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A homological approach to the Gaussian unitary ensemble
Owen Gwilliam, Alastair Hamilton, and Mahmoud Zeinalian

Abstract. We study the Gaussian unitary ensemble (GUE) using noncommutative geometry and
the Batalin—Vilkovisky (BV) formalism, and we show how this homological approach provides
canonical relations between correlation functions in the GUE. As applications of this method, we
obtain new ways to prove generalizations of Wigner’s semicircle law, to compute all the large N
statistical correlations for multi-trace functions as random variables in the GUE, and to determine
the leading (and subleading) order behavior of the correlation functions with respect to the rank N.
Along the way, and illuminating the connection with prior work, we develop an explicit dictionary
between this homological approach and the well-known combinatorics of ribbon graphs that lead to
counting problems for the corresponding surfaces.

1. Introduction

In order to model complicated quantum mechanical systems, Wigner hit upon the clever
idea of studying random matrices [18]. The most basic version involves placing a Gaussian

measure

LN = %e‘%“"z) dx
on the space of N x N Hermitian matrices fj, where Z 5 normalizes the measure to have
mass one. In the large N limit, he found that the expected values of trace functions such

as
f Te(X*) iy
by

exhibited remarkable behavior: to leading order in N, the expected value reduces to a
simple one-dimensional integral. For the function above,

1 X 36 1 2
lim — Tr((—) )MN = —/ X304 — x2dx;
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an example of his semicircle law [19]. Out of Wigner’s work grew an area of mathematics
where physicists, probabilists, operator algebraists, and others meet.
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A central goal of this paper is to show how homological algebra offers a novel per-
spective that clarifies how and why these amazing results in probability theory are related
to noncommutative geometry — specifically the noncommutative symplectic geometry of
Kontsevich [11] — and hence to the topology of moduli spaces of Riemann surfaces. From
the work of Harer [9], Mumford, Penner [15] and Thurston, it is known that the cohomo-
logy of the moduli space of Riemann surfaces may be described in terms of an orbi-cell
complex generated by ribbon graphs. By the results of [11] and [7], the homological
aspects of this complex may be recast in terms of the Batalin—Vilkovisky (BV) formal-
ism and noncommutative geometry, and it is this perspective that we use in this paper.

The BV formalism is a homological way to encode the idea of the path integral in gen-
eral; this framework has had great success in the study of gauge and string field theories.
As the Gaussian unitary ensemble (GUE) can be interpreted as 0-dimensional quantum
field theory, it is natural (at least to BV enthusiasts) to try it in this context. One appealing
aspect of the BV approach is that it shifts the emphasis onto the algebra of observables
rather than on constructing a measure, and this shift means that the large N limit is being
explored in an algebraic setting. Thanks to the Loday—Quillen-Tsygan (LQT) Theorem
[13, 17], this limit is well understood for the classical field theory.

In the paper [5] we explained how to quantize the LQT theorem, and we found a very
simple differential graded algebra that encodes the GUE. (Our treatment here is essentially
self-contained; we write so that the reader does not need to understand the LQT theorem in
general, and instead we provide the explicit formulas relevant to the GUE.) In this paper,
we focus on exploiting that presentation to find recurrence relations among multi-trace
expected values and in particular to find expressions for the (sub-)leading order behavior
that go beyond the original results of Wigner and his semicircle law (see Section 5 and 6
respectively). In brief, the noncommutative symplectic geometry encodes algebraically
the combinatorics of ribbon graphs, allowing us to make efficient computations.

A quick consequence of this large N asymptotic analysis, performed using homolog-
ical algebra and an understanding of the properties of the Catalan numbers, is a gener-
alization of the semicircle law to multi-trace functions. In particular, the expected value
of a multi-trace function “decouples” into a product of the expected values for each fac-
tor; see Section 0.4 for these results. As another application, we compute the large N
statistical correlation coefficients for a certain infinite family of random variables in the
GUE defined by multi-trace functions; see Section 6.3 for these results. These results are
known to experts (see [1, 2,4] as entry points among the relevant sources), and so the
novelty is in the method and the new relationships it forges between disparate mathemat-
ical domains. (For the experts, note that the homological relations of the BV formalism
encode the Dyson—Schwinger equations, so that our approach can be understood from that
viewpoint. See, for instance, [0].)

Perhaps the most conceptually useful aspect of our method is that it directly con-
nects ribbon graphs, and hence the topology of the moduli space of Riemann surfaces,
to the integration-by-parts relations between multi-trace functions arising through the BV
formalism. This connection arises because the LQT theorem relates cyclic cohomology —
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loosely speaking, part of a closed string field theory — to Lie algebra cohomology — loosely
speaking, part of a gauge theory; making this assertion precise is a central part of [5]. There
is a deep reservoir of results about how closed string field theory relates to the topology
of Riemann surfaces, and here we use but a handful of those insights.

Remark 1.1. Shortly after this article appeared on the arXiv we were contacted by
Kontsevich, who informed us that he had just the day before delivered a talk on matrix
models [12] that was closely related to ideas explored in this paper but introduced in [5].
In particular, in the talk he discussed a conjecture on “decoupling” that is a version of our
Theorem 6.18 in the much less straightforward case of a multi-matrix model depending on
a nonquadratic potential. We subsequently benefited from an interesting email exchange
with Kontsevich, and we think there is much to explore in these directions.

As a guide for the reader, note that Section 2 is a lightning review of the BV formal-
ism and the quantum LQT theorem of [5]. Section 3 then reviews how the GUE appears as
an example in this framework. In Section 4, we begin on new material, reviewing ribbon
graphs and explaining how they arise in the setting of the GUE and the quantum LQT the-
orem. Finally, we get to the applications: Section 5 proves that the multi-trace correlation
functions are polynomial functions of the rank N with nonnegative integer coefficients,
determines their degree and establishes a recurrence relation for them, while Section 6
computes their leading order behavior with respect to the rank N.

1.1. Notation and conventions

Throughout the paper our convention will be to work with differential graded symplectic
vector spaces. We also follow the convention of working with cohomologically graded
objects; hence the suspension £V of a graded vector space V is defined by LV := Vi +1,
We will assume that our symplectic vector spaces V carry a symplectic form (—, —) of
odd degree. The differential d on V is required to be compatible with the inner product in
the sense that

(dx,y) + (=D {x,dy) = 0. (1.1)

We emphasize that, for the sake of brevity, we will refer to these spaces simply as sym-
plectic vector spaces; with the understanding that they carry a differential (possibly zero)
and that the symplectic form has odd degree.

We will define the inverse form (—, —)~! on the dual space V* by the commutative

diagram
K
(_’/‘ '&_)—1
D;®D,

VeV ——V*V*

where D;(y) := (y,—) and D,(y) := (—, y). Note that while the form (—, —) is skew-
symmetric, the Koszul sign rule implies that the inverse form (—, —) ! is symmetric. More
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generally, we will use the same formula for the inverse of any nondegenerate bilinear form
(=)

We denote the symmetric group by S,. We follow the convention that coinvariants are
indicated by a subscript. The graded symmetric algebra on a graded vector space V' will be
denoted by S(V'). Throughout the paper we work over a ground field K of characteristic
zero, usually K = C. The cardinality of a finite set X will be denoted by | X|.

2. Recollections on the quantum LQT theorem

In this section, we will recall the basic framework of the Batalin—Vilkovisky formal-
ism [16], including its formulation in noncommutative geometry coming from the work
of Kontsevich [11]. We then recall from [5] how the quantum LQT maps intertwine the
commutative and noncommutative aspects of this framework.

2.1. The commutative geometry of the Batalin—Vilkovisky formalism

We begin by describing the classical setup for the Batalin—Vilkovisky formalism and its
commutative geometry.

Definition 2.1. Given a symplectic graded vector space V' we define

o0
P[V]:=S(V*) = @[(V*)®k]sk.
k=0
From the inverse form (—, —)~! on V* we define a Poisson bracket {—, —} on P[V'] of odd

degree by extending the inverse form on V* to P[V] using the Leibniz rule;
{a.bcy = {a,b)c + (-1t VPhla, ¢}, 2.1

This structure is sometimes referred to as a (differential graded) shifted Poisson alge-
bra. There is a natural quantization of this structure, in the Batalin—Vilkovisky sense,
obtained by turning on a differential.

Definition 2.2. The BV-Laplacian A on S(V*) is the unique differential operator satisfy-
ing
A(ab) = (Aa)b + (—1)%a(Ab) + {a.b} (2.2)

forall a,b € S(V*) and such that A vanishes on all v € V*. These conditions ensure that
A? = 0. From (1.1) it follows that (d + A) is still a differential and more generally that

BV[V]:=(S(V*).(d + A), - . {—.—})

is a Batalin—Vilkovisky algebra, where we have used - to denote the commutative multi-
plication on the underlying graded-commutative algebra.
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2.2. Noncommutative geometry in the Batalin—Vilkovisky formalism

We now recall the formulation of the Batalin—Vilkovisky formalism in the framework
of noncommutative geometry. This begins with a construction of Kontsevich [11], with
further input from the work of Movshev [14].

