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H? solutions for a Degasperis—Procesi-type equation

G1usepPE MARIA CocLITE (*) — LorRENZO DI Ruvo (*%)

ABsTRACT — The Degasperis—Procesi equation can be regarded as a model for shallow water
dynamics and its asymptotic accuracy is the same as for the Camassa—Holm equation. Here
we consider a generalization of the Degasperis—Procesi equation and prove the existence and
uniqueness of H?2 solutions for the Cauchy problem.

MATHEMATICS SUBJECT CLASSIFICATION 2020 — 35K 55 (primary); 35G25 (secondary).

KEeyworbps — existence, uniqueness, stability, Degasperis—Procesi equation, Cauchy problem.

1. Introduction

In this study, we investigate the existence and uniqueness of the following Cauchy

problem:
4
u + 80,u — ﬂ—);uaxu + k03u
(1.1 —B%0,0%u + yoyudiu + yudiu =0, t>0, x € R,
u(0,x) = up(x), x € R,
with
1.2) S, y.B.k eR, y,B#0.
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On the initial datum, we assume

(1.3) up € H*(R), ug #0.

Equation (1.1) is a particular case of

(1.4) 0u + 80xu +audu + Kaiu - ﬂza,aiu + aaxuaiu + yuaiu =0,

which is analyzed by Degasperis and Procesi [21]. In particular, they found that there
are only three equations that satisfy the asymptotic integrability.
The first family is given by taking § = 8 = @ = y = 0in (1.4), that is,

(1.5) o;u + audyxu + Kaiu =0.

Equation (1.5), known as the Korteweg—de Vries equation, models weakly nonlinear
unidirectional long waves, and arises in various physical contexts. For example, it
models surface waves of small amplitude and long wavelength in shallow water. In
this context, u(t, x) represents the wave height above a flat bottom, with x being
proportional to distance in the propagation direction and ¢ being proportional to the
elapsed time. Equation (1.5) is completely integrable and possesses solitary wave
solutions that are solitons. The Cauchy problem for (1.5) is studied in [6,35] and the
references cited therein.
The second family is given by taking @ = 2y in (1.4), that is,

(1.6) 0;u + 80 u + audyu + Kaiu — ﬂzataiu + 2y8xu3§u + yuaiu =0.

Equation (1.6), known as the Camassa—Holm equation, models the unidirectional
propagation of shallow water waves over a flat bottom. In this case u(¢, x) represents
the fluid velocity at time ¢ in the spatial x direction, while § is a parameter related
to the critical shallow water speed [4, 24, 33]. Equation (1.6) is also a model for
the propagation of axially symmetric waves in hyperelastic rods [19, 20]. It has a
bi-Hamiltonian structure [25,37] and is completely integrable [4, 15].

From a mathematical point of view, local existence and uniqueness results for (1.6)
are proven in [16,27,39,42,44], while the existence of global solutions for a certain
class of initial data and solutions that blow up in finite time for a large class of initial data
are proven in [ 14,16, 17]. Existence and uniqueness results for global weak solutions for
(1.6) are proven in [2,3,17,18,28-30,34,46,47]. The existence of the traveling wave
solutions can be found in [38], and the existence and uniqueness of periodic solutions
for the Cauchy problem in [13,43]. Finally, in [5], using a compensated compactness
argument in the L? setting [36,45], the convergence of the solution of (1.1) to the
unique entropy solution of the Burgers equation is proven, and in [31], using a kinetic
approach [32].
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The third family is given by taking a = —4y/B? and o = y in (1.4), which is
precisely equation (1.1) and it is known as the Degasperis—Procesi equation.
After an appropriate rescaling, equation (1.1) can be written in the form

982 32
b Oxudiu — P udiu = 0.

(1.7)  0;u + dxu + 30u”* + 3u — B29,0%u — - -

By rescaling, shifting the dependent variable, and finally applying a Galilean boost,
equation (1.7), can be transformed into the famous form (see [22,23])

(1.8) 0ru — a,aiu + 4udu = 38xu8§u + ua;”cu.

