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Estimates for trilinear and quadrilinear character sums

Etienne Fouvry, Igor E. Shparlinski and Ping Xi

Abstract. We obtain new bounds on some trilinear and quadrilinear character sums,
which are non-trivial starting from very short ranges of the variables. An application
to an apparently new problem on oscillations of characters on differences between
Farey fractions is given. Other applications include a modular analogue of a multi-
plicative hybrid problem of Iwaniec and Sarkozy (1987) and the solvability of some
prime type equations with constraints.

1. Introduction and backgrounds

1.1. Set-up

Motivated by various applications to analytic number theory, estimates for character sums
received a lot of attention in the past decades. In many situations, the variables are sup-
ported over some additively structured sets, such as sets of consecutive integers. But the
difficulty can vary significantly since the weights might be arbitrary. This paper aims to
study two kinds of multilinear character sums with arbitrary weights.

Throughout this paper, denote by p a large prime, and by y a non-trivial multiplicative
character modulo p. Take two integers a,b with p } ab. For K, L, M, N > 1, we consider
the trilinear character sum

(1.1) T(e,B) = Z Z Z UmPr.n x(ak + bmn)

k<K m<M n<N

and the quadrilinear sum

(1.2) Qe B)=) Y > Y amPraxakl+bmn),

k<K {<Lm<M ns<N

where & = (o) or (0¢,m) and B = (Bk,,) are some complex weights. Note that one
obtains (1.1) if taking L = 1 and a1, = o, in (1.2). No confusion on the definitions of &
arises since one is for the trilinear sum, and the other is for the quadrilinear one.

In various practical applications, one aims to obtain upper bounds, as strong as pos-
sible, for T (e, B) and Q (e, B) in terms of the £,-norms ||a||, and ||B ||, (see (1.7) below

Mathematics Subject Classification 2020: 11L40.
Keywords: character sums, trilinear forms, quadrilinear forms.



E. Fouvry, I. E. Shparlinski and P. Xi 2

for the definition of norms). We refer to the following inequalities:
| (. B)] < min{[|et]|oo | BllooKMN. [let]l2]|Bll2(KMN)'/?}

and
19 (e, )] < min{||e]|oo|Blloc KLMN, |le|2]|Bll2(KLMN)'2},

as trivial bounds, as they follow directly from the triangle inequality and the Cauchy—
Schwarz inequality. Our aim is to beat the above trivial bounds for «, 8 as general as
possible and K, L, M, N as small as possible compared to p.

We would like to emphasize that weights in (e, #) depend on variables from differ-
ent products, which makes treatments of such sums much more difficult, as the standard
smoothing technique does not immediately apply.

Our bounds for T (e, B) and Q (e, B) with power-savings, as well as applications, will
be given in Section 2, and we would like to give a brief outline of related results right now.

1.2. Related bilinear sums

The above studies on character sums over sumsets can be dated back to Vinogradov, see
Exercise 8(c) in Chapter V of [28], on the following bilinear form:

(1.3) B@,B)= Y D ambuxim+n),

meM neN

where y is a non-trivial Dirichlet character modulo p and M, N C [1, p] are arbitrary
subsets with M = #M and N = #.N. A direct application of Fourier techniques yields

(1.4) 1B(e, B)| < lleell2 B2 p/2.

Although this bound is widely known, its full derivation is not easy to find in the literature,
however, it can be found as a short proof of equation (1.4) in [25]. Despite a very short and
elementary proof, the bound (1.4) has never been improved in full generality. However,
Karatsuba [18] (see also Problem 9 in Chapter VIII of [19]) has proved, that if

(1.5) M > p'2t" and N > p7
for some 1 > 0, then the inequality

(1.6) 1B, B)| < lletlloo 1Blloc MNP~

holds with some k >0, depending only on 7. The range (1.5) reveals the P6lya—Vinogradov
threshold even when summing over arbitrary subsets. A similar phenomenon can also be
found in [31]. We note that the proof of (1.6), in the range (1.5), does not seem to be in the
literature, and a concise proof with an explicit upper bound, is provided in Appendix A to
convince cautious readers.

It is worthwhile to point out that B (e, #) has received considerable attention in recent
years due to its connection with the Paley graph conjecture. It is conjectured, for instance,
with just constant weights o, = B, = 1, that

B(a,B) =o(MN)
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for all subsets M, N, with M, N > p" and n > 0. This is far from proven, and the classical
inequalities of Vinogradov (1.4) and Karatsuba (1.6) still stand. See [9, 14] for recent
progress towards this conjecture.

For structural sets, such as intervals, or sets with small doubling, or sets supported on
short intervals, a large variety of bounds for B (e, 8) are known. For example, the above
bounds of Vinogradov and Karatsuba have been improved by Friedlander and Iwaniec, see
Theorem 3 in [12], when M and N are contained in intervals of lengths at most ,/p and
are of cardinalities M, N > p''/24+7_Of course, the main point here is that 11/24 < 1/2,
which neither (1.4) nor (1.6) with (1.5) can achieve. The exponent 11/24 has been reduced
to 9/20 by Bourgain, Garaev, Konyagin and Shparlinski, see Theorem 25 in [3]. Several
more results of this type can be found in [2,4,5,13,21,24,26,27,29].

1.3. Related trilinear and quadrilinear sums

Before concluding this section, we also mention some recent works on various variants
of B(e, B). To proceed, we assume K, K, M, N C [1, p] are arbitrary subsets. Han-

son [13] has studied
S 5 S B+ m 4w,

keX meM neN
while Roche-Newton, Shparlinski and Winterhof [23] have considered

Z Z Z x(km +mn +nk)e<a(km +mn +nk))

keX meM neN p

with ged(a, p) = 1. Shkredov and Shparlinski [25] have treated quadrilinear forms

Z Z Z Zahﬂk,m,nx(h—i-kern),

heH ke KX meM neN

Z Z Z Zahﬂk,m,n)((h+k(m+n)),

heH ke KX meM neN

See also [22], for some recent generalizations and refinements.
Our main object T (e, B) is intimately related to the following trilinear character sum:

SO0 aw Buyn gk +mn),

k<K meMneN

where y is a non-trivial Dirichlet character modulo p and M, N C [1, p] are arbitrary
subsets with M = #M and N = #N . Banks and Shparlinski (Theorem 2.2 of [1]) give
the upper bound

KMN(p—l +(KM)_1 +K—2)1/(2r)(p1/(4r) +N_1/2P1/(2r))]70(1)

with an arbitrary fixed integer r = 1, provided that the three coefficients are all bounded.
Note that the above bound is non-trivial as long as

K> p'/** KM > p'/**" N> p',

with some constant > 0.
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Our work on T («, B) is largely inspired by the recent work of Fouvry and Shparlin-
ski [11] on quadrilinear character sums such as

Qi f) =Y Y > D arBux(rs —uv),

1<r,s,u,v<x

) =D 3" Vreux(rs —uv),

1<r,s,u,v<x

with bounded complex weights & = (¢,), B = (By) and y = (Vr5,)- Itis shownin [11],
that for any fixed n > 0 and x = p'/8+" we have

4 10g10gp’

Qi f) < x** and Qa(y) K x
log p

where k > 0 and the implied constants depend only on 7 (we refer to Section 1.4 for the
exact definition of the symbol ‘<’ and other standard notations).

1.4. Notation and conventions

We adopt the Landau symbol A = O(B), and the Vinogradov symbol A < B, to mean
|A| < ¢B for some constant ¢ > 0. We also write a ~ A to indicate that A < a < 2A4 and
A < Btoindicate A < B < A.