Definition 2.3. Given a symplectic graded vector space V', we define

o

H[V] := EB[(V*)@”‘]Z/M.

k=0
We define a Lie bracket of odd degree on H[V] by the formula
{(@i---am), (b1 bn)}
m n
= ZZ +(ai.bj) " (@ig1 - amay---ai_1bj iy - -bpby -+ bj_y),
i=1j=1

where ay,...,am,b1,...,b, € V* and the sign is determined canonically by the Koszul
sign rule. Note that whenm = 1 = n,

{@, ()} = (a,b)”",

which is a constant.
A Lie cobracket
V:H[V] - (H[V] ® H[V])s,

of odd degree may also be defined by the formula
Viay---ap) := Z +(ai.a;) " @ig1 - aj—1) ® (@j41--anay -+ ai—y).
1<i<j<n

Again, the sign is determined canonically by the Koszul sign rule. These structures turn
H[V] into a Lie bialgebra.

Consider the subspace of H[V] consisting of positive cyclic powers,

]

HiV]:= @[(V*)@c]z/kz’

k=1

and denote the generator of (V*)®? inside H[V] by v, which has degree zero. Then we
may write
H[V] = Kv @ Hy[V]. 2.3)

It is easily checked using the above definitions that the canonical quotient map

o :H[V] — P[V]
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(which sends v to 1) is a map of Lie algebras. The commutative algebra S(H[V']) has the
canonical structure of a shifted Poisson algebra in which the bracket on H[V] is extended
to S(H[V]) using the Leibniz rule (2.1). The above map then extends to a map

o : S(H[V]) — P[V] (2.4)

of shifted Poisson algebras in a unique way.
Note that using the decomposition (2.3) we may write

SH[V]) = S(Kv @ Hy[V])
= SKv) ® SH[V]) = K] ® SHL[V]),

where we have identified the symmetric algebra on Kv with polynomials in v.
We may now define, following [5], the noncommutative counterparts of the Batalin—
Vilkovisky algebra described by Definition 2.2.

Definition 2.4. Given a symplectic graded vector space V, set
BVF[V] = SH[V]) = K] ® SHL[V]).

We extend the shifted Poisson algebra structure on S(H[V]) described above to the struc-
ture of a Batalin—Vilkovisky algebra by defining a BV-Laplacian using the formula

A, =V +34,

where § denotes the Chevalley—Eilenberg differential on S(H[V]) determined by the Lie
bracket on H[V'] and V denotes the cobracket on H[V], which is extended to S(H[V])
using the Leibniz rule. This provides us with the structure of a Batalin—Vilkovisky algebra,

It is a consequence of equation (2.2) that the map (2.4) yields a map of Batalin—
Vilkovisky algebras — that is to say, it commutes with the BV-Laplacians. The details
are not difficult, and are spelled out in [5, Proposition 4.3]. We will denote this map of BV
algebras by

oy : BV‘[V] - BV[V]. (2.5)

We may refine the picture described above by including another deformation parame-
ter, bringing us closer to the construction described in [7].

Definition 2.5. Given a symplectic graded vector space V, set
BVIL IV =Kyl ® SH[V]) = K[y, v] ® SH4[V]).

This also has the structure of a shifted Poisson algebra, where we extend those structures
that we defined on S(H[V]) above linearly with respect to the parameter y (which has
degree zero). We equip it with the BV-Laplacian

Ayy:=V 4y 6.
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This defines a Batalin—Vilkovisky algebra
BVYL IVl = K[yl ® SH[V]. (d 4+ Ayp). - y{= =)

Note that in this case we must multiply the Poisson bracket {—, —} by the parameter y to
retain the structure of a Batalin—Vilkovisky algebra.

Remark 2.6. Later, we will use the parameters y and v to keep track of the genus and
number of boundary components associated to a ribbon graph, cf. Section 4.3.

It is clear that by sending the deformation parameter y to 1 we get a map of Batalin—
Vilkovisky algebras
Vnc [V] VHC[V]
Combining this map with the map (2.5) yields a map of Batalin—Vilkovisky algebras which

we denote by
BVy.,[V] — BV[V]. (2.6)

2.3. The Morita map

In this section, we will introduce the map that appears in the formulation of Morita invari-
ance in Hochschild cohomology. It is defined by taking the trace of a product of matrices.
It is the compatibility of this map with the framework of the Batalin—Vilkovisky formalism
that will allow us to make contact with quantities in random matrix theory.

Let V be a symplectic vector space and consider the space of N-by-N matrices with
entries in V', which we denote

My (V) =V ® My (K).

It is also a (differential graded) symplectic vector space whose symplectic form of odd
degree is defined by
(x® A,y ® B) := (x,y)Tr(AB).
Consider the multilinear maps

i : My (K)® - K .7)

where
te(Ay, ..., Ag) == Tr(Ay--- Ap).

These are used to define the Morita map as follows.
Definition 2.7. Let V' be a symplectic vector space and consider the map
(VEY* > (V) @ My (K)®5)* = My (V)®F)*

sending & to £ ® fi. As the multilinear maps (2.7) are cyclically symmetric, the above
determines a well-defined map

M H[V] = H[My (V)]. 2.8)
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Note that since the identity matrix has trace Tr(I/y) = N it follows that
M(v) = Nv.

The following result, [5, Lemma 4.6], shows that this map respects the structures on
H[V] introduced by Definition 2.3.
Proposition 2.8. The map (2.8) is a morphism of Lie bialgebras.

This result has the following immediate consequence. The map (2.8) extends to a map
M SH[V]) — SHMy (V)])

of shifted Poisson algebras. In fact, it also provides a map of BV algebras, which we
denote by
M, : BVY[V] — BV My (V)].

Denote the y-linear extension of M, to BVY,[V] = K[y] ® S(H[V]) by
My, : BVY,[V] — BVY, [My (V)]

It is also a map of BV algebras.

We can combine these maps with the morphisms (2.5) and (2.6) of BV algebras. Note
that since the multilinear maps (2.7) are g! ; (K)-invariant, the combined maps will land in
the gl y (K)-invariants BV[My (V)]8'~®) " All told, we have the following commutative
diagram of Batalin—Vilkovisky algebras

BV}, V]

m
y=1 BV[My (V)]8v &) ¢ BV[My (V)]
%

BVyV]

Remark 2.9. The diagonal maps in this diagram are what we will sometimes refer to
as the “quantized LQT maps”. This terminology is carried over from [5], where they
correspond to the maps in the Loday—Quillen—Tsygan theorem in the special case of a
vanishing algebra structure on the graded vector space V.

3. Matrix integrals in the Gaussian unitary ensemble

In this section, we recall from [5] how, as an application of the constructions just reviewed,
a two-dimensional symplectic vector space encodes Hermitian matrix integrals and hence
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describes certain correlation functions in the Gaussian unitary ensemble. We are then able
to articulate a key construction of this paper, which will be the subject of the next section.
Let h denote the real subspace of gl (C) consisting of all Hermitian matrices. We
are interested in studying the k-trace correlation functions
Jo, TEXFDTr(XF2) o Tr(X )™ 3T dx

N -
Ikl,kz ..... kn " f e*%Tr(XZ) % . (31)
by

Note that while the integrals in both the numerator and the denominator of (3.1) depend
upon a choice of linear identification of §y with R 2, the ratio does not.

The symplectic vector space leading to these correlation functions is remarkably sim-
ple.

Definition 3.1. Let + be the two-dimensional complex vector space with generators a and
b of degrees zero and one respectively. Define the differential graded symplectic structure
on 4 by

da=b, (b,a)=1=—(a,b).

Note that «+ is acyclic, so that many complexes we construct from it have simple
cohomology. What will be of interest later is how various cocycles are related.
Let a* and b* denote the dual basis of A* and set

x:=a* and £ :=-b*.
Then x has degree zero, £ has degree minus-one, and the definitions above become

dE = —x, {x.&=(x.&)7 ' =1=(£x)"" = {Ex).

Observe that H[A], the space of cyclic tensor powers, is isomorphic to C[x] in degree
zero, as cyclic words in one generator correspond to symmetric words in one generator.

Writing #4 = C @ X~!C where the even generator ¢ sits in the left-hand summand
and the odd generator b sits in the right-hand summand, we have the decomposition

My (A) = A @ My (C) =My (C) ® =My (C).

The Hermitian matrices h sit inside the left-hand summand as a subspace and hence
we may restrict any polynomial superfunction f in BV[My ()] to a complex-valued
polynomial function on Hermitian matrices hy. In this way we define the expectation
value

(=) : BVIMy(A)] — C 3.2)
by

Jou F(X)e 2T XD dx

e

The following is Proposition 5.2 of [5]. It follows from some standard arguments in
the Batalin—Vilkovisky formalism, which encode the integration by parts relations for the
Gaussian unitary ensemble.

{(f):



0. Gwilliam, A. Hamilton, and M. Zeinalian 542

Proposition 3.2. The expectation value map (3.2) is a quasi-isomorphism of complexes
whose one-sided inverse is the inclusion of C inside BV[My ()] as the constant polyno-
mials.

