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Density of Brown measure of free circular Brownian
motion

László Erdős and Hong Chang Ji

Abstract. We consider the Brown measure of the free circular Brownian motion, a C
p
tx, with

an arbitrary initial condition a, i.e. a is a general non-normal operator and x is a circular element
�-free from a. We prove that, under a mild assumption on a, the density of the Brown measure has
one of the following two types of behavior around each point on the boundary of its support – either
(i) sharp cut, i.e. a jump discontinuity along the boundary, or (ii) quadratic decay at certain critical
points on the boundary. Our result is in direct analogy with the previously known phenomenon for
the spectral density of free semicircular Brownian motion, whose singularities are either a square-
root edge or a cubic cusp. We also provide several examples and counterexamples, one of which
shows that our assumption on a is necessary.

1. Introduction

Let M be a von Neumann algebra with faithful, normal, tracial state h�i. In [22], Brown
proved that for every operator a 2M we may associate a probability measure �a on C
uniquely determined by˝

logja � zj
˛
D

Z
C

logjw � zjd�a.w/; 8z 2 C; (1.1)

or equivalently

�a D
1

2�
�
˝
logja � �j

˛
; (1.2)

with the distributional Laplacian on the right-hand side. Obviously (1.2) implies that �a is
identical to the spectral measure when a is normal (so that aa� D a�a). It was also proved
in [22] that �a is consistent with the holomorphic functional calculus.

The main purpose of our paper is to study the Brown measure of the sum a C
p
tx

around the edge, where a 2M is a general operator, x 2M is a circular element �-free
from a, and t > 0. (A circular element is defined by the sum .s1C is2/=

p
2where .s1;s2/

is a free pair of semicircular elements.) If the time t varies, the flow t 7! aC
p
tx is also

known as the free circular Brownian motion. Several of our results may be compared with
analogous known results in the Hermitian case, for the semicircular flow aC

p
ts where

a D a� and s is a semicircular element.
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Somewhat informally, our results are as follows. In the main result, Theorem 10, we
identify the behavior of the Brown measure of a C

p
tx at the boundary of its support.

More specifically, we prove that if a satisfies (see Assumption 7)�
1

ja � zj2

�
>
1

t
; 8z 2 spec.a/; (1.3)

then at any point z0 2 @ supp�aC
p
tx the density � of �aC

p
tx admits one of the following

two asymptotic expansions around z0;

(a) (Sharp edge) as z ! z0, we have1

�.z/ � 1.z 2 supp �aC
p
tx/: (1.4)

(b) (Quadratic edge) as z ! z0 while away from a certain direction in C Š R2, we
have

�.z/ � jz � z0j
21.z 2 supp �aC

p
tx/: (1.5)

We here emphasize that our result is exhaustive, that is, no decay rate for � other than ze-
roth or second order is possible at the boundary. Note that the first case (a) with sharp edge
is exactly the behavior of �x , in which case the density is given by �.z/D.�/�11.jzj�1/.
The second case (b) may occur only on an analytic submanifold of the boundary (which is
typically discrete), consisting of special critical points. In fact, (b) does not happen except
for countably many t ’s; see Remark 11 for details. We are not aware of any previous result
that shows the second asymptotics (b) for general a.

The assumption (1.3) is a mild, typical condition, which for example is true for limits
of natural random matrix models; see Remark 8. In fact, in our other result Theorem 14,
we construct a concrete example showing that the assumption (1.3) is necessary for Theo-
rem 10. In particular, we prove that the density may have an arbitrarily fast decay without
(1.3).

Finally in Theorem 15, we prove for general a that the number of connected com-
ponents of supp �aC

p
tx [ spec.a/ decreases in t > 0. The corresponding result for the

Hermitian free Brownian motion aC
p
ts was proved in [17, Proposition 3].

Theorem 10 is motivated by the corresponding Hermitian phenomenon proved in [2],
whose result applies to the spectral measure of the free semicircular Brownian motion
aC
p
ts with Hermitian a and semicircular element s. It was proved in [2, Theorem 2.5]

that, when a is Hermitian satisfying a condition2 that is implied by (1.3), any spectral edge

1The asymptotic relation � in (1.4) and (1.5) denotes that the left-hand sides are bounded from above
and below by the right-hand sides, up to a constant factor that depends only on a, z0, and t . See also
Notational Remark 3.

2The actual condition in [2, Theorem 2.5] is that supIm z>0km.z/k < 1, where m solves the M-
valued Dyson equation (see e.g. [2, (2.3)]). Specializing to a C

p
ts, it is easy to see that the solution is

m.z/D 1=.a� z � tm.z// wherem.z/ is the Stieltjes transform of �aC
p
ts (see e.g. [2, (1.2)]). Then (1.3)

implies supIm z>0km.z/k <1 by [17, Lemma 4]. Essentially the same, but more quantitative proof that
(1.3) implies supIm z>0km.z/k <1 appeared also in [38, (A.4)].
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of aC
p
ts is either a square-root edge or a cubic cusp. More precisely, if we write � for

the density of �aC
p
ts, then for each x0 2 @¹x W �.x/ > 0º we have either

�.x/ �
p
.x � x0/˙ as x ! x0; (1.6)

where .x � x0/˙ can be the positive or negative part of .x � x0/ depending on whether
x0 is a left or right edge point, or

�.x/ � jx � x0j
1=3 as x ! x0: (1.7)

Another closely related motivation comes from edge universality for local eigenvalue
statistics of random matrices. From [45, Thoerem 6], it is well known that �aCx is the large
N limit of �ACX , whereACX 2CN�N is a deformed random matrix with A converging
to a and X consisting of i.i.d. entries with mean zero and variance 1=N . Hence our result
implies that the eigenvalue density of ACX has universal (over A) macroscopic behavior
at an edge point, and more importantly it identifies the two universality classes of local
eigenvalue statistics corresponding to (a) and (b). Indeed, our results have already been
used in very recent papers [39, 40] to prove the edge universality when (a) and (b) holds,
if X is a Ginibre ensemble and A satisfies certain restrictive assumptions e.g. normality.
Also, the current result is used in our work [23], where we prove edge universality at
sharp edges (case (a)), in full generality i.e. for any matrix of the form ACX where A is
arbitrary and X has an i.i.d. entry distribution.

1.1. Previous works

As mentioned above, our paper is largely motivated by the corresponding Hermitian prob-
lem, i.e. studying the spectral measure of the free sum aC

p
ts of a Hermitian a with a

semicircular element s. Hence we first focus on the previous work on �aC
p
ts. The law

�aC
p
ts is often referred to as the free additive convolution and denoted by �a � �pts.

Rigorous analysis on this subject began by Biane in [17], who proved various regularity
properties of �aC

p
ts for fully general a, including boundedness and Hölder continuity of

its density as well as the number of connected components of its support. See also [15]
for a generalization of Biane’s result on Hölder continuity to free infinitely divisible laws.
Later the free convolution of two generic measures was studied in the series of papers
[8–10] by Belinschi, using the analytic subordination results proved in [11] by Belinschi
and Bercovici. Notably, it was proved that a general free additive convolution is also abso-
lutely continuous in [9, Theorem 4.1], and has bounded density under mild assumptions
in [10, Corollary 8].

On a finer scale than in the aforementioned works, there have been several results to
probe the density of free convolution at spectral edges. More precisely, a typical goal in
this context is to prove that the density decays as square-root around the spectral edge,
similarly to the semicircular law. In [38, 43, 44] (see e.g. [38, Lemma 3.5]), it has been
proved that the free convolution �a � �pts has square-root decay at extremal edges as in
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(1.6) under the assumption thatZ
R

1

.y � x/2
d�a.y/ D

�
1

.a � x/2

�
>
1

t
; 8x 2 supp �a D spec.a/: (1.8)

Notice that (1.8) is exactly the same as (1.3) when a is Hermitian. More recently in [6,
Theorem 2.2], a similar result was proved for the free additive convolution of two general
measures with power-law decay at an extremal edge. These results are confined to the
extremal edges precisely due to possible cusps in (1.7). As mentioned above, it was proved
in [2] that under a somewhat weaker condition2 than (1.8) the only other type of singularity
of �aC

p
ts than the square-root edge is the cubic cusp. See [41,42] for more results on inner

singularities of general free additive convolution. We also mention that if the semicircular
element s is generalized to (semi-)circular elements in certain block forms, then other
types of singularities may also occur, see [35, 36].

Now, we collect related works on the non-Hermitian object, the Brown measure
�aC
p
tx , where x is circular. Biane and Lehner in [18, Section 5] proposed a method

to compute the density of �aC
p
tx and gave several examples. In the case of Hermitian a,

very recently in [34, Theorem 1.1] Ho and Zhong managed to completely characterize the
support of �aC

p
tx and prove that the density is bounded by 1=.�t/. More importantly,

they also discovered that �aC
p
ts (on R) is a pushforward of �aC

p
tx (on C) via a map

involving analytic subordination functions. Results of [34] have been extended in [33]
where x was replaced with a more general elliptic element. The key approach in [33, 34]
was the PDE techniques developed in [24], that were also important in several other recent
works on free multiplicative Brownian motion (with unitary initial condition); see e.g. [31]
and references therein.

A more related line of works is [7, 16, 46] by Zhong et al., where a can be completely
general, typically non-Hermitian or even non-normal. In these works, the same charac-
terization of supp �aC

p
tx as in [34] was extended to general a beyond Hermitian, and a

slightly more explicit formula than [34] was proved for the density of �aC
p
tx . See e.g.

[7, Theorem 7.10] for a rigorous statement. We emphasize that [7,16,46] used purely free
probabilistic methods, effectively making the proof depend only on specific functionals
of a (see fa;�.z/ in (2.3)). Hence these works were able to cover general non-normal a,
whereas PDE methods in [34] actually computed partial derivatives of the log determinant
of a in (1.1), requiring a to be Hermitian.

There is another independent series of papers [19, 20] by Bordenave et al. covering
�aC
p
tx . These two works mainly concern eigenvalues of large non-Hermitian random

matrix of the form A C X , where A is a deterministic matrix and X consists of i.i.d.
entries. Since the eigenvalues are asymptotically distributed as �aC

p
tx as the matrix size

increases (see [45]), it was vital therein to study the support of �aC
p
tx . In [20, Theo-

rem 1.4], when a is normal, the same formulas for the support and density of �aC
p
tx as

in (and prior to) [7, 16, 46] were proved. Then in [19, Proposition 1.2], for general a, a
slightly stronger characterization for the support of �aC

p
tx was proved under the addi-

tional assumption that supp�aC
p
tx D spec.aC

p
tx/. We remark that all previous works



Density of Brown measure of free circular Brownian motion 421

on �aC
p
tx mentioned above focused on qualitative properties of �aC

p
tx , such as its sup-

port and a general upper bound on its density. In contrast, our results concern precise
asymptotics of the density of �aC

p
tx at the boundary in a typical situation.

