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Abstract. We investigate minimizers and critical points for scale-invariant tangent-point energies
TPp;q of closed curves. We show that (a) minimizing sequences in ambient isotopy classes converge
to locally critical embeddings at all but finitely many points and (b) locally critical embeddings are
regular.

Technically, the convergence theory (a) is based on a gap estimate for fractional Sobolev spaces
with respect to the tangent-point energy. The regularity theory (b) is based on constructing a new
energy Ep;q and proving that the derivative 
 0 of a parametrization of a TPp;q-critical curve 

induces a critical map with respect to Ep;q acting on torus-to-sphere maps.

Keywords: knots, harmonic maps, regularity theory, existence.

1. Introduction and main results

When modeling and simulating topological effects in the sciences, like e.g. protein knot-
ting, one has to make a choice of how to incorporate the avoidance of interpenetration
of matter, i.e. self-intersections. Either one explicitly models partial differential equations
that incorporate effects such as self-repulsion through penalization, or one constructs a
comprehensive variational energy that includes self-repulsive behavior, and hopes that
minimizing the energy (or following the steepest descent) delivers a realistic description.
Several such self-repulsive energy functionals have been proposed and studied exten-
sively over the last forty years (for an overview we refer the interested reader to [11, 76];
applications are discussed, e.g., in [1–3, 44, 61]) – and all have one thing in common:
modeling topological resistance, i.e. self-repulsion, they are necessarily nonlocal func-
tionals. Consequently, questions of most central interest such as existence and regularity
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of minimizing configurations are very challenging. This holds especially true for the geo-
metrically most interesting case of scale-invariant knot energies, i.e. energies for which a
curve 
 and any scaled version �
 have the same value for any � > 0.

O’Hara and Möbius knot energies

The first knot energies have been introduced by Fukuhara [28] and O’Hara [55–57], and
are known as O’Hara energies. Let 
 WR=Z!R3 be a parametrization of a closed regular
Lipschitz curve, i.e., 
 is both an immersion and an embedding. For any ˛p� 4 and p� 2,
the O’Hara energy O˛;p.�/ is given by

O˛;p.
/ WD

ˆ
R=Z

ˆ
R=Z

�
1

j
.x/ � 
.y/j˛
�

1

d
 .
.x/; 
.y//˛

�p=2
j
 0.x/j j
 0.y/j dx dy

where d
 is the intrinsic distance on the submanifold 
.R=Z/ � R3.
These energies are scale-invariant functionals if ˛p D 4. In this scaling invariant

regime, until recently, only the case of the Möbius energy O2;2 was understood at all.
This was due to the celebrated work by Freedman, He, and Wang [27]. They discussed
existence of minimizers within prime knot classes and established C 1;1-regularity of local
minimizers. One can then bootstrap to smoothness [34] and even analyticity [15].1

The techniques employed in [27] by Freedman et al. crucially rely on the Möbius
invariance of O2;2, and largely fall apart for O4=p;p when p ¤ 2 since Möbius invariance
does not hold anymore [14]. Indeed, there was no progress on either existence or regularity
of scale-invariant knot energies besides the Möbius energy for a long time, until in the
two recent works [13, 14], three of the present authors established the regularity theory
for all scale-invariant O’Hara energies O˛;p (for critical points and minimizers) via a
new approach. Namely, they showed that critical knots 
 induce via their derivative 
 0 a
sort of fractional harmonic map between R=Z Š S1 and S2. Then, extending the tools
developed for fractional harmonic maps [24, 68], they obtained a regularity theory via
arguments based on compensation effects and harmonic analysis.

Tangent-point energies for curves

In this work we are interested in scale-invariant tangent-point energies. As in the case of
O’Hara energies, the scale-invariant situation is the most interesting and challenging one,
and up to now it was completely out of reach. Due to the lack of Möbius invariance,2 the
geometric techniques of Freedman, He, and Wang [27] cannot be applied. Let us stress
that Möbius invariance of an energy does not have any impact for applications and it

1Higher regularity via bootstrapping is possible because p D 2 implies the functional is a
Hilbert-space functional; in particular, such arguments are independent of the presence of scale-
invariance [10, 59, 60, 73, 79].

2As in the case of O’Hara energies [14], one can check this assertion by numerically computing
the energy of a stadium curve before and after applying a Möbius transformation.
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Fig. 1. The tangent-point radius Rt is the radius of the smallest sphere tangent to 
 at 
.x/ and
traversing 
.y/. It tends to zero when 
.x/! 
.y/ while 
.x/ and 
.y/ belong to two different
strands of 
 . Its reciprocal converges to the local curvature as y ! x.

might be considered a curiosity mostly of geometric-topological interest. Actually, from
the point of view of applications, one can argue that the tangent-point energies might be
preferable to O’Hara energies because they are numerically simpler to compute [1–3,61],
and they have a natural generalization to embedded surfaces [75] which seems to be more
convenient than higher-dimensional analogues of O’Hara-type energies [42, 58].

The “classical” tangent-point energy has been studied first by Buck and Orloff [21].
It amounts to the double integral over the reciprocal of

Rt .x; y/ WD
j
.x/ � 
.y/j2

2
ˇ̌

 0.x/
j
 0.x/j

^ .
.x/ � 
.y//
ˇ̌ ;

which is the smallest radius of a sphere passing through 
.x/ and 
.y/ while being tan-
gential at 
.x/ see Figure 1. Later on, Gonzalez and Maddocks [31] obtained a family of
energies by taking the integrand to suitable powers. Decoupling these powers as proposed
in [12], we arrive at the two-parameter family

TPp;q.
/ WD
ˆ

R=Z

ˆ
R=Z

ˇ̌

 0.x/
j
 0.x/j

^ .
.x/ � 
.y//
ˇ̌q

j
.x/ � 
.y/jp
j
 0.x/j j
 0.y/j dx dy

D

ˆ
R=Z

ˆ
R=Z

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp
j
 0.x/j1�qj
 0.y/j dx dy

for any embedded 
 2 C 2.R=Z;R3/. As a standing assumption, we will always restrict
the parameters to satisfy

q C 2 � p < 2q C 1: (1.1)

If p � 2qC 1, the energy is infinite even for some smooth diffeomorphisms. If p < qC 2,
then TPp;q is not self-repulsive. The subfamily studied by Gonzalez and Maddocks can be
recovered by letting p D 2q; the Buck–Orloff functional corresponds to TP4;2. While the
O’Hara energies O˛;p for ˛! 0 and pD 4=˛ converge to Gromov’s distortion functional
[14, 32, 56], the tangent-point energies TP2q;q converge to Federer’s reach as q ! 1
[26, 31].
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Strzelecki and von der Mosel [74] obtained the first and so far only fundamental result
concerning the scale-invariant case p D q C 2. They showed in particular that the images
of curves with finite TPqC2;q-energy form a topological 1-manifold. However, this could
be a nonsmooth object, e.g., a nondifferentiable curve (see Example 4.7) – or even worse:
a doubly-traversed line which has zero energy (see Example 4.1)! So there is an issue
with even defining the notion of minimizing embedded curves of the tangent-point ener-
gies. While the energy of the doubly-traversed line is zero and thus the global minimizer,
it is certainly not a smooth manifold and therefore should not count as an acceptable min-
imizer. Let us remark that none of this was an issue for O’Hara energies which would be
infinite on any periodic parametrization of a straight segment – the tangent-point energies
are more extrinsic than the O’Hara energies. Lastly, let us mention that the Lagrangian in
the tangent-point energies is at least formally related to the nonlocal mean curvature intro-
duced by Caffarelli–Roquejoffre–Savin [22] and thus to the nonlocal Willmore energy
recently discussed in [8, 29].

Main results

With the example of the doubly-traversed line in mind, in order to discuss minimizers in
the class of knots (i.e. closed embedded curves), we restrict our interest to those curves
which appear as limits of diffeomorphisms.

Let us introduce the localized energy for A � R=Z by

TPp;q.
 IA/ WD j
 0j2�q
ˆ
A

ˆ
A

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp
dx dy

where we assume 
 to be parametrized by arclength, j
 0j � const.
Following the spirit of an analogous strategy for Willmore surfaces [63, Defini-

tion I.1], we introduce the following terminology.

Definition 1.1 (Homeomorphisms with locally small tangent-point energy). A Lipschitz
map 
 W R=Z ! R3 is called a homeomorphism (onto its image) with locally "-small
tangent-point energy at x 2 R=Z if there exists an open interval Br .x/ � R=Z and a
sequence of C 1-homeomorphisms 
k W R=Z! R3 with j
 0

k
j � c > 0 such that

(1) 
k converges uniformly to 
 on R=Z,

(2) supk TPp;q.
k IR=Z/ <1,

(3) supk TPp;q.
k IBr .x// < " for some r > 0.

Our first main result states that sequences of curves with uniformly bounded tangent-
point energy converge to homeomorphisms with locally "-small tangent-point energy out-
side of at most finitely many points. More precisely, we will prove the following assertion.

Theorem 1.2. Let p D q C 2, q > 1, ƒ > 0, and " > 0. Then there exists an integer
K D K.q; "; ƒ/ such that any sequence .
k/k2N � C

1.R=Z;R3/ of closed embedded
curves with

sup
k2N

TPqC2;q.
k/ < ƒ
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converges uniformly – after possibly translating, rescaling, and reparametrizing 
k and
passing to a subsequence – to a Lipschitz map 
 W R=Z! R3 with the following proper-
ties:

� embeddedness: 
 is a bi-Lipschitz homeomorphism,

� arclength parametrization: j
 0.x/j D 1 for a.e. x 2 R=Z,

� lower semicontinuity: TPqC2;q.
/ � lim infk!1 TPqC2;q.
k/,

� subcritical Sobolev space: 
 2 W 1Cs;q.R=Z;R3/ for any 0 < s < 1=q.

Moreover – and this is crucial – we locally control the critical Sobolev norm outside of
a singular set † containing at most K points: for any x0 2 .R=Z/ n† there exists some
rx0 > 0 such that

� supk TPqC2;q.
k IBrx0 .x0// < ",

� 
k weakly converges to 
 in the Sobolev space W 1C1=q;q.Brx0 .x0/;R
3/,

� supk Œ

0
k
�
q

W 1C1=q;q.Brx0
.x0//

. supk TPqC2;q.
k IBrx0 .x0// < ".

Remark 1.3 (Pull-tight). In analogy to harmonic maps and O’Hara energies, we expect
examples for p D qC 2 where the singular set† in Theorem 1.2 is nonempty. The idea is
as follows. Take a (closed) smooth curve containing a piece of a straight line and replace
the latter by a small nontrivially knotted arc. Shrinking this arc to zero (“pull-tight”)
produces a sequence of curves with uniformly bounded energy [56, Theorem 3.1]. In the
limit curve we observe a change of topology along with a loss of energy, ruling out strong
convergence in the Sobolev norm.

For the Möbius energy O2;2, one can use Möbius invariance to rewrite a minimizing
sequence into one that avoids “concentration of topology in a small set”; see [27] for this
notion, and [54] for a survey. Even more is true in this special case: the Möbius energy
can be decomposed into several Möbius invariant energies that control different features
[38–41, 43, 54].

Remark 1.4. In light of two-dimensional analogues [37, 53], one might conjecture that
the limit curve 
 from Theorem 1.2 does not necessarily belong to a Sobolev space on
R=Z, but this is certainly not clear to us.

Theorem 1.2 is much simpler to prove if p > q C 2 [6, 12]. In our limiting range
p D q C 2, Theorem 1.2 can be understood as a one-dimensional counterpart to the fun-
damental theorem of Müller and Šverák [53], who showed that surfaces with small second
fundamental form with respect to the L2-norm can be conformally parametrized. We also
refer to earlier works by Toro [77, 78] as well as [45, 46, 48, 64, 65, 70]. Indeed, The-
orem 1.2 is strongly inspired by the “weak closure theorem” for the Willmore energy
[64, Theorem 3.55].

As a particular consequence of Theorem 1.2, homeomorphisms with locally small
tangent-point energy as described in Definition 1.1 appear as limits of smooth minimizing
sequences (minimizing, e.g., with respect to isotopy classes, see Section 3). Since the
convergence of minimizing sequences is only weak, in general the limits of minimizing
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sequences may not be minimizers – indeed they may not belong to the same isotopy
class due to bubbling effects (also called pull-tights). This is why we introduce, once
more in analogy to Willmore surfaces [63, Definition I.2], the notion of locally critical
embeddings.

Definition 1.5 (Locally critical embedding). A homeomorphism 
 with locally "-small
tangent-point energy at x 2R=Z as in Definition 1.1 is a locally TPp;q-critical embedding
in Br .x/ if

ıTPp;q.
; '/ D 0 for all ' 2 C1c .Br .x/;R
3/:

The notion of locally critical embedding as in Definition 1.5 can be justified by the
following theorem which states that any minimizing sequence of curves (with respect
to isotopy classes, cf. Section 3) converges away from finitely many points to a locally
critical embedding. This holds for any " > 0, but the number of the points increases as
"! 0. Recall that q > 1 due to (1.1).

Theorem 1.6. Let pD qC 2. Let Œ
0� be an ambient isotopy class and let .
k/k2N � Œ
0�

be a minimizing sequence for

ƒ WD inf
�2Œ
0�

TPp;q.�/

in the sense that 
k 2 C 1.R=Z;R3/ are homeomorphisms and 
k.R=Z/ belongs to the
ambient isotopy class Œ
0� for all k 2 N.

Then, up to reparametrization, translation, rescaling and passing to a subsequence,

k uniformly converges to a limit map 
 W R=Z! R3 which for any " > 0 is a locally
TPp;q-critical embedding in the sense of Definition 1.5 except for a finite exception set
† � R=Z whose cardinality is bounded in terms of ƒ and ".

Our last main result concerns regularity: the limit of minimizing sequences is regular
outside a finite singular set †. Indeed, we have regularity theory for critical points as in
Definition 1.5.

Theorem 1.7. Let q � 2. There exists " > 0 such that the following holds. Let 
 W
R=Z ! R3 be a homeomorphism with finite global and "-small local tangent-point
energy around Br .x0/ as in Definition 1.1 that is a locally TPp;q-critical embedding
in Br .x0/ as in Definition 1.5. Then 
 2 C 1;˛.Br=2.x0/;R3/ for some uniform constant
˛ D ˛.q/ > 0.

From the previous two results we draw the following conclusion.

Corollary 1.8. Assume p � q C 2 and q � 2. Let Œ
0� be an ambient isotopy class and
let 
k � Œ
0� be a minimizing sequence for

ƒ WD inf

2Œ
0�

TPp;q.
/

in the sense that .
k/k2N � C
1.R=Z; R3/ is a sequence of homeomorphisms and


k.R=Z/ belongs to the knot class Œ
0� for all k 2 N.
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Then, up to reparametrization, translation, and rescaling and taking a subsequence,

k converges to a limit map 
 W R=Z! R3 which is a locally TPp;q-critical point in the
sense of Definition 1.5 outside of finitely many points .whose number is bounded in terms
of ƒ/. In particular, in view of Theorem 1.7, the limit is C 1;˛ outside of finitely many
points.

Remark 1.9. In Theorem 1.7 we restrict to the scale-invariant case p D q C 2. For the
non-scaling-invariant case q � 2 and p > q C 2, C 1;˛-regularity is a consequence of
previous work by [74], with ˛ depending on p � q � 2 > 0. Let us remark that a slight
adaptation of our arguments, similar in spirit to adaptations carried out in [50], implies
C 1;˛-regularity with ˛ independent of p � q � 2 � 0.

Also, in Theorem 1.7 we restrict our attention to q � 2 (which includes the “classical”
tangent-point energy T 4;2), but we expect that it is only a minor technical difficulty to
obtain the same result for q > 1.

Lastly, we consider the target space R3 throughout this paper to keep the notation
simple, but again we expect our results to carry over to curves of arbitrary codimension
without more than minor technical difficulties.

Outline and comments on the proofs

In Section 2 we introduce the Sobolev spaces that are essential for this article. In Section 3
we review the notion of ambient isotopy and adapt this concept toW 1Cs;1=s-curves. While
this is, to the best of our knowledge, a new result, the main ideas are related to the well-
established theory of homotopy groups of Sobolev maps, e.g. in [4, 71].

In Section 4 we prove our first main theorem, Theorem 1.2, which states that
sequences of diffeomorphisms with uniformly bounded tangent-point energy converge
outside of a finite singular set. The argument is based on a gap estimate, vaguely reminis-
cent of and substantially inspired by arguments due to Müller–Šverák [53] and Hélein [35]
who showed that limits of conformally parametrized two-dimensional maps with a suf-
ficiently small L2-bound on the second fundamental form are either point maps or
bi-Lipschitz. A further crucial ingredient is an adaptation of the “straightness” analysis
developed by Strzelecki and von der Mosel [74] (which in their case leads to the fact that
finite energy curves are topological 1-manifolds).

In Section 5 we prove our second main theorem, Theorem 1.6, which asserts that
minimizing sequences converge to critical points. This is based on Theorem 1.2 combined
with a fractional Luckhaus-type lemma, Lemma 5.3, and the theory of isotopy classes for
Sobolev maps from Section 3.

In Section 6 we prove the regularity theory, Theorem 1.7. We follow the spirit of [14],
building a bridge to harmonic map theory. Namely, we introduce an energy Eq such that
the arclength parametrization 
 of a TPp;q-critical knot induces via its derivative 
 0 an Eq-
critical map in the class of maps from R=Z to the sphere S2. The energy Eq is structurally
similar to the W 1=q;q-seminorm whose critical points are called W 1=q;q-harmonic maps.
For q D 2 techniques for regularity theory of W 1=2;2 harmonic maps between manifolds
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were introduced in the pioneering work by Da Lio and Rivière [23,24]; this was extended
to W 1=q;q harmonic maps into spheres in [68]. Here, we extend the techniques of [68] to
obtain the regularity for derivatives 
 0 of the arclength parametrization of critical knots 
 .

Notation

When A � CB for some constant C , we write A . B or B % A. We use the notation
A� B if both A. B and B . A. Throughout this work, constants will depend on “unim-
portant” factors like p and q and may change from line to line.

Balls (i.e. intervals) in R will be denoted by B�.x/. We will allow ourselves an abuse
of notation to denote geodesic balls in R=Z by the same notation. All our arguments are
local in nature, so that we only need to work with balls which correspond to Euclidean
balls.

2. Preliminaries on Sobolev maps

In this section we recall some basic notation and properties of Sobolev maps.
For s 2 .0; 1/, p 2 .1;1/, � � R open, the Sobolev space W s;p.�/ is defined as all

maps f 2 Lp.�/ such that

Œf �W s;p.�/ WD

�ˆ
�

ˆ
�

jf .x/ � f .y/jp

jx � yj1Csp
dx dy

�1=p
<1:

For s 2 .1; 2/ the Sobolev space W s;p.�/ is defined to be the space of f 2 Lp.�/ with
f 0 2 Lp.�/ and

Œf 0�W s�1;p.�/ <1:

One important observation [5, Lemma 2.1] is that small W 1Cs;1=s-norm implies a bi-
Lipschitz estimate if j
 0j > 0.

Lemma 2.1. Let s 2 .0; 1/. For any �1 > �2 > 0 there exists " D ".�1; �2; s/ > 0 such
that the following holds. For any �1 < a < b <1 and for any 
 2 Lip.Œa; b�;R3/ such
that

inf
Œa;b�
j
 0j � �1 and Œ
 0�W s;1=s..a;b// < ";

we have
j
.x/ � 
.y/j � �2jx � yj:

Proof. First we prove that

j
.y/ � 
.x/j2

jx � yj2
� .�1/

2
�

1

2jx � yj2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2 dz1 dz2: (2.1)
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The estimate (2.1) is a consequence of the fundamental theorem of calculus, which says
that for any x ¤ y we have


.y/ � 
.x/ D

ˆ y

x


 0.z/ dz:

Then

j
.y/ � 
.x/j2 D

ˆ y

x

ˆ y

x

h
 0.z1/; 

0.z2/i dz1 dz2

D
1

2

ˆ y

x

ˆ y

x

Œj
 0.z1/j
2
C j
 0.z2/j

2� dz1 dz2 �
1

2

ˆ y

x

ˆ y

x

j
 0.z1/ � 

0.z2/j

2 dz1 dz2

� jx � yj2 .�1/
2
�
1

2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2 dz1 dz2:

This establishes (2.1).
The claim of Lemma 2.1 follows from (2.1) once we show that for any s 2 .0; 1/ there

exists a constant C D C.s/ such that

1

2jx � yj2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2 dz1 dz2 � C.s/ Œ

0�2
W s;1=s..a;b//

: (2.2)

Indeed, once (2.2) is established, we choose " > 0 such that

.�1/
2
� C.s/"2 > .�2/

2:

Then – under the assumptions of Lemma 2.1 – we conclude that

j
.y/ � 
.x/j2

jx � yj2
� .�2/

2;

which is what we wanted to show.
It remains to establish (2.2), and for this we consider three cases.
For s D 1=2, (2.2) is a consequence of the following observation:

1

2jx � yj2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2 dz1 dz2

�
1

2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2

jz1 � z2j2
dz1 dz2 D

1

2
Œ
 0�2

W 1=2;2.Œx;y�/
�
1

2
Œ
 0�2

W 1=2;2.Œa;b�/
:

For s 2 .1=2; 1/, we additionally observe that by Lemma A.3 there exists a constant
C D C.s/ such that

Œ
 0�2
W 1=2;2..a;b//

� C.s/ Œ
 0�2
W s;1=s..a;b//

:

This establishes (2.2) for all s 2 Œ1=2; 1/.
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If s 2 .0; 1=2/, then 1
2s
> 1. Hence, by Jensen’s inequality,

jx � yj�2
ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2 dz1 dz2

D

�
jx � yj�2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

2 dz1 dz2

� 1
2s �2s

�

�
jx � yj�2

ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

1=s dz1 dz2

�2s
�

�ˆ
Œx;y�

ˆ
Œx;y�

j
 0.z1/ � 

0.z2/j

1=s

jz1 � z2j2
dz1 dz2

�2s
:

This establishes (2.2) for s 2 .0; 1=2/, concluding the proof.

Let us also remark the following consequence of Lemma 2.1, which states that any
closed curve has at least a certain (computable) amount of W 1Cs;1=s-energy – i.e. if the
W 1Cs;1=s-energy is below a certain threshold, then the curve cannot be closed.

Corollary 2.2. Let s 2 .0; 1/ and �1 < a < b < 1. For any � > 0 there exists " D
".�;a; b; s/ > 0 such that the following holds. Whenever 
 2 Lip..a; b/;R3/\C 0.Œa; b�/
with 
.a/ D 
.b/ and inf j
 0j � �, then Œ
 0�W s;1=s.Œa;b�/ � ".

Proof. If Œ
 0�W s;1=s.Œa;b�/ < " for small enough " we know from Lemma 2.1 that 
 is
bi-Lipschitz, and thus

j
.a/ � 
.b/j D lim
x!aC

lim
y!b�

j
.x/ � 
.y/j � cjb � aj:

3. Ambient isotopy for Sobolev curves

A homotopy theory for Sobolev maps was introduced and established a long time ago. The
spirit is that for maps in VMO (see e.g. the phenomenal work [19, 20]) homotopy classes
exist, and by Sobolev embedding, homotopy groups for W s;n=s.†n;N / coincide with
the classical homotopy groups for continuous maps. In particular, this leads to a beautiful
theory of density [4,71]. There are many extensions, e.g. to more general Sobolev spaces
[16–18, 33, 52, 62].

We begin here to introduce the fundamental results on isotopy classes (for curves)
in fractional Sobolev spaces following the spirit of homotopy classes. To the best of our
knowledge, the results in this section are new, in particular our main result, Theorem 3.7,
which says that small Sobolev variations of smooth curves do not change their isotopy
class. However, there is some overlap with [9] where an isotopy theory for closed sets
with controlled bi-Lipschitz constant is developed.

We begin by defining ambient isotopy (by which we mean C 1-ambient isotopy).

Definition 3.1. Two setsX;Y �R3 are called ambient isotopic if there exists an ambient
isotopy, that is, I 2 C 1.Œ0; 1� �R3/, such that
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� I.t; �/ W R3 ! R3 is a diffeomorphism for all t 2 Œ0; 1�,

� I.0; p/ D p for all p 2 R3,

� I.1; �/ W X ! Y is a homeomorphism.

When working with parametrized curves, the following result is very useful: smooth
enough isotopy coincides with ambient isotopy [36, Chapter 8, Theorem 1.6, p. 181].

Theorem 3.2. Let 
0; 
1 2 C 1.R=Z;R3/ be two diffeomorphisms, and assume there
exists a C 1-isotopy between them, that is, � 2 C 1.Œ0; 1� �R=Z;R3/ such that �.0; �/ D

0.�/ and �.1; �/ D 
1.�/ and �.t; �/ W R=Z! R3 is a diffeomorphism for all t 2 Œ0; 1�.
Then the images 
0.R=Z/ and 
1.R=Z/ are ambient isotopic.

We begin by defining ambient isotopy classes for regularW 1Cs;1=s-homeomorphisms.
Observe that in view of the formal analogy to homotopy classes, having the techniques
by Brezis and Nirenberg [19,20], one might hope for an “s D 0” theory (i.e. 
 0 2 VMO),
but we will not pursue that question here. Also, we will make no attempt to consider the
higher-dimensional version, but rather focus on curves.

Definition 3.3 (Regular Sobolev homeomorphism). A homeomorphism 
 in the class
W 1Cs;1=s.R=Z;R3/ is called regular if

0 < inf j
 0j � sup j
 0j <1

where inf and sup are the essential infimum and supremum, respectively.

The isotopy class is derived from smooth approximating maps, whose existence is the
content of the following lemma.

Lemma 3.4. Let 
 2W 1Cs;1=s.R=Z;R3/ be a regular homeomorphism. Then there exists
a sequence of smooth diffeomorphisms 
k W R=Z! R3 with

1
2

inf j
 0j � inf j
 0kj � sup j
 0kj � sup j
 0j for all k 2 N

such that
k
k � 
kL1.R=Z/ C Œ


0
k � 


0�W 1Cs;1=s.R=Z/
k!1
����! 0:

Proof. Set
� WD inf j
 0j:

Fix some "0 > 0 to be specified later.
By absolute continuity of the integral there exists ı0 D ı0.
/ 2 .0; 1/ such that

sup
B10ı0�R=Z

Œ
 0�W s;1=s.B10ı0 /
< "0:

Since 
 is a continuous and injective map, the following infimum is attained and strictly
positive:

"1 WD inf
jx�yj� 12 ı0

j
.x/ � 
.y/j > 0:
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Let � 2 C1c .B1.0/; Œ0; 1�/,
´
� D 1, be the usual mollifier kernel, and �ı WD ı�1�.�=ı/.

Set


ı.x/ WD �ı � 
.x/ D

ˆ 1

�1

�.z/
.x C ız/ dz:

By periodicity of 
 , 
ı is 1-periodic, and thus is well-defined 
ı W R=Z! R3. Moreover,

Œ
ı
0 � 
 0�W 1Cs;1=s.R=Z/

ı!0
���! 0, and by Sobolev embedding k
ı � 
kL1.R=Z/

ı!0
���! 0.