It is helpful at this point to summarize the present situation by the following (incom-
plete) commutative diagram:

D PR EE S S > Cly.)
y=1 y=1
3?
U'y,voMy,v BVSC[A] <:) (C[V] y=1,v=N (33)
M{v v=N\‘
(=) f=>(f)
BV[My (#4)] C

The left vertical map is what we referred to earlier in Remark 2.9 as the quantum LQT
map; in degree zero (the most important degree for us) this map sends a cyclic word (x¥)
to the function Tr(X*) on matrices, and it sends a symmetric product of cyclic words
(xk1y ... (x*n) to the multi-trace function Tr(X*1) ... Tr(X*»). All the horizontal arrows
are quasi-isomorphisms; this fact follows from a standard spectral sequence argument that
is spelled out in detail in [5, Proposition 5.2 and 5.3].

The goal of the next section is to construct a noncommutative analogue

(=)yw 1 BVY, [A] = Cly, v]

of the expectation value map (3.2). This map will fill in the dashed arrow atop dia-
gram (3.3) and thus complete the above commutative diagram. That section culminates
in Theorem 4.8.

Foreshadowing one of the punchlines of the paper, we claim that this dashed arrow
{—)y,» will amount to taking a product of cyclic words, interpreting them as the vertices
of a ribbon graph, and then returning a polynomial encoding the topology of those ribbon
graphs that one can make from these vertices. Thanks to the commutativity of the diagram,
we can evaluate that polynomial to compute the expected value of the multi-trace function
determined by the product of cyclic words. In particular, if we use p}c’lv k, € Cly,v] to
denote the “noncommutative expectation value”

Ry - (xFmy)

then we will show that evaluating p,’c”]vn_ K, Aty = 1 and v = N recovers the multi-trace
expectation value

—lox2

N _ Jon THXRD) - Tr(XEm)e 2T d X

ki,....kn f[) e 3T(X?) 4y ’
N

This result is the content of Proposition 5.2.
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4. The ribbon graph expansion of the expectation value

In this section, we will introduce some instances of noncommutative analogues of Feyn-
man diagram expansions. The role of graphs (or Feynman diagrams), ubiquitous and
familiar in the “commutative” setting due to Wick’s theorem, is replaced here by ribbon
graphs in this noncommutative setting. The topology of the surfaces described by these
ribbon graphs, determined by the genus and number of boundary components, is easily
read off from the ribbon graph itself and encoded in a polynomial with two corresponding
variables. These constructions will be used to complete diagram (3.3), which is the central
result of this section, and thus relate the quantum LQT map to the topology of surfaces.

4.1. Ribbon graphs
We begin by recalling some basic material about ribbon graphs.

Definition 4.1. A ribbon graph I" consists of the following data:

* A finite set H(I") whose elements are called the half-edges of T'.

* A partition E(I") of H(I") into pairs. Elements of E(I") are called edges.
* A partition V(I") of H(I"), whose elements are called vertices.

» A cyclic ordering of each vertex v € V(T).

This data may be equivalently described as follows. Note that a cyclic ordering of the
half-edges of a vertex is the same thing as a cyclic permutation of all the half-edges at
that vertex. Combining these permutations at every vertex gives us a permutation ¢t of
all the half-edges of the ribbon graph. The cyclic decomposition of the permutation ¢
recovers the vertices of the ribbon graph I" along with their cyclic structure. Similarly, we
may define a permutation kT of the half-edges of I satisfying

. KIZ‘ =id,
e «krh # h,forallh € H(T);

simply by transposing the half-edges of each edge.
The correspondence
I'— (H(F), Sr, IC[*)

determines an isomorphism between the category of ribbon graphs and the category whose
objects are 3-tuples consisting of a set H, a permutation ¢ on H and a permutation k on
H satisfying the two conditions just listed above (both categories have an obvious notion
of isomorphism). Frequently, it is more convenient to define certain constructions in the
latter category.

Given any ribbon graph I" we may construct a connected oriented surface St with
boundary, as shown in Figure 1. (Our construction will differ slightly from the one that
the reader may already be familiar with, e.g., from [10].) Given a ribbon graph I" with n
vertices

VU1,...,Upn
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I'— Sr

Figure 1. The surface associated to a ribbon graph. We note that the left-most central band is twisted
in the picture in order to maintain the orientability of the surface.

of valency kq, ..., ky,, we take a sphere S 2 and remove n disks, creating k; parameterized
intervals around the boundary of each disk. We then use the cyclic structure at each vertex
v; to place the half-edges incident to v; into one-to-one correspondence with the parame-
terized intervals of the ith disk. Now for every edge e of I we take a strip / x I and glue
the ends of this strip to the two parameterized intervals corresponding to the two half-
edges that form e. This gives a well-defined (up to homeomorphism) construction of an
oriented surface St, since we may always rotate and permute the parameterized boundary
components by a homeomorphism of the sphere. The Euler characteristic of the surface
Sr is

x(r) =2— V()| = |[ED)], 4.1
as can be checked directly.

Definition 4.2. Given a ribbon graph I' = (H(I"), ¢r, k), consider the permutation
Br := cr«r and define the dual ribbon graph by

' := (H(), Br,«r).

The significance of the dual graph is the following. The boundary components of the
surface St are in one-to-one correspondence with the vertices of the dual graph I'*. Using
this and formula (4.1) for the Euler characteristic of Sy, we get a simple expression for
the genus. Define b(T") := |V(I"*)| to be the number of boundary components of St and

set
g1 i= VOLEIED =00 w

to be the genus of the surface St.
We now consider the operation of contracting an edge in a ribbon graph. This is most
conveniently described in terms of the dual graph.

Definition 4.3. Let I" be a ribbon graph and let e € E(I") be an edge. To contract the
edge e in I', we simply remove this edge from the dual graph I'*; that is if I'/e denotes
the graph I' with the edge e contracted then

(I'/e)* = (H(T') —e, fr/e.kr/e)

where ¢/e denotes the permutation ¢ with the entries from e deleted from its cyclic
decomposition.
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This operation may be more directly described as follows. If the edge e = {h, h’} joins
two different vertices
(hhy...hg) and  (W'hY ... h)

of T then contracting the edge e combines these vertices into a single vertex
(hy...hehy .. k). (4.3)
If e = {h, 1’} is a loop on a vertex
v = (hhy...hgh'hy .. k)
of T then contracting e splits v into two separate vertices
(hy...hg) and (h}...h}). 4.4

Since contracting the edge e = {h, i’} simply deletes the half-edges from the dual
graph IT'*, this will not change the number of vertices in I'*, unless of course some of
those vertices are left with no remaining half-edges. The reader may observe that this
situation occurs precisely when an empty vertex is produced as a result in either (4.3)
or (4.4).

If k =k’ = 01in (4.3) then

b(T/e) = b(I) — 1. (4.5)
If either k = 0 or k¥’ = 0 (but not both) in (4.4) then
b(T'Je) = b(T') — 1, (4.6)
and if both k = k&’ = 0 then
b(T/e) = b(T) —2. 4.7

The effect on the genus of contracting an edge may be summarized as follows. Con-
tracting an edge e that joins two different vertices, as in (4.3), typically decreases the
number of vertices and edges by one each and hence in this case

g(l'/e) = g(I') — 1. 4.8)

If the edge e is instead a loop then similar reasoning shows that the genus is not
affected

g(T'/e) = g('). 4.9)

Note that a careful analysis shows that (4.8) and (4.9) still hold even if the number b(I")
is affected by the edge contraction as above, as in this case the other terms in (4.2) will
compensate appropriately.
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4.2. Chord diagrams

We will use chord diagrams in our construction of the maps that fill in diagram (3.3) and
later in Section 6. We begin by recalling their definition.

Definition 4.4. Given a set X of even cardinality, a chord diagram on X is a partition of
X into pairs. We denote the set of all chord diagrams on X by C(X). In particular, if X is
the set of all integers between 1 and 2/ then we denote this set by C(2/).

If V is a graded vector space equipped with a symmetric bilinear form B of even
degree, then for every chord diagram

¢ ={ir, it iz, jo)s oo i i) € €21,
we may define a map B, : V®2 — K by
Be(vi,va, ..., v21) = £B(viy, vj,) B(viy, vj,) -+ B(vi, vj;)
where the sign is determined canonically by the Koszul sign rule. Note that
Bc(s - x) = Be-1..(x) (4.10)

forall x € V®2! ¢ e @2l),and ¢ € S,;.
‘We may also use chord diagrams to define ribbon graphs as follows.

Definition 4.5. Given a chord diagram
¢ ={ir, i} Az, jobo oo Al Ji} € C(21)
and a list of positive integers k1, ..., k, such that
ki 4+ky+ -+ ky =21,

k,(c) denote the ribbon graph with 2/ half edges A1, ..., hy;. The edges of

.....

