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The mean number of 2-torsion elements in the class groups of
cubic orders

Ashvin A. Swaminathan

Abstract. We determine the mean number of 2-torsion elements in class groups of cubic orders,
when such orders are enumerated by discriminant. Specifically, we prove that when isomor-
phism classes of totally real (resp., complex) cubic orders are enumerated by discriminant, the
average 2-torsion in the class group is 1 + T X ég‘g (resp., 1 + 5 X E%g) In particular, we
find that the average 2-torsion in the class group increases when one ranges over all orders in
cubic fields instead of restricting to the subfamily of rings of integers of cubic fields, where the
average 2-torsion in the class group was first determined in work of Bhargava to be % (resp., %).

By work of Bhargava—Varma, proving this result amounts to obtaining an asymptotic count
of the number of “reducible” SL3(Z)-orbits on the space Z2 ®z Sym? Z3 of 3 x 3 symmetric
integer matrices having bounded invariants and satisfying local conditions. In this paper, we
resolve the generalization of this orbit-counting problem where the dimension 3 is replaced by
any fixed odd integer N > 3. More precisely, we determine asymptotic formulas for the number
of reducible SL v (Z)-orbits on Z2 ® 7 Sym? Z" satisfying general infinite sets of congruence
conditions.

1. Introduction

1.1. Main results

A striking result of Bhargava’s thesis was the determination of the average size of
the 2-torsion subgroup in the class groups of cubic number fields, enumerated by
discriminant (see [ |, Theorem 5.4] and [4, Theorem 5]). Specifically, Bhargava proved
that when totally real (resp., complex) cubic fields are enumerated by the absolute
values of their discriminants, the average 2-torsion in the class group is equal to %
(resp., %). This result remains one of just a handful of cases of the heuristics on class
groups of number fields, formulated in the foundational works of Cohen—Lenstra [15],
Cohen—Martinet [16], and Malle [22], that have ever been proven.
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The main result of this paper constitutes a generalization of Bhargava’s break-
through to the full family of all orders in cubic fields. We prove the following result.

Theorem 1.1.A. When irreducible cubic orders O over 7 are enumerated by the
absolute values of their discriminants, the average size of C1(0)[2] is:

(@ 1+ % X % for the family of totally real cubic orders O, and

® 1+ % X % for the family of complex cubic orders O.

Remark. Note that % =15 ~ 1.51982 > 1.

Let N =2n 4+ 1 > 3 be an odd integer, and let Uy be the affine space over Z
whose R-points are given by binary N-ic forms over R for any Z-algebra R. When
N = 3, the Delone-Faddeev—Levi correspondence [20] states that the map sending
an irreducible binary cubic form f* € Us(Z) to the ring Ry of global sections of the
subscheme of IP’% cut out by f defines a bijection between the irreducible orbits of
GL3(Z) on U3(Z) and the set of isomorphism classes of orders in cubic number fields.
In light of this, studying cubic orders amounts to studying irreducible integral binary
cubic forms that lie in a fundamental region ¥ for the action of GL3(Z) on Uz (R).

The region ¥ may be chosen so that the set of f € ¥ with discriminant disc( /') <
X is approximately the set of f € # whose coefficients are all <« X /4. Thus, we
expect that the averages in Theorem 1.1.A should remain the same if we replace the
family of cubic orders, enumerated by discriminant, with the family of cubic orders of
the form Ry," where f runs through irreducible integral binary cubic forms enumer-
ated by height; here we define the height H( /') of a binary form to be the maximum
of the absolute values of its coefficients. Indeed, by modifying the proof of Theo-
rem 1.1.A, we obtain the following variant.

Theorem 1.1.B. When irreducible binary cubic forms f € Us(Z) are enumerated by
height, the average size of CI(Ry)|[2] is:

(@ 1+ % X % Sor the family of totally real binary cubic forms f, and

(b)) 1+ % X % Sfor the family of complex binary cubic forms f.

To prove Theorems 1.1.A and 1.1.B, we utilize an orbit parametrization, discov-
ered by Bhargava when N = 3 (see [2, Theorem 4]), and generalized to all odd N by
Wood (see [30, Theorem 1.3]). Fix an irreducible binary N -ic form f € Uy (Z), and
assume f is primitive if N > 3. Let Ky := Q ®z Ry, and let Wy denote the affine
space over Z whose R-points are given by pairs of symmetric N x N matrices over

Note that each cubic order @ in this family occurs infinitely many times, once for every f
such that O ~ R !
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R. Then the Bhargava—Wood parametrization takes as input a pair (1, §), where [ is
a 2-torsion ideal class of the order Ry and § € K}( / K}(Z is a generator of /2 having
square norm, and it produces as output the SL (Z)-orbit of a pair (4, B) € Wx (R)
such that

inv(A, B) := (—1)"det(xA — yB) = f(x, ).

The set of pairs (I, §) corresponding to a form f € Uy (Z) naturally partitions
into two subsets depending on whether ornot§ = 1 € K}( / K}‘z. Via the parametriza-
tion, pairs (1, §) with § = 1 (resp., § = 1) correspond to so-called irreducible (resp.,
reducible) SLy (Z)-orbits on Wy (Z). Here, (the SLy (Z)-orbit of) a pair (A4, B) €
W (Z) is said to be reducible if, when A and B are viewed as symmetric bilinear
forms over QQ, they share an isotropic space over Q of maximal dimension. Geomet-
rically, A and B may be viewed as defining a pair of quadric hypersurfaces in PN,
and the condition that (A, B) is reducible is equivalent to stipulating that the (finite)
Fano scheme parametrizing maximal linear spaces contained in the intersection of
these two quadrics has a (Q-rational point.

Note that if (1, §) is a pair with § = 1, then I is the class of a 2-torsion ideal of Ry
(i.e., a fractional ideal of Ry that squares to the unit ideal). Thus, the set of reducible
SLy (Z)-orbits of pairs (A, B) € inv_!(f) N Wy (Z) is in bijection with the 2-torsion
subgroup of the ideal group I(Ry). If Ry is the maximal order in K¢ (i.e., Ry is
integrally closed in K), then I(Ry) is torsion-free, and the only 2-torsion ideal is
the trivial one. Thus, there is exactly one reducible orbit corresponding to f via the
parametrization, and the problem of determining the average size of the 2-torsion in
the class groups of maximal orders Ry amounts to counting just the irreducible orbits.
A systematic method for counting irreducible orbits of representations (where the
definition of “irreducible” depends on the representation) was developed by Bhargava
in his thesis (see, e.g., [6]) and was later vastly streamlined in the seminal work of
Bhargava and Shankar on Selmer groups of elliptic curves (see, e.g., [10]). Using this
method to count just the irreducible orbits, Bhargava and Varma proved the following
precursor to Theorem 1.1.A.

Theorem 1.2.A ([13, Theorem 2]). When irreducible cubic orders O are enumerated
by the absolute values of their discriminants, the average size of C1(0)[2] is:
(@ 1+ % x  Avg #I(0)[2] for the family of totally real cubic orders O, and
disc(9)>0
b)) 1+ % x  Avg #I(0)[2] for the family of complex cubic orders O.
disc(09)<0
Just as Theorem 1.2.A was a precursor to Theorem 1.1.A, we have the following
result of Ho, Shankar, and Varma, which holds for any N and was a precursor to
Theorem 1.1.B in the case N = 3.
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Theorem 1.2.B ([21, Theorem 6]). Let Uy (Z)) be the set of irreducible forms
f € Un(Z) having r real roots and (N — r)/2 pairs of complex roots. When forms
f € Un(Z)", primitive if N > 3, are enumerated by height, the average size of
CI(Ry)[2] is
1421250 Avg  #I(Rp)[2].
feUN(Z)™

S prim if N > 3

To determine precise numerical values of the average 2-torsion in the class group
for the families of orders considered in Theorems 1.2.A and 1.2.B, one needs to deter-
mine the average 2-torsion in their ideal groups. Via the Bhargava—Wood parametriza-
tion, this amounts to counting reducible SLy (Z)-orbits on Wy (Z). Systematic meth-
ods for counting reducible orbits were not available until recently, when the author, in
joint work with Shankar, Siad, and Varma, developed a new technique that applies to
reducible orbits of many representations of importance in arithmetic statistics [25].

In the context of the action of SL on Wy, our new technique proceeds according
to the following series of steps. First, we prove in Section 3 (see Proposition 3.2)
that the count of reducible SLy (Z)-orbits on Wy (Z) lying above irreducible binary
forms is the same as the corresponding count for Gy (Z)-orbits on WJ?, (Z)), where
Gx C SLy is a certain closed subgroup and WIS C Wy is a certain linear subspace all
of whose Q-points are reducible (see Sections 2.2.4-2.2.5 for the precise definitions
of Gy and WIS). Second, we prove that the action of G 5 on WIS satisfies the following
strong local-to-global principle:

Theorem 1.3. Let f € Un(Z) be a binary N -ic form with nonzero discriminant. For
each prime p, choose (A,, By) € inv_'(f) N W]?f (Zp). Then there exists (A, B) €
W](\), (Z), unique up to the action of Gn(Z), such that (A, B) is Gy (Zp)-equivalent
to (Ap, Bp) for each prime p.

To prove Theorem 1.3, we rely on [25, Theorem 22], which is a general result that
provides criteria under which the integral orbits of a representation satisfy a local-
to-global principle. Theorem 1.3 follows by verifying that the representation of Gy
on WIS satisfies these criteria.

As a consequence of Theorem 1.3, counting G y (Z)-orbits on WJS (Z) amounts to
counting Gy (Zp)-orbits on WIS (Zp) for every prime p. In Section 3.1 we combine
this local-to-global principle with results of Bhargava—Shankar—Wang [12] to obtain
an asymptotic for the count of reducible SLy (Z)-orbits on Wy (Z) satisfying certain
infinite families of congruence conditions, which we define precisely as follows.

Definition 1.4. We call a subset @ C Wy (Z) a big family in W (Z) if

G =inv  (Un(2)7) N WY(Z) N () &)
p
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where the sets @, C Wy (Z,) satisfy the following properties:
(1) ©, is Gy (Zp)-invariant and is the preimage under reduction modulo p/ of a

nonempty subset of WIS (Z/ p? Z) for some j > 0 for each p; and

(2) for all sufficiently large p, @, contains all elements (A4, B) € W18 (Zp) such
that Q(A, B) is a p-adic unit, where Q is a certain relative invariant for the
action of Gy on W13 over Z (see Proposition 2.1 for the precise definition

of Q).
We call a subset S C Wy (Z) a big family in Wy (Z) if

S =inv Uy (2)") N ﬂs,,,

where the sets S, C Wy (Zp) are SLy (Zp)-invariant, and the intersections &, =
Sp N WY (Zp) define a big family

G =inv ' (Un(@2)P)nWR(@Z) N (G,
D

in WO(Z).

Define the height of (A, B) by H(A, B) := H(inv(4, B)). The following result
gives an asymptotic for the count of reducible SLy (Z)-orbits of bounded height in a
big family in Wy (Z).

Theorem 1.5. Let X > 0, and let N%) (X) be the number of binary forms in Uy (Z)")
whose coefficients are of size at most X. Let S C inv~ Y (Un(Z)") be a big family
in Wy (Z). Then the number of reducible SLy (Z)-orbits on S of height less than X
is given by

NO (x) x ]‘[ /

feUn(Zp)

(inv_l(f) NS, N WI(Zp)

N+1
Gn(Zy) )df +oXTT),

where df is the Haar measure on Uy (Zp), normalized so that Vol(Un (Z,)) = 1.

