Aty, Prob[DISASTER|F7 ] =1, and
> (DISCREP? (1)) Aty = 0.

1<ty <t

So we have the following estimates:
E[CTGC (t,)| 72,11 + C Q> Prob[DISASTER | F,2,

(AID > ¢ g2mo 4 E[ 3 (DISCREPU(IM))ZAIM?VU_,_l]

415t <t
- Q2m0 (T - tv+1) : (AIMAX)I/ZO;
and if 0 = ¢ then
E[CTG (t,) | F2 1]
(BID) < [(@° () + (u° (1,))*] Aty + C Q?™ Prob[DISASTER | 7, ]
+ 020 (T — ty41) - (Atyax) /2.

Estimates (AIl) and (BII) hold in Case II.
Combining estimates (Al), (BI), (AIl) and (BII), we obtain the following inequalities,

which hold in both Cases I and II:
E[CTG? (t,)| FZ.,] + € Q™ Prob[DISASTER | F.2,
> S(qa(tv+l)’ fy+1, é‘f(tv+l)s é‘g([v+l)) “Leaset
+CO™ Lenssn + [(¢° (1)) + W (1,))*] Aty - Leaser

+ E[ Z (DISCREPO(IM))ZAIM | ?va-i-lil - Q2m0 . (T - tv+1) : (AtMAX)l/ZO;

ty41=5t, <t
and if 0 = &, then
E[CTGU(I\,) | 37\10+1] = S(qa(tv+1)a ty+1, ;i‘(tv+1)ﬂ ;g(tv+1)) : ]]-CASEI
+ [(¢° (1))? + W (1,))?] Aty + C Q™ Prob[DISASTER | F7,
+ sz0 (T —tyy1)- (AIMAX)I/ZO'
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We now cease conditioning on ¥’ ; and instead condition on ¥7. From the two
preceding inequalities we obtain the following estimates, valid whenever (4.35) holds:
E[CTG® (1,)| 7] 4+ C Q™ Prob[DISASTER | %]

> E[S(q% (tv+1). tv41. 87 (v41). 83 (v 41)) - Lease 1| 7]

+E[C O™ Leasen | F7] + [(q° (1) + (0 (1,))2] Aty - E[Lcase 1] 5]
+ E[ > (DISCREP? (1,))* Aty | Jﬁf’]

1=t <t

— Q%0 (T — ty41) - (Atwax) /%%

(A%)

and if o0 = 7, then

E[CTG? (1,)| F7] < B[S(q° (tv+1). 41, £F (tw41). 85 (tv1))] - Lease 1| 7]
(B*) + [(¢° (1,))>+ (u° (t,))?] At, +C Q™ Prob[DISASTER | #.°]
+ Q2m0 . (T - tv—',—l) ° (AtMAx)l/zo-

Next, from Lemma 4.4, recall the event
(4.37) TAME(v) = {|Aq7 (0)]. |ALY ()], |AZS ()] = 2(An)*3},
and the estimate
(4.38) Prob[NOT TAME(v) | 7] < (At,)?°.
(Note that Lemma 4.4 applies, thanks to (4.35).) If TAME(v) occurs, then, since
(4% (1v). &7 (1), £3 (1)) € U
(by the hypothesis of the present lemma), we have

(@° (tv41), $ (tv41). £ (tv41)) € UT,

hence
0 < S(@° (tv+1). to+1. 87 (1), 83 (v41)) < CQO™°.

Therefore, if we take C large enough, then

1 A
(4.39)  S(q° (tv41), tv+1, ¢ (tv41). 83 (tv41)) - Leaser + 3 C O™ lcasen
> S(qo (tv-‘rl)» Iy+1, ;? (tv+l)7 ;g (tv+1)) : ]lTAME(v)

and

(4.40) észO “leasen = [(qa(tv))z + (”U(tv))z] At, - Lrame) * Lease -

=
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Putting (4.39) and (4.40) into (A*), we learn that
E[CTG? (1,) | F°] 4+ C Q™ Prob[DISASTER | #.°]
> E[S(q° (tv+1), tv+1, 87 (tv+1), 83 (tv+1)) + Laameqw) | 5]
+[(¢°(1,)* + (u° (1,))*] At, Prob[TAME(v) | #,7]
+ E[ > (DISCREP? (1,))* Aty ‘ 37,,"]

ty+1=tu <t

(A#)

- Q2m0 : (T - tu+1) : (AIMAX)I/ZO'

To obtain an analogous result from (B*), we note that

S(qg(tv+l), ty+1, é'(lj(tv+1)7 é‘g(tv+l)) : ]]-CASEI
= S(q7 (tv41) toa 1. 87 (041). 83 (B4 1)) * Ligo (110,867 (101,88 (1)U
=< S(qo(lv+l)s fy+1, Zf(lv+1)s é‘g(lv+l)) : ]]-TAME(V) + CQ2m0 . ]lNOT TAME(V) »

and therefore,

E[S(q° (tv+1), tv41, 87 (tv41). §3 (v 41) - Lease 1] F)]
@41 < E[S(@7 (tvr1): to1. 87 (to41). 83 (to41)) - Lunwen) | 7] + €O (A1),
thanks to (4.38).
Putting (4.41) into (B*), we obtain for ¢ = ¢ the inequality
E[CTG? (1) | F,7] < E[S(¢° (tv1), tv1, 87 (tv1), §3 (v 41)) * Lranew) | 7]
+COP™ (ML) + (47 (10)* + (W (1)*] Any
+ C Q?™0 Prob[DISASTER | 7]
+ 02T — ty1) - (Atua) V.
Estimates (A#) (for general o) and (B#) (for 0 = &) hold whenever (4.35) is satisfied.
We next study the quantity
E[S(q° (tv41)s tvs1. 87 (tu51). 85 (tu+1)) * Loamey | 71

which appears in (A#) and (B#).

Thanks to conditions (4.35), (4.30) and (4.37), the points (g° (¢,), {{ (¢,), £5(#,)) and
(4% (tv4+1).¢§ (ty+1), L9 (fv+1)) both lie in U™ provided TAME(v) holds; see (4.29). Recall
that the third derivatives of S are assumed to be bounded a.e. by CQ™° on U™ . Therefore,
if TAME(v) holds, then

(B#)

(4.42)
(47 )t 67 (041). 85 (0r1)
(atpl apz 8173 804 S)
=X e ()T (AT )P AL )P (A 1)

p1+p2+p3+ps<2
< CO™ max{(An), [Aq” (0] [AL ()], A (1)} = €' O™ [(An)* P,

where the partials of S are evaluated at (g (t,,), ¢y, {7 (¢,). {5 (%)), and we have made use
of (4.37).
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Moreover, the summands in (4.42) satisfy

(7" -+ 97! S) (A1) P (AG7 (1)) P2 (AL (8))7* (ALS (1,))P4]
< Q™ (Atv)P1+§[P2+P3+P4]

whenever (4.35) and TAME(v) hold.
Consequently, (4.42) implies that
S@° (tv+1) to+1. 87 (1), 83 (Bv+1)) * Lrame)
D1 9D2 9P3 4D4
B Z {(at g le 8;.2 S)

D5 palps!
(4.43) prptpytpsz - PUPEPIPE
p1+2(p2+p3+pa)<1

(An)P1(Ag° (1))P?

AL O) (B O)™ - Lo |
< CO™ (M),

The summands entering into (4.43) arise from S, 9,5, 945, 3¢, S, ¢, S, 825’, 0g¢, S,
dq¢, S, 07, S, 9¢,¢,S and 97, S. We conclude that

10

(444) [S(@7 (t41), b1 85 (041). 88 () Ty — D TERMI| <CO™ (A1,)%/%
i=0

whenever (4.35) holds, where

(4.45) TERMO = § - Lisme).

(4.46) TERM1 = (9;5) - (A1) * Lrame().
(4.47) TERM2 = (945) - (Aq7 (1)) * Lrave(v)
(4-48) TERM3 = (851 S) : (Aé‘(l7 (tv)) . ]lTAME(v)»
(4-49) TERM4 = (8Z2 S) : (Aég (tv)) : ]lTAME(v)9

1
(4.50)  TERMS = = (95) - (Ag” (1)) - Luwew),

(4.51) TERM6 = (8q§1 S)- (Aqg(tv)) (Aéf(tv)) . ]]'TAME(v)a
(4.52) TERM7 = (aqizs) ' (Aqa (IV)) (Aé‘g (tv)) : ]ITAME(v)s

(4.53)  TERM8 = % (07,5) - (AL (1)) - Lranie(v)-
(4.54) TERM9 = (8§1§2S) ' (Aé’f (tv))(Aég (tv)) : II-TAME(v)a

1
(4.55) TERM10 = 5 (07,5) - (AL (1)) - Lyawie(v)-

Here, again, S and its partial derivatives are evaluated at

(qa(tv)’ tv» é‘? (IU)» é‘g (tv)),
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hence these (0*) are deterministic once we condition on ¥,7. Consequently,

E[TERMO|¥,”] = S - Prob[TAME(v) | 7],

E[TERM 1| F] = (9;S) - (At,) - Prob[TAME(v) | 7],
E[TERM2|~(FVU] = (045) - E[Aq° (1) - Trame@) | ‘(Fug]ﬂ
E[TERM3|F7] = (0, S) - E[ALT (1)) - Loameqy | 7 1,
E[TERM4| F7] = (0¢,5) - E[ALZ (v) - Loamew) [ 7],
E[TERMS| 77) = 3 (975 - B[(Aq° ()7  Lrneco |5,

E[TERM6 | 37\;0] = (aq§1 S) - E[(Aqa(tv))(Aé—?([v)) : ILTAME(v) | 371;
E[TERM7 | }Vuo] = (aq§2 S) ' E[(Aqa(tv))(Agg([v)) : ]lTAME(v) | 37”

(T]7
0']’
E[TERM8|F°] = %(8215) “E[(AL (1)) - Loavien) | ),

E[TERMO| F7] = (0¢,¢,S) - E[(ALT (b)) (ALS (1)) - Loamev) | 7],

1
E[TERM10| 7] = 5 (97,8) - E[(ALS (1:))? - Lrann) | 1.

The expectations on the right-hand sides have been computed modulo a small error in
Lemma 4.4. Applying that lemma, recalling that [0%S| < CQ™° for |«| < 2, and substi-
tuting the results into (4.44), we find that

E[S(qa(tv+1)» fy+1, E(IT(IV+1)7 ;g (tv+1)) - ]]-TAME(V) |37u0]
(4.56) =S+ (At){0,S + [aq’ (tv) +u(t,)]94S +a - (q° (ty))* ¢, S

1 1
+(q° (1)) 3¢, S + 3 928 +4° (1) gz, S + 3 (¢°(1,))*9Z, S} + ERROR,

where S and its derivatives are evaluated at the point (¢° (¢,). t,, {7 (t,). 5 (t,)), a denotes

é(é‘f (tl))s §§ (lv)), and
(4.57) |ERROR| =< CQmO (Atv)6/5+CQm0+4(AtMAX)1/4Alv < CQmO (AIMAX)l/SAlu.

