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Noncommutative scheme theory
and the Serre-Artin—-Zhang—Verevkin theorem
for semi-graded rings

Andrés Chacon and Armando Reyes

Abstract. In this paper, we present a noncommutative scheme theory for the semi-graded rings gen-
erated in degree one defined by Lezama and Latorre [Internat. J. Algebra Comput. 27 (2017), 361-
389] following the ideas about schematicness introduced by Van Oystaeyen and Willaert [J. Pure
Appl. Algebra 104 (1995), 109-122] for N-graded algebras. With this theory, we prove the Serre—
Artin—Zhang—Verevkin theorem for several families of non-N-graded algebras and finitely non-N-
graded algebras appearing in ring theory and noncommutative algebraic geometry. Our treatment
contributes to the research on this theorem presented by Lezama from a different point of view.

Dedicated to Professor Lorenzo Acosta

1. Introduction

In his beautiful paper [42], Serre proved a theorem that describes the coherent sheaves
on a projective scheme in terms of graded modules. Briefly, a commutative graded k-
algebra is associated to a projective scheme ProjA, and the geometry of this scheme can
be described in terms of the quotient category qgrA = grA/tors, where grA denotes the
category of graded modules and tors denotes its subcategory of torsion modules. For A4 a
finitely generated commutative graded k-algebra and X its associated projective scheme,
if coh X denotes the category of coherent sheaves on X and Oy (n) is the nth power of the
twisting sheaf on X [20, page 117], then we have a functor 'y : cohnX — qgrA given by

o
L) = P HX.F ® 0x(d)).
d=—00
Serre’s theorem [42, Section 59, Proposition 7.8, page 252], [19, 3.3.5], and [20,
Proposition II. 5.15], asserts that if A is generated over k by elements of degree one,
then I, defines an equivalence of categories cohX — qgrA.
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Artin and Zhang [5] extended Serre’s theorem to the noncommutative setting in the
following way: let A be an N-graded algebra over a commutative Noetherian ring. They
defined the associated projective scheme to be the pair Proj4 = (qgrA, 4), where qgrA is
the quotient category above, # is the image of A in qgrA and plays the role of the structure
sheaf of ProjA, and s, called the polarization defined by the projective embedding (this
definition is the same as is given by Verevkin [56, 57]), is given by the shifting of the
degrees in grA. Since Serre’s theorem does not hold for all commutative graded algebras,
i.e., the functor defined by I'x need not be an equivalence, Artin and Zhang’s definition
of ProjA is compatible with the classical definition for commutative graded rings only
under some additional hypotheses such that A is generated in degree one. In the literature,
the noncommutative version of Serre’s theorem is known as Serre—Artin—Zhang—Verevkin
theorem [5,56,57]. Several authors have investigated the results of commutative algebraic
geometry, but now in the noncommutative setting following Artin, Zhang, and Verevkin’s
ideas (e.g., [12,26-28,41,43,53-55,59] and references therein).

On the other hand, Manin [30] commented on the failure of attempts to obtain a non-
commutative scheme theory a la Grothendieck for quantized algebras. Nevertheless, Van
Oystaeyen and Willaert [33] studied this Proj by developing a kind of scheme theory
similar to the commutative theory. They noticed that this theory is possible only if the
connected and N-graded algebra considered contains “enough” Ore sets. Algebras satis-
fying this condition are called schematic. They constructed a generalized Grothendieck
topology for the free monoid on all Ore sets of a schematic algebra R, and defined a non-
commutative site (cf. [51]) as a category with coverings on which sheaves can be defined,
and formulated the Serre’s theorem. As a consequence of their treatment, an equivalence
between the category of all coherent sheaves and the category ProjR was obtained in the
sense of Artin [3]. Some years later, Van Oystaeyen and Willaert [S0-52] presented a
sequel of [33] in which they studied the cohomology of these algebras and proved a lift-
ing property for Ore sets. This allowed to present many examples of schematic algebras
like homogenizations of almost commutative algebras, Rees rings of universal enveloping
algebras of Lie algebras, and three-dimensional Sklyanin algebras. A detailed treatment
of schematic algebras can be found in Van Oystaeyen’s book [49].

A few years ago, Lezama and Latorre [29] introduced the semi-graded rings with
the aim of generalizing the N-graded rings, the finitely N-graded algebras and several
algebras appearing in ring theory and noncommutative geometry that are not N-graded
algebras in a non-trivial sense. In that paper, they investigated some geometrical prop-
erties of semi-graded rings, within which is the Serre—Artin—Zhang—Verevkin theorem
following Artin, Zhang, and Verevkin’s ideas (see also [27]). In this way, having in mind
Van Oystaeyen and Willaert’s ideas developed in [33] about a scheme theory for Proj in
the setting of N-graded algebras, it is natural to ask by a noncommutative scheme theory
for semi-graded rings, and hence, to investigate the schematicness of these objects in a
more general context than N-graded rings. This is the purpose of the paper. As expected,
we generalize the results established in [33] for N-graded algebras to the semi-graded set-
ting (as a matter of fact, we do not impose the condition of connectedness of the algebra),



Serre—Artin—Zhang—Verevkin theorem for semi-graded rings 497

and present another approach (Examples 5.27 and 5.28 show that the theory presented by
Lezama [27,29] and the one developed in this paper are independent) to the Serre—Artin—
Zhang—Verevkin theorem for semi-graded rings which is a fundamental problem proposed
for these objects [27, Section 1.4, Problem 1].

The article is organized as follows. In Section 2, we recall some key facts about torsion
theory, Serre’s theorem in the commutative case and the noncommutative setting of N-
graded rings following the ideas presented by Artin and Zhang [5] and Van Oystaeyen
and Willaert [33, 52]. Next, in Section 3, we consider some preliminaries about semi-
graded rings and semi-graded modules, and present some facts about the localization of
these objects. In Section 4, we formulate the notion of schematicness (Definition 4.1) for
semi-graded rings without the assumption of connectedness established by Van Oystaeyen
and Willaert for N-graded rings. Section 5 contains the definition of noncommutative
site with the aim of establishing the Serre—Artin—Zhang—Verevkin theorem in the semi-
graded setting (Theorem 5.23). Our results generalize those corresponding in the case of
N-graded rings (Remark 5.24) and allow to guarantee that other non-N-graded algebras
(even not connected) to be schematic (Example 5.25). As we said above, Examples 5.27
and 5.28 show that the theory presented by Lezama about Serre—Artin—Zhang—Verevkin
theorem and the one developed in this paper are independent. Finally, in Section 6, we
present some ideas for a future work that are motivated by different topics concerning
schematic algebras [49, 50,52, 58].

Throughout the paper, the term ring means an associative ring with identity not neces-
sarily commutative. The letter k denotes an arbitrary field, and all algebras are k-algebras.
The symbols N and Z denote the set of natural numbers including zero, and the ring of
integer numbers, respectively. For a ring R and a subset / of R, I <I; R means that [ is
a left ideal of R. Z(R) denotes the center of R, while the category of left R-modules is
written as R — Mod.

2. Serre’s theorem and schematic algebras

We recall briefly some notions of algebraic geometry which are key in the proof of Serre’s
theorem.

Following Hartshorne [20],if C =k & C; & C> @ - - - is a positively graded commu-
tative Noetherian ring generated in degree one, consider Y = ProjC and Y(f) ={peY |
f ¢ p}, the Zariski open set corresponding to a homogeneous element f € C. It is well-
known that there is a finite subset { f; | f; € C1} such that Y = |J; Y(f;). Equivalently,
for every choice of d; € N, there exists n € N with (C1)" € ), C ]‘idi. In this way, for
any finitely generated graded C-module M, we have that

Tu(M) := DT . M)

nez

= 0w (M) = 1im O, (M),
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where M\(ﬁ) denotes the sheaf of modules associated to the shifted module M (1), Q..
is the module of quotients of M with respect to the classical torsion of modules in the
N-graded case, and Q, (M) is the localization of M at {1, f;, l.z, ...}. Of course,
Qf (M) =1im Qzz, (M),
14

where the inverse systems are defined as g < h if and only if Y (g) C Y (). This is precisely
the key fact to prove Serre’s theorem: the category of coherent @y -modules is equivalent
with a certain quotient category.

In the noncommutative setting, for a noncommutative positively graded Noetherian k-
algebra R=k & R; & R, @ --- with R =k[R;] (notice that R is connected, thatis, Ry =
k), Van Oystaeyen and Willaert [33] presented their interpretation of Serre’s theorem for
algebras with enough Ore sets called schematic algebras. With the aim of presenting the
key ideas developed by them, we start by recalling some notions of torsion theory that
we will use freely throughout the paper. For more details, we refer to Goldman [16],
Stenstrom [44] or Van Oystaeyen [48].

Definition 2.1 ([33, Section 2]). Let £ be a set of left ideals of an arbitrary ring R. £ is
said to be a filter if it satisfies the following conditions:

(Ty) if I e Land I C J,then J € L,

(Tp) ifI,J e L,then I NJ € L,

(T3) ifl e Landa € R,then({ :a):={re R|racl}el.

The functor ¥ : R —Mod — R — Mod defined by
k(M) = {m € M | there exists I € £ with Im = 0}

is a left exact preradical, that is, a left exact subfunctor of the identity functor on the
category R — Mod. A module M satisfying k(M) = M is called a k-torsion module, and
if k(M) = 0, then M is said to be a k-torsion-free module. 1t is straightforward to see that
the family of torsion modules are closed under quotient objects and coproducts, while the
torsion-free modules are closed under subobjects and products.

The filter £ is called idempotent (also called a Gabriel topology) when it satisfies the
following condition.

(T4) If I <; R and there exists J € £ such that for all ¢ € J the relation (/ : a) € £
holds, then I € L.

Condition (T4) implies that £ is closed under products and that the functor « is radical,
that is, k(M /k(M)) = 0, for all M € R — Mod.

Proposition 2.2. If R is a left Noetherian ring and J1 2 J, D --- is a descending chain
of two-sided ideals of R, then the set

A= {I <i; R | there exist elements n,m € N with (J,,)" C I}

is an idempotent filter.
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Proof. (T1)If (J,,)" € I and I C I’, then itis clear that (J,,)" C I’.

(T2) If 1,1’ € A, then there exist elements 71,15, m1,mz € N such that (J,, )™ S 1
and (Jy,,)" C I'. If we consider n := max{ny,n,} and m := max{my, m,}, it follows
that (J,,))" €I N1

(T3) If I € A, then there exist elements n, m € N such that (J,;,)" C I.Fixa € R and
letr € (J;»)". Since (J;,)" is an ideal of R, then ra € (J,,,)" C I,andso, r € (I : a), that
is, (Ju)" € :a).