Theorem 1.5 expresses the asymptotic count of reducible SLy (Z)-orbits on S of
bounded height in terms of a product of local integrals. The integrand of the integral
at p — namely, the number of Gy (Zp)-orbits of pairs (4, B) € S, N WIS (Zp) with
inv(A4, B) = f — appears to be quite difficult to evaluate in general, even for small
degrees N and simple choices of the sets S,. On the other hand, the integral at p
can be rendered more tractable by performing a suitable change-of-variables, where
instead of integrating over f € Un(Zp), one integrates over (A4, B) € WJS (Zp). Upon
performing this change-of-variables at each prime p, we obtain the following variant
of Theorem 1.5.
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Theorem 1.6. Let X > 0, and let S C inv_ (Uy(Z)M) be a big family in Wx (Z).
Then the number of reducible SLy (Z)-orbits on S of height less than X is given by

NG (X) x [ & /
P w

QW) dw + o(XVH),
eSpNWI(Zp)

where

b= —p )1 =p H ' x[Ja=pH",
i=2

| — |p denotes the usual p-adic absolute value, and where dw denotes the Haar mea-
sure on WJ?/ (Zp), normalized so that Vol(WJS (Zp)) = 1.

The formulation of the asymptotic given in Theorem 1.6 is far more conducive to
evaluation in specific examples. For instance, taking S, = Wx (Z) for every prime p,
we obtain the following asymptotic formula for the total count of reducible SLy (Z)-
orbits on Wy (Z).

Theorem 1.7. Suppose X > 0. Then the number of reducible SLy (Z)-orbits on
inv ™Y (Un (Z)®) of height less than X is given by

N
NP O x [T26) + o(x ¥+,
i=2

Strikingly, Theorem 1.7 implies that the average number of reducible orbits lying
above an integral binary N -ic form is equal to 1_LN=2 (i), which is simply the funda-
mental volume of the group SLy (i.e., the volume of SLy (Z)\ SLy (R) with respect
to Haar measure on SL (R), suitably normalized). This phenomenon — that the aver-
age number of reducible orbits lying above a given set of invariants equals the fun-
damental volume of the group — holds for many other representations of interest in
arithmetic statistics. Indeed, as proven in [25, Theorem 1], this holds for the represen-
tation of the split orthogonal group on the space of N -ary quadratic forms for every
integer N > 3, odd or even; furthermore, as explained in [25, Question 2 and subse-
quent discussion], this also holds for the representations of GL, on binary cubic and
quartic forms.

We now turn our attention to applying Theorem 1.6 to prove our main results on
class group statistics, namely Theorems 1.1.A and 1.1.B. We say that a pair (4, B) €
Wy (Zp) is projective if it corresponds to a 2-torsion ideal class under the Bhargava—
Wood parametrization. As explained in Definition 4.2 (see Section 4.2, to follow),
the condition of projectivity is given by a congruence condition modulo p for each
prime p.

It is possible to determine the proportion of projective elements of Wy (Z,) for
each prime p; this was essentially achieved in [13, §6] for N = 3 and [21, §6.1]
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for N > 3. On the other hand, to apply Theorem 1.6 it is necessary to determine the
proportion of projective elements of W13 (Zp) having a specified Q-invariant, and this
appears to be intractable in general. Nonetheless, when N = 3, the condition of being
projective is not too complicated, and the relevant p-adic integrals can be evaluated.
We thus obtain the following result giving the average 2-torsion in the ideal groups of
cubic orders enumerated by discriminant.

Theorem 1.8.A. When either totally real or complex irreducible cubic orders O are
enumerated by the absolute values of their discriminants, the average 2-torsion in the
. . t2)
ideal group is HOR

We also simultaneously obtain the following variant of Theorem 1.8.A for the
family of cubic orders defined by binary cubic forms enumerated by height.

Theorem 1.8.B. When forms f € Us(Z)") are enumerated by height, the average

2-torsion in the ideal group is %.

Theorem 1.1.A (resp., Theorem 1.1.B) now follows immediately upon combin-
ing Theorem 1.2.A (resp., Theorem 1.2.B in the case N = 3) with Theorem 1.8.A
(resp., Theorem 1.8.B). As for orders defined by binary forms of higher odd degree,
we obtain the following weaker result by simply combining Theorem 1.7 with Theo-
rem 1.2.B.

Theorem 1.9. Let N > 3. When primitive forms f € Uy (Z)\") are enumerated by
height, the average sizes of I(Ry)[2] and CI(Ry)[2] are bounded.

1.2. Historical context and related work

The problem of studying the arithmetic statistics of nonmaximal orders in number
fields dates back to the seminal work of Davenport [17, 18], who determined the den-
sity of discriminants of orders in cubic fields (i.e., he obtained an asymptotic formula
for the number of cubic orders having bounded discriminant). This result was general-
ized in work of Bhargava, Shankar, and Tsimerman [11, Theorem 8], who determined
the density of discriminants of cubic orders satisfying general infinite sets of local
specifications. As for orders of higher degree, Bhargava used the parametrizations of
quartic/quintic orders that he developed in his thesis [3, 5] to determine asymptotic
formulas for the number of orders having bounded discriminant in quartic/quintic
fields with Galois group equal to the full symmetric group [4, 6].

More recently, progress has been made toward understanding the distribution of
class groups of orders in number fields. The first result in this direction is due to
Bhargava and Varma [14], who determined the average 3-torsion in the class groups of
quadratic orders. Specifically, they showed that when real (resp., complex) quadratic
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orders are enumerated by discriminant, the average 3-torsion in the class group is
given by 1 + 7 X ggg (resp., 1 + %). This extends an earlier result of Davenport
and Hellbronn [19], who determined the corresponding average to be % (resp., 2) for
the family of maximal quadratic orders (i.e., rings of integers of quadratic number
fields).

As explained in Section 1.1, Bhargava and Varma proved Theorem 1.2.A, which
describes the average 2-torsion in the class groups of cubic orders in terms of the
average 2-torsion in their ideal groups [13], and their result was generalized to orders
defined by binary forms of any odd degree N > 3 by Ho, Shankar, and Varma,
who proved Theorem [.2.B. A similar result was proven for monogenic orders —
i.e., orders defined by monic binary forms — of odd degree by Siad in [26, Theo-
rem 9]. In the case of monogenic orders of odd degree N, the problem of counting
2-torsion ideals boils down to a problem of counting reducible orbits of the afore-
mentioned representation of the split orthogonal group acting on the space of N-ary
quadratic forms. As explained in Section 1.1, asymptotics akin to Theorems 1.5-
1.7 were proven for reducible orbits of this representation in [25]; these asymptotics
were then applied in [28, §5.6] with N = 3 to determine the average 2-torsion in the
ideal groups of monogenic cubic orders. Combining this with the aforementioned
result of Siad, we deduced (see [28, Theorem 173]) that when monogenic cubic
orders are enumerated by height the average 2-torsion in the class group is given
by % ggg (resp., 3 5 + 5 X gg;) This extends an earlier result of Bhargava,
Hanke, and Shankar [9], who determined the corresponding average to be % (resp., 2)
for the family maximal monogenic cubic orders.

We note that the problem of counting reducible SLy (Z)-orbits on Wy (Z) was
first considered by Bhargava, Shankar, and Wang in [12], where they used geometry-
of-numbers methods to determine upper bounds of roughly the correct order of mag-
nitude on the number of reducible orbits having large Q-invariant. They applied these
upper bounds to prove a squarefree sieve for binary forms. In this paper, their bounds
serve as a key ingredient in the proofs of our main theorems. Thus, we indirectly use
upper bounds for the count of reducible orbits to obtain precise asymptotics for this
count!

It is natural to ask what can be said for binary forms of even degree. We expect
that the methods of [27,29] can be adapted to determine the average 2-torsion in the
class group of orders defined by binary forms of even degree in terms of the average
2-torsion in the ideal group; however, in the even-degree setting, the parametriza-
tion of 2-torsion ideal classes is significantly more complicated (e.g., it depends on
the leading coefficient of the binary forms under consideration, and one must count
reducible orbits in multiple families of representations). It is also natural to ask whe-
ther analogues of Theorems 1.5—1.7 can be proven for the action of SLy on pairs of
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N x N symmetric matrices, where N = 2n > 4 is even. This representation was
studied by Bhargava in [7] (cf. the closely related work of Bhargava, Gross, and
Wang [8]), where he shows that this representation does not possess an analogous
notion of reducibility and is thus able to determine asymptotics for the count of its
integral orbits.

2. Algebraic preliminaries

In this section, we introduce the representation of SLy on Wy and prove several
useful results about the action of various subgroups of SLy on various linear sub-
spaces in Wy . In particular, we define and study the subgroup Gy and the linear
subspace W13 referenced in Section 1.1. We conclude by proving Theorem 1.3, which
gives a local-to-global principle for the action of G on WIS.

2.1. Action of SLy on Wy

For integers m, m’ > 0, let Maty,x,’ denote the affine scheme over Z whose R-points
are given by the set of m x m’ matrices with entries in R for any Z-algebra R. As
in Section 1.1, let N = 2n + 1 > 3 be an odd integer, and let Wy be the space of
pairs of N x N symmetric matrices (i.e., we have Wy (R) = R> @ g Sym? R¥ for
any Z-algebra R). The space Wy has a natural structure of SL y-representation given
as follows: for any g € SLy (R) and any (A, B) € Wx(R), let

g- (A, B) = (gAg”.gBg") € Wy (R),

where for a matrix M, we denote by M T its transpose.

Let U be the affine scheme over Z whose R-points are binary N -ic forms over R
for any Z-algebra R. Define a map inv: Wy — Uy as follows: given a pair (4, B) €
Wn (R), we set

inv(4, B) := (=1)"det(xA — yB) € Un(R).

One readily checks that the coefficients of inv(A4, B) are SLy-invariant; in fact, it is
known [24] that if f;: Wy — Al is the map that takes (4, B) € Wx (R) and returns
the x¥ %y’ -coefficient of inv(A4, B), then the ring of polynomial invariants for the
action of SLy on Wy is freely generated by the functions f; for i € {0,..., N}.
In [21, §4.1], an explicit algebraic section oy defined over Z was constructed for the
map inv: Wy — Uy (by “algebraic” and “defined over Z,” we mean that the matrix

entries of og are polynomials with integer coefficients). Concretely, this section takes

N
feyy =) fix" Ty e Un(R)
i=0
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to the pair

oo(f) =

. . 1 —fn—2
L1 Sv—1 4 L —fv

where empty entries are used to denote zeros, and where we have inserted horizontal
and vertical lines immediately after row and column » in both matrices.

Let K be a field. As mentioned in Section 1.1, a pair (4, B) € Wx(K) is said
to be reducible over K if the symmetric bilinear forms defined by A and B share a
maximal (i.e., n-dimensional) isotropic space, and irreducible otherwise. The condi-
tion of being (ir)reducible is evidently SLy (K)-invariant, so we may speak of the
(ir)reducible SL (K)-orbits on Wy (K). If R is an integral domain with field of frac-
tions K, we say that an SLy (R)-orbit on Wy (R) is (ir)reducible if the corresponding
property holds for the SL  (K)-orbit containing it.