(We have used our assumption (4.27).) Since S satisfies our PDE (4.21), equation (4.56)
may be rewritten in the equivalent form

E[S(q% (tv41)s tog1. C7 (tv1). 83 (tv41)) * Lramee) | F)
= S(q% (ty). 1, C7 (1), 5 (1))

(4.58) + (A1) - {(3gS) - [u° (tv) — uop(q® (1) 1y, £F (). 85 (1))]
— [(@° (1)) + (uope(q® (1), 0. £ (1), £5 (1)))°]}
+ ERROR,

with

(4.59) |[ERROR| < CQ™ (Atyax)'/® Aty
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Recalling that d,S = —2uy (see (4.22)), we see that the expression in curly brackets
in (4.58) is equal to

{—2ugp; - [u® — Uopt] — (610)2 - ugpt} ={(’ - ”0pt)2 - (90)2 - (ug)z}’

where we have written u” for u?(#,), and uep for ue (g% (1), 1, {7 (1), 3 (t)). More-
over,

u’ — Uopt = u’(ty) — uopt(qa(tv)’ ty, é‘? (), §§ (tv)) = DISCREP? (t,)

(see (4.34)). Therefore, (4.58) and (4.59) are equivalent to

E[S(qa (tv+1), tos1s é? (tv+1)s §(27 (tv+1)) - ]]-TAME(U) | 371;0]
(4.60) =8q° (1), 1. L7 (1), L5 (1))
+ (Aty){(DISCREP? (1,))* — (¢° (t4))> — (u (t,))*} + ERROR,

with
(4.61) |[ERROR| < CO™ (Atyax) /> Aty

Here, (4.60) and (4.61) are valid wherever (4.35) holds.
We now substitute (4.60), (4.61) into (A#) and (B#), to obtain the following results,
valid whenever (4.35) holds:

E[CTG® (1,)| #°] 4+ C Q?™° Prob[DISASTER | %]
> {S(¢° (1), 1y, £ (1), &3 (1)) + (A1) (DISCREP (1,))?
— (@7 (0)* + (W (1,))*] Aty — CO™ (Atyax) '/ At}
(A##) + [(@° (t))* + (° (t,))*] At - Prob[TAME(v) | 7]

+ E[ Z (DISCREP? (1,,))> At | ‘(Fva]

by+1=5t, <t

- Q2m0 (T —ly+1) - (AIMAX)I/ZO;

and if 0 = &, then (since DISCREP? (,,) = 0) we have

E[CTG? (t,) | 771 < {S(q° (tv). 1. ¢T (). &5 (1))
+ CO™ (Atyax) P Ay} + CO?™ (A1,)?°
(B##) + C Q™0 Prob[DISASTER | F2 ]+ Q2™ (T — 1,11) - (Atyax) /%,

In (A##), we note that
[(¢° (1v))* + (u (,))*] Prob[NOT TAME | 7] < CQ*(A1,)*";
see hypothesis (x) of this lemma. Therefore, in (A##), the terms

[(@° (1v))* + (u” (1))*] Aty - Prob[TAME()]  and  — [(¢° (85))* + (u® (1v))*] Aty
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nearly cancel: they produce a term dominated by CQ?(At,)?°. Moreover, thanks to (4.36),
we have

(A[V)(DISCREPO(IV))Z-FE[ > (DISCREPU(IM))ZA[M‘?VU]

1<ty <t

=E[ > (DISCREPU(Z‘M))zAl‘M’fFf].

ty<t,<t

(We have also used the fact that DISCREP? (¢,) is deterministic when conditioned on %,7.)
Finally, our assumptions that Afy,x < Q 200070 and Q > C (C large enough) imply
that

CO2(AL)?° + CO™ (Atyax) P Aty + O™(T — tyy1) - (Atyax)/?°
< 0" (Atyp) /20 - (11 — 1) + Q"(T — ty41) - (Atyuax) '/
= 02T — 1) - (Atyax) /%,
and also that the sum of terms
CO™ (Atwax)'*(ALy) + CQ*™ (A1)* + Q> (T — ty41)(Atyiax) '/
is at most
Q™ (Atyax) /2O Aty + Q7T = ty41) - (Atyax) /2 = Q2™ (T — 1) - (Atyax) /.

In view of the above remarks, (A##) and (B##) imply the following results, valid when-
ever (4.35) holds:

E[CTG? (1,) | F°] + C Q™0 Prob[DISASTER | 7]

> S(@7 (1) 00 87 (0), 65 () +E[ Y] (Discrer” (1)) Ar | 77|

ty <ty <t
— Q%" (T = 1) - (Atwax)/?;
and if o = &, then
E[CTG" (1) | F.7] < S(¢°(tv). 1. &5 (1), £5 (1)) + € Q™ Prob[DISASTER | %]
+ 0™ (T = 1) - (Atyax) /.

These are precisely our desired conclusions (A) and (B). Our downward induction on v is
complete, thus proving Lemma 4.5. ]

We now draw conclusions from Lemma 4.5. Setting v = 0, we obtain the following
results, comparing the allegedly optimal strategy & to the competing strategy o.

E[ > @ @) + (u"(tu))z}Atu] + € Q2™ Prob[DISASTER]
o<t <t

(462 =S5(g0.0.0.0)+E[ Y (DISCREP (1)) Aty | — 02" (Atyn) /> T

0<r,<t
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and if o = &, then

E[ D @002 + (7 ()% Aty
(4.63) 0=t <t

< 5(g0.0,0,0) + C Q%" Prob[DISASTER] + 02" (Atyax)/?° T.
From (4.28), (4.30), (4.31) and Lemma 4.1, we have

(4.64) Prob[DISASTER] < C exp(—cQ).

Let us investigate what happens if DISASTER occurs.

Since

[u® @)] = Cllg? ()l + 11,
we have
2
D@ @) + W (1) Ay, < C(mlglx lg° t])” + C.
0<u<N

Also,

IDISCREP? (£,0)| = [u (tu) — wopi(q® (t), 1, EF (1), €5 (1))
< ()| + Cllg® (tw)| + 1]

by our PDE assumption (see (4.26)). Hence,
> (DISCREP? (t,))* Aty < C(max 14° (t)])* + C.
0<u<N "
The above remarks and Lemma 4.1 yield the estimates
2
E[( X (@@ + @ ea) | <c
0<u<N

and

E[( > (DISCREPU(IM))2AZ‘M)2] <C.

0<u<N
Consequently, Cauchy—Schwarz and (4.64) imply that
E[( X 4@ () + (a7 (1)} Ati) - Lonsasres |
(4.65) 0<pu<N
< C - (Prob[DISASTER])/? < C’ exp(—c’ Q)

and

o 2 )
gy FL( X PR 6080) T

< C - (Prob[DISASTER]) /2 < C’exp(—c Q).

So we have controlled the consequences of DISASTER.
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On the other hand, if DISASTER does not occur, then 7 = T'; see (4.31) and (4.32).
Therefore,

E[( D0 (@ )0 ()% At ) - Tuonorsasee

(4.67) o=
<E[ Y 4@ @) + 00 A
0<ty<t
and
E[( Z (DISCREPU(Z‘M))ZAIU,) : ]]-NON-DISASTER:I
0<u<N
(4.68)

sE[ > (DISCREPU(IM))ZAIM].

0<ty<t
Also, obviously,
B[ D2 @00 + 7 (0 A

(4.69) Osp<N

=B 3 @07 + @))% A

0<t;,<t
Substituting (4.69), (4.68) and (4.64) into (4.62), we find that
E[ 20 @700 + 1)) At + €0*™ exp(—c Q)

0<u<N
> 5(40.0.0.0)+E[ (Y (DISCREF (1,))%) - non-pusastes |~ 0™ (Atur) /2 T.
0<u<N
Together with (4.66), this in turn yields:
E[ 0 1@ @) + @ @))% Aty

0<u<N

(4.70) 2S(q0,0,0,0)+E|: Z (DISCREP"(tM))z)]
0<pu<N

— CO? exp(—c Q) — 02 (Atyax)/?°T.
Similarly, suppose o = &. Then, substituting (4.67) and (4.64) into (4.63), we find that
E[( X 4@ () + (a7 (00)*) Aty) - Luonomsasres |
o<u<N

< 5(¢0.0,0,0) + CO?™ exp(—c Q) + 02 (Atyax)/?° T.

Together with (4.65), this implies that
B[ D2 4@ @) + )3 A ]
4.71) 0<u<N
< 5(g0.0,0,0) + CO¥ exp(—c Q) + 02" (Atyax)/?° T.
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We have proven (4.70) for Q > C and Atysx < Q ~200070; see (4.27). Similarly, (4.71)
holds for Q > C, Atyax < Q‘ZOOO”’O, o=2.

Now suppose ¢ > 0 is given. We pick O > C so large that
CQ* exp(—cQ) < &/2
in (4.70) and (4.71), and also so large that
QMo (Q=2000mo)1/20 1 _ /5

Then, if Atyax < Q729970 we obtain from (4.70) and (4.71) the estimates

E[ 2 (@ @0 + 7 ()}

0<u<N

> 5(¢0.,0,0,0) + E[ Z (DISCREPU(ZM))ZAIM:I —¢,
0<u<N

and if o = &, then

E[ 2 @ + (7 (1)} Aty ] < S(0,0.0,0) + .
O=<p<

Thus, we have proven the following result, modulo our PDE assumption.

Lemma 4.6 (First Bayesian main lemma). Let ¢ be the ALLEGEDLY OPTIMAL STRAT-
EGY for the partition0 =tg <t; <--- <ty =T, and let ¢ > 0 be given.
Let 0 be another tame deterministic strategy for the same partition. Assume that o
satisfies
[ (@) = Cooue [l @) + 1].

Suppose that
Atuax = ml?x(tv+l —t)

is less than a small enough § > 0, determined by &, C?, and the BOILERPLATE CON-

TAME’
STANTS. Then

E[ 3 @0 + (1)) An ]

0<v<N

zS(qo,0,0,0)+E[ 3 (DISCREPG(t,,))ZAtv]—S
0<v<N

and

E[ 2 1@ @) + 1) A ] < 5(40,0.0,0) + e,
0<v<N

where
DISCREP? (1) = u’(t,) — uopt(qa(tv), ty, é'f (tv), ;g ().
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Corollary 4.7. Let o and & be as above. If

E[ 2 (@@ + e 0)San| <E[ 3 (@ @) + @ @) An ] +e.

0<v<N 0<v<N

then

E[ Z (DISCREP"(!V))ZAZV] < 3e.
0<v<N

4.6. Stability of the allegedly optimal strategy

We begin by setting up the notation for this section.
* ¢ denotes the ALLEGEDLY OPTIMAL STRATEGY.
* o denotes some other tame deterministic strategy based on the same partition 0 = 7y <

Hh<--<ty=Taso.

* ¢qY denotes ¢°(t,), and Ag_ denotes g% (t,+1) — q°(ty).
. q,‘:’ denotes ¢° (1), and Aq,‘:’ denotes ¢° (fv4+1) — q° ().
* {7, denotes {7 (#v), and ALY, denotes {7 (fu+1) — C7 (1).
. iv denotes Qf’,v(tv), and A;“;”v denotes §§~’(t,,+1) - Z‘;’(tv).
* {3, denotes {3 (¢,), and ALS |, denotes £5 (fy+1) — §5 (1v).
. é"g’v denotes §§’,v(tv), and Afg’,v denotes Zg’(tvﬂ) — §g(t,,).
* uJ denotes u?(t,), and uf denotes uﬁ(t,,).