Let ı1 2 .0; ı0/ be such that

k
ı � 
kL1.R=Z/ <
1
10
"1 for all ı 2 Œ0; ı1�. (3.1)

We need to show (for the right choice of "0) that for ı 2 .0; ı1/, 
ı is a diffeomorphism
as requested in the claim.

It is easy to see from the definition of 
ı that

j
 0ı.x/j � sup j
 0j 8ı > 0:

First we observe that for almost every x 2 R=Z and almost every z 2 R=Z we have

j
 0ı.x/j � j

0.z/j � j
 0ı.x/ � 


0.z/j � � � j
 0ı.x/ � 

0.z/j:

Since this holds for almost every z 2 R=Z, we can take the integral mean over Bı.x/ and
find

j
 0ı.x/j � � �

«
Bı.x/

j
 0ı.x/ � 

0.z/j dz:

Now we have 
 0
ı
D �ı � .


0/, and thus«
Bı.x/

j
 0ı.x/ � 

0.z/j dz .

«
Bı.x/

«
Bı.x/

j
 0.z1/ � 

0.z/j dz1 dz

. Œ
 0�W s;1=s.Bı.x//
< "0:

That is, we have shown

j
 0ı.x/j � � � C"0 for almost every x 2 R=Z:

So if we choose "0 < �
2C

, we have

inf j
 0ı j � �=2 8ı 2 .0; ı0/:

Now choosing "0 possibly even smaller (depending on �), we deduce from Lemma 2.1
that

�

4
jx � yj � j
ı.x/ � 
ı.y/j 8ı 2 Œ0; ı0�; jx � yj < ı0: (3.2)

On the other hand,

j
ı.x/ � 
ı.y/j � j
.x/ � 
.y/j � 2k
 � 
ıkL1 :
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In view of (3.1), we thus have

j
ı.x/� 
ı.y/j �
�
1� 2

10

�
"1 � 0:8"1jx � yjR=Z 8jx � yj > 1

2
ı0; ı 2 Œ0; ı1�: (3.3)

Combining (3.2) and (3.3), we obtain

j
ı.x/ � 
ı.y/j �
1
100

min ¹�; "1º jx � yjR=Z 8x; y 2 R=Z; ı 2 Œ0; ı1�:

Consequently, 
ı is a one-to-one map with inf j
 0
ı
j > 0.

Hence, 
ı is a smooth homeomorphism with nonvanishing derivative (i.e. an immer-
sion), thus 
ı is a diffeomorphism. The proof is concluded by choosing 
k WD 
ı1=k .

Now that we have approximating smooth diffeomorphisms, we argue that they are all
eventually of the same ambient isotopy type.

Proposition 3.5. Let 
 2 W 1Cs;1=s.R=Z;R3/ be a regular homeomorphism. Then there
exists " D ".
; s/ > 0 such that for any Q
1; Q
2 2 C 1.R=Z;R3/ with

k Q
i � 
kL1 C Œ Q

0
i � 


0�W s;1=s < " (3.4)

and
1
2

inf j
 0j � inf j Q
 0i j � sup j Q
 0i j � 2 sup j
 0j; i D 1; 2,

Q
1 is ambient isotopic to Q
2.

Proof. The strategy of the proof is very similar to the proof of Lemma 3.4.
Set

� WD 1
2

inf j
 0j:

Throughout the proof we will fix interdependent constants "0; "1; �0; ı0; ı1; Q� > 0. Then
" needs to be small in dependence on all these constants.

Firstly, depending on "0; 
; s we can, by absolute continuity of the integral, choose
�0 > 0 such that

sup
B10�0�R=Z

Œ
 0�W s;1=s.B10�0 /
< 1

2
"0:

Since 
 is continuous and injective, the following infimum is attained and larger than 0:

"1 WD
1
10

inf
jx�yj� 12�0

j
.x/ � 
.y/j > 0:

Observe that if " < 1
100

min ¹"0; "1º in (3.4) then

sup
B10�0�R=Z

Œ Q
 0i �W s;1=s.B10�0 /
< "0; i D 1; 2;

and
inf

jx�yj� 12�0

j Q
i .x/ � Q
i .y/j > "1 > 0:
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Let � 2C1c .B1.0/; Œ0;1�/,
´
�D 1, be the usual mollifier kernel, and �ı WD ı�1�.�=ı/.

Set

ı WD �ı � 
 and Q
i;ı WD �ı � Q
i :

Let ı1 be such that
k
ı � 
kL1 < 1

100
"1 8ı 2 Œ0; ı1�:

Again we observe that if " < 1
100

min ¹"0; "1º in (3.4) then

k Q
i;ı � Q
ikL1 < 1
10
"1 8ı 2 Œ0; ı1�; i D 1; 2:

Let ı0 WD min ¹ı1; �0º. As in the proof of Lemma 3.4, for the right choice of "0, we find
that for each ı 2 Œ0; ı0�, 
ı and Q
i;ı are diffeomorphisms satisfying

j Q
i;ı.x/ � Q
i;ı.y/j; j
ı.x/ � 
ı.y/j � Q�jx � yj 8x; y 2 R=Z; ı 2 Œ0; ı0�

for Q� WD 1
100

min ¹�; "1º.

Since Q
i;ı
ı!0
���! Q
i , and Q
i are C 1-diffeomorphisms, we see from Theorem 3.2 that

Q
i;ı0 is ambient isotopic to Q
i for i D 1; 2.
Now we show that Q
i;ı0 is ambient isotopic to 
ı0 for i D 1; 2 if " in (3.4) is small

enough. Indeed, set
�i .�; t / WD t Q
i;ı0 C .1 � t /
ı0 :

This is clearly a smooth homotopy; we only need to show that for each fixed t 2 Œ0; 1� it
is a diffeomorphism. But observe that

j�i .x; t/ � �i .y; t/j � j
ı0.x/ � 
ı0.y/j � jx � yj k

0
ı0
� Q
 0i;ı0kL

1

� . Q� � k
 0ı0 � Q

0
i;ı0
kL1/jx � yj:

Now
k
 0ı0 � Q


0
i;ı0
kL1 �

1

ı0
k�0kL1 k
 � Q
ikL1 �

"

ı0
k�0kL1 :

That is,

j�i .x; t/ � �i .y; t/j � . Q� � k�
0
kL1"=ı0/jx � yj 8x; y2 R=Z:

So if we assume that in (3.4) we have " < 1
100

min ¹"1;
Q�

100k�0k
L1
ı0º, then we have found

that �.t; �/ is globally bi-Lipschitz, and thus a diffeomorphism for each t 2 Œ0; 1�. This
and Theorem 3.2 imply that 
ı0 and Q
i;ı0 are ambient isotopic, for each i D 1; 2.

In particular, Q
1;ı0 is ambient isotopic to Q
2;ı0 . Since we have already shown that
Q
i;ı0 is ambient isotopic to Q
i for each i D 1; 2, we conclude that Q
1 is ambient isotopic
to Q
2.

Since by Lemma 3.4 any W 1Cs;1=s-regular Sobolev homeomorphism has an approx-
imation by regular diffeomorphisms, and by Proposition 3.5 these approximating diffeo-
morphisms are eventually all of the same ambient isotopy type, the following definition
is justified.
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Definition 3.6. � Let 
1; 
2 2W 1Cs;1=s.R=Z;R3/ be two regular homeomorphisms. We
say that 
1 and 
2 are (Sobolev-)ambient isotopic, written 
1 � 
2, if the following
properties are met: There exist approximating diffeomorphisms Q
1;k and Q
2;k converg-
ing in L1 \W 1Cs;1=s.R=Z;R3/ to 
1 and 
2, respectively, and satisfying

1
2

inf j
 0i j � inf j Q
 0i;kj � sup j Q
 0i;kj � 2 sup j
 0i j; i D 1; 2:

Moreover, 
1;k and 
2;` are ambient isotopic for all but finitely many k and `.

� Equivalently, let Œ
0� be an ambient isotopy class. We say that a regular W 1Cs;1=s-
Sobolev homeomorphism 
1 belongs to Œ
0� if there exist approximating diffeomor-
phisms Q
1;k as above such that Q
1;k 2 Œ
0� for eventually all k 2 N.

Our main result in this section is that two curves which differ only locally and in a set
where they have small critical Sobolev norm, have the same ambient isotopy type.

Theorem 3.7. There exists a uniform " > 0 such that the following holds. Let 
1; 
2 2
C 1.R=Z;R3/ be diffeomorphisms with

�
3
4
� j
 0i j �

5
4

in R=Z for i D 1; 2

and assume that there is a ball B� � R=Z such that

�
3
4
jx � yj � j
i .x/ � 
i .y/j �

5
4
jx � yj for all x; y 2 B10�,

� Œ
 0i �W s;1=s.B10�/
< ", i D 1; 2,

� dist.
i .R=Z n B9�/; 
i .B8�// � 1
1000

� for i D 1; 2,

� 
1.x/ D 
2.x/ for all x 2 R=Z n B3�,

� k
1 � 
2kL1.R=Z/ <
1
100

1
1000

�.

Then 
1.R=Z/ and 
2.R=Z/ are ambient isotopic as sets in R3.

Proof. Let � 2 C1c .B1.0/; Œ0; 1�/ with
´

R � D 1. Denote �ı WD ı�1�.�=ı/.
Let � 2 C1c .B5�; Œ0; 1�/ be such that � � 1 in B4�. We can construct � such that

k� .k/kL1 . 1=�k for all k 2 N.
Set


i;ı.x/ WD

ˆ
B1.0/

�.z/
i .x C ı�.x/z/ dz:

In the following we need to choose first some � > 0, and then obtain some " > 0

depending on � .


i is ambient isotopic to 
i;�� for some uniform constant � 2 .0; 1=2/. 
i;ı would be the
usual convolution if � � 1.

First observe that 
i;ı.x/ D 
i .x/ for x 2 R=Z n B5�. Moreover,


i;ı.x/ � 
i .x/ D

ˆ
B1.0/

�.z/
�

i .x C ı�.x/z/ � 
i .x/

�
dz . k
 0ikL1ık�kL1

ı!0
���! 0:

Also we have


 0i;ı.x/ D

ˆ
B1.0/

�.z/ 
 0i .x C ı�.x/z/.1C ı�
0.x/z/ dz:
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Thus (recall j� 0j . 1=�)

j
 0i;ı.x/j � k

0
ikL1.1C Cı=�/;

that is, for a certain (essentially uniform) � 2 .0; 1/ we can ensure that

k
 0i;ıkL1 � 11=8 8ı < ��:

It is the other direction that is more tricky. For any x; z 2 B5� we haveˇ̌
j
 0i;ı.x/j � 1

ˇ̌
�
ˇ̌
j
 0i;ı.x/j � j


0
i .z/j

ˇ̌
C 1=4 � j
 0i;ı.x/ � 


0
i .z/j C 1=4:

In particular, for any z 2 B1.0/,ˇ̌
j
 0i;ı.x/j � 1

ˇ̌
� j
 0i;ı.x/ � 


0
i .x C ı�.x/z/j C 1=4:

Integrating in z, as the left-hand side is a constant, we obtainˇ̌
j
 0i;ı.x/j � 1

ˇ̌
�

«
B1.0/

ˇ̌̌̌ˆ
B1.0/

�.z2/

0
i .xC ı�.x/z2/.1C ı�

0.x/z2/dz2�

0
i .xC ı�.x/z/

ˇ̌̌̌
dzC1=4

D

«
B1.0/

ˇ̌̌̌ˆ
B1.0/

�.z2/
�

 0i .xC ı�.x/z2/.1C ı�

0.x/z2/�

0
i .xC ı�.x/z/

�
dz2

ˇ̌̌̌
dzC1=4

�

«
B1.0/

ˆ
B1.0/

j
 0i .xC ı�.x/z2/.1C ı�
0.x/z2/�


0
i .xC ı�.x/z/j dz2 dzC1=4

�

«
B1.0/

ˆ
B1.0/

j
 0i .xC ı�.x/z2/�

0
i .xC ı�.x/z/j dz dz2C1=4CCı=�:

Now observe that �.x/ is a fixed, nonnegative number. If �.x/ D 0, then the double inte-
gral is zero. If �.x/ > 0, by substitution we have«

B1.0/

ˆ
B1.0/

j
 0i .x C ı�.x/z2/ � 

0
i .x C ı�.x/z/j dz dz2

.
1

.ı�.x//2

ˆ
Bı�.x/.x/

ˆ
Bı�.x/.x/

j
 0i . Qx/ � 

0
i . Qy/j d Qx d Qy

. Œ
 0i �W 1=q;q.Bı�.x/.x/
� Œ
 0i �W 1=q;q.B10�/

< ":

That is, we have shown that for each x 2 B5� we haveˇ̌
j
 0i;ı.x/j � 1

ˇ̌
� 1=4C C.ı=�C "/:

The constant C is uniform, so if ı < �� and "� 1 (uniform constant), we get

5=8 � j
 0i;ı.x/j � 11=8 8x 2 R=Z: (3.5)

(Observe that this estimate is trivial for all x where 
i;ı D 
i .)
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Next we estimate the Sobolev norm Œ
 0
i;ı
�W 1=q;q.B9�/

. Observe that

j
 0i;ı.x/ � 

0
i;ı.y/j

�

ˆ
B1.0/

j
 0i .x C ı�.x/z/.1C ı�
0.x/z/ � 
 0i .y C ı�.y/z/.1C ı�

0.y/z/j dz

� .1C Cı=�/

ˆ
B1.0/

j
 0i .x C ı�.x/z/ � 

0
i .y C ı�.y/z/j dz

C k
 0ikL1

ˆ
B1.0/

jı� 0.x/ � ı� 0.y/j dz:

First we observe ˆ
B1.0/

jı� 0.x/ � ı� 0.y/j dz .
ı

�2
jx � yj;

and consequently, for any q > 1,
ˆ
B9�

ˆ
B9�

.
´
B1.0/

jı� 0.x/ � ı� 0.y/j dz/q

jx � yj2
dx dy .

�
ı

�2

�q
�q D

�
ı

�

�q
:

We thus arrive at

Œ
 0i;ı �
q

W 1=q;q.B9�/
� C

�
ı

�

�q
C .1C Cı=�/q

ˆ
B1.0/

ˆ
B9�

ˆ
B9�

j
 0i .x C ı�.x/z/ � 

0
i .y C ı�.y/z/j

q

jx � yj2
dx dy dz:

Observe that j1C ı� 0.x/zj � 1 � Cı=� � 1 � C� (for ı � ��). Moreover,

jx C ı�.x/z � .y C ı�.y/z/j . jx � yj C
ı

�
jx � yj � 2jx � yj:

So we can use the change of variables formula to obtain

ˆ
B9�

ˆ
B9�

j
 0i .x C ı�.x/z/ � 

0
i .y C ı�.y/z/j

q

jx � yj2
dx dy

.
1

.1 � C�/2

ˆ
B9�

ˆ
B9�

j
 0i .x C ı�.x/z/ � 

0
i .y C ı�.y/z/j

q

jx C ı�.x/z � .y C ı�.y/z/j2
j1C ı� 0.x/zj dx

� j1C ı� 0.y/zj dy

.
1

.1 � C�/2

ˆ
B10�

ˆ
B10�

j
 0i .x/ � 

0
i .y/j

q

jx � yj2
dx dy:

In conclusion, for � (and ") small enough we have shown

Œ
 0i;ı �W 1=q;q.B9�/
. "0 8ı � ��: (3.6)

Here "0 can be the small constant of Lemma 2.1, and we infer that 
i;ı is uniformly
bi-Lipschitz in B9�. Global injectivity follows from the assumptions in the theorem.
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Outside B9� the curve 
i;ı equals 
i for all ı � ��. Since we have control over the
distance of 
i .R=Z n B9�/ to 
.B8�/ this gives a global bi-Lipschitz control.

Consequently,

i;ı W Œ0; ��� �R=Z! R3

is an isotopy with uniformly bounded bi-Lipschitz estimate, and by Theorem 3.2, 
i and

i;�� are ambient isotopic.


1;�� and 
2;�� are ambient isotopic. Let � W Œ0; 1� � R=Z! R3 be the convex combi-
nation

�.t; x/ WD t
1;��.x/C .1 � t /
2;��.x/:

From the estimates above, we have

k@x�.t; �/kL1 � 11=8 8t 2 Œ0; 1�:

We need to get a uniform bi-Lipschitz estimate for � .
First, since 
1 D 
2 in R=Z n B3� and � 2 .0; 1=2/,


1;��.x/ D 
2;��.x/ 8x 2 R=Z n B7�=2:

Thus,
�.t; x/ D 
1;��.x/ 8x 2 R=Z n B7�=2:

In view of (3.6) and (3.5) combined with Lemma 2.1, we know that 
1;�� is uniformly
bi-Lipschitz in B9�, namely

inf
t2Œ0;1�

inf
x;y2B9�nB7�=2

j�.t; x/ � �.t; y/j

jx � yj
> 0: (3.7)

Secondly, since � � 0 in R=Z n B5�, we have


1;��.x/ D 
2;��.x/ D 
1.x/ D 
2.x/ 8x 2 R=Z n B5�:

Thus,
�.t; x/ D 
1.x/ 8x 2 R=Z n B5�:

Since 
1 is a regular diffeomorphism, this implies that

inf
t2Œ0;1�

inf
x;y2R=ZnB5�

j�.t; x/ � �.t; y/j

jx � yj
> 0: (3.8)

Combining (3.7) and (3.8) we have

inf
t2Œ0;1�

inf
x;y2R=ZnB7�=2

j�.t; x/ � �.t; y/j

jx � yj
> 0: (3.9)

Observe that we have injectivity of the curve.
Since we have control over the distance from 
i .R=Z n B9�/ to 
.B8�/ and over

k
1 � 
2kL1 , it remains to show the bi-Lipschitz estimate for j�.t; x/� �.t; y/j only for



Scale-invariant tangent-point energies for knots 1947

x; y 2 B4�. For such x; y,

j�.t; x/� �.t; y/j � j
1;��.x/� 
1;��.y/j � j�.t; x/� 
1;��.x/� .�.t; y/� 
1;��.y//j

�
1
2
jx�yj �

ˇ̌
.t � 1/
1;��.x/C .1� t /
2;��.x/�

�
.t � 1/
1;��.y/C .1� t /
2;��.y/

�ˇ̌
D

1
2
jx�yj � .1� t /j
1;��.y/� 
1;��.x/� .
2;��.y/� 
2;��.x//j

�
1
2
jx�yj �

ˆ
Œx;y�

j
 01;��.z/� 

0
2;��.z/j dz

� .1=2�k
 01;�� � 

0
2;��kL1.B4�// jx�yj:

Since x; y 2 B4�, we have �.x/ D �.y/ D 1. Thus,

k
 01;�� � 

0
2;��kL1.B4�/ D k��� � 


0
1 � ��� � 


0
2kL1.B4�/

.
1

��
k
 01 � 


0
2kL1.B6�/

.
�

��
Œ
 01 � 


0
2�W 1=q;q.B6�/

� 2"=�:

In the last step we have used Poincaré’s inequality (and the fact that 
 01 D 
 02 close
to @B6�).

So if we choose " such that "� � , we obtain

j�.t; x/ � �.t; y/j � 1
4
jx � yj 8x; y 2 B4�:

Combining this with (3.9), we find that � is an isotopy. In view of Theorem 3.2,

1;� .R=Z/ and 
2;� .R=Z/ are ambient isotopic. Since in turn 
i;� and 
i are ambient
isotopic for i D 1; 2, we have proven that 
1 is ambient isotopic to 
2.

4. Homeomorphisms appear as limits: Proof of Theorem 1.2

It is easy to construct a Lipschitz parametrization of curves 
 WR=Z!R3 with vanishing
tangent-point energy TPp;q.
/D 0, p � qC 2, but with no reasonable regularity, namely

 62 C 1.R=Z;R3/ and 
 62 W 1Cp�q�1q ;q.R=Z;R3/.

Example 4.1. For any Lipschitz map Q
 WR=Z! Œ0; 1=2� with j Q
 0j � 1, if we set 
.x/ WD
. Q
.x/; 0; 0/ 2 R3 then

j
 0.x/ ^ .
.x/ � 
.y//j D 0:

In particular, if for any x 2 R=Z there are only finitely many y 2 R=Z such that
Q
.x/ D Q
.y/,

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp
D 0 for L2-a.e. .x; y/ 2 .R=Z/2;

and thus TPp;q.
/ D 0.
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For example, take Q
 to be

Q
.t/ WD

´
t; t < 1=2;

1=2 � t; t 2 Œ1=2; 1�:

Then 
 0 has a jump discontinuity at t D 1=2 and at t D 0. Thus 
 0 62 C 0.R=Z;R3/ and

 0 62W

p�q�1
q ;q.R=Z;R3/ whenever 
 62W 1Cp�q�1q ;q.R=Z;R3/ for any p � q C 2 and

q 2 .1;1/.
It is easy to extend this example to a map 
 with countably many points of nondiffer-

entiability but still with TPp;q.
/ D 0.

See also the example of a k-covered circle in [74, after Theorem 1.1].
Example 4.1 shows that there is no hope to classify a reasonable energy space of

Lipschitz maps 
 W R=Z! R3 with finite tangent-point energy. Rather we investigate the
space of diffeomorphisms with finite tangent-point energy, which turns out to be more
manageable – this is the content of the following Theorem 4.2, which is the main theorem
of this section. In particular, Theorem 4.2 implies Theorem 1.2.

Theorem 4.2. For any ƒ > 0 and " > 0 there exists an L D L.";ƒ/ 2 N such that the
following holds.

Let 
k 2 C 1.R=Z;R3/ with j
 0
k
j � 1 be homeomorphisms such that

sup
k

k
kkL1 C sup
k

TPp;q.
k/ � ƒ:

Then there exists a subsequence .
ki /i2N and 
 2 Lip.R=Z;R3/ such that the following
hold for some finite set † � R=Z with #† � L:

(1) 
ki converges uniformly to some 
 2 Lip.R=Z;R3/.

(2) For any x0 2R=Z n† there exists a radius �.x0/ > 0 such that 
ki weakly converges

to 
 in W 1Cp�q�1q ;q.B�.x0//.

(3) j
 0j D 1 a.e.

(4) 
 is uniformly bi-Lipschitz in B�.x0/ with the estimate

.1 � "/jx � yj � j
.x/ � 
.y/j � jx � yj 8x; y 2 B�.x0/:

(5) We have lower semicontinuity:

TPp;q.
/ � lim inf
k!1

TPp;q.
k/:

(6) 
 is a bi-Lipschitz homeomorphism.

(7) 
 2 W 1Cs;q.R=Z;R3/ for any 0 < s < 1=q.

We will prove a more detailed version of Theorem 4.2 in Proposition 4.10.
In order to prove Theorem 4.2, we proceed in several steps.
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� First we prove in Section 4.1 that for the approximating sequence 
k the local tangent-
point energy is uniformly small away from a finite set † (we will refer to it as the
“singular set”) of points of energy concentration.

� In Section 4.2 we obtain the Sobolev estimate for smooth curves whenever the tangent-
point energy is locally small (see Theorem 4.5), and as a consequence a bi-Lipschitz
estimate. This estimate is obtained by a gap estimate. In particular, this method charac-
terizes the energy space for the tangent-point energies in the scale-invariant case.

� In Section 4.3 we adapt an argument due to Strzelecki and von der Mosel [74] to obtain
a uniform estimate on global injectivity of the approximating sequence 
k away from
the singular points.

� In Section 4.4 we then obtain, in Proposition 4.10, the convergence outside the singular
set, which implies Theorem 4.2.

4.1. Locally uniform smallness

In the first step we ensure that away from a discrete set we have locally uniformly small
energy in the approximating sequence.

Proposition 4.3. Let pD qC 2, q > 1. For any " > 0 andƒ> 0 there existsLDL.";ƒ/
such that the following holds. For any sequence 
k 2 Lip.R=Z;R3/ with j
 0

k
j � 1 such

that
sup
k

TPp;q.
k/ � ƒ;

there exists a subsequence 
ki and a set † � R=Z consisting of at most L points such
that for any x0 2 R=Z n† there exists a radius � D �x0 > 0 and an index K 2 N such
that

sup
i�K

ˆ
B�x0

.x0/

ˆ
R=Z

j
 0
ki
.x/ ^ .
ki .x/ � 
ki .y//j

q

j
ki .x/ � 
ki .y/j
p

dy dx < ":

Proposition 4.3 follows for any integral energy from a relatively standard covering
argument; see e.g. [67, Proposition 4.3 and Theorem 4.4]. We give the details for the
convenience of the reader.

Proof of Proposition 4.3. Pick ı � "
2ƒ

and let m 2 N. Then cover R=Z by at most
2d.ı2�m/�1e intervals B.xi ; ı2�m/ such that every point x 2 R=Z is covered at most
two times. Then we haveX

i

ˆ
B.xi ;ı2

�m/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx

� 2

ˆ
R=Z

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx < 2ƒ D

2ƒ

"
":
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Hence for every 
k there exist at most L WD L."; ƒ/ WD b2ƒ="c intervals B.xi ; ı2�m/
such that ˆ

B.xi ;ı2
�m/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx � ":

Now assume that we have already shown for i 2 ¹1; : : : ; nº that

sup
k

ˆ
B.xi ;ı2

�m/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx < ":

If there exist more than L intervals B.xi ; ı2�m/, i > n, with

sup
k

ˆ
B.xi ;ı2

�m/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx � ";

there must exist at least one B.xnC1; ı2�m/ among them and a subsequence of 
k such
that

sup
k

ˆ
B.xnC1;ı2�m/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx < ":

By repeating this step, we find a subsequence of 
k for which

sup
k

ˆ
B.xi ;ı2

�m/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jqC2
dy dx < "

holds for all given intervals apart from L many B.xi;m; ı2�m/.
Applying this method iteratively for m ! 1, we can construct a series of subse-

quences such that for each subsequence 
k;m we have

sup
k

ˆ
B.xi ;ı2

�m/

ˆ
R=Z

j
 0
k;m
.x/ ^ .
k;m.x/ � 
k;m.y//j

q

j
k;m.x/ � 
k;m.y/jqC2
dy dx < ";

where B.xi ; ı2�m/ � R=Z n
S
j�m�1 B.xi;j ; ı2

�j /.
Now we choose a diagonal subsequence 
ki (one element per 
k;m). Since[

m

�
R=Z n

[
i�L

B.xi;m; ı2
�m/

�
D R=Z n

\
m

[
i�L

B.xi;m; ı2
�m/ D R=Z n ¹y1; : : : ; yLº

for at most y1; : : : ; yL 2 R=Z, there indeed exists for any x0 2 R=Z n ¹y1; : : : ; yLº a
�x0 > 0 such that B.x0; �x0/ � B.x`; ı2

�K/ for a K 2 N and x` being the center of one
of the at most 2d.ı2�K/�1e intervals B.xi ; ı2�K/. Therefore

sup
i�K

ˆ
B.x0;�x0 /

ˆ
R=Z

j
 0
ki
.x/ ^ .
ki .x/ � 
ki .y//j

q

j
ki .x/ � 
ki .y/j
qC2

dy dx < ":

4.2. Small local energy implies local Sobolev space estimates

The main novel ingredient underlying our argument for Theorem 4.2 is a gap estimate for
Sobolev spaces with respect to the tangent-point energy.
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As discussed in Example 4.1, it is impossible to control the Sobolev norm of 
 in
terms of the tangent-point energy of 
 , TPp;q.
/, without assuming a priori bi-Lipschitz
estimates (as done in [12]; see also [7]). This is however not a viable method for the scale-
invariant case p D q C 2 because the bi-Lipschitz constant is not uniformly controlled as
a sequence 
k converges to 
 . We turn this argument around and first a priori assume that
the Sobolev norm is finite, and then conclude that this is an estimate which is uniform for
sequences 
k converging to 
 .