(T4) Let I <t; R and J € A such that for alla € J, we have that (I : a) € A. Since J €
A there exist elements n,m € N with (J;,;)" C J. By assumption, R is left Noetherian, so
(Jm)™ is finitely generated by some elements ay, . ..,a;. Notice thata; € J for1 <i </,
whence (I :a;) € A. In this way, there exist elements k;, j; € N such that (le.)k" C I :a).
If k := max{k;}1<i<; and j := max{j; }1<i<s, then (J]')k C (I :a;)forevery 1 <i <I.

Let r € (Jj)k and s € (J,,)". There exist elements rq,...,r; € R such that s =
25:1 ria;,andso,rs = Zle rria;. Since (J;)¥ is an ideal of R, we have that rr; € (J;)*
foralli. Thus, rr;a; € I whence rs € I. It follows that (Jj+m)k+” - (J_j)k(Jm)” Cl. =

Consider a ring R, £ an idempotent filter of left ideals of R and its associated radical
k. For an R-module M, we recall the quotient module Q,(M) of M (Definition 2.4).
With this aim, we introduce Definition 2.3.

Definition 2.3. Let M € R — Mod. Consider the family Qs of pairs (/, f) with I € £
and f : I — M an R-homomorphism. We define the relation ~ on Q7 as (/1, f1) ~
(12, f») if and only if there exists an element J € £ suchthat J C Iy NIy and f|;r = g|J.

It is straightforward to see that ~ is an equivalence relation. The equivalence class of
the element (/, f) is denoted as [/, f], and the set of equivalence classes will be written
as M. For two elements [I, f1],[J, g] € My, we define their sum as [/, ] + [/, g] =
[ NJ, f+ g] Itis easy to see that this sum is well defined and that (M, +) is an
Abelian group.

It is also easy to see thatif I, J € £ and f € Hom(I, R), then f~1(J) € L. In this way,
for elements [/, f] € Rz and [/, g] € M, we can define their product as [1, f]-[J, g] =
[f~Y(J), g o f]. Notice that this product is well defined, and so, R is actually a ring
with identity [R, idg]. Thus, M is a left R -module.

Let m € M. We define the application S(m) : R — M given by B(m)(r) = rm.
It is well known that 8 : M — Hom(R, M) is an isomorphism of R-modules. If we
consider ¢y : M — M defined by ¢pr(m) = [R, B(m)], it follows that gg is a ring
homomorphism, and so, we can consider R; and M as R-modules with the action
given by r[I, f]:=[R, B(r)][I, f]. Note that ¢ps is actually a homomorphism of R-
modules. Since Ker(gps) = x (M), the fundamental isomorphism theorem guarantees that
oM (M) = M/k(M). In this way, if k(M) = 0, then we can embed M into M.

For an element § € M given by § = [, f] and an element a € I, notice that a§ =
[R, B(f(a))] = ¢m(f(a)) which shows that 1§ C ¢p (M), that is, Coker(pps) is a k-
torsion module.
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Considering the notation and terminology above, we present the definition of the quo-
tient module of an object M in R — Mod.

Definition 2.4. The qguotient module of M with respect to k is defined as Q,(M) =
(M/k(M))z. Since £ is idempotent, it follows that k(M /«x(M)) = 0. Hence, we can
embed M/« (M) into Q,(M).

Equivalently, the quotient module of M with respect to k is given by

O« (M) = lim Homg (1, M/k(M)),
Iel

where Q, (M) turns out to be a module over the ring O (R).

Following [44], recall that an R-module E is k-injective if for every R-module M and
each submodule N such that k(M/N) = M/N, every R-homomorphism N — E can
be extended to an R-homomorphism M — E. We say that E is k-closed (also known as
faithfully k-injective) if the extension of the homomorphism is unique. It is straightforward
to see that E is x-closed if and only if E is k-injective and k-torsion-free. By using these
notions, we can characterize Q, (M) in the following way: Q (M) is the unique k-closed
module containing N = M/k (M) such that Q,(M)/N is k-torsion.

Example 2.5 ([33, page 111]). (i) Consider S a left Ore set in an arbitrary ring R. The set
LS)={I <y R|INS #0}

is an idempotent filter. If kg denotes its corresponding radical and Q g (M) is the module
of quotients of M, then it can be seen that Qs(M) is isomorphic to S 1M, ie., the
classical Ore localization of M at S.

(i) If R = Py~ Rk is a positively graded Noetherian ring and R4 denotes the two-
sided ideal Py~ , Ry, by Proposition 2.2 the set

L(ky) ={I <; R | thereexists n € N with (Ry)" C I}
is an idempotent filter. The corresponding radical is denoted by « .

From the treatment above and having in mind that the filter £(k4) is idempotent,
Van Oystaeyen and Willaert [33] formed the quotient category (R, k4 )-gr, that is, the full
subcategory of Q. (R)-gr consisting of modules of the form Q,, (M) for some graded
R-module M. Notice that (R, k4 )-gr is equivalent to the full subcategory of R-gr con-
sisting of the x4-closed modules. Define ProjR as the Noetherian objects in (R, k4 )-gr.
Since they wanted to describe the objects of ProjR by means of objects of usual module
categories in the same way as for commutative algebras, they needed modules determined
by Ore localizations. This is the content of the following definition.

Definition 2.6 ([33, Definition 1]). The noncommutative positively graded Noetherian
k-algebra
R=k®R i ®R,®--- with R =Kk[Ry]
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is schematic if there is a finite set / of homogeneous left Ore sets of R such that for every
S € I we have that S N Ry # @, and such that one of the following equivalent properties
is satisfied:

(i)  for each element (rs)ser € [[ge; S there exists m € N such that (R4)™ C

> ser Rrs,
(i)  Nser £(S) = L(k4),
Gii) Ny ks(M) = k(M) forall M € R — Mod,

(iv)  /Ages ks = k4 where /\ denotes the infimum of torsion theories.

In [33,51], Van Oystaeyen and Willaert constructed the noncommutative site, a cate-
gory with coverings on which sheaves can be defined, and formulated the Serre’s theorem.
Examples 2.7 and 2.9 contain remarkable examples of schematic algebras.

Example 2.7. Recall that if R is a positively filtered k-algebra by the family (F, R).>0
(i.e., FoR = k), 0 : R — G(R) is the principal symbol map, and R is the Rees-ring of
R, it is well known that G(R) and R are positively graded and there is a canonical central
element X in R of degree 1 such that R /(X)) =G(R).If R is Noetherian, this is equivalent
to G(R) being Noetherian or the filtration of R being Zariskian. For R positively filtered
by (FuR)n>o0, if G(R) is schematic then R is schematic [52, Theorem 1]. In this way,
since for an almost commutative ring R there exists a filtration on R such that G(R)
is commutative, it follows that its Rees-ring is schematic. For example, the algebra R
generated by three elements x, y and z of degree 1 with relations xy — yx = z2, xz —
zx =0,and yz — zy = 0, is schematic since it is the Rees-ring of the first Weyl algebra
A1 (k) with respect to the Bernstein-filtration (this algebra is known as the homogenized
Weyl algebra).

Van Oystaeyen and Willaert [52, page 199] said that “it is probably not true that the
class of schematic algebras is closed under iterated Ore extensions since Ore sets in a ring
R need not be Ore in an Ore extension R[x; 0, 6]”. Nevertheless, the following proposition
shows that under suitable conditions, these extensions are schematic.

Proposition 2.8 ([52, Theorem 3]). Given a positively graded ring R which is generated
by Ry and which is schematic by means of Ore sets S;, given o a graded automorphism of
R and § a o-derivation of degree 1, then for all s; € [|S; and for all m € N, there exists
p € N such that

(R[x;0,8]+)? C Z R[x;0,8]s; + R[x;0,8]x™,

4

where R[x; o, 8] denotes the Ore extension considered with graduation (R[x; 0, 8]), =
Dle=o Rix" 7",

Proposition 2.8 is one of the results that Van Oystaeyen and Willaert [52] used to show
that the algebras in Example 2.9 are schematic.
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Example 2.9 ([52, Examples 2-5]). (i) The coordinated ring of quantum 2 x 2-matrices
O4(M>(C)) with g € C is generated by elements a, b, ¢ and d subject to the relations

ba = q_zab, ca = q_2ac, bc = ¢b,
db =q *bd, dc=q %cd, ad—da=(q>—q *)bc.

(ii) Quantum Weyl algebras AZ’A defined by Alev and Dumas [1] are given by an
n x n matrix A = (4;;) with A;; € k* and a row vector § = (q1,....4xs), where g; # 0
for every i, the algebra is generated by elements x4, ..., X,, ¥1,. .., Yn subject to relations
(i < j) given by

XiXj = WijXjXi,

Xiyj = AjiyjXi,
Yiyi = AjiyiYj,
XjYVi = MijYiXj,
Xjyj =14q;yixj + Y (¢ = Dyixi. where jui; = Aijqi.

i<j

(iii) Three-dimensional Sklyanin algebras Ak over a field k according to Artin et al. [4]
are graded k-algebras generated by three homogeneous elements x, y and z of degree 1
satisfying the relations

axy +byx +¢z> =0, ayz+bzy+cx?=0, azx+bxz+cy?=0,

where a, b, ¢ € k.
(@iv) Color Lie super algebras are defined by Rittenberg and Wyler [40].

Remark 2.10. Of course, there are examples of non-schematic algebras. If we take the
graded algebra k{x,y}/(yx — xy — x2) and suppose that char(k) = 0, then its subalgebra
generated by y and xy is not left schematic [52, page 203].

3. Semi-graded rings

Lezama and Latorre [29] presented a first approach to the noncommutative algebraic
geometry for non-N-graded algebras and finitely non-graded algebras by defining a new
class of rings, the semi-graded rings. These rings extend several kinds of noncommutative
rings of polynomial type such as Ore extensions [31, 32], families of differential opera-
tors generalizing Weyl algebras and universal enveloping algebras of finite dimensional
Lie algebras [6,7,43], algebras appearing in mathematical physics [22, 37, 60], down-up
algebras [9, 10, 25], ambiskew polynomial rings [23,24], 3-dimensional skew polynomial
rings [8, 34,37,41], PBW extensions [7], and skew PBW extensions [15], among oth-
ers. A detailed list of examples of semi-graded rings and their relationships with other
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algebras can be found in Fajardo et al. [14]. Ring-theoretical, algebraic and geometric
properties of semi-graded rings have been investigated in the literature by several authors
(e.g.,[2,11,21,35,36,38,45-47] and references therein).

Definition 3.1 ([29, Definition 2.1]). Let R be a ring. R is said to be semi-graded (SG) if
there exists a collection { R, },<z of subgroups R, of the additive group R* such that the
following conditions hold:

) R=Dez Rn,
(i) forevery m,n € Z, we have that R,, R, € @k§m+n Ry,
(iii)) 1 € Ry.

The collection { R, }, ez is called a semi-graduation of R, and we say that the elements
of R, are homogeneous of degree n.

We say that R is positively semi-graded if R, = 0 forevery n <0.If R and S are semi-
graded rings and f : R — S is a ring homomorphism, then we say that f is homogeneous
if f(R,) € S, foreveryn € Z.