For each complex weight & = () men and p = 1, we denote

1/p
(1.7) el = (Y leml?) " and ftfloo = max|am].
iy meM

For a finite set §, we use #S§ to denote its cardinality. The letter p, with or without
subscripts, always denotes a prime number.

We denote by I, the finite field of p elements, which we identify by {0,1,..., p — 1},
and in what follows, we mix the usage of F, and {0, 1, ..., p — 1}. We freely alternate
between the language of finite fields and the language of congruences.

We also use N to denote that set of positive integers.

As usual,

(1.8) tk)y=#{d eN:d |k}

denotes the divisor function, and we repeatedly use the classical bound 7 (k) = k°() as
k — 400 (see, for example, equation (1.81) in [15]). For an integer a, coprime to m, a
denotes the multiplicative inverse of @ mod m, that is, aa = 1 mod m, which should not
be confused with the complex conjugate.

Given a function f € L!(R), that is, with a bounded L'-norm over R, the Fourier
transform is defined by

7o) = /R F(x) e(—yx) dx.

with e(z) = exp(27iz).
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2. Main results

2.1. Bounds of multilinear character sums

Put
2.1 L1 =(alK+|b|MN) and L, = (la|KL + |b|MN).

We prove two estimates for the sums T (e, 8) given by (1.1), according to whether the
weights o, are identically 1, which we write as &« = 1, or arbitrary.

Theorem 2.1. Let K, M, N > 1 and let p > max{K, M, N} be a large prime. Uniformly
over the weights « = 1, B = (Bk.,n) and integers a, b with gcd(ab, p) = 1, we have

1T (@, B)| < |BllocKMNA, p°V

for each positive integer r, provided that M > 4 p'/@") where

)

1+1/
Ay = (1 + NK—I)I/(ZF) (1 +LIMNP—I—I/(ZF))I/(Zr)(5‘744]\]:)1/(47‘)

with £ as defined by (2.1).

Remark 2.2. Taking N = K = 1 in Theorem 2.1, we recover the celebrated Burgess
bound for short linear character sums, which shows oscillations of non-trivial multiplic-
ative characters modulo p, in any interval with length at least p/4+¢ for any & > 0 and
sufficiently large p. This is also known as the Burgess threshold (see Theorem 12.26
in [15]).

Remark 2.3. It is not easy to give a full description on the range of (K, M, N) which is
equivalent to A; < 1. However, when @ = b = 1, we note that Theorem 2.1 is non-trivial
if either of the following conditions holds:

o p/*N <« MN < pY/2and N < K < p/(MN),
e MN < p'/?*1" < M2NK and N > K,

with some fixed n > 0. For example, we can take
2.2) K.M,N ~ p'/8+7

for small n > 0. The lower bound for the values of K, M, N, given by (2.2), is the square
root of the Burgess threshold.

We now use Theorem 2.1 to get a new bound, with a power saving, on the sums 2, (y)
from Section 1.3. Indeed, applying Theorem 2.1 with

m,n,k;a,b) < (v,u,k;1,-1), (K,M,N) <« (xz,x,x)
(

:Bn,k = Z Z Z Vr.su»

1<r,s,us<x
rs=k,u=n

and

we find the following.
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Corollary 2.4. Let p be a large prime with p > x* > 1. Uniformly over the weights
Y = (Vr.s), we have

— —1— 2
|Q2(}’)| < ||}’||oox4 2/r(1 +x4p 1 1/(2r))1/(2r)p1/(4r)+1/(4r )+o(1)

for each positive integer r.

We see that Corollary 2.4 gives a non-trivial bound for 2, (y) with a power-saving as
long as x = p!/8+7 with some fixed n > 0. And this also recovers the above bound for
21 (e, B) with more general weights.

For arbitrary weights & and 8, we have the following alternative bound.

Theorem 2.5. Let K, M, N > 1 and let p > max{K, M, N} be a large prime. Uniformly
over the weights o« = (), B = (Bk.n) and integers a, b with gcd(ab, p) = 1, we have

T (. B)I < lellooll Bl2M(NK)' 2 A5 p*®
for each integer r = 2, provided that N > 4 p'/", where

p1+1/r >1/(4r) M_1/2

Ay = (1+KM™2)VEnN( 4 Llevp—l—l/’)l/@')(K(MN)2
with L1 as defined by (2.1).
Remark 2.6. Fix a = b = 1. Then Theorem 2.5 is non-trivial as long as
M>p" KMN)?>>A+KM?)p'™ and MN(K + MN)<p
hold with some fixed n > 0. For example, we can take
K, M,N ~ pl/5+n
which has to be compared with (2.2) and also with the Burgess threshold.

As an application of the above bounds for T (e, ), one is allowed to address a mod-
ulo p version of a question of Iwaniec and Sarkozy [16] about distances between product
sets and squares. We present such an application in Section 2.2.

One can derive some bounds on such sums from Theorems 2.1 and 2.5 with a trivial
summation over a, which plays the role of £ in (e, 8). However, we may obtain a more
precise bound as follows.

Theorem 2.7. Let K, L, M, N > 1 and let p > max{K, L, M, N} be a large prime.
Uniformly over the weights o« = (0¢ ) and B = (Bi.n), we have

12, B)| < lleloollBl2LM(KN)Zp*M) - Ay

or each integer r = 2, provided that K, N > 4 l/r, where
e g P p

M 1/(2r) £2 \1/@n)
A; = (KLMN)—S/(4r) (? + 1) (1 p1+21/r) £;/(2r)p1/(4r)+1/(2r2)

+ (KN)—I/ZPI/(ZI‘) + (MN)—I/Zpl/(Zr) + (LM)—I/Z + p—l/2,
with L as defined by (2.1).
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We now analyze when Theorem 2.7 wins over the trivial bound
19(e, B)| < llefloo | Bll2(LM)(KN)Y2.
Corollary 2.8. Fixa = b = 1. For any n > 0, there is some k > 0, such that if

KL « MN < KLp'/3 ™ KSL3N > Mp'*+",
(2.3) (M/K)>(N/L)® < p'™", (KL)*MN = p'*",
KN = p’, MN =p", LM =p",
then
12, B)] < llelloollBILM(KN)"?p~*.
To see this, we write the quantity A3z in an obvious manner as

(24) AS — Z:; + (KN)—I/ZPI/(Zr) + (MN)—I/Zpl/(Zr) + (LM)—I/Z + p—l/Z!

corresponding to five terms in its definition. By taking r sufficiently large, each of the last
four terms in (2.4) is at most p~* for some x > 0, provided that the last three conditions
in (2.3) hold. It remains to check that 53 < p~*. We now assume KL < MN, so that
Ly =KL+ MN < MN. First, rising As to the power 2r and expanding it, we obtain
four terms. Each of these terms is at most p~* as long as KL < M N and

M3N?
K P 1/2
These lead to the remaining inequalities in (2.3), after choosing r to be large enough.

In particular, we see from Corollary 2.8 that we have a non-trivial bound on 2 (e, 8),
provided that

M
max{(MN)zp_l/z, ?p1/2+1/r’ , p1/2+1/"} <« (KL)?’/Z(MN)I/Zp_zr'C.

K=L=M=N > p'/8+tn,

Observe that one more time the exponent 1/8 appears as a threshold, see Remark 2.3,
however, this does not seem to follow from Theorem 2.1.

2.2. Consequences and applications

Theorems 2.1 and 2.5 describe general situations, since the sequence § satisfies no par-
ticular hypotheses. For instance, if we choose & and B in the landscape of multiplicative
or additive characters modulo p, we obtain, as a direct consequence of Theorem 2.5, the
following bound for triple character sums on short initial segments. To proceed, we use ¥
to denote a non-trivial additive character of IF,.