Finally, sharp cutoff of the density at the edge as in (1.4) was proved in [1, Proposi-
tion 2.4] under a different setting, with a D 0 but more general x corresponding to a large
random square matrix X whose entries have varying variances (in contrast to a circular
element, the limit of a Ginibre matrix). Later in [4, Theorem 2.5] this result was further
generalized toX with correlated entries but still with aD 0. However, the Brown measure
is radially symmetric when a D 0 making the problem easier.

1.2. Methods

Our proof of Theorem 10 mainly involves detailed analysis of the Schwinger–Dyson equa-
tion associated to the Hermitization of aC

p
tx. The Hermitization is the operator-valued

map defined by

C 3 z 7!

 
0 aC

p
tx � z

.aC
p
tx � z/� 0

!
2 C2�2

˝M; (1.9)

whose image is Hermitian as the name suggests. By the definition of the Brown measure,
it suffices to study the family of spectral measures ¹�

jaC
p
tx�zj W z 2 Cº, which precisely

matches that of the Hermitization up to symmetrization. Then the �-freeness of a and x

gives rise to the Schwinger–Dyson equation for the resolvent of the Hermitization given
by (see Proposition 19)

M.�/ D

 
�
�
� C t

2
TrM.�/

�
a � z

.a � z/� �
�
� C t

2
TrM.�/

�!�1 ; � 2 C; Im � > 0: (1.10)

Here, M is the C2�2-valued Stieltjes transform of aC
p
tx � z given by

M.�/ WD
�
Id˝ h�i

�  �� aC
p
tx � z

.aC
p
tx � z/� ��

!�1 !
: (1.11)

The main task in our proof is to study the Stieltjes transform TrM.i�/ when z is close
to the spectral edge and � > 0 is small; see Lemma 25. We remark that [46] first derived
and used the equation (1.10) for general a, and likewise, our method is more related to
[7, 16, 46] than [33, 34]; see Section 4 for more details.

While the Dyson equation in (1.10) played a crucial role also in [7,16,46], we study it
in a different regime. The line of works [7, 16, 46] handled general a, but only considered
z well inside the bulk (corresponding to Im TrM.i�/ � 1 as �! 0) or far outside of the
spectrum (Im TrM.i�/. �). In contrast, to study the density �.w/ around an edge point z,
one needs to take both jw � zj and � small. This poses a major difficulty since the Dyson
equation is highly unstable in the joint limit jw � zj; �! 0. The precise behavior of the
density along the boundary can only be detected if one takes the more involved limit �! 0
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first. We resolve this instability in Lemma 25 which is the main new technical part of our
proof.

We also mention that the sharp edge phenomenon was covered earlier in [1,3,21] with
somewhat more general x, but only for a D 0. The Dyson equation depended only on
jzj in these papers, so that the Brown measure was rotationally invariant. Consequently,
the second phenomenon (b) was simply absent therein, and even the geometry of (a) was
essentially one-dimensional, i.e. one only needed to show that �.jzj/ has a sharp cut-off.
But with non-zero a, we have to keep track of z as a genuinely two-dimensional parameter
in order to prove (a) and (b) along a general boundary (beyond circles) of supp �aCx .

1.3. Organization

In Section 2, we rigorously define our model and state the main results. Section 3 is
devoted to examples and counterexamples, along with pictorial illustrations. In Section 4
we provide free probabilistic preliminary results. Finally in Section 5, we prove the main
result Theorem 10. The remaining results, Theorems 14 and 15, are proved respectively
in Appendices A and B.

Notational remark 1. For an operator a in a von Neumann algebra M, we define jaj WD
.aa�/1=2, jaj� WD .a�a/1=2, and

Re a WD
aC a�

2
; Im a WD

a � a�

2i
:

For a von Neumann algebra M, we define HC.M/ WD ¹a 2M W Im a > 0º to be the open
upper-half plane in M. When M D C, we use the shorthand notation CC D HC.C/. For
each n 2 N, we define Mn.M/ WD Cn�n ˝M to be the �-algebra of .n � n/ matrices
over M.

Notational remark 2. We writeD.z; r/ WD ¹w 2 C W jw � zj < rº for w 2 C and r > 0,
and denote D WD D.0; 1/. The integral with respect to the Lebesgue measure on C is
denoted by Z

C
f .z/d2z:

Notational remark 3. For two functions f; g on a set I with g � 0, we write f . g to
denote that jf .i/j � Cg.i/ for all i 2 I and a constant C > 0 that do not depend on i .
For f; g � 0, we write f � g if f . g and g . f . If f; g are parametrized by multiple
indices, say, .i; j /, then we write f .j g if f .i; j / � C.j /g.i; j / for all .i; j /, where
C.j / > 0 does not depend on i . Likewise, we write f �j g if f .j g and g .j f .

2. Definitions and main results

Definition 1. Let .M; h�i/ be aW �-probability space, that is, M is a unital von Neumann
algebra and h�i is a faithful, tracial, normal state on M. Let x;a 2M be a �-free pair such
that x is a free circular element.
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Recall that a collection of �-subalgebras ¹Mi W i 2 I º of M is called �-free if, for any
b1; : : : ;bm 2M with bj 2Mij , we have´

hbj i D 0; 8j 2 ¹1; : : : ; mº;

i1 ¤ im; ij ¤ ijC1; 8j 2 ¹1; : : : ; m � 1º;
H) hb1b2 � � �bmi D 0: (2.1)

A collection of elements ¹ci W i 2 I º in M is called �-free if the �-algebras generated by
ci are �-free. A free circular element in M is defined by the sum x WD .s1 C is2/=

p
2

where .s1; s2/ is a free pair of semicircular elements in M, that is, each si is self-adjoint
with spectral distribution given by

˝
f .si /

˛
D

Z
R
f .x/

p
4 � x2

2�
1Œ�2;2�.x/dx; f 2 C

�
Œ�2; 2�

�
: (2.2)

Definition 2. For each b 2M, we denote the spectrum of b by spec.b/. We write �b for
the Brown measure of b with respect to h�i defined in (1.2). For each � > 0, we define the
function fb;�WC ! .0;1/ as

fb;�.z/ WD

�
1

jb � zj2 C �2

�
; (2.3)

and we further define fbWC ! .0;1� as

fb.z/ WD

�
1

jb � zj2

�
� lim
�!0

fb;�.z/: (2.4)

Remark 3. The functions fb;�; fb have the following properties which can be proved
with elementary calculations.

(i) fb is real analytic in C n spec.b/.

(ii) fb;� is continuous for each �> 0, and fb is lower semi-continuous. In particular,
the set ¹z 2 CWfb.z/ > cº is open for each c 2 R.

(iii) fb is strictly subharmonic in C n spec.b/, more precisely, for all z 2C n spec.b/
we have

�fb.z/ D 4
@2

@z@ Nz
fb.z/ D 4

�
1

j.b � z/2j2

�
> 0: (2.5)

(iv) We can recover the measure �jb�zj from the function � 7! fb;�.z/ via moments
of jb � zj2. In particular, we can compute hlogjb � �ji and hence �b.

Remark 4. If b is normal, we trivially have supp �b D spec.b/. For a general b we
have only supp �b � spec.b/, as z 7! hlogjb � zji is harmonic in C n spec.b/. Although
supp �b may be strictly smaller than spec.b/ in general, in most cases they are equal; see
Remark 16 for more details.

Before presenting our new results, we here record a previous result on the Brown
measure of aC

p
tx from [7, 46]:
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Theorem 5 ([7, Theorem 7.10] and [46, Theorem 4.2]). For each t > 0, define the open
domain Dt � C as

Dt WD

²
z 2 C W fa.z/ >

1

t

³
: (2.6)

Then we have the following.

(i) supp �aC
p
tx D

xDt .

(ii) �aC
p
tx is absolutely continuous with respect to the Lebesgue measure in C.

(iii) The density of �aC
p
tx is bounded by .�t/�1 in C, and positive, real analytic

in Dt .

Recall from Remark 3 (ii) that the domain Dt is open, and it is always non-empty
since fa.z/ D1 except for z in a �a-null set; see (2.22)–(2.23) for a proof.

Remark 6. Recall from [17] that, for a free pair of Hermitian operators .b;s/ in M with a
semicircular element s, the set supp.�bC

p
ts/ may not be increasing in t . In contrast, xDt ,

the support of �aC
p
tx , is always increasing in t since Dt increases by its definition. Also

by [46, Theorem 4.5] we have

supp �a �
xDt ; 8t > 0: (2.7)

2.1. Results

We now present the new results of this paper. The main result, on the spectral edge of
�aC
p
tx , is obtained under the following mild regularity assumption on a. Later in Sec-

tion 2.2, we discuss how to check its validity in certain cases.

Assumption 7. Fix t > 0. We assume spec.a/ � Dt , that is, we have

fa.z/ D

�
1

ja � zj2

�
>
1

t
; 8z 2 spec.a/: (2.8)

Remark 8 (Ubiquity of (2.8)). Observe that Assumption 7 automatically follows if both
supp�a D spec.a/ and supp�a �Dt hold true, that are slightly stronger than the trivially
valid inclusions supp �a � spec.a/ and supp �a �

xDt from Remark 4 and (2.7). While
there are somewhat pathological counterexamples to supp �a D spec.a/ or supp �a �

Dt (see Remark 16 and Theorem 10), one can still think of both as typical situations.
For example, the first equality typically holds for �-limits of random matrices, and the
second inclusion is satisfied unless �a has a fast decay at some point in the support; see
Remark 16 and (2.23), respectively. We also remark that the first part supp �a D spec.a/
can be directly compared with [19, Assumption (A3)], which reads as supp �aC

p
tx D

spec.aC
p
tx/.

Remark 9 (Regularity of @Dt ). Note that spec.a/ � Dt implies the strict inclusion
spec.a/ ¨ Dt since spec.a/ is compact and Dt is open. Thus, recalling the function fa
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is real analytic (hence continuous) and strictly subharmonic on C n spec.a/, we find that
Assumption 7 implies

@Dt D

²
z 2 C W fa.z/ D

1

t

³
: (2.9)

Then it also immediately follows that @Dt is an analytic curve (see also Remark 11),
hence of Lebesgue measure zero in C.