Definitions 3.2 and 3.3 recall the notion of finitely semi-graded ring and finitely semi-
graded algebra, respectively.

Definition 3.2 ([29, Definition 2.4]). A ring R is called finitely semi-graded (FSG) if it
satisfies the following conditions:

(i) RisSG,
(ii) there exist finitely many elements x1, . .., x, € R such that the subring generated
by Ry and xq, ..., X, coincides with R,

(iii)) for every n > 0, we have that R, is a free Rop-module of finite dimension.
Definition 3.3 ([28, Definition 10]). A k-algebra R is said to be finitely semi-graded (FSG)
if the following conditions hold:

(i) R s an FSG ring with semi-graduation given by R = @nzo R,

(i) forevery m,n > 1, we have that R,y R, € R1 &b -+ @ Ry+n,

(iii) R is connected, i.e., Ry = Kk,

(iv) R is generated in degree 1.

From Definition 3.3, it is straightforward to see that if R is a k-algebra, then

R4 ;=@Rn

n>1

is a maximal ideal of R.

N-graded rings are SG. Finitely graded k-algebras, PBW extensions [7], 3-dimensional
skew polynomial rings [8], down-up algebras [9, 10], diffusion algebras [22], and skew
PBW extensions [15] are examples of FSG rings.
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Definition 3.4 ([29, Definition 2.2]). Let R be an SG ring and let M be an R-module. We
say that M is semi-graded if there exists a collection {M},},ez of subgroups M, of the
additive group M such that the following conditions hold:

0 M =Dyez M,
(ii) foreverym > 0 andn € Z, we have that Ry My C @y <ppin Mk-

The collection {M,, },ez is called a semi-graduation of M, and we say that the ele-
ments of M,, are homogeneous of degree n.

M is said to be positively semi-graded if M,, = 0 foreveryn <0.Let f : M — N
be a homomorphism of R-modules, where M and N are semi-graded R-modules. We say
that f is homogeneous if f(M,) C N, forevery n € Z.

Definition 3.5 ([29, Definition 2.3]). Let R be an SG ring, M an SG R-module and N a
submodule of M. We say that N is a semi-graded (SG) submodule of M if N = @,z Nn,
where N, = M,, N N. In this case, N is an SG R-module.

Proposition 3.6 ([29, Proposition 2.6]). If R is an SG ring, M is an SG R-module and N
is a submodule of M, then the following conditions are equivalent:

(1) N is a semi-graded submodule of M,

(2) forevery z € N, the homogeneous components of z are in N,

(3) M/N is an SG R-module with semi-graduation given by
(M/N), = (M, + N)/N foreveryn € Z.

If M is an SG R-module and {N;};e; is a family of SG submodules of M, then it is
clear that (");c; N; is an SG submodule of M.

Let X be a subset of M. We define the SG submodule generated by X as the inter-
section of all SG submodules containing X, and we will denote it as (X)%C. If X =

{x1,...,xp}, then we write (X)5¢ = (x1,...,x,)%. We will say that M is a finitely
generated SG R-module if there exist finitely many elements my, ..., m, such that M =
(mi,...,mp)¢. If M is simultaneously a module over different kinds of rings and there

is a risk of confusion, we write (—)3%’ to indicate the ring R we are considering.
In a similar way, if R is a positively SGring, for € N we define R>; as the intersection
of all two-sided ideals that are SG submodules containing Py .., Rk.

Remark 3.7. If R is a positively SG left Noetherian ring, then Proposition 2.2 shows that
L(ky) ={I < R | there existn,m € N with (R>,,)" C I}

is an idempotent filter. The corresponding left exact radical is denoted by « and O, (M)
is the module of quotients of M.

Next, we want to formalize several constructions concerning semi-graded rings which
are necessary to formulate the Serre’s theorem.
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3.1. Localization of semi-graded rings

With the aim of defining good Ore sets (Definition 3.8), for R an SG ring and an element
n € 7Z, we consider the following sets:

R, ={r € R, |forallm € Z, andforall h € Ry, rh € Ry},
R, ={r eR), |forallm € Z, and forallh € Ry, hr € Ryim},

R =R,

nez
" __ "
R'=|J R,
nezZ

Definition 3.8. Let R be an SG ring and consider a left Ore set S of R. We say that S is
good if the following conditions hold:
i Sckr

(i) ifs € S andr € R’, then there exist elements u € R’ and v € S such that us = vr.

From Definition 3.8, it follows that for any elements sy, ..., st € S, there existry, ...,
rr € R suchthatr;s; =r;js; € S forevery i, j.

Definition 3.9. Let R be an SG ring and M an SG R-module. We say that M is localizable
semi-graded (LSG) if for every element (n,m) € Z? the inclusion R}, My, € My, 4, holds.

Proposition 3.10. Ler R be an SG ring, S a good left Ore set and M an LSG R-module.
Then, S~'M is an LSG R-module with semi-graduation given by
700, = L] 1 € U e den( 1)~ aeets) =)

keZ

Proof. First of all, let us show that (S™'M), is a subgroup of S~ M. It is clear that
0 =19 € (S7'M), and that (S~' M), has additive inverses. Consider elements 2, £ €
(S7'M),. Then, deg(p) — deg(s) = deg(q) — deg(t) = n. There exist elements u € R’
and v € S such that us = vt € S. Note that deg(u) + deg(s) = deg(v) + deg(?). Since
u,v € R, it follows that up and vq are homogeneous elements satisfying deg(up) =
deg(u) + deg(p) = deg(v) + deg(g) = deg(vgq), whence % + % = ”I’U# is a homoge-
neous elements of degree deg(v) + deg(q) — (deg(v) + deg(t)) = n.

It is clear that S~!M is the sum of the subgroups (S~!M),, so let us show that the
sum is direct. Consider the sum

¥ o

i=1 "
of homogeneous elements of S™' M with different degrees, that is, deg(m;) — deg(s;) #
deg(m;) — deg(s;) fori # j. There exist elements r1,...,r, € R’ such that r;s; = r;s;
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for all i, j, which implies that

k k
0= S M _ D iey TiMi
S ris '

i=1 i 191

Hence, there exists an element s € S such that 0 = s Zf-czl rim; = Zle SFim;.
Since s, r; € R’ and m; is homogeneous for 0 < i < k, then every one of the terms above
is homogeneous. By using that r;s; = r;s;, we have the equality deg(r;) + deg(s;) =
deg(r;) + deg(s;), whence deg(s) + deg(r;) + deg(im;) # deg(s) + deg(r;) + deg(m; ),
which shows that s7;m; = 0. Thus, 0 = r"g’ = m’.

Now, let us see that R, (S~ M), € @k<a+b(S M)k LetreR,and % € (S~ M),
There exist elements ' € R and s’ € S such that r's = s'r. Since s, s’ e R” and r is
homogeneous, we can take the element r’ being homogeneous. Then, deg(r’) = deg(s’) +
deg(r) — deg(s), and using that 7 = “ and r'm € D <dea(r)+deam) M- it follows that
T € D <dea(r)+degm)—deg(sh (S~ M. Since deg(r') + deg(m) — deg(s’) = deg(r) +
deg(m) — deg(s) = a + b, then r’ € P _,,,(S~" M ). This fact proves that S~' M is
an SG R-module.

If we consider above the element r € R/, then we can take r’ € R’ to obtain that
r'm € Mgeg(r)+deg(m)> and so, r™ € (S7'M)44p. This shows that S~'M is an LSG R-
module. ]

The next result shows that the localization of an SG ring by considering a good Ore set
is also an SG ring.

Proposition 3.11. Let R be an SG ring and S a good left Ore set. Then, S™' R is an SG
ring with semigraduation given by

7R ={ L | € U Revden(r) - dea) =,

keZ

Proof. Tt is clear that R is an LSG R-module so S~!R is an SG R-module with the sem-
igraduation above, and hence, ST'R = Pz (ST R)g. It is easy to see that 1 = 1 €
(S7'R)o. We only have to show that

(SRS Rm S P (ST'R.

k<n+m

Let r‘ € (S7'R), and ’2 € (§7'R),». There exist elements ¥ € R and v € S such that
vry = usz which implies that ;‘ ’; = % Again, since s, v € R” and r; is homogeneous
we can take u as a homogeneous element. Hence, urz S @k<deg(u)+deg(r2) Ry, and so,

US1 @k<deg(u)+deg(r2) —deg(v)— deg(sl)(S R)k’le’ USl € ®k<n+m(S R)k u

Proposition 3.12. Let R be an SG ring, S a good left Ore set and M an LSG R-module.
Then, S~YM is an SG S™! R-module.
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Proof. We know that S™!M is an S~! R-module and an SG R-module which guarantees
the direct sum S™'M = @z (ST M). In this way, we have to prove that (S™!R),
(S™'M),, @k5n+m(S_IM)k- Consider elements é € (S7'R), and s% e(S™'M),,.
There exist elements ¥ € R and v € S such that vr = us, which implies that &~ £ = X2

51 82 vsy°©
Since s, v € R” and r is homogeneous, we can take u as an homogeneous element.

Thus, ua € Dy <depu)+dce(a) Rie» ad 80, 55 € D <dep)+deg(@)—deg(v)~des(sr) (S-1R )k
ie. 3% € Qrcnim(S™ Rk "

3.2. Category of semi-graded rings

We define the category SGR of semi-graded rings whose objects are the semi-graded rings
and morphisms are the homogeneous ring homomorphisms. For a semi-graded ring R,
SGR — R will denote the category of semi-graded modules over R where the morphisms
are the homogeneous R—homomorphisms. It is straightforward to see that SGR — R is
preadditive, and that the zero object of the category is the trivial module.

Let f : M — N be a morphism in SGR — R. Since Ker( /') and Im( f') are semi-graded
submodules, it follows that N/ Im( f) is a semi-graded module. This fact guarantees that
the category SGR — R has kernels and cokernels. If f is a monomorphism of SGR — R,
then f is the kernel of the canonical homomorphism j : N — N/ Im(f). If f is an
epimorphism, then f is the cokernel of the inclusion i : Ker(f) — M. In this way, the
category SGR — R is normal and conormal.

If {M;}icr is a family of objects of SGR — R, then their direct sum D;.; M; is a
semi-graded ring with semi-graduation given by

(@ M,-) = @(Mi)p for each p € Z.

iel p iel

It is easy to see that this object with the natural inclusions coincides with the coproduct
of the family of objects {M; };cs in SGR — R. Therefore, SGR — R is an Abelian category.

We define LSG — R as the full subcategory of SGR — R whose objects are the LSG mod-
ules. This subcategory is closed for subobjects, quotients and coproducts, which shows
that it is Abelian.

4. Schematicness of semi-graded rings

Following Van Oystaeyen and Willaert’s ideas developed in [33], in this section, we define
the notion of schematicness in the setting of semi-graded rings. For a positively SG ring
R, we define Ry = Py Rx and say that a left Ore set S is non-trivial it S N Ry # 0.