Corollary 2.9. Fix a rational function P inF,(X) and a rational function Q inF,(X,Y).
For every fixed n > 0, there exists some k > 0 such that

DD xk +mn)y(P(m) + Q(k.n)) < KMNp™

k<K m<M n<N
and
D73 > x(tk + mn)P(m)Q(k.n)) < KMNp™
k<K m<M n<N
hold uniformly for

pl/5+r] < K, M,N < pl/4—7].
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Remark 2.10. Theorem 2.7 easily leads to an obvious quadrilinear version of Corol-
lary 2.9, but with K, L, M and N of size at least p1/8+’7 for any n > 0.

Furthermore, Iwaniec and Sarkozy [16] have considered the following multiplicative
hybrid problem with positive integers: given two arbitrary subsets M and N, how close
is the product mn to a square in Z with (m,n) € M x N ? A special case of their general
result asserts that for any M, N C [N,2N] with #M,#N > N, there exist (m,n,{) €
M x N x N satisfying

mn — £?

14
Iwaniec and Séarkozy [16] have also conjectured that the upper bound might be replaced
by N—1+o(l).

Theorem 2.5 allows us to study a modular analogue of the above result of Iwaniec
and Sarkozy, for which the above conjectural bound N ~1+°() can be realized in some
particular cases. To set up, we consider subsets M, N C [1, p], we examine the distance
between mn, with (m,n) € M x N, and quadratic residues modulo p.

&« (N/log N)~1/2.

Theorem 2.11. Fix a positive integer r, two real numbers 0 < co < 1 and n > 0. Then
there exists a constant P, depending only on (r, co, 1), such that:

e forevery prime p = P,
e forevery M and N satisfying

2.5) MAN2 2 pltl/rn,
e for every subsets M, N C [1, p] with
(2.6) M C[M,2M], N C[N,2N], #M =coM, #N =coN,
there exist m € M, n € N, and some positive integer k satisfying
k < p1+1/r+n(MN)—2 + p",
such that mn + k is a quadratic residue modulo p.

Actually, the proof which is given in Section 7 produces a lower bound for the cardin-
ality of the set of triples we are interested in

#(m,n,k)y:me M, ne N, k <Kandmn + k is a quadratic residue mod p}
> KMN,

where K ~ p'TV/rtn(MN)~2,

To illustrate Theorem 2.11, choose M = N ~ p!/5t8 (with § > 0 very small) and M
and N subsets of [N, 2N] such that #.M,#N = §N. Then, for sufficiently large p, there
exists a positive integer k < p'/> and (m,n) € M x N such that mn + k is a quad-
ratic residue modulo p. Recall that there must exist a square of an integer between ¢
and t + O(+/) forall £ > 1 (namely, [+/7 ]? is such a square) and that essentially nothing
better than the upper bound pl/ 4+0(1) j5 proved for the distance between two consecutive
quadratic residues modulo p. The above illustration shows that one can do much better if
squares are replaced by quadratic residues modulo p.
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The proof of Theorem 2.11 can be easily generalized in many aspects. For instance,
one can relax the hypothesis (2.6) about the cardinalities of M and N by choosing

=1 »(m),
2.7 { Qm [M2M]Ng (m)

Bin = 1k 2k1n2 (k) - iz 2nng (1),
where & denotes the set of all primes, and 1 is the indicator function of a set S. One then

deduces from Theorem 2.5 the following result by counting primes using Chebyshev’s
inequalities.

Corollary 2.12. Fix n > 0. For every sufficiently large p, there exist three primes p1, p2
and p3 such that:

* P1,pP2,P3~
* p1p2 + p3 is a quadratic non-residue modulo p.

p1/5+n’

As we have mentioned, Corollary 2.12 follows directly from Theorem 2.5 and it can
be modified in various ways, for example, one can impose different arithmetic restrictions
on the primes pi, p», p3. For example, one further imposes that the three shifted primes
P1+ 2, p2 + 2, p3 + 2 have at most two prime factors. This statement is deduced from
the famous work of Chen [7] about the twin prime conjecture that we write under the form
of the following inequality:

#{p < x : p + 2 has at most two prime factors} > x(log 2x) ™2

for x = 2. One can also appeal to Corollaire 2 in [10] to introduce a more involved defin-
ition of the coefficient B , (see (2.7)) leading to a new version of Corollary 2.12, where
we impose on pj p3 + 2 to have at most two prime factors.

Similarly, Theorem 2.7 leads to the following result (which can also be modified along
the lines mentioned in the above).

Corollary 2.13. Fixn> 0. For every sufficiently large p, there exist four primes p1, p2, p3
and p4 such that:

* D1,Dp2,P3,p4~p
* p1Dp2 + p3pais a quadratic non-residue modulo p.

1/8+n

Another application of Theorem 2.7 concerns sums with the divisor function (see (1.8)
above)

SU,V) = Z Z t(u)t(v) x(u — v).

usU vV
These sums are two-dimensional analogues of the sum
SaU) = ) () x(u + a),
usU

which has been studied in a number of works [3, 6, 17, 20]. In particular, it is shown in
Theorem 27 of [3] that for any > 0, there is some k > 0 such that for U > p!/3+7,
uniformly over integers a with gcd(a, p) = 1, one has

Sq.(U) < Up™™.
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It is easy to see that Theorem 2.7 combined with the standard completing technique (see
Section 12.2 of [15]) implies the following result.

Corollary 2.14. For any fixed 1 > 0, there is some k > 0 such that for U,V > p'/4+n,
we have
SU.V) < UVp~.

One can also use Theorem 2.7 to estimate a rich variety of other quantities, for exam-
ple, sums over primes

W)= (ﬂ) (&)x(plpz — P3pa).

P1,D2,DP3,P4X p3 P4

with weights given by Legendre symbols. Theorem 2.7 implies a bound on W (x) with a
power saving, provided x = p!/8+7 for any fixed n > 0. We also note a variety of bounds
on characters over various arithmetic sequences can be found in a very informative survey
of Karatsuba [21].

In closing this section, we would like to state a striking application of our general
bounds in Theorem 2.7 to character sums involving Farey fractions. For R = 2, let

F(R)={r/s :gcd(r,s) =1,0<r <s <R}

be the set of Farey fractions of order R. This can be embedded in IF,, in a canonical way
r/s = rs (mod p), where 5 is the multiplicative inverse of s modulo p (which is well
defined for R < p and, in fact, is injective for R < p'/?).

By virtue of the multiplicativity of y, in the form

At m Bien X (U — kn) = (@ m X(m)) (Bin 1(K)) x (kL — mn).
we may derive the following consequence directly from Theorem 2.7.

Corollary 2.15. Let R = 2 and §,, {, be bounded weights supported on ¥ (R). Then for
any fixed 1 > 0, there is some k > 0 such that for p*/3t" < R < p'/2 we have

Z Z Eplox(p—0) < R*p7™.
0,0€F (R)

Note that the use of bilinear bounds (1.5) and (1.6) would lead to a much more restrict-
ive condition p'/4*" < R < p!/2 in Corollary 2.15.