Theorem 10. Let t > 0 be fixed and a satisfy Assumption 7. Define the set of critical
points

Ct WD
®
z 2 @Dt W rfa.z/ D 0

¯
; (2.10)

where r is the usual gradient in C Š R2. Then there exists a density � for �aC
p
tx that

satisfies the following.

(i) (Outside) � is identically zero on C nDt D ¹z 2 C W fa.z/ < 1=tº.

(ii) (Bulk) For each ı > 0, there exists a constant c0 > 0 such that

�.z/ � c0 8z 2
®
z 2 Dt W dist.z; @Dt / > ı

¯
: (2.11)

(iii) (Sharp edge) Let z 2 @Dt n Ct . The density �.w/ satisfies the following asymp-
totics as w ! z in Dt ;

�.w/ D
1

4�

˝
ja � zj�4

˛�1 ˇ̌
rfa.z/

ˇ̌2
CO

�
jw � zj

�
: (2.12)

In particular, there exist constants c1; C1; ı1 > 0 such that

c11 xDt
.w/ � �.w/ � C11 xDt

.w/; jw � zj < ı1: (2.13)

(iv) (Quadratic edge) Let z 2 Ct . The .2 � 2/ Hessian matrix HŒfa� of fa (viewed
as a function in R2 Š C) at z satisfies TrHŒfa�.z/ > 0, and the density �.w/
satisfies the following quadratic asymptotics as w ! z in Dt ;

�.w/ D Qz Œw � z�CO
�
jw � zj3

�
; (2.14)

where u 7! Qz Œu� is a real-valued quadratic form on C defined by3

Qz Œu� WD
1

2�

˝
ja � zj�2ja � zj�2�

˛˝
ja � zj�4

˛ ˝
u;HŒfa�.z/u

˛
C

1

4�

1˝
ja � zj�4

˛HŒfa�.z/u
2: (2.15)

3In (2.15), we identified u 2 C with .Re u; Im u/
|

2 R2 and HŒfa�.z/ with the corresponding 2 � 2
real matrix. This choice is purely cosmetic as hu; HŒfa�.z/ui and kHŒfa�.z/uk do not depend on the
choice of an orthonormal basis of C Š R2.
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Consequently, for any � 2 .0; 1/ there exist constants c2; C2; ı2 > 0 such that

�.w/ � c21Dt
.w/jw � zj2; jw � zj < ı2; .w � z/ 2 �.z; �/;

�.w/ � C21Dt
.w/jw � zj2; jw � zj < ı2

(2.16)

where �.z; �/ is the angular sector (see Figure 2 (b)) defined by

�.z; �/ WD

²
w 2 C Š R2W

kPzwk
2

kwk2
< 1 � �

³
(2.17)

andPz2R2�2denotes the orthogonal projection onto the null space ofHŒfa�.z/.
Note that if HŒfa�.z/ is not singular then �.z; �/ D C for any � 2 .0; 1/.

The constant c0 in (ii) depends only on a and t . The constants c1; C1; C2; ı1; ı2 and the
implicit constants in (2.12) and (2.14) depend only on a and z. Finally, c2 depends only
on a; z, and �. Note that given a and z 2 @Dt we can recover t via 1=t D hja � zj�2i.

We prove Theorem 10 in Section 5. An important feature of Theorem 10 is that �
typically has a jump at the edge of its support, but at special points, when � decays at the
edge, only the quadratic rate is possible (at least within a cone). At first glance, the Taylor
expansion in (2.14) might seem to indicate that a higher order decay for � is also possible
by choosing a carefully. However, under Assumption 7, we will show that TrHŒfa�.z/ > 0

for any z 2 @Dt so thatHŒfa�.z/ is never fully degenerate. Actually, a higher-order decay
can happen without Assumption 7; see Theorem 14 below.

Remark 11 (Atypicality of quadratic edges). The set Ct of critical points is small in the
following two senses. Firstly, for each t > 0, by Łojasiewicz stratification theorem (see e.g.
[32, Section 3.2]) @Dt is a compact analytic manifold of dimension at most 1 (since fa is
non-constant by (2.5)), and Ct is an analytic submanifold of @Dt . Consequently, both @Dt

and Ct have finitely many connected components, and each component of Ct is either a
singleton (for being of lower dimension than @Dt ) or identical to a whole component of
@Dt . Secondly, notice that the set of t ’s for which Ct ¤ ; is precisely the set of critical
values of the real analytic function fa, i.e. we may write the set of such t ’s as

Ta WD

°
t > 0 W

1

t
2 fa. zC/

±
; zC WD

[
t>0

Ct D
®
z 2 C n spec.a/ W rfa.z/ D 0

¯
: (2.18)

The set zC of critical points is a (possibly non-compact) analytic manifold, thus has locally
finitely (hence countably) many connected components, again by Łojasiewicz stratifica-
tion theorem. Since fa is constant on each component of C , it follows that the set Ta is
at most countable. We also remark that the set zC is bounded by kak; indeed, for example
when x > kak we have that

@fa

@Re z
.x/ D

@fa

@z
.x/C

@fa

@ Nz
.x/ D 2

�
.Re a � x/

1ˇ̌
.a � x/2

ˇ̌2 � < 0: (2.19)
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Remark 12 (Localized result). Notice that Theorem 10 (iii) and (iv) is a dichotomy of
the density, around each point in the whole boundary @Dt under the global assumption
(2.8). With only minor modification to the proof, we can prove a similar result locally and
quantitatively for a given point on the boundary; if z 2 @Dt and z 2 C n spec.a/, then
either (iii) or (iv) holds true for � around z depending on whether jrfa.z0/j is zero or not.
In this case, for each fixed constant C > 0, the implicit constants in (2.12) and (2.14) can
be chosen uniformly over a and z satisfying kak � C and k.a � z/�1k � C .

Remark 13 (Shape of supp �aC
p
tx around a quadratic edge). For z 2 Ct , the (local)

shape of the Dt is determined by the type of the critical point z. If z is a local minimum
of fa, in particular if detHŒfa�.z/ > 0, then the support is locally simply connected; see
Figure 1 (d). If detHŒfa�.z/ < 0, then the support locally resembles a double cone; see
Figure 1 (b). The shape when detHŒfa�.z/D 0 is sensitive to higher partial derivatives of
fa in the degenerate direction; see Figure 2 (b). We also remark that, after our work first
appeared, the density of �aC

p
tx around such a degenerate critical point was studied in

detail in the recent work [5].

In the next theorem, we construct an a so that �aC
p
tx has any other rates of decay

than quadratic at a specific point on the edge; see Appendix A.1 for the proof.

Theorem 14. Fix p; q > 0 and let a be normal whose spectral distribution has a density
on R2 Š C given by

�a.x C iy/ D .p C 1/.q C 1/xpyq1Œ0;1�.x/1Œ0;1�.y/: (2.20)

If t > 0 is such that

1

t
> fa.0/ D .p C 1/.q C 1/

Z 1

0

Z 1

0

xpyq

x2 C y2
dx dy;

then the density � of �aC
p
tx satisfies, for each constant c > 0,

�.z/ �c jzj
pCq as z ! 0 in ¹z W 0 < c Re z � Im z � c�1 Re zº:

Note that if a is as in Theorem 14 with p;q � 0, then fa �1 on spec.a/D Œ0; 1�2, so
that a satisfies Assumption 7 for all t > 0. On the other hand, using that supp�a D Œ0; 1�

2

is convex, one can easily show that jrfaj > 0 on C n spec.a/ following (2.19). Hence,
for p; q � 0, the density � has sharp decay at the edge, i.e. � � 1 xDt

by Theorem 10 (ii)
and (iii).

As a last result, we prove that for general a 2M the number of connected components
of supp �aC

p
tx decreases, modulo the spectrum of a, as t increases. See Appendix B for

its proof.

Theorem 15. The number of connected components of xDt [ spec.a/ decreases in t > 0.

Notice that the set xDt [ spec.a/ is closed; the connected components in Theorem 15
are defined with respect to the relative topology of xDt [ spec.a/ in C. Also, Theorem 15
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remains true even if the number of connected components is infinite at some time t0 > 0.
In this case, if the number becomes finite at some t > t0, then it can never be infinite at
any later time than t .

Remark 16. The union with the spectrum spec.a/ in Theorem 15 is included to bypass
a fundamental difficulty. Namely, it is due to fact that the converse of the trivial inclusion
supp�a� spec.a/ is not true in general (see Remark 4). If a is such that supp�aD spec.a/,
then one can remove spec.a/ from the statement of Theorem 15 simply using (2.7). By
[26, Theorem 4.3], a notable class of such a’s is decomposable operators, which includes
normal operators and finite square matrices. Most importantly �-limits of generic (non-
Hermitian) random matrices (so-called DT-operators) were proved to be decomposable
in [25].

Certain R-diagonal operators a also serve as examples and counterexamples for
supp �a D spec.a/ – recall that an R-diagonal operator is the product uh of a �-free
pair .u; h/ with Haar unitary u and positive h. In [29, Proposition 4.6] it is proved that
supp�uh D spec.uh/ if and only if kh�1k <1 or hh�2i D 1. More precisely, supp�uh

is always the annulus with inner and outer radii .hh�2i�1=2; hh2i1=2/, and if kh�1k D 1
and hh�2i<1, then spec.uh/ is the ball with radius hh2i1=2 so that supp�uh¨ spec.uh/.

2.2. Checkability of Assumption 7

In this section, we discuss how to practically check Assumption 7 for a given a. First of
all, notice that Assumption 7 can be written solely in terms of ¹�ja�zj W z 2 Cº. Namely,
it is equivalent to

fa.z/ D

Z
R

1

x2
d�ja�zj.x/ >

1

t
whenever 0 2 supp �ja�zj: (2.21)

When a is normal, �ja�zj is the push-forward of �a by the map j� � zj. Thus (2.21)
becomes a statement depending only on the measure �a and hence can be validated with
standard measure theoretic techniques. For example, if a is normal and �a has a strictly
positive density in domain a with a regular (Lipschitz) boundary, then fa.z/ D 1 for all
z 2 supp �a D spec a. As a side note, we remark that for any Borel measure � on C we
have (see [46, Lemma 4.4] for a proof)Z

C

1

jz � wj2
d�.w/ D1 for �-a.e. z 2 C: (2.22)

On the other hand when a is a general non-normal operator, we cannot treat .a� z/�1

as an integral over the spectral resolution of a, and the relation between �a and �ja�zj is
unclear. Even in this case, we still have the inequality

fa.z/ D

Z
1

x2
d�ja�zj.x/ �

Z
C

1

jw � zj2
d�a.w/ 8z 2 C; (2.23)

from [30, Proposition 2.14 and Theorem 2.19]. The inequality (2.23) can be used to check
fa.z/ > 1=t for a given point z; e.g. when a itself is a circular element, then (2.23)
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immediately implies fa.z/D1 for all z 2 xD D supp�a D spec.a/, so that Assumption 7
holds for all t > 0. However, the inequality in (2.23) is strict in general. An R-diagonal
operator uh in Remark 16 is such an example; we have

fuh.0/ D hh
�2
i D

1

dist.0; supp �uh/2
�

Z
C

1

jzj2
d�uh.z/;

and the last inequality is strict unless �h is a point mass due to [29, Proposition 4.6]. Also
recall from Remark 16 that supp �uh ¨ spec.uh/ when hh�2i <1 and kh�1k D 1.