From a mathematical point of view, the local and global existence and uniqueness
of (1.8) in energy spaces is proven in [26,48-50] and the references cited therein. In
[9], the existence and uniqueness of the entropy solution is proven, while in [11] the
well-posedness of the homogeneous initial boundary value problem is studied. In [10]
the existence and uniqueness of the periodic solution of (1.8) is analyzed, while in
[12] the convergence of some numerical schemes is proven. Possible estimates on the
blow-up time 7 for (1.8) are given in [39-41] and the references cited therein.
We use the following definition of a solution.

DeriniTION 1.1. We say that a function u: [0, c0) x R — R is a weak solution of
(1.1) if

ue HY((0,T)xR)NL®0,T; H*(R)), 9,0xu € L>®°(0,T;L*(R)), T >0,

u(0,:) = ug a.e.in (0,00) x R

and for every test function ¢ € C°°(IR?) with compact support,

o 4)/ s
(E),ugo + 80xup — Sudxup — kdyudxp
o Jr p
+ ﬂzataxuax(pyuaiuaxw) dtdx = 0.
The main result of this paper is the following theorem.

THEOREM 1.1. Assume (1.2) and (1.3). Given 8, y, k, B, there exists a unique weak
solution u of (1.1) in the sense of Definition 1.1, such that for every T > 0,

ue HY(0,T)xR)N L0, T; H2(R)) N W12((0,T) x R),
(1.9)
9;0,u € L0, T; L*(R)).
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Moreover, if uy and uy are two weak solutions of (1.1) in correspondence with the
initial data uy,0 and uy o, we have that, for every T > 0,

rzzeC(T)t

(1.10) 1 (2, ) — ual, ')||12ql(R) < 1_—2””1,0 — U2
3

2
HI(R)’
for some suitable C(T) > 0, and every t € [0, T], where

(1.11) t? = min{l, B2}, ¥ = max{l, B%}.

We note that Theorem 1.1 affirms that equation (1.1) admits a unique global-in-time
weak solution. Unfortunately, some of the estimates blow up as 7" — oo, and indeed
we prove them in every stripe (0, 7) x R, T > 0. Finally, we cannot use the arguments
of [9] because the L2 norm is not a conserved quantity of (1.1); we can only prove that
it stays bounded in any finite time interval (0, T") (see (2.3) below).

The proof of Theorem 1.1 is given in the next section.

2. Proof of the Theorem 1.1

This section is devoted to the proof of Theorem 1.1.

Our existence argument is based on passing to the limit in a vanishing viscosity
approximation of (1.1); see e.g. [1].

Fix a small number 0 < ¢ < 1, and let u, = u,(, x) be the unique classical solution
of the following problem [8]:

4y

OsUg + 80xUg — ﬁugaxug + Kaiug - ﬂza,aiug
2.0 +y8xu88)2€u8 + yusaiue = —881%, t >0, xeR,
us(0,x) = us,O(x)’ x €R,

where u; ¢ is a C* approximation of ug, such that
22 Nucolme® < ollm2wy.  Veldiueollr2wy < Co. o # 0,

where Cy is a positive constant independent of ¢.
Let us prove some a priori estimates on u,, denoting by Cy the constants which
depend only on the initial data, and by C(T") the constants which depend also on 7.
Inspired by the arguments in [7] we prove the following lemma.

LeEmMa 2.1 (H? estimate). Given §, y, k, B, the following estimates hold:

(2.3) e, )2y 10xue(, )l L2(r)- 187 ue (2, M2y < C(T),
(2.4) ”axus”Loo((O,T)x]R) = C(T)7
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(2.5) el Loe (0, 1yxr) < C(T),
t
3 2
2.6) o [ N ey s < €T
foreveryO <t <T.