In the case N = 3, we will have occasion to combine the action of SL3 on W3 with
the action of GL; on Us. Recall that GL, acts on Uj via linear change-of-variable;
i.e., given y € GL,(R) and f € Us(R), we have

(y-)xy) = f(x,y)-p).

The ring of polynomial invariants for the action of GL; on Us is freely generated by
a single element known as the discriminant. We have an action of GL, x SL3 on W3
defined as follows: given y = [‘c’ 3] € GL,(R), g € SL3(R), and (4, B) € Wx(R),
we set

(v.8)- (A, B) = (g(aA —bB)g" g(cA—dB)g").

The map inv: W3 — Us is equivariant for the GL,-action, and the ring of polynomial
invariants for the action of GL, x SL3 on W3 is generated by the function obtained by
postcomposing the map inv with the discriminant map Uz — Al.

2.2. Action of subgroups of SLx on linear subspaces in Wy

For a matrix M, denote its row-i, column-j entry by M;;. We now introduce three
linear subspaces in Wy and study the actions of certain subgroups of SLy on them.



The mean number of 2-torsion elements in the class groups of cubic orders 235

2.2.1. Action of SL,, x SL,,4+1 on WI:;’ P. Let Wy* C Wy denote the linear subspace
whose R-points are given by

Wy (R) := {(A,B) € Wn(R) : Ajj = Byj = 0ifi,j <nori,j >n+1}

for any Z-algebra R. When it is convenient, we think of elements of W;\?p as being
pairs of n x (n + 1) matrices, by considering just the top-right n x (n + 1) blocks.
Let SL, x SL,4+1 C SLy be the subgroup consisting of block-diagonal matrices,
where the diagonal consists of one 7 x n block followed by one (n + 1) x (n + 1)
block, both having determinant 1. The action of SLy on Wy restricts to an action of
SL, x SLy41 on Wy".
We now describe the action of SL,, x SL,,4; on W;’p over a field K.

Proposition 2.1. The ring of polynomial invariants of the action of SL, x SL,4+1
on W;p is generated by a single polynomial Q such that for any field K and any
Qo € K%, the set

07 1(Qo) C Wy (K)

is nonempty and consists of a single (SL,, X SL,,+1)(K)-orbit. Moreover, the stabilizer
of any element of this orbit is trivial.

Proof. Proposition 2.1 amounts to stating that the representation of (SL,, xSL,41)(K)
on W;?p(K ) is “prehomogeneous,” and the proof is identical to that of [12, Proposi-
tion 3.1]. The main observation is that, for any integer no > 2, the representation of
(SL,, x SL;;+1)(K) on W]t;)p (K) in the case n = ny is related to the representation
of (SL,, x SL,,+1)(K) on W;p(K) in the case n = no — 1 by what Sato and Kimura
call a “castling transform” (see [23, §2]). Since the property of being prehomogeneous
is preserved under castling transforms, it suffices to prove the lemma in the case n = 1,
where the action of (SL, x SL,+1)(K) on W;\?p(l( ) may be identified with the action
of SL,(K) on Mat,x,(K) by right-multiplication. The desired polynomial invariant
function Q for this action is given simply by the determinant.

We now describe the invariant Q for n > 1. Given a Z-algebra R and a pair
(A,B) € W]:?p(R), we take Q (A, B) to be the “hyperdeterminant” of (A, B), which
is defined explicitly as follows. For each i € {1,...,n + 1}, let A®) and B® be
the n x n matrices obtained from A and B, respectively, by considering the top-right
n x (n + 1) block and deleting the ith column. Then Q(A, B) is the determinant of
n—j+1

the (n 4+ 1) x (n 4+ 1) matrix whose row-i, column-j entry is the x y/~l-entry

of the binary n-ic form (—1)**! det(xA®) — yB®),
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That Q~1(Qy) is nonempty for any Qo € K* follows by examining the following
pair of matrices in Wy"(K):

1 +Qo

1 1
The pair in (1) evidently has Q-invariant Q¢ or —Qy, depending on the choice of sign
of the entry “+ Qy.” In fact, this pair gives an explicit section of the map
0: Wy" — Al

defined over Z. As for the claim about stabilizers, the action of SL,(K) by right-
multiplication on matrices of nonzero determinant in Mat,x (K) obviously has trivial
stabilizers, and stabilizers are preserved under castling transforms. ]

2.2.2. Action of Ly on WZ:;’ -0 et W;\?P’O C Wy" be the linear subspace whose
R-points are given by
Wi (R) := {(A, B) € WNP(R) : Ajj = 0ifi +j <2n+1
and Bjj = 0ifi 4+ j < 2n}
for any Z-algebra R. Let L C SL, x SL,+; be the lower-triangular subgroup. Then

the action of SL, x SL,,+1 on W;\?p restricts to an action of Ly on W;\fp’o. Given
(A,B) € W;\?P’O(R), we have the following formula for the Q-invariant up to sign:

n n
0(4,B) =+ 1—[ AZJX/lJr_ll—i 1_[ Bi - @
i=1 i=1

We now describe this restricted action of Ly (K) on W]t;)p ’O(K ) for K a field.

Proposition 2.2. Let K be a field, and let Qg € K*. Then the set
071(Qo) N Wy (K)

is nonempty and consists of a single Ly (K)-orbit. Moreover, the stabilizer of any
element of this orbit is trivial.

Proof. The nonemptiness statement follows immediately from the existence of the
explicit section (1), which has image contained in W;\f P% The statement about stabi-
lizers is obvious.

As for the transitivity statement, take (4, B) € 071(Qp) N Wﬁp’O(K ). It suffices
to show that (A4, B) is Ly (K)-equivalent to (1). First, by replacing (A4, B) with a
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suitable translate under the action of a diagonal element in Ly (K), we may assume
that A;; = 1foralli + j = N + 1 and that B;; = 1 foralli + j = N, except when
(i,j) = (1, N — 1), in which case By(ny—1) = £0Qo. Now, call a lower-triangular
unipotent element g € SLy (K) elementary if g;; = 0 for all but one pair (i, j) with
i > j.Itis easy to verify by inspection that, by hitting (A4, B) with a suitable sequence
of elementary unipotent elements of L y (K), we can successively clear out the values
of the following matrix entries:

Bin+1), A2¢2n+1), B2eny, B2@n+1)s - (3)
Ak@n+3—k)s - Ak@nt+1)s Brkent2-k)s -2 Bk@nt1)s -,
An+3)s - s An@nt1)s Bum+2)s -5 Bunt)-

We may thus assume that the matrix entries of (4, B) that are listed in (3) are all equal
to 0. But then (A4, B) is equal to (1), which is sufficient. ]

Corollary 2.3. If two elements of Q71(Qg) N Wﬁp’O(K ) are equivalent under the
action of g € (SLy, X SLy+1)(K), then we have g € Ly (K).

Proof. Suppose for some g € (SL, x SL,4+1)(K) and elements (A1, B1), (42, B>) €
07 1(Qo) N W;\?p’O(K), we have

g1+ (A1, By) = (42, By).
By Proposition 2.2, there exists g» € L (K) such that
g2+ (41, By) = (42, By),

so g5 g1 stabilizes (A1, B1), but by Proposition 2.1, the stabilizer of (41, By) in
(SL,, x SL,,+1)(K) is trivial, so g; = g2, as necessary. ]

2.2.3. Fundamental domain for (SL, x SL,4+1)(Z;,) ~ W;? P(Zp). Using the res-
ults of Sections 2.2.1-2.2.2, we now construct a fundamental domain for the action
of (SL, xSL,4+1)(Zp) on W;’p(Z p); this fundamental domain plays a crucial role in
the proof of Theorem 1.7 (see Section 4.1).”

We start by choosing a convenient partition of W;’ P(Z p) into subsets indexed by
pairs of nonnegative-integer-vectors of length n. Given

i=(ay,....an), b=br,...,by)eN",

“Note that by a “fundamental domain” for the action of a group on a set, we mean a subset
that contains exactly one element of each orbit.
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define a subset £, »(p) as follows:

£;5(P) == (SLy X SLy+1)(Zp)
x {(A, B) € WyP*(Zp) : vp(Aij) = a; for (i, j) withi + j = N + 1,
Vp(Bij) = b; for (i, j)withi + j = N}

Take (A, B) € £ ;(p). By the proof of Proposition 2.2, we can use the action of
(SL, xSL,+1)(Qp) to make

A;j =0 foreach (i, j) withi + j > N + 1, and
Bi; =0 foreach (i, j) withi 4+ j > N,
without changing A;; for each (i, j) withi + j = N 4 1 and B;; for each (i, j) with
i + j = N. Then one readily computes using (2) that
n
10(4, B)|;1 _ l—[ pti-iai+ib; (4)
i=1

The following proposition gives the desired fundamental domain in terms of the
sets £ ~(p).

Proposition 2.4. For each a, be N”", a fundamental domain for the action of
(SL, x SLn—H)(Zp)

on the set £ 7 (p) is given by
(A, B) e WP (Zyp) : Aij = p® for (i, jy withi + j = N + 1,
A,‘j S {0, e ,paN'H_j — 1}.
for (i, jywithi +j >N+ landi <n,

Bi; = p¥ for (i, j)withi + j = N andi > 1,

vp(Biv—-1)) = b1,

Bij €{0,...,p% — 1} for (i, j) withi + j > N and i <n}. Q)
A fundamental domain for the action of (SL,, x SL,+1)(Z,) on the set

{(4,B) e W\*(Z,) : O(A, B) # 0}

is given by the (disjoint) union of the set (5) over all a, b e N".
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Proof. First note that we have

£, 5(P) NWAP(Zp) = {(A, B) e Wy (Z,y) :
vp(Aij) = a; for (i, j) withi + j = N + 1,
vp(Bij) = b; for (i, j) withi + j = N}. (6)

Indeed, the left-hand side of (6) obviously contains the right-hand side. As for the
reverse containment, if (A4, B) € éﬁa’ ;(p)N W]t;)p’o(Z p), then there exist an element
g € (SL, xSL,+1)(Zp) and a pair (A’, B') belonging to the right-hand side of (6)
such that

(A’ B) =g (Alv B/)

By Corollary 2.3, we must have g € L y(Z,), so since the action of L y(Z,) preserves
the right-hand side of (6), the pair (A, B) must belong to it as well.

The next step is to show that the action of (SL, x SL;41)(Z,) can be used to
move points in W;\?p(Z p) into the linear subspace W;}jp’o(Z p)-

Lemma 2.5. Let Qg €Z, ~ {0}. Then every (SLyxSLy41)(Zp)-orbit on Q~1(Q¢) C
W;’p(Zl,) meets W;})p’o(Zp).

Proof of Lemma 2.5. The proof is similar to that of [28, Lemma 206]. Take
(4,B) € 071(Q0) N WyP(Zy).

Then there exists g € (SL, x SL,,+1)(Q,) such that g - (4, B) € Wﬁp’O(Zp), because
the section (1) of Q is defined over Z, with image contained in W;\;’p’o, and because
the elements of the set 071 (Q¢)N W;\?p(Zl,) belong to the same (SL,, x SL;,+1)(Qp)-
orbit by Proposition 2.1.