Definition 4.1. Let R be a positively SG left Noetherian ring. R is called (left) schematic
if there is a finite set / of non-trivial good left Ore sets of R such that for each (xs)ser €
[Ises S there exist z,m € N such that (R>;)™ C > o Rxs.
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The following result illustrates some characterizations of being schematic (cf. Defini-
tion 2.6).

Proposition 4.2. Let R be a positively SG left Noetherian algebra and S, .. ., S, a finite
set of non-trivial good left Ore sets of R. The following conditions are equivalent:

(1) foreach (x1,...,x,) € ]_[l'-’:1 S; there exist elementst,m € N such that (R>;)"™ C
> ser Rxs,

(2) let I <; R. If I has no trivial intersection with every S;, then I contains a power
of R>; for some t € N,

3) Niz1 £(Si) = L(ky).

Proof. The equivalence (1)< (2) and the implication (3)=>(1) are straightforward.
(HD=@B)Let I € ﬂl'-lzl L(S;). There exist elements x1,...,x, suchthat x; € I N S;
for every i. Thus, Z:;l Rx; C I and there exist #,m with (R>;)™ C I, which shows that
I e L(K+).
Now, let € L(x4). There exist ¢, m such that (R>;)” C I. By using that S; N R4 #
@, there exist elements s; € S; such that deg(s;) > 1 for all i. Then, s} € Rx;, s{™ €
(R>¢)™ C I, and therefore, I N S; # @. This shows that I € ()'_; £(S;). n

If R is schematic by considering the good left Ore sets S;, then (\i_, ks, (M) =
k4+ (M) for every R-module M. If M is an LSG R-module, then foreachi = 1,...,n we
have that «g; (M) is an SG submodule, and so, k(M) is also an SG submodule. These
facts imply that M/« (M) is an SG R-module, and so, it is a submodule of Q, (M).
The idea is to show that O, (M) is semi-graded. For the remainder of the section, we
will take £ := L(ky).

Let us start by taking an LSG R-module M such that x4y (M) = 0. It is clear that
Qi (M) = M and pps (M) = M. Thus, @ps (M) is a submodule of M which is an SG
R-module where @y (m) is homogeneous of degree k if and only if m is homogeneous of
degree k. If we want M ;; to be an LSG R-module, it must satisfy that if £ is homogeneous
of degree k, then for every s € R’ the element s& € (par (M ))deg(s)+k- Since there exists
I € L with [§ C ppr (M) the following definition makes sense.

Definition 4.3. Let £ € M. We say that the element & is homogeneous of degree k if
there exists I € £ such that 1§ C ¢p (M), and for every element s € I N R’ we have that

s& € (oM (M))deg(s)+k~

Notice that if the condition above is satisfied for 7, then it also holds for every J < .
Lemma 4.5 shows that this condition is true for ideals containing 1.

Remark 4.4. Since the good Ore sets .S; are non-trivial there exist elements slf €eSiNRy
fori =1,...,n, whence o;; = deg(s;) > 0. If we define m := lem{e; }1<;<n and s} :=
(slf)m/ i, we obtain that s} € S; N R, and all of them have the same degree. If we consider
an element / € £, there exist #,n € Z such that (R>;)" € I. Thus, s; = (s])"" € I N S;
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which implies that Z:’zl Rs; C I.In this way, for each I € £, there exist elements s; € S;,
all with the same positive degree, satisfying the relation Y ;_; Rs; € 1.

Lemma 4.5. Let I,J € L be ideals such that [ € J and 1§, J§ C gp(M). If for every
s € I N R/, the element s& belongs to (ppr (M )) deg(s)+k» then the same property holds for
eachs € J N R'.

Proof. Lets € J N R'. Then, s§ € gpr (M), and so, there exist homogeneous elements
&, j=l,....0 of o (M) with §; € (pp(M)); and s& = Y &;. As we said before,
if the property holds for 7, then it is true for any ideal contained in 7, so we can take
I = (R>;)™ for some t,m € N. From above, there exist s; € S; fori = 1,...,n such that
> Rs; € I and deg(s;) = B foreach 1 <i <n.In particular, every element s; € I whence
s;s € I (recall that / is a two-sided ideal). By assumption, s;5& € (@ar (M ))geg(s)+g+k for
eachi.

On the other hand, if we consider the expression s;s&€ = ) s;£; in terms of homoge-
neous elements of ¢pr (M), then for each j # k + deg(s) the equality 5;&; = 0 holds.
Since this is true for every i it follows that &; € (/_, «s; (pm (M) = k4 (o (M)) =0
(recall that k. (M) = 0). Therefore, s&§ = Ejeg(s)+k- [ ]

From Lemma 4.5, it is sufficient to guarantee the property by considering any ideal /
such that 1€ C ¢pr(M). Our next purpose is to give a more simple method to verify that
the element & is homogeneous. Let &£ = [/, f]. Since 1& C ppr (M) the element & is homo-
geneous of degree k if and only if for each s € I N R’ the element s& = [R, B(f(s))] =
oM (f(s)) € (@pr (M))geg(s)+k» Of equivalently, for all s € I N R’ the element f(s) belongs
t0 Meg(s)+k -

For a morphism f : I — M, we will say that f is homogeneous of degree k if for
each s € I N R’ the element f(s) is homogeneous of degree deg(s) + k. Hence, [I, f]
is homogeneous of degree k (in M) if and only if f is homogeneous of degree k. Let
(M) be the family of homogeneous elements of degree k. It is clear that (M) is a
subgroup and ¢ (M) € (Mg)g-

Remark 4.6. We will say that the morphism f : I — M is strongly homogeneous of
degree k if for every homogeneous element s € [ the element f(s) is homogeneous of
degree deg(s) + k. It is clear that in the setting of graded rings, the notions of homoge-
neous morphism and strongly homogeneous morphism coincide.

On the other hand, [/, f] it will be called strongly homogeneous of degree k if some
of its representative elements is strongly homogeneous of degree k. Let (M) be the
family of strongly homogeneous elements of degree k. It is straightforward to see that
R; = P(R;)y is a graded ring and M; = @(M); is an R-graded module. Note
also that if s € R” then @g(s) € R ; in particular, R, is an extension of the graded ring
er(D R}). As it is clear, R is an R-submodule of R if and only if R is graded. This
last remark shows that in the setting of non-graded rings is not appropriate to consider
strongly homogeneous morphisms.
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Proposition 4.7. The sum Y (Mg )y is direct.

Proof. Let [I;, fi] € (M), fori =1,...,m with k; # k; if i # j. Notice that if
>[Ii, fi] = 0 then there exists J € () I;, J € £, such that O_ fi)|ls =Y fils = 0.
We can take J = )  Rs; for some s; € S;. Let s € J N R’ with deg(s) = /. Then,
0=C_ fi)(s) =>_ fi(s) and since f;(s) is homogeneous of degree / + k; and all ele-
ments k; are different, then we have a sum of homogeneous elements of different degrees
equal to zero, whence f;(s) = 0 for each i. In particular, f;(s;) = O for all i, j. Therefore,
fi(x) =0forall x € J, and so, [/, f;|J] = [1i, fi] = 0. |

Let [1, f] € M with [ = Z?:l Rs; for some elements s; € S; N R;{’. Since there
are finitely s;’s we may assume that the homogeneous decompositions of the elements
f(si) have the same length, say f(s;) = Z’tg=a(f(s,~))t+k, where (f(s;)); is the jth
homogeneous component of f(s;). By taking f;(s;) = (f(si))s+k, we have that f(s;) =
Zfza f1(si). For elements t = «, ..., B, we define the maps f; : I — M in the natural
way as f;(D_ajs;) = > a; f;(s;). However, we have to show that these maps are well
defined. This is the content of the following proposition.

Proposition 4.8. f; is well defined for every elementt = a, ..., B.

Proof. We divide the proof into three parts.

* Suppose that 0 = Y _a;s;, with a; € Ry, forevery i (recall that s; € R}). Fix i. Since
sj € R" foreach 1 < j <n, there exist elements u; € R’ and v; € S; such that ujs; =
v;s;. In particular, deg(u;) = deg(v;) and since u;,v; € R, u; f(s;) = v; f(s;) and
M is LSG, if we compare the homogeneous components of the same degree then we
obtain that u; f;(s;) = v; f;(s;) foreacho <t < B.

Now, by using that v; € S; and a; € R there exist elements b1 € R and ¢; € S; such
that b;v1 = cya;. Repeating this argument with the elements v, and cja, we find that
by € R and ¢, € S; satisty the equality bova = c2c1az. Continuing in this way, for
every 1 < j <n we will find elements b; € R and ¢; € S; such thatbjv; =[]/_, cia;
(notice that the elements b;’s can be taken homogeneous). If we define ¢ := ]_[:'=1 ci €
S; and d; = []j_;, cibj, then we have that d;v; = ca; forevery 1 < j <n.Hence,
0=c)i_jaisj = 7_djvjsj =37 djujsi =rs;, where r = Y 7_, dju;.
Note that the elements d;u; are homogeneous of the same degree, which implies that
r is also homogeneous. Since 0 = rs;, by the first condition of the noncommutative
localization there exists an element s € S; such that sr = 0.

Considering the equalities

sc Zajft(sj) = dejvjft(sj) = dejujft(s,-) =srfi(s;) =0,
j=1 j=1 j=1

it follows that Z}’:l aj f1(s;) € ks; (M). Since this holds for every element i we have
that Y7_, a; fi(sj) € ks, (M) = k(M) = 0, whence Y_7_, a; fi(s;) = 0.
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*  Suppose that 0 = Z:’zl a;s; (the elements a;’s are not necessarily homogeneous).
Since there are only finitely elements a;’s we consider the sum a; = Zj?z I b; ; with

. I I .
bi,; € Rj. In this way, 0 = 331 3°2 ) bijsi = 272, D7y bijsi. Now, using
that >/, b, jsi € Rj4x is the homogeneous component of degree j + k, it follows
that 0 = Y 7_, b;, jsi. By the first part above, we can assert that Y ;_, b; ; fz(s;) =0,

whence

Ip n
0= Z Zbi,_ift(si)
j=l; i=1

n lz

=" bijfilsi)

i=1j=h

= Zaif,(s,-) fora <t <.

i=1
* Letr be an element of Y~ Rs;. Suppose that we have two expressions for r given by
r =Y ajs;i =y b;s;. Then, 0 = ) (a; — b;)s;. By the second part above, we obtain

that 3 (a; — b;) fe(si) = 0, and so, Y a; fi(s;) = Y_bi fe(s;) for @ < ¢ < B. This
means that the expression for f;(r) does not depend on the decomposition of r. ]

From the proof of Proposition 4.8, it follows that the maps f;’s are R—homomor-
phisms. The next proposition establishes that these are homogeneous of degree 7.

Proposition 4.9. The map f; is homogeneous of degree t.