{hiy, b thiy by, s oo thiy by, )

and the vertices are defined by the permutation
(hl v hk1)(hk1+l s hk1+k2) T (hk1+“‘+kn71+l s hk1+“‘+kn71+kn)'

4.3. Expectation values in noncommutative geometry

We are now ready to proceed with our construction of the maps that complete dia-
gram (3.3). As a gloss — and because our constructions should generalize to any con-
tractible space, though there is no present need to work at such a level of generality — we
will provide a ribbon graph version of the computation of Gaussian moments by pairing
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off legs of a vertex. Hence, we begin by describing our “propagator”, then describe our
Wick formula, and finally verify that this construction fits into diagram (3.3).

On our two-dimensional symplectic vector space -4, we form a degree zero symmetric
pairing

B:A®A—>C
where
B(u,v) := (du,v)
using the symplectic form (—, —) and differential d. This pairing is degenerate, but be-

comes nondegenerate on the subspace of # concentrated in degree zero. Let
B 'l=a®@acARA

denote the inverse of this form restricted to this subspace.
Now, given a list of positive integers k1, .. ., k,, we define a map

<_)I;’1v,,kn : ((A)*)®k1 ® ® (!A*)®kn — C[y, V].

The map is zero if the sum of the k; is odd. If the sum is even and equal to 2/, then we
define
(w))lj,lu’m’k" = Z Bc_l(w))/g(rkl ..... kn (©)) b (T ...k (€)) 4.11)
cee(2l)

where w € (A*)®F1 @ ... @ (A*)®Fr = (A*)®2

This map plays a central role in what follows, so we make a few orienting remarks.
Note that it records the topology of those ribbon graphs that are built from chord diagrams
using the prescribed data consisting of the list of the k;s. The input w is a kind of “non-
commutative function” on #4 (i.e., an element of the tensor algebra of the dual). Those
familiar with Feynman diagrams will see the resemblance to the usual Wick formula.

It follows from (4.10) that this map is cyclically symmetric in the variables. A permu-
tation ¢ € Z/k\Z X --- X Z/knZ determines an isomorphism

S Thyden(€) = Thy ok, (6 - €).

Hence (¢ - w)I;,‘\j""k" = (w)I;,‘v’""k” and (4.11) extends to give a well-defined map on

H. [4]®". Similar reasoning shows that, by permuting the vertices of the ribbon graph,
this map extends to give a well-defined map on S(H. []). (Note that on S®(H4 [A]) = C,
this map is just the inclusion of C into C[y, v].) If we extend this map linearly with respect
to the variables y and v, we see that (4.11) provides a well-defined map

(=)yw: BV;’,?U [4A] — CJy, v]. 4.12)

We call this map the noncommutative expectation value. This map will provide the desired
dashed arrow that completes diagram (3.3), but first we must prove some of its basic
properties.
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Theorem 4.6. The noncommutative expectation value map (4.12) is a quasi-isomorphism
of complexes whose one-sided inverse is the inclusion of C[y, v] into BV}, [A].

Proof. We must show first that (4.12) is a map of complexes; that is, we must show that it
vanishes on the boundaries of BV}, [A]. To see that the map is a quasi-isomorphism, first
note that the cohomology of BVY’,[4] is C[y, v] because there is a filtration of BV}, [A]
by powers of 4 and the associated spectral sequence collapses immediately as the com-
plex +4 is acyclic. Now apply the comparison theorem.

Recall that # is Z-graded and concentrated in positive degrees, so that 4* and hence
BVY’, [4] are also Z-graded and concentrated in nonpositive degrees. To show (4.12) is a
cochain map, it thus suffices only to consider the boundaries of degree minus-one elements
in BV}, [A]. Such elements are linear combinations of terms of the form

(ExT) (k1) - (xFr)

wherei,r > 0and kqy,...,k, > 1.
The boundary of such a typical element is

(d + Ay)[ExXH ) - (xFr)] = = T (k- ()

+ ) EETH T K - (F)

s=1

+y Y ke (R R (R - ().
t=1

Hence we must show that
((xi+1)(xk1) . (xkr))y’v — Z((xs—l)(xi—S)(xln) . (xkr)>y,v
s=1

Y ke k) (R ()L @)
t=1

Obviously we may assume thati + ky + --- + k, = 2] — 1 for some / > 1. We begin by
calculating the left-hand side of (4.13). As a point of notation, note that any chord diagram
¢ € C(2]) defines in an obvious way a permutation in S,;, also denoted by c¢, satisfying
c? =id.

Now

((xi+1)(xk1)...(xkr))y’v: Z yg(riﬂ,kl ..... kr(C))vb(Fi+l,k1 ..... & (©)
ceC2l)

21
= Z Z y 8 Tittbydr @) BTty by (©)
s=2{ceC2l):c(1)=s}
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i

Z yg(Fi+1,k1 ..... kr (€0 ,B(Cig1 kg kr (€))

s=1{ceC@2l):c(1)=s+1}
r

ki
+ Z Z Z yg(Fi+1,k1 ..... kr (€0) B (Cig1 kg kr (€))
t=1u=1

{ceC(2]):
c(D)=i+1+ky+-+k;—1+u}

Hence to prove (4.13), we will show that

(= HE ) - (),
_ Z yg(Fi+1,k1 ..... kr (€0) b (i1 kg .k (€)) (4.14)
{cee@l):c(1)=s+1}

fors = 1,...,i7 and that

y((xi-l-kt—l)(xkl) o (xkt) . (xkr))y,v
— Z yg(ri+1,k1 ,,,,, kr €0) D Ti1 ks .oy (€) (4.15)

{ceC(2]):
c(D)=i+14+ki+-+ki—1+s}

fort =1,...,rands =1,..., k;.

We prove (4.14) first. Note that when i = 0 there is nothing to prove, so we begin
by considering the case i = 1 = s. In this case, the left-hand side of (4.14) is v2((x*1) ...
(xk’))y,v and the right-hand side may be written as

Z yg(F2,k1 AAAAA kr (€UHL23D) | 6Ty .k (CUHHTL21)
ceC({3,...,21})

Contracting the edge e = {h1, h,} in the above and applying (4.7) and (4.9), we see that
this may be written as

v2 Z yg(Fkl ..... kr (€0 0Tk ke (€)) — VZ((xkl),,,(xkr))
ceC2l-2)

v’

as desired.
Next we consider the case wheni > 2 and s = 1 or s = i. For simplicity, assume s = 1.
In this case, the left-hand side of (4.14) is v{(x!~1)(x*1) ... (xk’))y,,, and the right-hand
side may be written as
Z 7/g(l“i+1,k1 ..... kr (COHR1.230) | (T 1 kg ke (CUH1,23D)
ceC({3,...,21})

Contracting the edge e = {1, h»} and applying (4.6) and (4.9), this becomes

v Z yg(Fi—1,k1 ,,,,, e (€)) )b (Ti—1 k..o, kr(C))zv((xi—l)(xkl)_,_(xkr))
ceC(2l-2)

1A
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Finally, consider the case when 1 < s < i. In this case, we may write the right-hand

side of (4.14) as
Z & ity (COULSH TN D Tip ke (€O 1)
ceC({1,...,.21}—{1,s+1})
Contracting the edge e = {h1, hs+1}, this becomes
Z Vg(rs—l,i—s,kl ..... kr (€0) BTt ims kg ooy (€))
ceC(2l1-2)
= ((TH ) - (),
It remains to prove (4.15). We first consider the case i = 0 and k; = 1 = s. In this

case, the left-hand side of (4.15) is pv((x¥1)... (xk)... (xk’))y,v. Proceeding as above,
but instead making use of (4.5) and (4.8), we may write the right-hand side of (4.15) as

r -~ r -~
yv Z yg( Kl sk yones kr(c))vb( K pereskf e k,(c)),
cee(21-2)
as required.

Finally, we consider the case i + k; > 2. Repeating the same arguments as above, but
making use of (4.8), we may write the right-hand side of (4.15) as

T ~ b(T ~
y Z yg( itk =1,k kg e, k,(c))v ( ikt =1,k ek ey k,(c))
ceC(2l-2)

— (e TR ke () e (),

as desired. |
Since (—),,y is y-linear, it determines a unique map
(—)v : BV[A] — C[v] (4.16)

that makes the upper quadrilateral of diagram (3.3) commute by setting y = 1. This map
may be described explicitly as the C [v]-linear map that is the identity on S®(H, [#]) = C
and such that
(w)kl ,,,,, kn _— Z B;l (w)vb(l‘k1 ..... kn (€)) 4.17)
cec(2l)
where w € (A*)®1 @ ... ® (A*)®kn = (A*)®2/ This observation leads us to the fol-
lowing corollary of Theorem 4.6.

Corollary 4.7. The map (4.16) is a quasi-isomorphism of complexes whose one-sided
inverse is the inclusion of C[v] into BV[A)].

Proof. 1t follows tautologically from Theorem 4.6 that (4.16) is a map of complexes
and the same spectral sequence argument used there applies to show that it is a quasi-
isomorphism. ]
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Finally, it remains to show that these maps fit into diagram (3.3).

Theorem 4.8. Placing the noncommutative expectation value maps (4.12) and (4.16) in
diagram (3.3) produces a commutative diagram in which all the horizontal arrows are
quasi-isomorphisms.