By the p-adic Iwasawa decomposition, we have that

(SLy X SLn41)(Qp) = LN (Qp)(SLy X SLn11)(Zp),

so there exists g € Ly(Qp) and g2 € (SL,, x SL,4+1)(Z,) such that g = g1 g2. But
Ly acts on W;\?p’o (see Section 2.2.2 for further details), so g» - (4, B) € W;\?p’o((@p).
Since g € (SL, x SL,4+1)(Zp) and (A, B) € W;}’p(Zl,), we must in fact have that
22+ (4, B) € WP (Z,). .

Now, by Lemma 2.5 and Corollary 2.3, it suffices to show that (5) is a fundamen-
tal domain for the action of Ly (Zp) on &£ 7(p) N W;}’p’o(Zl,), but this follows by
adapting the proof of Proposition 2.2 to work over Z . Take

(4,B) € &, :(p)N WaP(Zy).
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First, instead of using diagonal transformations to make

Ajj =1 for(i,j)withi +j =N +1,and
B;; =1 for(i,j)withi + j = N, except when (i, j) = (1, N — 1),

we use these transformations to make
A;j = p® for (i, j) withi + j = N + 1, and
Bij = pP for (i, j) withi + j = N, except when (i, j) = (1, N — 1).

Then, instead of using elementary unipotent transformations to make the remaining
matrix entries zero, we use these transformations to reduce these matrix entries mod-
ulo p@, ..., p% pbr. ... pPn . This establishes that each orbit for the action of
(SL,, xSLp+1)(Zp) on :Ea’l;(p) meets the set (5) at least once.

On the other hand, if (A4, B), (4’, B) belong to the set (5) and there exists an ele-
ment g € (SL, X SL,+1)(Zp) such that (A, B) = g - (A’, B’), then by Corollary 2.3,
we must have g € Ly (Z,). Write g = g1 g2, where g, is unipotent and g, is diagonal.
Denote the diagonal entries of g, by (g2);;. Observe that we have the equalities

(82)ii(82); Ay = (g A)ij = Aij = p* = Ay ™
for (i, j) withi + j = N + 1 and i < n, and that we have
(2)ii(g2);; Bi; = (¢ B")ij = Bij = P = Bj; (8)

for (i, j) withi + j = N and 1 <i < n. Combining (7) and (8) with the fact that
Q(A, B) = Q(A’, B’) along with the formula (2), we see that (8) holds wheni = 1
too. Then combining (7) and (8) with the condition det g, = 1 yields the following
system of equations:

(82)ii (g2) (W—iy(W—i) = (82)ii (€2) (N +1-i) (N +1-i)

N
=[](g2);; =1 foreachi e {l.....n}.
j=1

By comparing the products [/_;(g2)ii (g2)(v—i)(v—i) and ]_[j-vzl(gz)jj, we deduce
that (g2)yn = 1, from which it follows that all (g,);; = 1, and hence that g, = id.
Next, denote the entries of g1 by (g1)i;. Then the condition B = gy - B’ implies
that
Bin+1) = B;(zn-l,-l) (mod pbl)a

so the condition Bj(2,+1), Bi(2n+1) €{0,..., pbl — 1} forces Bi2n+1) = Bi(2n+1)
and hence that (g1)yv—1) = 0. Since (g1)nw—1) = 0, the condition 4 = g; - 4’
implies that

A2(2n+1) = A/z(z,,ﬂ) (mod p“1),
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so the condition A2(241). A’2(2n+1) €{0,..., p* — 1} forces Ar2n+1) = A’2(2n+1),

and hence that (g1)21; = 0. Continuing in this manner according to the sequence of
matrix entries in (3), we see that the matrix entries of (A4, B) and (A4’, B’) coincide. m

2.2.4. The subgroup Gy C SLy. Let Gy C SLy be the subgroup whose R-points
are given by

Gn(R) :={g € SLN(R) : gij =O0forall (i, j)suchthati <nand j >n + 1}

for any Z-algebra R.

An algebraic group G is said to have class number 1 over Q if the group G(Aq)
of adelic rational points is the “Frobenius” product of the subgroup G(Q) of rational
points with the subgroup G(Az) of adelic integral points, i.e., we have

G(Ag) = G(Q)G(Az).
The following result establishes that this property holds for G = Gy.
Proposition 2.6. The algebraic group Gy has class number 1 over Q.

Proof. The idea of the proof is to realize Gy as the Frobenius product of two sub-
groups, each of which has class number 1 over QQ, and then to use this product
structure to deduce that Gy itself has class number 1 over Q.

Let H; be the lower-triangular unipotent subgroup of Gy whose R-points are
given by

Hi(R) :={h € GN(R) : hj; = 1 forall i and
hjr =0if j <korj >k2n+10rnzj>k}

for any Z-algebra R, and let H, be the block-diagonal subgroup of Gy whose R-
points are given by

H>(R) :={g € GL,,(R) X GL,41(R) : detg = 1} C Gn(R).

Lemma 2.7. The algebraic group Gy is the Frobenius product of its subgroups H
and H», i.e., for any Z-algebra R, we have Gy (R) = H{(R)H>(R). Moreover, we
have that H{(R) N Hy(R) = 1.

Proof of Lemma 2.7. The second claim is clear from the definitions of H; and H,.
As for the first claim, take g € G (R), and write it in box form as follows:

_|& 10
§= g/// g// ’
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where g’ € GL,(R), g” € GL,11(R), and g"”" € Mat(,41)xx (R). Then it is easy to

see that
id | o ¢ o
&= - X ,
g///g/ 1 ‘ id 0 ‘ g//

where by “id” (resp., “0”) we mean the identity (resp., zero) matrix of the relevant

dimensions. n

The group H; has class number 1 over QQ because it is isomorphic to the additive
group G;‘2+”; that H; has class number 1 over Q follows immediately from the fact
that the same holds for the groups GL,, and GL,,+;. The next lemma gives a criterion
under which the Frobenius product of two groups of class number 1 over Q is itself a
group of class number 1 over Q.

Lemma 2.8. Let T' be an algebraic group over 7 that is the Frobenius product of
two sub-algebraic-groups I'y and T, both of which have class number 1 over Q, and
suppose that I'1 (Az)2(Q) C T2(Q)T'1(Ag). Then I has class number 1 over Q.

Proof of Lemma 2.8. Clearly, I'(Ag) D I'(Q)I'(Az). As for the reverse inclusion,
we have that

['(Ag) =T (AQ)N2(Ag) = I'(Q)I'1(Az)2(Q)2(Az)
CTi(@I(QT1(Ag)2(Az)
=N@QL@QT1(Q)T(Az)F2(Az)
=T @QTI'(Az). .

By Lemma 2.8, it now suffices to check that the criterion
Hy(Az)H>(Q) C H2(Q)H1(Ag)

holds. This is an immediate consequence of the following matrix identity:

id |0 ¢ o ¢ o id o
— | x = X — — | . ]
g/// ld 0 ‘ g// 0 ‘ g// g// g///g/ ld

2.2.5. Action of Gy on W]?,. Let WIS C Wy be the linear subspace whose R-points
are defined by

WX (R) := {(A, B) € Wyx(R) : Ajj = B;; = 0ifi,j <n}

for any Z-algebra R. Notice that, when R is an integral domain, every pair (4, B) €
Wf,(R) is reducible. The action of SLy on Wy restricts to an action of Gy on WIS.
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We extend the definition of the Q-invariant to any pair (4, B) € WIS (R) by defin-
ing Q(A, B) to be the Q-invariant of the projection of (A4, B) onto the linear subspace
W]t\?p(R) that sends the (n + 1) x (n + 1) entries in the bottom-right of A and B to
zero. A fundamental property of the Q-invariant is that it divides the discriminant of
the invariant binary form to order two, i.e., we have, Q (A, B)? | disc(inv(A4, B)) for
any (A4, B) € WI?, (R); for a proof, see [12, Theorem 3.5].

The function @ is notably not G y-invariant, despite being invariant under the
action of the subgroup SL, x SL,+1 C Gy see, e.g., the proof of Proposition 3.3
(to follow). We note that the explicit section o described in Section 2.1 has image
contained in the locus of points in Wy with Q-invariant equal to (—1)"*1.

We now describe the action of Gy on WIS over a field K.

Proposition 2.9. Let K be a field, and let f € Uy (K). Then the set
{(4, B) € iv™ ' (f) N Wy(K) : Q(A, B) # 0}

is nonempty and consists of a single Gy (K)-orbit. Moreover, the stabilizer of any
element of this orbit is trivial.

Proof. Thatinv™!(f) N WI?,(R) is nonempty holds over any Z-algebra R because of
the existence of the aforementioned explicit section oy.

To see that {(4, B) € inv1(f) N WR(K) : Q(A, B) # 0} consists of a single
Gy (K)-orbit, take (Ao, Bo) € inv 1 (f) N WR(K) with Qg = Q(Ao, By) € K*.
We claim that there exists g; € (SL, X SL,+1)(K) C Gy (K) such that (4, B) :=
g1 - (Ao, Bo) has the following shape, where empty entries are used to denote zeros,
and star entries are used to denote numbers whose particular values are irrelevant:

(4,B) = )
_ 1A +00 _
1 1
1 1
* %k * 1 * * * *
1| % = .
. o Lo 1 K ek *
1 ko ok e kX +Qo kooeee %k *
L 1 * * * * | L * * * i

In the above, we have inserted horizontal and vertical lines immediately after row
and column # in the matrices A and B. The claim follows from Proposition 2.1 upon
observing that by choosing the sign of the entry “+ Q" appropriately, we can arrange
for Q(A, B) = Q. In fact, by postcomposing g; with a suitable diagonal element
in Gy (K), we may take (A, B) to be of the form (9), with the entries “1+ Q" replaced
by “1.”
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Now, just as in the proof of Proposition 2.2, by hitting (A4, B) with a suitable
sequence of elementary unipotent elements of Gy (K), we can successively clear out
the values of the following matrix entries:

Ap+n@+2)s - A@+nent)s Batda+2)s - Batnen+,
An+2)(+3)> -+ Am+2)@n+1)s -
Brk+1)s -+ -5 Br@n+1)s Ak+D*k+2)> -+ Ak+D@n+1)s -+ -
Bon-12n. Ben-nen+. Aenen+. Ben@n+1)- (10)

We may thus assume that the matrix entries of (A4, B) that are listed in (10) are all
equal to 0. But then (A4, B) lies in the image of the section o, which is sufficient.

As for the claim about stabilizers, let (Ao, Bg) be as above. Suppose g € Gy (K)
stabilizes (Ag, Bg). By Lemma 2.7, we may write g = g;g», where g; € H;(K) for
each i € {1, 2}. Since the projection map W13 — W;\‘,)p is invariant under the action
of Hy(K), it follows that g, must stabilize the projection of (A4, By) onto Wﬁp(K ).
Thus, by Proposition 2.1, we have g, = id. Now, it is clear by inspection that the
action of Hq(K) on ng (K) has trivial stabilizers, so g; =id, and thus g = g1 g, =id
too. [

We now work over Z, for a prime p. We note that the p-adic absolute value
|O(A, B)|p is invariant under the action of Gy (Z,). The following result describes
the action of Gy (Zp) on the locus of pairs in WIS (Zp) with p-adic unit Q-invariant.

Proposition 2.10. Let f € Un(Zp). Then the set
{(4,B) € iv™ ' (f) N Wy(Zyp) : |Q(A, B)|, = 1}

is nonempty and consists of a single G (Zp)-orbit. Moreover, the stabilizer of any
element of this orbit is trivial.