We recall that

% (ty)] < Couellg” ()| + 1] and  u (t,)] < Cove [lg° (00)] + 1.

In this section, ¢, C, C’, etc., denote constants determined by C, . and the BOILERPLATE
CONSTANTS (one of which is Cyhyg). As usual, these symbols may denote different con-
stants in different occurrences.

We fix a € [—auax, +auax], and condition on aryg = a. We write Prob,|[---] and
E,[- - -] to denote the corresponding probability and expectation, respectively. We write
to denote the sigma algebra of events determined by the Brownian motion (W(?)):e[o,1,]

(and by arrug = a).

Recall that
(4.72) Agy = (ag] +ud)(AL)) + AW,
(4.73) Ag] = (aq] +ud)(AL)) + AW,
(4.74) AT, = qy (Agy —uj Aty),
(4.75) AL, = q5(AqS —uSAty),
(4.76) AL, = (g9)* Ay,

4.77) AL, = (q9)* Aty
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and that
(4.78) a5 =45 =q0. o= =15,=105,=0.

In (4.72) and (4.73), At} = At, + O((At,)?), and AW, is a normal random variable
with mean 0 and variance O(At,), independent of 57,.

The quantities g%, ¢%, u%, u, 8T s ;iv, ¢35, and é‘gv are deterministic once we con-
dition on 7.

As in Section 4.5, we define

(4.79) DISCREP? (1) = u? (ty) — uopt(q° (1), v, £§ (), L3 (12)).

Our goal is to show that if

(4.80) Ea[ 3 (DISCREPU(I,,))ZAI,,] is small;
0<v<N
then also
8D Ea[ Y {1a7() =70 + () —u¥ ()P} Ary ] s small
0<v<N

Here, (4.80) asserts that o does something close to what ¢ would do in the circumstances
encountered by o. On the other hand, (4.81) asserts that 0 and ¢ produce nearly equal
outcomes. To show that (4.80) implies (4.81), we introduce the vector

qg - qg xv,l
(4.82) X =160, -8, | =X | R
ég,v - é‘g,v xv’3
Thanks to (4.78), we have
(4.83) Xo = 0.

For a large enough C, we introduce a positive number Q satisfying
(4.84) 0=>C.
Under the assumption

(4.85) g3 1. 1gd 1185, 1185 1 165,115, 1 < 0.

we will estimate

AXy 1
AX,, = Axv,z = Xv—i—l — X,,.
AX, 3
Until further notice, we fix v and assume (4.85).
We write G1, G», .. . to denote random variables satisfying
(4.86) G; is deterministic once we condition on ¥,, and

(4.87) |G;| < CQ™°, with mg as in our PDE assumption (see (4.25).
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To estimate AX,, we first apply our PDE assumption (see (4.25)) to show that
opi (4 (1) 10.8 (). €5 (1)) — u® (1)
= op (47 (1) 10,7 (1), 85 (80)) = Uop (4% (). 1.5 (85). 85 (1))
=G, [qg - qg] + G2 [é-(ly,v - (17,1)] + G3 [Eg,v - é‘g,v]

with G1, G, and G3 as in (4.86) and (4.87).
Consequently, (4.79) implies that

(4.88) u’ (t,) —u° (t,) = DISCREP? (1,) + G1 X1 4+ G2 X2 + G3 X, 3.
We subtract (4.73) from (4.72) and apply (4.88). Thus,

AXy1 = aX,,1(At)) + DISCREP? (1,)(At))
+ G1 X0, 1(AL)) + G2 Xy 2(AL)) + G3 X, 3(AL)),

which implies that

A:)Cv,l = G4 xv,l(Atv) + GS Xu,Z(Atv)

(4.89) . *
+ G6 Xv,3(Aty) + DISCREP? (1)) - (At)))

with G4, G5 and G satisfying (4.86) and (4.87). Next, we deduce from (4.72) and (4.74)
that

AT, =qf - ((agy +ud)(AL)) + AW, ] —uf At,)

= a(q))* (AL)) +q7 AW, +qf -uj - (At — Aty),

and similarly,

ALY, = a(@)*(AL)) + g7 AWy + g7 -uf - (ML) = Ary).
Subtracting, and recalling our assumptions (4.85), we find that
(4.90) AXp = G7 Xu,1 (ML) + X1 AW, + Gs (A1),
with G7 and Gg as in (4.86) and (4.87). (Here, we use also the estimate

[u® (@)] = Cllg? (t)] + 11,

as well as the corresponding estimate for u® and ¢°.)
Again recalling (4.85), we see from (4.76) and (4.77) that

“4.91) A.‘X;v,3 = Gy Xv,l(Al‘v),

with Gy as in (4.86) and (4.87).
Equations (4.89), (4.90) and (4.91) tell us that

(4.92) AX, = GXy(AL) + HX,(AW,) + F,,

where
* the entries of the matrix G satisfy (4.86) and (4.87),
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).

|F,| < C|DISCREP? (1,)| - (A1) + CQ™ (At,)>.

e H is the constant matrix

~~
o=0o
Soo
ocoo

¢ and the vector F, satisfies

‘We now estimate

Ea[|Xv+11? = [Xu?| 2] = 2Ea[(AXL) - X | o] + Ea[|AX, 2| F3]

(4.93)
= 2-TERM1 + TERM2.

Recall that G and X, are deterministic once we condition on ¥,, while AW, is inde-
pendent of ¥, with mean 0 and variance < C(At,). Hence, from (4.92) we have the
following estimates:
TERM1 = E, [ X, - (AX,) | F)]
< CO™ (A1,)| X, |> + C|DISCREP? (1,)] - | X, (A1) + C|X,| Q™ (A1),
TERM2 = E,[|AX,|? | ]
< CIGX,(An) [ + CIH X, > Ea[| AW, ]
+ C(DISCREP? (1,))? (At,)? + CQ?™0 (At,)*.

Our assumption (4.85) implies that | X,,| < CQ, hence the above estimates imply that
(4.94) TERM1 < CQ™ (A1) X,|? + C(DISCREP? (1,))%(At,) + CO™ 1 (At,)?

and

TERM2 < CQ*™12(At,)? + C|X,|*(Aty)

4.95
(4:99) + C(DISCREP? (1,))%(A1,)? + CO?™0(At,)*.

Putting (4.94) and (4.95) into (4.93), we learn that

Ea[|Xo4117 | F5] = (1 4+ CQ™ (A1,)) | Xy | + C(DISCREP? (1,))* Aty

4.96
( ) + CQ2m0+2 (Atv)z.

We have proven (4.96) under the assumption (4.85). We now drop assumption (4.85),
and let &, denote the event

a1 1g5). 125 1167 1188 1185 1 < @ forall p < v}

Note that 1g,,, < lg,, and that (4.85) holds whenever &, occurs. Moreover, &, is deter-

ministic once we condition on %;,. Therefore, from (4.96) we deduce that

Eo[| X017 1e,,, [ F0] < Eal|Xota|* - 1, | 7]
4.97) < (1+CQ™(A1))|X,[*1g, + C(DISCREP (t,))* At, + CQ*™02(At,)>.
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We now cease conditioning on ¥,,, and condition merely on aryg = a. From (4.97) we

learn that
(4.98) E, [|xv+1 |218u+1] = (1 + CQmO (Alv)) Ea[|xv|2 ILSV]
’ + CE,4[(DISCREP’ (1,))?] (Aty) + CO?™0F2 (Ar,,)2.

Recall that X'o = 0.
We impose the smallness assumption

(4.99) (Atypy)'/? < Q= @mot2),
Then (4.98) implies that
EallXuf? 1] = € exp(CO™ 1) {Ea[ 37 (DISCREP? ()% Aty | + C(Atn) 2}
0<pu<v
for0 <v < N.Since 1g, < lg,, it follows that
Ea[|xv|2181v]

. < Cexp a 1) Aty MAX :
(4.100) <C (CQMO){E [ Z (DISCREP? (1,,))* At ]+(At )1/2}
0<u<N

In particular, since g9 — ¢? is the first component of X,,, we have

Eallgy — a7 - Ley]
(4.10D) < C exp(CO™) {Ea [ 3 (DISCREPG(Z‘M))ZAIM] + (AtMAX)l/Z}.
0<u<N
Moreover, (4.88) and (4.100) together yield
Ea[[uf —uS|* - 1e,]
@102y = CO*exp(CO™) {Ea| Y. (DISCREF (1)) Aty | + (Atax) 2]
0<u<N
+ CE, [(DISCREP’ (1,))?].
Summing (4.101) and (4.102) against A¢,, we find that

E[ > {Iqi’—q5’|2+|u;’—u§|2}mv.18N]
0<v<N

§CQ2m°exp(CQm°){Ea[ 3 (DISCREPU(IM))ZAIM]—}-(AtMAX)l/Z}.
0<u<N

(4.103)

We now turn to the case in which &y does not occur. Recall that & fails precisely when,
for some v, we have

max{lgy [ gy 1 187, 1L 167, 1. 163,11 16501} > Q.
Thanks to Lemma 3.2, applied to the strategies o and 6, we have

(4.104) Prob, [&n fails] < C exp(—c Q)
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and also that 3 }
Eq[(max{lgy| + g7 | + [uy] + g H* < C.

hence

) B 2
(4.105) Bo( X {lag —alP+ g —uilPyan) | <c.
0<v<N

From (4.104), (4.105), and Cauchy—Schwarz, we obtain the estimate

106 Ea| Y {laf — a7 + g —ug P} At - Tey ] = Cexp(—cQ).
0<v<N

Finally, combining (4.103) and (4.106), we find that

Ba| D {la7 —alP+ g +ug P} An

0<v<N
4107) < cQ?™0 exp(CQ™) {Ea[ > (DISCREPO(ZM))ZAIM] + (AIMAX)I/Z}
O<u<N
+ C exp(—c Q).

We have proven (4.107) under the assumption (4.99).
Now let € > 0 be given.
We take Q in (4.107) large enough so that C exp(—c Q) < &/3.
Having picked Q, we strengthen our smallness assumption (4.99) by demanding that

COY™ exp(CO™) - (Atyr)/? < -

If also
Eo| Y. (DISCREF (1)) At ] < < [CO*™ exp(CO™)] ™",

0<u<N

W] m

then (4.107) implies that
Eo| D {laf —a0P +ug —ulP}An] <e.
0<v<N

Thus, we have proven the following result.