For certain operators a, there is an alternative approach to the z-dependent measure
�ja�zj. More precisely, this is the case when the Hermitized Green function M a (see (4.6)
later for its definition) solves a reasonable Schwinger–Dyson equation. Typical examples
include R-diagonal operators, for which we have the identity (see [28, Proposition 3.1] or
[29, Proposition 3.5])

z�juh�zj D z�h � zıjzj (2.24)

where z� denotes the symmetrization of a measure � on RC to R. Thus, via the identity
(2.24), we can check (2.21) in terms of z�h; for example when a is a circular element it
is known that z�h is the semi-circle distribution, for which we can easily check that the
following three conditions on z are all equivalent:

0 2 supp z�h � zıjzj; jzj � 1;
Z

R

1

x2
d
�
z�h � zıjzj

�
.x/ D fa.z/ D1:

Another example is when aD .
p
sijxij /ij 2 .M/n�n is a matrix-valued circular element,

where n is fixed, xij ’s are �-free circular elements, and sij > 0. In this case, Ma solves
a Schwinger–Dyson equation similar to that of a usual circular element, and by studying
the equation it was proved in [1, Proposition 3.2] that the following three conditions on z
are equivalent:

0 2 supp �ja�zj; jzj � �.S/;
˝
ja � zj�2

˛
D1;

where �.S/ is the spectral radius of the entrywise positive matrix S D .sij / 2 Cn�n. In
particular, for this choice of a Assumption 7 holds for all t > 0.

3. Examples

In this section, we present five examples of �aC
p
tx for various a’s, along with numerical

simulations. In Examples 1–3 we consider a satisfying Assumption 7, hence they serve as
illustrations of Theorem 10. Example 4 provides an illustration of Theorem 14, for which
the density of �aC

p
tx has faster than quadratic decay. Finally in Example 5, we consider

a’s violating Assumption 7, for which the density of �aC
p
tx still has sharp decay at the

edge but the shape of supp �aC
p
tx is different from those described in Theorem 10.



L. Erdős and H. C. Ji 430

(a) t D 0:5 (b) t D 2.
p
2 � 1/ (c) t D 0:9

(d) t D 1 (e) t D 1:1

Figure 1. Sampled eigenvalues of AC
p
tX (blue dots) and the boundary of supp �

aC
p
tx (black

curve), where A is a diagonal matrix with entries˙1 or˙i with the same multiplicity.

In order to visualize the density of �aC
p
tx , we use the eigenvalues of the correspond-

ing random matrix model. More precisely, by [45, Theorem 6], if the �-distribution of an
.N � N/ matrix A converges to that of an operator a as N !1 and X is an .N � N/
complex Ginibre matrix, then the eigenvalue distribution of AC

p
tX converges to the

Brown measure �aC
p
tx . In this regard, all of Figures 1–4 contain sampled eigenvalues of

an .N � N/ matrix AC
p
tX with N � 103, where X is a complex Ginibre matrix and

the �-distribution of A is close to that of a (which varies by examples).

Example 1. Let a be a normal operator with spectral measure .ı1 C ı�1 C ıi C ı�i/=4.
Then the following can be proved for the Brown measure �aC

p
tx with direct, elementary

calculations using Theorems 5 and 10 (see Figure 1 for an illustration):

(a) For t < 2.
p
2 � 1/, the support xDt consists of four simply connected regions,

and Ct D ; so that the density � of �aC
p
tx is uniformly bounded from below on

Dt by Theorem 10 (i) and (ii).

(b) At t D 2.
p
2 � 1/, the support xDt becomes connected, but there are four critical

points in Ct and we have detHŒfa�.z/ < 0 for each z 2 Ct . Thus, around each
z 2 Ct , the density has quadratic decay as described in (2.16) with �.z; �/ D C,
and has a (locally) hourglass-shaped support. The density is bounded from below
away from Ct .
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(a) spec.J CX/ and supp �uCx (b) �.0; �/, spec.B C
p
t0X/, and

supp �bC
p
t0x

Figure 2. supp�
aC
p
tx (black) with different choices of a and eigenvalues (blue) of the correspond-

ing matrix models, see Examples 2–3 for details.

(c) For 2.
p
2 � 1/ < t < 1, the support xDt is homeomorphic to an annulus, and

Ct D ; so that the density is bounded from below on Dt .

(d) At t D 1, the support Dt becomes simply connected. In this case Ct D ¹0º and
detHŒfa�.0/ > 0, so that �.z; �/DC and the density has quadratic decay around
the origin in every direction.

(e) For t > 1, the density is strictly positive and supported in a single simply con-
nected region.

Example 2. A similar phenomenon as in Example 1 remains true when a is normal with
spectral measure uniformly distributed on k-th roots of unity, as long as k > 2. This even
carries over along the limit k ! 1, leading to u C

p
tx with Haar unitary u. We can

easily see that the measure �uC
p
tx is supported on an annulus or a disk (depending on t )

and radially symmetric. The set Ct is empty unless t D 1, in which case Ct D ¹0º and the
density has quadratic decay at the origin. See Figure 2 (a) for an illustration; we sampled
the eigenvalues of J C X , where J D .Jij /1�i;j�N is the N � N null Jordan block, i.e.
Jij D 1 (j � i D 1). Since the �-distribution of J converges to that of u as N !1, we
can see that the eigenvalue distribution of J CX converges to the Brown measure �uCx .
In fact, J is a rank-one perturbation of J 0ij WD 1 (j � i � 1 mod N ) which is a unitary
matrix with uniform spectral measure on the set of N -th roots of unity.

Example 3. In Examples 1 and 2, every z 2 Ct was a non-degenerate critical point, i.e.
detHŒfa�.z/¤ 0. This implies Pz D 0 and thus �.z; �/D C (Pz and �.z; �/ are defined
in Theorem 10 (iv)). In this example, we construct an operator b so that detHŒfb�.z/ D 0

for some z 2 Ct . Consider a normal b whose spectral measure is given byZ
C
'.z/d�b.z/ D

35

96

Z 1

�1

'.�1C iy/C '.1C iy/
2

.1C y2/3dy; ' 2 C0.C/:
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(a) t D 0:2 < t0 (b) t D 0:9 > t0

Figure 3. spec.C C
p
tX/ (blue) for two values of t , below and above the critical value, with xy-

axes (dashed) for reference; see Example 4 for details.

More concretely, we may take b to be the complex random variable x C iy where x and
y are independent, x is ˙1 Bernoulli distributed, and y is a continuous random variable
with distribution function given by

P Œy � t � D
35

96

Z t

�1

.1C s2/3ds; t 2 Œ�1; 1�:

After some direct computations, we find that

rfb.0/ D 0;
@2

@x2
fb.0/ > 0;

@2

@x@y
fb.0/ D 0;

@2

@y2
fb.0/ D 0;

so that detHŒfb�.0/ D 0 and Pz is the projection onto the y-coordinate. Taking t0 D
1=fb.0/, it follows that the origin is a critical boundary point for �bC

p
t0x . As t increases

to t0, the two disjoint regions of xDt become tangent to each other at the origin. Even in
this case, by Theorem 10 (iv), the density around the origin is proportional to jzj2 in any
angular sector �.0; �/ contained in the open set ¹z W jRe zj > 0º. Figure 2 (b) shows the
eigenvalues ofB C

p
t0X (blue), supp�bC

p
t0x (black), and �.0;�/ (red), whereN D 103

and B D diag.bi / is the .2N � 2N/ diagonal matrix given by

bi D

´
�1C i Qyi ; 1 � i � N

1C i Qyi�N ; N C 1 � i � 2N;

35

96

Z Qyi
�1

.1C s2/3ds D
i

N
:

Note that in Figure 2 (b) we see two curves since @3yfa.0/D 0 and @4yfa.0/ < 0; if @3yfa.0/

did not vanish, we would see one curve with a cusp singularity.

Example 4. In this example we show a numerical illustration for Theorem 14. Consider
the random diagonal (hence normal) matrix C of size 103, whose entries are i.i.d. samples
from the law �a in (2.20) with p D 1 and q D 1:5. In this case, the critical value t0 D
fa.0/

�1 in Theorem 14 is t0 � 0:32. In Figure 3 we plot the eigenvalues of 10 samples of
C C

p
tX for two values of t . When t < t0, we see from Figure 3 (a) that the density of

�aC
p
tx decays around 0. In contrast when t > t0, Figure 3 (b) shows that we recover the

sharp cutoff edge behavior as in Theorem 10 (iii).
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As a last example, we consider the Hermitian d whose spectral measure is of Jacobi-
type, i.e. has a density (also denoted by �d ) satisfying for some p˙ > �1

�d .x/ � x
p�.1 � x/pC1Œ0;1�.x/: (3.1)

In other words, �d has power-law decays around lower and upper edges, 0 and 1, with
exponents p� and pC, respectively. We first recall the following result for the Brown
measure of d C

p
tx with general Hermitian d from [34, Theorem 1.1].

(i) There is a continuous function vt W R! Œ0;1/ such that Dt D ¹x C iy 2 C W
jyj < vt .x/º. More precisely, vt .x/ D vt .x; 0/ is defined in (4.14).

(ii) The density of �dC
p
tx is constant along vertical direction.

If we specialize d to have Jacobi-type spectral measure, we have the following result; see
Appendix A.2 for a proof.

Proposition 17. Let d 2M be �-free of a circular element x such that �d satisfies (3.1).
Define four real numbers.

t� WD
1

fd .0/
; xt;� WD sup

²
x < 0 W fd .x/ �

1

t

³
;

tC WD
1

fd .1/
; xt;C WD inf

²
x > 1 W fd .x/ �

1

t

³
;

where t˙ can be zero. Then the following hold true.