Proof. Consider s € I N R’ with deg(s) = [. Let (f;(s))m be the homogeneous compo-
nent of degree m in the expression of f; (s). For a fixed i, there exist elements v; € S; and
u; € R such that u;s; = v;s, which implies that v; f; (s) = u; f;(s;). Since f;(s;) € My,
u;i,v; € R” and M is LSG, when we compare the homogeneous components of these ele-
ments we obtain thatif m # ¢ +/, then v; (f;(s))m = 0, whence (f7(5))m € ks, (¢ (M)).
Note that this fact holds for every i, hence, (f(s))m €[\ ks, (oar (M) =K+ (op (M))=0.
Therefore, f;(s) = (f:(s));+; which guarantees that f; is homogeneous of degree . m

Propositions 4.7, 4.8, and 4.9 imply the following important result.

Proposition 4.10. If M is an LSG R-module with k(M) = 0, then Q. (M) = M is
an LSG R-module with semigraduation given by

Mg = P Mo
k

Theorem 4.11. If M is an LSG R-module, then Q. (M) is an LSG R-module.

Proof. It follows from Proposition 4.10 and the equalities k (M /k (M ))=0, Q,, (M) =
Q. (M/i(M)). u
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5. Serre-Artin—Zhang—Verevkin theorem

In this section, we prove the Serre—Artin—Zhang—Verevkin theorem for semi-graded rings
(Theorem 5.23) using a different approach than the one presented by Lezama [27,29].
Briefly, this theorem was partially formulated by Lezama and Latorre [29, Theo-
rem 6.12], where it was assumed that the semi-graded left Noetherian ring is a domain.
Nevertheless, as is well known, the Serre—Artin—Zhang—Verevkin theorem for finitely
graded algebras does not include this restriction, so that this assumption was eliminated by
Lezama [27, Theorem 1.24] (see also [14, Section 18.4, Theorem 18.5.13]). More exactly,
he proved the theorem for an SG ring R = @,,.., Rn satisfying the following conditions:

(C1) R is left Noetherian,

(C2) Ry is left Noetherian,

(C3) for every n, we have that R, is a finitely generated left Ro-module,

(C4) Ro C Z(R).
Notice that condition (C4) implies that Ry is a commutative Noetherian ring.

Universal enveloping algebras of finite-dimensional Lie algebras, some quantum alge-
bras with three generators and some examples of 3-dimensional skew polynomial alge-
bras [8, 34, 37] illustrate the Serre—Artin—Zhang—Verevkin theorem [27, Example 1.26]

and [14, Example 18.5.15].
We start with the following preliminary result.

Lemma 5.1. Let R be a positively SG left Noetherian ring and S a non-trivial left Ore set
of R. Then, L(ky) C L(S).

Proof. Let I € L(k4). There exist elements £,n € N such that R, C [. Since § is
non-trivial there exists s € S with deg(s) > 1 whence s™ € RZ,. This fact shows that
SNI#Q. |

Lemma 5.1 says that if M is an R-module and S is a non-trivial left Ore set of R then
s (M) S ks (M).

Lemma 5.2. Let R be a positively SG left Noetherian ring and S a non-trivial good left
Ore set. If M is an LSG R-module then S™' (M) = S™1(Qy, (M)).

Proof. Let

f:8TIM — STH(M/Kk4(M)),
m m
—— —.
s s
Itis clear that f is surjective. Let - € Ker(f). Then, % =0, and so, there exists s’ € S
such that s'm = 0, i.e., s'm € k(M) C ks(M). There exists s” € S with s”s'm = 0 and
since s”’s” € S it follows that 2 = 0. Therefore, S~' (M) = S~ (M /K4 (M)).
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Now, let

g ST (M/kp(M)) — ST Q. (M)),
a_ h@

N N

where # is the isomorphism between M /x4 (M) and ¢pr (M). Since h is injective so g
also is. Let % € S71(Qx, (M)). Then, there exist elements #,n € N such that (RY,)§ <
@p (M). Since S is non-trivial repeating the argument above in the proof of Lemma 5.1 we
can assert that there exists s” € S such that s” = (s")"”" € RZ,. In this way s”£ € pp (M),

and so, there exist m € M such that s”§ = @7 (m), whence g(% = hs(,—,';s’) = "”‘Sl,—,(sm) =
S — £ We conclude that S (Qy, (M)) 2= S~ (M/ic+(M)) = S~ (M). n

For the rest of this section, R denotes a schematic ring (recall that by Definition 4.1 R
is left Noetherian). Consider the full subcategory (R, k) — LSG of LSG — R whose objects
are the x-closed modules. If M is an R-module k4 -closed and N is a submodule of M,
then N is x4 -closed if and only if M/ N is k4-torsion-free [44, Proposition 4.2, Chapter
IX]. Hence, it is clear that the intersection of k4 -closed modules is x-closed. This fact
allows us to consider the submodule k4 -closed generated by a subset of M. If we define

NS ={xeM|(N:x)eLlks)h

then it is clear that N € is the submodule «4-closed generated by N, and in fact N¢ = M
if and only if M/ N is k4-torsion.

Notice that in the category (R, k4) — LSG the subobjects are the submodules LSG-
k4+-closed that are closed under arbitrary intersections. The submodule LSG-k4-closed
generated by X € M will be denoted as (X )%°*. We will say that M is LSG-k_y -finitely
generated if there exists a finite set X € M with (X)° % = M. Let ProjR be the full
subcategory of (R, k4) — LSG consisting of LSG-« -finitely generated modules.

Proposition 5.3. If N is an SG submodule of M, then N€ also is.

Proof. Letm = my + -+ 4+ my € N° with m; € M;,. There exists / € £(k4) such that
I € (N :m). Since R is schematic by the good left Ore set S; fori = 1,...,n, say, then
there exist elements s; € S; with >~ Rs; C I, whence s;m € N for all i. Since N is SG
and s; € R” then s;m; € N foreach i, j. Thus, Z?:l Rs; € (N : m;) which shows that
mj € N€. m

From these facts, we have the equality (X )¢ = ((X)3°)¢ for each X C M. In this
way, M is LSG-k-finitely generated if and only if there exists a finite set X € M such
that ({(X)5°)¢ = M, or equivalently, M/ M| is k. -torsion with M; = (X )SC.

We define the notion of noncommutative site.

Definition 5.4. Let O be the set of non-trivial good left Ore sets of R and W the free
monoid on O. We define the category W as follows: the objects of W are the elements
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of W, while for two words W and W' we define the morphisms of W, denoted by
Hom(W’, W), as a singleton {W’' — W} if there exists an increasing injection from the
letters of W to the letters of W', ie., W = S1... 8, and W/ = V51 V1 SaVa ... SpVy
for some letters S; and some (possibly empty) words V;. In other cases, Hom(W’, W) is
defined to be empty.

It is easy to see that W is a thin category (i.e., a category where between two objects
there is at most one morphism). We denote the empty word as 1, which is the final object
of the category.

IfW=S5;...5, e W\ {1} and M is an LSG R-module, we define

Ow(M)=S,"RQr--®r S{'R® M.

Lemma 5.2 asserts that if W # 1 then Qw (M) = Ow (O« (M)).
W =_58...5 €W\ {1}, wesay that w e W if w = s7...5, with s; € S;. We
associate a set of left ideals to W, namely,

L(W) ={I <; R | there exists w € W such that w € [}.

Let £(1) := L(k4).

Lemma 5.5. Let W € W \ {1} and w,w’ € W. Then, there exists w' € W such that
w” = aw and w” = bw’ for some elements a,b € R.

Proof. We prove the assertion by induction on the length of elements of W.If W = Sy,
then by Ore’s condition, there exist elements a € R and b € Sy such that aw = bw’ € S.

Let the assertion hold for every element of length k. Let W = Sy ... Sg+1, W =
Sz Skg1, W=S1.0 Spp1, W =S5, €W, x :sz...sk+1,andx/~:s/2...s,’€+1.
By the inductive step, there exist elements a, b € R such that ax = bx’ € W. Since Sy is
a left Ore set then there exist s7 € Sy and a; € R such that a;s1 = s]a. Hence, a;w =
aisix =sjax =s{bx’ € W. Again, by the Ore’s condition, there exist s; € S; and by € R

such that bys] = s7s7b, and so, byw’ = bysjx’ = s{s7bx’ = sjaw e W. [ ]
Remark 5.6. Lemma 5.5 can be extended to a finite collection of words, i.e. if wq,...,w; €
W then there exist ay,...,a, € Rsuchthataiwy = a,w, = --- = a,w, € W.

Lemma5.7. Let W € W\ {1}, w € W and a € R. There exist elements w' € W and b € R
with w'a = bw.

Proof. We prove by induction on the length of words of W. If W = Sy, then the assertion
is precisely the Ore’s condition.

Suppose that the lemma holds for each element of length k. Let W = S1 ... Sk+1,
W=S5,... Sk+1, W =S51...5k+1,and x = s;...S;41. By the inductive step, there exist
elements x’ € W and b € R such that x’a = bx. Since S is an Ore set there exist 51 €81
and b’ € R such that 515 = b’s;, whence s\ x'a = s1bx = b's1x = b'w. [ ]
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Lemmas 5.5 and 5.7 allow us to conclude that £(W) is a filter. In the case W # 1
we will call kw the pre-radical associated to £(W). It can be seen that for every LSG
R-module M the following equality holds:

kw (M) = {m € M | there exists w € W such that wm = 0} = Ker(M — Qw (M)).

Following [33, page 113] a global cover is a finite subset {W; | i € I} of W such
that (;c; L(W;) = L(k4). For W € W, Cov(W) is defined as the set of all sets of the
morphisms of W of the form {W;W — W | i € I}, where {W; | i € I}is a global cover.
It is clear that {1} is a global cover that will be called trivial. Notice that the schematic
condition guarantees the existence of at least one non-trivial global cover. This collection
of coverings is not a Grothendieck topology of W but satisfies similar conditions (Propo-
sition 5.9) that allow us to talk about sheaves on W. For this reason, Van Oystaeyen and
Willaert called the category W with this coverings the noncommutative site (cf. [51]).

The proof of the following lemma is analogous to the setting of graded rings [33,
Lemma 1]. We include it for the completeness of the paper.

Lemma 5.8. If {W; | i € I} is a global cover, then for all V € W we have that

(LW:V) =LV).

iel

Proof. If I € L(V), there exists v € V such that v € I. For w; € W;, we have that w;v €
W;V and w;v € I, and so, I € L(W; V). It follows that £L(V') € ();e; LW V).