Lemma 4.8 (Stability lemma). Let e > 0, let G be the ALLEGEDLY OPTIMAL STRATEGY
for the partition 0 =ty <t; <--- <ty =T, and let 0 be another tame deterministic
strategy for that same partition. Assume that o satisfies

[u?(t,)| < CT(;MEH‘IU(IVN +1].
Fix a € [—ayax, +ayax]- Suppose that

Atyax = max(ty41 — 1) < 8
v



J. Carruth, M. F. Eggl, C. Fefferman and C. W. Rowley 718

and

B[ D () = uop(” (1) 1. 87 (). 8 (1)) Aty | <8

0<v<N

for a small enough § > 0 determined by &, C{,,,., and the BOILERPLATE CONSTANTS.
Then

Ea| 20 {u7) —u" @) +1¢° () —a° )12} An | <

0<v<N

4.7. The second Bayesian main lemma

Lemma 4.9 (The second Bayesian main lemma). Let ¢ > 0, let ¢ be the ALLEGEDLY
OPTIMAL STRATEGY for a partition of [0, T], and let o be another deterministic tame
strategy for that same partition. Assume that o satisfies

u? (0)] = Crue[lg” (@)1 + 1]

Suppose that
Atyax < 6
and that
E[ Y (@ 0)? + (7 (1))*) An |
(4.108) osv=N

<E[ 3@ @)+ @ 1) A0 ]+,

0<v<N

for a small enough § > 0 determined by ¢, C{, ., and the BOILERPLATE CONSTANTS.
Then, for every a € [—aysx, +amax), we have

Eo| D 119°(0) = a7 )P + a7 () —u (1) 2} Ar, | <.

0<v<N

Proof. First, we notice that we can replace the BOILERPLATE CONSTANT CPs by the
constant max{CZ,,;» Crme }-

Observe that

DISCREP? (1,,) 1= u’ (t,) — uopt(qo(lv)v Iy, é‘(ly (tv), é‘g )

satisfies
IDISCREP? (t,)] < [u’ (ty)| + C[lg° (tv)| + 1],

hence
> (DISCREP?(1,))* Aty < €' max {|g° (1) > + [u® (1) * + 1}.
0<v<N 0=v<N
Lemma 3.2 therefore yields the estimate
P
(4.109) E, [{ > (DISCREP? (1)) Atv} ] <G,
0<v<N

forany p > 1 and any a € [—ayax, Auax]-
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Now let ¢ > 0 be given. We pick a small enough ¢; > 0, depending on ¢, then we pick
a large enough Q > 1, depending on &7, next we pick a small enough ¢, > 0, depending
on Q, and finally we pick a small enough § > 0 depending on 5. We then argue as follows.

Suppose that Aty,x < 8, and suppose (4.108) holds. Since § > 0 has been picked small
enough, depending on &5, Corollary 4.7 tells us that

(4.110) E[ Z (DISCREPU(Z‘V))ZAIV] < 3e,.
0<v<N

For any random variable X, the expected value E[X] is an average of E;[X] over a €
[—amax, +auax]| With respect to our given prior probability distribution for @ pyg. There-
fore, (4.110) implies that for some a; € [—ayax, duax), We have

Eal[ >~ (DISCREP? (1,))? At,,] < 4e,.
0<v<N
Consequently, for any a € [—ayax, +auax], Lemma 3.6 and estimate (4.109) with p = 2
give
4.111)  E, [ 3 (DISCREPU(IV))ZAIV] < exp(CO?) - 4er + C exp(—c 0?).
0<v<N

Since ¢, has been picked small enough depending on O, while Q has been picked large
enough depending on &1, the right-hand side of (4.111) is less than C’ exp(—cQ?) < &y.
Thus, for any a € [—dyax, duax], We have

(4.112) E, [ 3" (DISCREP? (1,))? sz] <er.
0<v<N
Since ¢; has been picked small enough depending on ¢, estimate (4.112) and Lemma 4.8
imply that
Eo| 2 A7) =" (0) + 147 () — " W)} An ] < e
0<v<N

for all a € [—ayax, Auax], completing the proof of the lemma. L]

Corollary 4.10. Under the assumptions of Lemma 4.9 we have

Eo| Y (@70 + (7 (1)) An |

0<v<N

B[ @)+ @) an]| = cel?

0<v<N

Jor each a € [—ayax, Ayax)-

Proof. The corollary follows from Lemma 4.9, together with Minkowski’s inequality and
the estimate

Eo| Y (@)’ + @ ®)Han] <C.

0<v<N
which in turn follows from Lemma 3.2. |
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4.8. Allowing for dependence on coin flips

Let 6 be the ALLEGEDLY OPTIMAL STRATEGY associated to a partition of [0, T'], and let &
be a tame strategy associated to the same partition. In this section, we allow o to depend

on the coin flips § . For fixed 7j € {0, 1}N, we write oy for the strategy prescribed by o in
case § = 7). We write Probg|...] and Eg|[...] (“B” for “Bernoulli”) to denote probability

and expectation with respect to the natural (product) probability measure on {0, 1}V, in
which each £, is equal to 0 with probability 1/2.

Our goal here is to extend Lemma 4.9 to the case of the § -dependent strategy o.
To do so, we denote

CosTp(0) = ) {(g° (1)) + (1))} An,

0<v<N

and similarly for CoSTp (6) and COSTp (07).
Because o is tame, we have

(4.113) [u ()| < Coe - llg° @)] + 1]

for a constant CZ,,,..
Let ¢ > 0 be given, and let § > 0 be less than a small enough positive number deter-
mined by ¢, CZ,,,., and the BOILERPLATE CONSTANTS.

TAME?

Suppose that Afy,x < 6, and that
(4.114) E[CosTp(0)] < E[COSTp(5)] + 6.
We want to show that

Ba| Y U9°(6) —¢" ()P + u”(0) —u )P} A | <6
0<v<N

TAME?
and the BOILERPLATE CONSTANTS; then we pick § small enough, determined by §, C7, ;.
and the BOILERPLATE CONSTANTS.

Lemma 4.6, with 2 in place of &, shows that

for all a € [—ayax,auax]. To see this, we first pick § small enough, determined by ¢, C?,

(4.115) E[COSTp(07)] = E[COSTp ()] —§2  forall 7j € {0, 1},
On the other hand, (4.114) shows that
(4.116) Eg[{E[COSTp (07)] — E[COSTp (6)] + §2)] < § + 82 < 282,

since § is less than a small enough constant depending on 8. The quantity in curly brackets
in (4.116) is nonnegative, thanks to (4.115). Therefore, if we set

4.117) GOODFLIPS = {7j € {0, 1} : E[COSTp (077)] < E[COSTp ()] + 8},
(4.118) BADFLIPS = {ij € {0, 1}V : E[COSTp(03)] > E[COSTp (5)] + 8},
then

4.119) Probg [BADFLIPS] < 108.
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Moreover, since lof and & are tame for each 7, Lemma 3.2 implies that for each a €
[—amax,> @umax], We have

E, [{ 05112<:N[|q0ﬁ (ty) — g% (to)|? + [u%i () — u® (1,)]?] sz}z] <cC.

where we allow constants C to depend on CJ, ;.

in (4.113). Consequently,
~ . 2
Ea[{ D2 09°() =" @) + () —u" @) P an | | < €.
0<v<N
Together with (4.119) and Cauchy—Schwarz, this implies that
(4.120) E, [{ Z [|qa(tv)_q6(tv)|2 +u? (ty) _ug(tv)lz] Atv} : ]lBADFLIPS(g):I =< cé'2,
0<v<N

On the other hand, if 7 € GOODFLIPS, then Lemma 4.9 tells us that

Ea| 2 (9% (1) = a7 ()P + () —u” ()P} Ar | < 2
0<v<N
Consequently,
(4.121) E, [{Mzwnq"(rv)—q&(rm%|u"(tu>—u‘”’<rv)|2]sz}-ncooms@] =%
We learn from (4.120) and (4.121) that
@122) B[ X0 170 =7 @) + (1)~ ()P} Ary ] <.

0<v<N

Thus, we have shown that (4.113), (4.114) and Atyax < & imply (4.122).
That is, Lemma 4.9 holds without the assumption that ¢ is deterministic. From now
on, when we apply that lemma, we need not check that o is deterministic.

4.9. Reformulating the main Bayesian results

Let o be a tame strategy. Recall, from Section 3.9, that g (1) = ¢° (t) and g7, (¢) = ¢° (t,,)
fort €[ty,t,41),0<v < N.Also,u®(t) =u°(t,) fort € [t,,t,+1), 0 <v < N. Therefore,

D @) —u )P +19° () — 4% ()P} Aty

0<v<N .
- /0 (0 (1) — P O + 1B (1) — gb (O} d.

where ¢ is the ALLEGEDLY OPTIMAL STRATEGY for some Bayesian prior. Similarly,

T
> @) + 167 @) A = /0 1 O + g5 )} d1,

0<v<N

and the analogous formula holds for .
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From Section 3.9, we have

E. [ n[la);] lg° (1) — qg(t)|m] < Cm(AtMAX)m/4 for any m > 1
telo,

and any a € [—ayax, @uax]; the analogous estimate holds for & in place of 0.
In view of the above remarks, we can reformulate our main previous results, replac-
ing g, (t) by ¢°(¢). We define

T
Cosrt(o) =/0 {W(0))* + (¢° (1)} dt.

We combine the above discussion with Lemmas 3.4, 3.7, 4.6, and 4.9 to deduce the
following.

Theorem 4.11 (Main theorem on Bayesian strategies). Let o be a tame strategy, satisfying

[u®(ty)] < C&ME[|q6(tv)| +1].

Fix a Bayesian prior dProb(a) on [—ayax, +auax], and suppose our PDE assumption
holds for the PDE arising from that prior. Let 6 denote the ALLEGEDLY OPTIMAL STRAT-
EGY for the same partition of [0, T] used to define o.

Then given & > 0, there exists § > 0 determined by ¢, together with the BOILERPLATE
CONSTANTS and the constant CJ,,,., such that the following holds. Suppose Atyax < 6.
Then:

(1) There holds
|[E[COST(6)] — S(40,0,0,0)| < &,

where S is our PDE solution.

) If
E[CosT(0)] < E[COST(6)] + 6,

then for any a € [—ausx, +auax), we have

T ~ ~
Eq [fo () =" O +1g° () — " 0P} dr | <.

(3) There exists an analytic function I(a), defined on R = (—dyax, +ayax) X (—C, C)
for some ¢, such that |1(a)| < C on R, and

|I(a) — Eq[CoST(0)]| <& fora € (—ayax, +auax)-
(4) If a exceeds a large enough constant C, then
E.[COST(0)] > cT?exp(caT).

Note that strictly speaking, we proved (3) and (4) for deterministic strategies, so they

hold for o once we condition on & = 7j for a fixed 7 € {0, 1}V, Integrating over 7, we
obtain (3) and (4) as stated.



Optimal agnostic control of unknown linear dynamics 723

4.10. Comparing the allegedly optimal strategies for two partitions

Let 7 be a partition 0 =ty < t; <--- <ty = T, and let 7’ be a refinement of 7, given by
0=ty<t; <--- <ty =T.LetG and 6’ be the corresponding ALLEGEDLY OPTIMAL
STRATEGIES. We set Atyax = maxy (ty+1 — ) and Aty = max,(t, | — 1)) < Atyax.
We will prove the following result.