Proof. All that remains is to show that the resulting diagram is commutative. For this, it is
sufficient to prove that the outside rectangle commutes. Since all the maps in this rectangle
have degree zero it follows that in nonzero degrees the horizontal maps send everything
to zero, and so in this case the diagram commutes trivially. Therefore the only interesting
case is in degree zero because all four corners are nontrivial in this degree.

Note that we have already established that each row of this diagram describes a retract
of the left-hand complex onto its cohomology: for BV, [+] the arrows retract it onto
Cl[y, v]. Now, any degree zero element f in BV} [A] is a cocycle, since BV}, [A] is
nonpositively graded and the differential has degree one. Using the retraction, we know
that there is some polynomial ps € C[y, v] cohomologous to f. Hence f — py is abound-
ary in BV’ [A], and so it is sent to zero along either route around the diagram, as all the
maps in diagram (3.3) are chain maps. As a consequence, when we follow the path around
the northeast periphery of the diagram, both f and py will go to the same number in C.
The same will also be true when we take the other route. Now note that py is sent to the
same number in C along either of these two routes; here we have used the fact that the
horizontal arrows are retractions. It now follows that the same is true of f. ]

5. Correlation functions in the Gaussian unitary ensemble

In this section, we apply our preceding results to describe the correlation functions (3.1)
of the Gaussian unitary ensemble.

5.1. The correlation functions and a recursive formula

Definition 5.1. Consider the monomial
(K1) (x*2) - (xFr) € [H[A]®"]s, (5.1)

given by a product of cyclic words on one generator. Define the polynomial pk’lvm k, €
Cly.v] by . .
,V . n
Py ey = () (),
i.e., as the noncommutative expectation value of this monomial. Likewise, define the poly-
nomial p; € C[v] by

Phrsvd = (@) (),
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By Theorem 4.6 the polynomial pk .....
the cohomology class (5.1) lying in BV}’ "»[#4]. Likewise, by Corollary 4.7, pk ’’’’’
k by setting y=1.
..... Ky since it will
become apparent that the parameter y has no role to play in analyzing the correlation
functions of the Gaussian unitary ensemble; however, it makes sense to include the poly-
nomials pk ,,,,, &, in our discussion since they may be studied and computed using the
same techniques that will be explained here — tracking the genus can be useful in closely
related settings.

Note that the polynomials pk
ues of the indices k, with

..........

k, are well defined for nonnegative val-

..........

..... kn = VP, kp

This is because x? is precisely v.
From formulas (4 ll) and (4.17) for (—),,, and (— ),,, we know that the coefﬁcients

..........

s o= {e €@l g(Th,..k, (0) = g and b(Tk, ...k, () = b},

’7k1, o = [le €@ g(Thy,.k, () = g}
e = {c € €@ 1 b(Ty,....k, () = b}|
Then we may write
Phyreken = Z el v’
£2>0,b>1 (52)
Pkl ,,,,, Zn ..... k» pb
b>1

Recall from (4.2) that for kq, ..., k, as above

28(Tky e (€)) + 0Ty, (€)) =1 4 1.

From this, it follows that when 2g + b = n + [, we have

and zero otherwise. Hence we may write

Y,V _ g..b
P een = 2 "k1 ..... kn VY
£>0,b>1:
2g+b=n+I
_ g,% g.b _ Z *,b g..b
= 2 Mtk V"V = M seocden V™Y
£2>0,b>1: 2>0,b>1:

2g+b=n+I 2g+b=n+l
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[n+é—1] [n+l—1]

8% g ntl—-2g _ Z *n+l—2g Ve prti—2g
Z r’kl,n-,kny v - r’kla an

and
[n+l—1] [n+l l

v n+l -2g _ Z *n+l 2g n+l 2g
pkl,..., Z nkl, ,kn T] ly - n

From this expression it is clear that the polynomials pk1
precisely when (n + [) is even (respectively, odd).

The essential significance of the polynomials p}(’l ,,,,, ke of principal importance for
this paper — is that they recover all the multi-trace correlation functions (3.1), thanks to
[5, Proposition 5.4], which we now recall.

k, 4re even (respectively, odd)

.....

Proposition 5.2. For every positive integer N,

Jo, Te(Xk1) - Te (k)3T g x
Jo, e 2D ax '

..........

Proof. Although a proof is provided in [5], we mention for the sake of completeness that
the result follows from the fact that diagram (3.3) commutes and that both o, and M, are
maps of Batalin—Vilkovisky algebras, provided we recall that the image of (x¥) € H[A]
under o, o M, is the polynomial function Tr(X¥) for X € gl N (C). ]

Our methods provide us with a recursive formula for computing these polynomials.

Proposition 5.3. Foralln > 1 and forallk, > 1 and ko, ..., k, >0,

ki—1

+ k 53
Phver = 2 P b=k VZ rpk1+k,2k2 ..... — >:3)

In particular,

ki—1

v
~ . 5.4
Pk Zp, Lki=r=1.kz,....kn +Z rpk1+k, 2Kz, eeeskip seenskin -4

Proof. Observe that (5.3) follows immediately from equation (4.13) and that (5.4) is
obtained from (5.3) simply by setting y = 1. ]

Remark 5.4. The preceding equations correspond to the Dyson—Schwinger equations for
the Gaussian unitary ensemble, see for example [6, equation (2.5)].
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5.2. Examples

Here we will provide some examples of how equation (5.4) can be used to compute the
polynomials p,‘;l & and hence, by Proposition 5.2, the n-trace correlation functions.
Example 5.5. As an example of a very simple computation, we compute

v _ v .2
P2 = Poo =V

P¥,3 =3p, = 32,
P52 = Plon+20y = (V2 +2)py = (v + 207
In principle, we may compute any polynomial p,‘él ke through the repeated applica-
tion of the recursion relation (5.4). As a practical matter, however, the number of terms

increases rapidly at each stage. Nonetheless, in some simple cases we obtain some general
formulas.

Example 5.6. This example was presented in [5], but since we will require it later we
present it here now as well. By the recursion relation (5.3) we have

yeees 1

P11, a=02n-Dy- P011 .1 —(2”—1)VVP11
N——— \F_z
2n terms 2n—2 terms 2n—2 terms

Therefore,

Y,V _ n.n v _ n
Pra..q=Q@n=Dy™" and pi; ,=2n-D

N—— N——

2n terms 2n terms

and, by Proposition 5.2, we have

Jo,, Te(X)?1e 3T dx
fo e IO ax

= (2n — DIN".

Example 5.7. By the recursion relation (5.3) we have

Y,V
Pao,.., po 0 22,21 2(n — 1)71’2 2,2 = (V +2(n — 1)V)P2 2,002
\,—4 N——— N———
n terms n—1 terms n—1 terms n—1 terms
Therefore,
n—1 n—1

Pyh.n= H(V2 +2jy) and py, o= H(V2 +2j).
N—— j=0 N—— j=0

n terms n terms

More generally, one can show that

n—1 m
Yy A 2 . _
P2a..2kvsdim = Phroim H(” + (2/ + Zk,)y).
——

j=0 i=1

n terms
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5.3. Order of the correlation functions

Finally, we will demonstrate how equation (5.4) may be used to compute the degree of the
polynomial pzl >

n

Theorem 5.8. Consider the polynomial pzl ok where k1, ..., k, > 0 have even sum.

Let
1 n
m = 5 E ki,

i=1
and let
q = i : ki is even}|

count the number of indices that are even. Then p,‘él o is a polynomial of degree (m+q).

Proof. The proof proceeds by induction on m. We will use the fact that the coefficients of
the polynomials (5.2) are nonnegative. Note that if m = 0, then all the indices k; are zero
and the statement is trivial. If m > 0 then we consider two cases:

e Case I: there is an index which is odd.
There must then be at least two indices which are odd, and we may assume that it is
both k1 and k» that are odd. From (5.4) we have
ki—1
v — v
Phy,kn = Z Pr—t1ey—r—1ka,....kn
r=1

n
v v
K2 Py b2k D M Ptk 2 B
r=3

Applying the inductive hypothesis, we have
- The polynomial p;_, ki—r—1.ky....k, Das degree (m+ q).
— The polynomial p;] tho—2.ks....k, NNas degree (m + q).

— The polynomial pl‘; has degree either

ke =2,k ey ek
x (m + q) if k, is odd, or

* (m+q —2)ifk, is even.
It follows that pzl ..k, has degree (m + q).
* Case 2: there is an index which is even and positive.
We assume that it is k that is both even and positive. From (5.4) we have
ki—1

v — v v
Prryoen = VPhk1—2dnsekn T Z Dy 1k —r—1,kz, ..
r=2

n

+ k,p¥ ~ .
2; P kr—2kem ek
r=
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Again, applying the inductive hypothesis, we have
— The polynomial vp,‘;l_2 k»....k, Das degree (m+ q).

— The polynomial p:—l,kl— 1 Kz i has degree either

.....

* (m+ q)ifrisodd, or
* (m+q—2)if r is even.

— The polynomial pzl+k ok has degree (m + g — 2).

Again, it follows that pzl

.....