3. Preliminaries

3.1. Moments of some character sums

The following result is a consequence of the Riemann hypothesis for curves over finite
fields due to Weil [30]. It is a slight extension of a classical bound due to Davenport and
ErdGs [8], which corresponds to the case when 4 is an interval and y = 1. The proof of
Lemma 3.1 below is identical, and it is also a part of the arguments in Appendix A.
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Lemma 3.1. Let A C ¥y, be a subset of cardinality A, and y a non-trivial multiplicative

character of IF;. For each positive integer r and any complex-valued weight y = (y,)

with ||y |eo < 1, we have

S| S vartx @ < @ryarp + a2,

x€Fp aeh

We also need the following version of Lemma 3.1, which again essentially repeats the
argument in [8] but uses Weil’s bound for multiplicative character sums with polynomials;
see, for example, Theorem 11.23 in [15].

Lemma 3.2. Let A C [, be a subset of cardinality A, and x1, x» two non-trivial mul-
tiplicative characters of ¥ 1;(' For each positive integer r and any complex-valued weight
Y = (Vo) with || | < 1, we have

ZZ‘ Z Yaxi1(x +a) y2(y + a)‘zr < @2r) (A" p? + 2rA% p).

x,y€F, acA
Proof. Denote by S the quantity in question. Opening the power, we write
S <) ) IS@biy) S b2,
a,beA”

where fora = (a;,...,a;) € A", b = (by,...,b;) € A" and for each non-trivial multi-
plicative character y of F ¥,

S@b:i) = > [] xtx+a)xlx+b)).

xeF, 1sj<r

The subsequent treatment is uniform in all non-trivial multiplicative characters y of .
If the coordinates of a and b appear in pairs (with necessary permutations), we appeal to
the trivial bound
S(a.b; Y)| < p.
Note that the number of such tuples (a, b) is at most (2rr)A’ < (2rA)". For the remain-
ing a and b, we can apply Weil’s bound for complete character sums (see Corollary 11.24
in [15]), getting
1S(a,b; y)| < 2rp'/2.

This completes the proof of Lemma 3.2 by taking all possibilities of a, b into account. m

3.2. Bounds of some GCD sums
We need the following estimate.

Lemma 3.3. Let a and b be non-zero integers. Let A, B, K, L, M, N, U, W = 1 with
A L |a|KL + |b|MN and B < LU + MW. Then we have

222,222 > ) ecdanby)gedaz.b)

k<K L1, lr<L mi,my<M n<N u~U w~W
akly,+bmyn=a,,al,u+bm,w=b,,v=1,2
la1|~A, |by|~B, kw#nu

< ABLM(KW + NU)Y°D | with Y = |ab|]ABKLMNUW.
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Proof. Denote by G the above quantity in question. Writing g; = ged(ay, b;) and g, =
gcd(az, by), we have the inequality

G D) ®22,2.2.2.2. 2 > ).

g1k A,g2<KB k<K L1 4o<L mi,my<M n<N u~U w~W
akt,+bmyn=al,u+bm,w=0 mod g,,v=1,2
lakli+bmin|~A, |alru+bmow|~B, kw#nu
The congruences in the summation imply
gv | myw(akl, + bmyn) —myn(al,u + bm,w) = al,m,(kw — nu)
for v = 1, 2, so that we can decompose g, (in a not necessarily unique way) as

gy =dye, f,, whered, |al,, e, | m,, f, | (kw—nu).

In particular, we have
lem[f1, 2] <2(KW + NU).

Therefore,
G )) ddaefif ) ) Y Y 222> L
die; f1<A k<K n<N u~U w~W l1,42<L,mi,my<M
dyes < B lem[f1, f2ll(kw—nw)#0  akli+bmin=0 mod die; fi
lem[f1, 2]<2(KW+NU) alou+bmyw=0 mod d e, f>

£,=0 mod d,,, m,=0 mod e,,v=1,2
lakli+bmn|~A,
|a£2u+bm2w|~B

Making the change of variables £, — d, ¢,, m, — e, m,, v = 1,2, we obtain

G < ZZ didyeies f1 /2 Z Z Z Z ZZZZ 1.

die; f1KA k<K k<N u~U w~W dily,dr£,<L,eymi,eomr<M
dyez ,<B lem[ f1, 2ll(kw—nu)#0 adiL1k+be;mn=0 mod die; fi
lcm[fl ’f2]<2 (KW+NU) adylru+besmyw=0 mod dp ezfz

\ad1€1k+be1m1n\~A,
|ad2lzu+b62me|~B

Note that the congruences
adil1k + beymin =0 mod dye; fi and adylou + beamaw = 0 mod da e, f>

imply, respectively,
el |ad1€1k, d2 | bezmzw,

and
bmln = —adlﬁlk/el mod dlfl» aﬁzu = —bezﬂ’lzw/dz mod €2f2.

It then follows that

G < ZZ didyeres f1 /2 Z Z Z Z ZZZZ I

die f1<<A k<K n<N u~U w~W dil1,d2lr,<L,e1my,eomry<M
dze2 2<KB lem[f1, f2]l(kw—nu)#0 eylad {1k, bmin=—ad L k/e; mod d} fi
lem[f1, 2]1<2(KW+NU) da|besmow, alyu=—besmow/dy mod es f

lad1L1k+beymin|~A,
|ad2Z2u+be‘2m2w "\'B
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< ZZ diesz f1 /2 ;ug Z Z ZZ dyeq

di1 [1<KA k<K w~W d2<B/(e2 [2)
ex o<KB kw=8 mod lem[ f1, f>] e1<KA/(d1f1)
lem[ f1,/2]<2(KW+NU)

DI 2200 L

n<N u~U di4y,drlr<L,eymi,eomy<M
erladil1k,bmin=—ad;{1k/ey mod dy f1
dr|beamow, alyu=—beymow/dy mod e f>
ladit1k/e1+bmin|~A/ey,
labru+besmow/d2|~B/d>

To proceed, we group the variables m, n, and £,, u, separately, so that we need to
count the number of tuples (r, s) with

lad 1k /ey + br| ~ Ajey, |as + beamaw/dy| ~ B/d>

and
br = —dil1k/e; mod dy fi, as = —exmow/d, mod e f>.
It is clear that the number T of such tuples (r, s) satisfies

A ged(b, dy f1) B gcd(a, ez f2) AB
1+ < .
bdlelfl )< Cldzezfz ) d1d2€16’2f1f2

T<<(1+

This leads us to

G < AB ZZ sug Z Z ZZ ZZ 1.

di fi<A g€ k<Kw~W  dy<B/(e2fa) {1<L/d1,ma<M]e;
er ><B kw=38 mod lem[ f1, f2] €1<KA/(d1 /1) d2|beamaw,erladit1k
Iem[ f1, 2]1<2(KW+NU)

In what follows, we would like to sum over d5, e; firstly, and then £, m5, so that

G < ABLMY°WM >3 ! sup Y > L

die
di fi<A 152 8€Z  pcgw~w

f><B kw=§ : ’
1Cm[f1,f§]2$%(KW+NU) w=38 mod lem[ f1, /2]

Again, by grouping variables, we arrive at

1 KW
G < ABLMY°M +1
dlZflg dies (lcm[fl,fz] )

ex [L<KB
lem[ f1,/2]<2(KW+NU)

1 1 KW

< ABLMY°W — — A |
Tala T ()
1<K4 e1<KA fKKW+NU

< ABLM(KW + NU)Y°W,

where we have used the bound on the divisor function to count the number of pairs ( f1, f2)
with lem([ f1, f2] = f. This completes the proof of the lemma. |
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4. Proof of Theorem 2.1

4.1. Preparations

Throughout this section, we assume that « is identically 1 on its support. Suppose without
loss of generality that ||B|cc < 1 and M is a positive integer. Following an approach of
Friedlander and Iwaniec [12], we define the function w € L!(R) as

min{x, I, M +1—x} forx e[0,M + 1],
w(x) = .
0 otherwise.