Proor. Consider F a positive constant. Multiplying (2.1) by 2u, — 2F d2u,, an
integration on R gives

”us(t’ ')||1%2(R) + (,32 + F)”axus(tv ')HiZ(R) + F,32||3;26Ms(f, ')”iz(R))

=2/ uatugdx—Z,Bz/ uealaiugdx—ZF/ Biugatusdx
R R R

7

+2Fp? / aiuga,afcus dx
R

= —28[ ugaxugdx+2F/ Bxusaiusdx+ 8—);/ ugaxugdx
R R B> Jr

4F
__2)// ugaxugaiug dx—2/c/
B* Jr R

—2)// u83xu88§u8dx+2Fy/ Bxug(aiug)z dx—2y/ ugaiugdx
R R R

ugaf’cugdx +2F/c/ Biusaf’cus dx
R

+2F)// ugaiugaiug dx—28/
R R
_2Fy
= F
+ Fy/ sz,ts(afcug)2 dx +4y/ Lt‘gaxu‘gafcu‘9 dx +28/ Bxugaiugdx
R R R

—2Fe||d3u,(t.-)||

2
L2(R)
2F
= —2y / (axug)?’ dx — )// (8xu5)3 d_x + F'J// axus(a)zcus)z dx
/3 R R R

ugaiugdx +2F8/ Biugaiug dx
R

/(Bxu8)3 dx+21c/ E)xu,ga)zcu,3 dx+)/[(8xus)3 dx
R R R

— 2F¢|0}ue(t,

')”iz(R) ')”1%2(]1{)‘

Therefore, we have
d
E(Ilus(t, N amy + (B2 + F)xuc(t, )72 gy + FB103ue(t, )72 g))
26|t ) 2 gy + 2F el 3. |2 q

2F
2.7 = —2)// (D) dx — y[(axus)3 dx + F)// 8xue(8§u8)2 dx.
B* Jr R R
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Introducing the function

XE(Z) = ”us(ta )”22(]1@) + (:32 + F)”axue(tv )”iz(R)
(2.8) + FB203ue(t, )17 2 )

equation (2.7) reads

dX,(t)
dt

(2.9) == / (Oxug)dx —y / (0xue)®dx + Fy / dxtte(92ue)? dx.
,Bz R R R

+ 2e ”azus(t )||L2(R) + 2F8||83u8(t )||L2(R)

Observe that, thanks to (2.8),

2F 2F
V/(ax )P dx < 'V'f Oxte]? dx

_2F0yl
= 13 ||3 ug(l )”L‘XJ(]R)”a us(t )||L2(]R)
2
_2F + Al
= /32
_ 20
= ,32

” 8xu£(t, ) ||L°°(]R) ”axus(t, ) ”iZ(R)

19t ) ooy () 22 )
+ (F + B 0xue(t. ) o )

20 a0, ) oy BP0 1, oy

132

2
;)j ”axua(tv ')”L‘X’(R)Xs(l)’

|y|/ st dx

Y
< DBt ey 101
= !3}/_|(F +ﬂz)”axus(t")”LOO(]R)”axus(t»')HEZ(R)

[yl
< 25 19xue(t, Loy (e (t, )7 2 g,

B
+ (F + B 0500, |22 )

e (2.l ooy F2102ue(t. ) 22 g

A

y [ (Bxus)? dx
R

Iyl
ﬂ2

= %”axuso,')||L°°(R)Xs(t)v
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Fy / dtts(Pus)? dx < Fy| / 951161 (32ue)? dx
R R

_ 7l
= 132 FIB ”a ua(t )”L‘X’(R)”azus(l )||L2(R)
|V| 2
< ﬁz(llus(t W32y + FB 1030, )72 g)
|V| 2
/32 (F+:B )”a us(t )”Lz(R)
_ vl 5 ¥
= F” xus(l")“L‘X’(R) e(1).
Consequently, by (2.9), we have
dXe(r) _ 4yl

(2.10)

G = g e )l Xelt).
Observe that, by (2.8),
Q@11 (B + F)0xus(t, oy < Xs(0),  FB2103us(t, )72 gy < Xe().
Therefore, thanks to (2.11) and the Holder inequality,
(Oxug(t,x))? = 2/x Bxugafcug dy < 2/R [0xuel |8)2€u€| dx
—o0
< 2||a us(1, )l L2y 103 Ue (. ) | L2 Ry