This completes our computation of the degree of p,‘é] ok ]

Having now computed the degree of the polynomial p%l kg WE will look at describ-
ing some of the large N asymptotic behavior of the polynomials in the next section.

6. Large N asymptotics of multi-trace correlation functions

In this section, we will explain how to compute the leading, as well as some of the sub-
leading coefficients of the polynomials p%l ,,,,, K, €C [v]. By Proposition 5.2 this will allow
us to describe some of the large N asymptotic behavior of the multi-trace correlation
functions (3.1). In particular, we will use these results to compute the large N statistical
correlation coefficients between random variables in the Gaussian unitary ensemble and
to prove a generalization of Wigner’s semicircle law [19].

6.1. Computation of the leading coefficients

We begin by separating the cases of odd and even indices, using Theorem 5.8 to compute
the degrees of the polynomials.

Definition 6.1. Consider the polynomial

v L .
P2iy 2in,... 20k with iy, ..., iy >0

the coefficient of v™i1

v N .
P2ji+1,2j24 1, 2jm1 1 +1,2jm 410 With j1,ooo jor =0

having all odd powers. It has degree m;, .. ;,, =1 + Zflzl Jr-Weuse Aj, ., todenote

the coefficient of V™12 for this polynomial.

Now note that by Theorem 5.8 the polynomial

v ol . .
P2ir o 2ig 21415020410 withiq, ..., ik, j1,.--5J21 >0 6.1)

has degree n;, ..., +mj,
and even indices.

.....
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Theorem 6.2. The coefficient of V"1 T™ivia for the polynomial (6.1) is

C A

U seensie 1500 J20

Corollary 6.3. Foralliy,...,ig, j1,...,j2u >0,

i |:be Tr(XZil)"'Tr(XZik)Tr(X2j1+1)-~'Tr(X2121+1)e—%Tr(X2) dXi|
1m

N—o0
= Ciy,ig Ajrses s -

The proof of Theorem 6.2 will have to wait until we have at least computed the coef-
ficients Cj, ..., . Note that Corollary 6.3 is a consequence of Proposition 5.2.
Recall that the nth Catalan number is

o L () __(n
"Tn+1\n ) nm+D

The following result thus explains our choice of notation for the leading coefficient of the
polynomial py;

17’
Theorem 6.4. Foralliy,...,i; > 0, the leading coefficient of plz)il,...,zik is a product of
Catalan numbers,
KT (2 k
.
Cir.ooip = H[i, — ( ; )] =J]¢.- (6.2)

r=1 r=1

In particular, the leading coefficient of py,, is the nth Catalan number C,,.
Proof. The proof is by induction on Zle ir. The base case is trivial and occurs when all

the indices i, are equal to zero.
Now, applying (5.4) and assuming that i; > 1 we have

2i1—1 k
v .= z Voo . ; +§ 2i. pV R
p211,...,21k pr—1,211—r—1,212,...,21k rpz(il+ir—1),2i2,...,2ir,...,Zik
r=1 r=2
i1—1 i1—1
— v v
= § :p2r,2(i1—l—r),2i2,...,2ik + E :p2r—1,2(i1—r)—1,2i2,...,2ik
r=0 r=1
k
+ E 2i.pY ~ . 6.3
< rp2(i1+i,—1),2i2,...,2i,,...,2ik (6.3)
e

Note that by Theorem 5.8, only the first sum contains polynomials of the same degree as
P2iy.....2i,» With the remaining sums containing polynomials of lower degrees. This yields

the recursion relation
i—1

Cii iy = E Criv—1—riz,i -
r=0
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Upon substituting (6.2), this recursion relation becomes the well-known and canonical
recursion relation

n
Cos1 =) CiComi (6.4)
for the Catalan numbers. ]
We may now prove Theorem 6.2.

Proof of Theorem 6.2. To prove Theorem 6.2 we proceed by induction on

21 k
L+ jr+yir=z 1,
r=1 r=1

The base caseisi; =---=1iy = j; =---= jp; =0and [ = 1, in which case the polynomial
(6.1) is vk Pl = v%+1: hence the base case is clearly satisfied.
Applying (5.4) to the polynomial p2j1+1,.,.,2j21+1,2i1,...,Zik we get

J1

P2ji41, 2o 1,200 22 :Pz(r 1,201=r)+1,2j24 1,0, 201 +1,2i1 ..., 2ik
r=1
—I—E 27, + J—
2/ )p2(J1+1r) 2o+ 1,0 2fr 1o 2o+ 1,201 520

k

+E 2i . 6.5
rp2(11+lr) 1,2j2+1,...,2j5;+1,2i1,.. ,2!r, 20k 6.5

r=1

Here we have split up the first sum in (5.4) into sums over even and odd indices and
then identified these two sums. Note that by Theorem 5.8 the last sum in (6.5) contains
polynomials of strictly smaller degree and hence may be ignored for our purposes.

Applying the inductive hypothesis to (6.5) we conclude that the leading coefficient
of (6.1)is

21

J1
ZZCr Lit et A1 =12 /21+Z(21r+1)cn+]r,n ,,,,, e
r=1

J2seeesJrseensJal
r=2

J1 21
= Gt (22 CratAjimrjpenin + D@ + DCiijp Ay, 5 /21) ©0

r=1 r=2

where on the last line of (6.6) we have applied equation (6.2).
In particular, setting k = 0 in (6.5) and applying the inductive hypothesis yields the
identity

Aj. ZZCr VAj1=1.ja.veesfl +Z(21r I)Cj1+jrAj2’m’7:, . 6.7)
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Finally, substituting (6.7) into (6.6) we conclude that the leading coefficient of (6.1)
18 Ciyix Ajr o - u

It remains to compute the coefficient A;, . j,,, which we will do using the recurrence
relation (6.7). We begin by examining the simplest possible case and derive an expression
in terms of the Catalan numbers C,,.

Lemma 6.5. Forall j,, j» > 0, we have
J1
Ajrjp = j2 + D) )+ DCrChrp jp—r- 6.8)
r=0

Proof. Consider the generating function ¢(1) = ) o~ C,¢" for the Catalan numbers and
recall that the canonical recursion relation (6.4) is encoded as

c(t) =14te(t)?. (6.9)

Now introduce the generating functions

o0 o0
ap(t) =Y A pt" and () =Y Cuyjpt"

n=0 n=0
From Theorem 6.2 and the recursion relation (6.7), we obtain the recursion

J1—1
Ajyj, =2 Z CrAji—1-rjp + (22 + 1)C_/1+_/2' (6.10)
r=0

In terms of these generating functions, the recursion relation (6.10) can be written as
aj,(t) = (2j2 + g, (1) + 2te(t)aj, (1)

from which we get
aj,(t) = 2j2 + (1 = 21¢(0) 7', (1). (6.11)
One approach to computing the power series (1 — 2z¢(¢))~! is to differentiate (6.9);
however, we choose to proceed as follows. Completing the square in (6.9) we obtain

(1 —=2tc(t))®> =1 —4t,

00 1
-1 -1 _ T2 4\
(I—2c@) = -4t =) :( nz)( 41)

n=0

Z(zn")z" =3+ DCut", 6.12)

n=0 n=0

which one may observe is the derivative of ¢c¢(¢). Substituting the above into (6.11) we
obtain equation (6.8). ]
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Remark 6.6. Note that the coefficient A;, j, is symmetric in j; and j,, whilst there
appears to be no (alternative) a priori explanation for why the expression on the right-
hand side of (6.8) possesses this symmetry. One might view this as an indication that the
formula (6.8) is not canonical, and we will indeed derive a much cleaner expression for
this coefficient in Theorem 6.13.

The final step we must take is to derive an expression for A, .. j,, in terms of these
simpler coefficients. Given a chord diagram

c ={r1,81},{r2,82},...,{r1,s1} € CQ2I)
define
Ajp et () 1= Afy sy Ay sy Ay s, -

Proposition 6.7. Forall ji,..., ji >0,

ceC2l)

Proof. The proof proceeds by induction on Zflzl Jr. The base case occurs when all the
indices j, are equal to zero and hence follows from the calculation performed in Exam-
ple 5.6 and the fact that there are (2/ — 1)!! chord diagrams in C(2/).

Now, assuming that j; > 1, we apply the recurrence relation (6.7) and the inductive
hypothesis to conclude that

i=1ceC(2l)

21
+>) Qjk + DG A, = ().

----- JkseeesJ2l
k=2ceC(-1)
Using the identity
21
D A @ =20 0 AiA, 5, © (6.13)
cec(2]) k=2cec(-1)

and the recurrence relation (6.10), we obtain

ceC2l) k=2ceC(-1)i=1

21
+) D QDG A, = (©)

k=2ceC(-1)
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J1
=22 Z Ci—14j1—ijp,....j2 (€)

i=1cee(2l)

21
+ Z Z (2jk + 1)Ci1+jkAj2 ..... I (€)= Aj,jpy- ™
k=2cec(-1)

Remark 6.8. From Proposition 6.7 and equation (6.13) we obtain the useful recurrence

relation
21

Ai = E A A o~ .
J1senJ2l TUTk o sk sees i
k=2

This concludes the first step of calculating the leading coefficient of (6.1). In the mean-
time, as a simple demonstration of our results, we provide the following example.