The integration by parts implies

4.1) W(€) < min{M, [§|]7", |§]72}.

4.2. Amplification
The above function w allows us to run the summation over m to the whole set Z. That is,
T@.B) =Y > > wm)Bnxlak + bmn).
k<K meZ n<N
Furthermore, for all integers u, v, we have
T B) =Y > > wlm+uv) B x(ak + b(m + uv)n).
k<K meZn<N
We choose two real positive parameters U and V' with

1
(4.2) uvz=l1, UV=ZM.

By Fourier inversion and summing over integers u and v withu ~ U, v ~ V, we have the
amplified expression

T, ) < ﬁkz 2:14 Z;V ZU/RWSN‘ Zve(uvf))((zﬁ(ak + bmn) + bv)| d&.
<K m<M n<N u~ v~

Making the change of variable § — &/u and replacing UV with M, in view of (4.1), it
follows that

43) T@p < % 22 Z/R)@(E)‘

k<K m<M n<N u~U

X ‘ ;e(vé)x(ﬁ(ak + bmn) + bv)‘%

< 1 /‘ {M 1 U}
— | min{—>—>——
M Jr U gl IgR

X Z Z Z Z ‘ Z e(v€) y(un(ak + bmn) + bv)| d§.

k<K m<M n<N u~U v~V
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This yields

T, B) K % Z Z Z Z‘ Z e(v€) y(un(ak + bmn) + bv)

k<Km<M n<N u~U v~V

for some & € R (for which the multiple sum in (4.3) achieves its largest possible value).
We may further restrict our summation to triples (k, m, n) such that p + (ak + bmn)
up to an error term at most

PO YN s (—MN +1)Kpo.
k<K{<MN p
ak+b{=0 mod p

Therefore,

T, B) K€ loidM Z Z Z Z) Z e(v&)y(un(ak + bmn) + bv)
k<K m<M n<N u~U v~V

pt(ak+bmn)

MN
+ (— + I)Kp”(l).
p

4.3. Regrouping, counting and Weil’s bound

=Y Y Yy

m<M n<N k<K u~U
ak+bmn=unx#0 mod p

Put

for x mod p. We now have
log M MN
T(a, B) € % Z Q(x)‘ Z e(vE) x(x + bv)‘ + (7 + I)Kp"(l).
x mod p v~V
Applying the Holder inequality with r = 1, we obtain

logM |_ MN
Gd) D@ < =T 9 4 (=, +1)kr .

with

=Y oy j=12 H= Y| Y ewhixe+ |

x mod p xmod p v~V

Trivially we have
4.5) Jy K KMNU.

Regarding J,, we refer to the following lemma.
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Lemma 4.1. With the above notation, we have

(|lalK + |b|MN)UN)po(1)

(4.6) Jy < KMU(K + N)(l +

Proof. Itis easy to see that J5 is the number of 8—tuples
(k.k,m,im,n,ii,u,i) e N®
satisfying the conditions

kk<K, mm<M, nn<N, uu~U,

(ak + bmn)iiii = (ak + bimi)nu £ 0 (mod p),
which is bounded by the number of 9—tuples

(k. k,m,im,n,ii,u,ii,t) € N® x Z,

satisfying
@ k.k <K, m:ﬁiSM, n,a<N, uu~U, ~|t|$T,
(ak + bmn)nu = (ak + bmi)nu + tp, (ak + bmn)(ak + bimn) # 0,
with
4.8) T =1+ (|a|K + |b|MN)NU/p.

Note that 71 | akun +tp and akun # 0 (mod p). Hence, akun + tp # Oforanyt € Z,
and thus, for given k, n, t and u, which we can fix in O(KNTU) ways, the number of 7
satisfying (4.7) is at most p°M). After k, i, n, 71, t and u are fixed, there are at most
(K/N +1) p°M possibilities for the tuple (1, i, k). This is due to the observations that
i | (ak + bmi)un + tp # 0 and the number of solutions (m, k) to

(ak + bmi)un + tp

i ’
with m < M,k < K, is at most O(1 + K/N) since k falls in a prescribed arithmetic
progression modulo n ~ N, which is already fixed.

Taking all possibilities into account, we find the contributions from ak 4+ bmn # 0
to J, are at most

ak +bmn =

KNTU - M - (1 + %) p°D < KMTU(K + N)p°D.,
Now Lemma 4.1 follows by recalling the choice of 7" in (4.8). ]
To bound 43, we apply Lemma 3.1 with A = {bv : v ~ V'}, getting
4.9) I3 LV p2 4 vrp

as a consequence of Weil’s bound for complete character sums over finite fields (see The-
orem 11.23 in [15]).
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4.4. Concluding the proof of Theorem 2.1

To balance the two terms in (4.9), we choose
vV =pY2) and U= iMp_l/(zr)
in view of (4.2), so that (4.5) and (4.6) become
31 < KM2Np~VC@) and g, < KM2p~ VO (K+N)(1+L, MNp~ 11/ poD)
respectively, where £ is defined by (2.1), while (4.9) becomes
d3 < p32.

Now Theorem 2.1 follows by combining the inequality (4.4) and the above estimates
for 41, 42 and J3.

5. Proof of Theorem 2.5

5.1. Cauchy-Schwarz inequality and amplification

We note that the auxiliary parameters 7', U and V' from Section 4 have different meaning
henceforth. This time it is convenient to assume that || oo < 1. By the Cauchy—Schwarz
inequality, we have

(5.1) 1T (e, B)I* < |IBIAT.

where

T — Z Z W(%)‘ Z om x(ak + bmn) 2,
m<M

k<K neZ

with any fixed real-valued smooth function W € €2°([—2, 2]), which majorizes the char-
acteristic function of the unit interval [0, 1].

Squaring out, changing the order of summation and estimating the contribution from
the diagonal terms with m; = m,, we obtain

(5.2) T < T+ KMN,

with

= Z ZZ Z W(%)aml&mz x(ak + bmyn) y(ak 4+ bmyn).

k<K mi,my<M nez
my#mo

For any integers u# and v, we may write

T1=Z ZZ ZW(n}uv)Oéml&mz)((ak+bm1(n+uv)))?(ak+bm2(n+uv)).

k<K mi,my<M neZ
my#my
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By Fourier inversion and summing over u ~ U and v ~ V, for some positive parameters U
and V' with

1
(5.3) uvz=1 UV =-N,

it follows that

i<y L XY ¥ ¥ [l

k<K mi,my<M |n|<2N u~U
my#my

) Z ( )X(mlu(ak + bmn) + bv) y(myu(ak + bmayn) + bv)| d§.

In view of R

WE) < (1 +[EN72
implied by the smoothness of W(x) via partial integration, and making the change of
variable £ — &/u, after simple transformations, we obtain

negp [+ LYY Y%

k<K mi,my<M |n|<2N u~U
my#ma

‘ Z ( ) (myu(ak + bmyn) + bv) y(mzu(ak + bmyn) + bv)| dé.

Again, as in the proof of Theorem 2.1, this implies

(5.4) T1<<%Z D

k<K mi,my<M |n|<2N u~U
myF#my

X ‘ Z e(v€) y(myu(ak + bmin) 4+ bv) y(imyu(ak + bmyn) + bv)
v~V
for some & € R.