Proof. The nonemptiness statement follows immediately from the existence of the
explicit section oy, which has image contained in the locus of points in WIS with
Q-invariant equal to £1.

Next, let WISO - ng be the linear subspace whose R-points are given by

WYY (R) :={(4,B) € Wy(R) : A;j =0ifi + j <2n+1
and B;j = 0ifi + j < 2n}.

We remark that the explicit section o described in Section 2.1 has image contained
in WISO. For the transitivity statement, by Lemma 2.5 it suffices to show that

{(A,B) € iv (/) NWR(Zp) : |Q(A, B)|, = 1}
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is contained in a single Gy (Z,)-orbit, and the proof of Proposition 2.9 can be easily
adapted to verify this.

Finally, the statement about stabilizers follows immediately from Proposition 2.9,
which implies that the stabilizer in Gy (Q)), and hence in Gy (Z)), of any (A, B) €
inv=1(f)N W]‘\} (Zp) is trivial. This concludes the proof of Proposition 2.10. ]

2.2.6. Fundamental domain for Gy (Z,) ~ ng (Zp). Using the results of the pre-
ceding subsubsections, we now construct a fundamental domain for the action of
Gn(Zp) on WIS(ZP). Givend = (ay,...,ay),b = (by,...,by) € N", define a sub-
set W. »(p) as follows:
W, 5(p) = {(4.B) € WR(Z,) : Aij = p“ for (i, j) withi + j = N + 1,
By; = p” for (i, j) withi + j = N}. (1)
The following result gives the desired fundamental domain in terms of W.. ~(p).

Proposition 2.11. A fundamental domain for the action of Gy (Z,) on the set
{(A.B) e Wy(Zyp) : Q(4, B) # 0}

is given by
Ll %5

a,beN”"

where the sets ¥ 7(p) are defined as follows:

ﬁa,g(p) ;:{(A, B) € Wa,g(p) :
Aij €{0,..., p"N*t1=/ — 1} for (i, jywithi + j > N +1,i < j,
Bi;j €{0,....p% — 1} for (i, j) withi + j > N, i <n,
B;j € {0,.... p"°N=i — 1} for (i, jywithi + j > N, n <i < j}. 12)
Proof. This follows by adapting the proof of Proposition 2.9 to work over Z, (just
as we adapted the proof of Proposition 2.2 to obtain Proposition 2.4). It follows
from Proposition 2.4 that every (4’, B") € W9 (Z,) with Q(A’, B') # 0is Gy (Zp)-
equivalent to an element (4, B) € W(Z,) with
Ajj = p for (i, j)withi + j = N + 1,
Bij = pbi for (i, j) withi + j = N and i > 1, and
Biyn—1) =1u- pP1 forsomeu € Z,, where i,b e N".

Using the action of the diagonal matrix with diagonal entries (u=!,1,...,1,u) €
GN(Zp), we can further arrange that (4, B) € W, ;(p). So take (4, B) € W, >(p).
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Instead of using elementary unipotent transformations to make the remaining nondi-
agonal matrix entries zero, we use these transformations to reduce these matrix entries
modulo p?t, ..., p, pbl, e pb". This establishes that each orbit for the action of
Gn(Zp) on 'Wa’l;(p) meets ?a,g(p) at least once.

On the other hand, suppose we have (A4, B), (4’, B’) € ?’a,l;(p) and g € Gy (Zp)
such that (A, B) = g - (A’, B"). Write g = g1 g2, where g; € H;(Z,) foreachi €{1, 2},
and factor g, as g» = g,g,, where g, is a diagonal matrix with diagonal entries
(u,1,...,1,u~") for some u € Z,, and where g5 € (SLy x SLy11)(Zp). Since
g7' - (A, B) and (A’, B’) both lie in Wa’g(p), we have by (2) along the invariance
of Q under the action of SL,, x SL,,;; that

Q(gi" - (A4, B)) = 0(g5 - (4, B)).
But gl_1 -(A,B)=g,-(g5- (A", B")),s0
u-Q(gy-(A',B") = Q(gy- (g3 - (A", B)) = Q(g5 - (4", B)),

from which it follows that u = 1 and g, = g5 € (SL, X SL,+1)(Zp). Then, since the
projections of g;! - (4, B) and (A’, B’) onto W;p’O(Zp) belong to the fundamental
domain (5), it follows that g, = id.

Next, denote the entries of g1 by (g1);;. The condition A = g; - A" implies that

Ap+1)+2) = Ayt (mod p),

/

(n+D)(n+2) € {0, ..., p% — 1} forces

and then the condition A, 11)(n+2), 4

A(n+1)(n+2) = A/(n+1)(n+2)’
and hence that (g1)(n+1)n = 0. As (g1)(n+1)» = O, the condition A = g - A" implies
that
A(n+1)(n+3) = A/(n+1)(n+3) (mod p“r=t),

so the condition A, +1)(n+3), 4 €{0,..., p%n—1 — 1} forces

/
(n+1)(n+3)
A(n+1)(n+3) = A/(n+1)(n+3)’

and hence that (g1) n+1)(n—1) = 0.
Continuing in this manner according to the sequence of matrix entries in (10) (and

using the condition B = g7 - B’ when appropriate), we deduce that g; = id, and hence
that (4, B) = (4, B'). [

We now cover each of the sets ¥~ »(p) with a finite disjoint union of images of
sections of the map inv. Fix @, b € N”. Fix the matrix entries

Aijj = p* for (i, j)with (i, j) = N + 1,
Bij = p¥ for(i,j) withi + j = N,
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just as in (11). Further fix matrix entries

Aij €{0,..., pN+1=/ — 1} foreach (i, j) withi + j > N + landi < j,
B;j € {O,...,pb" -1} for each (i, j) withi + j > N andi < n, and
B;; €{0,...,pn=i — 1} for each (i, j) withi + j > Nandn <i < j,

just as in (12). Call the data of these chosen matrix entries (A°, B°); then we may
regard (A°, B®) as a function on Z;V *1 which takes a tuple

t=(Am+nm+n~-wANN,Bm+nm+np~,BNN)GZg+1

and produces the pair of matrices (A, B) with the previously fixed off-diagonal matrix
entries, and with diagonal entries given by the components of 7.

We may now speak of the quantity inv(A°, B°), which is a binary form whose
coefficients may be thought of as an affine linear transformation of the N + 1 inde-
terminates

Ap+)m+1)s ---» ANN. Barym+1), ---» Byn.

Write the coefficients of the indeterminates in an (N 4 1) x (N + 1) matrix M (A°, B®)
as follows: the ith row corresponds to the coefficient of x¥ = T1y =1 in inv(4°, B°),
and the columns correspond to the coefficients of

Aun+n+1)> Ba+rym+1) An+2)m+2)s Ba+2)m+2)> ---» ANN. Ban,

in that order. Then one verifies by inspection that M (A°, B®) is lower-triangular, and
the diagonal entries are monomials in the matrix entries A;; withi + j = N + 1 and
(i,j) # (n + 1,n + 1), along with the matrix entries B;; withi + j = N (note that
these are precisely the matrix entries dividing the Q-invariant, and that none of them
are zero). Thus, M(A°, B®) is invertible over Q,, and there exists a column vector
C(A°, B°) € Z) ™! such that

M(A°, B®)

JA@sve+)  Burnm+) Awidm+2 Buidm+2 - ANN  Byw]
+C(4°, BY)

is the column vector whose entries are the coefficients of inv(A°, B°). Consequently,
we arrive at the following result.

Lemma 2.12. Let (A°, B®) be fixed as above. Given f € Un(Zp), there exists a
unique tuple t € QQIH such that inv(A°, B°)(t) = f. Moreover, for any Gy (Zp)-
invariant subset G, C Wf, (Zp) that is the preimage under reduction modulo p’
of a nonempty subset of WI(\} (Z] p?Z) for some j > 0, the set U(A°, B°) of forms
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S € UN(Zp) such that (A°, B°)(t) € ¥, ;(p) N ©p, where t € Z;,V“ is the tuple
corresponding to f, is the closure of a nonempty open subset. In fact, U(A°, B°®) is
defined by congruence conditions modulo a power of p depending only on a, b, n,
and j.

Proposition 2.11 and Lemma 2.12 imply the following result, which plays a cru-
cial role in the proof of Theorem 1.5 (see Section 3.1).

Proposition 2.13. For any ©, as in Lemma 2.12, the function that sends | € Uy (Zp)
to the number of G (Z,)-equivalence classes of pairs in inv_' (f) N Wa’g(p) NG,
is locally constant. This function is defined by congruence conditions modulo a power
of p depending only on a, l; n, and ©p, and is also absolutely bounded by such a

power of p.

Proof. We first prove local constancy. By Proposition 2.11, it suffices to show that the
function that sends f* € Uy (Z,) to the number of pairs (4, B) € ¥ b( p) N &, with
inv(A, B) = f is locally constant. So take f € Un(Z,). Among the pairs (A°, B®)
constructed above, let Sy be the subset of pairs such that f € U(A°, B°), and let Sy
be the complement of Sy. Let

U= |J UA°B°) and U= () UMA°.B).
(4°,B°)eSy (A°,B°)eSy

Then for any g & Uy (resp., g € Uy), the number of pairs (A, B) € ?a,g(p) NG,
with inv(A4, B) = g is at most (resp., at least) #Sy. Hence, for any g € U, — Uy,
the number of pairs (A4, B) € fa,i(p) N &, with inv(A4, B) = g is equal to #S;.
This establishes the desired local constancy, as each U(A°, B°) is the closure of a
nonempty open subset, so U, — U; is an open neighborhood of f'.

That the function is defined by congruence conditions modulo a power of p
depending only on 4, l;, and n follows from the fact that this holds for each of the
sets U(A°, B®), and hence also for the set U, — U;. Finally, the claimed bound is an
immediate corollary of Proposition 2.11 and Lemma 2.12. ]

2.3. Proof of Theorem 1.3
We claim that the integral orbits of Gy on WI?, satisfy the desired local-to-global
principle as long as the following four properties hold:

(1) the algebraic group Gy has class number 1 over Q;

(2) forevery f € Un(C) with nonzero discriminant, the set inv_!(f) N W13 (©)
is nonempty and consists of a single Gy (C)-orbit;

(3) forevery f € Uy(C) with nonzero discriminant, each element of inv™'( f) N
W (C) has trivial stabilizer in Gy (C); and
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(4) forevery f € Uy (Z) with nonzero discriminant, the set inv! (fHn WIS (Z)
is nonempty.

This claim follows from [25, Theorem 22], which is a general theorem giving cri-
teria under which the orbits of a finite-dimensional representation of an algebraic
group satisfy a local-to-global principle. Note that the first three properties above
have already been verified in Propositions 2.6 and 2.9, and the fourth property fol-
lows immediately from the existence of the explicit section og. This completes the
proof of Theorem 1.3. u

For the sake of concreteness, we now give a self-contained proof of Theorem 1.3.
Given a principal ideal domain R with fraction field K and an element w € WIS (R)
having nonzero Q-invariant, write

GN(K)y :=1{g € GN(K): g-w € GN(R)}.

Then the set of Gy (R)-orbits contained in the G (K)-orbit of w is in bijection with
the double coset space

GN(R)\GN (K)w/ Stabg y (k) (w) = GN (R)\GN (K)w,

where the last step follows from Proposition 2.9.