Example 6.9. Using Corollary 6.3, Theorem 6.4, Lemma 6.5 and Proposition 6.7 one
may calculate

N —o0

i [ Joy TX)Tr(X 2)Tr(X 1) Tr(X ) Tr(X 47 Tr(X ) 37X dX
m |: N 112 /‘ e—%Tr(Xz) dx i|
by

= Cs2147,21,23,31
= 25081904924688737847061935982290890890757044619026344345600000.

The details are left, of course, to the enthusiastic reader.

6.2. Subleading coefficients

In order to compute the large N statistical correlations between certain random variables
in the Gaussian unitary ensemble in Section 6.3, it is necessary to supplement our knowl-
edge of the large N asymptotic behavior of the correlation functions (3.1) that we obtained
in the preceding section by computing the coefficient of the subleading term in pj;,
This will also lead us to a cleaner formula for the coefficient 4;, ... ;

,,,,, Jar*
Recall that the polynomial pj; 2, is a polynomial of degree

..... 20"

.....

Denote the coefficient of v 2"

preceding section we have

.....

in py;, by Ci,,....i, (r) so that in the notation of the

We will compute C;, .,

Cij(1):=Ci;j(1)=Ci(1)Cj — C;(1)C; (6.14)

which is symmetric with respect to i and j.
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Proposition 6.10. Foralliy,...,ix >0,

k
Chrit =) C,(DC;, =+ Y Ci(C, o~ = .. (615
r=1 1<r<s<k

Remark 6.11. It follows from equation (6.15) that

Cir,osigifsonit, D) = Ciy i DGy ir 4+ Cir i (DG iy
k Kk
+chinis’(l)cil ..... - ikCi; ..... 7 i (6.16)
r=1s=1

foralliy,... x50, ....0, = 0.

Proof of Proposition 6.10. The proof is by induction on Z]::l ir. The base case occurs
when all the indices i, are equal to zero, in which case both sides of (6.15) clearly vanish.

We note that from equation (6.3), Theorem 5.8 and Theorem 6.2 we obtain the recur-
sion relation

i1—1 i1—2
Cl] ..... ik(l) = Z Cr,il—l—r,iz ..... ik(l) + Z Ar,i1—2—rCi2 ..... i
r=0 r=0
k
+ 22 irCi1+i,—1,i2 ..... T eesii (6.17)
r=2

which is valid for all i; > 1 and i3, ..., i > 0. In particular, setting k = 1 in (6.17) we
obtain

i—1 i—2
Ci()=> Cricir(D+ Y Aricay (6.18)
r=0 r=0

which is valid for all i > 1. Combining (6.18) with (6.17) yields the recursion

i1—1 i1—1
Cirooit () =D Crivtrinip () + Cip i, (c,-l(l) -y cr,z-l_l_r(l))

r=0 r=0

k
+2 Z irCi1+ir—l,i2,4..,z/'r\,...,ik (6.19)
r=2

which is valid for all iy > 1 and i, ..., > 0.
Applying the inductive hypothesis and making use of equation (6.16), we find that

Criv—1-riinyix (1) = Crij—1—r () Ciy,._ix. + Ciy,. i (DCriy—1-r

k
+ Z ér,is (DC

11—1=r,02,.ls,. ik

FslDyeiislyyennsle

§=2
k
+ Cipo1ri,(DC
§=2



A homological approach to the Gaussian unitary ensemble 563

Substituting the above into (6.19) whilst making use of (6.4) and (6.2), we obtain

i1—1 k ij—1
Gl = € ) 3 G +2Y S 06, 2
r=0 §s=2r=0
k
+ Gy, G (1) +2 ZisCil+is—1,i2,.4.,fs\,...,ik
§=2
= Cizym,ik(l)cil + Cil(l)ciz,---,ik

k i1—1
2226, o (Bt S ma ) 620

s=2 r=0

Repeating the argument above once more, we obtain the formula

i1—1
Ciis(1) = G, (DG + G, (DG, + 2(ian+is—1 + Cr,is(l)Cil—l—r)
r=0

Substituting the above into (6.20) and using (6.14), we arrive at the equation

k
Citnic (D = Craie DCiy + iy (DCiyi + D Cp 2 Ciyi (1),

12 geeslgyunny
s=2

Applying the inductive hypothesis once more to the first term in this equation finally
establishes equation (6.15). [

Remark 6.12. A formula for the coefficient C; (1) may be found using the Harer—Zagier
recursion relation [8]. Since we will not actually require such a formula for our purposes,
we will not provide the full details, but it may be computed to be

2i—1 .
Ci_o, > 2,
Ci(l)z{(()3)’2 ;:01}.

It therefore remains to compute the terms 6,-, j(1). This is done in a similar fashion to
our computation of the coefficients A; ;j in Lemma 6.5. One consequence of this analysis
will be that we will also obtain a very clean formula for the coefficients A4; ;.

Theorem 6.13. Foralli, j > 0,

i (20\2/\ i
Gij(1) = {(()i+j)(i)(j)’ iij Z?)} (6.21)

Qi DI+ Qi+ DR+ 1)(2i)(2j)

VT GH A0 T G+ (©:22)
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Proof. From the recursion relation (6.19) and formula (6.16) we obtain equation (6.20),
which for two indices i > 1 and j > 0 provides us with the recursion relation

i—1

Cij(1) = 2(jci+,-_1 + Zér,,-(l)ci_l_r). (6.23)

r=0
Now consider the generating functions

o0 o0 o0
c(t) =) Cut". T(1):=) Cp(O", and &(t):= ) Cpyi"
n=0

n=0 n=0

The recursion relation (6.23) may be written in terms of these generating functions as

&(t) = 2O 1) + j& (1),

Rearranging and using our expression (6.12) for (1 — 2¢c(¢))™!, we obtain

& (1) = 2j(1 =2tc(t)™"1¢; (1)
oo n—1
=2j Z (Z(V + I)CrCn+j_r_1)ln.
n=1 “r=0

Therefore,
i—1

6,"_/(1) =2j Z(V + l)CrCi+j—r—l =
r=0

2]
— A, 6.24
2] + 1 i—1,j ( )
where at the last step we have used equation (6.8).

Using the fact that the coefficients A; ; and C; ;(1) are symmetric in i and j, we
obtain from (6.24) the recursion relation

(20 + 1 o
Ajj1= M i1, i,j>1,
i2j+1) (6.25)
Ao,; = (2] + DG, j=0,

where we have used equation (6.8) to compute Ao ;. The recursive computation (6.25)
may be solved in a straightforward manner and it is easily verified that the solution is pro-
vided by equation (6.22). Equation (6.21) then follows from (6.22) and (6.24). ]

With this new formula for the coefficients A; ;, we can use Proposition 6.7 to give a
more convenient expression for the coefficients Aj, . ;,,. Given a chord diagram

¢ ={r1,s1},{r2, 82}, ..., {r;, 851} € C21)

define
I

1
Wi (€) 1= H[m}

k=1
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and
Hojiesjor = Z it st (€) (6.26)
ceC(2l)
forall jq,..., jo; = 0. Note again the convenient formula

Theorem 6.14. Forall ji,..., jo; =0,

21 .
2k + l)!}
Ajtniar = Wt [— : (6.27)
J1 J2i J1 J2i kl—[:l (]k')2
Proof. This is an immediate consequence of Proposition 6.7 and Theorem 6.13. ]

6.3. Large N statistical correlation coefficients in the Gaussian unitary ensemble

Consider the algebra of conjugation-invariant polynomial functions on matrices,
S(My (€)= .

By the Fundamental Theorem of Invariant Theory for GLy (C), we know that this algebra
is generated by traces Tr(X*) of powers of the matrix X. We can see these functions, of
course, as random variables in the Gaussian unitary ensemble. In terms of this paper, we
note that

S(My (€)*)84(© c BV[My (A)].

so that our approach has full access to this class of random variables.

Let f and g be two conjugation-invariant, polynomial random variables. Recall that
the variance, covariance and statistical correlation between the random variables f and g
are defined by

Var(f) := () — (f)%
Cov(f.8) == (fg) — (£)(g).
o(fg) = ——2)8)

v Var(f)Var(g)

where we remind the reader that the expected value ( /) of the random variable f on the
sample space of Hermitian matrices is defined by the expectation value map (3.2).
By Proposition 5.2 the expected value of the random variable

F(X) = Te(X*)Tr(X*2) .- Tr(X*"), X e bhn (6.28)
is

.....
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In this section, we will compute the large N statistical correlations between the random
variables (6.28); i.e., between multi-trace functions. We will find that the resulting expres-
sions are dominated by the presence of odd powers in (6.28).

Theorem 6.15. Fix nonnegative integers
ook U JU ooyl oo on Jp =0 withk, 1K' 1" > 0.