Let I €();e; £(W; V). Foreach i, there exist v; € V and w; € W; such that w;v; € I.
By Remark 5.6, there exist a;,...,a, € R and v € V such that v = a;v; for every i.
Lemma 5.7 guarantees that there exist wlf € W; and b; € R with wlfai = b;w;. Since
w; € > Rw] and {W; | i € I} is a global cover there exist elements 7, € N such that
RZ, € > Rw;]. Multiplying by v we obtain (RZ,)v € I.1If § is the first letter of V', there
exists s € S N Rgt. Finally, sv € I and sv € V_, and thus, I € L(V). n

Proposition 5.9. The category W together with the sets Cov(W) for any element W € W
satisfies the following properties:
(G1) {(W — W} e Cov(W),
(Go) {W; > W liel}eCov(W)andforalli el :{W;j = W;|jel;}eCov(W)
we have that {W;j — W; = W |i e, j € I;} € Cov(W),
(G3) if {W;W — W |iel}eCov(W), W — W eW, and if we define W; W xy
W' = W; W', then {W;W xw W' — W' |i € I} € Cov(W').

Proof. (Gp) holds since {1} is a global cover. (Gy) is a direct consequence of Lemma 5.8.
(G3) is clear. [

Definitions 5.10 and 5.11 introduce the notion of presheaf and sheaf, respectively, in
the setting of the category W.
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Definition 5.10. A presheaf 3 on W is a contravariant functor from W to the category
LSG — R such that for all W € W \ {1} the sections F(W) of F on W are SG S™!R-
modules, where S denotes the last letter of W and F(1) is an SG O, (R)-module.

Since F(1) denotes the global sections, we will denote it as ['x(F). We abbreviate
FWV — W) as pVVV F(W) - F(V). If W = 1, then we will write py instead of le,.
Definition 5.11. A presheaf ' on W is a sheaf if it satisfies the following two properties:

(1)  Separatedness: for all elements W € W and each global cover {W; | i € I}, if
m € F(W) satisfies that for every i € I we have that ,o}fIV,’, w(m) =0in F(W; W),
thenm = 0,

(i)  Gluing: YW €W and each global cover {W; | i € I}, given (m;) € [[; F(W; W)
satisfying

leW]W(m) leWjW(mj) forall (i, j) e I x I,
there exists an element m € F(W') such that
w — . :
pw,w(m) =m; foralli € I.

Proposition 5.12. A presheaf J is a sheaf if and only if for every word W and each global
cover {W; | i € I}, F(W) (with the arrows given by F) is the limit of the diagram

FWi W) —— SV W W) 5.1)
3"(WJ-W) — ?(V[G‘VVZ'W)

Proof. Suppose that J is a sheaf. Let M be an SG R- module with morphisms fi: M —
F(W; W) which are compatibles with the morphisms pWW w and PW,WW Consider
an element m € M. By using this compatibility, we have that the element ( f;(m)) of
[1; F(W; W) satisfies the equality

leW/Wf,(m)—leW]Wf,(m) forall (i, j) e I x 1.

In this way, there is a unique element m’ € F(W) such that p%w(m/ ) = fi(m), for
each i € I. If we define the map B : M — F(W) as B(m) = m’, then it is clear that
B is a homogeneous R-homomorphism and it is the only one that satisfies the equality
qu,iW of = f;iforalli € I.Hence, F(W) is the limit of the diagram (5.1).

On the other hand, suppose that F(W) is the limit of the diagram (5.1). Let m €
F (W) such that ,03/,1_ w(m) = 0 foreach i € I. This means thatm € ) Ker(pWW,i w)» and by
assumption on F(W) we have that [ Ker(p%w) = 0, whence m = 0. Let

A= {(m ) € [TFWW) | ol wmi) = oy, (my) forall i, j) € I % 1}.
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It is clear that A is an SG R-submodule of [ | F(W; W), which guarantees the existence of
only one homogeneous R-homomorphism 8 : A — F(W) such that p%w of = m; for
all i € I, where m; denotes the usual projection. In this way, f(m;) is the element that
satisfies the gluing condition. ]

Definition 5.13. Let M be an LSG R-module. We define the presheaf M in the following
way: for objects, we have that ]\71(1) = O, (M), and for W € W \ {1}, we have that
M(W) = Qw (M). Now, for morphisms, if W # 1 then to the map V' — W we assign it
the canonical morphism such that the following diagram commutes:

Ow (M) 22 0y (M)

|

M

while for the morphism W — 1, we assign the composition map

Qi (M) = Ow(Qiey (M) — Qw (M),

where the first arrow is the natural map and the second arrow is precisely the isomorphism
obtained in Lemma 5.2.

fW=S...Sp,andw e W,sayw =s7. sn,thentheelement ® - ® ®m €
Qw (M) will be denoted as 7. In particular, 7 stands for 1 ® m in QS(M) for 1 ® 1®m
in Qs7 (M), and so on, which element is meant depends on the module it belongs to.

The proofs of the following two lemmas follow the same ideas as those presented in
the setting of N-graded rings [33, Lemmas 2 and 3].

Lemma 5.14. Given elements 7. € Qw (M) and a € R, there exist w' € W and b € R
such that w'a = bw and a3, = % € Qw(M).

Proof. LetW =871...S, andw =s7...5,. We consider a,, = a and define a; recursively.
More exactly, for an element a; the Ore’s condition guarantees the existence of elements
s; € S; and a;—1 € R such that sja; = a;—s;. Hence, a? = é R...0 ﬁ ® agm. If we
define b = ap and w’ = s7 ...s,, then the assertion follows. L]

Lemma 5.15. If 77 mT/ in Qw (M) for some element m' € M, then there exist © € W

and r € R such that W = rw and Wwm' = rm.

Proof. Induction on the length n of the word w = 51 ...5s,. The case n = 1 is clear.
Suppose that the assertion holds for any word of length less than n. Let W/ = Sy ... S,
and w’ = sy ...5,_1. Then, 1 ® X w =1 ®%eS,; 1(Qw), so that there exist elements

a,b € R such that a5 —bm bm € QW/(M) and as, = b € S,. By Lemma 5.14,

there exist elements w” € W’ and ¢ € R with w”a = cw’ and o =ag; = b’l" . By
hypothesis, there exist w”’ € W’ and d € R such that w”’ = dw” and w”’bm = dcm, so

that if we consider W = w”’b and x = dc the assertion follows. n
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Let {W; | i € I} be a global cover. The limit of the diagram

Ow (Qw; (M)) —— Qw (Qw; (Qw; (M)))
5.2)
Ow (Qw; (M) —— Ow (Qw; (Qw; (M)

will be denoted by 'y (1(/1 ). Notice that due to the universal property of the limit, for
the family {M — Qw; (M) | i € I} there is a unique morphism ¢ : M — I'y(M). This
morphism is of great importance in the following lemma.

Lemma 5.16. Let ¢ : M — Fl(l\//} ) the morphism described above. Then, Coker(¢p) is
K4-torsion.

Proof. Let & = (%%); € T'\(M) with w; € }/V, and - ®1®m =10® L ®m; c

F@m‘

Ow, (Qw; (M)) Vi, j. Fix j. Then, 181 = 2t " € Ow, (M) whence by Lemma 5.15,
there exist elements wlf € W; and a; € R such that w; = aq;w; and wlf(wij ® mj) =
a; (1 ® m;), that is, wl’-(%) = 4 € Qw,(M). By taking I := Y,; Rwj, it is clear
that I € ("); £L(W;) = L(k4). There exist elements ¢;, n; € N such that Rg",j C I, which
shows that (anjtj)% is contained in the direct image of the map M — Qw, (M), that is,
(RZ,)5L S Im(M — Qw;(M)).1f n := max{n; | i € I} and  := max{t; | i € I}, then

o
it is straightforward to see that this reasoning is true for every element ;.

Leta € RZ,. Then, a§ = (5); for some elements n; € M with 1 @ 1 ®n; =1 ®
1 ®nj in Qw, (Qw;(M)) for every i, j. Fix i. Lemma 5.15 guarantees that for each j

there exist elements w; € W; and x; € R such that W; = x; and w; % = x;%. Now,
by Remark 5.6, we can find elements w; € W; with wl*”T’ = wl*'% for all j. Hence,
wa€ = ¢(w;n;). As above, by defining J = } ", .; Rw/, there exist elements '(a) and
n’(a) (notice that all elements depend on @) such that (Rgt(,‘zt)l))aé C ¢(M). Since R
is a left Noetherian ring, RY, is finitely generated, say by the elements ay, ...a,. By

defining, n’ = max{n(ax) | | <k <r}andt' = max{t'(ax) | 1 <k < r} we have that

(R’;jﬁ;/)g C p(M), i.e., Coker(¢) is k4-torsion, which concludes the proof. ]

Proposition 5.17. The presheaf Misa sheaf.

Proof. Fix a global cover {W; |i € [} andletp : M — I'y (1\2 ) be the map established in
Lemma 5.16. Let us see that I'; (1\2) =0k, (M)= 1\2(1). Since for the family {Q, (M) —
Ow; | i € I} the universal property of the limit guarantees the existence of a unique
morphism ¢ : Q,, (M) — I'y (M ), we obtain the following commutative diagram:

Iy (M) —— Qw, (M) —— Qw, (Qw,(M))

e

M —— O« (M)



Serre—Artin—Zhang—Verevkin theorem for semi-graded rings 519

It is clear that Ker(¢) € () Ker(¢i) = () kw; (Qi (M) = k4(Qx, (M)) = 0. On
the other hand, since Im(p) € Im(¢) and 1"1(]\71 )/ Im(gp) is k-torsion (Lemma 5.16) it
follows that Ty (M )/ Im(¢) is k4-torsion also. Besides, if S; is the last letter of W; then
Ow, (M) is ks;-torsion-free, and so, it is x4 -torsion-free. In this way, I'y (]\71 ) is the limit
of objects that are k4 -torsion-free, and it is clear that I'; (]\2 ) is k+-torsion-free also. Since
we have the short exact sequence

0— Qu, (M) = T\(M) — I'y(M)/Im(¢) — O,

it follows that Q, (M) = Ty (M) [16, Proposition 3.4].
Finally, by recalling that Qw is an exact functor that commutes with finite limits, if
W # 1, then we have that

Tw (M) = Qw(T1(M)) = Qw(Qw, (M)) = Qw(M) = M(W).
By Remark 5.12, it follows that M is a sheaf. ]

Next, we define the notion of affine cover and quasi-coherent sheaf.

Definition 5.18. An affine cover is a finite subset {7; | i € I} of @ such that (");c; £(T}) =
L(ky).

Definition 5.19. A sheaf J is quasi-coherent if there exists an affine cover {7; | i € I }, and
for each i € I there exists an SG Ti_lR-module M; such that for all morphisms V' — W
in the category W, we have a commutative diagram given by

W

v
W) —— F(TV)

L] °

Ow(M;) —— Qv (M;)

where the vertical maps are isomorphisms in LSG — R and Q1 (%) := O, (*). J is called
coherent if moreover all M; are finitely generated SG Ti_1 R-modules.

Remark 5.20. Note that the sheaf M is quasi-coherent for each object in the category
LSG — R. If M is finitely generated SG module, then M is coherent.

The proof of the following proposition is analogous to the proof of [33, Theorem 1].
For the completeness of the paper, we include it here.

Proposition 5.21. If F is a quasi-coherent sheaf on W and T'«(F) denotes its global
sections F(1), then F is isomorphic to T« (F), the sheaf associated to T« (F).