Now, fix wg € WI{), (Z) with Q(wg) # 0, and suppose for each prime p we have
wp € WIS (Zp) with inv(w,) = f. Our goal is to construct an element w € WIS (Z),
unique up to the action of Gy (Z), thatis Gy (Zp)-equivalent to w,, for each prime p.
To do this, consider the diagonal embedding Gy (Q) — Hp Gn(Qp). We claim that
this embedding induces a bijection

GN(Z\GN (Q)uwy = [ [ GN(Zp)\GN (Qp)uwo- (13)
P

Note that the product on the right-hand side of (13) is in fact a finite product, because
if p is a prime such that Gy (Z,)\GN(Qp)w, # 1, then by Proposition 2.10, we
must have p | Q(wp) | disc(f). Verifying injectivity of the map in (13) is easy: if
g1, 82 € GN(Q)y, have the same image, then
185 € GN(Q N(\GN(Z,) = GN (D).
p

As for surjectivity, if (g,), € ]_[p GN (Zp)\Gn(Qp)w,, then since Gy has class num-
ber 1 over Q (by Proposition 2.6), there exists g € Gy (Q) such that g maps to g,
under the map Gy (Q) — GN(Z,)\Gn(Q)p); but then

g-wo € Wy(Q) N[\ Wy(Z,) = Wy (Z),
p

implying that g € Gy (Q)w,-
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By Proposition 2.9, which implies that the Gy (Q,)-orbit of wy is equal to that
of w), for each prime p, we may view the tuple (w,), as an element of the right-hand
side of (13). Then, under the bijection, the tuple (wp), corresponds to the Gy (Z)-
orbit of the desired element w € WIS (Z), as necessary. ]

As an immediate consequence of Theorem 1.3 along with Proposition 2.10, we
have the following result concerning global integral orbits having unit Q-invariant.

Corollary 2.14. Let f € Un(Z). Then the set
{(4,B) € iv™ ' (/) N Wy(Z):1Q(4, B)| = 1}

is nonempty and consists of a single G y (7Z.)-orbit.

3. Asymptotic formulas for the count of reducible orbits

In this section, we use the local-to-global principle in Theorem 1.3 to deduce Theo-
rem 1.5, which gives an asymptotic formula for the count of reducible SL y (Z)-orbits
on Wy (Z) in terms of a product of local integrals. We then perform a change-of-
variables argument to rewrite each of these integrals in a more convenient form, thus
proving Theorem 1.6.

3.1. Proof of Theorem 1.5

Let G be a big family in WIS (Z). We start by proving the following asymptotic for-
mula for the count of Gy (Z)-orbits on G of bounded height.

Theorem 3.1. The number of Gy (Z)-orbits on © of height up to X is given by

(r) M)d N+1
N (X)Xn/erN(z,,)( Gnz,y )T

Moreover, when N = 3, the number of (GL, xXG3)(Z)-orbits on G with discriminant
having absolute value less than X is given by

(r)(X) % ]_[/ (inV—l(f) n 617

df +o(X), 15
FeUs(Z,) G3(Zp) )f o%) ()

where N(Ar)(X ) is the number of GLo(Z)-orbits of irreducible binary cubic forms in
Us(Z)® of discriminant up to X in absolute value.
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Remark. The techniques for counting orbits developed in the works of Bhargava
et al. work systematically for quite general representations of reductive groups. The-
orem 3.1 constitutes a rare example of a situation in which we can determine precise
asymptotics for the integral orbits of the action of a nonreductive group (namely, Gy ).

Proof of Theorem 3.1. We first prove (14), and then we explain how the proof of (15)
differs. The proof is analogous to that of [25, Theorem 24], but we include the details
for the sake of completeness. Fix an integer b > 1, and factorize it into primes as

b= 1_[ per.
p
We start by proving an analogue of Theorem 3.1 with & replaced by the subfamily
©(b) :={w € &:|Q(w)| = b}:
note that S(b) is itself a big family in WI{), (7)), where

G(b)y = {w €&y : |Qw)lp = [blp}.

If ©(b) = @, then there is nothing to prove, so assume that &(b) # @. For each
prime p | b, we partition Uy (Z,) as

mp
UN(Zp) = | | Up.;.
j=1

where each U, ; is a level set for the function that sends f € Un(Z,) to
#(GN (Zp)\(inv™' (f) N &(b)p)).

Write “E(m)” to mean “a power of m that depends only on n and &.” Then Proposi-
tion 2.13 implies that Uy (Z,) can be covered by open sets, each of which is defined
by congruence conditions modulo E(p®”), such that this orbit-counting function is
constant on each open. It follows that U, ; is defined by congruence conditions mod-
ulo E(p¢). The quantity #(Gy (Zp)\(inv_l(f) N &(b),)) is independent of the
choice of f € U, ; (by the definition of a level set) and by Proposition 2.13, this
quantity is < E(p®?).
Now for each prime p } b, Proposition 2.10 tells us that

#(G (Zp)\(iv ™ (/) N B(B))) = 1
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for each f € inv(&(b),). It then follows from Theorem 1.3 that the quantity

#(inv—l(f) N @(5)) _ n#(inv—l(f) N @(B)p)

GN(Z) . GN(Zp)
_ inv ()N @(b)p)
- ﬂ#( Gx (Zy) 1o

is independent of the choice of f € inv(&(b)) N ﬂp Up, j, for each tuple (j,)pp €
[1,p{1, ..., mp}. Therefore, we have

inv=1(f) N &(b) _ inv1(f*) N &(b)
Y {m ) a)

FeUN@)NN, Up. ),
H(f)<X

x Z 1, 17

fenv(@®) NN, Up. jp
H(f)<X
where f* € inv(&(b)) N (1,5 Up,j, is any fixed element. Since & is a big family,
and since the aforementioned explicit section oy has image contained in the locus of
pairs (A, B) with Q(A, B) = %1, it follows that

iv(&(b),) = Un (Z,)

for every p > 1 that does not divide b. As the set inv(&(b)) N ﬂp Up,j, is defined
by congruence conditions modulo E(b), since inv(&(b),) N Up_j, is defined by con-
gruence conditions modulo E(p¢”) for each p, we obtain the following asymptotic:

3 1 =NQ [T [ df
£ (@®)NN, Uy, plb */ S (©®)NTp.jp
H(f)<X

x f df + O(E(®)XN*T1=%)  (18)
ptp U/ €NV(E(0),)

for some sufficiently small § > 0. Substituting the asymptotic (18) into the right-hand
side of (17), applying (16) to the resulting expression, and summing that over tuples

(p)pio € [1pptl. ..., mp} gives the following:

v ()NSDb)
fe%(Z)#( Gn(Z) ) = Ny (X)
H(f)<X

/)0 @(B)p) df + O(E(b)xN+1-5
Xl;[/erN(zp)#( Gn(Zp) f + O(E(b) ). (19)
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Next, we prove that the theorem holds with “=" replaced by “>.” For any real
number M > 1, let G[M] :={w € & : |Q(w)| < M}. Summing (19) over b < M
gives

Z #(inv_l(f) N @[M]) _ N%)(X)

Z
feUn (Z) G(2)
H(f)<X

>3

b<M P feUn(Zp)

-1
inv=(f) N @(b)p) Ni1s
df + O(E(M)XNT17%) (20)
( G(Zp) ( )
Dividing through by Ng\r,) (X), letting X — o0, and replacing @ with S[M], it follows
from (20) that

inv—! [}
Zer (Z)# & o
liminf — DX G =) l—[/ #(mv 1(f)ﬂ@(f))l’)df-
X NE\rr)(X) Cwow p JIeUN@p) Gn(Zp)

2D
Now, letting M — oo on the right-hand side of (21) and factoring the sum into an
Euler product, we obtain the following:

ZH/ ('nv_l(f)ﬂ@(b)p)df

i1 ) /feUn(@y) GN(Zp)

-T1 Z / (inv‘l(f) n @(pe)p) if

b eso TEUN@,) GN(Zp)

B inV_l(f)ﬂ@p)d 97
B l:[/erN(Z,,)#( Gn(Zp) s 22

Combining (21) with (22), we find that Theorem 3.1 holds with “="replaced by “>.”

It thus remains to prove the theorem with “=" replaced by “<.” Let G[M] :=
© ~ G[M]. Then for each w € G[M]’, we have that |Q(w)| > M. In [12], Bhargava,
Shankar, and Wang determined bounds for the number of reducible SLy (Z)-orbits

on Wy (Z) having large Q-invariant (for those orbits on which the notion of Q-
invariant can be extended naturally). In particular, by [12, (14), (16), and Theorem 4.1]
along with Proposition 3.2 (to follow), we can choose § € (0, 1) so that

.1 ’
Z #(1nv (f) N @[M] ) _ OS(XN+1+8/M) + 0(XN+1_8). (23)
5 GN(Z)

eUN(Z)
H(f)<X
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On the other hand, it follows from (20) that

5 #(inv—l(f) N G[M]

)fNEG)(X)

feUN (@) Gn(2)
H(f)<X
o1
» JfeUn(Zp) GN(Zp)

Taking M to grow as a sufficiently small power of X and combining (23) with (24)
yields (14).

As for the proof of (15), the only steps that differ are the deductions of (18)
and (23). For (18), one simply applies the asymptotics for counting GL,(Z)-orbits
of binary cubic forms satisfying local conditions obtained by Bhargava, Shankar, and
Tsimerman in [11, Theorem 26]. For (23), one simply applies the estimate proven by
Bhargava in [4, Proposition 23]. |

To deduce Theorem 1.5 from Theorem 3.1, we require the following result relating
Gy (Z)-orbits on Wl?’ (Z) with reducible SLy (Z)-orbits on Wy (Z).

Proposition 3.2. Let f € Un(Z) be irreducible. The Gy (Z)-orbits on inv='(f) N

W}S (Z) are in bijection with the reducible SLy (Z)-orbits on inv= () N Wy (Z).
Analogously, let A € 7~ {0}. The (GL, xG3)(Z)-orbits on disc” ' (A) N w(Z)

are in bijection with the reducible (GL, x SL3)(Z)-orbits on disc™ ' (A) N W3(Z).

Proof. We first claim that if we have (4;, B1), (42, By) € inv_}(f) N WI?, (Z) and
g1 € SLy(Z) such that
g1 - (A1, B1) = (A2, Ba),

then g1 € Gy (Z). Indeed, by Proposition 2.9, there exists g> € Gy (Q) such that
g2+ (A1, B1) = (A2, Ba),

s0 g7 'g2 € SLy (Q) stabilizes (41, By). But by [29, Proposition 14], the stabilizer in
SLy (Z) of any element of inv™!( ) is trivial, so

g1 =82 € SLN(Z)NGN(Q) = GN(Z),

as claimed.

It follows from the above claim that there are at least as many reducible SLy (Z)-
orbits on inv™!(f) N Wy (Z) as there are G y (Z)-orbits inv"!(f) N WIS (Z). It there-
fore suffices to show that every reducible SLy (Z)-orbit on Wy (Z) meets the linear
subspace st (Z), but this was proven in [12, §3.4, bottom of p. 12]. The proof of the
analogous claim about (GL, xG3)(Z)-orbits on disc™1(A) N W(Z) is essentially
identical, with [29, Proposition 14] replaced by [4, §2.1, p. 1039]. [



The mean number of 2-torsion elements in the class groups of cubic orders 255

Theorem 1.5 now follows from Theorem 3.1 and Proposition 3.2 by taking @ =
S N WR(Z), where S is a big family in Wy (Z).