Lemma 4.12. Given & > 0, there exists § > 0 such that if Atyxx < 6, then
T ~ ~/ ~ =~/
B[ [ 1170 -7 OF + 10~ 0Py at] <o
0

forall a € [—ayax, +ayax]-

Proof. Given ¢ > 0, we pick § > 0 small enough, and then pick § > 0 small enough,
depending on 4.
Suppose Atyax < §; then also A, < &. Theorem 4.11 gives

T ~ ~ ~
(4.123) B[ /0 {1a° OF + W ()P} dt] — S(40.0.0.0)] <.
r P =/ A
(4.124) ‘E[/O 1% (O + |u® (z)|2}dt] — 8(0. 0.0, 0)‘ <$
In particular,
T ~ ~
(4.125) E[/O {g° ®)> + |u<’(z)|2}dz] <C,
r =/ P~
(4.126) E[/O {g° ()]* + |[u® (t)|2}dt] <C.

Lemma 3.10 gives a tame strategy ¢ associated to the partition 7’ for which
(4.127) Ea| /0 a0 — OP + 1) - u? (1)) dr | < §2
for every a € [—amax, +auax], hence

E[fOT{|qa(,) —a"OF + (0 —u? ()} dr | < 8.
Together with (4.125), this implies that

T T
E[/O {a° OF + u? ()P} de] < E[/o {a” P + W 0Py dr | + €3,

Thanks to (4.123) and (4.124), this in turn implies that
@y B [ e or + weoryar] =] [ 1 0P + w0 a + i

Recall that 6 is the ALLEGEDLY OPTIMAL STRATEGY associated to the partition 7/,
while & is another tame strategy associated to 7’.
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Consequently, by virtue of Theorem 4.11, (4.128) implies that

r ~ Al ~ P
(4.129) B[ /0 {1a° (1) — g7 OF + 1 (1)~ (1)) de ] <

| ™

for every a € [—ayax, +amax]-
From (4.127) and (4.129), we have

Ea| [0 a0 -7 OF + 10 - u? (O}t | <.
completing the proof of the lemma. ]
Corollary 4.13. Given € > 0 there exists § > 0 for which the following holds. Let
n:0=tg=tg<tiy<--<ty=T and 7n': 0=15<t;<---<ty =T
be partitions, let
Atyax = Inlle(l,,+1 —1ty) and At = m‘fix(z‘é_Irl —t),

v

and let 6 and &' be the ALLEGEDLY OPTIMAL STRATEGIES associated to w and 7',
respectively.
If Atyax, At <6, then

T = =~/ = =~/
B[ [ M0 =7 OF + 100~ Py ar] < o

for every a € [—amax, +amax]-

Proof. Compare both & and &’ to the ALLEGEDLY OPTIMAL STRATEGY arising from a
common refinement of 7 and 7. ]

5. Decisions in continuous time

5.1. Tame strategies with decisions in continuous time

Suppose that for each n = 1,2, 3, ..., we are given a tame strategy ¢” associated to a
partition 7" of the time interval [0, T]. Say 7" is given by

(5.1) 0=t5’<t{’<---<t1'(,(n)=T,
and 0" is given by the collection of tame rules
o" = (O—:ﬁl)v=0,1 ..... N(n)—1-

where each o}, is a function of v real variables g1, . . ., ¢, and the coin flips &.
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We assume that

(5.2) At = mlfslx(t;‘Jrl —t) >0 asn— oo,

and that

(5.3) 07 @1, 3. 8)| < Coe [1u] +11 forall Gu.....G
for all n, v, with C%ME independent of n,v, g1, ..., qy.

Each o™ gives rise to control trajectories and particle trajectories u® >4 (t) and g% > %(t),
respectively, for ¢ € [0, T'], once we specify that arryz = a. Here, a is an arbitrary real
number, not necessarily belonging to the interval [—aysx, +dyax]. We define the expected
cost of ¢" by

T n n
EcosT(c",a) = E, [/0 {@%(1))* + (7 (1))*} dt].

We say that (6"),>1 is a Cauchy sequence of uniformly tame strategies if (5.2) and (5.3)
hold, and

T
(54) lim Ea [/ {|uan,a(t) _ ugm,a(l)|2 + |qg”,a(t) _qo-m,a(t)|2} dl] — 0’
n,m—o00 0

uniformly for a in any bounded subset of R.
If (6")4>1 and (6"),>1 are two Cauchy sequences of uniformly tame strategies, then
we call those sequences equivalent if we have

T AN n N
65 Jim Bl [ (00— 0F +10700 — g™ 0P dr] =0

for eacha € R.
If (0™)n>1 is a Cauchy sequence of uniformly tame strategies, then for each a € R,
there exist random functions u%(¢) and ¢“(¢) such that

T
(56)  lim Eq| /0 {0 —uOF + 1g7"(0) = q* 0P} di | = 0,

uniformly for a in any bounded subset of R.

Moreover, if two Cauchy sequences (6"),>1 and (6"),>1 are equivalent, then for each
a € R, the u? and ¢? defined by those sequences are equal, for a.e. ¢ € [0, T'], almost surely
with respect to Prob,.

We define a tame strategy (for decisions in continuous time) to be an equivalence
class of Cauchy sequences of uniformly tame strategies, with respect to the equivalence
relation (5.5). We denote a tame strategy by 6 = [[(6™),>1]], and we say that Cff\ME in (5.3)
is a tame constant for . If 5 = [[(6"),=1]] is a tame strategy, then we write g% (r)
and ua’a(t) to denote the functions g% (¢) and u?(¢) in (5.6).

If 6 = [[(6")n>1]] is a tame strategy, then we define

EcosT(6,a) = lim Ecost(c”",a).
n—oo
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This quantity is well defined, since the limit exists and two equivalent Cauchy se-
quences produce the same expected cost. Immediately from our results on tame strate-
gies associated to partitions of [0, T], we have the following results, for any tame strat-

egy 6 = [[(6™)nz1]].
Note that

T - -
Bcost@.a) = Ea| [ (™0 + (P4 ar]

for any tame strategy & and any a € R. For large enough a > 0, we have
(5.7) EcoST(G,a) > cT?exp(caT).
Moreover, we will see that the function

[—amax, +avax] 2 a = ECOST(G, a) continues to a bounded analytic func-
(5.8) tion on (—ayax, +auax) + (=€, ¢) for someﬁcA > 0 determined by the
BOILERPLATE CONSTANTS and the constant C2,

TAME*

Moreover, we may replace daysx by any dyax > duax, and the assumptions of the pre-
ceding sections are still valid; the constants determined by the BOILERPLATE CONSTANTS
will now depend on dyax. In particular, (5.8) immediately implies that the function

[—amax, +admax]  a = ECOST(G, a)
continues to a bounded analytic function on
(=@max, +ayax) + i1 (=C(@uax), +¢(@uax));
the bound for that analytic function depends on @y,x. This implies that the function
R 3 a +— ECOST(G,a)
continues to an analytic function on a neighborhood of the real axis in C. In other words,
5.9 ECoST(0, a) is a real-analytic function of a € R.

Let us check our assertion (5.8). Recall our previous result on analytic continuation:

given ¢ > 0, there exists § > 0 such that whenever Af]},, < §, we have

(5.10) EcosTt(0”,a) = I"(a) + ERROR" (a)

on (—ayax, +ayax), where

(5.11) |[ERROR" (a)| < & fora € (—ayax, Aumax)
and
(5.12) I"(a) is analytic on R = (—dyax, +admax) + i(—C, ¢),

with |1"(a)| < C everywhere on that rectangle. In particular, (5.10), (5.11) and (5.12)

hold for all large enough n, since At)},, — 0 asn — oo.
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Since the I"(a) are uniformly bounded analytic functions on the rectangle R, we
may pick out a subsequence /™ (a) that converges to a bounded analytic function 7*°(a)
uniformly on compact subsets of R. Applying (5.10) and (5.11) to 6™/, and passing to the
limit as j — oo, we find that ECOST(G,a) = I *°(a) for all a € (—ayax,duax), completing
the proof of (5.8).

Next, we construct an ALLEGEDLY OPTIMAL STRATEGY with decisions in continuous
time.

Fix a prior probability distribution d Prob(a) on [—ayax, +auax]. Given a tame strat-
egy 0 =[[(0n)n>1]], we define

amax
Ecost(c") = / EcosT(c", a) dProb(a),
—amAx
aAmax
ECoST(c) =/ EcosT(G,a) dProb(a).
—amax

Let 7" be a sequence of partitions of [0, T] (as in (5.1)), with A¢]},, — 0asn — oo.

For each n, let 6" denote the allegedly optimal strategy associated to the partition 7.
Corollary 4.13 tells us that (6”),> satisfies condition (5.4). Moreover, we have assumed
condition (5.2), and our PDE assumption (see (4.26)) tells us that (5.3) holds. Thus,
the (6"),>1 form a Cauchy sequence of uniformly tame strategies.

We write Gope = [[(6")n>1]] to denote the resulting continuous tame strategy. Note
that G, is independent of the sequence of partitions used to define it. We will show that
it is optimal for Bayesian control.

Let & = [[(0™)n>1]] be a tame strategy with tame constant C]‘TZ\ME. Then

amax anmax
ECosT(0) =/ EcosT(G,a) dProb(a) = lim / EcosT(c”, a) dProb(a)
—amax n—00 —amax
= lim EcosTt(c").
n—o00

Here, the interchange of limit and integral is justified by the uniform convergence in a that
we assumed in our definition of Cauchy sequences.

Let ¢ > 0 be given. For n large enough, condition (5.2) for the " allows us to apply
Theorem 4.11; we conclude that

EcosT(6”) > ECOST(6") — ¢

for n large enough. Here, 6" denotes the ALLEGEDLY OPTIMAL STRATEGY associated to
the partition relevant to ¢”.
Passing to the limit as n — oo, we see that

EcosT([[(6")n>1]]) = ECOST(Gop)-

Thus, indeed, Gy is the optimal tame Bayesian strategy; any competing tame Bayesian
strategy has an expected cost at least that of Gop.

Next, we compare the cost of Gop With that of another tame strategy 6 = [[(04)n>1]]
conditioned on argyg = a for a given a € [—dyax, Avax]-
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We will prove the following assertion:

Given ¢ > 0, there exists §, depending on the BOILERPLATE CONSTANTS and
(5.13) the constant Cg,,,.., such that if ECOST(6) < ECOST(Gop) + 8, then, for every

TAME?
a € [—ayax. +auax], we have |ECOST(G, a) — ECOST(Gop, a)| < &.

To prove (5.13), we recall that Gope = [[(64)n>1]], With &, the allegedly optimal strategy
associated to the partition associated to o,. Then

(5.14) EcosT(6) = lim EcosT(oy),
n—>o0

(5.15) ECOST(Gop) = lim ECOST(Gy).
n—>o0

(5.16) EcosST(0,a) = lim EcosT(o,,a),
n—oo

(5.17) ECOST(Gop. a) = lim ECOST(6y.a).

n—oo

If ECOST(G) < ECOST(Gopt) + 8, then by (5.14) and (5.15), we have
EcosT(o,) < ECOST(6,) + 28 for large enough n.

Also, for large enough n, the partition of [0, T'] associated to 0, 6, has mesh less than 2.
It therefore follows from Theorem 4.11 that

|[ECOST(0y,a) — ECOST(Gy, a)| <

N ™

for all a € [—ayax, +auax] and all large enough n.
From (5.16) and (5.17), we now see that

|[ECOST(G,a) — ECOST(Gopr, )| < &

for all a € [—ayax, +amax], completing the proof of (5.13).