The first step is the following gap estimate.3

Lemma 4.4. Let p 2 Œq C 2; 2q C 1/ and q > 1. Let 
 2 Lip.R=Z;R3/ with j
 0j � 1.
Then for any ball B � R=Z of diameter less than 1=2,

Œ
 0�
q

W
p�q�1
q ;q

.B/

� C.p; q/TPp;q.
 IB/C C.p; q/Œ
 0�2q
W
p�q�1
q ;q

.B/

(4.1)

whenever the right-hand side is finite.

Proof. The assumption that B has diameter less than 1=2 implies that B is a geodesic
ball and thus convex with respect to the R=Z-metric. To simplify matters even more, we
assume without loss of generality that the ball B is centered at 0 so that jx � yj is actually
the Euclidean distance.

Recall the Lagrange identity for v;w 2 R3 with jvj D 1:

jv ^ wj2 D jwj2 � jv � wj2:

Moreover, observe that j
 0j � 1 implies

j
.x/ � 
.y/j � jx � yj:

Then

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp

�
j
 0.x/ ^ .
.x/ � 
.y//jq

jx � yjp

D

�
j
 0.x/ ^ .
.y/ � 
.x/ � 
 0.x/.y � x//j2

�q=2
jx � yjp

D

�
j
.y/ � 
.x/ � 
 0.x/.y � x/j2 � j
 0.x/ � .
.y/ � 
.x/ � 
 0.x/.y � x//j2

�q=2
jx � yjp

:

We have


 0.x/ � .
 0.z/ � 
 0.x// D 1
2

�
2
 0.x/ � 
 0.z/ � 1 � 1

�
D �

1
2
j
 0.x/ � 
 0.z/j2; (4.2)

3Lemma 4.4 is called a gap estimate, because it implies the following: For " WD . 1
2C.p;q/

/1=q

we have either Œ
 0�q
W 1=q;q.B/

� 2C.p; q/TPqC2;q.
; B/ or Œ
 0�W 1=q;q.B/ � ".
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soˇ̌

 0.x/ � .
.y/ � 
.x/ � 
 0.x/.y � x//

ˇ̌
D jy � xj

ˇ̌̌̌«
.x;y/


 0.x/ � .
 0.z/ � 
 0.x// dz

ˇ̌̌̌
D
1

2
jy � xj

«
.x;y/

j
 0.x/ � 
 0.z/j2 dz:

Consequently,

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp

�

�
j
.y/ � 
.x/ � 
 0.x/.y � x/j2 � 1

4
jy � xj2

ˇ̌ª
.x;y/
j
 0.x/ � 
 0.z/j2 dz

ˇ̌2�q=2
jx � yjp

:

Observe that from our computations we know that in particular

j
.y/ � 
.x/ � 
 0.x/.y � x/j2 �
1

4
jy � xj2

ˇ̌̌̌«
.x;y/

j
 0.x/ � 
 0.z/j2 dz

ˇ̌̌̌2
:

Also observe that for any r > 0 there exist cr 2 .0; 1/ and Cr > 0 such that for any
a � b � 0,

.a � b/r � cr a
r
� Cr b

r :

From this, and by Jensen’s inequality,

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp

� c
j
.y/ � 
.x/ � 
 0.x/.y � x/jq

jx � yjp
� C
jy � xjq

ˇ̌ª
.x;y/
j
 0.x/ � 
 0.z/j2 dz

ˇ̌q
jx � yjp

�c

ˇ̌

.y/�
.x/�
 0.x/.y�x/

jx�yj

ˇ̌q
jx � yjp�q

� C

ª
.x;y/
j
 0.x/ � 
 0.z/j2q dz

jx � yjp�q
:

Integrating over x and y in B we obtain

ˆ
B

ˆ
B

ˇ̌

.y/�
.x/�
 0.x/.y�x/

jx�yj

ˇ̌q
jx � yjp�q

dx dy

� Cq

�
TPp;q.
 IB/C

ˆ
B

ˆ
B

ª
.x;y/
j
 0.x/ � 
 0.z/j2q dz

jx � yjp�q
dx dy

�
: (4.3)

Recall that p 2 Œq C 2; 2q C 1/, so p�q�1
q
2 .0; 1/. From Lemma A.1,

Œ
 0�
q

W
p�q�1
q ;q

.B/

�

ˆ
B

ˆ
B

ˇ̌

.y/�
.x/�
 0.x/.y�x/

jx�yj

ˇ̌q
jx � yjp�q

dx dy:
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From Lemma A.2,

Œ
 0�
2q

W
p�q�1
2q

;2q
.B/

�

ˆ
B

ˆ
B

ª
.x;y/
j
 0.x/ � 
 0.z/j2q dz

jx � yjp�q
dx dy:

Also, from the Sobolev inequality and Lemma A.3, we have

Œ
 0�
W
p�q�1
2q

;2q
.B/

. .diamB/
p�q�2
2q Œ
 0�

W
p�q�1
q ;q

.B/
� Œ
 0�

W
p�q�1
q ;q

.B/
:

Thus, (4.3) implies

Œ
 0�
q

W
p�q�1
q ;q

.B/

. TPp;q.
 IB/C Œ
 0�2q
W
p�q�1
q ;q

.B/

;

which is (4.1). The proof is complete.

The gap estimate leads to the following control of the Sobolev norm. We stress that
we need to assume a priori that 
 already belongs to the Sobolev space in question, which
rules out the irregular curves of Example 4.1.

Theorem 4.5. Let q0; p0 > 1, p0 � q1 C 2, and p1 < 1 be such that p1 � 2q0 < 1.
Furthermore, assume that p0 < p1 as well as q0 < q1. Let " > 0. Then there exists ı D
ı.q0; p0; q1; p1; "/ > 0 and a constant C D C.q0; p0; q1; p1/ > 0 such that the following
holds for any p 2 Œp0; p1� and q 2 Œq0; q1�.

Let 
 2 Lip.R=Z; R3/, j
 0j � 1, and assume that for some ball B � R=Z with
diamB < 1=2, we have

TPp;q.
 IB/ < ı

and
either 
 2 C 1.B/ or Œ
 0�

q

W
p�q�1
q ;q

.B/

<1: (4.4)

Then
Œ
 0�

q

W
p�q�1
q ;q

.B/

� C.q0; p0; q1; p1/TPp;q.
 IB/ (4.5)

and we have the bi-Lipschitz estimate

.1 � "/jx � yj � j
.x/ � 
.y/j � jx � yj 8x; y 2 B: (4.6)

Proof. In view of [12, Theorem 1.1, Remark 1.6], 
 2 C 1.B/ and TPp;q.
 IB/ < 1
implies

Œ
 0�
q

W
p�q�1
q ;q

.B/

<1;

so that in (4.4) we can assume the Sobolev space estimate holds (observe that we do not
need to assume a priori injectivity here, because if j
 0.x0/j>0 and 
 isC 1 around x0 then
it is locally injective around x0, meaning we can apply [12, Theorem 1.1, Remark 1.6]
locally) .
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Assume that B D BR.x0/ for some x0 2 R=Z and R 2 .0; 1=4/. Set

� WD TPp;q.
 IB/ < ı:

For r 2 .0; R� set Br WD Br .x0/.
By Lemma 4.4 we have for any r 2 .0; R�,

Œ
 0�
q

W
p�q�1
q ;q

.Br /

� C1TPp;q.
 IBr /C C2Œ
 0�
2q

W
p�q�1
q ;q

.Br /

:

Set
f .r/ WD Œ
 0�

q

W
p�q�1
q ;q

.Br /

:

Then
f .r/ � C1�C C2.f .r//

2
8r 2 .0; R/:

Setting p.t/ WD C2t2 � t C C1�, we have

p.f .r// � 0 8r 2 .0; R/: (4.7)

The roots of the polynomial p are

t�I1 WD
1

2C2
�

s
1

.2C2/2
�
C1

C2
�; t�I2 WD

1

2C2
C

s
1

.2C2/
2
�
C1

C2
�:

Let ı be small enough that

1

.2C2/2
�
C1

C2
ı >

1

.4C2/2
:

Then whenever � 2 .0; ı/ we have t�I1 < t�I2 and moreover

t�I1 � 2C1 � 8� 2 .0; ı/: (4.8)

The polynomial p is negative only on the interval .t�;1; t�;2/. From (4.7) we deduce that
for each r 2 .0;R/ either f .r/� t�;1 or f .r/� t�;2. Since f .0/D 0 and f is continuous,
we conclude that necessarily

f .r/ � t�;1 for each r < R:

That is, in view of (4.8),
Œ
 0�

q

W
p�q�1
q ;q

.B/

� 2C1�:

Recalling the definition of �, we infer (4.5).
Choosing ı > 0 possibly even smaller, we also obtain (4.6) as a consequence of (4.5)

and Lemma 2.1.

Let us also remark, for the sake of completeness, that the argument in the proof of
Lemma 4.4 also gives a real classification of the energy space, if one assumes a priori
bi-Lipschitz estimates (cf. [12, Proposition 2.4]).
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Lemma 4.6. Let p 2 Œq C 2; 2q C 1/ and q > 1. Let 
 2 Lip.R=Z;R3/ with j
 0j � 1 be
bi-Lipschitz, i.e.

.1 � �/jx � yj � j
.x/ � 
.y/j � jx � yj:

Then for any ball B � R=Z of diameter less than 1=2,

TPp;q.
 IB/ � C.p; q; �/Œ
 0�q
W
p�q�1
q ;q

.B/

C C.p; q; �/Œ
 0�
2q

W
p�q�1
q ;q

.B/

:

With the help of Lemma 4.6 we obtain the following.

Example 4.7. There exists a homeomorphism 
 W R=Z ! R3 which is bi-Lipschitz,
whose derivative is not everywhere continuous, but has finite tangent-point energy
TPqC2;q.
/ for any q > 1. Moreover, there exists a sequence of C1-diffeomorphisms

k converging uniformly to 
 with uniformly bounded tangent-point energy, i.e.

sup
k2N

TPqC2;q.
k/ <1:

Indeed, denote by N D .0; 0; 1/ the north pole of S2.
Let u 2 W 1=q;q.Œ�1=4; 1=4�;S2/ n C 0.Œ�1=4; 1=4�;R3/ be such that

hu;N i � 1=4

and u is constant for jxj � �1=8 and for jxj � 1=8.
For example, for any � 2 C1c ..�1=8; 1=8/; Œ0; 1�/ with � � 1 in Œ�1=16; 1=16� we

could set

u.x/ D

�
1
p
2

sin.�.x/ log log 1=jxj/;
1
p
2

cos.�.x/ log log 1=jxj/;
1
p
2

�
:

Now for x 2 Œ�1=4; 1=4�, let


.x/ D

ˆ x

�1=4

u.z/ dz:

Then 
 is bi-Lipschitz in Œ�1=4; 1=4� because

j
.x/ � 
.y/j � h
.x/ � 
.y/;N i D

ˆ
Œx;y�

hu;N i �
1

4
jx � yj:

Observe that 
 0 is constant around x��1=4 and x� 1=4, so 
 can be smoothly extended
to a closed curve on Œ�1=2; 1=2� which is a smooth 1-D manifold outside of Œ�1=4; 1=4�.
By Lemma 4.6 the curve 
 has finite tangent-point energy TPqC2;q but 
 is not C 1 since

 0 is discontinuous.

On the other hand, in view of Section 3 any regular homeomorphism 
 2 W 1C1=q;q

can be approximated by smooth homeomorphisms with uniformly controlled bi-Lipschitz
constant, so that in view of Lemma 4.6 the tangent-point energy TPqC2;q is uniformly
bounded.
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4.3. The Strzelecki–von der Mosel argument: Locally small energy implies global
injectivity

In this section we provide a reformulation of a powerful argument due to Strzelecki and
von der Mosel [74] (see also [12, Appendix]). They used it to show that the image of a
curve with finite tangent-point energy (p � q C 2) is a topological 1-manifold embedded
in R3. Recall that this manifold could be the twice covered straight line, as in Example 4.1.

We rework their argument to provide us with uniform injectivity for intervals with
small energy in Theorem 4.9.

The following is essentially a reformulation (with a slight refinement) of [74,
Lemma 2.1].

Lemma 4.8 (Strzelecki–von der Mosel). Let p � q C 2. For any " > 0 there exists ı > 0
such that the following holds.

Let 
 2 Lip.R=Z;R3/ with j
 0j � 1, and assume that for some x0 2 R=Z and � > 0
we have ˆ

B�.x0/

ˆ
R=Z

j
 0.x/ ^ .
.y/ � 
.x//jq

j
.x/ � 
.y/jp
dy dx < ı: (4.9)

Moreover, assume that there is y0 2 R=Z with d WD j
.y0/ � 
.x0/j � �.
Then


.R=Z/ \ B2d .
.x0// � B"d .L.
.x0/; 
.y0///;

where L.
.x0/; 
.y0// is the straight line containing 
.x0/ and 
.y0/ defined by

L.
.x0/; 
.y0// D ¹.1 � t /
.x0/C t
.y0/ W t 2 Rº:

Proof. For r > 0 and p; v 2 R3 we define

A.r; p/ WD ¹x 2 R=Z W j
.x/ � pj < rº;

X.r; v/ WD ¹x 2 R=Z W j
 0.x/ ^ vj � rº:

Fix x0; y0 2 R=Z and d WD j
.x0/ � 
.y0/j as in the assumption. Set

v WD

.x0/ � 
.y0/

j
.x0/ � 
.y0/j
:

Step 1: We show the following: There exists �0 2 .0; 1/ depending only on p and q such
that the following holds. For any � < �0 there exists ı0 D ı0.�/ > 0 such that whenever
ı < ı0 in (4.9) then

jB�.x0/ \ A.�
2d; 
.x0// \X.�; v/

c
j > 3

2
�2d: (4.10)

In order to establish (4.10), we first observe that for any x 2 A.�2d; 
.x0// and y 2
A.�2d; 
.y0// we have

j
.x/ � 
.y/j 2 Œ.1 � 2�2/d; .1C 2�2/d �:
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Moreover, for x 2 A.�2d; 
.x0// \X.�; v/ and y 2 A.�2d; 
.y0//,ˇ̌̌̌

 0.x/ ^


.x/ � 
.y/

j
.x/ � 
.y/j

ˇ̌̌̌
�

1

.1C 2�2/d
j
 0.x/ ^ .
.x/ � 
.y//j

�
1

.1C 2�2/d

�
j
 0.x/ ^ .
.x0/ � 
.y0//j � 2�

2d
�

D
1

1C 2�2

�ˇ̌̌̌

 0.x/ ^


.x0/ � 
.y0/

j
.x0/ � 
.y0/j

ˇ̌̌̌
� 2�2

�
�

1

1C 2�2
.� � 2�2/ D �

1 � 2�

1C 2�2
:

Hence, whenever x 2 A.�2d; 
.x0// \X.�; v/ and y 2 A.�2d; 
.y0//,

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp
�

�q

dp�q

�
1 � 2�

1C 2�2

�q
1

.1C 2�2/p�q
:

From (4.9) we find

ı >
�q

dp�q

�
1 � 2�

1C 2�2

�q
1

.1C 2�2/p�q

� jB�.x0/ \ A.�
2d; 
.x0// \X.�; v/j jA.�

2d; 
.y0//j:

Observe that since j
 0j � 1, we have jA.�2d; 
.y0//j � 2�2d . Then

jB�.x0/\A.�
2d;
.x0//\X.�;v/j �

dp�q�1

�qC2

�
1C 2�2

1 � 2�

�q
.1C 2�2/p�q

1

2
ı: (4.11)

Since d � �, � 2 .0; 1/, and j
 0j � 1, we have

jB�.x0/ \ A.�
2d; 
.x0//j � 2�

2d: (4.12)

Taking �0 small enough, combining (4.11) and (4.12) we obtain, for any � 2 .0; �0/ and
any ı 2 .0; ı0/ where ı0 D ı0.�/ is small enough,

jB�.x0/ \ A.�
2d; 
.x0// \X.�; v/

c
j

� 2�2d � jB�.x0/ \ A.�
2d; 
.x0// \X.�; v/j �

3
2
�2d:

This establishes (4.10).

Step 2: We are going to show that if � is small enough and


.R=Z/ \ B2d .
.x0// 6� B20
p
�d .L.
.x0/; 
.y0///; (4.13)

then necessarily for a uniform constant C D C.p; q/,

1 < 2Cı��4�q : (4.14)

Once we have proved that, we can argue by contradiction: Choose � small enough so that
in particular 20

p
� < ". Pick ı0 D ı0.�/ from Step 1, and ı < ı0 (depending on � and
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thus ") such that (4.14) is false. Then (4.13) would lead to a contradiction and thus is
false, meaning


.R=Z/ \ B2d .
.x0// � B20
p
�d .L.
.x0/; 
.y0/// � B"d .L.
.x0/; 
.y0///;

as claimed in the lemma.
So we have to show that (4.13) implies (4.14), which we will do now.
If (4.13) is true, there must be a point z0 2 R=Z such that


.z0/ 2 B2d .
.x0// n B20
p
�d .L.
.x0/; 
.y0///: (4.15)

Denote the angle between 
.z0/ � 
.x0/ and 
.y0/ � 
.x0/ by ˛; see Figure 2.

j
.z0/ � 
.x0/j

dist.
.z0/; L.
.x0/; 
.y0///

L.
.x0/; 
.y0//


.x0/


.y0/


.z0/

˛

Fig. 2. Definition of ˛.

Observe thatˇ̌̌̌

.z0/ � 
.x0/

j
.z0/ � 
.x0/j
^

.y0/ � 
.x0/

j
.y0/ � 
.x0/j

ˇ̌̌̌
D jsin.˛/j D

dist.
.z0/; L.
.x0/; 
.y0///
j
.z0/ � 
.x0/j

(4.15)
�

20
p
�d

2d
D 10

p
�:

Denote by ˇ the angle between 
 0.x/ and 
.y0/ � 
.x0/ and by � the angle between

 0.x/ and 
.z0/ � 
.x0/. Then we have

j˛j � jˇj C j� j:

Thus, a short computation leads toˇ̌̌̌

 0.x/ ^


.z0/ � 
.x0/

j
.z0/ � 
.x0/j

ˇ̌̌̌
D jsin.�/j � jsin.˛/j � jsin.ˇ/j

�

ˇ̌̌̌

.z0/ � 
.x0/

j
.z0/ � 
.x0/j
^

.y0/ � 
.x0/

j
.y0/ � 
.x0/j

ˇ̌̌̌
�

ˇ̌̌̌

 0.x/ ^


.y0/ � 
.x0/

j
.y0/ � 
.x0/j

ˇ̌̌̌
� 10
p
� �

ˇ̌̌̌

 0.x/ ^


.y0/ � 
.x0/

j
.y0/ � 
.x0/j

ˇ̌̌̌
:
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Consequently, for any x 2 X.�; v/c ,ˇ̌̌̌

 0.x/ ^


.z0/ � 
.x0/

j
.z0/ � 
.x0/j

ˇ̌̌̌
� 10
p
� � �:

For all � small enough this implies that for any x 2 X.�; v/c ,ˇ̌̌̌

 0.x/ ^


.z0/ � 
.x0/

j
.z0/ � 
.x0/j

ˇ̌̌̌
� 9
p
�: (4.16)

Observe next that for any x 2 B�.x0/ \ A.�2d; 
.x0// and z 2 A.�2d; 
.z0// (it is
important that z 2 R=Z and need not to lie in B�.x0/) we have

j
.z/ � 
.x/j � j
.z0/ � 
.x0/j � 2�
2d �

p
�.20 � 2�3=2/d

and
j
.z/ � 
.x/j � j
.z0/ � 
.x0/j C 2�

2d � .2C 2�2/d:

That is, for all � small enough,

j
.z/ � 
.x/j 2 .19
p
�d; .2C 2�2/d/: (4.17)

We combine (4.17) and (4.16), and find that for any x 2 B�.x0/ \ A.�2d; 
.x0// \
X.�; v/c and z 2 A.�2d; 
.z0//,ˇ̌̌̌


 0.x/ ^

.x/ � 
.z/

j
.x/ � 
.z/j

ˇ̌̌̌
D

1

j
.x/ � 
.z/j
j
 0.x/ ^ .
.x/ � 
.z//j

�
1

j
.x/ � 
.z/j
.j
 0.x/ ^ .
.x0/ � 
.z0//j � 2�

2d/

�
1

j
.x/ � 
.z/j

�
j
.x0/ � 
.z0/j

ˇ̌̌̌

 0.x/ ^


.x0/ � 
.z0/

j
.x0/ � 
.z0/j

ˇ̌̌̌
� 2�2d

�
�

d

j
.x/ � 
.z/j
.180� � 2�2/ %

�

2C 2�2
.180 � 2�/:

Again, for all small enough � this implies for any x 2B�.x0/\A.�2d;
.x0//\X.�;v/c

and z 2 A.�2d; 
.z0//, ˇ̌̌̌

 0.x/ ^


.x/ � 
.z/

j
.x/ � 
.z/j

ˇ̌̌̌
� 3�: (4.18)

Integrating this inequality in x 2 B�.x0/ \ A.�
2d; 
.x0// \ X.�; v/

c and z 2

A.�2d; 
.z0//, we deduce from (4.9), (4.17), and (4.18) that

ı >
.3�/q

..2C 2�2/d/p�q
jB�.x0/ \ A.�

2d; 
.x0// \X.�; v/
c
j jA.�2d; 
.z0//j:

For small enough � we can simplify this to

ı >
.3�/q

.3d/p�q
jB�.x0/ \ A.�

2d; 
.x0// \X.�; v/
c
j jA.�2d; 
.z0//j:
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With (4.10) in mind, we can find ı0 D ı0.�/ such that if ı < ı0 then

ı >
.3�/q

.3d/p�q
3

2
�2d jA.�2d; 
.z0//j:

On the other hand, since j
 0j � 1, we have jA.�2d; 
.z0//j � 2�2d . That is,

2�2d � jA.�2d; 
.z0//j < Cıd
p�q�1��2�q :

That is,
d�.p�2�q/ < 2Cı��4�q :

If p � q C 2 we have (observe that d � 1 since diam.
.R=Z// � 1),

1 < 2Cı��4�q :

That is, under the assumption (4.13) we have shown (4.14), which, as explained above,
implies the claim of Lemma 4.8.

Theorem 4.9. Let 2q C 1 > p � q C 2. There exists ı > 0 such that the following holds.
Let 
 2 Lip.R=Z;R3/ be a homeomorphism with j
 0j � 1, and assume that for some
x0 2 R=Z and � > 0,

either 
 2 C 1.B�.x0// or Œ
 0�
W
p�q�1
q ;q

.B�.x0//
<1: (4.19)

Also assume ˆ
B�.x0/

ˆ
R=Z

j
 0.x/ ^ .
.y/ � 
.x//jq

j
.x/ � 
.y/jp
dy dx < ı: (4.20)

If for any z0 2 R=Z we have

j
.x0/ � 
.z0/j <
1
10
�;

then there exists Nx 2 B�.x0/ such that 
. Nx/ D 
.z0/. In particular, z0 2 B�.x0/.

Proof. Fix �; " > 0 to be specified later. Take ı small enough so that Lemma 2.1 and
Theorem 4.5 are applicable (in view of (4.19)), so that

.1 � �/jx � yj � j
.x/ � 
.y/j � jx � yj 8x; y 2 B�.x0/: (4.21)

Moreover, we can assume that ı is small enough so that Lemma 4.8 is applicable.
Starting from x0, we are going to construct a sequence .xk/1kD0 � B�.x0/ and a

sequence .dk/1kD0 � .0;1/ such that for all k � 0,

� jxk � xkC1j �
1
1��

dk ,

� j
.xk/ � 
.z0/j D dk ,

� dkC1 �
1
100
dk ,

� B10dk .xk/ � B�.x0/.
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Once we have constructed this sequence, we see that xk is convergent to some Nx WD
limk!1 xk 2 B�.x0/ and 
. Nx/ D limk!1 
.xk/ D 
.z0/. Since 
 is injective, this
implies Nx D z0 and thus z0 2 B�.x0/.

Let xk be already given; we need to construct xkC1. Set

dk WD j
.xk/ � 
.z0/j and �k.t/ WD 
.xk C tdk/:

Observe that for jt j < 1, by (4.21),

j�k.t/ � 
.xk/j < dk :

On the other hand, whenever jt j � .1 � �/�1, by (4.21) we have

j�k.t/ � 
.xk/j � dk :

The intermediate value theorem yields t� 2 Œ�.1 � �/�1;�1� and tC 2 Œ1; .1 � �/�1�
such that

j�k.t˙/ � 
.xk/j D dk :

Without loss of generality (otherwise we interchange the role of t� and tC below) we may
assume that

j�k.t�/ � 
.z0/j �
1
3
dk : (4.22)

Indeed, if the inequality was false for both tC and t�, we would have

j�k.t�/ � �k.tC/j � dk ;

which violates the bi-Lipschitz assumption (4.21).
Set

yk WD xk C tCdk :

Denote the line through 
.xk/ and 
.yk/ by Lxk ;yk , more precisely let

Lxk ;yk .t/ WD .1 � t /
.xk/C t
.yk/; t 2 R:

Since Bdk .xk/ � B�.x0/, we can apply Lemma 4.8 to find that

jLxk ;yk .t1/ � 
.z0/j D inf
t2R
jLxk ;yk .t/ � 
.z0/j � "dk (4.23)

for some t1 2 Œ�1; 1�. By Pythagoras’ theorem,

d2k .1 � "
2/ � jLxk ;yk .t1/ � 
.xk/j

2
D t21d

2
k :

That is, if " is chosen small enough, then jt1j � 1 � 2".
We now argue that t1 � 1 � 2". Indeed, if we had t1 � �1C 2", then from the bi-

Lipschitz estimate,
j�k.t1/ � �k.tC/j � .1 � �/.2 � 2"/dk :

On the other hand,

jLxk ;yk .t1/ � �k.tC/j D j1 � t1j j
.xk/ � 
k.yk/j � .2 � 2"/dk :
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Moreover,

j�k.t1/ � 
.xk/j � dk and jLxk ;yk .t1/ � 
.xk/j D jt1jdk � dk :

So we have

Lxk ;yk .t1/; �k.t1/ 2 Bdk .
.xk// n B.1��/.2�2"/dk .�k.tC//:

But also
j�k.tC/ � 
.xk/j D dk :

From elementary geometry this implies that for small enough " and � we have

jLxk ;yk .t1/ � �k.t1/j <
1
4
dk :

But then from the projection assumption (4.23),

j�k.t�/ � 
.z0/j � j�k.t�/ � �k.t1/j C j�k.t1/ � Lxk ;yk .t1/j C jLxk ;yk .t1/ � 
.z0/j

� jt� � t1jdk C
1
4
dk C "dk <

1
2
dk

for small enough " and � . This contradicts (4.22). That is, we have shown t1 2 Œ1� 2"; 1�.
Now we find that

j
.yk/ � Lxk ;yk .t1/j D .1 � t1/j
.xk/ � 
.yk/j � 2"dk :

Consequently, by (4.23), for " small enough,

j
.yk/ � 
.z0/j � 3"dk <
1
100
dk :

So if we set xkC1 WD yk D xk C tCdk 2 B�.x0/, we see from (4.21) that

jxkC1 � xkj � .1 � �/
�1dk :

Also, by the definition, dkC1 WD j
.xkC1/ � 
.z0/j < 1
100
dk . Lastly,

B10dkC1.xkC1/ � B 1
10dk

.xkC1/

� B 1
10C.1��/

�1/dk
.xk/ � B10dk .xk/ � B�.x0/: (4.24)

We have thus constructed xkC1 with the required properties.