These determine sequences of random variables ( fn) and (gn), where for each N € N,
we have functions on the rank N Gaussian unitary ensemble: for X € hy,

IN(X) = Tr(X2i1) .. .Tr(XZik)Tr(XZjl-i-l) .. -Tr(ij"H),
gn (X) := Tr(X %) - Tr(X %) Te(X 21 TY) - Tr(X 2+,

Then the following are true:

(1) Ifl and 1’ have opposite parities, then

o(fn.gn) =0

forall N € N.
(2) Ifl and !’ are both odd, then

LTIV 0y Ly 1
Vit it R sy s,

(3) Ifl and !’ are both even and 1,1’ > 0, then

A}i_{noo p(fn.gN) = (6.29)

Mt jisdiseendfy ™ Pt it ] e s

- _ 9 . o — .2 ‘
\/Mh ..... Jisdtsensdt = MG j,\/MJ{ ..... Jrsdiseiyy T B il

lim p(fn.gn) =
N—o00

(6.30)

4) Ifliseven, | > 0, andl’ = 0, then (assuming not all i] = 0)
lim p(fy,gn) =0. (6.31)

N —o0

(5) Ifl =1" =0, then (assuming that iy, ..., ix.i{,....i;, > 0)

k K il e D) 41)

| Sk, L )
Jim p(fiv. gn) = e (6.32)

k iris(ir +D) s +1) i zs’(lr+l)(zs+1)
\/Zr,s 1 (lr+ls) \/er 1 (l +i{)

Remark 6.16. Note that for equation (6.32) the assumption that the indices iy, .. ., iy and
i { | ,’c, are all positive is not a real constraint, since the inclusion of indices that are
equal to zero will not affect the correlation coefficient. This is because the statistical cor-
relation between random variables does not change after multiplying the random variables
by a scalar.
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Remark 6.17. For convenience, we point out that in the simplest instances the above
formulas provide the following nice expressions:

ngnoop(Tr(XZ’“),Tr(X21+l)) _ V@i+DHE+D

3

@G+j+1
~ 2i 2jyy _ 2V
nggop(Tr(X ), Tr(X*7)) = s

Proof of Theorem 6.15. (1) Inthis case ( fygn) = (fn){(gn) = 0 for all positive integers
N and hence the covariance Cov( fy, gn) vanishes for all N.

(2) In this case we have ( fy) = (gn) = 0 for all N. Therefore, using Theorem 6.2
and Theorem 5.8 we find that

Cov(fn.gn) = (fNgnN)
= P2ig 2k 2020021+, 2 1,2 H L 2j;,+1(N)
A + N" + O(N"2)

J1seees jl,jll ~~~~~ Iy

. . .,
1] 5eeey lk,ll ,,,,, lk,

where

I+ 1 k % i I
=k K+ Y i Y i Y e Y (6.33)
r=1 r=1 r=1 r=1
We find similar expressions for the variances:

Var(fn) = Cov(fn, fn)
= Ciyitsivoit vt iy N2+ O(N207 7D,
Var(gy) = Ci{ jl,/N2"g + O(Nz(ng—l));

2 - i e
===== Lprsbyseeoslyr Ajl,...,]l,,jl,...,

where
/ k I l/ K U
R . . R ! ./ ./
ng:=k+ 3 + ,E=1 ir + ,E=1]r and ng =k + ) + ,E=llr + ,E=1]r (6.34)

sothatn = ny + ng.
Putting these together, we find that

C1 ..... lkCz{,..A,ll’c, jl,..l,]l,jl’,l..,jl’, + O(Nz)
p(fn.gN) = - = -
\/ i Attt /1+0(m)\/C,-; il Aitsifdtseniyy T O(52)
and hence that
, Ajpejidfendly
lim p(fn,gn) =
N—>o00

Ajt ity Tty
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Using formula (6.27) for the coefficients in the numerator and the denominator of the
above expression we find that all the factorials cancel, leaving us with equation (6.29).
(3) Proceeding as above, we find that

.....

..........

., Nn + O(Nn—Z)

et seesiy At st F ey
...... AN™ + O(N"72))
: (Cl i A 1 jl,/Nng + O(Nng_z))

U seeeslyy O s
C Aj

ety At sy —

=C

.....

ey Loeees j/Ajl’,...,jl’,)Nn + O(N"7?)
where 1, ny and ng are defined exactly as above in (6.33) and (6.34).

As before, in the limit the C;, ..., and Gy i, terms cancel along with the factori-
als, leaving us with the expression (6.30) for the large N correlation. Note that both the
numerator and the two factors in the denominator of (6.30) are positive when /, [’ > 0.
This follows from (6.26).

(4) Defining n, ny and ng according to (6.33) and (6.34) and applying Theorem 6.2

and equation (6.16), we compute

Cov(/n.&n) = Ciy, iy ,il,il, Aj.aN" + O(N"2)

—(Ciy,ip Ajy N+ O(N"f_z))(ci;,... i, N"s + O(N"s7?))
— O(N"_Z),
Var(fn) = C7 i (Aji,ojisjieis = A7 )N+ O(N2tr=1)y,

...........

- (Ci; ..... i;c,N”g + Cir..., ,-;d(l)N"g—z + O(N"g—“))z
(Cifoooit it (D) = 2Ciy i (DG iy JN?07D 4 O(N272))

k/
=(Z@;,i;(1)0,- ~ . C, = )N2<"g—1)+0(1v2<"g—2>).

’ = ! =1 s s
[EL TN SR SRR S P )
r,s=1

Putting these together, we get

p(fN.8N)
B O(y)
\/C-z Ay — A )Zk/ o (DC, = C, = +0(572)
[P JASEY  PREH JUsJ 150005 Ji J1seeesJl r,s=1%ip,is il 5 N -7 il N2

Lsensiy

from which (6.31) follows.
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(5) Proceeding in the same manner as above using equation (6.16), we compute

Cov(fn.&nN)
kK
— ~ - R n—2 n—4
- (Z ZCir’i§(1)Ci1,~~~,ir,~~~,ikci{ ..... 7 i,;,)N + O(N"™),
r=1s=1
where n is of course defined by (6.33). From this we get
p(fNn,&N)
k k/ ~
2r=1 2= Gt (DG 2 Gt T O(52)

..... Ipseesfe E1yeenslsyenns

JEhm1 GG, & € o S Caa (0G5 L Gy o+ O
s k

Taking the limit and using equation (6.21), we see that the coefficients C;, . ;, and C,-{ i

.....

in the numerator and the denominator cancel leaving us with expression (6.32). u
6.4. A generalization of Wigner’s semicircle law and asymptotically decoupled
random variables

As a final application of our results on the large N asymptotic behavior of the correlation
functions (3.1), we will prove a generalization of Wigner’s law to multi-trace functions.
We thank Gaétan Borot for pointing out to us that the following theorem may be obtained
using the results of [3].

Theorem 6.18. For any m > 1 and polynomials q1, . .., qm € C[x],
1 X —1lm(x2
o TTZi [ % Te(gi () Je 2D dx
oy e O ax

= H[% [Z qi (x)vV4 — x2 dx]. (6.35)

i=1

lim
N—oc0

Of course, the case m = 1 is Wigner’s original semicircle law. In this sense, equation
(6.35) may be restated as an equation amongst expectation values,

a1 () ]) = (e )

i=1 i=1
In other words, we can swap the limit with the product; we may say that the expectation
value of the product becomes the product of the expectation values in the large N limit.
Thus, in the large N limit, we observe the vanishing of certain variances and covariances;
that is we see a “decoupling” between the random variables

Hle(Z)) 2o

in the Gaussian unitary ensemble that are formed by polynomials ¢ € C[x].
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Proof of Theorem 6.18. We begin by noting that both sides of (6.35) are multilinear func-
tions of the polynomials g1, . . ., ¢, It is therefore sufficient to assume that gy, . .., g,, are
monomials of the form g, (x) = x*.

Obviously, if there is an odd number of indices k, having odd parity, then both sides
of (6.35) will vanish before even taking the limit. Therefore, we may begin by assuming
that the number of indices k, having odd parity is 2/ > 0. In this case, the right-hand side
of (6.35) clearly vanishes, whilst it follows from Theorem 5.8 that the left-hand side is
o( ﬁ) and hence vanishes in the limit.

It remains to consider the case when [ = 0 so that all the indices k, = 2i, are even. In
this case, it follows from Theorem 5.8 that the left-hand side is

. 1

and the result now follows from Theorem 6.4 and the following integral expression for the
Catalan numbers: 5
1 ,
Ci=— [ x¥V4—x2dx, i>0;
21 -2
which is well known. ]

Remark 6.19. Using the results of Section 6.1 and 6.2 we may compute the following
large N covariance, refining ever so slightly the above result. Let f, g € C[x] be two
polynomials. Then

i oo (v () )7(e( )
im [Cov( Tr — T —
N—oo N & N
i SCP(0)g2)(0) N A () e (V)
= . . . ' . _ ' . ' . _ ' . . . ' 2 . ' 2 .
i 1(l+j)l.(l DG — 1! i i+Jj+DEH23GY
We leave the details to the reader. If there is a more intrinsic expression for the quantity
on the right-hand side of (6.30), it is not readily apparent to the authors of this article.

(6.36)
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