= B 0xte (1) 2y | FB (0. 2

fﬁz
< 2 SO B s gy I
VF B2 L2(R) L2(R)
2
< Xe(1).
< e
Hence,
2
(2.12) 192 (2. )17 o0 ) < \/_T,BZXE(I)'
It follows from (2.10) and (2.12) that
aXet) _ 4 3
di T YFIppP" T
which gives
2()dX e(t) _ 4v2ly|

ar = YRpP
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Integrating on (0, ¢), we obtain

L S 2114
VX)) X000 VFIBP

Using (2.8) in (2.13), we have

(2.13)

1 N 82yt
VAe(t) + (B> + F)B.(t) + FB2E.(t) VFIBI?
1

(2.14)

= VAe(0) + (B2 + F)B:(0) + FB2E.(0)

forevery O <t < T, where F is an arbitrary positive constant, and

Ae(0) = ||us (1, ) |2 gy By (1) = [|9xue(t, )72 gy
@15 E0) = [02uC ) oy A0) = [ucoll2m).
Be(0) = [0xue,ollL2(r) Ec(0) := ||3;26us,0||L2(1R)-

We prove (2.3). Observe that, by (2.2),

(F + B |stteo 2oy < (F + B2 19500022y

FBPusolia < FB 102101

Consequently, (2.2), (2.15), (2.9), and (2.16) give

(2.16)

Xs(0) = Ag(0) + (F + B?)B:(0) + FB*E.(0)
< Yo+ (F + Y1 + FB°Y>,

where
Yo = ”uO”iZ(Ry Yy = ”axu0”z2(R)9 Y = ||8§"0||iz(R)-

Therefore, we have
1

VA:(0) + (F + B2)B.(0) + FB2E,(0)
1

(2.17) > )
VYo + (F + Y1 + FB?Y,
Moreover,
82|yt 8V 2|y|T 82|y |t 8V 2|y|T
2.18) V2lylt _ 8320y V2lylt 8320y

JEBE = YEIBE . YFRBR - YEIBP
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It follows from (2.14), (2.15), (2.8), (2.13), (2.17), and (2.18) that

L 1 _8V2lyIT
VX)) T Yo+ (F+ OV + FB2Y,  VFIBP?
_ VFIBP = 8V2yIT VYo + (F + B)Y1 + FB?Ys

VFE|BP VYo + (F + B2Y: + FB2Y,

(2.19)

We search for F such that

(2.20) VFE|B? —8v2|y|T /Yo + (F + B2)Y) + FB2Y, > 0.
Taking |B]| as

(2.21) Bl = F", n> %

(2.20) reads

12n+1

F= 5 —8V2|y|T VYo + (F + F21)Y; + F21+1Y, > 0,

which gives

12n+1

(2.22) F7 2 > 128y2T?*(Yy + (F + F?™)Y, 4+ F?"*1y,).
Consequently,

F5 _ 108)2T2Y, F2+1 — 128272y, F?"
(2.23) — 128y2T?Y F — 128y%T?Y, > 0.

Taking n as in (2.21), we have

lim F 5 —128)2T2Y, F2"+! _ 12822y, F?"

F—o0

(2.24) — 128y2T2Y, F — 128y%T?Y, = oo.

In fact, we have (2.24) if only if
12n +1

>2n+1,

that is
e
8
Therefore, thanks to (2.24), we have that (2.20) (which is equivalent to (2.22)) holds.
Taking F very large and up to rescaling, we can have |§| = F”, with n defined in

2.21).
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Consequently, by (2.19), (2.20), (2.22), (2.23), and (2.24),

(2.25) > C(T).

vV Xe(?)
Thanks to (2.8) and (2.25), we get
(.32 gy + (B + F)|xate(t.) |22y + FB102106(t.) |22y < C(T).
which gives (2.3).
We prove (2.4). By (2.8) and (2.12) with F = 1, we have

95106t oy = 75 2 (et oy + (B + DIttt )22
(2.26) + B21103ue (1, )17 2 )
Inequality (2.4) follows from (2.3) and (2.26).