(iii) vt jR is strictly positive on .xt;�; xt;C/ and identically zero elsewhere.

(iv) If t 2 .0; t�/, then xt;� D 0 and vt .x/ � xp�1.x > 0/ as x ! 0: Note that
t� > 0 only if p� > 1.

(v) If t 2 .t�;1/, then xt;� < 0 and vt .x/ �
p
.x � xt;�/C as x ! xt;�.

(vi) If t ¤ t˙, the density of �dC
p
tx is bounded from below by a positive constant

in Dt .

The same statements as in (iv) and (v) hold true at the upper edge xt;C after obvious
modifications.

For p� > 1 and t < t�, Assumption 7 fails at the lower edge xt;� D 0 and Dt has
a cusp of order p� at xt;�. Note that under Assumption 7 such a sharp cusp would not
happen. To see this, note that @Dt is a level set of the smooth function fd with �fd > 0,
hence the open set Dt contains a non-trivial angular sector based at each z 2 @Dt . Still,
the density is comparable to 1 xDt

in all cases; we expect Proposition 17 (vi) to be true even
for t D t˙, but we excluded these cases for technical reasons.

Example 5. Finally, we present an illustration for Proposition 17. Here we consider the
random diagonal matrix D whose entries are sampled from Beta.3; 4/, i.e. with density
proportional to (3.1) with p� D 2 and pC D 3. In this case, the limiting eigenvalue dis-
tribution of D C

p
tX is �dC

p
tx where d is Hermitian with d � Beta.3; 4/, and trivial
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(a) t D 1=30 < t� (b) t� < t D 1=10 < tC (c) t D 2=5 > tC

Figure 4. spec.DC
p
tX/ (blue) and supp�

dC
p
tx (black) for three values of t (with y-axis scaled

differently for clarity); see Example 5 for details.

computations show that the two critical values for t in Proposition 17 are t� D 1=15 and
tC D 1=5. In Figure 4, we plot supp �dC

p
tx and eigenvalues of D C

p
tX for three val-

ues of t divided by t� and tC. For t < t� (Figure 4 (a)), the support Dt has cusps at both
left and right edges, respectively with orders p� D 2 and pC D 3. When t 2 .t�; tC/,
(Figure 4 (b)) only the right edge remains as a cusp and the left edge becomes smooth.
Finally for t > tC (Figure 4 (c)) the boundary @Dt becomes smooth. In all three cases the
density remains bounded from below up to the boundary, in contrast to Figure 3 (a) where
it vanishes at 0.

4. Preliminaries

In this section we collect various background information on aC
p
tx that will be used

later. They are largely taken from a series of papers [7,16,46] and we include them here in
order to put our proof in a proper context. We stress that all content in this section applies
to general a without Assumption 7. The new results, including the proof of Theorem 10,
appear in Section 5.

For simplicity, we use the shorthand notation

at WD aC
p
tx; t � 0; (4.1)

in the rest of the paper, where the operators a;x 2M are defined in Definition 1.

4.1. Hermitization

As the definition (1.1) of Brown measure suggests, we are naturally interested in the
spectral measure of jat � zj for varying z 2 C. We can further linearize the product
jat � zj

2 D .at � z/.at � z/
�, that is, using the fact that jat � zj has the same spectrum

as �
0 at � z

.at � z/
� 0

�
2M2.M/ DM2.C/˝M; (4.2)
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modulo symmetry about zero. The main advantage of studying (4.2) instead of jat � zj is
that the linearized matrix is a plain sum of linearized versions of

p
tx and a � z, which

allows us to exploit their freeness more easily. The matrix in (4.2) is often called the
Hermitization of at , a concept first introduced in [27] along the proof of circular law.
Hermitization method also has been proved to be an effective tool in free probability; we
refer to [14] for its application to the study of Brown measures of non-normal operators.

The goal of this section is to introduce notations involving Hermitization and its Green
function. Define for each b 2M

H b WD

�
0 b

b� 0

�
2M2.M/ �M2.C/˝M: (4.3)

Obviously Hb is a bounded Hermitian operator, so that we may define its generalized
resolvent as follows;

G b.Z/ WD .H b �Z/
�1; Z 2 HC

�
M2.C/

�
; (4.4)

where we canonically embedded HC.M2.C// inM2.M/. As immediate consequences of
the definition of G b.Z/, we have

Im G b.Z/ D
1

H b �Z�
ImZ

1

H b �Z
> 0;G b.Z/

 D � inf
kvkD1

jv�.H b �Z/vj
��1
�
.ImZ/�1

; (4.5)

where the infimum is taken over vectors v in the GNS Hilbert space L2.M; h�i/ on which
M2.M/ acts. With a slight abuse of notation we use h�i to denote the (block-wise) partial
trace on M2.M/, that is,� �

b11 b12

b21 b22

� �
WD

�
hb11i hb12i

hb21i hb22i

�
2M2.C/:

We then use the partial trace to define the M2.C/-valued Stieltjes transform as

M b.Z/ WD hG b.Z/i; Z 2 HC
�
M2.C/

�
: (4.6)

Note that the same trivial estimates as in (4.5) hold for M and its normalized trace trM WD

Tr M=2;
Im M b.Z/ > 0; Im tr M b.Z/ > 0;M b.Z/

 � .ImZ/�1
; ˇ̌

tr M b.Z/
ˇ̌
�
.ImZ/�1

: (4.7)

In what follows, we often take the variable Z 2 HC.M2.C// of the form

‚.z; �/ WD

�
i� z

Nz i�

�
; z 2 C; � > 0:
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By Schur complement formula, we can easily check thatMb.‚.z; �// is itself of the form
‚. Qz; z�/ for some Qz 2 C; z� > 0. In particular, trMb.‚.z; �// is purely imaginary:

trMb

�
‚.z; �/

�
D

�
i�

jb � zj2 C �2

�
2 i.0;1/; z 2 C; � > 0: (4.8)

Remark 18. As easily seen, the M2.C/-valued Stieltjes transform of b only determines
�-moments of the form hjbj2ki or hjbj2kbi. Instead, a further generalization determines
the full �-distribution of b, referred to as fully matricial Stieltjes transform; it assigns a
.2m � 2m/ matrix to each m 2 N and B 2 HC.M2m.C//, given by��

h�i ˝ I2
�
˝ Im

�
.H an ˝ Im � B/

�1

!
��
h�i ˝ I2

�
˝ Im

�
.H a ˝ Im � B/

�1
2M2m.C/: (4.9)

Indeed, recall from [13, Remark 2.7] that an ! a in �-distribution if and only if the fully
matricial Stieltjes transform converges.

4.2. Free probabilistic inputs

In what follows, we consider .M2.M/; h�i;M2.C// as an M2.C/-valued W �-probability
space (see [12, Section 2] for details), where M2.C/ is equipped with the usual tracial
state tr in (4.7). The main goal of this section is to record the Schwinger–Dyson equation
(see (4.10) below) for the Stieltjes transform M at from [46]. More precisely, we have the
following result.

Proposition 19 ([46, Theorem 3.8]). Let a; x 2M be as in Definition 1. Then, for any
z 2 C, � > 0, and t � 0, the .2 � 2/ matrix M at .‚.z; �// satisfies

Mat

�
‚.z; �/

�
DMa

�
‚.z; �/C t trMat

�
‚.z; �/

��
: (4.10)

Equivalently,
Mat�z.i�/ DMa�z

�
i�C t trMat�z.i�/

�
:

We remark that [46, Theorem 3.8] concerns elliptic x beyond circular, and Proposi-
tion 19 is a special case of their result.

Proposition 19 offers something beyond the spectral distribution of ja C
p
txj, in

contrast to the Hermitian case. Notice that both sides of (4.10) are .2 � 2/ matrices of the
form �

i� z

Nz i�

�
; w 2 CC; � > 0;

so that (4.10) gives two different equations, one for diagonal and the other for off-diagonal
entries. These two equations do not imply one another in general; see (4.16). In fact, the
identity between off-diagonal entries played a crucial role in [7, 46] (see e.g. the proof of
[46, Theorem 4.2]).

We will not repeat the proof of Proposition 19, but only remark that it is a consequence
of the following operator-valued subordination result using that x and a are �-free.



Density of Brown measure of free circular Brownian motion 437

Proposition 20 ([12, Theorem 2.7]). Let b; c 2 M be �-free. Then H b and H c are
free over the canonical sub-algebra M2.C/ of M2.M/, and there exists a unique pair
of Fréchet analytic self-maps !1; !2 of HC.M2.C// such that the following hold for each
Z 2 HC.M2.C//.

Im!1.Z/ � ImZ and Im!2.Z/ � ImZI (4.11)

�M b

�
!1.Z/

��1
D!1.Z/C !2.Z/ �Z D �M c

�
!2.Z/

��1
I (4.12)

M b

�
!1.Z/

�
DM c

�
!2.Z/

�
: (4.13)

Furthermore, the two quantities in (4.13) are equal to M bCc.Z/.

Remark 21. Recall from Remark 18 that the �-distribution of an operator a is deter-
mined by its fully matricial Stieltjes transform (see (4.9)). Since Proposition 20 shows the
analytic subordination for only .2 � 2/-valued Stieltjes transform, the functions !1; !2
by themselves determine the Brown measure of b C c but not its �-distribution. How-
ever, in fact, [12, Theorem 2.7] covers general operator-valued setting beyond M2.C/,
hence shows fully matricial analytic subordination, i.e. there are natural ‘lifts’ of !1; !2
to HC.M2n.C// for all n; see also [13, Theorem 2.13 and Lemma 2.14]. We also remark
that, in the Hermitian case, the scalar-valued analytic subordination functions can serve
as an alternative definition of free additive convolution; see [11, Theorem 4.1]. Similarly,
if we extend !1; !2 to the fully matricial setting, they can determine the �-distribution of
bC c with these functions.