Proof. First of all, notice that we can suppose that M; is k4 -closed because if this is not
the case then we can replace it by Q. (M;) and the commutative diagram 5.4 holds. We
want to see that F(W) = Qw (I'x(F)) for all W € W. If W # 1 then by Remark 5.12
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and the fact that Qw commutes with finite limits (recall that Q is an exact functor), it
follows that F(W) is the limit of the diagram (5.1), while Qw ('« (%)) is the limit of the
diagram

Ow (FW;)) —— Ow (F(W; W)))
(5.5)
Ow (F(W;)) —— Ow (F(W; W;))

Notice that we have the isomorphism J(7;) = Q«, (M;) = M;, and by the diagram 5.4,
for every W there exists an isomorphism W,‘W Ow(F(H) > F(TGW).UEW =81...5,
and W, := §; ... S;, then we obtain the following commutative diagram:

T; Iiw Ti Wn—1

P wy T; W W
) —— (W) —— T W) —— - ——= F ([ W) —— F (T W)

J/ llﬁiwl J‘/fiWZ lWiWnl l‘/’iW

F(T) — Qw (F(11) — Ow, (F(T})) — - —— Ow;,_, (F(T})) — Qw (F(T}))

Since Qw, (F(T;)) is an ;! R-module, and so, F(T; W;) also is, for an element s; €
Sy, we can multiply by s;°!, whence the commutativity of the diagram above guarantees
that

1 1
1//,~W(—®~~®S—®m)
1

Sn
= s o (st (o2 oA T PR ) - ). (5.6)
On the other hand, we have that
FOT;W) = 0w (F(Th) = Qw(Qr; (F(Th))) = Qw (F(Ti T))).
If we write wi?/ : Ow (F(T;T;)) — F(T; T; W) as the isomorphism above, by using a

similar diagram to the above, it can be seen that

1 1
(oo am
Sn S1
1 TiTjWoor { —1 TiTjWn_ -1 TiTiWi, _1 T;

= Sp 1PT,-T;W 1(Sn—lnoTiT;Wn_f(' -+ 852 lpTiTjJ-W;(Sl 1iOT,-TjWl (m)).. )) (5.7
Notice that p%%’ th and p% I;‘?W, are S, LR linear for t = 1,...,n, since both are
R-homomorphisms between S, I R-modules. In this way, the expressions (5.6) and (5.7)

imply the commutativity of the following two diagrams:

ow(orir,) ow (o7 7)
Ow (I(T})) — Qw (F(T;Ty)) Ow (F(T7) ——— Qw(F(T;T))

lWi nw ll/fij J?/fi LW JWji
o Pr,T;w

F(LW) —— s F(TT; W) F(TW) —— s F(T; T W)
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Hence, it is clear that diagrams (5.1) and (5.5) have isomorphic limits, that is, F =~
QW(S" (I'+)). Besides, for a morphism V' — W the map pVVV is determined by the maps

pT v W and pg:’ T’ g/ , which shows that the diagram

Ow ([4(F)) —— Qu(T«(F))

L,

FW) —2 L F(V)

is commutative.

For W =1, we have to show that '« (F) = O, (I'«(F)). Since F(T;) and F(T; T;) are
Kk +-torsion-free (F(7;) = M; and F(T; T;) = Ti_l (F(T3))), then 'y (F) is k4 -torsion-free
because it is the limit of objects k4 -torsion-free. Let us see that I'x(F) is k1 -injective. By
[16, Proposition 3.2], it is sufficient to show that for all / € £ (k) every R-homomorphism
f I — T'x(F) can be extended to a R-homomorphism g : R — [« ().

Since F(T;) is k4-injective the map p7, o f can be extended to a map g; : R — F(T;).
If x; = g,(l) then gl (r) = rx; for every r € R. In particular for each a € I we have
thatapl 7, (x1) = ki 1. (pr, (/@) = oy, (o7, (f(@))) = apy/y, (x7). which shows that
there exists an element x € I'x () such that p; (x) = x; for every i. Notice that the map g :
I — I« (J) defined by g(r) = rx extends f, so we conclude ['«(F) = Q,, ([« (F)). =

Theorem 5.22. The category of quasi-coherent sheaves is equivalent to the category
(R, K+) — LSG.

Proof. Let F be a quasi-coherent sheaf. From the last part of the proof of the Proposi-
tion 5.21 we have that T« () is an object of (R, x4+) — LSG. Moreover, if M belongs to
(R,k4) —LSG then M = Q,, (M). In this way, 0 and I',O are functors between the
category (R, k4+) — LSG and the category of quasi-coherent sheaves, which are equivalent
by Propositions 5.17 and 5.21. |

By taking the category of coherent sheaves cohR as the full subcategory of quasi-
coherent sheaves that consists of coherent sheaves, and having in mind that ProjR is the
full subcategory of (R, x4+) — LSG consisting of LSG-« 4 -finitely generated modules, we
arrive at the most important result of the paper: the Serre—Artin—Zhang—Verevkin theorem
for semi-graded rings.

Theorem 5.23 (Serre—Artin—Zhang—Verevkin theorem). The category of coherent sheaves
is equivalent to ProjR.

Proof. From Theorem 5.22, it is sufficient to show that M belongs to ProjR if and only if
M is coherent.

We fix a cover {T; | i € I}.If M is an element of ProjR, then there exist my,...,my €
M such that M/N is k-torsion with N = (my,...,my)%¢. Let fi : M — T; ' M be
the canonical map. It is straightforward to see that (’”T, e, %)}G = fi(N), and that the
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T;7' M-submodule J; = (%L, .., %);f_lR satisfies the relation f;(N) C J;. Letm € M.
Since M/ N is k4 -torsion there exists e L(k4) such that Im C N. By using that 7; is
non-trivial, there exists t; € I N T;, whence t;m € N, which shows that ”Tm € fi(N).
Since J; is a T; ' R-module and 4" € J; then J; = T; ' M, that is, T,"' M is finitely
generated as an SG Ti’1 R-module.

Suppose that every one of the ti’lM is a finitely generated SG Ti’lR-module. Note

. -1 _ (M MMt i \SG -1 _ (M M i \SG :
thatif T, M = (su e e )T.*lR then 7,7 M = (==,..., — >T;1R' Since there
are finite elements i’s, the union set Uiel{ml,i» ...,my ;} is also finite, {my, ..., my}
say. If we define N = (my, ..., my)%C, it is straightforward to see that Ti_lN is an SG

Ti—l R-submodule of Tl-_lM, whence Ti_lN = Ti_lM.

For an element m € M, since % € Ti_lN there exist elements n; € N and t; € T; such
that § = 't’—l‘ There exist ¢;, d; € R such that ¢;m = d;n; and ¢; = d;t; € T;, whence
c¢im € N. By using that ¢; € T; for each i € I and that {T; |€ I} is an affine cover it
follows that I = Y Rc¢; € L(k4). We conclude that Im C N, and therefore, M/ N is
K 4-torsion. ]

Next, we show that the notion of schematicness in the semi-graded setting generalizes
the corresponding concept in the case of connected and N-graded algebras introduced and
studied by Van Oystaeyen and Willaert [33,49, 50,52, 58].

Remark 5.24. Consider a positively graded left Noetherian ring R. It is clear that Ry =
R>1. Note that if R is generated in degree one then R>, = (R4)?, which shows that
L(k4+) ={I <y R |there exists n € N with (R4)" C I}. On the other hand, the LSG mod-
ules are exactly the same N-graded modules and the good left Ore sets coincide with the
homogeneous left Ore sets. In this way, the notion of schematic ring presented in this paper
generalizes the corresponding notion introduced by Van Oystaeyen and Willaert [33]. Last,
but not least, notice that in the N-graded setting the left Noetherianity of R implies that
the finitely generated objects of (R, k) — LSG are the Noetherian objects, which shows
that Theorem 5.23 generalizes [33, Theorem 3].

We present some examples that illustrate our Theorem 5.23 in the case of non-N-
graded rings where [33, Theorem 3] cannot be applied.

Example 5.25. (i) Consider the first Weyl algebra A, (k) = k{x, y}/{(yx —xy — 1) over
a field k of char(k) = p > 0. It is well known that A; (k) is a non-N-graded ring, the
set {x"y™ | n,m € N} is k-basis of A;(k), and that A; (k) is a Noetherian ring. Since
x?,yP € Z(A1(k)) itis clear that {x?¥ | k € N} and {y?¥ | k € N} are good left Ore sets.
Besides, if k1, k, € N then A1 (k)x?¥t + A (k)y?*2 is a two-sided ideal of A; (k) which
is a left SG submodule, whence A1 (K)> pk,+pk, S A1 (k)xP*1 + A;(k)yP*>. Therefore,
A1(k) is a schematic algebra and Theorem 5.23 holds.

(ii) In a similar way, it can be shown that the nth Weyl algebra A, (k) is schematicness
when char(k) = p > 0.

(iii) The well-known Jordan plane k{x, y}/(yx—xy —y?) is schematic when char(k) =
p > Osince the sets {x?* | k € N} and {y?* | k € N} are good left Ore sets.
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For the skew PBW extensions introduced by Gallego and Lezama [15] (cf. [36,39]),
which are examples of non-N-graded rings, Proposition 5.26 establishes sufficient condi-
tions to guarantee their schematicness.

Proposition 5.26. Let A = 6(R)(x1,...,Xx,) be a bijective skew PBW extension over a
left Noetherian ring R with the usual semi-graduation, that is, deg(x;) = 1 and deg(r) =
0, for every i and each r € R. If for every i, there exists m; > 1 such that x;"i € Z(A)
then A is schematic.

Proof. From [14, Theorem 3.1.5] we know that A is left Noetherian. Since xl.m feZ(A)it
follows that {x]"""" | m € N} is a non-trivial good left Ore set for every i. Let us see that
these sets satisfy the schematicness condition. Let ¢; € N. Then, Z?:l Rxl.'"iti is a two-
sided ideal and an SG submodule of A. If # := Y m;t;, then @,,~;, Rm S Y 71—, Rx{""t" ,

and thus, R>; € Y7, Rx™ili, =

14

Examples 5.27 and 5.28 show that the theory presented by Lezama about Serre—Artin—
Zhang—Verevkin theorem and the one developed in this paper are independent.

Example 5.27. Proposition 5.26 guarantees that if R is a left Noetherian noncommutative
ring then A = R[x] is schematic, and so, Theorem 5.23 holds for A. Notice that this result
cannot be obtained from the theory developed by Lezama [27,29] because it does not
satisfy Lezama’s assumption (C4) that says that A9 = R is a commutative ring. In the
particular case of the k-algebra R = M,,(k), since R is not connected it does not satisfy
the definition of schematicness given by Van Oystaeyen and Willaert (Definition 2.6),
and it is not a finitely semi-graded algebra in the sense of Lezama [29, Definition 2.4].
However, from our point of view, the algebra is schematic and Theorem 5.23 holds.