4.4. Convergence

Proposition 4.10. Let q C 2 � p < 2q C 1. For anyƒ > 0 and " 2 .0; 1/ there exists an
L D L.";ƒ/ 2 N such that the following holds.

Let 
k W R=Z! R3 with j
 0
k
j � 1 be C 1-homeomorphisms with

sup
k

k
kkL1 C sup
k

TPqC2;q.
k/ � ƒ:

Then there exists a subsequence .
ki /i2N and 
 2 Lip.R=Z;R3/ such that the following
hold for some finite set † � R=Z with #† � L:
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(1) 
ki converges uniformly to 
 .

(2) For any x0 2 R=Z n † there exists a radius � D �.x0/ > 0 such that 
ki weakly

converges to 
 in W 1Cp�q�1q ;q.B�.x0//.

(3) j
 0j D 1 a.e.

(4) 
ki and 
 are uniformly bi-Lipschitz in B�.x0/ with

.1 � "/jx � yj � j
ki .x/ � 
ki .y/j � jx � yj 8x; y 2 B�.x0/ 8i (4.25)

and

.1 � "/jx � yj � j
.x/ � 
.y/j � jx � yj 8x; y 2 B�.x0/: (4.26)

(5) For any x0 2 R=Z n † and any y0 2 R=Z with j
ki .x0/ � 
ki .y0/j �
1
100
�.x0/ or

j
.x0/ � 
.y0/j �
1
100
�.x0/ we have jx0 � y0j � �.x0/.

(6) In particular, if 
.x/ D 
.y/, then either x D y or ¹x; yº � †.

(7) We have lower semicontinuity:

TPp;q.
/ � lim inf
k!1

TPp;q.
k/: (4.27)

(8) 
 W R=Z! R3 is a homeomorphism.

(9) 
 is globally bi-Lipschitz.

(10) 
 2 W 1Cs;q.R=Z;R3/ for any 0 < s < 1=q.

Proof. (1) By the Arzelà–Ascoli theorem, up to taking a subsequence, we may assume
that (1) holds.

(2) Fix ı > 0 to be specified later. By Proposition 4.3, up to taking a further subse-
quence there is a discrete singular set † with #† � L such that for any x0 2 R=Z n †
there exists �x0 > 0 such that

lim sup
k!1

ˆ
B�x0

.x0;10/

ˆ
R=Z

j
 0
k
.x/ ^ .
k.x/ � 
k.y//j

q

j
k.x/ � 
k.y/jp
dx dy < ı: (4.28)

From Theorem 4.5 we find that for each x0 2 R=Z n†,

sup
k

Œ
 0k �
q

W
p�q�1
q ;q

.B�x0
.x0//

� Cı: (4.29)

By reflexivity ofW
p�q�1
q ;p.B�x0 .x0// and the Banach–Alaoglu theorem, combined with

Rellich’s theorem, we find that 
 0
k

weakly converges to 
 0 in W
p�q�1
q ;p.B�x0 .x0// and

the convergence is pointwise a.e. in B�x0 .x0/ and strong in L1.B�x0 .x0//. Observe that
by uniqueness of the weak limit we need not pass to a further subsequence here. This
establishes (2).

(3) In particular, 
 0
k

a.e. converges to 
 0 in R=Z n †, and † is an L1-zero set. This
implies

j
 0.x/j D lim
k!1

j
 0k.x/j D 1 a.e. x 2 R=Z:

We have established (3).
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(4) Having chosen ı in (4.28) small enough, we get a small W
p�q�1
q ;p.B�x0 .x0//-

norm from (4.29), and from Lemma 2.1 we obtain (4.25). From the uniform convergence

k ! 
 we obtain (4.26). This establishes (4).

(5) The statement in (5) for 
k is a consequence of Theorem 4.9. By uniform conver-
gence this carries over to 
 .

(6) Assume x; y 2 R=Z with 
.x/ D 
.y/. If x 62 †, we infer from (5) that y 2
B�.x/.x/. But by (4.26) this implies x D y. Similarly, if y 62 † we obtain y D x. So if

.x/ D 
.y/ then either x D y or x and y both belong to †.

(7) In order to prove (4.27) observe that by (6) we have

j
.x/ � 
.y/j D 0 H) .x; y/ 2 ¹.x; y/ 2 R=Z �R=Z W x D yº [† �†:

In particular,

¹.x; y/ 2 R=Z �R=Z W j
.x/ � 
.y/j D 0º is an L2-zero set:

Consequently, the pointwise convergence of 
k to 
 and the L1-almost everywhere con-
vergence of 
 0

k
to 
 0 imply that

j
 0.x/^.
.x/�
.y//jq

j
.x/�
.y/jp
D lim
k!1

j
 0
k
.x/^.
k.x/�
k.y//j

q

j
k.x/�
k.y/jp
L2-a.e. in R=Z�R=Z:

From Fatou’s lemma we thus have

TPp;q.
/ � lim inf
k!1

TPp;q.
k/;

and (7) is established.
(8) By now we know that 
 has finite tangent-point energy. By [74, Theorem 1.1] this

implies that 
.R=Z/ is a topological 1-manifold. On the other hand, 
 W R=Z! R3 has
only finitely many self-intersection points, namely 
.†/. This means that there are no
intersection points at all.

Indeed, assume there are distinct x1; x2 2 † with 
.x1/ D 
.x2/. Then there exists
" > 0 such that Œxi � "; xi C "� \ † D ¹xiº, i D 1; 2, since † is a discrete set. Now

 W Œxi � "; xi C "�! R3 is a one-to-one map and it is (even Lipschitz) continuous.

Now denote by C a cross,

C WD ¹z D .z1; z2/ 2 Œ�1; 1�
2
W z1 D 0 or z2 D 0º

and define f W C ! R3 by

f .z/ WD

´

.x1 C "z1/; z D .z1; 0/;


.x2 C "z2/; z D .0; z2/:

Then f is injective and continuous. Since C is a compact set, we conclude that
f W C ! f .C / � 
.R=Z/ is a homeomorphism. Since 
.R=Z/ is a one-dimensional
topological manifold, around any p0 2 
.R=Z/ there exists a homeomorphism h W
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.R=Z/ \ BQı.p0/! R for some small Qı > 0. Taking p0 WD 
.x1/ we see that h ı f W
C \ Bı.0/! R is a homeomorphism for a smaller ı > 0. But the cross C is not hom-
eomorphic to any subset in R, and we have a contradiction from our assumption that
x1 ¤ x2. In conclusion, 
 is injective. Since 
 W R=Z! R3 is continuous and R=Z com-
pact we conclude that 
 W R=Z! R3 is a homeomorphism. Thus (8) is established.

(9)

inf
x¤y2R=Z

j
.x/ � 
.y/j

jx � yj
D 0:

Then there exist (convergent) sequences R=Z 3 xk
k!1
����! Nx and R=Z 3 yk

k!1
����! Ny with

lim
k!1

j
.xk/ � 
.yk/j

jxk � ykj
D 0: (4.30)

We make several observations:

� Nx D Ny. Indeed, if Nx ¤ Ny, then the continuity of 
 combined with (4.30) implies that
0 D 
. Nx/ � 
. Ny/: Since 
 is injective, this implies Nx D Ny, a contradiction.

� Nx 2†. Indeed, if Nx 62†, then for all k sufficiently large, xk ;yk 2B� Nx . Nx/, thus by (4.26),

j
.xk/ � 
.yk/j

jxk � ykj
� 1 � " 8k � 1:

This contradicts (4.30).

� For all but finitely many k 2 N (up to interchanging xk and yk) we have xk < Nx < yk
for all k 2 N. Indeed, let K > 0 be such that

j
.xk/ � 
.yk/j

jxk � ykj
<
1

4
8k � K: (4.31)

Also, combining Lemma 2.1 and Theorem 4.5, let ı D ı."/ > 0 be such that for any ball
B � R=Z of diameter � 1=2,

TPp;q.
 IB/ < ı and Œ
 0�
W
p�q�1
q ;q

.B/
<1

implies j
.x/ � 
.y/j � 1
2
jx � yj 8x; y 2 B: (4.32)

By absolute continuity of the integral, and since TPp;q.
/ <1, there exists a N� > 0 such
that

TPp;q.
 IB/ < ı for all balls B � R=Z with diamB < N�: (4.33)

Now assume by contradiction that xk ;yk 2B N�=2. Nx/ and xk <yk � Nx for some k >K.

Take a sequence . QykIi /i2N such that xk < QykIi < Nx with QykIi
i!1
���! yk . There exists an

open ballBk;i �Bk;i �R=Z n† of radius< N�=2 such that xk ; QykIi �Bk;i . By a covering

argument, from (2), we obtain 
 0 2W
p�q�1
q ;q.Bk;i / (without any estimate for the norm).

However, since the ball Bk;i is small enough, we have TPp;q.
 IBk;i / < ı by (4.33), so
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from (4.32) we obtain
j
.xk/ � 
. QykIi /j

jxk � QykIi j
�
1

2
:

This holds for all i 2 N, so letting i !1 we get

j
.xk/ � 
.yk/j

jxk � ykj
�
1

2
;

a contradiction to (4.31).

� There exists K 2 N such that for any k � K,

j
.xk/ � 
.yk/j �
1
20

max ¹jxk � Nxj; jyk � Nxjº: (4.34)

Indeed, let ı > 0 be from Theorem 4.9, and let R > 0 be such that (4.20) is satisfied
for any x0 2 R=Z and any � 2 .0; R/ – such an R > 0 exists by absolute continuity of
the integral and since TPp;q.
/ <1. We can assume by taking R possibly smaller that
BR. Nx/ \† D ¹ Nxº.

Let K 2 N be such that jxk � ykj < 1
100
R for all k � K. Set � WD 1

2
jxk � Nxj < R.

Observe that B�.xk/ \ † D ; and thus 
 0 2 W
p�q�1
q ;q.B�.xk// by a covering argu-

ment and (2). Since Nx 62 B�.xk/ and xk < Nx < yk , we find that yk 62 B�.xk/. Applying
Theorem 4.9 in B�.xk/, we conclude that

j
.xk/ � 
.yk/j �
1
20
jxk � Nxj:

By a similar argument,
j
.xk/ � 
.yk/j �

1
20
jyk � Nxj:

To deduce (9), observe that by the triangular inequality

max ¹jxk � Nxj; jyk � Nxjº � 1
2
jxk � ykj:

Combining this with (4.34) implies

j
.xk/ � 
.yk/j �
1
40
jxk � ykj;

which is a contradiction to (4.30). This establishes (9).
(10) The set † of points where we do not know already that 
 is Sobolev, is at most

finite. For simplicity of notation assume that 0 2 †. Take r > 0 small enough such that
Br \† D ¹0º, and that for ı from Theorem 4.5,

TPp;q.
 IBr / < ı:

For small � > 0 let

X� WD .Œ�r;��� [ Œ�; r�/ � .Œ�r;��� [ Œ�; r�/:

Since L2.Œ�r; r�2 nX� /
�!0
���! 0, it suffices to show that

lim sup
�!0C

¨
X�

j
 0.x/ � 
 0.y/jq

jx � yj1Csq
dx dy <1:
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Since we already know that 
 0 2 W
p�q�1
q ;q.Œ�r;���/ [W

p�q�1
q ;q.Œ�; r�/, we can use

Theorem 4.5 to obtain¨
X�

j
 0.x/ � 
 0.y/jq

jx � yj1Csq
dx dy

.
¨
Œ�;r�2[Œ�r;���2

j
 0.x/ � 
 0.y/jq

jx � yjp�q
dx dy C k
 0kL1

ˆ
.�r;0/

ˆ
.0;r/

1

jx � yj1Csq
dx dy:

The second integral is finite for s < 1=q.

Remark 4.11. It is unclear to us whether Proposition 4.10 (10) holds for s D 1=q. If one
were able to prove this, then there is a chance to remove the singular set for the regularity
theory in Corollary 1.8 with the removability argument as in [50].

5. Weak limits of minimizing sequences are critical: Proof of Theorem 1.6

We would like to compare our minimizing sequence 
k with the variation 
 C t', where '
is a locally supported test function. Computing the Euler–Lagrange equations then proves
Corollary 1.8. For notational convenience, we restrict ourselves to the case p D q C 2

instead of p � q C 2. The case p > q C 2 follows in the same way, but it can also be
obtained by simpler, more direct methods.

Theorem 5.1 (Minimizing sequence converging to a critical point). There exists "0 > 0
such that the following holds.

Let q > 1, 
k 2 C 1.R=Z;R3/, 
 2 Lip.R=Z;R3/, j
 0
k
j D j
 0j D 1 a.e., with

sup
k

TPqC2;q.
k/ <1:

Assume that 
k is approximately minimizing, in the sense that

TPqC2;q.
k/ � TPqC2;q. Q
/C 1=k

for any Q
 ambient isotopic to 
k .
Assume that 
k uniformly converges to 
 in R=Z and for a geodesic ball B100� �

R=Z, e.g. � < 1
1000

,

sup
k

ˆ
B100�

ˆ
R=Z

�.
k ; x; y/ dy dx < "0 (5.1)

where

�.�; x; y/ WD
j� 0.x/ ^ .�.x/ � �.y//jq

j�.x/ � �.y/jqC2
j� 0.x/j1�q j� 0.y/j:

Then for any ' 2 C1c .B�;R
3/ there exists t0 > 0 such that for all t 2 .�t0; t0/,¨

.R=Z/2n.B�
c/2
�.
; x; y/ dx dy �

¨
.R=Z/2n.B�

c/2
�.
 C t'; x; y/ dx dy:

For the proof of Theorem 5.1 we need to obtain first a fractional version of the Luck-
haus lemma.
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5.1. A fractional Luckhaus lemma in one dimension

The Luckhaus lemma [49, Lemma 1] is an important tool for harmonic maps, usually
given in the form below; see [72, Section 2.6, Lemma 1]. It essentially provides a way to
glue together two maps u and v along the boundary @B1.0/ with explicit dependence on
the size ı of the glued region.

Lemma 5.2. Let N be any compact subset of Rn, n � 2. Assume u; v 2 W 1;2.Sn�1;N /

and ı 2 .0; 1/. Then there exists w 2 W 1;2.Sn�1 � Œ0; ı�;Rn/ with w D u in a neighbor-
hood of Sn�1 � ¹0º, w D v in a neighborhood of Sn�1 � ¹ıº,

ˆ
Sn�1�Œ0;ı�

jrwjn � Cı

ˆ
Sn�1

.jruj2 C jrvj2/C Cı�1
ˆ

Sn�1
ju � vj2;

and

dist2.w.Sn�1 � Œ0; ı�/;N /

� Cı1�n
�ˆ

Sn�1
.jruj2 C jrvj2/

�1=2�ˆ
Sn�1
ju � vj2

�1=2
C Cı�n

ˆ
Sn�1
ju � vj2:

We will need a version of this lemma for fractional Sobolev spaces in one dimension.
Working in one dimension has advantages and disadvantages: The advantage is that the
boundary of a ball consists of two points, and the possibility of explicit computations. The
main disadvantage is that there may be no reasonable trace spaces for W s;p.Œ0; 1�/ when
sp � 1. In any case, the following might be interesting on its own.

Lemma 5.3. Assume u; v W R ! R3 are locally integrable, have a Lebesgue point at
x D ˙1, and

ˆ
R

ju.x/ � u.y/jp

jx � yj1Csp
dy C

ˆ
R

jv.x/ � v.y/jp

jx � yj1Csp
dy <1; x D �1; 1:

Then for any ı � 1=2 there exists w W .�2; 2/! R3 with the following properties:

� w.x/ D u.x/ for jxj > 1 and w.x/ D v.x=.1 � ı// for jxj < 1 � ı, namely we can
choose

w.x/ D

8̂̂̂̂
<̂
ˆ̂̂:
u.x/; jxj > 1;

.1 � �.x//u.�1/C �.x/v.�1/; x 2 Œ�1;�1C ı�;

v.x=.1 � ı//; jxj < 1 � ı;

.1 � �.x//u.1/C �.x/v.1/; x 2 Œ1 � ı; 1�;

where � W R! Œ0; 1� is any smooth map such that � � 0 for jxj > 1 � ı=4, � � 1 for
jxj � 1 � 1

2
ı, and j�0j . 1=ı.
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� For any r 2 .1; 2/ we have the estimate

Œw�
p

W s;p.�r;r/

�

ˆ
1<jyj<r

ˆ
r>jxj>1

ju.x/ � u.y/jp

jx � yj1Csp
dx dy C .1 � ı/1�spŒv�

p

W s;p.�1;1/

C 2.1 � ı/

ˆ
jyj<1

ˆ
r>jxj>1

ju.x/ � v.y/jp

jx � .1 � ı/yj1Csp
dx dy

C Cı

�ˆ
r>jyj>1

ju.1/ � u.y/jp

j1 � yj1Csp
dy C

ˆ
jyj>1

ju.�1/ � u.y/jp

j�1 � yj1Csp
dy

�
C Cı.1 � ı/�sp

�ˆ
jyj<1

jv.1/ � v.y/jp

j1 � yj1Csp
dy C

ˆ
jyj<1

jv.�1/ � v.y/jp

j�1 � yj1Csp
dy

�
C Cı1�sp .ju.1/ � v.1/jp C ju.�1/ � v.�1/jp/

C Cı2.ju.1/ � u.�1/jp C jv.1/ � v.�1/jp/: (5.2)

� If we set K WD u.�2; 2/ [ v.�2; 2/, then

dist.w..�2; 2//;K/ � ju.�1/ � v.�1/j C ju.1/ � v.1/j:

Proof. We can find � with the properties specified above such that j�0j . 1=ı. Then (for
simplicity we assume r D 2 here, the case of general r is the same)

ˆ
.�2;2/

ˆ
.�2;2/

jw.x/ � w.y/jp

jx � yj1Csp
dx dy

D

ˆ
jyj>1

ˆ
jxj>1

ju.x/ � u.y/jp

jx � yj1Csp
dx dy

C .1 � ı/1�sp
ˆ
jyj<1

ˆ
jxj<1

jv.x/ � v.y/jp

jx � yj1Csp
dx dy

C IIIC 2IVC 2VC 2VI

where

III WD
ˆ
jyj2.1�ı;1/

ˆ
jxj2.1�ı;1/

jw.x/ � w.y/jp

jx � yj1Csp
dx dy;

IV WD
ˆ
jyj<1�ı

ˆ
jxj>1

jw.x/ � w.y/jp

jx � yj1Csp
dx dy;

V WD
ˆ
jyj2.1�ı;1/

ˆ
jxj<1�ı

jw.x/ � w.y/jp

jx � yj1Csp
dx dy;

VI WD
ˆ
jyj2.1�ı;1/

ˆ
jxj>1

jw.x/ � w.y/jp

jx � yj1Csp
dx dy:



S. Blatt, Ph. Reiter, A. Schikorra, N. Vorderobermeier 1970

To estimate III we observe that

III .
¨
x;y2.1�ı;1/

jw.x/ � w.y/jp

jx � yj1Csp
dx dy

C

¨
x;y2.�1;�1Cı/

jw.x/ � w.y/jp

jx � yj1Csp
dx dy;

C
�
ju.�1/ � u.1/jp C jv.1/ � v.�1/jp

�
ı2

. jv.1/ � u.1/jp
¨
x;y2.1�ı;1/

j�.x/ � �.y/jp

jx � yj1Csp
dx dy

C jv.�1/ � u.�1/jp
¨
x;y2.�1;�1Cı/

j�.x/ � �.y/jp

jx � yj1Csp
dx dy

C .ju.�1/ � u.1/jp C jv.1/ � v.�1/jp/ı2

. ı1�spjv.1/ � u.1/jp C ı1�spjv.�1/ � u.�1/jp

C ı2.ju.�1/ � u.1/jp C jv.1/ � v.�1/jp/

Also

IV D
ˆ
jyj<1�ı

ˆ
jxj>1

ju.x/ � v.y=.1 � ı//jp

jx � yj1Csp
dx dy

D .1 � ı/

ˆ
jyj<1

ˆ
jxj>1

ju.x/ � v.y/jp

jx � .1 � ı/yj1Csp
dx dy:

The tricky terms (that need to vanish as ı ! 0) are the remaining ones:

V D
ˆ
Y1

ˆ
X

jv.x=.1 � ı// � .1 � �.y//u.1/ � �.y/v.1/jp

jx � yj1Csp
dx dy

C

ˆ
Y2

ˆ
X

jv.x=.1 � ı// � .1 � �.y//u.�1/ � �.y/v.�1/jp

jx � yj1Csp
dx dy

D

ˆ
Y1

ˆ
X

jv.x=.1 � ı// � v.1/C .1 � �.y//.v.1/ � u.1//jp

jx � yj1Csp
dx dy

C

ˆ
Y2

ˆ
X

jv.x=.1 � ı// � v.�1/C .1 � �.y//.v.�1/ � u.�1//jp

jx � yj1Csp
dx dy

D

ˆ
Y1

ˆ
X

jv.x=.1 � ı// � v.1/C .�.x/ � �.y//.v.1/ � u.1//jp

jx � yj1Csp
dx dy

C

ˆ
Y2

ˆ
X

jv.x=.1 � ı// � v.�1/C .�.x/ � �.y//.v.�1/ � u.�1//jp

jx � yj1Csp
dx dy;

where X D .�1C ı; 1 � ı/, Y1 D .1 � ı; 1/ and Y2 D .�1;�1C ı/. That is,

V .
ˆ
Y1

ˆ
X

jv.x=.1 � ı// � v.1/jp

jx � yj1Csp
dx dy

C

ˆ
Y2

ˆ
X

jv.x=.1 � ı// � v.�1/jp

jx � yj1Csp
dx dy

C ı1�sp.ju.1/ � v.1/jp C ju.�1/ � v.�1/jp/:
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Now for y 2 Y1 and x 2 X we have jx � yj � jx � .1 � ı/j, thus
ˆ
Y1

ˆ
X

jv.x=.1 � ı// � v.1/jp

jx � yj1Csp
dx dy �

ˆ
Y1

ˆ
X

jv.x=.1 � ı// � v.1/jp

jx � .1 � ı/j1Csp
dx dy

D ı

ˆ
X

jv.x=.1 � ı// � v.1/jp

jx � .1 � ı/j1Csp
dx

D ı.1 � ı/�sp
ˆ
jxj<1

jv.x/ � v.1/jp

jx � 1j1Csp
dx:

Arguing similarly for the other part, we obtain

V � Cı.1 � ı/�sp
ˆ
jxj<1

jv.x/ � v.�1/jp

j�1 � xj1Csp
dx

C Cı.1 � ı/�sp
ˆ
jxj<1

jv.x/ � v.1/jp

jx � 1j1Csp
dx

C ı1�sp
�
ju.1/ � v.1/jp C ju.�1/ � v.�1/jp

�
:

Now for VI,

VI D
ˆ
jyj2.1�ı;1/

ˆ
jxj>1

ju.x/ � w.y/jp

jx � yj1Csp
dx dy:

Again we have two parts, of which we only estimate

ˆ
y2.1�ı;1/

ˆ
jxj>1

ju.x/ � w.y/jp

jx � yj1Csp
dx dy

D

ˆ
y2.1�ı;1/

ˆ
jxj>1

ju.x/ � .1 � �.y//u.1/ � �.y/v.1/jp

jx � yj1Csp
dx dy

D

ˆ
y2.1�ı;1/

ˆ
jxj>1

ju.x/ � u.1/C �.y/.u.1/ � v.1//jp

jx � yj1Csp
dx dy

.
ˆ
y2.1�ı;1/

ˆ
jxj>1

ju.x/ � u.1/jp

jx � yj1Csp
dx dy C ju.1/ � v.1/jpı1�sp

.
ˆ
y2.1�ı;1/

ˆ
jxj>1

ju.x/ � u.1/jp

jx � 1j1Csp
dx dy C ju.1/ � v.1/jpı1�sp

D ı

ˆ
jxj>1

ju.x/ � u.1/jp

jx � 1j1Csp
dx C ju.1/ � v.1/jpı1�sp:

For the last inequality we have used the fact that for any ı 2 .0; 1/, if y 2 .1 � ı; 1/ and
x > 1 or x < �1, then jx � yj � cjx � 1j for some uniform constant c.

5.2. Proof of Theorem 5.1

Armed with the Luckhaus lemma, we can now prove Theorem 5.1. The idea is to work
with 
 0

k
and 
 0 C t'0, using the Luckhaus lemma to glue 
 0 C t'0 to 
 0

k
where the gluing

happens in an annulus BR n BR.1�ı/. The important observation is that even under the
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assumption of only weak convergence the norms on the annulus BR n BR.1�ı/ vanish in
the limit.

We face an additional technicality that we want to glue derivatives. Up to adding a
corrector term after integration, this leads to a curve �k;ı which coincides with 
k outside
of a ball BR. The map �k;ı may not coincide with 
 C t' inside the ball BR, but its
derivative � 0

k;ı
is essentially 
 0 inside the ball, which is good enough for our purposes.

Proof of Theorem 5.1. We may assume that the ball B� is centered at zero. Since � is
small, we may and do assume for simplicity that the distance jx � yj corresponds to the
Euclidean distance.