We prove (2.5). Thanks to (2.3) and the Holder inequality,

p
w2 =2 [ wdsuedy <2 [ el el dn
—00 R

< 2/Jue(t, )l L2yl 0xue(t, ) 2wy < C(T).

Hence,
||ue||%oo((o,T)X]R) = (1),

which gives (2.5).
Finally, we prove (2.6). Observe that (2.7) with F' = 1 is written

d
E(”us(l‘, .)”ZZ(R) + (,32 + l)Haxua(Zv ')”iZ(R) + /32”3)2#8([, ')”iz(R))
- 2612022 gy + 26103001, 2 g
2 _ 2
(2.27) = V(_zﬂ)/(axuefdx + y/ Oxtte(03ugs)* dx.
p R R
Thanks to (2.3) and (2.4),
27— 2
P [ g

< PO oyl gy = OO,
028 < 5 L2(R) —

M / Ot (02u0)? dx

< Iy 18xusll oo 0,7y xm) 19316 (2, )72 ) < C(T).
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It follows from (2.27) and (2.28) that
d
E(Ilue(h Nia@y + (B2 + Dldxue(t, )7 om) + B2 103U, )72 g)
+ 2¢|02uc(t, ')”iz(R) + 2¢|03uc(t, ‘)”iz(R) < C(T).
Integrating on (0, ¢), by (2.2) we get
e 22y + (B + Dlldsue(t. ) 22g) + B2 1320522 )
"z 2 " aa 2
20 [ 18 ey ds + 26 [ 185005 3y
= Co+ C(T)t = C(T),
which gives (2.6). ]
Lemma 2.2. Given §, y, k, B, we have
(2.29) el 03ue (1. )17 2y + BelB3ue (1. )17 2m)
t
42 /0 1942 (5. M2y ds < C(T),
foreveryO <t <T.
Proor. Let 0 <t < T. Multiplying (2.1) by 2¢0%u,, an integration on R gives
d
(1) 2y + B30, 2 )
= 28/R aiugatus dx — 2;328/R aiueataiug dx

8
= —258/ Dtted*us dx + Lj/ Uedx11ed g dx
R B* Jr

—2/(8/ Biugaiug dx —2)/8/ 8xu88§u881u8 dx
R R

e R e T L

8
= 258/ aiusaius dx + Lj/ ueaxusaiue dx
R B* Jr
+ 3]/8/ 8xu8(3iu8)2 dx — 282||8iu8(t,-)||iz(R)
R

8
= / Uedytts ¥y dx + 3ye / Do (3up)? dx
ﬂ R R

- 2‘92”817/!8(1’ ) ”22(]1{)
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Therefore, we have

d
R0, oy + B2EN03e(0.) 2 gy) + 2601, oy

8
(2.30) = %/ UeOxUe e dx + 3}/8/ Axue(33u)? dx.
R R

Due to (2.3), (2.4), (2.5), and the Young inequality,

8lyle
132

8lyle
/]R ol B ] i = 22 eyt /R 9gate] 9% dx

<20(T)s / 1Ot [6%1e| dx
R

= 2/ |C(T)0xu,| |88iu£|dx
R

= C(T)”axue(tv ')Hiz(R) + 82”817"607 ')||22(R)
< C(T) + 2| 83ue (1, )72 gy

Slyle [ @30 dx = 3lyleldsieloeqo.ryem 03t M 2y
= C(T)s||8)3€ug(t, ')”1%2(]1{)‘
It follows from (2.30) that
d
d_t(f;”a;zcus(tv ')HiZ(R) + ,328||3;3¢us(l, ')HiZ(R)) + 82||aius(t» ')”iz(R)
< C(T)el|d3ue(t, )} 2y + C(T).