For later purposes, we define the map vt WC � .0;1/! .0;1/ as

vt .z; �/ WD �C t Im tr
˝
Gat

�
‚.z; �/

�˛
� �C t Im trMat

�
‚.z; �/

�
: (4.14)

Note that (4.8), (4.10), and (4.14) give for each z 2 C and � > 0 that

Mat

�
‚.z; �/

�
DMa

�
‚.z; �/C t Im trMat

�
‚.z; �/

��
DMa

�
‚
�
z; vt .z; �/

��
; (4.15)

so that ivt .z; �/ D !1.‚.z; �// where !1 is the Fréchet analytic function in Proposition
20. Then it immediately follows that vt is real analytic in C � .0;1/. Writing out the
elements of the .2 � 2/ matrices in (4.15) using Schur complement formula, we get�

�

jat � zj2 C �2

�
D

�
vt .z; �/

ja � zj2 C vt .z; �/2

�
;�

1

jat � zj2 C �2
.at � z/

�
D

�
1

ja � zj2 C vt .z; �/2
.a � z/

�
:

(4.16)

Combining (4.14) and (4.16), we find that v � vt .z; �/ satisfies

v D �C t

�
v

ja � zj2 C v2

�
: (4.17)
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While the original definition of vt in (4.14) is given in terms of the spectral density of
jat � zj D jaC

p
tx � zj at the origin (regularized by �), the identity (4.17) may serve

as an alternative definition of vt .z; �/. Indeed, with a few lines of simple computation in
[46] one can show that (4.17) has a unique positive solution v for each fixed t; � > 0,
and z 2 C, and it coincides with vt .z; �/ given in (4.14). Finally, we remark that (4.17)
trivially implies v2 � �v � t , which shows that vt .z; �/ is bounded from above as

vt .z; �/ � � � t
�1=2; z 2 C; � > 0; t > 0: (4.18)

4.3. Regularized Brown measure

In this section, we collect preliminary results on the function v and recall the proof of
[7, Theorem 7.10].

Proposition 22 ([46, Lemmas 3.6 and 3.7]). Let t > 0 and define vt WC � .0;1/! .0;1/

as in (4.14).

(i) For each z 2 C, the map vt .z; �/ is strictly increasing on .0;1/.

(ii) The map vt extends continuously to C � Œ0;1/.

(iii) The extension vt .�; 0/ is positive and real analytic in the open set Dt and iden-
tically zero on C nDt .

In fact, when z 2 D we easily see that the equation�
1

ja � zj2 C v2

�
D
1

t
(4.19)

has a positive solution v > 0, and this solution is unique and identical to vt .z; 0/; see
[46, Lemma 3.6].

Next, we recall the following lemma from [7], which introduces a smoothed density
�t;� of the Brown measure �at , indexed by � > 0. The lemma also shows that �t;� admits
an expression involving vt .z; �/ instead of x, and that it is uniformly bounded by .�t/�1.

Lemma 23 ([7, Lemma 7.11]). Let a;x 2M be as in Definition 1 and t > 0 be fixed. For
each � > 0, the map

z 7!
˝
log

�
jat � zj

2
C �2

�˛
> 0 (4.20)

is C 2 in C Š R2. Defining

�t;�.z/ WD
1

4�
�z
˝
log

�
jat � zj

2
C �2

�˛
D

1

2�
�z
˝
log

p
jat � zj2 C �2

˛
; (4.21)

we have

��t;�.z/ D

�
1

ja � zj2 C v2
v2

ja � zj2� C v
2

�
C

�
�

2tv3
C

�
1�

ja � zj2 C v2
�2 ���1 ˇ̌̌̌� 1�

ja � zj2 C v2
�2 .a � z/�ˇ̌̌̌2; (4.22)

where we abbreviated v � vt .z; �/. Furthermore, 0 < �t;�.z/ < .�t/�1 for all z 2 C.
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One of the most important ideas in the proof of [7, Lemma 7.11] is the identity

d
dz

˝
logjat � zj2 C �2

˛
D

�
.at � z/

� 1

jat � zj2 C �2

�
; (4.23)

whose right-hand side is an off-diagonal block of M at�z.i�/ DM a�z.ivt .z; �//. Then
one can compute �t;�.z/ by taking the Nz-derivative of M a�z.ivt .z; �//, which can be
done by differentiating the Dyson equation (4.17).

On the other hand, by taking the limit �! 0 in Lemma 23, we can recover the Brown
measure �at : Indeed, from the definition (1.1) of the Brown measure and (4.21), we have
for each h 2 C 2c .C/ thatZ

C
h.z/

�
d�at .z/ � �t;�.z/d

2z
�
D

1

4�

Z
C
�h.z/

�
log

jat � zj
2

jat � zj2 C �2

�
d2z

D �
1

2�

Z
C
�h.z/

Z �

0

�
y

jat � zj2 C y2

�
dyd2z

D �
1

2�

Z
C
�h.z/

Z �

0

�
vt .z; y/ � y

�
dyd2z;

where we used the definition of vt .z; y/ in (4.14) in the last equality. Recalling (4.18) we
get ˇ̌̌̌ Z

C
h.z/

�
d�at .z/ � �t;�.z/d

2z
�ˇ̌̌̌
�

�
p
t
k�hkL1.C/: (4.24)

A qualitative version of this weak convergence was used in [7] to compute the density of
�at in the bulk as a limit of �t;�:

Lemma 24 ([7, Theorem 7.10]). Let a;x 2M be as in Definition 1 and t > 0 be fixed.

(i) The Brown measure �at is absolutely continuous on C with a density �.

(ii) The density admits the following formula for z … @Dt : If z 2 Dt we have

�.z/ D
1

�

�
1

ja � zj2 C v2
v2

ja � zj2� C v
2

�
C

�
1�

ja � zj2 C v2
�2 ��1 ˇ̌̌̌� 1�

ja � zj2 C v2
�2 .a � z/�ˇ̌̌̌2; (4.25)

where we abbreviated v D vt .z; 0/, and if z 2 C n xDt we have �.z/ D 0.

(iii) We have

lim
�!0

�t;�.z/ D �.z/ (4.26)

uniformly on compact subsets of Dt .



L. Erdős and H. C. Ji 440

5. Proof of Theorem 10

We prove Theorem 10 in this section. As such, we always impose Assumption 7 on a

throughout this section. For simplicity, since we consider fixed t > 0 in Theorem 10, we
take t D 1 without loss of generality and abbreviate

D � D1; v � v1; and �� � �1;�:

We write aC x in place of at to avoid confusion.

Lemma 25. For each z0 2 @D , there exists ı > 0 such that the following holds uniformly
over .z; �/ 2 D.z0; ı/ � Œ0; ı�; (recall the relation �i from Notational Remark 3)

v.z; �/ �.z0;ı/

8<:
�

1�fa.z/C�2=3
; fa.z/ � 1;p

fa.z/ � 1C �
1=3; fa.z/ > 1:

(5.1)

Furthermore, for � � 0 and as z ! z0, we have the more precise asymptotics

v.z; 0/ D

8<: 0; fa.z/ � 1;D
1

ja�zj4

E�1=2p
fa.z/ � 1CO

�
fa.z/ � 1

�
; fa.z/ > 1:

(5.2)

Proof. First of all, recall @D � C nD � C n spec.a/, which implies that there exists
ı > 0 such that z 7! .a � z/�1 is analytic and norm-bounded on the disk D.z0; ı/. Note
that we have v.z; �/ � 1 for all z 2 C and � > 0 due to (4.18). For all v 2 R and z in the
disk ¹z W jz � z0j < ıº, we have�

1

ja � zj2 C v2

�
�

�
1

ja � zj2

�
D �

�
v2

ja � zj2
�
ja � zj2 C v2

��: (5.3)

Recall also that v � v.z; �/ satisfies (4.17); we always take v D v.z; �/ with .z; �/ 2
D.z0; ı/ � Œ0; ı� in the rest of the proof. Combining (4.17) with (5.3) gives

� D v �

�
v

ja � zj2 C v2

�
D v

�
1 � fa.z/C v

2

�
1

ja � zj2
�
ja � zj2 C v2

���: (5.4)

We first consider the regime fa.z/ � 1. In this case, we have from (5.4) and v � 1 that

� D v
�
1 � fa.z/

�
C

�
v3

ja � zj2
�
ja � zj2 C v2

��
� v

�
1 � fa.z/

�
_ v3

�
1

ja � zj2
�
ja � zj2 C 1

��;
which immediately implies

v ..z0;ı/
�

1 � fa.z/
^ �1=3 �

�

1 � fa.z/C �2=3
: (5.5)
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Conversely, we have

� D v
�
1 � fa.z/

�
C

�
v3

ja � zj2
�
ja � zj2 C v2

�� � v�1 � fa.z/
�
C v3

�
1

ja � zj4

�
: (5.6)

Plugging v . �1=3 from (5.5) into (5.6) and using k.a � z/�1k ..z0;ı/ 1 proves

� � v
�
1 � fa.z/

�
C v3

�
1

ja � zj4

�
..z0;ı/ v

�
1 � fa.z/C �

2=3
�
; (5.7)

which is the complementing lower bound for (5.5). This proves the first line of (5.1).
Next, we consider fa.z/ > 1. Here we first establish the lower bound; we use (5.4) to

write

v3
�

1

ja � zj4

�
� v3

�
1

ja � zj2
�
ja � zj2 C v2

�� D �C v�fa.z/ � 1
�
; (5.8)

and using each term on the rightmost side of (5.8) proves

v &.z0;ı/ �
1=3
C
p
fa.z/ � 1: (5.9)

Conversely, using (5.9) as an input, we have

v2
�

1

ja � zj2
�
ja � zj2 C 1

�� � v2� 1

ja � zj2
�
ja � zj2 C v2

��
D
�

v
C fa.z/ � 1 ..z0;ı/ �

2=3
C fa.z/ � 1;

which proves the upper bound complementing (5.9). This completes the proof of (5.1).
Finally, we prove the last assertion (5.2). For fa.z/� 1 the result immediately follows

from (5.1) by taking the limit � ! 0. For fa.z/ > 1, the defining equation (4.17) for
v D v.z; 0/ reduces to

0 D 1 � fa.z/C

�
v2

ja � zj2
�
ja � zj2 C v2

�� D 1 � fa.z/C v
2

�
1

ja � zj4

�
CO.v4/;

where we used that v.z; 0/ > 0. Recalling from (5.1) that v �
p
fa.z/ � 1, we have

vD

�
1

ja � zj4

��1=2p
fa.z/ � 1CO.v

2/D

�
1

ja � zj4

��1=2p
fa.z/ � 1CO

�
fa.z/� 1

�
;

completing the proof of Lemma 25.