3.2. Change-of-variables formulas, and proof of Theorem 1.6

The purpose of this section is to deduce Theorem 1.6 from Theorem 1.5. The objec-
tive is, for each prime p, to reexpress the integral over Uy (Zp) that occurs in the
asymptotic given by Theorem 1.5 in terms of an integral over WIS (Zp). To do this, we
first write the integral over Uy (Z) as an integral over Gy (Z,) x Uy (Zp); we then
perform a change-of-variables to relate the natural measure on Gy x Uy with the
natural measure on Wy (note that dim Gy x Uy = dim Gy + dim Uy = dim Wy).

We also prove a second change-of-variables formula relating the natural measure
on Wy* with the natural measure on (SL,, X SL,,4+1) x A, where A! parametrizes the
Q-invariant (note that dim((SL,, x SL,,+1) x A!) = dimSL,, + dimSL,+; + dimA!
= dim W;p). This second change-of-variables plays a crucial role in the proof of
Theorem 1.7 (see Section 4.1, to follow).

3.2.1. Explicit choices of volume forms. We start by making explicit choices of
volume forms on Uy, WJS, and Gy . Take df, dw, dhy, and dh; to be generators of
the Z-modules of right-invariant volume forms on Uy, WI?,, Hy,and H, respectively,
all defined over Z. On Gy we take the measure dg = dhdh, (recall that G y is the
Frobenius product of H; and H, by Lemma 2.7).

We now give an explicit formula for dg on an open subscheme of G . For a
square matrix M, we denote the minor obtained by deleting the first row and column
by M(j,1); if M is 1-dimensional, then we set M(; 1) := 1. Let Gy, be the open sub-
scheme of G whose R-points are given by matrices

10
gz[g ,,]eGN(R)
g

"

such that gzl’l) € R* for any Z-algebra R. Then we may realize Gj; as an open
subscheme of the affine space

M = Spec Z[{M;; : 1 <i,j <n,where (i,j) #(1,1)and j <nifi <n}]

via the map that sends a matrix g € Gy (R) to its list of matrix entries g;;, excluding
the entries g;; for any (i, j) suchthati <nmand j >n+1lor(i,j) = (1,1).

Let [[ dM;; be the Haar measure on M, normalized so that M(Z) has covol-
ume 1 in M(R). We denote by [ dg;; the restriction of this measure to G, via the
embedding G}, C M defined above, and by abuse of notation, we also denote by dg
the restriction to G1°V of the volume form on Gy . Then a calculation shows that the
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measure
(gél,l)) (detg//)n X ndgij
is invariant under the right-action of G, and so on Gy, we have

dg = (gzl’l))_l(detg”)"_l x [ dsgi;.

up to sign. As for the left-action of Gy, if we take

lo
h= |t € v R, (25)
then one readily verifies that
d(hg) = p(h)dg, where p(h) = |deth”|". (26)

Note that the formula (26) holds on all of Gy, not just on the open subscheme Gy;.

We finish by making explicit choices of the volume forms on A! and SL,, xSL;,41.
Take dq to be any volume form on A! defined over Z, and take dh to be any volume
form on SL,, x SL,, 4+ defined over Z. The forms dq and dh are necessarily left- and
right-invariant.

3.2.2. Stating the change-of-variables formulas. We are now in position to state
our change-of-variables formula relating the measure dw on WI?, with the measure
dgdf onGy x Uy.

Proposition 3.3. Let R =R or Z, for a prime p. Let ¢: W18 (R) — R be an integrable
function. Then there exists a nonzero rational number § € QX, possibly depending
on N, such that

1
|#] Jwewd (r)

- -w) dg df
ffEUN(R) 3 /g o P8 S

A(f)#0 in=LNHNW ()
[w GN (R

P (w)|Q(w)|dw

where | — | denotes the usual absolute value on R.

Proof. We follow the general strategy used in the proof of [25, Proposition 14]. Take
R =R, and let U C Uy (R) be an open set and let 0: U — WJS (R) be a continuous
section of inv (note that such a section exists, namely the aforementioned explicit
section op). We first claim that for some § € Q*, we have

/ ¢(w)|Q<w>|dw=|gz|f / (g -o(f)dgdf. @7
weGy (R)-o(U) feU JgeGy(R)
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By the Stone—Weierstrass theorem, it suffices to treat the case where o is piecewise
analytic. In that case, we have

()| Q(w) dw =/

feu

/ [ 19 et otr) dgdr.
weG n (R)-o(U) geGy (R)
where J5(g, f) is the determinant of the Jacobian matrix coming from the change-
of-variables taking the measure Q(w) dw on Wy to the product measure dg df on
GN X UN.

We now show that g, (g, f) is independent of g. Take i € G (R), and consider
the transformation on WIS (R) that sends w + & - w. Then there exists a function
x0:Gn(R) — R.g such that

Q(h-wyd(h-w) = xo(h)Q(w)dw;
indeed, one checks that if / is expressed as in (25), we have
O(h-w) =|deth”|7'Q(w) and d(h-w) = |deth”|NT!.dw,

s0 xo(h) = |deth”|N. On the other hand, the transformation w +> / - w acts on
Gy (R) x U by sending (g, f) — (hg, f). Letting p: Gy (R) — R~ be as in (26),
we have that

Jo(hg. [)d(hg) df = p(W)Js(hg. ) dgdf.

But we also have that

Jo(hg. [)d(hg)df = Q(h-w) d(h-w)
= oW Qw)dw = yo(h)do(g. f)dgdf.

Upon comparing the above two displayed equations, and using the fact that
p(h) = | deth"|N = xo(h),

we deduce that the function J4 (g, f) is independent of g.

That g4 (g, f) is independent of ¢ follows from an argument identical to Step 2
in the proof of [10, Proposition 3.10] (this step requires that the measure dg be right-
invariant). Thus, we can take o to be the polynomial section o¢. With this choice of
section, that 4, (g, f) is independent of f and equal to a nonzero rational constant
follows from an argument identical to Steps 3 and 4 in the proof of [10, Proposi-
tion 3.10].

We have thus proven (27). Proposition 3.3 — including the case where R = Z, for
a prime p —now follows from (27) and the principle of permanence of identities, just
as [10, Proposition 3.7] is deduced from [10, Proposition 3.10]. ]
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We shall also require the following change-of-variables formula relating the push-
forward of the measure dw from Wle, to W;;’ P with the product of the Haar measure
on SL,, x SL,+ and the measure dg on A'. The proof is analogous to that of Propo-
sition 3.3, so we omit it.

Proposition 3.4. Let p be prime. Let ¢: W;\?p (Zp) — R be an integrable function,
and extend ¢ to a function on W]?, by precomposing with the natural projection map
WJ?I — W;;)p . Then there exists a nonzero rational number §' € Q*, possibly depend-
ing on N, such that

¢ (w) ,
dw =14
/weW,(\),(Z,,) |Q(w)] e
x/ > / ¢(h-w)dhdg.
q€Z,~{0} he(SLn X SLy11)(Zp)

o=l @)W P Zp)

[wle &, XSLy 1) Zp)

We now compute the constants |f| and |4’| and show, in particular, that they do
not actually depend on N.

Lemma 3.5. We have that |§| = |$'| = 1.

Proof. We first prove that |§ /4’| = 1. By Corollary 2.14, there is exactly one Gy (Z)-
orbit on WJS (Z) with unit Q-invariant lying above a binary form f € Uyn(Z). In
particular, the average number of Gy (Z)-orbits on WIS (Z) with unit Q-invariant is
equal to 1. On the other hand, combining Theorem 3.1 with Propositions 3.3 and 3.4
and Lemma 3.6 and using the formula (33), we find that the average number of
G n (Z)-orbits on erf (Z)) with unit Q-invariant is equal to

1 g
1 l:[ Vol(GN (Zp)) Jwezy 5(p) aw )3’
Next, to compute |g’|, it suffices to compute |$’|, for each p, because ' € Q*.
To do this, we construct convenient sets in W;;’p(Zp) and compute their volumes
in two different ways: first, using Proposition 3.4, and second, by means of a point
count over [F,. Equating the results of the two volume computations yields then
the value of |¢’|,.

To this end, fix g € F', and let ¢,: W;\?p(Zp) — R be the indicator function of
the set

T = {(A, B) € Wy"(Zp) : Q(A, B) = g (mod p)}.

By Propositions 2.1 and 2.4, the group (SL, x SL,4+1)(Z,) acts simply transitively on
the set of elements in ¥ having any fixed Q-invariant. Hence, from Proposition 3.4,
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we obtain

Vol(2) = |¢|, x VoI((SLy X SLu+1)(Z))) <z,

q=q (mod p)
= |#'|p x Vol((SLy x SLy41)(Zp)) x p~". (28)

On the other hand, Proposition 2.1 implies that the group (SL, x SL,41)(F,) acts
simply transitively on the mod- p reduction = of X. Thus, we have

#3 = #(SLy, x SLyy41)(Fp). (29)
Since

Vol(X) = p‘dilel\(;p X #3,
Vol((SLy x SLy11)(Zp)) = p~ mELnXStat ) ) #(SL,, x SLyy11) (Fp).

and
1 + dimSL, x SL,,4+; = dim W®,

it follows from (28) and (29) that |¢'|, = 1 for all p. [

We now turn our attention to the proof of Theorem 1.6. For this, let S be a big
family in Wy (Z). An application of Proposition 3.3 with R = Z, and with ¢ equal
to the indicator function of S, N WJS (Zp), along with Lemma 3.5, yields that

/ #(inv—l(f)mspmwg(zp))df
fEUN(Zp)

GN(Zp)
1

= - dw. 30
Vol(G N (Zp)) weSpﬂW,(\),(Z,,)|Q(w)|p v G0

In the next lemma, we determine Vol(G y (Z))).

Lemma 3.6. We have that
n
Vol(GN(Zp)) =& = (1= p (U= p " ) x[](=p7)>,
i=2
and also that

VOl((SLn X SLn+1)(Zp)) =(1- p_”_l) X l_[(l _ p—i)Z.
i=2
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Proof. We prove only the claimed formula for Vol(Gy(Z,)), as the other formula
can be proven similarly. Since G is smooth over Z, we have that

Vol(Gn(Zp)) = #Gn (Fp)/ pimEn.
It is easy to see that dim Gy = 3n2 + 3n, and by Lemma 2.7, we have that

#Gy (Fp) = #H,(F,) x #Hy(F,)
= #A" () x (#SLy(Fp) X #GLy11(Fy))
n—1 n
=" (p- D < [ =P < []" = 5. =
i=0 i=0

Finally, substituting the formula for Vol(Gx(Z,)) given by Lemma 3.6 into (30)
and combining the result with Theorem 1.5 yields Theorem 1.6.

4. Evaluation of local volumes for applications

In this section, we evaluate the local integrals in Theorem 1.6 in two cases:
(1) where S, = Wn(Z,) for each prime p; and
(2) where S, is the set of projective elements in W3(Z,) for each prime p.

As a consequence of (1), we deduce Theorem 1.7, and as a consequence of (2), we
deduce Theorems 1.8.A and 1.8.B.