5.2. Not-necessarily-tame strategies

In this section, we drop the restriction to tame strategies.

Let 01, 02, G3, ... be tame strategies in the sense of Section 5.1. We do not assume
the 6, have a tame constant independent of 7.

We say that the sequence (G,)n>1 is Cauchy if

T - - - -
lim Eq| /0 (g7 2(0) = g 2O + ™ (0) — w2 (1) 2} de | = 0,

m,n—00

uniformly for a in any bounded subset of R. Two Cauchy sequences (6,)n>1 and (37)n>1
will be called equivalent if

T
lim E, | / {lg9(0) = g% ) + W 2(1) —uh 2 Py dr | = 0
0

n—>oo

for each a € R.
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To a Cauchy sequence (G,),>1 as above, we associate the trajectories g% (r) and u®(¢),
for which we have

T
lim E, [/ {lg°%@t) — @) + |u°m4(t) — u“(t)|2} dt] =0
n—>oQ 0

Two equivalent Cauchy sequences yield the same g and u“. We define a strategy to be an
equivalence Class of Cauchy sequences under the above equlvalence relation. We denote

strategies by ¢ 5= [[(0n)n>1]], and we write q“ 4 (t) and u%4(t), respectively, to denote the
above functions ¢?(¢) and u?(¢). We define

- T 2 2
ECOST(6,a) = lim ECOST(0y,4) = B, [ /0 (P9 + (u“’“(t))z}dt].

These limits converge uniformly for a in any bounded subset of R. Note that every tame
strategy & may also be regarded as a strategy as defined just above, namely the equivalence
class associated with the constant sequence 6,5, 7, .. ..

Suppose we are given a prior probability distribution dPrior on [—dyax, @uwax]. We
define

AmMAX

ECOST((:T,dPI‘iOI') = / ECOST((ZT, a) dPrior(a).

aAnmax

If 6 = [[(Gu)n=1]l. then

N apMax
EcosT(a, dPrior) = / lim ECOST(Gy, a) dPrior(a)

—Amax n—>o0
anax
= lim EcosT1(o,,a) dPrior(a) = lim ECOST(6,, dPrior);
n—oo J_, n—o0o

the interchange of limit and integral is justified by the uniform convergence noted above.
Now let Ggayes(dPrior) be the optimal Bayesian strategy for dPrior, given in Sec-
tion 5.1. For any tame strategy &, we have seen that

ECOST(6, dPrior) > ECOST(Ggayes(dPrior), dPrior).

In particular, if 5= [[(Gn)n>1]], then
ECOST(Gy, dPrior) > ECOST(Ggayes(d Prior), dPrior),
hence

ECOST(S’,dPI‘iOI‘) = lim ECOST(Gy, dPrior) > ECOST(Gpayes(d Prior), dPrior).
n—00

So we see that the strategy Opayes(d Prior) has expected cost less than or equal to that of
any competing strategy G.

From now on, we drop the arrows from our notation. When we mention a strategy,
we will make clear whether it is a general strategy, a tame strategy, or a tame strategy
associated to a partition of [0, T].

Combining the results of this section with Theorem 4.11, we deduce Theorems 1.1
and 1.2 from the introduction.
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6. Agnostic control

Throughout this section, the random variable argyg € [—dyax, @max] 1S unknown and we
do not assume that we have a prior belief about agyg.

6.1. Mixed strategies

Let
¢ : (Sla§29€37"-) = ($17§3s§57"')

be the map from {0, 1} — {0, 1}N that erases every other bit. Fix a partition
(6.1) O=tg<ti <---<ty=T,

and let 0 = (07, )o<v<n be a tame strategy associated to the partition (6.1). Since o is
tame, we have

(6.2) [u?(ty)| < Chne - Lg% @) + 1] for each v.
We can pass from o to the morally equivalent strategy

ot = (G::})O§V<N
by setting
O-:i(‘hv <oy %‘) = Ulu(‘]lv < v, d)(g))
Thus, the strategy o does precisely what o does, except that whereas o makes use of the
bits &1, &5, &35, .. ., o makes use only of the bits &1, &3, &5, . . ..

Now let 00 = (0£)0§v<N and o! = (Utlv)0§v<N be two tame strategies, both asso-
ciated to the partition (6.1), and let 6 € [0, 1] be given. We define a mixed strategy o®
as follows. First, we pass from 0 and o! to the strategies 6% and o!* as above. These
strategies make use of the bits &1, &3, &5, .. ., but ignore the bits &, &4, &, ... We regard
£5,&4,&6, ... as the binary digits of a random variable Y taking values in [0, 1]. If Y < 6,
then we play the strategy o 1* at all times 1,,. If instead Y > 6, then we play the strategy o **
at all times ¢,,.

Evidently,

EcosT(c%,a) = EcosT(6°,a) and Ecost(c'* a) = Ecost(c!,a)
for all @ € [—ayax, Auax]; and
(6.3) EcosT(6?,a) = 0 EcosT(c',a) + (1 — ) EcosT(6°, a)
for all a € [—ayax, duax], since Y < 6 with probability 6. Note that o is a tame strategy,
with
(6.4) col

0 1
(o g
TAME 5 max {CTAME’ C

TAME}'

We have defined the intermediate strategy o when 0 and ¢! are tame strategies associ-
ated to the same partition (6.1) of [0, T].

We next extend our definition to tame strategies with decisions in continuous time. Fix
a sequence 71, 7z, . . . of partitions of [0, 7], with mesh(s;) — 0asi — oco. Let 6 € [0, 1]
be given. Let o), 09,09,... and 0,0, ,04, ... be tame strategies, where, for each i, the

strategies Uio and oil are associated to the partition 7; of [0, T'].
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Suppose that (01.0),':1,2,“. and (Ul-l),-zl,z’m are Cauchy sequences, in the sense of Sec-
tion 5.1. Thus, 6% = [[(6)i>1]] and 6! = [[(0}')i>1]] are tame strategies in the sense of
that section. For each i, we pass from ol-o and ail to the mixed strategy aie associated to
the partition m; of [0, T]. Then 0'19 , ag ,...1s again a Cauchy sequence in the sense of
Section 5.1. We write 57 to denote the tame strategy [[(01-0)1'31]]- Then we have

EcosT(6%,a) = 0 EcosT(G',a) + (1 — 0) EcosT(6°, a)

for all ae [_aMAXv aMAX]7 and

0 0 1

o; O; o;

1 1 1
Crave < max {CTAME! CTAME}’

as follows easily from (6.3) and (6.4).

Note that we have restricted attention to tame strategies [[(01-0),-21]] and [[((fil),-zl]] in
which, for each i, 01-0 and oil are associated to the same partition of [0, T']. It would be
natural to dispense with this restriction, but for our purposes that will not be necessary.

6.2. Efficient strategies are Bayesian

In this section, we deal with tame strategies in the sense of Section 5.1 of Section 5.
Suppose we are given a class of strategies, which we call the LEGAL STRATEGIES.
Assume that given two LEGAL STRATEGIES 0 and o'!, and given 6 € [0, 1], there

exists a LEGAL STRATEGY o for which we have

(6.5) EcosT(c?,a) = (1 — ) EcosT(c°, a) + § EcosT(c', a)

for all a € [—ayax, Avax]-

For example, suppose we fix a constant C anda sequence of partitions (77;);>; of the
interval [0, T'], with mesh(z;) — 0 asi — oo.

Then the class of all tame strategies [[(07);>1]] with 0; associated to 77; and Cyiyy; < ¢
satisfies (6.5), thanks to our discussion of mixed strategies in Section 6.1.

Fix a finite set A C [—ayax,@umax], and let € > 0 be given. (Note that we allow & = 0.)

A LEGAL STRATEGY o will be said to be efficient with tolerance ¢ if there does not
exist another LEGAL STRATEGY o’ such that

(6.6) EcosT(o’,a) < ECOST(0,a) —¢

for all @ € A. This notion depends on the set A and the class of LEGAL STRATEGIES.
In this section, we use a simple convexity argument to prove the following result.

Lemma 6.1 (Efficient strategies are Bayesian). Fix A, ¢ and a class of LEGAL STRATE-
GIES as above, and let 6 be a LEGAL STRATEGY. Suppose G is efficient with tolerance ¢.
Then there exists a prior probability distribution (p(a))ge4 such that for all other LEGAL
STRATEGIES ¢”, we have

(6.7) > p(a)Ecost(6.a) < Y p(a) ECosT(o’.a) +&.
acA acA

Proof. For any strategy o, define the cost vector to be the vector (ECOST(0,a))qca € R4.
Thanks to (6.5), the set K of all cost vectors of legal strategies is convex. Define another
convex set X_ C R4 to consist of all vectors (vg)ae4 such that v, < ECOST(G,a) — & for
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all a € A. Because ¢ is efficient with tolerance ¢, the convex sets K and K _ are dis-
joint. Hence there exists a nonzero linear functional A: R4 — R such that A(v) < A(v*)
whenever v € X_ and v* € K. The functional A has the form

M(Va)aca) = Y _ p(@)va,

acA

with at least one nonzero coefficient p(ag). By definition of KX_, KX, and A, the following
holds:

Let 0’ be a LEGAL STRATEGY, and let (vy)ae4 satisfy v, < ECOST(6,a) —¢

©3) foralla € A. Then ), 4 p(a)vg <Y ,c4 P(@)ECOST(0',a).

We claim that the p(a) are all nonnegative. Indeed, suppose p(a) < 0 for some a € A.
We take 6’ = 6, v, = ECOST(6,a) — ¢ — 1 fora € A\{a}, and vz = —V for some large
positive V. If V is large enough, then the above ¢’ and (vg)qe4 violate (6.8). So, as
claimed, the p(a) are all nonnegative.

Since also the p(a) are not all zero, we may multiply the p(a) by a positive normaliz-
ing constant to preserve (6.8) and achieve also

(6.9) > pl@)=1.
acA

Thus, (p(a))aca is a probability distribution.
Now let § > 0, and let v, = ECOST(6,a) — & — § fora € A. Thanks to (6.8) and (6.9),
we have

> p(a)EcosT(6.a) —e— 8 < Y p(a) EcosT(o’.a)

acA acA

for every legal strategy o”. Since § > 0 may be taken arbitrarily small, inequality (6.7)
follows, completing the proof of the lemma. ]

6.3. Regret
We fix continuous functions pg, p1: R — R. We suppose that
lpo(a)] < C and 0<¢ < p1(a) < C forac [—amax> Amax]-
For any strategy o and any @ € R, we define
REGRET(0,a) = po(a) + p1(a) - ECOST(0, a).

We add the above ¢ and C to our list of BOILERPLATE CONSTANTS. As usual, ¢, C,
C’, etc., denote constants depending only on the BOILERPLATE CONSTANTS. These sym-
bols may denote different constants in different occurrences. The above notion of regret
includes as special cases our earlier notions of additive, multiplicative, and hybrid regret.