Remark 26. As in Remark 12, exactly the same proof applies without Assumption 7 pro-
vided z0 2 @D and z0 … spec.a/. We can also make it quantitative so that the implicit con-
stant in (5.1) can be chosen uniformly over a and z satisfying kak � C and k.a � z/�1k
� C , for each fixed constant C > 0.
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Proof of Theorem 10. The first part (i) immediately follows from Lemma 24. For the rest
of the assertions (ii)–(iv), we recall from (4.25) the definition of � (for t D 1) in D ;

��.w/ D v.w; 0/2
�

1

ja � wj2 C v.w; 0/2
1

ja � wj2� C v.w; 0/
2

�
C

�
1�

ja � wj2 C v.w; 0/2
�2 ��1 ˇ̌̌̌� 1�

ja � wj2 C v.w; 0/2
�2 .a � w/�ˇ̌̌̌2: (5.10)

We next prove part (ii). Recall that v.�; 0/ is continuous and strictly positive in the open
domain D . Thus for a given ı > 0 we have a constant c > 0 such that

c < v.z; 0/; 8z 2
®
z 2 D W dist.z; @D/ � ı

¯
; (5.11)

where we used that the domain in (5.11) is a compact subset of D . Indeed, the set D

(hence @D) is bounded by kak C 1, since jzj > kak C 1 implies

fa.z/ �
.a � z/�12 � 1�

jzj � kak
�2 � 1: (5.12)

Therefore the first term in (5.10) is bounded from below by another constant c0 > 0

depending only on a (and implicitly on t > 0) as

v.z; 0/2
�

1

ja � zj2 C v.z; 0/2
1

ja � zj2� C v.z; 0/
2

�
� c2

1�
ka � zk2 C 1

�2 � c0;
where we used v.z; 0/ � 1 from (4.18). This completes the proof of (ii).

For (iii) and (iv), we fix a point z 2 @D and (formally) consider the right-hand side of
(5.10) as a function of two independent variables w and v � v.w; 0/. Then we expand it
with respect to v at 0, using that w 7! .a �w/�1 is analytic around z. More precisely, we
have

��.w/ D v2
�

1

ja � wj2ja � wj2�

�
C
�˝
ja � wj�4

˛
� 2v2

˝
ja � wj�6

˛��1 ˇ̌
@ Nwfa.w/ � 2v

2@ Nw
˝
ja � wj�4

˛ˇ̌2
CO.v4/: (5.13)

Next, for (iii), we apply the following estimates to (5.13): Uniformly over jw � zj< ı,
we have that  1

a � w
�

1

a � z

 ..z;ı/ jw � zj; (5.14)ˇ̌
@ Nzfa.w/ � @ Nzfa.z/

ˇ̌
..z;ı/ jw � zj; (5.15)ˇ̌

fa.w/ � 1
ˇ̌
D
ˇ̌
fa.w/ � fa.z/

ˇ̌
..z;ı/ jw � zj; (5.16)

v.w; 0/ ..z;ı/
q�
fa.w/ � 1

�
C
..z;ı/

p
jw � zj; (5.17)
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where we used Lemma 25 in (5.17). As a result, we obtain from (5.13) that (in fact, here
we only need (5.13) up to an O.v2/ error)

�.w/ D
1

�

˝
ja � zj�4

˛�1 ˇ̌
@ Nzfa.z/

ˇ̌2
CO

�
jw � zj

�
; (5.18)

which proves (2.12). Since j@ Nzfa.z/j D jhja� zj
�4.a� z/ij ¤ 0 away from C and (5.18)

is valid for w 2 D , combining with Lemma 24 (ii) leads4 to (2.13). This completes the
proof of part (iii).

Finally, we prove the higher order expansion (iv). In this case we have rfa.z/D 0, so
that the function fa is locally quadratic around z. Consequently, the estimates (5.16) and
(5.17) can be improved to ˇ̌

fa.w/ � 1
ˇ̌
..z;ı/ jw � zj2;

v.w; 0/ �
˝
ja � zj�4

˛�1=2q�
fa.w/ � 1

�
C
..z;ı/ jw � zj2:

Plugging these into (5.13), we have

��.w/ D
˝
ja � zj�4

˛�1˝
ja � wj�2ja � wj�2�

˛�
fa.w/ � 1

�
C

C
�˝
ja � wj�4

˛
CO

�
jw � zj2

���1�ˇ̌
@ Nzfa.w/

ˇ̌
CO

�
jw � zj2

��2
CO

�
jw � zj4

�
D
˝
ja � zj�4

˛�1˝
ja � zj�2ja � zj�2�

˛�
fa.w/ � 1

�
C

C
˝
ja � zj�4

˛�1 ˇ̌
@ Nzfa.w/

ˇ̌2
CO

�
jw � zj3

�
; (5.19)

and the asymptotics (2.14) in (iv) follows from substituting Taylor expansions of fa and
@ Nzfa into (5.19).

The upper bound in the inequality (2.16) follows immediately from the expansion
(2.14) since all prefactors in (2.14) and kHŒfa�.z/k are bounded as z … spec.a/. For the
lower bound, recall �fa.z/ D TrHŒfa�.z/ D 4hj.a � z/

�2j2i > 0 from (2.5), so that the
matrix HŒfa�.z/ 2 R2�2 has at least one positive eigenvalue. We take � ¤ 0 to be the
smallest (in modulus) non-zero eigenvalue of HŒfa�.z/. Recalling that Pz is the orthogo-
nal projection onto the null space of HŒfa�.z/, whenever .w � z/ 2 �.z; �/ we haveHŒfa�.z/

�
ReŒw � z�
ImŒw � z�

� � j�j.I � Pz/�ReŒw � z�
ImŒw � z�

� � j�jjw � zj: (5.20)

Substituting (5.20) into the asymptotics (2.14) proves that

�.w/ � cjw � zj2 CO
�
jw � zj3

�
;

which gives lower bound in (2.16). This completes the proof of Theorem 10.

4We define �.z/ by the same formula as in (4.25) for z 2 @D , which is of Lebesgue measure zero
under Assumption 7; see Remark 9.
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We conclude this section with a side result about the limit of the regularized Brown
measure exactly at the edge, complementing the similar result in the bulk (4.25)–(4.26):

Lemma 27. If z 2 @D , we have

lim
�!0

��.z/ D
2

3

�
1

ja � zj4

��1 ˇ̌̌̌�
1

ja � zj4
.a � z/

�ˇ̌̌̌2
: (5.21)

Proof. We temporarily abbreviate v.�/ � v.z; �/ along the proof since we consider fixed
z 2 @D . By (4.22) and (5.2), it suffices to prove that

lim
�!0

�
�

2v.�/3
C

�
1�

ja � zj2 C v.�/2
�2 ���1 ˇ̌̌̌� 1�

ja � zj2 C v.�/2
�2 .a � z/�ˇ̌̌̌2

D
2

3

�
1

ja � zj4

��1 ˇ̌̌̌�
1

ja � zj4
.a � z/

�ˇ̌̌̌2
: (5.22)

Recall from Assumption 7 that z … D implies z … spec.a/, hence the operator .a � z/�1

is bounded. Note also that z 2 C nD implies v.0/ D 0 by Proposition 22.
For the first term in the denominator of (5.22), we use (5.4) and v.�/! 0 as �! 0 to

obtain

�

v.�/3
D
1 � fa.z/

v.�/2
C

�
1

ja � zj2
�
ja � zj2 C v.�/2

��! ˝
ja � zj�4

˛
; (5.23)

where we used that .a � z/�1 is bounded when fa.z/ D 1. For the remaining quantities
in (5.22), we have the norm (in M) convergences

lim
�!0

1�
ja � zj2 C v.�/2

�2 D 1

ja � zj4
;

lim
�!0

1�
ja � zj2 C v.�/2

�2 .a � z/ D 1

ja � zj4
.a � z/:

(5.24)

Finally, combining (2.9), (5.23), and (5.24) proves (5.22). This completes the proof of
Lemma 24.

Remark 28. Along the proof of Theorem 10, in (5.18) and (5.21), we have proved that
for z 2 @D n C

lim
�!0

lim
w!z

��.w/ D
2

3�

�
1

ja � zj4

��1 ˇ̌̌̌�
1

ja � zj4
.a � z/

�ˇ̌̌̌2
;

lim
w!z;w2D

lim
�!0

��.w/ D
1

�

�
1

ja � zj4

��1 ˇ̌̌̌�
1

ja � zj4
.a � z/

�ˇ̌̌̌2
:

(5.25)

Notice the discrepancy between the two limits in (5.25); the former is strictly smaller than
the latter by a factor of 2=3. This shows that the smoothed density �� is highly unstable
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around the edge, in the sense that lim.w;�/!.z;0/ ��.w/ depends on the direction .w; �/
approaches .z; 0/. Upon close inspection of the proof, we find that the limit (5.23) is
responsible for this instability, that is, the limit

lim
.w;�/!.z;0/

�

v.w; �/3

depends (if exists) on the limit direction; see (5.1) for an explanation. Nonetheless, plug-
ging in

lim inf
.w;�/!.z;0/

�

v.w; �/3
� 0

to the definition of ��.w/ proves that the limit along � D 0 is the largest, that is,

lim sup
.w;�/!.z;0/

��.w/ D
1

�

˝
ja � zj�4

˛�1 ˇ̌
@ Nzfa.z/

ˇ̌2
:

A. Irregular edges

A.1. Proof of Theorem 14

Proof of Theorem 14. Since the proof is mostly computational we only show the main
steps. Denote z D E C iE 0 2 Œ0; 1�2, where z is in the domain in Theorem 14, i.e.

cE � E 0 � c�1E

for some constant c > 0. For another suitable constant C > 1, we divide the support Œ0; 1�2

of �e into
S4
jD1 Ij , where

I1 WD Œ0; CE� � Œ0; C
�1E 0� [ Œ0; C�1E� � Œ0; CE 0�;

I2 WD ŒC
�1E;CE� � ŒC�1E 0; CE 0�;

I3 WD Œ0; CE� � ŒCE
0; 1� [ ŒCE; 1� � Œ0; CE 0� DW I31 [ I32;

I4 WD ŒCE; 1� � ŒCE
0; 1�:

(A.1)

All asymptotic notations below depend on the choice of c; C; t , and we omit the subscript
.c; C; t/ for brevity.

In the first step, we show that v � vt .z/, the solution of

.p C 1/.q C 1/

Z 1

0

Z 1

0

xpyq

.x �E/2 C .y �E 0/2 C v2
dx dy D

1

t
; (A.2)

is exponentially small in E, more precisely that

� log v � E�.pCq/: (A.3)
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The proof of (A.3) follows from evaluating the integral in (A.2) over each domain
I1; : : : ; I4. We easily find that the integral over I2 dominates others, which is computed asZ
I2

xpyq

.x �E/2 C .y �E 0/2 C v2
dx dy � EpCq

Z
Œ�1Cc;C�1�2

1

Qx2 C Qy2 C .v=E/2
d Qx d Qy

� EpCq
Z

D

1

jzj2 C .v=E/2
d2z

� EpCq log
�
v2

E2

�
; (A.4)

where we used the change of variables E Qx D x � E and E 0 Qy D y � E 0. Since we fixed
t > 0, (A.3) immediately follows.