For any " > 0 there is "0 > 0 such that (5.1) implies

Œ
 0�W 1=q;q.B100�/
C sup

k

Œ
 0k �W 1=q;q.B100�/
< ": (5.3)

Indeed, this follows, similar to the arguments in Section 4, from the fact that 
k is smooth
and (5.1) implies by Theorem 4.5 a uniform bound of 
 0

k
in W 1=q;q.B100�/, so that a

subsequence of 
 0
k

converges to 
 0 weakly in W 1=q;q.B100�/.
Let ' 2 C1c .B�/. By Fubini’s theorem, there exists R 2 .�; 2�/ such that ˙R are

Lebesgue points of 
 0
k

and 
 0,

ˆ
R

j
 0.x/ � 
 0.y/jq

jx � yj2
dy C sup

k

ˆ
R

j
 0
k
.x/ � 
 0

k
.y/jq

jx � yj2
dy <1; x D �R;R; (5.4)

and we can also assume that 
 0
k
.˙R/ converges to 
 0.˙R/ for this R, and 
 0

k

k!1
����! 
 0

weakly in W 1=q;q.B100�/ and strongly in Lq.B100�/.
This also implies
ˆ

R

j.
 C t'/0.x/ � .
 C t'/0.y/jq

jx � yj2
dy <1; x D �R;R; 8t 2 R: (5.5)

Construction of a comparison map �k;ı . Fix ı > 0. Apply the Luckhaus lemma
(Lemma 5.3) to 
 0 C t'0 (within BR) and 
 0

k
(in BRc). Then we obtain

gk;ı.x/ D

8̂̂<̂
:̂

 0
k
.x/; x < �R;

.
 C t'/0.x=.1 � ı//; jxj < .1 � ı/R;


 0
k
.x/; x > R:

For .1 � ı/R � jxj � R we have an interpolation between 
 0.˙R/ and 
 0
k
.˙R/ as in

Lemma 5.3.
Observe that for t0� 1, j.
 C t'/0j is as close to 1 a.e. as we want, so we also get the

estimate
dist.gk;ı.x/;S2/ � " for k � 1; t0 � 1:
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Pick � 2 C1.R; Œ0; 1�/ with � � 0 for x < �R=2, � � 1 for x � R=2, and j� 0j . 1=R.
We set

�k;ı.x/ WD

ˆ x

�1

gk;ı.z/ dz C 
k.�1/C �.x/

�ˆ R

�R

Œ
 0k.z/ � gk;ı.z/� dz

�
: (5.6)

Properties of �k;ı . We need to show that �k;ı (for all small t , small ı and large k) is a
comparison function for 
k .

First we show
�k;ı � 
k on R=Z n Œ�R;R�: (5.7)

Indeed, observe that for x < �R=2,

�k;ı.x/ D

ˆ x

�1

gk;ı.z/ dz C 
k.�1/;

and thus
� 0k;ı.x/ D gk;ı.x/ D 


0
k.x/ whenever x < �R.

Since moreover �k;ı.�1/ D 
k.�1/, we have

�k;ı � 
k on Œ�1;�R/:

Moreover, for x > R,

�k;ı.x/ D

ˆ x

�1

gk;ı.z/ dz C 
k.�1/C

�ˆ R

�R

Œ
 0k.z/ � gk;ı.z/� dz

�
D

ˆ x

�1


 0k.z/ dz C 
k.�1/:

Again, this implies that � 0
k;ı
.x/ D 
 0

k
.x/ for x > R and since

´ 1
�1

 0
k
D 0, we find that

�k;ı.1/ D 
k.�1/ D 
k.1/.
Therefore, (5.7) is established.
Next, we show that there exists t0 > 0, ı0 > 0 and K0 2 N such that

1=2 � j� 0k;ı j � 3=2 8jt j < t0; ı 2 .0; ı0/; k � K0: (5.8)

Indeed, there exists t0 > 0 such that j
 0 C t'0j 2 .1� 1
1000

; 1C 1
1000

/ a.e. for all jt j < t0.
From Lemma 5.3 we then haveˇ̌

jgk;ı.x/j � 1
ˇ̌
�

1

1000
C j
 0k.�R/ � 


0.�R/j C j
 0k.R/ � 

0.R/j:

Since by assumption 
 0
k
.˙R/

k!1
����! 
 0.˙R/, we can find K0 2 N such thatˇ̌

jgk;ı.x/j � 1
ˇ̌
�

2

1000
8jt j < t0; k � K0: (5.9)
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On the other hand, the term involving � converges in C1.R/ to zero. Namely, we have
(recall that '.˙R/ D 0)ˇ̌̌̌ˆ R

�R

Œ
 0k.z/ � gk;ı.z/� dz

ˇ̌̌̌
�

ˇ̌̌̌ˆ R

�R


 0k.z/ dz �

ˆ .1�ı/R

�.1�ı/R

.
 C t'/0.z=.1 � ı// dz

ˇ̌̌̌
C 2ıRkgk;ıkL1

(5.9)
�

ˇ̌̌̌ˆ R

�R


 0k.z/ dz �

ˆ .1�ı/R

�.1�ı/R

.
 C t'/0.z=.1 � ı// dz

ˇ̌̌̌
C 4ıR

D
ˇ̌

k.R/ � 
k.�R/ �

�
.1 � ı/.
 C t'/.R/ � .1 � ı/.
 C t'/.�R/

�ˇ̌
C 4ıR

D
ˇ̌

k.R/ � 
k.�R/ �

�
.1 � ı/
.R/ � .1 � ı/
.�R/

�ˇ̌
C 4ıR

� max
x2¹�R;Rº

�
j
k.x/ � 
.x/j C ıj
.x/j

�
C 4ıR: (5.10)

Since 
k uniformly converges to 
 , we deduce that for any L 2 N,

8Q" > 0 9ı0 > 0;K0 2 N W



�.�/ ˆ R

�R

Œ
 0k.z/ � gk;ı.z/� dz






CL.R/

< Q" 8ı 2 .0; ı0/; k � K0: (5.11)

(5.9) and (5.11) readily imply (5.8).
Next we estimate the Sobolev norm of �k;ı . From the Luckhaus lemma, (5.2), we

obtain the estimate (observe that we work on the ball so the constants depend on R by
scaling)

Œgk;ı �
q

W 1=q;q.B100�/

. Œ
 0k �
q

W 1=q;q.B100�/
C Œ
 0�

q

W 1=q;q.B100�/
C jt jŒ'0�

q

W 1=q;q.B100�/

C C.R/ı

�ˆ
R

j.
 C t'/0.R/ � .
 C t'/0.y/jq

jR � yj2
dy

C

ˆ
R

j.
 C t'/0.�R/ � .
 C t'/0.y/jq

j�R � yj2/
dy

�
C C.R/ı

�ˆ
R

j
 0
k
.R/ � 
 0

k
.y/jq

jR � yj2
dy C

ˆ
R

j
 0
k
.�R/ � 
 0

k
.y/jq

j�R � yj2
dy

�
C C.R/

�
j
 0k.R/ � 


0.R/jq C j
 0k.�R/ � 

0.�R/jq

�
C C.R/ı�2k
 0k � 
k

q

Lq.B100�/
C C.R/ı2:

Here we have used the fact that

2.1 � ı/

ˆ
jyj<R

ˆ
100�>jxj>R

j
 0
k
.x/ � .
 C t'/0.y/jq

jx � .1 � ı/yj2
dx dy

D 2.1 � ı/

ˆ
jyj<R

ˆ
100�>jxj>R

j.
k C t'/
0.x/ � .
 C t'/0.y/jq

jx � .1 � ı/yj2
dx dy

. .1 � ı/Œ.
k C t'/0�qW 1=q;q.B100�/
C .1 � ı/ı�2k
 0k � 


0
k
q

Lq.BR/
:
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In view of the convergence 
 0
k
.˙R/

k!1
����! 
 0.˙R/, theLq-convergence of 
 0

k
to 
 0, (5.4),

and (5.5) together with (5.3), we find that there are ı0, t0 such that

8ı 2 .0; ı0/ 9K.ı/ W Œgk;ı �
q

W 1=q;q.B100�/
< 4" 8k � K.ı/; jt j < t0:

From (5.11) we thus conclude that taking possibly ı0 and t0 smaller and K.ı/ larger,

8ı 2 .0; ı0/ 9K.ı/ W Œ� 0k;ı �
q

W 1=q;q.B100�/
< 4" 8k � K.ı/; jt j < t0: (5.12)

The comparison. In view of uniform convergence, (5.1), and (5.3), we can apply Theo-
rem 4.9 and Lemma 2.1 to conclude that the assumptions of Theorem 3.7 are satisfied for
�k;ı and 
k for all k � K.ı/ for some large number K.

Theorem 3.7 implies �k;ı and 
k are ambient isotopic (technically, we can mollify
�k;ı around B5�; then this mollification is ambient isotopic to 
k , so we get the estimate
and remove the mollification again – observe that 
k is smooth), and thus

TPqC2;q.
k/ � TPqC2;q.�k;ı/C 1=k 8k � K.ı/:

Since 
k � �k;ı on BRc , this implies
¨
.R=Z/2n.BR

c/2
�.
k ; x; y/ dx dy �

¨
.R=Z/2n.BR

c/2
�.�k;ı ; x; y/ dx dy C 1=k:

(5.13)
We claim pointwise convergence

�.
; x; y/ D lim
k!1

�.
k ; x; y/ a.e. .x; y/ 2 .R=Z/2 n .B2�c/2: (5.14)

Observe that by the definition of � this pointwise convergence is immediate for a.e.
.x;y/ 2 .R=Z/2 with 
.x/¤ 
.y/. On the other hand, for any .x;y/ 2 .R=Z/2 n .B2�c/2

D .B2� �R=Z/[ .R=Z�B2�/2, we know that 
.x/D 
.y/ if and only if x D y. Since
x D y is a set of measure zero in R=Z, we conclude that (5.14) must hold.

Applying Fatou’s lemma to (5.13), in view of (5.14) we conclude that¨
.R=Z/2n.BR

c/2
�.
; x; y/ dx dy � lim inf

k!1

¨
.R=Z/2n.BR

c/2
�.�k;ı ; x; y/ dx dy:

The convergence of �k;ı as k ! 1. We now fix ı 2 .0; ı0/ and consider the limit as
k !1. Set

gı.x/ WD

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:


 0.x/; x < �R;


 0.�R/; x 2 .�R;�.1 � ı/R/;

.
 C t'/0.x=.1 � ı//; jxj < .1 � ı/R;


 0.R/; x 2 ..1 � ı/R;R/;


 0.x/; x > R;

and

�ı.x/ WD

ˆ x

�1

gı.z/ dz C 
.�1/C �.x/

�ˆ R

�R

Œ
 0.z/ � gı.z/� dz

�
:
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From the Sobolev convergence of 
k we observe that (up to a subsequence)

gk;ı
k!1
����! gı a.e. in .�R;R/:

We conclude that
�k;ı

k!1
����! �ı a.e. in R=Z:

Indeed, for x 2 .�R;R/ we use dominated convergence and the a.e. convergence of 
 0
k

to 
 0 in B100�. For x 62 .�R;R/ we use �k;ı.x/D 
k.x/, �ı.x/D 
.x/, and the uniform
convergence of 
k to 
 . Since on the other hand j� 0

k;ı
j is uniformly bounded, we conclude

that
�k;ı

k!1
����! �ı uniformly in R=Z: (5.15)

We also observe that

�ı
ı!0
���! 
 C t' uniformly in R=Z: (5.16)

This is obvious outside of .�R;R/ since both sides are equal. Also, similar to (5.10) we
have 



�.�/�ˆ R

�R

Œ
 0.z/ � gı.z/� dz

�




L1

ı!0
���! 0:

Also
gı.z/ � .
 C t'/

0.z/
ı!0
���! 0 a.e. z 2 R=Z:

By dominated convergence, we conclude thatˇ̌̌̌ˆ x

�1

gı.z/ dz �

ˆ x

�1

.
 C t'/0.z/ dz

ˇ̌̌̌
�

ˆ 1

�1

jgı � .
 C t'/
0
j
ı!0
���! 0

uniformly in x, so (5.16) holds.
In particular, choosing ı0 possibly smaller, we may assume that for any jt j � 1,

�ı W R=Z! R3 is injective: (5.17)

Next we claim that

lim sup
k!1

ˇ̌̌̌¨
.R=Z/2n.BR

c/2
�.�k;ı ; x; y/dx dy �

¨
.R=Z/2n.BR

c/2
�.�ı ; x; y/dx dy

ˇ̌̌̌
� Cı:

(5.18)
First observe that

j� 0k;ı.x/j
k!1
����! j� 0ı.x/j 8ı < ı0; uniformly for x 2 R=Z: (5.19)

Indeed, by the support of ', for jxj > R,

j� 0k;ı.x/j D j

0
k.x/j D 1 D j


0.x/j D j� 0ı.x/j: (5.20)
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Also for jxj 2 ..1 � ı/R;R/,

jgk;ı.x/j D j�.x/

0.˙R/C .1 � �.x//
 0k.˙R/j

k!1
����! j�.x/
 0.˙R/C .1 � �.x//
 0.˙R/j

D j
 0.˙R/j D jgı.x/j:

and for jxj < .1 � ı/R we have

jgk;ı.x/j D jgı.x/j:

By the definition of �ı and in view of (5.11) we have established (5.19).
Next we claim that we have injectivity uniformly in k in the following sense: for any

ı > 0 there exists a small c.ı/ > 0 (taking K.ı/ possibly larger than before)

inf
k�K.ı/

inf
.x;y/2.R=Z/2n.BR

c/2

jx�yj�ı=100

j�k;ı.x/ � �k;ı.y/j % c.ı/: (5.21)

We allow the constant c.ı/ to also depend on R and �, but we stress only the dependence
on ı. In view of the uniform convergence (5.15), (5.21) follows once we establish

inf
.x;y/2.R=Z/2n.BR

c/2

jx�yj�ı=100

j�ı.x/ � �ı.y/j % c.ı/;

which is a consequence of injectivity of �ı (see (5.17)).
Thus, with the help of (5.21), setting Dı WD .R=Z/2 n .BRc/2 \ jx � yj % ı we can

make a brute force estimateˇ̌̌̌¨
Dı

�.�k;ı ; x; y/ dx dy �

¨
Dı

�.�ı ; x; y/ dx dy

ˇ̌̌̌
. C.ı; k
 0kkL1 ; k
kkL1/

ˆ
R=Z

Œj
 0k.x/ � 

0.x/jq C j
k.x/ � 
.x/j

q� dx:

Since 
k
k!1
����! 
 a.e., by dominated convergence (recall j
 0

k
j � 1), we have

lim
k!1

ˇ̌̌̌¨
Dı

�.�k;ı ; x; y/ dx dy �

¨
Dı

�.�ı ; x; y/ dx dy

ˇ̌̌̌
D 0:

That is,

lim sup
k!1

ˇ̌̌̌¨
.R=Z/2n.BR

c/2
�.�k;ı ; x; y/ dx dy �

¨
.R=Z/2n.BR

c/2
�.�ı ; x; y/ dx dy

ˇ̌̌̌
. lim sup

k!1

ˇ̌̌̌¨
.R=Z/2n.BR

c/2;jx�yj�ı=100

�.�k;ı ; x; y/ � �.�ı ; x; y/ dx dy

ˇ̌̌̌
: (5.22)

Also observe that �.�k;ı ; x; y/ D �.�ı ; x; y/ for all x; y 2 B.1�ı/R and k 2 N.



S. Blatt, Ph. Reiter, A. Schikorra, N. Vorderobermeier 1978

In the light of (5.20) we have to consider the following terms (observe that � is not
symmetric in x,y):

lim sup
k!1

ˇ̌̌̌¨
.R=Z/2n.BR

c/2
�.�k;ı ; x; y/ dx dy �

¨
.R=Z/2n.BR

c/2
�.�ı ; x; y/ dx dy

ˇ̌̌̌
(5.8)
. lim sup

k!1

ˇ̌̌̌ 5X
`D1

¨
A`

�
j� 0
k;ı
.x/^ .�k;ı.x/� �k;ı.y//j

q

j�k;ı.x/� �k;ı.y/jqC2
�
j� 0
ı
.x/^ .�ı.x/� �ı.y//j

q

j�ı.x/� �ı.y/jqC2

�
� j� 0ı.x/j

1�q
j� 0ı.y/j dx dy

ˇ̌̌̌
where

A1 WD .˙R;˙R.1C ı// � .˙R.1 � ı/;˙R/;

A2 WD .˙R.1 � ı/;˙R/ � .˙R;˙R.1C ı//;

A3 WD .˙R.1 � 2ı/;˙R.1 � ı// � .˙R.1 � ı/;˙R/;

A4 WD .˙R.1 � ı/;˙R/ � .˙R.1 � 2ı/;˙R.1 � ı//;

A5 WD .˙R.1 � ı/;˙R/ � .˙R.1 � ı/;˙R/:

Observe that in each of these regimes � � 1 or � � 0, that is,

lim sup
k!1

ˇ̌̌̌¨
.R=Z/2n.BR

c/2
�.�k;ı ; x; y/ dx dy �

¨
.R=Z/2n.BR

c/2
�.�ı ; x; y/ dx dy

ˇ̌̌̌

. lim sup
k!1

ˇ̌̌̌ 5X
`D1

¨
A`

�
jgk;ı.x/ ^

´ y
x
gk;ı.z/ dzj

q

j�k;ı.x/ � �k;ı.y/jqC2
�
jgı.x/ ^

´ y
x
gı.z/ dzj

q

j�ı.x/ � �ı.y/jqC2

�
� j� 0ı.x/j

1�q
j� 0ı.y/j dx dy

ˇ̌̌̌
D lim sup

k!1

ˇ̌̌̌ 5X
`D1

¨
A`

�
jgk;ı.x/ ^

´ y
x
gk;ı.z/ dzj

q

j
´ y
x
gk;ı.z/ dzjqC2

�
jgı.x/ ^

´ y
x
gı.z/ dzj

q

j
´ y
x
gı.z/ dzjqC2

�
� j� 0ı.x/j

1�q
j� 0ı.y/j dx dy

ˇ̌̌̌
. lim sup

k!1

5X
`D1

¨
A`

ˇ̌
jgk;ı.x/ ^

´ y
x
gk;ı.z/ dzj

q � jgı.x/ ^
´ y
x
gı.z/ dzj

q
ˇ̌

j
´ y
x
gk;ı.z/ dzjqC2

� j� 0ı.x/j
1�q
j� 0ı.y/j dx dy

C lim sup
k!1

5X
`D1

¨
A`

ˇ̌
j
´ y
x
gı.z/ dzj

qC2 � j
´ y
x
gk;ı.z/ dzj

qC2
ˇ̌

j
´ y
x
gı.z/ dzjqC2

jgı.x/ ^
´ y
x
gı.z/ dzj

q

j
´ y
x
gk;ı.z/ dzjqC2

� j� 0ı.x/j
1�q
j� 0ı.y/jdx dy
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By the uniform bi-Lipschitz estimate we continue as follows:

. lim sup
k!1

5X
`D1

¨
A`

ˇ̌
jgk;ı.x/^

´ y
x
gk;ı.z/ dzj

q � jgı.x/^
´ y
x
gı.z/ dzj

q
ˇ̌

jx�yjqC2
dx dy

C lim sup
k!1

5X
`D1

¨
A`

ˇ̌
j
´ y
x
gı.z/ dzj

qC2� j
´ y
x
gk;ı.z/ dzj

qC2
ˇ̌

jx�yjqC2

jgı.x/^
´ y
x
gı.z/ dzj

q

j
´ y
x
gı.z/ dzjqC2

� j� 0ı.x/j
1�q
j� 0ı.y/j dx dy:

The second set of integrals converges to zero by dominated convergence since gk;ı con-
verges a.e. to gı . To establish (5.18) we argue as in the proof Lemma 5.3 to find that the
first terms satisfy

lim sup
k!1

5X
`D1

¨
A`

ˇ̌
jgk;ı.x/ ^

´ y
x
gk;ı.z/ dzj

q � jgı.x/ ^
´ y
x
gı.z/ dzj

q
ˇ̌

jx � yjqC2
dx dy . ı:

The convergence of �ı as ı ! 0. By now we have shown that for any ı 2 .0; ı0/,¨
.R=Z/2n.BR

c/2
�.
; x; y/ dx dy �

¨
.R=Z/2n.BR

c/2
�.�ı ; x; y/ dx dy C Cı:

Observe that �ı
ı!0
���! 
 C t', in view of (5.11) – indeed, essentially repeating the Luck-

haus lemma argument above, we see that¨
.R=Z/2n.BR

c/2
�.�ı ; x; y/ dx dy

ı!0
���!

¨
.R=Z/2n.BR

c/2
�.
 C t'; x; y/ dx dy:

6. The regularity theory for critical points: Proof of Theorem 1.7

This section is dedicated to proving C 1;˛-regularity of locally critical points for scale-
invariant tangent-point energies TPqC2;q with q � 2. Our main goal is the following.

Proposition 6.1 (Local decay estimate). Let q � 2 and 
 be a locally critical embedding
in the sense of Definition 1.5 with small tangent-point energy TPqC2;q around a geodesic
ball Br .x0/ � R=Z, and assume j
 0j � const > 0 almost everywhere. Let u WD 
 0=j
 0j,
that is, u W R=Z! S2 is such that

´
R=Z u D 0, and let Qu W R! R3 be an L1 \W 1=q;q-

extension of ujBr .x0/ from Br .x0/ to R. Then there exist "; �; � 2 .0; 1/ and N0 2 N such
that the following holds.

If N � N0, � > 0, and y 2 Br=2.x0/ are such that B2N � WD B2N �.y/ � Br .x0/, and
Œ Qu�W 1=q;q.B

2N �
/ � ", then

Œu�
q

W 1=q;q.B�/
� �Œu�

q

W 1=q;q.B
2N �

/
C

1X
lD1

2��.NCl/Œ Qu�
q

W 1=q;q.B
2NCl �

/
C �:
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Proposition 6.1 implies Theorem 1.7 by the usual Dirichlet growth-type iteration tech-
niques.

Proof of Theorem 1.7. First note that by definition, u and Qu coincide locally around
Br .x0/, so for any ball B � Br .x0/ we have

Œu�W 1=q;q.B/ D Œ Qu�W 1=q;q.B/:

By iterating the decay estimate on small balls [13, Lemma A.8], we obtain a � > 0 such
that

sup
0<�<r=2; y2Br=2.x/

��� Œu�
q

W 1=q;q.B�.y//
. C.u/:

By Jensen’s inequality, we conclude that

sup
0<�<r=2; y2Br=2.x/

���
«
B�.y/

ju.z/ � .u/B�.y/j
q dz . C.u/;

where .u/B�.y/ denotes the mean value of u in B�.y/, and hence u belongs to the Cam-
panato space Lq;1C� .Br .x0//. The characterization of Campanato spaces with the use of
Hölder spaces [30, Theorem 1.2] implies that u 2 C �=qloc .Br=2.x0//, which concludes the
proof of Theorem 1.7.

In order to obtain Proposition 6.1 – inspired by the investigations of critical O’Hara
energies in [14] by comparison to the theory of fractional harmonic maps, cf. [24, 68] –
we proceed as follows:

� In Section 6.1 we relate critical knots of the tangent-point energies TPp;q with p 2
ŒqC 2;2qC 1/ and q > 1 to fractional harmonic maps: We first define a suitable energy
Ep;q such that the unit tangents u WD 
 0=j
 0j of locally TPp;q-critical embeddings 

with constant-speed parametrization are locally critical maps of the energy Ep;q in the
class of maps v WR=Z!S2. We then establish that the new energy Ep;q is locally com-
parable to a W

p�q�1
q ;q-seminorm; see Section 4. Consequently, the equations that the

critical maps u satisfy are indeed structurally similar to the Euler–Lagrange equations
of fractional harmonic maps into the sphere S2 as treated in [68].

� In Section 6.2 we derive the Euler–Lagrange equations of the new energies Ep;q for
p 2 Œq C 2; 2q C 1/, q > 1, and study the highest order and remainder terms of the
Lagrangian.

� In Section 6.3 we finally treat the actual decay estimate of Proposition 6.1.

Before continuing, we need to introduce some notation for integration on R=Z [14,
Remark 2.2]:

(1) We denote by �.x; y/ the distance of x; y 2 R=Z on R=Z, in particular

�.x; y/ D jx � yjmod 1
2
:
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(2) If x and y are not antipodal, which means jx � yj ¤ 1
2

, we denote by x F y the
shortest geodesic from x to y. Hence, for any Z-periodic f we define

˛
xFy

f WD

ˆ Qy
x

f .z/ dz;

where Qy 2 y C Z such that jx � Qyj < 1=2.

(3) Furthermore, we write

�.x F y/ D sgn
˛
xFy

1:

Hence if x F y is positively oriented, we have �.x F y/D 1, and if x F y is negatively
oriented, we get �.x F y/ D �1.

(4) Now given a Z-periodic function f , we define«
xFy

f WD
�.x F y/

�.x; y/

˛
xFy

f:

We also have to deal with the fact that the critical embeddings of interest are only
locally known to be of class W 1C1=q;q.R=Z;R3/, which motivates the use of the exten-
sion Qu as described below. This is a mere technical inconvenience, and we recommend
the first-time reader to mentally identify u and Qu in the arguments to come.

Remark 6.2. Let p 2 Œq C 2; 2q C 1/, q > 1, and 
 W R=Z! R3 be a homeomorphism
with locally small tangent-point energy according to Definition 1.1 that is a locally TPp;q-
critical embedding in Br .x0/ as in Definition 1.5. Then Theorem 1.2 implies that 
 is
globally bi-Lipschitz and of class W 1Cs;q.R=Z;R3/ for any 0 < s < 1=q. However, 
 is
not known to globally belong to the class W 1C1=q;q or even W 1Cp�q�1q ;q ; we only have
the local statement 
 2 W 1Cp�q�1q ;q.Br .x0/;R3/ due to Theorem 4.5.