6.4. The main lemma on agnostic control

Suppose our PDE assumption holds (with the same constants K, mq and Cyryy) for every
prior probability distribution on a given interval [—ayax, dyax]- Under that assumption
(see Section 4.3), we prove the following result.
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Lemma 6.2. Let ¢ > 0, and let A C [—ayax, Auax] be finite. Then there exist a subset
Ao C A, a probability measure |, and a strategy &, with the following properties.

(1) The measure  is concentrated on Ay.
(2) © is the optimal Bayesian strategy for the prior .
(3) Fora € Aand ag € Ay, we have

REGRET(G,a) < REGRET(G,ag) + &.

In particular,
(4) |REGRET(G, ag) — REGRET(G, ay)| < & forag,ay € Ao.

For the proof of the above lemma, we first fix a class of strategies that we call .OK.
Fori =1,2,3,..., let 0; be a tame strategy arising from the partition [0, T] N 27' T Z
of the time interval [0, T]. Suppose that the o; form a Cauchy sequence in the sense
of Section 5.1, and that the tame constants Cy\; are all less than or equal to the con-
stant Cyhy in our PDE assumption (see Section 4.3, inequality (4.26)). Then the strategy
6 = [[(64)i=1,2,..]] will be called OK.

We make two crucial observations regarding OK strategies:

(1) For any prior p on [—ayax, @uax], the optimal Bayesian strategy & is OK.
(2) If 0 and 0’ are OK strategies, then so is the mixed strategy that plays strategy o with
probability 6 and strategy o’ with probability (1 — 0) (for0 < 6 < 1).

If A is any finite subset of [—ayax, @uax] and o is any strategy, we write MR(a, A) to
denote the quantity max{REGRET(0, a) : a € A}. For any strategy o and any prior i on a
finite set A, we write

EcosT(o. 1) = » _ EcosT(c.a) ju(a).

acA
We now begin the proof of Lemma 6.2.

Proof. We proceed by induction on #A4, the number of elements of A.

Inthe base case, #4 = 1,1.e., A = {ag} for some ag € [—ayax,auax]. We take Ag = A4,
L = point mass at ag, 6 = optimal known-a strategy for a = a¢. The conclusions of the
lemma are obvious.

For the induction step, we fix k > 2 and assume the:

INDUCTION HYPOTHESIS. Our lemma holds whenever #4 < k.

We fix A with #4 = k, and prove the lemma for A4.

Let ¢ > 0 be given. We pick g, €1, ...,&7 > 0, with g9 = ¢; and with &; 41 small
enough, depending on ¢y, . .., & and the BOILERPLATE CONSTANTS.

Let MR, = inf{MR(0, A) : 0 any OK strategy} and let o be an OK strategy such that

MR(04, A) < MRy« + €7.
For any other OK strategy o’, we have

(6.10) MR (0%, A) < MR(0/, A) + &7.
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If some OK strategy ¢’ satisfied
EcosT(o’,a) < ECOST(04,a) — Cey

for all a € A and a large enough constant C, then o’ would violate (6.10). Therefore,
ox is Cey-efficient on A for the class of OK strategies. Thanks to observation (2) and
Lemma 6.1, there exists a probability measure . on A such that

6.11) ECOST(0+, ) < EcoST(0”, i) + €6

for any OK strategy o”. In particular, (6.11) holds for the optimal Bayesian strategy for u,
denoted 6. (Here we use observation (1).) It therefore follows from Theorem 4.11 that

|[ECOST(0x,a) — ECOST(G,a)| <e5 foralla € A.
Together with (6.10), this shows that
(6.12) MR(6, A) < MR(0”, A) + Ces
for all OK strategies ¢”. It may happen that
(6.13) REGRET(0,a) > MR(6,A) —e3 foralla € A.

In that case, the conclusions of our lemma hold for &, u and A9 = A. Hence, we may
assume that (6.13) is false. Let

(6.14) Ag ={a € A:MR(G, A) — e3 < REGRET(G,a) < MR(G,a)}.
Thus,

(6.15) MR(G, A) — &3 < REGRET(G,a) < MR(G,A) fora € Ay
(6.16) REGRET(G,a) < MR(G, A) —e3 fora € A\ Ay.

Since (6.13) is false, we have #4¢ < #A, so our INDUCTIVE HYPOTHESIS applies, i.e.,
our lemma holds for Ag.

Thus, there exist a subset Agg C A, a probability measure jg, and a strategy 6, with
the following properties.

(6.17) Mo is concentrated on Agg.
(6.18) 09 is the optimal Bayesian strategy for the prior .
(6.19) REGRET(6¢,a) < REGRET(Gy,ag) + &7 fora € Ag,ap € Ago.

In particular,
(6.20) |IREGRET(6¢, @9) — REGRET(69, ag)| < &7 for ag,ay € Aoo.
From (6.19) and (6.20), we see that

(6.21) MR(&(), A()) — &6 =< REGRET(&(),CZ()) < MR(5'0, A()) forag € Ago.
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Our plan is to prove that the conclusions of Lemma 6.2 for A hold for the set Ao,
the measure (g, and the strategy 0p; that will complete our induction on #4 and prove
Lemma 6.2. To carry out our plan, we first prove that

(6.22) IMR(G, A) — MR(G9, Ag)| < &3.
To see (6.22), we recall that
REGRET(0,a) = po(a) + p1(a) - ECOST(0, a)

with ¢ < p1(a) < C.
For ag € Ago C Ay, estimates (6.15) and (6.21) therefore imply the inequalities

MR(6, A) — ~ MR(G, A) —
(6.23) [ © 4) p"(")] — Cée3 < ECOST(G,a) < [ © 4) p"(a)],
p1(a) p1(a)
MR(6¢, Ag) — ~ MR(Gg, Ag) —
(6.24) [ (60, Ao) pO(a):I—C86§ECOST(OO,a)§|: (60, Ao) ,00(11)].
p1(a) p1(a)
Let
(a (@)po(a)
6.25) ﬂo( )) and  Ho = Z Ho )(/0(;
aGA(]() a aGA()() /Ol
Since pu¢ is a probability measure concentrated on A, and since ¢ < p1(a) < C, we have
(6.26) ¢ < H <C'.

Multiplying (6.23) and (6.24) by wo(a), and summing over a € Agg, we obtain the
inequalities

(6.27) HiMR(G,A) — Hy — Ce3 < ECOST(0, o) < HiMR(0, A) — Hy,
(6.28) H{MR(Gg, Ag) — Hy — Ceg < ECOST(G9, o) < HiMR(G9, Ag) —
Moreover, since oy is the optimal Bayesian strategy for the prior i1, we have

(6.29) ECOST(09, o) < ECOST(G, o).

From (6.27), (6.28) and (6.29), we see that

Hi MR (69, Ag) — Hyp — Ceg < ECOST(G9, tto) < ECOST(G, o) < HyMR(G, A) —

Thus,
HIMR(&(), A()) < HlMR(é', A) + Ceg.

Thanks to (6.26), this tells us that

MR(Gg, Ag) < MR(G, A) + Ceg.
So we have proven half of (6.22). In particular, (6.22) holds unless we have
(6.30) MR (09, Ag) < MR(G, A) — &5.

To complete the proof of (6.22), we assume (6.30) and derive a contradiction as fol-
lows. Observation (1) tells us that both strategies & and 6¢ are OK. We form a mixed
strategy oyvx by playing the strategy 6 with probability (1 — e4) and the strategy 6o with
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probability £4. Observation (2) tells us that oy is an OK strategy. We will see that (6.30)
implies that oyx outperforms &, contradicting (6.12). To see this, we first recall that
since 6 and G are tame strategies, we have COST(G, a), COST(Gg,a) < C foralla € A4,
hence

(6.31) REGRET(09,a) < REGRET(G,a) + C foranya € A.
Now suppose a € Ap. Then (6.30) yields the inequalities

REGRET(oMmix,a) = (1 — €4) REGRET(G, a) + €4 REGRET(G9, @)
< (1 — 84) MR(&, A) + &4 MR(&(), Ao)
< (1 —e4) MR(0., A) + €4 [MR(G, A) — &2] = MR(G, A) — e462.

On the other hand, for a € A\ Ay, inequalities (6.16) and (6.31) imply that
REGRET(oMmix, @) = (1 — &4) REGRET(G, a) + €4 REGRET(Gy, @)
< (1 —&4)[MR(G, A) — &3] + €4 [MR(G, A) + C]
= MR(G,A) + Ceqg — (1 —e4)e3 < MR(G, A) — %s3
(since g4 K €3 K 1). Thus, for all a € A, we have
REGRET(omix, @) < MR(G, A) — min {% £3,84 82} = MR(G, A) — &, &4.

In other words,
MR(omix, A) < MR(G, A) — &4 5.

As promised, this contradicts (6.12), completing the proof of (6.22).
Returning to (6.27) and (6.28), we now see that

(6.32) |[ECOST(G, pto) — ECOST(G9, io)| < Ces,

thanks to (6.22) and (6.26).
Since 69 is the optimal Bayesian strategy for (1o, and since & is tame with tame con-
stant at most C, (6.32) and Theorem 4.11 together imply that

(6.33) |ECOST(G,a) — ECOST(69,a)| <&, foralla € A.

We are ready to show that Agg, Lo and ¢ satisfy the conclusions of Lemma 6.2 for A.
Indeed, we know that 11 is a probability measure concentrated on Agg, and that ¢ is the
optimal Bayesian strategy for the prior (. It remains only to show that

(6.34) REGRET(09, @) < REGRET(G¢,ap) + & forany ag € Agg,a € A.
However, (6.33) yields

(6.35) REGRET(Gp,a) < REGRET(G,a) + Ce; < MR(6,A) + Ce; fora € A,
while (6.21) and (6.22) yield

(6.36) REGRET(69, ag) > MR(0g, Ag) — €6 = MR(G,A) — Ce,

forag € Agp.
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The desired estimate (6.34) is immediate from (6.35) and (6.36). Thus, as promised,
the conclusions of our lemma hold, with Agg, (o and 69 in place of Ay, 1 and 6. Our
induction on #4 is complete, and Lemma 6.2 is proven. ]

6.5. An interval of allowed parameters

The previous section produced nearly optimal agnostic strategies when the parameter a is
known to belong to a finite set. In this section, we pass to the case in which a is known
merely to belong to a given interval [—ayax, +auax]- We continue to suppose our PDE
assumption (from Section 4.3) holds for every prior probability distribution on the interval
[—amax,> @uax]. Under this assumption, we will prove the following result.

Theorem 6.3. There exists a Bayesian prior probability measure |Loo supported on a
subset Aoo C [—ayax, +auax], for which the optimal Bayesian strategy 0o satisfies
(A) the function a — REGRET (0, @) is constant on Aeo, and

(B) the function [—ayax, Guax] D @ — REGRET(0w0, @) is maximized on Aeo.
Proof. Let Ay, Ay, As, ... be asequence of sets of the form

(6.37) AN = [—amax,> Guax]) N 27"V Z, withmpy — oo as N — oo; and let

(6.38) €1, &2, €3,... be a sequence of positive numbers tending to zero.

Applying Lemma 6.2 to each Ay, we obtain a probability measure py, concentrated on
a subset A?V C An, such that the optimal Bayesian strategy oy for the prior uy satisfies

(6.39) MRy — ey < REGRET(UN,aO) <MRry foralla® € A%, where
(6.40) MRy = max{REGRET(oy,a):a € An}.