Example 5.28. Consider A as the 3-dimensional skew polynomial algebra subject to the
relations
yz=1zy, Xz=12zX, YX=Xy—Z.

Following the ideas presented by Lezama [27, 29], it can be seen that this algebra
satisfies the Serre—Artin—Zhang—Verevkin theorem [ 14, Example 18.5.15 (v)].
It is straightforward to see that the following relations hold:

yix = xy" —ny" 1z and yx" =x"y —nx""'z forn > 0.

If char(k) = p > O then x?, y?,z € Z(A), and so, Proposition 5.26 implies that A4 is

schematic.

Consider the case char(k) = 0. Let us see that A, = {az" | a € k,n € N}. With this
aim, consider o« € A),. Then, « is a homogeneous element of degree n, and we can write

o= E aj jx'y/ 2"
i+j=<n
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Since that

ax = E a; jx'y xz"7 7/

i+j<n
_ R J iv,J—lzy n—i—j
= > apx(xy) = jy )z
i+j<n
_ i+1,j n—i—j . i j—1_n—i—j+1
= > apx Tyl = Ny pxty T I
i+j<n i+j<n

the element ax is homogeneous of degree n + 1, and so, ja; ; = 0 for each i, j. In a
similar way, for the element yo we obtain that ia; ; = O for each i, j. These facts imply
that the only non-zero coefficient is precisely ao,o, that is, @ = ag,0z". This shows that

Ay ={az" |a € k,n € N}.

Now, let us prove that A is not schematic. Since z € Z(A) then S = {az¥ |a e k* , k €
N} is a good left Ore set. Note that for all m € N we have that X € A>,,\ Rz, whence
S does not satisfy the schematicness condition. Besides, due to the reasoning above it
is clear that S contains any other good left Ore of A, and so, if S does not satisfy the
schematicness condition, then no other set will.

Finally, Proposition 5.29 presents necessary conditions to assert the schematicness of
skew PBW extensions with two indeterminates.

Proposition 5.29. Let A = o(k)(x, y) be a skew PBW extension over k defined by the
relation
yx =dxy+ex+ fy+g, whered ek*ande, f,g € k. (5.8)
A is schematic if and only if one of the following cases holds:
(1) yx = dxy (quantum plane, Manin’s plane),
(2) yx = xy + g with char(k) = p > 0,
(3) yx =dxy + gwithd # 1 and d? = 1 for some p € N.

Proof. We divide the proof into four parts.

(@ LetP:=dx+ f,Q:=ex+g, P:=dy+eand Q := fy + g. Notice that
the binomial theorem holds for P and P, that is,

i i

pi= Z(;)di—kf"xi—k Pl = Z(Il{)di_kekyi_k forall i > 0,

k=0 k=0

and
yx=Py+Q=xP+ Q.

Let us see some relations of commutativity between x and y.
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For n > 1, the following identities

n—1
yxn — Pny + ZPn_l_ixiQ,
i=0

n—1
ynx — xﬁn + Z}Sn—l—iy'Q_
i=0
hold.
The case n = 1 is clear. Suppose that the assertion holds for n. Then,

n—1
yxn-i-l — (Pny + Z Pn—l—ixiQ)x
i=0

n—1
— Pn(Py+ Q)+2Pn_l_ixi+lQ
i=0
n—1
— Pn-‘rly + (Pn + ZPn—l—le-l)Q
i=0

n
— Pn+1y 4 Z P"_ixiQ,
i=0

which concludes the proof. In a similar way, we can prove the other equality.
Forn > 0, we write A, := Y 7, d'.
Let us see that if § = ax™ (resp., § = ay™) belongs to R), witha # 0, then /' =0
(resp., e = 0). In the case Q # O (resp., @ # 0), it follows that A, = 0.
The equalities

y§ = ayx"
n—1 o
Za(Pny _I_ZPn—l—lxtQ)
i=0

é n n—k rk n—k ot n—1-—i i
_a(kX:(:)(k)d fhy y+;P xQ)

show that the element y£ is homogeneous of degree n + 1, and that the mono-
mials having the indeterminate y satisfy that if k& # 0 then a (Z)d n=k fk — 0. In
particular, if k = n then af™ = 0 whence f = 0.

Now, with respect to the other monomials, it is clear that these form a polynomial
element of degree less than n + 1, which shows that

n—1
a Z P 1m0 = 0.
i=0
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Since f = 0, we get that P = dx, and so,

n—1 n—1
0 :aZPn—l—ixi za(Zd}’l—l—i)xn—lQ'
i=0 i=0

Thus, if Q # 0, then
n—1 n—1
0= d" "= "d" =A,
i=0 i=0
The proof for the case ay” is analogous.

Let n > 1 and consider the expression
n
£ = Za,-x’y"_’ ER,.
i=0

Let us show that if O # 0 (resp., Q # 0) and £ # a,x" (resp., £ # agy”™), then
e = 0 (resp., f = 0)and Ay = 0 for some 0 < k < n.
Note that £x is a homogeneous element of degree n + 1. We have the following
equalities:
n—1
gx — anxn-i-l + Zaixiyn—ix
i=0

n—1 n—1—i
=a,x"t 4+ Zaixi (xf_’"_i + Z prlTiziyg Q_)
i=0 =0

n—1 n—1—i
=a,x"T! + Z (aixi+113"_i +a;x’ Z prmi=iziyg Q_) (5.9)
i=0 j=0
Suppose that there exists 0 < i < n — 1 such that ¢; # 0 and let ¢ := min{0 <
i <n|a;#0}. Then,

n—1 n—1—i
Ex = anxn-i-l + Z (aixt+1Pn—z + a;xt Z Pn—l—l—ij Q)
i=t j=0

Notice that the lower exponent of x appears when i = ¢ and we have that

n—1—t

atx’ Z ﬁn—l—t—jyj Q_
j=0

is a polynomial element of degree less than n + 1 that has no other terms of £x,
whence necessarily this polynomial has to be the zero element. Since a; # 0, it

follows that
n—1—t

( )3 ﬁn—l—t—fyf)g‘zo.
=0
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By using that O # 0, we have that Z" ot Pn—1=t=iyJ = (. Hence,

n—1-—t

0= privtiys

j=0

n tnlt]n_l_l

ZZ(Z( )dnltjkkynltjk)y
j=0

ZZ X_: (n_l_t )dnlt]kkynllk (510)

The coefficient of the monomial y° is obtained when j = 0andk =n —1—1,
which implies that

(n — i - i)dn—l—t—o—(n—l—t)en—t—l — en—t—l — 07
n—1-—

whence n — 1 # ¢ and e = 0. By replacing in the expression (5.10), it follows

that
n—1—t

0= Z dn—l—t—jyn—l—t’
Jj=0

and so,
n—1—t n—1—t

=Y a7 =Y dl=A,
Jj=0 j=0

The condition that there exists n > 0 such that A,, = 0 is recursive, so we will
call it Condition U. It can be seen that this condition is satisfied if and only if one
of the following conditions hold:

* d =1landchar(k) =p >0,
* d # 1 and there exists p > O such that d? = 1.

With the analysis above, we can determine the schematicness of the skew PBW
extensions defined by relation (5.8).

First of all, note that if d = 0, Part (c) implies that A” = k since Condition U
does not hold. Thus, the skew PBW extension A4 is not schematic. From now on,
consider d # 0. Itis clear that the case ¢ = f = g = 0 shows that A4 is schematic.
Let us see what happens if one of these three elements is non-zero and Condition
U does not hold.

Let£ € A” withn > 1.1f g # 0, then Q # 0 # Q, and by Part (c) we have that
€ = ayx" = apy”", whence § = 0, and so, A” = k, which shows that A is not
schematic. If e # 0 then Q # 0, and Part (c) implies that £ = agy”, thatis § =0
(Part (b) above). In this case A is not schematic. Similarly, if f 7 0 then A is not
schematic.
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Let us see the case where Condition U holds (with the less value of p satisfying
this condition), and two of the three elements e, f, g being non-zero. If e # 0 # f,
then Part (c) implies that £ = 0, whence A is not schematic. If ¢ # 0 # g and
f =0, it follows that x” € Z(R). On the other hand, Q # 0 # Q, and so, Part
(c) shows that £ = a,x” with p | n. In this way, A” = {ax?* |a e k,k € N} and
hence, S = {ax?* | a € k*, k € N} is the greatest left Ore set, and since S does
not satisfy the condition of schematicness (due to the powers of y), it is clear that
A is not schematic. Analogously, one can check that if f 7 0 # g and e = 0 then
A is not schematic.

Now, let us see the situation where Condition U is satisfied and only one element
is non-zero. If e # 0 and f = 0 = g, then O = 0, and so, equation 5.9 can be
written as

n—1 n—i

n—i . . .
EX =anxn+1 +ZZ( N )aidn—z—kekxt+1yn—z—k‘

i=0 k=0

Note that every value of i corresponds to only one power of x, and when k # 0 the
degree of x'*1y" =K is less than n + 1. These facts show (";")a;d" " ¥ek =0
foreachO <i <n—1landall0 < k <n —i.Inparticular, if k = 1 thena; = 0,
and so, § = a,x". Part (b) above implies that p | n whence A is not schematic
by the same reason as above in the case ¢ 7# 0 # g and f = 0. Analogously, if
f # 0and e = 0 = g it follows that A is not schematic.

Finally, if Condition U holds and g # 0 with e = 0 = f then it is straightforward
to see that x?, y? € Z(R), whence A is schematic. [ ]

Remark 5.30. Proposition 5.29 shows that there are Ore extensions over schematic rings
that are not schematic. This is consistent with Proposition 2.8.

6. Conclusions and future work

In this paper, we have defined the notion of schematic ring in the context of semi-graded
objects and illustrated our Theorem 5.23 with some non-N-graded algebras. With the aim
of obtaining new examples of schematic algebras in this more general setting, it is of
interest to generalize the criterion formulated by Van Oystayen and Willaert [52, Lemma
2] that says that if R is an N-graded k-algebra such that its center Z(R) is Noetherian and
such that R is a finitely generated Z(R)-module, then R is schematic. The importance of
this criterion can be appreciated in [13] where the authors investigated the schematicness
of skew Ore polynomials of higher order generated by homogeneous quadratic relations
defined by Golovashkin and Maksimov [17, 18]. Since these algebras are non-N-graded,
the research on its schematicness will be crucial for another families of noncommutative
rings.
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Now, having in mind that Willaert [58] studied the least possible number of Ore

sets satisfying the condition of schematicness for N-graded algebras and called it the
schematic dimension, a natural task is to investigate this notion in the setting of semi-
graded rings. Also, an important topic of future research for these rings is the Cech
cohomology developed by Van Oystayen and Willaert [50,52].

Funding. The second author was supported by the research fund of Faculty of Science,
Code HERMES 53880, Universidad Nacional de Colombia - Sede Bogota, Colombia.
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