Although we aim to mostly work with the localW
p�q�1
q ;q-Gagliardo seminorm of 
 0,

we also have to take into account the global behavior of 
 0 outside of Br .x0/ on account
of the nonlocality of the proposed problem. For this reason, when necessary, we may
interpret Br .x0/ as an interval in Œ�1; 2� and extend 
 0jBr .x0/ from Br .x0/ to a func-

tion Qu 2 W
p�q�1
q ;q.R;R3/ that is uniformly bounded. Such an extension exists since

k
 0kL1 � 1 and by standard construction of extensions (see e.g. [25, Theorem 5.4]).
Note that in this setting for any ball B � Br .x0/ we have

Œ Qu�
W
p�q�1
q ;q

.B/
D Œ
 0�

W
p�q�1
q ;q

.B/
:

6.1. A new energy Ep;q

Our first objective is to construct a new energy Ep;q , which coincides with TPp;q for
sufficiently regular curves 
 , but only depends on the first derivative 
 0. We then show
that any locally critical embedding of the tangent-point energies TPp;q parametrized by
arclength produces a locally critical S2-valued map of the new energy Ep;q .
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We recall that the tangent-point energies are for any 
 2 C 0;1.R=Z;R3/ given by

TPp;q.
/ D
ˆ

R=Z

ˆ
R=Z

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp
j
 0.x/j1�qj
 0.y/j dy dx:

Now we transform the wedge product in the numerator by Lagrange’s identity and the
fundamental theorem of calculus to

j
 0.x/ ^ .
.y/ � 
.x//j2

D
ˇ̌

 0.x/ ^

�

.x/ � 
.y/ � 
 0.x/.y � x/

�ˇ̌2
D j
 0.x/j2j
.y/ � 
.x/ � 
 0.x/.y � x/j2 �

�

 0.x/ �

�

.y/ � 
.x/ � 
 0.x/.y � x/

��2
D jy � xj2

�
j
 0.x/j2

ˇ̌̌̌«
xFy


 0.z/ dz � 
 0.x/

ˇ̌̌̌2
�

ˇ̌̌̌
j
 0.x/j2 �

«
xFy


 0.x/ � 
 0.z/ dz

ˇ̌̌̌2�
D jy � xj2

�
j
 0.x/j2

ˇ̌̌̌«
xFy

Œ
 0.z/ � 
 0.x/� dz

ˇ̌̌̌2
�
1

4

ˇ̌̌̌«
xFy

j
 0.x/ � 
 0.z/j2 dz

C j
 0.x/j2 �

«
xFy

j
 0.z/j2 dz

ˇ̌̌̌2�
:

Additionally, observe that

j
.y/ � 
.x/j2

jy � xj2
D

«
xFy

«
xFy


 0.s/ � 
 0.t/ ds dt

D

«
xFy

j
 0.z/j2 dz �
1

2

«
xFy

«
xFy

j
 0.s/ � 
 0.t/j2 ds dt: (6.1)

Therefore, we can rewrite TPp;q.
/ in terms of the first derivative 
 0 as

ˆ
R=Z

ˆ
R=Z

�
j
 0.x/j2j

ª
xFy Œ


0.z/ � 
 0.x/� dzj2

�
1
4

ˇ̌ª
xFy j


0.x/ � 
 0.z/j2 dz C j
 0.x/j2 �
ª
xFy j


0.z/j2 dz
ˇ̌2�q=2

jy � xjp�q

�

�«
xFy

j
 0.z/j2 dz �
1

2

«
xFy

«
xFy

j
 0.s/ � 
 0.t/j2 ds dt

��p=2
j
 0.x/j1�qj
 0.y/j dy dx:

This motivates introducing the following real-valued energy Ep;q for any maps u W
R=Z! R3:

Ep;q.u/ WD

ˆ
R=Z

ˆ
R=Z

�
ju.x/j2j

«
xFy

Œu.z/ � u.x/� dzj2

�
1

4

�«
xFy

ju.x/ � u.z/j2 dz C ju.x/j2 �

«
xFy

ju.z/j2 dz

�2�q=2
�

�«
xFy

ju.z/j2 dz�
1

2

«
xFy

«
xFy

ju.s/�u.t/j2 ds dt

��p=2
ju.x/j1�qju.y/j

dy dx

�.x; y/p�q
:
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For � 2 C1.R; Œ0;1//, we set moreover

Ep;q� .u/ WD

ˆ
R=Z

ˆ
R=Z

�
ju.x/ � �.x/.u/R=Zj

2

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌2
�
1

4

�«
xFy

ju.x/ � u.z/j2 dz C ju.x/ � �.x/.u/R=Zj
2

�

«
xFy

ju.z/ � �.z/.u/R=Zj
2 dz

�2�q=2
�

�«
xFy

ju.z/ � �.z/.u/R=Zj
2 dz �

1

2

«
xFy

«
xFy

ju.s/ � u.t/j2 ds dt

��p=2
� ju.x/ � �.x/.u/R=Zj

1�q
ju.y/ � �.y/.u/R=Zj

dy dx

�.x; y/p�q
:

We define the localized version E
p;q
�;D.u/ for any D � R=Z � R=Z by the same formula

with the integration domain R=Z �R=Z replaced by D.
We observe that the energies TPp;q and Ep;q coincide for our embeddings of interest,

recalling that .
 0/R=Z D 0.

Lemma 6.3. Let p 2 Œq C 2; 2q C 1/ and q > 1. For any embedding 
 W R=Z ! R3

with finite tangent-point energies TPp;q and constant speed parametrization as well as
� 2 C1.R; Œ0;1//, we have

TPp;q.
/ D Ep;q� .
 0/ D Ep;q.
 0/;

and, in particular, for any subset D � R=Z �R=Z,
¨
D

j
 0.x/ ^ .
.x/ � 
.y//jq

j
.x/ � 
.y/jp
j
 0.x/j1�qj
 0.y/j dy dx D E

p;q
�;D.


0/:

It remains to show that locally TPp;q-critical embeddings for the tangent-point ener-
gies (see Definition 1.5) indeed induce locally Ep;q-critical maps into the sphere S2.

The main result of this section is the analogue of [14, Theorem 2.1]: (locally) critical
knots 
 W R=Z! R3 induce (locally) E

p;q
� -critical maps u W R=Z! S2 by setting u WD


 0=j
 0j.

Theorem 6.4. Let p 2 Œq C 2; 2q C 1/, q > 1, and 
 W R=Z! R3 be a homeomorphism
with locally small tangent-point energy TPp;q around the open interval Br .x0/, in the
sense of Definition 1.1, and assume j
 0j � const. Denote the unit tangent field of 
 by
u WD 
 0=j
 0j W R=Z! S2.

If 
 is a locally TPp;q-critical embedding in Br .x0/, in the sense of Definition 1.5,
then there exists some � 2 C1c .Br .x0/; Œ0;1// such that the map u W R=Z! S2 is an
E
p;q
� -critical map in Br .x0/ in the class of maps v W R=Z! S2.

Namely, for any ' 2 C1c .Br .x0/;R
3/, if we set

u" WD
uC "'

juC "'j
;



S. Blatt, Ph. Reiter, A. Schikorra, N. Vorderobermeier 1984

we have

d

d"

ˇ̌̌̌
"D0

Ep;q� .u"/ D 0:

Proof. We argue similarly to the proof of [14, Theorem 2.1], but additional problems
appear since we only have the criticality in a ball, not globally (which is what forces us to
introduce � 2 C1c .Br .x0//, while in [14, Theorem 2.1] we can choose � � 1).

For simplicity we assume that x0 2 .0; 1/ and r � min ¹x0; 1 � x0º (we can always
assume that x0 D 1=2 by the periodicity of the problem).

Pick � 2 C1.R/ with � � 0 for x < x0 � r=2 and � � 1 for x � x0 C r=2, and with
j� 0j . 1=r . We can also assume that � 0 � 0. Below we will choose � WD � 0.

Similar to (5.6), for ' and u" as in the statement, set


".x/ WD 
.0/C

ˆ x

0

u".z/ dz C �.x/

�ˆ x0Cr

x0�r

Œ
 0.z/ � u".z/� dz

�
:

We observe that 
".x/D 
.x/ for x < x0 � r and x > x0 C r . Indeed, for x < x0 � r we
have


".x/ D 
.0/C

ˆ x

0


 0.z/ dz D 
.x/;

and for x > x0 C r we have


".x/ D 
.0/C

ˆ x0�r

0


 0.z/ dz C

ˆ x0Cr

x0�r

u".z/ dz C

ˆ x

x0Cr


 0.z/ dz

C �.x/

�ˆ x0Cr

x0�r

Œ
 0.z/ � u".z/� dz

�
D 
.0/C

ˆ x0�r

0


 0.z/ dz C

ˆ x0Cr

x0�r

u".z/ dz C

ˆ x

x0Cr


 0.z/ dz

C 1 �

�ˆ x0Cr

x0�r

Œ
 0.z/ � u".z/� dz

�
D 
.0/C

ˆ x0�r

0


 0.z/ dz C

ˆ x

x0Cr


 0.z/ dz C

ˆ x0Cr

x0�r


 0.z/ dz

D 
.0/C

ˆ x

0


 0.z/ dz D 
.x/:

Moreover, we find that for almost every x,

u".x/ D 

0.x/C ".'.x/ � h'.x/; 
 0.x/i
 0.x//CO."2/;

and, using again the support of ',


".x/ D 
.x/

C "

�ˆ x

0

�
'.z/ � h'.z/; 
 0.z/i
 0.z/

�
dz � �.x/

�ˆ 1

0

�
'.z/ � h'.z/; 
 0.z/i
 0.z/

�
dz

��
CO."2/
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as well as


 0".x/ D 

0.x/

C "

�
'.x/� h
 0.x/; '.x/i
 0.x/� � 0.x/

�ˆ 1

0

�
'.z/� h'.z/; 
 0.z/i
 0.z/

�
dz

��
CO."2/:

By Lemma 6.3, for small " > 0 we have

TPp;q.
"/ D Ep;q.
 0"/:

Since by assumption 
 is critical in Br .x0/ and 
" is a permissible variation, we obtain

0 D
d

d"

ˇ̌̌̌
"D0

Ep;q.
 0"/ D ıE
p;q.u/Œ �;

where the function

 .x/ WD '.x/ � h
 0.x/; '.x/i
 0.x/ � � 0.x/

�ˆ 1

0

.'.z/ � h'.z/; 
 0.z/i
 0.z// dz

�
has support in Br .x0/. Setting � WD � 0, we conclude the proof.

Remark 6.5. The function � appearing in the previous theorem might resemble a
Lagrange multiplier. However, in our setting � can be chosen more freely. The construc-
tion of � in the proof above is only one out of many possibilities to define permissible
functions �.

6.2. Euler–Lagrange equations of Ep;q

In this section, we derive the Euler–Lagrange equations of E
p;q
� for p 2 Œq C 2; 2q C 1/,

q > 1, and suitable � 2 C1.R; Œ0;1//. We realize that the new energies E
q;q
� have

a nonlinear and nonlocal Lagrangian. Furthermore, we obtain a decomposition of the
Lagrangian into a term of highest order, denoted by Q, and terms of lower order, denoted
by R.

The leading order operator Q on a subset D � R=Z � R=Z for u W R=Z! R3 and
' W R=Z! R3 is given by

Q
.p;q/
D .u; '/

WD q

¨
D

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2�
1 �

1

2

«
xFy

«
xFy

ju.s/ � u.t/j2 ds dt

��p=2
�

«
xFy

«
xFy

.u.z1/ � u.x// � .'.z2/ � '.x// dz1 dz2
dy dx

�.x; y/p�q

D
q

2

¨
D

aq�2
�
1 �

1

2
c

��p=2
a0.'/

dy dx

�.x; y/p�q
: (6.2)

(For the definition of a; a0; c, etc., see below.)
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The remainders, which are, as we shall see, “of lower order”, are given as follows:

R
1;.p;q/
D .u; '/ WD

q

2

¨
D

��
a � 1

4
b2
� q�2
2 � a

q�2
2

��
1 � 1

2
c
��p=2

a0.'/
dy dx

�.x; y/p�q
;

R
2;.p;q/
D .u; '/ WD �

q

4

¨
D

�
a � 1

4
b2
� q�2
2
�
1 � 1

2
c
��p=2

bb0.'/
dy dx

�.x; y/p�q
;

R
3;.p;q/
D .u; '/ WD

p

4

¨
D

�
a � 1

4
b2
�q=2

.1 � 1
2
c/�

pC2
2 c0.'/

dy dx

�.x; y/p�q
;

R
4;.p;q/
�;D .u; '/ WD �

p

2

¨
D

�
a � 1

4
b2
�q=2�

1 � 1
2
c
��pC22 d 0.'/

dy dx

�.x; y/p�q
;

R
5;.p;q/
�;D .u; '/ WD q

¨
D

�
a � 1

4
b2
� q�2
2
�
1 � 1

2
c
��p=2�

a � 1
2
b
�
e0.'/

dy dx

�.x; y/p�q
;

R
6;.p;q/
�;D .u; '/ WD

q

4

¨
D

�
a � 1

4
b2
� q�2
2
�
1 � 1

2
c
��p=2

bd 0.'/
dy dx

�.x; y/p�q
;

R
7;.p;q/
�;D .u; '/ WD

¨
D

�
a � 1

4
b2
�q=2�

1 � 1
2
c
��p=2

..1 � q/e0.'/C f 0.'//
dy dx

�.x; y/p�q
:

Here

a WD

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌2
;

b WD

«
xFy

ju.z/ � u.x/j2 dz;

c WD

«
xFy

«
xFy

ju.s/ � u.t/j2 ds dt;

and

a0.'/ WD 2

«
xFy

«
xFy

.u.z1/ � u.x// � .'.z2/ � '.x// dz1 dz2;

b0.'/ WD 2

«
xFy

.u.z/ � u.x// � .'.z/ � '.x// dz;

c0.'/ WD 2

«
xFy

«
xFy

.u.s/ � u.t// � .'.s/ � '.t// ds dt;

d 0.'/ WD �2

«
xFy

�.z/u.z/ � .'/R=Z dz;

e0.'/ WD ��.x/u.x/ � .'/R=Z;

f 0.'/ WD ��.y/u.y/ � .'/R=Z:

Note that when considering the entire domainD D R=Z�R=Z, we drop the labelD
in the definition of Q.p;q/

D .u; '/ and in the remainders Rk;.p;q/D .u; '/ and Rk;.p;q/�;D .u; '/.

Lemma 6.6 (Euler–Lagrange equations). Let p 2 Œq C 2; 2q C 1/, q > 1, and u W

R=Z! S2 with
´

R=Z u D 0 be a locally E
p;q
� -critical map around the interval Br .x0/
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in the class of maps v W R=Z! S2 and let � 2 C1c .Br .x0/; Œ0;1//. Then for any test

function ' 2 W
p�q�1
q ;q

0 .Br .x0/;R3/, which is also tangential, i.e. ' 2 TuS2, if we set
u" D uC "', then

d

d"

ˇ̌̌̌
"D0

Ep;q� .u"/ D Q
.p;q/.u; '/C

3X
kD1

Rk;.p;q/.u; '/C

7X
kD4

Rk;.p;q/� .u; '/ D 0:

Proof. Recalling the definition of E
p;q
� , we set

F.a; b; c; d; e/ WD
�
e2a � 1

4
.b C e2 � d/2

�q=2�
d � 1

2
c
��p=2

;

which implies

Ep;q.u/ D

ˆ
R=Z

ˆ
R=Z

F.a.0/; b.0/; c.0/; d.0/; e.0//e.0/1�qf .0/
dy dx

�.x; y/p�q
;

where

a."/ WD

ˇ̌̌̌«
xFy

Œu".z/ � u".x/� dz

ˇ̌̌̌2
;

b."/ WD

«
xFy

ju".z/ � u".x/j
2 dz;

c."/ WD

«
xFy

«
xFy

ju".s/ � u".t/j
2 ds dt;

d."/ WD

«
xFy

ju".z/ � �.z/.u"/R=Zj
2 dz;

e."/ WD ju".x/ � �.x/.u"/R=Zj;

f ."/ WD ju".y/ � �.y/.u"/R=Zj:

First we note that d.0/ D e.0/ D f .0/ D 1 since juj � 1 and .u/R=Z D 0. Furthermore,
observe that

a0.0/ � a0.0/.u; '/ D 2

«
xFy

«
xFy

.u.z1/ � u.x// � .'.z2/ � '.x// dz1 dz2;

b0.0/ � b0.0/.u; '/ D 2

«
xFy

.u.z/ � u.x// � .'.z/ � '.x// dz;

c0.0/ � c0.0/.u; '/ D 2

«
xFy

«
xFy

.u.s/ � u.t// � .'.s/ � '.t// ds dt;

and due to u � ' � 0 and .u/R=Z D 0,

d 0.0/ � d 0.0/.u; '; �/ D �2

«
xFy

�.z/u.z/ � .'/R=Z dz;

e0.0/ � e0.0/.u; '; �/ D ��.x/u.x/ � .'/R=Z;

f 0.0/ � f 0.0/.u; '; �/ D ��.y/u.y/ � .'/R=Z:
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Hence, by the product rule we obtain

d

d"

ˇ̌̌̌
"D0

ˆ
R=Z

ˆ
R=Z

F.a."/; b."/; c."/; d."/; e."//d."/1�qe."/
dy dx

�.x; y/p�q

D
q

2

ˆ
R=Z

ˆ
R=Z

a.0/
q�2
2

�
1� 1

2
c.0/

��p=2
a0.0/

dy dx

�.x; y/p�q

C
q

2

ˆ
R=Z

ˆ
R=Z

��
a.0/� 1

4
b.0/2

� q�2
2 � a.0/

q�2
2

��
1� 1

2
c.0/

��p=2
a0.0/

dy dx

�.x; y/p�q

�
q

4

ˆ
R=Z

ˆ
R=Z

�
a.0/� 1

4
b.0/2

� q�2
2
�
1� 1

2
c.0/

��p=2
b.0/b0.0/

dy dx

�.x; y/p�q

C
p

4

ˆ
R=Z

ˆ
R=Z

�
a.0/� 1

4
b.0/2

�q=2�
1� 1

2
c.0/

��pC22 c0.0/
dy dx

�.x; y/p�q

�
p

2

ˆ
R=Z

ˆ
R=Z

�
a.0/� 1

4
b.0/2

�q=2�
1� 1

2
c.0/

��pC22 d 0.0/
dy dx

�.x; y/p�q

C q

ˆ
R=Z

ˆ
R=Z

�
a.0/� 1

4
b.0/2

� q�2
2
�
1� 1

2
c.0/

��p=2�
a.0/� 1

2
b.0/

�
e0.0/

dy dx

�.x; y/p�q

C
q

4

ˆ
R=Z

ˆ
R=Z

�
a.0/� 1

4
b.0/2

� q�2
2
�
1� 1

2
c.0/

��p=2
b.0/d 0.0/

dy dx

�.x; y/p�q

C

ˆ
R=Z

ˆ
R=Z

�
a.0/� 1

4
b.0/2

�q=2�
1� 1

2
c.0/

��p=2
..1� q/e0.0/Cf 0.0//

dy dx

�.x; y/p�q
:

Remark 6.7. For a given homeomorphism 
 W R=Z! R3 with locally small tangent-
point energy TPp;q and its unit tangent field u W R=Z! S2, we set

k.x; y/ WD 1 �
1

2

«
xFy

«
xFy

ju.s/ � u.t/j2 ds dt D 1 � 1
2
c.0/:

Note that in all terms of the Euler–Lagrange equation, either k.x; y/�p=2 or k.x; y/�
pC2
2

appears as a factor. The motivation behind this definition is the observation that k.x;y/�r

for any r > 0 is bounded: On the one hand, it is easy to see that

1 �
1

2

«
xFy

«
xFy

ju.s/ � u.t/j2 ds dt � 1I

on the other hand, there exists a constant c > 0 such that

0 < c � 1 �
1

2

«
xFy

«
xFy

ju.s/ � u.t/j2 ds dt:

This can be shown by recalling that u denotes the unit tangent field of 
 and by apply-
ing the fundamental theorem of calculus as in (6.1) as well as the global bi-Lipschitz
continuity of 
 due to Theorem 1.2, from which we conclude that

1 �
1

2

«
xFy

«
xFy

j
 0.s/ � 
 0.t/j2 ds dt D
j
.y/ � 
.x/j2

jy � xj2
� .1 � "/2 > 0

for any " > 0 small and x ¤ y.
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As next steps we are going to show that Q is indeed the leading order operator and
the remainder terms R are of “lower order”. Namely, in Proposition 6.8 we essentially
show that Q.u; '/ controls the Sobolev norm Œu�

q�1

W
p�q�1
q ;q

.B�/

for a good choice of ' 2

C1c .B.�//, in particular, whenever B.�/ is a ball compactly contained in Br .x0/ and
Œ'�

W
p�q�1
q ;q

.R/
� 1. Then Proposition 6.9 shows that each of the remainder terms R

essentially satisfies the following estimate:

jRk;.p;q/.u; .'u^/ij /j

. Œu�
Qq

W Qq;q.B2�/
C

1X
lD1

2��l Œu�
q�1

W
p�q�1
q ;q

.B
2lC1�

/

C C.r; u/�� (6.3)

for some Qq > q � 1 and some � > 0. Such terms on the right-hand side can be absorbed
by an iteration argument, as discussed in the proof of Theorem 1.7.

Next we show that the leading order term Qp;q controls the Sobolev norm.

Proposition 6.8. Let p 2 ŒqC 2;2qC 1/, q > 1, and 
 WR=Z!R3 be a homeomorphism
with locally small tangent-point energy TPp;q around the interval Br .x0/, in the sense of
Definition 1.1. Furthermore, denote the unit tangent field of 
 by u W R=Z! S2 such that´

R=Z uD 0, let y0 2Br=2.x0/, and choose � > 0 such that B� WDB�.y0/�Br .x0/. Then
we have

Œu�
q

W
p�q�1
q ;q

.B�/

.
¨
B�
2
k.x; y/�p=2

j
ª
xFy

Œu.z/ � u.x/� dzjq

�.x; y/p�q
dy dx

� Q
.p;q/
B��B�

.u; u/

with constants only depending on p and q.

Proof. We begin by recalling the definition of the main term Q
.p;q/
B��B�

in (6.2) and test it
with u, so that the expression simplifies to

Q
.p;q/
B��B�

.u; u/

D q

¨
B2�

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2 «
xFy

«
xFy

.u.z1/ � u.x// � .u.z2/ � u.x// dz1 dz2

� k.x; y/�p=2
dy dx

�.x; y/p�q

D q

¨
B2�

k.x; y/�p=2
j
ª
xFy

Œu.z/ � u.x/� dzjq

�.x; y/p�q
dy dx:

Note that the factor k.x; y/�p=2 is strictly positive and bounded by Remark 6.7. Further-
more, we have

ju.y/ � u.x/j �

ˇ̌̌̌
u.y/ �

«
yFx

u.z/ dz

ˇ̌̌̌
C

ˇ̌̌̌«
xFy

u.z/ dz � u.x/

ˇ̌̌̌
;
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which implies, by the previous arguments,

Œu�
q

W
p�q�1
q ;q

.B�/

D

¨
B�
2

ju.y/ � u.x/jq

�.x; y/p�q
dy dx

.
¨
B�
2

j
ª
xFy

Œu.z/ � u.x/� dzjq

�.x; y/p�q
dy dx C

¨
B�
2

j
ª
yFx

Œu.z/ � u.y/� dzjq

�.x; y/p�q
dy dx

.
¨
B�
2
k.x; y/�p=2

j
ª
xFy

Œu.z/ � u.x/� dzjq

�.x; y/p�q
dy dx � Q

.p;q/
B��B�

.u; u/:

It remains to obtain the “lower order” property for the remainder terms R. We recall
that for any v 2 R3 the linear map v^ W R3 ! R3 is represented by the R3�3-matrix

v^ D

0@ 0 �v3 v2
v3 0 �v1
�v2 v1 0

1A :
Proposition 6.9. Let p 2 Œq C 2; 2q C 1/, q � 2, and 
 W R=Z! R3 be a homeomor-
phism with locally small tangent-point energy TPp;q around the interval Br .x0/, in the
sense of Definition 1.1. Denote the unit tangent field of 
 by u W R=Z! S2 such that´

R=Z uD 0 and take � 2 C1c .Br=2.x0/; Œ0;1//. Furthermore, let y0 2 Br=2.x0/, choose
� > 0 such that B4�.y0/ � Br .x0/, and define B� WD B�.y0/. Let ' 2 C1c .B�;R/ be
such that Œ'�

W
p�q�1
q ;q

.R/
� 1. Then the following holds for any j D 1; 2; 3:

For the first remainder k D 1 and 2 < q < 4, we have

jR1;.p;q/.u; .'u^/ij /j . Œu�
2q�3

W
p�q�1
q ;q

.B2�/

C

1X
lD1

2�.lC1/
p�q
q Œ Qu�

q�1

W
p�q�1
q ;q

.B
2lC1�

/

C � r�.p�qC1/:

For q D 2 we have R1;.p;q/ � 0. For k D 1 and q � 4, and for k D 2; 3 and any q � 2,
we have

jRk;.p;q/.u; .'u^/ij /j . Œu�
qC1

W
p�q�1
q ;q

.B2�/

C

1X
lD1

2�.lC1/
p�q
q Œ Qu�

q�1

W
p�q�1
q ;q

.B
2lC1�

/

C � r�.p�qC1/;

and for k D 4; 5; 6; 7 and q � 2, we have
7X
kD4

jRk;.p;q/� .u; .'u^/ij /j . �
�
Ep;q.u/C r�.p�q/ C r

p�q�2
2 Œu�

q

W
p�q�1
q ;q

.Br .x0//

�
;

where Qu denotes a W
p�q�1
q ;q-extension of ujBr .x0/ from Br .x0/ to R as discussed in

Remark 6.2. The constants in these inequalities depend on p and q and may also depend
on global properties of u such as kukL1 , Œu�

W
p�q�1
q ;q

.Br .x0//
and Œ Qu�

W
p�q�1
q ;q

.R/
.

A very similar statement holds for q 2 .1; 2/, only the tail’s exponents change, but one
still obtains an estimate as in (6.3). We leave the details to the reader.
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Proof of Proposition 6.9. We begin with some general observations on factors appearing
in the integrands of the remainder terms. First, the remainders contain a factor of the form
k.x; y/�r for some r > 0, which is strictly positive and bounded by Remark 6.7. Next we
consider the factors .a � 1

4
b2/

q�2
2 and .a � 1

4
b2/q=2 appearing for k D 2; : : : ; 7. Recall

that

a D

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌2
and b D

«
xFy

ju.z/ � u.x/j2 dz:

As by (4.2) we have

1

2

«
xFy

ju.z/ � u.x/j2 dz D

ˇ̌̌̌«
xFy

u.x/ � .u.z/ � u.x// dz

ˇ̌̌̌
�

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌
;

(6.4)

it follows that 0 � a � 1
4
b2 and thus the factors can be simplified, when necessary, to�

a � 1
4
b2
� q�2
2 � a

q�2
2 D

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2
;

�
a � 1

4
b2
�q=2
� aq=2 D

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q
:

For k D 1 we have to study the factor ..a � 1
4
b2/

q�2
2 � a

q�2
2 / instead. For q D 2 this

factor equals 0, whereas for 2 < q < 4 it can be estimated by�
a � 1

4
b2
� q�2
2 � a

q�2
2 � 22�qbq�2 D 22�q

�«
xFy

ju.z/ � u.x/j2 dz

�q�2
;

since xr � yr � .x � y/r for any x � y � 0 and 0 � r < 1, and for q � 4 by�
a � 1

4
b2
� q�2
2 � a

q�2
2

. b2a
q�4
2 D

�«
xFy

ju.z/ � u.x/j2 dz

�2 ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�4
since jxr � yr j � c.r/jx � yj jxr�1 C yr�1j for any x � y � 0 and r � 0. Last but not
least, we note that the test functions .'u^/ij are tangential, i.e. .'u^/ij 2 TuS2 for any
j D 1; 2; 3 due to the fact that u ^ u D 0.