5.2. Regrouping, counting and Weil’s bound

= Y Y XY Y
|n|<2N k<K mi,my<M u~U
ak+bmin=umix;#0 mod p

ak+bmin=um,x,%#0 mod p
my#ma

Put

for x1, x, mod p. We now have

1 —
T <5 YD el Y i) + bv) T + bv)
X1,X2 mod p v~V

+ (1 4+ MN/p)KMp°D

where the last term comes from those k, m1, m,, n, with p | (ak + bmn)(ak + bman)
in(54).
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Applying the Holder inequality with » > 1, similarly to (4.4), we find

|
(5.5) i< (g2 92070 + (L + MN/p)KMp D,

Fi= D> etxi.x)). j=12

X1,X2 mod p

with

and
2r
s = ZZ ‘ Z e(v€) x(x1 + bv) y(x2 + bv)| .
X1,Xx2 mod p v~V
Note that
(5.6) 41 < KM2NU.

We appeal to the following lemma in bounding .

Lemma 5.1. With the above notation, we have

K + [b|MN)MU \2
(5.7) gzstNU(K+M2)(1+ (la|K + |b|MN) ) e,

Proof. We observe that J, is bounded by the number of 10-tuples
(k. keymy iy ma, iz, fiu, i) € N1
satisfying

k.k <K, my,iiy,my, s <M, n,i€[-2N,2N], u.i~ U,
(ak + bmyn) i = (ak + biiyit)ymyu # 0 mod p,
(ak 4+ bman)fiyii = (ak + bifizii)mau % 0 mod p,

my # my,  my # m.
We now rewrite the above congruences as equations:

(5.82) (ak + bmyn)Aiyii = (ak + bityiymyu +t,p # 0,
(5.8b) (ak + bman)fiiyii = (ak + bifipi)mau + t2p # 0,

where 0 < |t1], [t2| < T, with
(5.9) T =1+ (la|K +2/b|MN)MU/p.
It follows from (5.8a) that
iy |akmyu +tp#0 and i | (A +ak)mu +tip # 0,

which produces at most p”(l) tuples of (im1, i) for given 71, lg mi,u,t.
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After fixing mq, i, 11, k, m1, u and ¢, we obtain the equation

(5.10) ak + bmn = (a1€+br711ﬁ)m1u+t1p

myi
in k and n, thanks to (5.8a). We further fix m and 7. We see from (5.8b) that 715 |

akmau + t, p # 0, by which there are at most p”(l) values of m, for given k, my, u, 5.
As before, using (5.8b), we obtain the equation

(a/; + bimai) mau + to p

(5.11) ak + bmyn = ——
mopu

in k and n. It then follows from (5.10) and (5.11) that k is uniquely defined modulo m
and modulo m5, so that the number of such positive integers k is at most

K +1 _ gcd(ml,mz)K

— + 1.
lem[my, ms] mims

Now 7 is uniquely determined after k is fixed. Collecting all above arguments, we find

d 9
22 < KNUTZp”(l) ZZ (MK-F ]) < KNUTZ(K—i— MZ)pO(l)-
my,mys<M mimz

Lemma 5.1 now follows immediately by recalling the choice of 7" in (5.9). ]

Using Lemma 3.2 with the special choice A = {bv : v ~ V'} therein, we find

(5.12) g3 L V¥ p 4+ V7 p2

5.3. Concluding the proof of Theorem 2.5

‘We now choose |
V=p"" and U= Zprl/r

subject to the constraint in (5.3), so that the above bounds for §; and g, in (5.6) and (5.7)
become

91 < K(MN)?p~™V" and ¢o < KN?p V" (K + M*)(1 + L MNp~ =172 pe®),

respectively, while the bound for ¢3 in (5.12) becomes g3 < p>. Substituting these estim-
ates to (5.5), we arrive at

1
Ty < N(KMZNZ)‘—‘/@’)U + KM Y1 4 Ly MNpTITH T
X pl/(2r)+l/(2r2)+o(1) + (1 + MN/p)KMpo(l)

From this and inequalities (5.1) and (5.2) Theorem 2.5 follows.
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6. Proof of Theorem 2.7

6.1. Preliminary transformations

Assume ||et]|oo < 1 and ged(a, b) = 1 without loss of generality. By periodicity, we also
assume that 1 < |a|, |b| < p/2. By the Cauchy—Schwarz inequality, we have

©6.1) Q. B < |81 Q.
where
0= ZZQP( ) ( ))ZZwm}((akﬁ—i-bmn)

for any smooth function @ which dominates the characteristic function of [—1, 1] and
is supported only inside the interval [—2, 2]. Squaring out and switching the order of
summation, we get

(6.2) 0 < |01+ KLMN(LM/p + 1)p°®
with

- LEEE T2 o(g) o(5) weim e

61,62 L,my,mys<M knEZ
£1m2$£2m1 mod P

x x(akly 4+ bmqn) y(akly + bman),

where the second term in (6.2) comes from the contribution from £;m, = £,mq mod p.
The trivial bound for Q; is

(6.3) 0, < KL>*M?*N,

and, by (6.1), we obtain a non-trivial bound of (e, ) as soon as we improve (6.3). For
all integers u, v and w, using that Z is invariant under shifts by integers, we can write

0, = ZZZZ ZZ (k—i-uv) (n~|;vwv>a61,ml&ez,m2

L1 ,42,<L, mi,my<M k,neZ
Limy#Lymq mod p

x x(a(k +uv)ly + bmi(n + wo)) x(alk + uv) Ly + bma(n + wv)).

By Fourier inversion and summing over u ~ U,v ~ V,w ~ W, with
1 1
(6.4) uv,w=1, UV:ZK and WV:ZN’

it follows that

0 <G X X YYYY Y [ dedn)

|k|<2K |n|<2N £1,0,<L, my,my<M u~U w~W
Lima#Lymy mod p

(6.5) ‘ Z (% + w) x((alyu + bmyw)(akty + bmin) + v)

x 7((alou + bmaw)(akly + bman) + v)’ dédn + Erry,
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where
* the variables of summation satisfy the extra condition
(6.6) p 1 (aliu + bmyw)(alru + bmaw)(akly + bmyn)(akl, + bmyn),
 and the term Err; corresponds to the error induced by the terms
p | (@liu + bmiw)(alru + bmaw)(akly + bmyn)(akly + bman).

As a typical possibility, the number of tuples (€1, u, m, w) satisfying p | (afiu + bmw)
is at most LU(1 + MW/ p) p°V. Taking all the remaining possibilities into account, we
find

KL?MNUV

MW MN
6.7) Err < 14+ pO(l) <KL>M(V + po(l)_
uvw ( P ) ( p )

Combining (6.7) with the inequality @(E) < (1 + |€])72, and with the change of
variables (¢, ) — (§/u, n/w) in (6.5), we obtain

0 < g [ () (+5) T X ¥ LYYy

|k|<2K |n|<2N 21 UL<L, mi,my<M
1m2¢22m1 mod p

Z ( ) ((a€1u+bm1w)(ak€1 +bm1n)+v)
v~V

DD

u~U w~W

x 7((alou + bmaw)(akly + bman) + v)|dEdn + Erry.

This implies

RS 2D MDD 5 353

|k|<2K |n|<2N £1,£,<L, my,my<M
Zlmzéezml modp

33 ‘Z e(vE) (@l + bmyw)(akly + bmyn) + v)

u~U w~W v~V

x 7 ((@lou + bmaw)(akts + bman) + v)‘ + Erry

for some £ € R, where Erry satisfies (6.7). We now pull out the ged of ak and bn for latter
purpose. To this end, we put

d d
d = ged(ak,bn), di = ———1> dy=—"—-;
ged(ak.bn).—dv= o5 = o)
N a 4 b b
a = —— an [
gcd(a, d) ged(b, d)

We observe that p } d, gcd(a, d) = ged(a,n), ged(b,d) = ged(b, k), and d < D with
D = min{|a|K, |b|N} (< p?).
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Note that d | ak implies d; | k, and similarly, d | bn implies d» | n. Hence, we have the
relations dy | k, dy | n, ady = a*d and bd, = b*d. Therefore, changing the variables

(6.8) kw— dik, nw don,

we obtain the inequality

(6.9) 01 < Gy > 01(d) +Em
d<D
ptd

with

O = D 2 2220

|k|<2K/dy |n|<2N/dy £1,£2<L, my,m>a<M
gcd(a*k,b*n)=l elmzifzml modp

D3P

u~U w~W

Z e(v€) x((aliu + bmyw)(adikly + bdrmin) + v)
v~V

x ¥((alou + bmyw)(ad 1kl + bdyman) + v)|.