Now we apply (A.3) to each term in the formula (4.25) for the density � of �eC
p
tx .

For the first term therein, we write�
1

je � zj2 C v2
1

je � zj2� C v
2

�
D

Z 1

0

Z 1

0

.p C 1/.q C 1/xpyq�
.x �E/2 C .y �E 0/2 C v2

�2 dx dy; (A.5)

where in the first equality we used that e, hence e � z, are normal so that je � zj D
je � zj�. We divide the domain of integration on the right-hand side of (A.5) as in (A.1).
Again it is easy to see that the integral over I2 is dominating, which leads to

v2
�

1

je � zj2 C v2
1

je � zj2� C v
2

�
� EpCq : (A.6)

Applying the same argument to the second term in (4.25), we find thatˇ̌̌̌�
1�

je � zj2 C v2
�2 .e � z/�ˇ̌̌̌

� .p C 1/.q C 1/

Z
Œ0;1�2

xpyq
�
jx �Ej C jy �E 0j

��
.x �E/2 C .y �E 0/2 C v2

�2 dx dy . EpCqv�1;

which, together with (A.6), gives�
1�

je � zj2 C v2
�2 ��1 ˇ̌̌̌� 1�

je � zj2 C v2
�2 .e � z/�ˇ̌̌̌2

. .EpCqv�2/�1 � .EpCqv�1/2 � EpCq : (A.7)

Plugging in (A.6) and (A.7) to (4.25), we conclude

�.z/ � EpCq � jzjpCq

as desired. This concludes the proof of Theorem 14.
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A.2. Proof of Proposition 17

In this section, we prove Proposition 17. Our proof is inspired by [37, Section A].

Proof of Proposition 17. We start with the proof of (iii). By Proposition 22 (ii), we only
need to prove that Dt \ R D .xt;�; xt;C/. Clearly .0; 1/ � Dt , since fd .x/ � 1 for
x 2 .0; 1/. If xt;� < 0, we also have .xt;�; 0� � Dt by the definition of xt;�. Applying
the same argument to the upper edge, we have .xt;�; xt;C/ � Dt . Conversely, if x <
xt;� or x > xt;C, we immediately have fd .x/ �

1
t

by the definition of xt;˙. This proves
R n .xt;�; xt;C/ � R nDt , completing the proof of (iii).

We next prove (iv), i.e. the solution vt .�; 0/ of the equation (4.17) satisfies, for some
small ı > 0, that

v D v.x/ � vt .x; 0/ �.t;ı/ x
p� ; x 2 Œ0; ı�: (A.8)

Along the proof of (A.8) we consider t < t� and ı > 0 to be fixed, henceforth omit the
subscript .t; ı/ from all asymptotic notations. Recall first that v.0; 0/ D 0 (since fd .0/ D

1=t� < 1=t by assumption) and that v.x/ is continuous, hence we may take ı > 0 small
enough so that v.�; 0/ is small in D.0; ı/. Fix a threshold " > 0 as

ı < " <
1

100
^
1

5

�
1 �

t

t�

�
:

We next show that v < x=2. Suppose v � x=2 on the contrary and rewrite the equation
(4.19) as

1

t
D

�Z "�1x

0

C

Z 1

"�1x

�
1

.E � x/2 C v2
�d .E/dE: (A.9)

The first integral in (A.9) is estimated asZ "�1x

0

�d .E/

.E � x/2 C v2
dE �

Z "�1x

0

�d .E/

v2
dE .

xp�C1

v2
� xp��1; (A.10)

where we used the assumption v � x=2 in the last inequality. The second integral in (A.9)
is bounded from above byZ 1

"�1x

�d .E/

.E � x/2
dE �

Z 1

"�1x

�d .E/

E2.1 � "/2
dE �

1

t�.1 � "/2
�
1C 3"

t�
<
1

t
� c; (A.11)

where the last two inequalities follows from the definition of ". Thus we conclude from
(A.9) that

c � xp��1;

which is a contradiction by taking small ı > 0 since p� > 1. This proves v < x=2.
Now we show the upper bound in (A.8), i.e. v . xp� . Since v < x=2 from the previous

paragraph, we have
0 < x � v < x C v < "�1x < 1:
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Thus we may rewrite (4.19) as

v

t
D

�Z x�v

0

C

Z xCv

x�v

C

Z "�1x

xCv

C

Z 1

"�1x

�
v

.E � x/2 C v2
�d .E/dE

DW .A/C .B/C .C /C .D/: (A.12)

We estimate each integral in (A.12) as follows;

.A/ .
Z x�v

0

vEp�

.E � x/2
dE � vxp�

Z x�v

0

1

.E � x/2
dE � xp� I

.B/ �

Z xCv

x�v

1

v
Ep�dE � xp� I

.C / .
Z "�1x

xCv

v

.E � x/2
Ep�dE . xp� I

For the last integral, we use (A.11) to get

.D/ <

�
1

t
� c

�
v:

Combining all estimates, we find v . xp� as desired. The lower bound v & xp� follows
from .B/ � xp� . This completes the proof of (iv). On the other hand Proposition 17 (v)
follows from Remark 26, since t > t� implies xt;� < 0, which in turn gives f 0

d
.xt;�/ � 1

hence .fd .x/ � 1/ � .x � xt;�/.
Finally, we prove (vi), i.e. that the density of �dC

p
tx is bounded from below on Dt .

Recalling from part (ii) that the density is constant along vertical segments in Dt , it suf-
fices to show a uniform lower bound of the density for z in the interval .xt;�; xt;C/. For a
small parameter ı1 > 0, we further divide this interval into

.xt;�; xt;C/ D It;1 [ It;2;

where
It;1 � It;1.ı1/ WD Œxt;� C ı1; xt;C � ı1�;

It;2 � It;2.ı1/ WD .xt;�; xt;� C ı1/ [ .xt;C � ı1; xt;C/:

The first domain It;1 is a compact subset of Dt so that the density is bounded from below
by a constant therein by Theorem 5 (ii). For the second domain It;2, without loss of gener-
ality we focus only on the left portion of It;2, i.e. Œx�; x�C ı1/. If t > t� so that xt;� < 0,
the result again follows from Theorem 10 (iii) since f 0

d
.xt;�/ � 1, so that the density is

proportional to 1 xDt
around xt;�. On the other hand if t < t�, recall from (4.25) that the

density �.x/ of �dC
p
tx at 0 < x � 1 admits the lower bound

�.x/ &
�

v2

jd � xj4 C v4

�
D

Z 1

0

v2

jE � xj4 C v4
�d .E/dE:



Density of Brown measure of free circular Brownian motion 449

Using v � xp� from Proposition 17 (iv) with p� > 1 (since t < t�) and �.E/ � Ep� as
E & 0, we haveZ 1

0

v2

jE � xj4 C v4
�d .E/ &

Z 1

0

x2p�

jE � xj4 C x4p�
Ep�dE

�

Z xCxp�

x�xp�

x2p�

jE � xj4 C x4p�
Ep�dE � 1;

as x & 0. By taking ı1 small enough, we have proved that � is bounded from below by a
constant in Dt;3. This completes the proof of Proposition 17 (vi).

B. Proof of Theorem 15

Proof of Theorem 15. The proof is by contradiction. Take 0 < t� < tC and assume that
the number of components of xDtC [ spec.a/ is larger than that of xDt� [ spec.a/. Recall
that xDt [ spec.a/ is closed for each t � 0 and its components are defined with respect to
the relative topology inherited from C.

The open set Dt is bounded for each t since

jzj2 � 2
�
kak2 C t

�
H) ja � zj2 � t H) z … Dt ;

by Cauchy–Schwarz inequality. Thus we may then write the components Ci and Dj as

xDt� [ spec.a/ D
k[
iD1

Ci ; xDtC [ spec.a/ D
m[
jD1

Dj ; k < m;

where we allowmD1 (still k <1 by hypothesis). Note that each Ci is closed and open
in the relative topology of xDt� [ spec.a/, hence closed in C. Similarly Dj ’s are closed
in C, while they might not be open in xDtC [ spec.a/ when m D 1. To sum up, each of
¹Ciº and ¹Dj º is a collection of disjoint, connected, compact subsets of C.

Then, since xDt� �
xDtC , for each i 2 ¹1; : : : ; kº there exists ji 2 ¹1; : : : ;mº such that

Ci � Dji ; Ci \Dj D ;; 8j ¤ ji :

Without loss of generality we assume ¹j1; : : : ; jkº D ¹1; : : : ; k0º with k0 � k. Notice
for each j > k0 that the function fa is real analytic in a neighborhood of Dj , and that
fa.z/ � 1=tC for all z 2 Dj , due to

Dj � xDtC n

k[
iD1

Ci � xDtC \
�
C n spec.a/

�
:

In what follows, we deduce that fa has a local maximum in C n spec.a/, that is, there
exists a point z0 2 C n spec.a/ and r0 > 0 so that fa.z0/ � fa.z/ for all jz � z0j < r0.
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This would lead to a contradiction since fa is a non-constant subharmonic function in the
open set C n spec.a/, due to �fa.z/ > 0 from (2.5).

To this end, we divide the proof into two cases; firstly, we assume that fa is identically
1=tC on

S
j>k0Dj . In this case, we take z0 to be any point in

S
j>k0Dj and small enough

r0 so that the disk D.z0; r0/ lies in C n spec.a/ while not intersecting with
S
j�k0 Dj .

Then it immediately follows that

D.z0; r0/ \ xDtC �

[
j>k0

Dj ;

which in turn implies fa.w/ � t
�1
C D fa.z0/ for any w 2 D.z0; r0/.

Secondly, we consider the complementary case when there exists j0 > k0 and z 2
Dj0 with fa.z/ > t�1C . In this case we take z0 to be the point in Dj0 with fa.z0/ D

maxz2Dj0 fa.z/. Then, by the continuity of fa, we may take a small enough r0 > 0 so
that

D.z0; r0/ � DtC \
�
C n spec.a/

�
;

which implies that fa attains a local maximum at z0 in D.z0; r0/. This completes the
proof of Theorem 15.
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