After these first considerations, we proceed with studying the full remainder terms.
We begin with the first remaining term R

1;.p;q/
D for some general D � R=Z � R=Z

and 2 � q < 4. By the introductory comments on occurring factors, for any j D 1; 2; 3
we get

jR
1;.p;q/
D .u; .'u^/ij /j

.
¨
D

ˇ̌̌̌«
xFy

ju.z/�u.x/j2 dz

ˇ̌̌̌q�2
�

ˇ̌̌̌�«
xFy

Œu.z1/�u.x/� dz1

�
�

�«
xFy

Œ.'u^/ij .z2/� .'u^/ij .x/� dz2

�ˇ̌̌̌
dx dy

�.x; y/p�q
:
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If we consider the exemplary case j D 1, the dot product reads�«
xFy

Œu.z1/ � u.x/� dz1

�
�

�«
xFy

Œ.'u^/i1.z2/ � .'u^/i1.x/� dz2

�
D

�«
xFy

Œu2.z1/ � u2.x/� dz1

��«
xFy

Œ'.z2/u3.z2/ � '.x/u3.x/� dz2

�
C

�«
xFy

Œu3.z1/ � u3.x/� dz1

��«
xFy

Œ'.z2/.�u2/.z2/ � '.x/.�u2/.x/� dz2

�
:

By adding 0 D '.x/u3.z2/ � '.x/u3.z2/ to the second factor in the first summand,
respectively, 0 D '.x/.�u2/.z2/ � '.x/.�u2/.z2/ to the second factor in the second
summand, the dot product turns to�«

xFy

Œu.z1/ � u.x/� dz1

�
�

�«
xFy

Œ.'u^/i1.z2/ � .'u^/i1.x/� dz2

�
D

�«
xFy

Œu.z1/ � u.x/� dz1

�
�

�«
xFy

Œ.'.z2/ � '.x// .u^/i1.z2/� dz2

�
C '.x/

�«
xFy

Œu.z1/ � u.x/� dz1

�
�

�«
xFy

Œ.u^/i1.z2/ � .u^/i1.x/� dz2

�
:

But since .u^/i1 2 TuS2, the last summand in the previous equation vanishes. Now by
the same arguments for j D 2; 3, we deduce

jR
1;.p;q/
D .u; .'u^/ij /j

. kukL1
¨
D

�«
xFy

ju.z/ � u.x/j2 dz

�q�2�«
xFy

ju.z1/ � u.x/j dz1

�
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q
: (6.5)

Using kukL1 � 1 simplifies this inequality. Now to take advantage of the local behavior
of u and ', we split the integration domain into

jR
1;.p;q/

R=Z�R=Zj

� jR
1;.p;q/
B2��B2�

j C jR
1;.p;q/

B2��.R=ZnB2�/
j C jR

1;.p;q/

.R=ZnB2�/�B2�
j C jR

1;.p;q/

.R=ZnB2�/�.R=ZnB2�/
j:

The first term can be estimated by (6.5), Hölder’s inequality for 1 D q�2
q
C

1
q
C

1
q

,
Jensen’s inequality, and the identification of Lemma A.2, so that for any j D 1; 2; 3,

jR
1;.p;q/
B2��B2�

.u; .'u^/ij /j

.
¨
B2
2�

�«
xFy

ju.z/ � u.x/j2 dz

�q�2�«
xFy

ju.z1/ � u.x/j dz1

�
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q
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.
�¨

B2
2�

ª
xFy
ju.z0/ � u.x/j

2q dz0

�.x; y/p�q
dy dx

� q�2
q

�

�¨
B2
2�

ª
xFy
ju.z1/ � u.x/j

q dz1

�.x; y/p�q
dy dx

�1=q
�

�¨
B2
2�

ª
xFy
j'.z2/ � '.x/j

q dz2

�.x; y/p�q
dx dy

�1=q
� Œu�

2q�4

W
p�q�1
2q

;2q
.B2�/

Œu�
W
p�q�1
q ;q

.B2�/
Œ'�

W
p�q�1
q ;q

.B2�/
. Œu�

2q�3

W
p�q�1
q ;q

.B2�/

;

where we have applied the Sobolev embedding (Lemma A.3) and the assumption on ',
i.e. Œ'�

W
p�q�1
q ;q

.R/
� 1, in the last inequality. For the second term of the splitting, we

subdivide the integration domain B2� � .R=Z n B2�/ into B2� � .Br .x0/ n B2�/, to use
the local fractional Sobolev regularity of u inBr .x0/, and the restB2� � .R=Z nBr .x0//.

At this point recall that Qu denotes a W
p�q�1
q ;q-extension of ujBr .x0/ from Br .x0/ to R

(Remark 6.2). By inequality (6.5) and the disjoint support estimate of Lemma C.1 we then
get

jR
1;.p;q/

B2��.Br .x0/nB2�/
.u; .'u^/ij /j

.
ˆ
B2�

ˆ
Br .x0/nB2�

�«
xFy

j Qu.z/ � Qu.x/j2 dz

�q�2�«
xFy

j Qu.z1/ � Qu.x/j dz1

�
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q

.
1X
lD1

2�.lC1/
p�q
q Œ Qu�

2q�3

W
p�q�1
q ;q

.B
2l�

/

Œ'�
W
p�q�1
q ;q

.B�/

. Œ Qu�
q�2

W
p�q�1
q ;q

.R/

1X
lD1

2�.lC1/
p�q
q Œ Qu�

q�1

W
p�q�1
q ;q

.B
2l�

/

Œ'�
W
p�q�1
q ;q

.R/

.
1X
lD1

2�.lC1/
p�q
q Œ Qu�

q�1

W
p�q�1
q ;q

.B
2l�

/

; (6.6)

where the constant depends on Œ Qu�
W
p�q�1
q ;q

.R/
< 1 as well as Œ'�

W
p�q�1
q ;q

.R/
� 1.

Since �.x; y/ � r=4 for x 2 B2� and y 2 R=Z nBr .x0/, we estimate the remainder term
by (6.5) so that

jR
1;.p;q/

B2��.R=ZnBr .x0//
.u; .'u^/ij /j

.
ˆ
B2�

ˆ
R=ZnBr .x0/

�«
xFy

ju.z/ � u.x/j2 dz

�q�2�«
xFy

ju.z1/ � u.x/j dz1

�
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q

. .r=4/�.p�qC1/kuk
2q�3
L1 k'kL1 : (6.7)
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Note that ' 2 W
p�q�1
q ;q.R/ with supp' � B� together with the Sobolev inequalities of

Theorems A.4 and A.5 leads to

k'kL1 . � Œ'�
W
p�q�1
q ;q

.R/
. �: (6.8)

The estimates onR1;.p;q/
B2��.R=ZnB2�/

also work forR1;.p;q/
.R=ZnB2�/�B2�

by symmetry. In the case

of R1;.p;q/
.R=ZnB2�/�.R=ZnB2�/

, we have to consider

.R=Z n B2�/ � .R=Z n B2�/ D .R=Z n Br .x0// � .R=Z n Br .x0//

[ .R=Z n Br .x0// � .Br .x0/ n B2�/

[ .Br .x0/ n B2�/ � .R=Z n Br .x0//

[ .Br .x0/ n B2�/ � .Br .x0/ n B2�/:

R
1;.p;q/
D can be estimated for the first three domains as in (6.7), due to supp' �B�, which

implies that either
ª
xFy

Œ'.z2/� '.x/� dz2 D 0 or �.x; y/ � r . For the fourth domain we
proceed with the help of the tail estimate of Lemma C.1 similar to (6.6). Therefore, the
statement follows for the first remaining term in the case of 2 � q < 4.

For q � 4 in R1;.p;q/ the same methods work as well, in particular, for D �
R=Z �R=Z,

jR
1;.p;q/
D .u; .'u^/ij /j

. kukL1
¨
D

�«
xFy

ju.z/ � u.x/j2 dz

�2�«
xFy

ju.z1/ � u.x/j dz1

�q�3
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q
:

We only need to change the exponents in Hölder’s inequality to 1 D 2
q
C

q�3
q
C

1
q

, since
we deal with the factor�«

xFy

ju.z/ � u.x/j2 dz

�2 ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�4
instead of .

ª
xFy
ju.z/ � u.x/j2 dz/q�2, and slightly adapt the disjoint support estimate

of Lemma C.1 as well as (6.7), to achieve the desired result.
For the second and third remainders we have to deal for j D 1; 2; 3 with the scalar

products «
xFy

.u.z/ � u.x// � ..'u^/ij .z/ � .'u^/ij .x// dz;«
xFy

«
xFy

.u.s/ � u.t// � ..'u^/ij .s/ � .'u^/ij .t// ds dt;

in place of «
xFy

«
xFy

.u.z1/ � u.x// � ..'u^/ij .z2/ � .'u^/ij .x// dz1 dz2:
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However, the techniques presented for the first remainder, in particular adding zeros and
using .u^/ij 2 TuS2 for j D 1;2;3, work out similarly and lead for anyD �R=Z nR=Z
to

jR
2;.p;q/
D .u; .'u^/ij /j

. kukL1
¨
D

�«
xFy

ju.z/ � u.x/j2 dz

��«
xFy

ju.z1/ � u.x/j dz1

�q�1
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q

as well as

jR
3;.p;q/
D .u; .'u^/ij /j

. kukL1
¨
D

�«
xFy

ju.z1/ � u.x/j dz1

�qC1�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q
:

Hence, by proceeding as for the first remainder, the statement follows for k D 2; 3 from
adjusting the exponents in Hölder’s inequality and the tail estimate in Lemma C.1.

Let us now turn to the cases k D 4; : : : ; 7. The remainder terms for k D 4 and k D 7
are easier to handle sinceˇ̌̌̌«

xFy

�.z/u.z/ � ..'u^/ij /R=Z dz

ˇ̌̌̌
. k�kL1kuk2L1k'kL1 ;

j�.x/u.x/ � ..'u^/ij /R=Zj . k�kL1kuk2L1k'kL1 ;
j�.y/u.y/ � ..'u^/ij /R=Zj . k�kL1kuk2L1k'kL1 :

(6.9)

Note that kukL1 ; k�kL1 . 1, and by (6.8), k'kL1 . �. Thus the remaining factors
emerge in the energy Ep;q.u/, in particular

jRk;.p;q/� .u; .'u^/ij /j . � Ep;q.u/;

since in case k D 4 we can extend the integrand with an extra factor 1 � 1
2
c due to its

boundedness (see Remark 6.7), and in case k D 7 the necessary factors of the energy are
already given. It remains to study the cases kD 5 and kD 6, whose factors in the integrand
are not necessarily comparable with the energy. We begin with k D 5 and observe by
supp � � Br=2.x0/ that

R5;.p;q/� .u; .'u^/ij / D �q

ˆ
Br=2.x0/

ˆ
R=Z

�
a � 1

4
b2
� q�2
2 k.x; y/�p=2

�
a � 1

2
b
�

�
�
�.x/u.x/ � ..'u^/ij /R=Z

� dy dx

�.x; y/p�q
:

We split the integration domain into

Br=2.x0/ �R=Z D .Br=2.x0/ � Br .x0// [ .Br=2.x0/ � .R=Z n Br .x0///:
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For the first domain, by the previous comments on the factors appearing in the integrand,
inequalities (6.9) and (6.8), Jensen’s inequality, Lemma A.2, and Sobolev embedding
(Lemma A.3), we have

jR
5;.p;q/

�;Br=2.x0/�Br .x0/
.u; .'u^/ij /j

. k�kL1kuk2L1k'kL1
�ˆ

Br .x0/

ˆ
Br .x0/

ª
xFy
ju.z/ � u.x/j2q dz

�.x; y/p�q
dy dx

�1=2
. �Œu�

q

W
p�q�1
2q

;2q
.Br .x0//

. � r
p�q�2
2 Œu�

q

W
p�q�1
q ;q

.Br .x0//

: (6.10)

For the second domain we notice that �.x; y/ � r=2 for x 2 Br=2.x0/ and y 2

R=Z n Br .x0/, which leads by (6.9), estimates like (6.7), and (6.8) to

jR
5;.p;q/

�;Br=2.x0/�.R=ZnBr .x0//
.u; .'u^/ij /j . .r=2/�.p�q/kuk

qC2
L1 k�kL1k'kL1

. �r�.p�q/: (6.11)

For k D 6 we distinguish the following parts of the integration domain:

R=Z �R=Z D Br .x0/ � Br .x0/

[ Br .x0/ � .R=Z n Br .x0//

[ .R=Z n Br .x0// � Br .x0/

[ .R=Z n Br .x0// � .R=Z n Br .x0//:

For the first integration domain we get the same estimate as in (6.10), and for the others
we find by supp � � Br=2.x0/ that either �.x; y/ � r=2 or«

xFy

�.z/u.z/ � ..'u^/ij /R=Z dz D 0:

Therefore, we deduce the same estimate as in (6.11). All the remainder cases have thus
been estimated.

6.3. Regularity theory for Eq-critical points: Proof of Proposition 6.1

In this section we finally apply the grand machinery of showing Hölder regularity for
(essentially) fractional harmonic maps, which correspond to the first derivatives of our
critical knots of interest. We establish a proof for the scale-invariant tangent-point ener-
gies, i.e. for TPp;q with p D q C 2 and q � 2, along the lines of [14, 68], but face
some major obstacles due to the local definition of critical points for scale-invariant
tangent-point energies (Definition 1.5). Our main goal is to show the decay estimate of
Proposition 6.1.
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We begin by estimating the Gagliardo seminorm of u by an operator �ˇ;Bu resem-
bling the Riesz potential, which is introduced below.

First we recall that the term containing the highest order in the Euler–Lagrange equa-
tion of Eq , q � 2, for maps u; ' W R=Z! R3 and some small interval B � R=Z is given
by

QB�B.u; '/ WD Q
.qC2;q/
B�B .u; '/

D q

ˆ
B

ˆ
B

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

«
xFy

«
xFy

.u.z1/ � u.x// � .'.z2/ � '.x// dz1 dz2
dy dx

�.x; y/2
:

Note that for our functions of interest the factor k.x; y/�
qC2
2 is strictly positive and

bounded (see Remark 6.7).
As in [14, 68], we now define a vector-valued potential for 0 < ˇ < 1 by

�ˇ;B�B u.z/ WD

ˆ
B

ˆ
B

ˇ̌̌̌«
xFy

Œu.z0/ � u.x/� dz0

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

«
xFy

«
xFy

.u.z1/ � u.x//.jz � z2j
ˇ�1
� jz � xjˇ�1/ dz1 dz2

dy dx

�.x; y/2
; (6.12)

following the definition of the Riesz potential Iˇ of order ˇ, which is defined by

Iˇf .x/ D

ˆ
R
jz � xjˇ�1f .z/ dz:

The inverse of the Riesz potential Iˇ is called the fractional Laplacian of order ˇ, which
for ˇ 2 .0; 2/ has the form

.��/ˇ=2f .x/ D c

ˆ
R

f .y/ � f .x/

jx � yj1Cˇ
dy

for some c > 0 (see [25]). In our situation, we observe that

QB�B.u; '/ D q

ˆ
R
�ˇ;B�Bu.z/ � .��/

ˇ=2'.z/ dz: (6.13)

Note that
I˛�ˇ;B�B u D �˛Cˇ;B�Bu for any ˛; ˇ > 0. (6.14)

Our first intermediate result is the following.

Proposition 6.10 (Left-hand side estimates). Let q � 2 with 1=q � 1=� > 0 small, and
let 
 W R=Z! R3 be a homeomorphism with locally small tangent-point energy TPqC2;q

around an interval Br .x0/ in R=Z, in the sense of Definition 1.1. Moreover, denote the
unit tangent field of 
 by u W R=Z! S2 such that

´
R=Z uD 0 and for any y0 2 Br=2.x0/,
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choose � > 0 such thatB2L� WDB2L�.y0/�Br .x0/ for largeL 2N. Then for any ı > 0,

Œu�
q

W 1=q;q.B�/
. Œu�W 1=q;q.B

2L�
/k�B

2K�
�1=�;B

2L�
�B

2L�
uk
L

�
��1
C ıŒu�

q

W 1=q;q.B
2L�

/

C Cı.Œu�
q

W 1=q;q.B
2L�

/
� Œu�

q

W 1=q;q.B�/
/

for anyL;K 2N large enough withL�K. The constant in this inequality only depends
on q.

Proof. Let � 2 C1c .B2�/ with � � 1 on B� and jrk�j � C.k/��k . Recall that .u/A D
1
jAj

´
A
u and set

 .x/ WD �.x/.u.x/ � .u/B2�nB�/:

Then for any x; y 2 B� we haveˇ̌̌̌«
xFy

Œ .z/ �  .x/� dz

ˇ̌̌̌2
D

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌2
and therefore by Proposition 6.8, for any L � 2,

Œu�
q

W 1=q;q.B�/
.
ˆ
B
2L�

ˆ
B
2L�

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

ˇ̌̌̌«
xFy

 .z/ �  .x/ dz

ˇ̌̌̌2
dy dx

�.x; y/2
:

Now we decompose

 .z/ �  .x/ D .u.z/ � u.x// � .1 � �.z//.u.z/ � u.x//

C .�.z/ � �.x//.u.x/ � .u/B2�nB�/;

which leads to
Œu�

q

W 1=q;q.B�/
. I � IIC III;

where

I WD
¨
B
2L�

2

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

«
xFy

«
xFy

.u.z1/ � u.x// � . .z2/ �  .x// dz1 dz2
dx dy

�.x; y/2
;

II WD
¨
B
2L�

2

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

«
xFy

«
xFy

..1 � �.z1//.u.z1/ � u.x/// � . .z2/ �  .x// dz1 dz2
dx dy

�.x; y/2
;
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III WD
¨
B
2L�

2

ˇ̌̌̌«
xFy

Œu.z/ � u.x/� dz

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

«
xFy

«
xFy

..�.z1/ � �.x//.u.x/ � .u/B2�nB�// � . .z2/ �  .x// dz1 dz2

�
dx dy

�.x; y/2
:

We start with the terms involving the cutoff function. By the boundedness of
k.x;y/�

qC2
2 (Remark 6.7), Hölder’s inequality for 1D q�2

q
C

1
q
C

1
q

, Jensen’s inequality
and Lemma A.2 we have

jIIj

.
¨
.B
2L�

/2

�«
xFy

ju.z/ � u.x/j dz

�q�2
�

«
xFy

.1 � �.z1// ju.z1/ � u.x/j dz1

«
xFy

j .z2/ �  .x/j dz2
dx dy

�.x; y/2

.
�¨

.B
2L�

/2

ª
xFy
ju.z/ � u.x/jq dz

�.x; y/2
dx dy

� q�2
q

�

�¨
.B
2L�

/2

ª
xFy

.1 � �.z1//
qju.z1/ � u.x/j

q dz1

�.x; y/2
dx dy

�1=q
�

�¨
.B
2L�

/2

ª
xFy
j .z2/ �  .x/j

q dz2

�.x; y/2
dx dy

�1=q
. Œu�

q�2

W 1=q;q.B
2L�

/
Œ �W 1=q;q.B

2L�
/

�¨
.B
2L�

/2
.1 � �.z//qju.z/ � u.x/jq

dz dx

�.z; x/2

�1=q
:

Then Œ �W 1=q;q.B
2L�

/ . Œu�W 1=q;q.B
2L�

/ by Proposition A.7, and the assumption � � 1
on B� and Young’s inequality lead to

jIIj . Œu�
q�1

W 1=q;q.B
2L�

/

�ˆ
B
2L�

ˆ
B
2L�
nB�

ju.z/ � u.x/jq
dz dx

�.z; x/2

�1=q
. ıŒu�

q

W 1=q;q.B
2L�

/
C Cı.Œu�

q

W 1=q;q.B
2L�

/
� Œu�

q

W 1=q;q.B�/
/:

Regarding III, we estimate along the lines of II, first of all

jIIIj . Œu�
q�2

W 1=q;q.B
2L�

/
Œ �W 1=q;q.B

2L�
/

�

�ˆ
B
2L�

ˆ
B
2L�

j�.x/ � �.z/jqju.x/ � .u/B2�nB� j
q dz dx

�.z; x/2

�1=q
;
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and next with the help of Proposition A.6 for L � 2 as well as Young’s inequality,

jIIIj . Œu�
q�1

W 1=q;q.B
2L�

/

�ˆ
B
2L�

ˆ
B
2L�

j�.x/ � �.z/jqju.x/ � .u/B2�nB� j
q dz dx

�.z; x/2

�1=q
. Œu�

q�1

W 1=q;q.B
2L�

/

�
Œu�

q

W 1=q;q.B
2L�

/
� Œu�

q

W 1=q;q.B�/

�1=q
. ıŒu�

q

W 1=q;q.B
2L�

/
C Cı

�
Œu�

q

W 1=q;q.B
2L�

/
� Œu�

q

W 1=q;q.B�/

�
:

Hence

jIIj C jIIIj . ıŒu�
q

W 1=q;q.B
2L�

/
C Cı

�
Œu�

q

W 1=q;q.B
2L�

/
� Œu�

q

W 1=q;q.B�/

�
:

For the remaining term I, by definition of QB�B in (6.2) and Proposition A.7 for L � 1
we see that

jIj . Œ �W 1=q;q.R/ sup
'2C1c .B2�;R3/; Œ'�W1=q;q.R/�1

jQB
2L�
�B

2L�
.u; '/j

. Œu�W 1=q;q.B
2L�

/ sup
'2C1c .B2�;R3/; Œ'�W1=q;q.R/�1

jQB
2L�
�B

2L�
.u; '/j:

By using the identity (6.13) for � > q with 1=q � 1=� > 0 small and introducing cutoff
functions �BR 2 C

1
c .B2R/ with �BR � 1 on BR and krk�BRkL1 . R�k for R > 0, we

get, for any K � 1 and some ' 2 C1c .B2�;R
3/ with Œ'�W 1=q;q.R/ � 1,

jQB
2L�
�B

2L�
.u; '/j D q

ˇ̌̌̌ˆ
R
�1=�;B

2L�
�B

2L�
u.z/ � .��/

1
2� '.z/ dz

ˇ̌̌̌
.
ˇ̌̌̌ˆ

R
�B

2K�1�
.z/�1=�;B

2L�
�B

2L�
u.z/ � .��/

1
2� '.z/ dz

ˇ̌̌̌
C

1X
kDK

ˇ̌̌̌ˆ
R
.�B

2k�
� �B

2k�1�
/.z/�1=�;B

2L�
�B

2L�
u.z/ � .��/

1
2� '.z/ dz

ˇ̌̌̌
:

We estimate the first term by Hölder’s inequality, Sobolev’s inequality (Theorem A.5) and
Œ'�W 1=q;q.R/ � 1 asˇ̌̌̌ˆ

R
�B

2K�1�
.z/�1=�;B

2L�
�B

2L�
u.z/ � .��/

1
2� '.z/ dz

ˇ̌̌̌
. k�B

2K�1�
�1=�;B

2L�
�B

2L�
uk
L

�
��1
k.��/

1
2� 'kL�

. k�B
2K�

�1=�;B
2L�
�B

2L�
uk
L

�
��1

Œ'�W 1=q;q.R/

. k�B
2K�

�1=�;B
2L�
�B

2L�
uk
L

�
��1

:

Using integration by parts and the property I˛�ˇ;B
2L�
�B

2L�
u D �˛Cˇ;B

2L�
�B

2L�
u (see

(6.14)), the second part can be rewritten as
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1X
kDK

ˇ̌̌̌ˆ
R
.�B

2k�
� �B

2k�1�
/.z/�1=�;B

2L�
�B

2L�
u.z/ � .��/

1
2� '.z/ dz

ˇ̌̌̌
D

1X
kDK

ˇ̌̌̌ˆ
R
.��/1=q�1=�.I2=q�2=��1=�;B

2L�
�B

2L�
u/.z/

�
�
.�B

2k�
� �B

2k�1�
/.��/

1
2� '

�
.z/ dz

ˇ̌̌̌
D

1X
kDK

ˇ̌̌̌ˆ
R
�2=q�1=�;B

2L�
�B

2L�
u.z/

� .��/1=q�1=�
�
.�B

2k�
� �B

2k�1�
/.��/

1
2� '

�
.z/ dz

ˇ̌̌̌
:

Then we estimate by Hölder’s inequality, Proposition A.8 for 1=q � 1=� > 0 small
enough, the localization argument of Proposition B.1, and Sobolev’s inequality (Theo-
rem A.5):

1X
kDK

ˇ̌̌̌ˆ
R
�2=q�1=�;B

2L�
�B

2L�
u.z/ � .��/1=q�1=�

�
.�B

2k�
� �B

2k�1�
/.��/

1
2� '

�
.z/ dz

ˇ̌̌̌
.
1X
kDK

k�2=q�1=�;B
2L�
�B

2L�
uk
L.1�2=qC1=�/

�1

�


.��/1=q�1=��.�B

2k�
� �B

2k�1�
/.��/

1
2� '

�


L.2=q�1=�/

�1

.
1X
kDK

Œu�
q�1

W 1=q;q.B
2L�

/
2��k k.��/

1
2� 'kL� .

1X
kDK

2��k Œu�
q�1

W 1=q;q.B
2L�

/

for some � > 0. The statement of the proposition follows by choosingK large enough.

In the next step we need estimates involving the operator �1=�;B�Bu, which appears
in the left-hand side of estimates of Proposition 6.10, to obtain the decay estimate of
Proposition 6.1. We start by splitting the operator �1=�;B�Bu by projecting it into the
linear space spanned by u and the linear space orthogonal to u. More precisely, since
juj D 1 a.e., we have

k�B
2K�

�1=�;B
2L�
�B

2L�
uk
L

�
��1

. k�B
2K�

u � �1=�;B
2L�
�B

2L�
uk
L

�
��1
C k�B

2K�
u ^ �1=�;B

2L�
�B

2L�
uk
L

�
��1

:

(6.15)

Here we recall that v^ for any v 2 R3 is given by the R3�3-matrix

v^ D

0@ 0 �v3 v2
v3 0 �v1
�v2 v1 0

1A :
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We then treat each part of the splitting separately. However, both estimates are based
on effects of integration by compensation using nonlinear commutators as well as infor-
mation from the Euler–Lagrange equations.

Lemma 6.11 (Right-hand side estimates I). Let q � 2 with 1=q � 1=� > 0 small, and let

 W R=Z! R3 be a homeomorphism with small tangent-point energy TPqC2;q around
the interval Br .x0/ in R=Z, in the sense of Definition 1.1. Denote the unit tangent field
of 
 by u W R=Z! S2 such that

´
R=Z u D 0 and let Qu be a W 1=q;q-extension of ujBr .x0/

from Br .x0/ to R as discussed in Remark 6.2. Moreover, for y0 2 Br=2.x0/, choose � > 0
such that B22L� WD B22L�.y0/ � Br .x0/ for large L 2 N. Then

k�B
2K�

u � �1=�;B
2L�
�B

2L�
uk
L

�
��1

. Œu�
q

W 1=q;q.B
22L�

/
C

1X
kD1

2��.LCk/Œ Qu�
q

W 1=q;q.B
22LCk�

/

for anyK;L 2N large enough with L�K. The constant in this inequality only depends
on q.