Integrating on (0, 7), by (2.2) and (2.6), we get
N02e (1) 22y + B2 Bte(t. ) 2oy + 62 /0 e, I aggy ds
< Co+C(Te /O s, Mz ds + C(T)t < C(T),
which gives (2.29). [ ]

LemMma 2.3. Given §, y, k, B, the following estimates hold:

(2.31) 2”81‘“8(1’ ')”iZ(R) + ﬁ2||8taxu8(tv .)HEZ(R) < C(T),
(2.32) 102146 | Low 0,7y xR) = C(T),

foreveryO <t <T.
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Proor. Let 0 < ¢ < T. Multiplying (2.1) by 20;u,, an integration on R gives
2”atu£(lv ')”iZ(R) + 2ﬂ2”atu6(tv ')”iz(R)
= 2/ (0,ug)? dx—2,82/ a,usa,aiug dx
R R
8y
=26 | 0xugd;us.dx + =5 UgOxU D U dX
R B> Jr
—2K/ Bf’cugatusdx—Zy/ axugaiugatuadx
R R
—2)// ugaiugatuedx—%/ Biusatusdx

= —28[ OxUgO0sUs dX + —= /ugaxuga,ug dx

132
+2K/ aiuea,axue dx —|—2y/ ugaiuga,axug dx
R R
—|—28/ Biugataxugdx.
R

Therefore, we have
2080w (t, )7 2y + 287 10:ue(t. )7
tUe\l, Lz(R) tUeg\l, LZ(R)
8
- —25/ Bxtsdous dx + —Z/ edxuedue dx
R B* Jr

+ 2/(/ aiugataxue dx + 2)// ugaiuga,axug dx
R R
(2.33) + 28/ aiugataxug dx.
R
Since 0 < ¢ < 1, thanks to (2.3), (2.5), (2.29), and the Young inequality,
205 [ ol el dx = [ (250l 19l d
R R
1
= 282||8xu8(t7 ')”1242(1&) + 5||3rue(t, ‘)”1242(]1@)
1
= C(T) + S l10ue(t, )72 gy
I)/I 8lyl
Iusl |0xue [0:us| dx < ra el Loo (0, 7)xR) |8 Ug| [01ue| dx

< C(T>[R|axug| Dot dx
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1
= C(T)|9xu4(t, ')”iZ(R) + EHatus(t’ ')”iZ(R)

1
< C(T) + EHBtus(ls )”iZ(R)’

2k 0%
20| [ |aius||a;axus|dx=/\ Cate
R
2

2 0.9 B gy + L et

|0 0xue| dx

= ,32
p? 2
= C(T) + 7”at8xu€([’ ')”LZ(R)’
2|y| A 1] |3)2Cu5| |0;0xueldx < 2|y| ||u8||L°°((O,T)xR) [I‘K |a§u8| |0;0xue| dx

< cm/ 12061 18, 9xte] dx
R

C(T)%u,
< [|F5 1o
Rl B

2
LATERNG

< C(D)|1F3ue(t )72 gy + Mo m)

2
< @)+ L bt ) gy

2603
2 [ |aius||ataxus|dx=/\ edzue
R

”8 E(t")”zZ(R) + =

|B0:0xue| dx

2
P ||8 Oxue(t,

,82
||83u5(l )||L2(R) + 5 ”ataxus([")”iZ(R)

)”iZ(R)

fﬂz

| /\

ﬂz
B> 2
= C(T) + 7”8[83&{5([, ')“LZ(R)'

It follows from (2.33) that

ﬂZ
07,2, .)HiZ(R) + 7”8;1,!8(1‘ )||L2(R) Cc(T),

which gives (2.31).
Finally, we prove (2.32). Due to (2.31) and the Holder inequality,

@s(t, x)) = 2 / Duuedrdue dy <2 / 1910e] 13 Dxite] dx
—0o0 R

< 2[|07ue(t, )l L2w) 10 0xue(t, ) L2wy < C(T).
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Hence,
||atus||%oo((o,r)x]1{<) = (D),

which gives (2.32). [ ]
Using the Sobolev immersion theorem, we prove the following result:

Lemma 2.4. Assume (1.2) and (1.3). There exist a subsequence {ug, }ren of
{Uc}e=0 and a limit function u which satisfies (1.9) such that

(2.34) Ug, — U a.e. and in Lf;c

((0,00) xR), 1=<p<o0.
Moreover, u is a solution of (1.1).
Proor. Thanks to Lemmas 2.1 and 2.3,
{1s}¢>0 is uniformly bounded in H'((0,T) xR), T >0,

which gives (2.34).
Observe that, thanks to Lemma 2.1,

uel®0,T;:H*R)), T >0,
while, by Lemma 2.3,
ueWh®(0,T)xR), T >0.
Moreover, by Lemma 2.3, we have
9;0,u € L*((0,T) xR), T >0.
Therefore, (1.9) holds and u is a solution of (1.1). ]
We are finally ready for the proof of Theorem 1.1.