Writing ad 1 k€; + bdymyn = d(a*k{y + b*mn), we now continue as

o= Y > 33>

|k|<2K/dy |n|<2N/dy L1 £2<L, my,my<M
gcd(a*k,b*n)=1 Limy#Lym mod p

X YUY ewe)x(d(alyu + bmyw)(@*kly + b*myn) + v)

u~U w~W'v~V

x y(d(alyu + bmaw)(a*kly + b*myn) + v)|,

which can be also interpreted as

O = 2. 2 D220

|k|<2K/d) |n|<2N/ds £1,£2<L, mi,my<M
ecd(a*k,b*n)=1 Limy#Lymq mod p

D IEENDY

u~ged(a,d)U w~ged(b,d)W
gcd(a,d)|u gcd(b,d)|w

Z e(E) x(d(a*liu + b*myw)(a*kly + b*mn) + v)
v~V

x y(d(a*Lyu + b*mow)(a*kly + b*man) + v)|.

Here we have used the formulas a* = a/ ged(a, d), b* = b/ ged(b, d). Of course, the
variables of summation continue to satisfy (6.6) with necessary changes of variables as
in (6.8). We further impose a restriction that kw gcd(b, d) # nu ged(a, d), which intro-
duces an additional error Err,(d) with

Y Em(d) < KL2M?VWp°W.
d<D
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Next for x1, x, € F*, and for
1< AKLLy/d, 1<SBKL|alLU +|b|MW K L,/V, 1<C <K/d,

we put

6100 o= ) D> DD DD D) L

|k|~C |n|<2N/d> £1,4o<L mi,my<M u~U w~W
a*kl1+b*min=(aliu+bmiw)x; mod p
a*klr+b*man=(alru+bmyw)xz mod p
Limay#ELlomy mod p, kw ged(b,d)#nuged(a,d), ged(a*k,b*n)=1
la*ke1+b*mn|~A, |alru+bmow|~B

where the condition (6.6) continues to apply to the variables of summation with necessary
changes of variables as in (6.8). We now have

0id) < p®@ s 7 0G| Y eE)x(dx + )T(dxs +v)
1SAKL,/d
1SBKLLL/V
1<C<K/d;

+ Errp(d).

x1,x2€F, v~V

Applying the Holder inequality with a positive integer r > 2, we find

6.11) 01(d) < 02(d) p° ™V + Emy(d),
where
(6.12) Ox(d)= sup TV (%, 3my)ME@
1SAKLLy/d
1SB<KLL,y/V
1<C<K/d;
with

% =%;(A.B.C) =) > o(x1.x2:4,.B.C), forj =12,

x1,%2€F;

and

X3 = ZZ ‘ Z e(wé) x(x1 +v)x(x2 +v) 2r.

xl,sz]Fp v~V

Trivially, we have
(6.13) ¥ < CL?M*NUWd;".
Furthermore, using Lemma 3.2, we have the inequality
(6.14) T3 L V¥ p 4V p2

Next we estimate X,.
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6.2. Bounding X,
This following bound is the core of our method.

Lemma 6.1. With the above notation, we have
L% \2
T, < (M/C + 1)2<1 4 ﬁ) (ABLM)'°D(CW ged(h, d) + NU ged(a, d)/da)
14

foralll <A< £,/d, 1 <B < Ly/Vand1 <C < K/d,.

Proof. LetU; = ged(a,d)U and Wy = ged(b, d)W. We operate the changes of variables
— " — d
U ——, W ——————
gcd(a, d) ged(b, d)

in the definition (6.10) of p(x1, x2). Note that 3, is bounded by the number of tuples with
length 16

(6.15)

(k k01,81, 85, 0o, my, Fity ma, i, n, i u, i, w, )

satisfying

k| Jk| ~C, €1, 81,420 <L, my,iity.my,iia <M, |n|,|ii| <2N/d,,

u,u~Uy, w,w~W, kw#nu, ki # i,

ged(a*k,b*n) = ged(a*k,b* i) = 1, |a*kly + b*min| ~ A,

la*kly + b*myi| ~ A, |a*lou + b*mow| ~ B, |a*{yil + b*iit, | ~ B,

Limy # £omy mod p, {17y % {7 mod D,
with the additional non-divisibility conditions
(6.16) p t (a*liu + b*miw)(a*lou + b*mow)(a*kly + b*min)(a*kls + b*mayn),
and
(6.17) p + (@™ lyii + b*iy @) (a*bati + b*ii W) (a*kly + b*Aiyit)(a*kly + b* i),
and also such that
(6.18) (a*kly +b*myn)(a* it +b* i W) = (a* kL1 +b*fi i) (a* Lyu +b*myw) + 21 p.
and
(6.19) (a*kls+b*man)(a*laii + b* Mr®) = (a*k s+ b*Mait) (a* bou + b*maw) + 22 p,
with some 0 < |z1], |z2] < Z, where

Z =1+ 4(la|KL + |b|MN)(|la|LU + |b|M W)/ (dp).

so by hypothesis we have the inequality

2

(6.20) Z <1+ !
' dpV

Note that the conditions (6.16) and (6.17) are resulted by (6.6) with changes of variables
as in (6.8) and (6.15).
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We now fix k, £1, €2, m1, ma,n,u, w, and put
aj =a*kl; +b*mjn, b; =a*lju+b*mjw
for j = 1, 2. Note that
lai] ~ A, laz| <2L,/d, |b1| < Ly/V, |ba| ~ B,

with ayazb1by # 0. Given zy, z; with 0 < |z1|, |z2] < Z as above, we now look at the
equations

(6.21) arxy = b1y +z1p, axxa =byys +z2p

in x1, X2, ¥1, y2 € Z with |x1| < L,/ V, |x2| ~ B, |y1] ~ A and |y2| < 2L,/d. It is
clear that the number of such tuples (x1, x2, 1, y2) satisfying (6.21) is bounded, up to an
absolute constant, by

(6.22) (M N 1)(%

a by

We claim that, for given k,l1,8>,mi,my,n,u, w,z1, 2o as above, the number N of
tuples (k Kl , Ez, my,my, i1, U, W) satisfying the above-mentioned conditions satisfies

(6.23) N < (M/C + 1)2.

) < ged(ay, by) ged(as, by).

Hence

2 < (%+1)222 YIS Y Y Y ecd(arby) ged(az, ba)

|k|~C £1,8o<L mi,m><M |n|<2N/d, u~U; w~W;

a*kli+b*min=ay, a*Liu+b*miw=>b;
a*kly+b*man=as, a*lru+b*maw=b,
lai|~A, |b2|~B, kw#nu

in view of (6.22). Then the desired bound for ¥, follows from (6.20) and Lemma 3.3.