4.1. Proof of Theorem 1.7

To deduce Theorem 1.7 from Theorem 1.6, we must take S = Wy (Z) and evaluate
the integral over Z, for each prime p. We do this as follows.

Proposition 4.1. Fix a prime p. Then we have that

N

] 1
. — QW) dw = '-
VOGN (Zp)) Jwew§ z,) ! El_p_l

Proof. Our strategy is to partition WIS (Zp) into the union over d, b e N" of the preim-
age under projection
WY (Zp) = Wy (Zp)
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of the set £ »(p) defined in Section 2.2.3. Taking ¢ to be the indicator function of
x! (£, 7(p)) and applying Proposition 3.4 and Lemma 3.5 yields that

Vol((SLy, x SLyp+1)(Zp))
|Q(w)p dw = -
/I‘I}EHI(xa’};(p)) ’ (H;’zl prti=iai+ib;)2

Y Q"N ) NL;5(p) p 31
X/ q€L,y ((SLnXSLn+1)(Zp)) * oy

vp(@)=>"1_ (n+1—i)a; +ib;

Now, let v, denote the usual p-adic valuation. Proposition 2.4 along with the for-
mula (4) for the Q-invariant implies that we have for all ¢ with

n

vp(q) =Y (n+1—i)a; +ib;

i=1

that

0NN, ;(p) n o
4 = (n—i)a; +ib;
((SLn X SLn+1)(Zp)) =[1»r ; (32)

i=1
so substituting (32) along with the calculation of Vol((SL,, x SL;+1(Zp)) from Lem-
ma 3.6 into the right-hand side of (31) yields

/ 10(w)l, dw
wern—1(Z; 5(P))

_ 0= = p ) X [Tl = p=) x [Ty p et
B (H?=1 pnti—ia;+ib;)3 :

Summing (33) over all G,b € N" and using the calculation of Vol(Gy(Zp)) from
Lemma 3.6, we have that

1

Vol(G (Zy)) /wewg(zp) 1QGoYlp dw
1

- |0 (w)p dw
Vol(Gn (Zp)) R Z /wezr—l(a‘ﬁ 7)) ?
d,beNn @

=11 2 e ¥ 2 o
p )4

(33)

i=1GeNn e
B ll[ 1 S ﬁ 1
- bl 1— p—(N—(2i—2)) 1— p—2i - i:2 1— p—i’
which is the desired result. |

Theorem 1.7 now follows by combining Proposition 4.1 with Theorem 1.6, and
by evaluating the resulting Euler product.
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4.2. Proofs of Theorems 1.8.A and 1.8.B
Let R be a principal ideal domain.

Definition 4.2. We say that (the (GL, x SL3)(R)-orbit of) a pair (4, B) € W3(R) is
projective if the following property is satisfied. Write

3
inv(4, B) = Y fix 7y,
i=0

and for each k € {0, 1,2}, let C () be the 3 x 3 matrix over R defined as follows:
C®=pBa*B, cW=B Cc®=4,

where A* denotes the adjugate matrix of A. Let M' € Matsxg(R) be the matrix whose
kth row consists of the entries of C *) lying on or above the diagonal, written as a list
in some order that is uniform over k. Then the pair (A4, B) is projective if and only if
the greatest common divisor of the 3 x 3 minors of M is equal to 1.

One can check from the above definition that

(1) projectivity is a (GL, x SL3)(R)-invariant condition;

(2) projectivity over Z is equivalent to projectivity over Z, for every prime p;

(3) projectivity over Z, is a mod-p condition (i.e., whether or not a pair (4, B)
is projective is determined by the residue class of (4, B) modulo p); and

(4) any pair (A4, B) € WP (F,) with Q(A, B) # 0 is projective — this last claim
follows from Proposition 2.9, which implies that it suffices to verify the claim
for the image of the section ¢, which is easily done. In particular, the set of
projective elements of W3(Z) is a big family in W3(Z).

The motivation to introduce the notion of projectivity is the following parametriza-
tion result, which relates 2-torsion ideals of rings defined by binary cubic forms to
projective reducible SL3(Z)-orbits on W3(Z):

Theorem 4.3. The elements of the group I(Ry)[2] are in natural bijection with the
projective reducible SL3(7Z.)-orbits of pairs (A, B) € W3(Z) with

—det(xA —yB) = f(x,).

Proof. Consider the set Hy of equivalence classes of pairs (/, §), where / is a frac-
tional ideal of Ry and § € K jff are such that we have the containment /2 C (§) and
equality of norms N(/)? = N(§), and where two such pairs (/1, ;) and (I, §) are
equivalent if there exists k € K ]’,‘ such that

11 = KIZ and 51 = K282.
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By [30, Theorem 5.7], the set H is in natural bijection with the set of SL3(Z)-orbits
of pairs (4, B) € W3(Z) with —det(xA — yB) = f(x, y); for an explicit construction
of this bijection, see [21, §2.2, p. 1007].

Now, we have an injection I (Ry)[2] < H/, given by sending / to the equivalence
class of (I, 1); thus, we may regard I(Ry)[2] as a subset of Hr, and it suffices to
determine the image of this subset under the bijection referenced above. This image
was determined in [13, Lemma 16] to be the set of projective reducible SL3(7Z)-orbits
of pairs (A, B) € W3(Z) with —det(xA — yB) = f(x, y). Note that a different but
equivalent definition of projectivity is used in [13] — there, an orbit is projective if it
corresponds to the equivalence class of a pair (/,§) with I invertible. The equivalence
of the two definitions can be shown using the aforementioned explicit construction of
the bijection (see [21, §2.2, p. 1007]), from which it follows that I is invertible if and
only if it corresponds to a pair (A, B) such that the ged criterion in Definition 4.2 is
satisfied. |

By Theorem 4.3, proving Theorems 1.8.A and 1.8.B amounts to determining
asymptotics for the number of projective reducible SL3(Z)-orbits on W3(Z). An argu-
ment entirely analogous to the proof of Proposition 3.2 implies that these asymptotics
are the same as the asymptotics for the number of projective G3(Z)-orbits on W) (Z).
By Theorem 3.1, Proposition 3.3, and Lemma 3.5, this amounts to evaluating a certain
p-adic integral for each prime p, which we do as follows.

Proposition 4.4. Fix a prime p. Then we have that

1
Vol(G3(Z,)) Jwew?(@,)

w is proj.

0wy dw =1+ p2.

Proof. Our strategy is to slice up the set of projective elements of W3 (Z,) into level
sets for the function w — v, (Q(w)), to evaluate the integral on each level set, and to
sum up the results. To this end, given an integer k > 1, let

Li :={(A, B) € W)(Zp) : vp(Q(A, B)) = k — 1},
givena,b,c,d € F,, let
Sabed = {(A,B) € WP (Fp) : A1a =a, A3 =b,
Bi» =c¢, Biz =d,and (A, B) is proj.},

and given m € Z/ p*Z, denote by i the mod-p reduction of m. Then we have that

Q)| dw = p'~F x p~*

weLy

w is proj.
_6 _ _ _ _

x Z p X #SMII My, Mo, Moo G4

M eMatrx2(Z/ p* Z)
vp (det M)=k—1
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We now determine the size of the set S, p . 4 for each choice of a,b,c,d € Fp:

e Let (A, B) € W)(F,). As mentioned above, if Q(A, B) # 0, then (A4, B) is
projective. Thus, if ad — bc # 0, then #S, p.c.a = p°.

* Now suppose that Q(A4, B) = 0. A calculation reveals that if p divides all of
A1a, A13, B2, and Bj3, then (A, B) is not projective. Thus, for (4, B) to be projec-
tive, at least one of these four matrix entries must be a unit. We now fiber over these
four matrix entries and determine the number of possibilities for the pair (4, B) in
each fiber. Fix four elements a, b, ¢, d € F, with

ad —bc =0 and {0} # {a,b,c,d}.

We claim that #S,, 5 . 4 is independent of the choice of a, b, ¢, d . Indeed, if a’, ', ¢’,d’
€ IF, with
a'd —b'¢’=0 and {0} #{d.b',c".d"},

then there exists y € H,(F,) such that if we set (4’, B’) := y - (4, B), then
(A},, A5, B1,, Bi3) = (a,b,c,d).

Thus, y induces a bijection between S, 5 c,¢ and Sy 47 o7 47, S0 it suffices to compute
#S0,1,0,0- A calculation reveals that a pair (4, B) with

(A12, A13, B12, B13) = (0,1,0,0)

is projective if and only if By, B33 — B§3 # 0. Using this characterization, it is easy
to check that #So.1.00 = p°(p — 1).

Substituting the formulas for #S, 5 . 4 obtained above into the right-hand side
of (34), we find that

~ k) ifk =1,
du = pi-sk 5 ] €C 35
|O(w)|pdw = p X {p—l(p_ 1) xc(k) ifk>2. )

wely
w is proj.
where
c(k) :=#{M € Matyxo(Z/p*Z) : vy(det M) =k — 1 and M # 0 (mod p)}.
Let ¢/(k) 1= #{M € Matyx»(Z/p*7) : vp(det M) = k — 1}. Then we have
c(k) = c'(k) — p*c'(k —2), (36)
where for convenience we set ¢’(m) = 0 if m < 0. The next lemma computes ¢’ (k).

Lemma 4.5. Let k > 1 be as above. Then ¢’ (k) = p**~1(p? — 1)(pk —1).
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Proof of Lemma 4.5. Ford € 7] p*Z, let
M(d) = {M S MatZXz(Z/ka) T Mi1Myy = Mo My = d},
and let
N(d) :={(a.b) € (Z) p*7)? : ab = d}.
Then M (d) = N(d)?, and so if we set ¢” (k) :=#{M € Matyx»(Z/p*Z) : det M = 0}
of matrices over Z/ p¥7 with determinant 0, then we have

Shky= > Md)= ) N@7> (37)

deZ/pkz deZ/p*Z

Let ¢ denote Euler’s totient function. First suppose v,(d) < k, and fix a number
J €1{0,...,v,(d)}. If d factors as d = ab where v,(a) = j, then we have that there
are ¢ (p*~7) choices for a and ¢ (p*—» (D +7 )¢ (pk—v»(D))~1 choices for b. Summing
over all j, we find that

vp(d)
N@d) = Y ¢ @) g (pF g (pF DY) v, d) <k (38)

Jj=0

Now suppose d = 0 (mod p*). Suppose d factors as d = ab, let i = vp(a) if
vp(a) < k and i = k otherwise. Then there are ¢ ( p*~) choices for a, and for each

jelk—i,... k}, there are ¢(p¥~7) choices for b. Summing over all i and j, we
find that
k k ) .
NO)Y=>" > (P (). (39)
i=0 j=k—i

Substituting the results of (38) and (39) into (37) and evaluating the sum, we deduce
that

(k) = p* (P (p+ 1) - 1), (40)
Finally, note that we have
c' (k) = p*c"(k — 1) — " (k).
Substituting in the formula (40) for ¢” (k) yields the lemma. [

Substituting the formula for ¢’ (k) given by Lemma 4.5 into (36) yields

p(p—D(p*>—1) ifk=1,

— — 4¢! - =
ctk)y =c'(k)y—p*c'(k 2)_{p3k—3(p2_1)2 ifk > 2.

Substituting this expression for c(k) into the right-hand side of (35), summing up
over all positive integers k, and dividing by the volume Vol(G3(Z,)) as given in
Lemma 3.6 yields the proposition. |
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