Passing to a subsequence, we may assume that the p converge weakly to a probability
measure floo ON [—dyax, +admax]. Again passing to a subsequence, we may assume that
the MRy converge to a limit MRy, as N — oo. (Here we use the fact that the MRy are
bounded, thanks to Lemma 3.2.)

Let 0 be the optimal Bayesian strategy for the prior . After again passing to a
subsequence, we will show that

(6.41) REGRET(0n,a) — REGRET(0x,a) as N — oo,

uniformly for a € [—ayax, +@umax]. The proof of (6.41) is the main step in our argument.
Let us recall how REGRET(oy,a) and REGRET(04, @) are defined. Starting from the
prior pn, we form the functions

7l fx;ixaexp(—§§2+aé-l) dun(a)
aN(é.l’é‘Z) - aAmax a2 5
‘f_aMAX exp(— > 52 + aé'l) d;LN(a)

and similarly define doo (&1, £2).
Using ay in place of a in (4.21), we then obtain a PDE solution Sy (g, ?, {1,{2) €
CZ’I(R x [0, T] x R x [0, 00)), satisfying the conditions given in Section 4.3. Thanks to

loc
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the estimates on 0% Sy (|a| < 3) in that section, we may again pass to a subsequence, and
assume that

(6.42) %Sy — 0%Sse as N — oo for |a| <2,

uniformly on compact subsets of R x [0, 7] x R x [0, 00). Here, S € Clgél satisfies all

the estimates given in Section 4.3. Since the py converge weakly to (Lo, it follows that
an(C1,8) = aoo(C1,82) as N — oo for each (81, ¢2) € R x [0, 00). Together with (6.42)
and the PDE satisfied by the Sy, this proves that S, satisfies the PDE (4.21) for the
Bayesian prior (teo.

Now define

1 1
uN(Q7t»C15§2)Z_anSN(q’t»Cl5§2) and uOO(q’tvé.lvé.z):_z 8qSOO(q’t’§17§2)
for (¢,2,¢1,82) € R x [0, T] x R x [0, 0c0). From (6.42) we have
(6.43) UN = Use as N — 00,

uniformly on compact subsets of R x [0, T'] x R x [0, 00).
For each k > 1, we introduce the partition 5 of [0, T'] given by

(6.44) 0=t(])€<l{€<-~-<t,]§=T, with;fziT_

Let 0 (N, k) be the ALLEGEDLY OPTIMAL STRATEGY for the Bayesian prior uy and the
partition . Thus,

6.45)  uTWNE Ky = 1y (qTNR oK), 1k g7 N0 k), g NP (k) for0 < v <k

Similarly, let 0 (00, k) be the ALLEGEDLY OPTIMAL STRATEGY for the Bayesian prior oo
and the partition mrg. Thus,

(6.46) 1% R (15 = 1y (q7R (¢F), ik 7R (k) e9CR Ry for 0 < v < k.

By definition,
(6.47) EcosT(oy,a) = lim Ecost(o(N,k),a),
k—o00
(6.48) ECOST(0x0,a) = klim EcosT(o (00, k), a),
—00

for a € [—ayax, @uax]- Finally,

(6.49) REGRET(on,a) = po(a) + p1(a)ECcoST(on, a),
(6.50) REGRET(0x0,a) = po(a) + p1(a)ECOST(000, ),

for a € [—ayax, auax]- This concludes our review of the definition of REGRET(oy , @) and
REGRET(00, @).

For large enough N and k, we will apply Lemma 4.8 of Section 4.6 to the Bayesian
prior [eo, the ALLEGEDLY OPTIMAL STRATEGY 0 (00, k), and the alternative strategy
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0 (N, k). Thus, ue, will play the r6le of 1y in Section 4.6, while uo k) given by (6.45),
will play the réle of u® in Section 4.6. The rdle of the quantity DISCREP? in Section 4.6
will therefore be played by

Nk Nk
DISCREP(N, k., 1K) = up (q"NR (15, 1k, cTWR (1) (7R (1K)

(6.51) . .
TN (/e tad (20 WA e Al (13 Wednba (1))

To apply Lemma 4.8, we must estimate

(6.52) Ea[ 3 |DISCREP(N,k,z§)|2Az§] for a € [—ayax, duax],

o<v<k

with At,’f = t]]f 1= t,]f = T/k (see (6.44)). To estimate the quantity in (6.52), we recall
that

lun(q.2,81, 82|, [uoo(q. 1. 81, 82)| < Cllg| + 1],

and, consequently,
(6.53) IDISCREP(N, k, t5)] < C[lg" N0 1) + 1].
For Q > C, define the events
BAD(N. k. 0) = { max {lg” ™0 (f)| + 17O )| + 15O > of.

GooD(N. k. Q) := { max {lg” ™ )| + 17 MO + 155V @by < 0.

We take k > C for a large C, so that our partition of [0, T'] is fine enough to allow us to
apply Lemma 3.2. Lemma 3.2 then tells us that

Eo[ max {|g” ™ @)+ 1) - Loswva,0)] < CO™'
o<v<k
for a € [—ayax, auax]- Hence, by (6.53),

(6.54) Ea[ 3 (DISCREP(N,k,tff))2At,’f-]lBAD(N,k,Q)] <co!

o<v<k
for a € [—ayax, @max]. On the other hand, let § > 0 be given, and suppose
N > Npmin(8, Q) for alarge enough Ny, (8, Q).
Then, by comparing (6.43) with (6.51), we see that
IDISCREP(N, k, %) < § forall v,

provided GOOD(N, k, Q) occurs. Therefore,

Ea[ > (DISCRER(N. k. 1)) Atf - ]lGOOD(N,k,Q)] <C§

o<v<k
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for all a € [—ayax, @uax]- Together with (6.54), this implies that
E[ 3 (DISCREP(N,k,tf))me] <C§+CO™!
o<v<k
for all a € [—amax, duax] provided N > Nyin(8, Q) and k > C. Taking Q = 8!, we have
(6.55) Ea[ 3 (DISCREP(N,k,rf))ZAzf] <Cs
o<v<k

for a € [—ayax, auax], N = N/ (§), and k > C. Also, recalling (6.44), we see that
C C
kK _ k k .
(6.56) Aty = oglffk(t”“ —1) < < 8, provided k > 5

Now let ¢ > 0 be given, and let § be small enough, depending on . Our results (6.55)
and (6.56) are the hypotheses of Lemma 4.8, with (1o in place of d Prior, and with o (N, k)
in place of o. Applying that lemma, we learn that

|[ECOST(c (N, k), a) — ECOST(0 (00, k), a)| < s,

all a € [—awax, @uax], for k > kmin(¢) and N > N, (). Passing to the limit as k — oo

for fixed N, and recalling (6.47) and (6.48), we see that
|[ECOST(0n,a) — ECOST(0s0,a)| < €
for N > N (e) and for all a € [—ayax, auax]- Since ¢ > 0 is arbitrary, we conclude that
EcosT(oy,a) = ECOST(0x0,a) as N — o0,
uniformly for a € [—ayax, @uax]- Thanks to (6.49) and (6.50), this in turn implies that
REGRET(0n,a) — REGRET(0x0,a) as N — 00,

uniformly for a € [—ayax, duax]. SO, at last, we have proven (6.41).
Notice that the functions REGRET(oy, a) and REGRET(04, @) are continuous on
[—@max,> @umax]- Thanks to (6.41), they have a common modulus of continuity, i.e.,

(6.57) |[REGRET(0y,a1) — REGRET (0N, az2)| < w(|la; — az])
for ay,a; € [—ayax,auax] and for all N > 1, for a function w(t) satisfying
(6.58) w(t) -0 ast—0".

We have defined the probability measure jtoo and its optimal Bayesian strategy 0. To
complete the proof of our theorem, we must define a set Aoo C [—dyax, dmax] and prove
that

* oo is supported on Ao,
* REGRET(0w0,a) is constant on A, and
¢ REGRET(00, @) is maximized on Ao, over all @ € [—adyax, Ayax]-

We define Ao to consist of all @ € [—ayax, duax] such that for all n > 0 and all Ny > 1
there exists a® € A, N (@ —n,a + n) for some N > N,. (Recall A%, from the defining
conditions for the py.)
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Let us check that j1, is supported in An. Thus, let @ € [—ayax, @yax]\Aoo- Then for
some open interval / > a and some N, > 1, we have A(I)v NI =@ for N > N,. Since uy
is supported in A%, we have uy (1) = 0. Since the probability measures 1y converge
weakly to jtoo as N — 00, it follows that oo (1) = 0. So a ¢ support(iteo), completing
the proof that ps is supported in Aeo.

Next, suppose a° € An.. Then there exist sequences N,, — oo and a,, — a
with a, € A(I)vv' From (6.39) we have

0as v — o0,

MRy, — &N, < REGRET(0py,a,) < MRy, ,
hence, thanks to (6.57),
(6.59) MRy, —en, —o(lay, — a0|) < REGRET(O’N,CIO) < MRy, + o(la, — a0|).

As v — 00, we have MRy, — MRy, 5, — 0, and w(|a, — a®|) — 0 thanks to (6.58).
Therefore, (6.59) implies that

lim REGRET(oy,a®) = MRgo.
N—o0

Recalling (6.41), we see that
(6.60) REGRET(0s0,a’) = MRy forall a® € Aoo.

On the other hand, let a € [—ayax, @uax]- From (6.37) we obtain a sequence ay € Ay
(N > 1)such that ay — a as N — oo. Thanks to (6.40), we have

REGRET(oN,an) < MRy foreach N,
hence
(6.61) REGRET(on,a) < MRy + w(|lay —al),

by (6.57). As N — oo, we have MRy — MRy and w(|lay — a|) — 0 by (6.58). There-
fore, (6.61) and (6.41) yield the inequality

(6.62) REGRET(0x0,ad) < MRy for all a € [—ayax, Auax]-

From (6.60) and (6.62), we see that REGRET (0, @) is constant on Ao, and that the
maximum of REGRET (0, @) over all a € [—dyax, duax] i achieved on Ayo. The proof
of our theorem is complete. ]

Under additional assumptions on the functions pg (@) and p; (a) in Section 6.3, we can
easily deduce that the set A in the above theorem is finite. Indeed, suppose po and p;
are real-analytic on R, and suppose that for all ¢ > 0 we have

(6.63) po(t) > —exp(st) and p;(t) > exp(—et) for large positive ¢.

Recall that the function a — ECOST (0, a) is real-analytic on R and grows exponentially
as a — o0. (See Theorem 4.11.)
Under our assumptions on pg and py, it follows that the function

a +— REGRET(0x,a) = po(a) + p1(a) ECOST(0c0, @)

is again real-analytic on R and exponentially large as a — oo.
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In particular, [—ayax, duax] @ @ = REGRET(0x, @) is a nonconstant real-analytic
function. Since REGRET(0, @) is constant on Ao, it follows that A is finite, as claimed.

Combining Theorem 6.3 with the fact that Ao, is finite establishes parts (I), (II)
and (II) of Theorem 1.3 in the introduction.
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