It suffices to prove (6.23), and keep in mind that k, £1, £, my, ma, n,u, w, z1, z» are
all fixed. We now fix one of such tuples (x1, x2, ¥1, ¥2), satisfying (6.21). Then (6.18)
and (6.19) lead us to consider the system of four equations

a*flﬁ + b*mw = xq,
a*k iy + b*in i = Y1,
a*lyii + b*ifa i = xo,
a*k iy + b*iisii = V2,

(6.24)

in lg,fl,fz,n"zl,rﬁz,ﬁ,ﬁ, W € Z. Recalling the restriction 57113“12 3 fzn'il mod p, it suffices
to consider the solutions satisfying £/, # £1.
We now fix integers [, [, m; and m, satisfying

(6.25) 1L <L, my,my<M, [jmy#ILm.
such that the two equations

(6.26) a*kly +b*myii = y1,  a*kly + b*myii = y,
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are solvable in lg, n with gcd(lg, n) =1, given the above [y, 15, m;, m,. Note that the
system (6.26) has at most one solution (k, 71) because its determinant does not vanish.
Suppose that a solution to (6.26) does exist. Then by (6.25) all solutions to the second
equation in (6.24) are of the shape

lefl—slb*ﬁ, 771121111—}—8161*12, 0S|S1|<< M/l]g| < M/C,
and all solutions to the fourth equation in (6.24) are of the shape
Uy =1, — s2b*, iy =ma + 5207k, 0<|sz] < M/|k| < M/C.

After determining 571 , 572, my,m, with Zln?z #* Uiy, we may find at most one tuple (i, W)
satisfying the first and third equations in (6.24) simultaneously.
We have proved (6.23) so far, and thus completed the proof of Lemma 6.1. |

Subsequently, by Lemma 6.1, forall 1 £ A < £,/d, 1 < B L |a|lLU + |b|MW K
Ly/V and 1 £ C < K/dj, we have the bound

£2\2
T, < (M/C + 1)2(1 + ﬁ)
(6.27) P
(LZLM)1+0(1)
o W tM) T

TV (CW ged(b,d) + NU ged(a,d)/d>).

6.3. Concluding the proof of Theorem 2.7

We substitute the bounds (6.13), (6.14) and (6.27) into (6.12) and note that
d? d?

ged(a, d) ged(b,d)  ged(ab, d)

since we have assumed gcd(a, b) = 1. Hence, we derive

did, =

0:(d) < p°V sup (CLEMANUW;Y)'=Vr(M/C + 1)1/f(1 i L—g)l/r
C<K/d, dpV
LILM \1/@r)
*( dv )
It is easy to see that in the last expression, after expanding, C appears only in positive
powers, and therefore the supremum is attained at C = K/d;. Hence,

(CW ged(b,d) + NU ged(a, d)/dy) /@ (V p 4 V7T p2)l/ @),

L_%>l/r

02(d) < p°D(KLEM2NUW/d?) 'V (d, M/K + 1)1/’(1 + 2
p

L2LM N\ 1/2r)
x( 2 ) !
av
+ NU ged(a, d)/dy)/CP (V27 p + V7 p?) /")

ged(ab, d) V" (KW ged(b,d)/d,

L2 \1/r
< P OKLEMENUW/d®)' i M/K + 1) (14 22 )
dpV

LZKLMN\1/@2r)
(2—) gcd(ab’d)l—l/(Zr)(V2rp 4 Vrp2)1/(2r)'

d2v?
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We also note that
d=2t2r _dll/r AV _gcd(ab’d)l—l/(zr) < d—2+2/r gcd(ab’d)l—l/(zr)
< d 'ged(ab,d)' ="
for r = 2. Recalling (6.7), (6.9) and (6.11) and then summing over d < D, we obtain
0(1)
UVW

01 < Y (Q2(d) + Emy(d)) + Emy

d<D
LZ 1/r
< po(l)(KLZMZN)I—I/I‘(UVw)—l/r(M/K + l)l/r (1 + _Ii)
p
x (L2KLMNp)V/CD (1 4 y=1/2 pl/@n)
MN
+ KM~ O 4 KL2M(V + =) p°®.
p

Taking
V:pl/r U:le—l/r W = le—l/r
9 4 b 4 9
so that the assumption (6.4) is satisfied, we derive that

LZ

1/r
2 ) (L2KLMN)Y/CD
p

01 < (KL>M2N)'~ 1/’(KN)_1/’(M/K+1)1/’<1+

pl/(2r)+1/r2+o(l) F (LM)?pV/ro | KL2M<p1/’ n MPN)po(l)

Lz 1/r 2
< (KLMN)*~ 3/(2r)(KN) (M/K+1)l/r(l+pl+l/r) L;/rpl/(Zr)—i—l/r +0(1)
£ (LM)2pYrre 4 KL2M<pl/r + MN)po(l).
p

It remains to recall (6.1) and (6.2) to conclude the proof of Theorem 2.7.

7. Proof of Theorem 2.11

Let p > max{K, M, N }. Consider the trilinear sum of Legendre symbols

G- Z Z Z(k+mn)

k<K meM neN

with
(7.1 K = [p"T(MN)TE 4 p7).
Suppose that the values of k + mn, for all given k, m, n in the above ranges, are always

quadratic non-residues or zero modulo p. Then we see from (2.6) that & satisfies the

trivial bound
|©| = c2KMN + O(MN/p + 1)Kp°D),

where the error term accounts for the cases with k + mn = 0 (mod p).



Estimates for trilinear and quadrilinear character sums 29

Therefore, Theorem 2.11 is proved as soon as we have the bound
(7.2) & =0(KMN)

under the hypotheses (2.5) and p tending to infinity.

We first consider the case (M N)? > p'+1/7_for which we see from (7.1) that K < p.
Now (7.2) is an immediate consequence of Karatsuba presented already in (1.6) and (1.5).
We henceforth assume that (M N)? < p'*1/7. Applying Theorem 2.5 with the choice

a=b=1 oan=1y(m) and Bi, =1 k) 1y (n),
we deduce that (7.2) is proved as soon as one has the following three inequalities:
M Z Kl/z’ K(MN)2 ; p1+1/r+77/2’ M Z pn/4.
The choice (7.1) guarantees the above three conditions provided that
M = p"* and M*N?> p'tlr+n,

The restriction M > p”/ 4 can also be dropped, since otherwise we should have N2 >
p't1/7 and we may instead appeal to Karatsuba by noting that K > p” thanks to the
choice (7.1). This completes the proof of Theorem 2.11.

A. Karatsuba’s bound for double character sums

Recall that
Be.B)= D Y amPux(m+n)

meM neN

as in (1.3) We now give a proof of (1.6) in the range of (1.5). More precisely, we have the
following explicit estimate for B (e, B).

Theorem A.1. Let x be a non-trivial character of ¥, and M, N C F, two arbitrary
subsets with cardinalities M, N, respectively. For each positive integer r, we have

B, B) < [l i ally 1B oo (Np/ @) 4 N2 p1/CD),

where the implicit constant depends only on r.

Remark A.2. Theorem A.l implies that
Bt B) < llarllool|Bllco MN (M~ ED pH/ G 4 pg =/ CI N =12 p1ICD),
This readily implies (1.6) for

1/2+n

M>p and N > p”

by taking r > 1/n.
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The proof is quite short. From the Holder inequality, it follows that

BB < Y leml| Y Buxlm +m)| < el el /@,
meM neN

W= Z ‘ Z Bnx(m +n)’2r.

meM neN

where

The ingredient here is that one enlarges the sum over m to I, and ignores the structure

of M, so that "
,
W < Z‘Zﬁnx(m—i-n)‘ .

meF, neN

Now Theorem A.1 follows immediately from Lemma 3.1.
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