Proor or THEOREM 1.1. Lemma 2.4 gives the existence of a solution u of (1.1)

such that (1.9) holds.
We prove (1.10). Let uy, u, be two solutions of (1.1), which satisfy (1.9), that is,

2
0ru; + 860xu; — ﬁ—Zaxu% + Kaiu,-

—ﬂZa,aiui + yax(uiaiui) =0, t>0, xeR,

u;i (0,x) = u;o(x), x € R,
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fori = 1, 2. Then the function
(2.35) w=u;—uy
is the solution of the following Cauchy problem:
2y 2.2 3
0w + 80y — ﬁax(ui —u3) + kdyw
(2.36) B0, + yx (uid2ui —u282uz) =0, 1> 0, x € R,
wo(x) = ug,0(x) —uz,0(x), x € R.

Observe that, thanks to (2.35),

A (i —u3) = 0x((uy + u2)(uy — uz)) = 3x((u1 + uz)w),
(237) Bx(ulaiul — uzaiuz) = 8x(u18§u1 — Mlaiuz + Mlaiuz — Mzaiuz)
= Bx(ulaia) - aiuzw) + 8x(8§u2a)).

Consequently, by (2.37), equation (2.36) reads

D10 + 80c — 20,20 — 5 (1 + 12)0)

/3
(2.38) + k020 + Yy (U120 — BZusw) + yx(2uw) = 0.
Assume T > 0 is given. Since u1,u, € L*(0, T; H?*(R)),

(2.39) 19xu1llLoo(o,7)xR)- 10xu2]lLo0(0,7)xR) < C(T).
Moreover, by (2.39), we have

(2.40) [0ty + Oxuz| < [0xuq| + |0xuz| < C(T).

Multiplying (2.38) by 2w, an integration on R gives
d
E(”w(t’ ')”iZ(R) + :32”8xw(ts ')HiZ(R))

= 2/ a)ata)—Z,BZ/ wa,aia) dx
R
_ 4
/32
—2)// a)ax(ulaiw—aiuzw)—Zy/ a)Bx(afcuzw) dx
R R

/a)a ((uq —I—uz)a))dx—ZS/ wa a)dx—2i</ wdwdx
R

——);/ (U1 + U)wOxw dx—|—2/c/ 8xa)8)2€a) dx —|—2y/ ulaxwaia) dx
B* Jr R R

2
—Z/(axul + dyua)w? dx—y/ 911 (0,0)2 dx.
B* Jr R
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Therefore, we have
d 2 2 2
E(”w(l‘v ')”LZ(]R) + ﬁ ”axw(l’ ')”Lz(R))
2
(2.41) - ﬂ_z/(a"”“ + dyun)w? dx —y/ dctt1 (9x0)? dx.
R R

Thanks to (2.39) and (2.40),

2yl

B /R|8xu1 + Oyuz|w? dx < C(T)||a)(z,-)||iz(R),

71 [ 10021050 dx = CTI0,00. )M ey

It follows from (2.41) that

d

77 (e, W2y + B2I0x0(t. ) 172 g)
< C(D) 0t ) Baggy + CTD30(.) 22 g
= C(T)(”w(t’ ')”iz(R) + /82||axw(tv ')”iz(R))-

The Gronwall lemma and (2.36) give

||a)(t, ')”iZ(R) + ,32||3x60(l, ')”%?(R) = eC(T)t(”a)O”iZ(R) + :BZHawa”iz(]R))-
By (1.11), we have
(2.42) tlolig < e lwolfi g

Therefore, (1.10) follows from (2.36) and (2.42). [ ]
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