Proof. First observe that, since juj D 1 a.e. in Br .x0/,

u.z/ �

ˆ y

x

ˆ y

x

.u.z1/ � u.x//.jz � z2j
1=��1

� jz � xj1=��1/ dz1 dz2 D

�
1

2

ˆ y

x

ˆ y

x

.u.z1/�u.x//�.u.z1/Cu.x/�2u.z//
�
jz�z2j

1=��1
�jz�xj1=��1

�
dz1 dz2

for almost all x; y; z 2 Br .x0/. Therefore, by the definition of � in (6.12) and the bound-
edness of k.x; y/�

qC2
2 (Remark 6.7),

j�B
2K�

u.z/ � �1=�;B
2L�
�B

2L�
u.z/j

. �B
2L�

.z/

ˆ
B
2L�

ˆ
B
2L�

�«
xFy

ju.z0/ � u.x/j dz0

�q�2
�

«
xFy

ju.z1/ � u.x/j ju.z1/C u.x/ � 2u.z/j dz1

�

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2

dy dx

�.x; y/2
:

Observe that u is evaluated only in Br .x0/ here as B2K� � B2L� � Br .x0/ (L� K).
Since u and Qu coincide on Br .x0/ by construction (see Remark 6.2), we can con-
tinue with Qu from now on as it is globally W 1=q;q-regular, unlike u, which is only in
W 1=q;q.Br .x0/;R3/.
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For the next step, we need the notion of the uncentered Hardy–Littlewood maximal
function, which is given by

Mf .x/ D sup
Br .x/3y

1

jBr .y/j

ˆ
Br .y/

jf .z/j dz:

By Proposition D.3, for small ı > 0,�«
xFy

j Qu.z0/ � Qu.x/j dz0

�q�2
. jx � yj.1=��ı/.q�2/

�
MM.��/

1=��ı
2 Qu.x/

�q�2
:

Now we decompose the integral
ª
xFy
j Qu.z1/� Qu.x/j j Qu.z1/C Qu.x/� 2 Qu.z/jdz1 into four

terms:«
xFy

j Qu.z1/ � Qu.x/j j Qu.z1/C Qu.x/ � 2 Qu.z/j dz1

�

«
xFy

j Qu.z1/ � Qu.y/j
2 dz1 (6.16)

C

«
xFy

j Qu.z1/ � Qu.y/j dz1 j Qu.y/C Qu.x/ � 2 Qu.z/j (6.17)

C j Qu.y/ � Qu.x/j

«
xFy

j Qu.z1/ � Qu.y/j dz1 (6.18)

C j Qu.y/ � Qu.x/j j Qu.y/C Qu.x/ � 2 Qu.z/j: (6.19)

For the first term (6.16), by duality we obtain, for some ' 2 C1c .R/ with k'kL� � 1,



ˆ
B
2L�

ˆ
B
2L�

jx � yj.1=��ı/.q�2/
�
MM.��/

1=��ı
2 Qu.x/

�q�2
�

«
xFy

j Qu.z1/� Qu.y/j
2 dz1

«
xFy

ˇ̌
j � �z2j

1=��1
� j� � xj1=��1

ˇ̌
dz2

dy dx

�.x; y/2






L

�
��1 .B

2K�
/

.
ˆ

R

ˆ
B
2L�

ˆ
B
2L�

�
MM.��/

1=��ı
2 Qu.x/

�q�2
j'.z/j

�

«
xFy

j Qu.z1/ � Qu.y/j
2 dz1

�

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2 jx � yj

.1=��ı/.q�2/�2 dy dx dz:

Hence, for an admissible " 2 .0; 1/ and�
1

�
� ı

�
.q � 1/C

1

2q
� 1 < " <

1

�
;
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we can apply Lemma D.6 to the previous inequality and achieve



ˆ
B
2L�

ˆ
B
2L�

jx � yj.1=��ı/.q�2/
�
MM.��/

1=��ı
2 Qu.x/

�q�2
�

«
xFy

j Qu.z1/� Qu.y/j
2 dz1

«
xFy

ˇ̌
j � �z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2

dy dx

�.x; y/2






L

�
��1 .B

2K�
/

.
ˆ

R
I.1=��ı/.q�1/C 1

2qC"�1

�
�B

2L�
MM.��/

1=��ı
2 Qu.z/

�q�2
�M

�
M.��/

1=��ı
2 QuM.��/

1=.2q/
2 Qu

�
.z/I1=��"j'j.z/ dz

C

ˆ
R

�
�B

2L�
MM.��/

1=��ı
2 Qu.z/

�q�2
� I.1=��ı/.q�1/C 1

2qC"�1
M
�
M.��/

1=��ı
2 QuM.��/

1=.2q/
2 Qu

�
.z/I1=��"j'j.z/ dz

C

ˆ
R

I.1=��ı/.q�1/C 1
2qC"�1

�
�B

2L�
MM.��/

1=��ı
2 Qu.z/

�q�2
�MM.��/

1=��ı
2 Qu.z/MM.��/

1=.2q/
2 Qu.z/I1=��"j'j.z/ dz

C

ˆ
R

�
�B

2L�
MM.��/

1=��ı
2 Qu.z/

�q�2
� I.1=��ı/.q�1/C 1

2qC"�1

�
MM.��/

1=��ı
2 QuMM.��/

1=.2q/
2 Qu

�
.z/I1=��"j'j.z/ dz:(6.20)

The integrals appearing on the right-hand side do make sense as they can be traced back to
Qu 2 W 1=q;q.R/ by applying Hölder’s inequality and the following estimates: First, by the
Hardy–Littlewood maximal inequality and Sobolev’s inequality (Theorem A.5) we have

k.�B
2L�

MM.��/
1=��ı
2 Qu/q�2k

L..1=��ı/.q�2//
�1

D

�ˆ
R
j�B

2L�
.z/MM.��/

1=��ı
2 Qu.z/j.1=��ı/

�1

dz

�.1=��ı/.q�2/
.
�ˆ

R
j.��/

1=��ı
2 Qu.z/j.1=��ı/

�1

dz

�.1=��ı/.q�2/
. Œ Qu�

q�2

W 1=q;q.R/
<1;

and with the additional help of Theorem A.4,

kI.1=��ı/.q�1/C 1
2qC"�1

.�B
2L�

MM.��/
1=��ı
2 Qu/q�2k

L
.1� 1

2q
�.1=��ı/�"/�1

. k.�B
2L�

MM.��/
1=��ı
2 Qu/q�2k

L..1=��ı/.q�2//
�1 . Œ Qu�

q�2

W 1=q;q.R/
<1:

In a similar fashion with a slightly adapted Hölder’s inequality we observe

M
�
M.��/

1=��ı
2 QuM.��/

1=.2q/
2 u

�


L

1
1
2q
C.1=��ı/

. k.��/
1=��ı
2 Quk

L
1

1=��ı
k.��/

1
4q QukL2q . Œ Qu�2

W 1=q;q.R/
<1;
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and hence also

MM.��/
1=��ı
2 QuMM.��/

1=.2q/
2 Qu




L

1
1
2q
C.1=��ı/

. Œ Qu�2
W 1=q;q.R/

;

I.1=��ı/.q�1/C 1
2qC"�1

�
M.M.��/

1=��ı
2 QuM.��/

1=.2q/
2 Qu/

�


L

1
1�.1=��ı/.q�2/�"

. Œ Qu�2
W 1=q;q.R/

;

I.1=��ı/.q�1/C 1
2qC"�1

�
MM.��/

1=��ı
2 QuMM.��/

1=.2q/
2 Qu

�


L

1
1�.1=��ı/.q�2/�"

. Œ Qu�2
W 1=q;q.R/

;

as well as 

I1=��"j'j



L1="

. k'kL� :
By combining these observations and recalling k'kL� � 1, we conclude that



 ˆ

B
2L�

ˆ
B
2L�

jx � yj.1=��ı/.q�2/
�
�B

2L�
MM.��/

1=��ı
2 Qu.x/

�q�2
�

«
xFy

j Qu.z1/� Qu.y/j
2 dz1

«
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

dy dx

�.x; y/2






L

�
��1 .B

2K�
/

. Œ Qu�
q

W 1=q;q.R/
:

With a view to the desired decay estimate of Proposition 6.1, we need to take advantage
of the local Sobolev regularity of u, i.e. u 2W 1=q;q.Br .x0//. Recall that u and Qu coincide
on Br .x0/ by construction (see Remark 6.2), and hence so do their Gagliardo seminorms
on subsets of Br .x0/. For this reason, we localize the previous estimates with the help of
the factor �B

2L�
to get for some � D �.q/ > 0 the upper bound

Œu�
q

W 1=q;q.B
22L�

/
C

1X
kD1

2��.LCk/Œ Qu�
q

W 1=q;q.B
22LCk�

/
:

In particular, here we have applied Proposition B.3 to (6.20), the localized maximal
inequality of Proposition B.4 and the localized Sobolev inequality of Lemma B.5.

We proceed with the remaining terms (6.17)–(6.19),

U.x; y; z/ WD (6.17)C (6.18)C (6.19)

D

«
xFy

j Qu.z1/ � Qu.y/j dz1 j Qu.y/C Qu.x/ � 2 Qu.z/j

C j Qu.y/ � Qu.x/j

«
xFy

j Qu.z1/ � Qu.y/j dz1

C j Qu.y/ � Qu.x/j j Qu.y/C Qu.x/ � 2 Qu.z/j;

in the following similar manner. We begin by estimating
ª
xFy
j Qu.z1/� Qu.y/jdz1, respec-

tively, j Qu.y/ � Qu.x/j, by Proposition D.3 and Lebesgue’s differentiation theorem by

jx � yj1=��ı
�
MM.��/

1=��ı
2 Qu.x/CMM.��/

1=��ı
2 Qu.y/

�
:
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Together with Lemma D.4 we get the upper bound

ˆ
B
2L�

ˆ
B
2L�

jx � yj.1=��ı/.q�1/
�
MM.��/

1=��ı
2 Qu.x/CMM.��/

1=��ı
2 Qu.y/

�q�1
� jx � yj1=qC"

�
MM.��/

1
4q Qu.x/CMM.��/

1
4q Qu.y/CMM.��/

1
4q Qu.z/

�
� k1=�� 1

2q�";1=�
.x; y; z/

dy dx

�.x; y/2
:

For some ' 2 C1c .R/ with k'kL� � 1 we arrive at



 ˆ
B
2L�

ˆ
B
2L�

jx � yj.1=��ı/.q�1/
�
MM.��/

1=��ı
2 Qu.x/CMM.��/

1=��ı
2 Qu.y/

�q�1
� U.x; y; �/

«
xFy

ˇ̌
j � �z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2

dy dx

�.x; y/2






L

�
��1 .B

2K�
/

.
˚

R3

�
.�B

2L�
MM.��/

1=��ı
2 Qu/q�1.x/C .�B

2L�
MM.��/

1=��ı
2 Qu/q�1.y/

�
�
�
MM.��/

1
4q Qu.x/CMM.��/

1
4q Qu.y/CMM.��/

1
4q Qu.z/

�
k1=�� 1

2q�";1=�
.x; y; z/

� j'.z/j
dx dy dz

jx � yj2�.1=��ı/.q�1/�1=q�"

. k.��/
1=��ı
2 Quk

q�1

L1=��ı
k.��/

1
4q QukL2qk'kL� . Œ Qu�

q

W 1=q;q.R/
;

where we have applied Proposition D.5 and then estimated analogously to the case (6.16).
When considering u 2W 1=q;q.Br .x0//, we make use of the factor �B

2L�
again and local-

ize the estimate as described in the case above.

It remains to treat the second term appearing on the right-hand side of the projection
estimate (6.15).

Lemma 6.12 (Right-hand side estimates II). Let q � 2 with 1=q � 1=� > 0 small, and

 WR=Z!R3 be a locally TPqC2;q-critical embedding in the interval Br .x0/�R=Z, in
the sense of Definition 1.5. Denote the unit tangent field of 
 by u W R=Z! S2 such that´

R=Z uD 0 and let Qu be aW 1=q;q-extension of ujBr .x0/ from Br .x0/ to R as discussed in
Remark 6.2. Moreover, for y0 2 Br=2.x0/, choose � > 0 such that B22L� WD B22L�.y0/�
Br .x0/ for large L 2 N. Then

k�B
2K�

u ^ �1=�;B
2L�
�B

2L�
uk
L

�
��1

. Œu�
q

W 1=q;q.B
22L�

/
C Œu�

2q�3

W 1=q;q.B
22L�

/
C

1X
lD1

2��.KCl/Œ Qu�
q�1

W 1=q;q.B
22LCl �

/

C 2��K Œu�
q�1

W 1=q;q.B
22L�

/
C �

�
Eq.u/C r�3 C Œu�

q

W 1=q;q.Br .x0//

�
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for any large enoughK2N andL2N withL�K. The constant, besides depending on q,
may also depend on global properties of u such as kukL1 , k QukL1 , Œu�W 1=q;q.Br .x0//

, and
Œ Qu�W 1=q;q.R/.

Proof. We prove the statement along the lines of [14, Lemma 3.8]. First, by duality we
have

k�B
2K�

u ^ �1=�;B
2L�
�B

2L�
uk
L

�
��1

.
ˆ

R
u.z/ ^ �1=�;B

2L�
�B

2L�
u.z/ �  .z/ dz

for some map  2 C1c .B2K�;R
3/ with k kL� � 1. Hence, it is sufficient to show that

for  2 C1c .B2K�/ scalar,ˇ̌̌̌ˆ
R
u.z/ ^ �1=�;B

2L�
�B

2L�
u.z/ �  .z/ dz

ˇ̌̌̌
. Œu�

q

W 1=q;q.B
22L�

/
C Œu�

2q�3

W 1=q;q.B
22L�

/
C

1X
lD1

2��.KCl/Œ Qu�
q�1

W 1=q;q.B
22LCl �

/

C 2��K Œu�
q�1

W 1=q;q.B
22L�

/
C �

�
Eq.u/C r�3 C Œu�

q

W 1=q;q.Br .x0//

�
:

Note that u on the left-hand side is only considered on Br .x0/ due to supp � B2K�, the
local definition of � for B2L� in (6.12), and B2K� � B2L� � Br .x0/ (L� K). There-
fore, as u coincides with Qu on Br .x0/ by construction (Remark 6.2), we can continue
with Qu from now on as it is globally W 1=q;q-regular in contrast to u, which is only in
W 1=q;q.Br .x0/;R3/. However, if we later obtain W 1=q;q-seminorms of Qu restricted to
subsets of Br .x0/, we may switch back to the original function u.

With the help of usual cutoff functions, i.e. �BR 2 C
1
c .B2R/ with �BR � 1 on BR

and krk�BRkL1 . R�k for R > 0, we decompose the integral on the left-hand side as

ˆ
R
Qu.z/ ^ �1=�;B

2L�
�B

2L�
Qu.z/ �  .z/ dz D IC

1X
lD1

IIl ;

where

I WD
ˆ

R
.��/

1
2� .�B

22K�
I1=� /.z/ Qu.z/ ^ �1=�;B

2L�
�B

2L�
Qu.z/ dz;

IIl WD
ˆ

R
.��/1=q�1=�

�
.��/

1
2� .�B

22KClC1�
nB
22KCl �

I1=� / Qu
�
.z/

^ I2=q�2=��1=�;B
2L�
�B

2L�
Qu.z/ dz:

We first focus on the terms IIl . For that, we define

'.z/ WD .��/1=q�1=�
�
.��/

1
2� .�B

22KClC1�
nB
22KCl �

I1=� / Qu
�
.z/:
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By (6.13) and (6.14), and the boundedness of k.x; y/�
qC2
2 (Remark 6.7), we getˇ̌̌̌ˆ

R
'.z/ ^ I2=q�2=��1=�;B

2L�
�B

2L�
Qu.z/ dz

ˇ̌̌̌
D

ˇ̌̌̌ˆ
R
'.z/ ^ �2=q�1=�;B

2L�
�B

2L�
Qu.z/ dz

ˇ̌̌̌
D

ˇ̌̌̌¨
B2
2L�

ˇ̌̌̌«
xFy

Œ Qu.z0/ � Qu.x/� dz0

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

�«
xFy

«
xFy

.. Qu^/ij .z1/ � . Qu^/ij .x//

� .I2=q�1=�'.z2/ � I2=q�1=�'.x// dz1 dz2

�3
iD1

dx dy

�.x; y/2

ˇ̌̌̌
.
¨
B2
2L�

�«
xFy

j Qu.z0/ � Qu.x/j dz0

�q�2 «
xFy

j Qu.z1/ � Qu.x/j dz1

�

«
xFy

jI2=q�1=�'.z2/ � I2=q�1=�'.x/j dz2
dx dy

�.x; y/2

. Œ Qu�
q�1

W 1=q;q.B
2L�

/
ŒI2=q�1=�'�W 1=q;q.B

2L�
/ . Œu�

q�1

W 1=q;q.B
2L�

/
k'k

L
1

2=q�1=�
; (6.21)

where we have applied Lemma A.2 and Sobolev’s inequality of Theorem A.5 at the end.
It remains to estimate k'k

L
1

2=q�1=�
. For this purpose we introduce for any ˛ > 0 the

three-term commutator

H˛.f; g/ D .��/
˛=2.fg/ � f .��/˛=2g � g.��/˛=2f: (6.22)

Taking advantage of the estimate in Appendix B.1, the uniform boundedness of Qu
(Remark 6.2), Hölder’s inequality, Sobolev inequalities of Theorems A.4 and A.5 for
1=q � 1=� > 0 very small, and Proposition B.1, we estimate

k'k
L

1
2=q�1=�

. k QukL1k.��/
1
2 .
1
�C2.

1
q�

1
� //.�B

22KClC1�
nB
22KCl �

I1=� /k
L

1
2=q�1=�

C k.��/1=q�1=� Quk
L

1
2=q�2=�

k.��/
1
2� .�B

22KClC1�
nB
22KCl �

I1=� /kL�

C


H2=q�2=�� Qu; .��/ 12� .�B

22KClC1�
nB
22KCl �

I1=� /
�


L

1
2=q�1=�

. .k QukL1 C k.��/
1
2� QukL�/ 2

�.KClC1/��1� k kL�

C k.��/1=q�1=� Quk
L

1
2=q�2=�

� k.��/
1
2 .
1
�C2.

1
q�

1
� //.�B

22KClC1�
nB
22KCl �

I1=� /k
L

1
2=q�1=�

. 2�.KCl/� .k QukL1 C Œ Qu�W 1=q;q.R//

for some small � D �.q/ > 0.
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Now we switch to the term I. We again start by introducing

'.z/ WD �B
22K�

I1=� .z/;

and observe that, by Proposition B.1 and our assumption k kL� � 1,

k.��/
1
2� 'kL� . 1: (6.23)

Next we split I into three terms with respect to the three-term commutator (6.22) as

I1 WD
ˆ

R
.��/

1
2� .' Qu/.z/ ^ �1=�;B

2L�
�B

2L�
Qu.z/ dz;

I2 WD �
ˆ

R
'.z/.��/

1
2� Qu.z/ ^ �1=�;B

2L�
�B

2L�
Qu.z/ dz;

I3 WD �
ˆ

R
H1=�.'; Qu/.z/ ^ �1=�;B

2L�
�B

2L�
Qu.z/ dz:

For the term I1, by (6.13) we have

jI1j D q
ˇ̌�
Q
.q/
B
2L�
�B

2L�
.u; .' Qu^/Tij /

�3
iD1

ˇ̌
D q

ˇ̌̌̌¨
B2
2L�

ˇ̌̌̌ «
xFy

Œ Qu.z0/ � Qu.x/� dz0

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

�«
xFy

«
xFy

. Qu.z1/ � Qu.x// �
�
.' Qu^/Tij .z2/ � .' Qu^/

T
ij .x/

�
dz1 dz2

�3
iD1

dy dx

�.x; y/2

ˇ̌̌̌
:

Note that Qu is considered only on B2L� � Br .x0/ here. Hence, we can change Qu back
to u, as they coincide on Br .x0/ by construction (cf. Remark 6.2). Then we simplify the
expression by the skew-symmetry of 'u^ and split I1 by the triangle inequality into

4X
mD1

ˇ̌̌̌¨
Dm

ˇ̌̌̌ «
xFy

Œu.z0/ � u.x/� dz0

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

�«
xFy

«
xFy

.u.z1/ � u.x// �
�
.'u^/ij .z2/ � .'u^/ij .x/

�
dz1 dz2

�3
jD1

dy dx

�.x; y/2

ˇ̌̌̌
.

4X
mD1

3X
jD1

jQ
.q/
Dm
.u; .'u^/ij /j;

where
D1 D R=Z �R=Z;

D2 D .R=Z n B2L�/ � B2L�;

D3 D B2L� � .R=Z n B2L�/;

D4 D .R=Z n B2L�/ � .R=Z n B2L�/:

For the term with integration domain D1, we employ the assumption that 
 is a locally
TPqC2;q-critical embedding in Br .x0/. Hence Section 6.1 implies that u is an E

q
� -critical
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map in Br .x0/ for some � 2 C1c .Br=2.x0/; Œ0;1//. As u fulfills the Euler–Lagrange
equations (Lemma 6.6) we observe that for any .'u^/ij 2 TuS2, j D 1; 2; 3,

jQ.q/.u; .'u^/ij /j .
3X
kD1

jRk;.q/.u; .'u^/ij /j C

7X
kD4

jRk;.q/� .u; .'u^/ij /j;

where we set Rk;.q/ D Rk;.qC2;q/ for q � 2. Therefore, Proposition 6.9 leads to

jQ.q/.u; .'u^/ij /j . Œu�
2q�3

W 1=q;q.B
23K�

/
C Œu�

qC1

W 1=q;q.B
23K�

/

C

1X
lD1

2��.3KCl/Œ Qu�
q�1

W 1=q;q.B
23KCl �

/
C �

�
Eq.u/C r�3 C Œu�

q

W 1=q;q.Br .x0//

�
for 0 < � WD 2=q � 1. We estimate the terms with domains Dm for m D 2; 3; 4 up to
positive constants by methods similar to (6.5) by

kukL1

¨
Dm

�«
xFy

ju.z0/ � u.x/j dz0

�q�1�«
xFy

j'.z1/ � '.x/j dz1

�
dx dy

�.x; y/2
:

Since u is not known to be in W 1=q;q outside of Br .x0/, we need to distinguish, for the
domain D2, the cases .R=Z n Br .x0// � B2L� and .Br .x0/ n B2L�/ � B2L�. The first
case is handled along the lines of (6.7) since �.x; y/ � r=4, and to the second case we
can apply due to supp' � B22K� an adapted version of Lemma C.1, which gives in total
with Qu 2 W 1=q;q.R/ the upper bound (up to a positive constant)

� r�3 C

1X
lD1

2��.LCl/Œ Qu�
q�1

W 1=q;q.B
2LC2KCl �

/
:

We treat the term with domainD3 similarly by symmetry. ForD4 we can deduce the same
bound in the following manner. First we also distinguish several subdomains according
to the only locally known fractional Sobolev regularity of u in Br .x0/. In particular, we
have to study the cases

.R=Z n B2L�/ � .R=Z n B2L�/ D .R=Z n Br .x0// � .R=Z n Br .x0//

[ .R=Z n Br .x0// � .Br .x0/ n B2L�/

[ .Br .x0/ n B2L�/ � .R=Z n Br .x0//

[ .Br .x0/ n B2L�/ � .Br .x0/ n B2L�/:

In the first three cases the double integral either equals 0 due to supp' � B22K� or can
be estimated with the help of �.x; y/ � r similarly to (6.7). For the last case we use an
adapted version of Lemma C.1.
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For the term I2, we first observe that by the definition of �ˇ;B�B in (6.12),

I2 � �
ˆ
B
2L�

ˆ
B
2L�

ˇ̌̌̌ «
xFy

Œ Qu.z0/ � Qu.x/� dz0

ˇ̌̌̌q�2
k.x; y/�

qC2
2

�

«
xFy

. Qu.z1/ � Qu.x//
T dz1

�

«
xFy

�
I1=�.'.��/

1
2� Qu^/.z2/ � I1=�.'.��/

1
2� Qu^/.x/

�
dz2

dy dx

�.x; y/2
:

Now since Qu^ is orthogonal to Qu, we rewrite«
xFy

. Qu.z1/� Qu.x//
T dz1

«
xFy

�
I1=�.'.��/

1
2� Qu^/.z2/� I1=�.'.��/

1
2� Qu^/.x/

�
dz2

D

«
xFy

. Qu.z1/ � Qu.x//
T dz1

«
xFy

Q̂ .z2; x/ dz2;

where

Q̂ .z2; x/ WD I1=�.'.��/
1
2� Qu^/.z2/ � I1=�.'.��/

1
2� Qu^/.x/

�
1
2
. Qu ^ .z2/ � Qu ^ .x//.'.x/C '.y//:

Therefore, by Remark 6.7 we have

jI2j.
ˆ
B
2L�

ˆ
B
2L�

�«
xFy

j Qu.z0/� Qu.x/jdz0

�q�1«
xFy

jˆ.z2;x/jdz2
dy dx

�.x; y/2
; (6.24)

where
ˆ.z2; x/ WD I1=�.'.��/

1
2� Qu/.z2/ � I1=�.'.��/

1
2� Qu/.x/

�
1
2
. Qu.z2/ � Qu.x//.'.x/C '.y//:

Now we are in a position to apply an adapted version of [68, Lemma 6.6]. For that, we
define

U WD .��/
1
2� Qu;

and find

ˆ.z2; x/ D I1=�.' U /.z2/ � I1=�.' U /.x/ �
1
2
. Qu.z2/ � Qu.x//.'.x/C '.y//

.
ˆ

R
.jz2 � zj

1=��1
� jx � zj1=��1/U.z/'.z/ dz

�
1

2

ˆ
R
.jz2 � zj

1=��1
� jx � zj1=��1/U.z/.'.x/C '.y// dz

. �
1

2

ˆ
R
.jz2 � zj

1=��1
� jx � zj1=��1/U.z/.'.x/C '.y/ � 2'.z// dz:
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Together with Lemma D.4 we obtain, for " < 1=� � 1
2q
< 1 small enough,ˇ̌̌̌ «

xFy

ˆ.z2; x/ dz2

ˇ̌̌̌
.
ˆ

R

�«
xFy

ˇ̌
jz2 � zj

1=��1
� jx � zj1=��1

ˇ̌
dz2

�
jU.z/j j'.x/C '.y/ � 2'.z/j dz

.
ˆ

R
jx � yj1=qC"

�
MM.��/

1
4q '.x/CMM.��/

1
4q '.y/CMM.��/

1
4q '.z/

�
� k1=�� 1

2q�";1=�
.x; y; z/jU.z/j dz:

Furthermore, by Proposition D.3 for small ı > 0 we have�«
xFy

j Qu.z0/ � Qu.x/j dz0

�q�1
. jx � yj.1=��ı/.q�1/.MM.��/

1=��ı
2 Qu.x//q�1:

We conclude that

jI2j .
ˆ

R

ˆ
R

ˆ
R
jx � yj1=qC"C.1=��ı/.q�1/�2�B

2L�
.x/.MM.��/

1=��ı
2 Qu.x//q�1

�
�
MM.��/

1
4q '.x/CMM.��/

1
4q '.y/CMM.��/

1
4q '.z/

�
� k1=�� 1

2q�";1=�
.x; y; z/ jU.z/j dy dz dx:

Arguing along the lines of the proof of Lemma 6.11, we therefore get, under assumption
(6.23),

jI2j . k.��/
1=��ı
2 Quk

q�1

L1=��ı
k.��/

1
4q 'kL2q kU kL�

. Œ Qu�
q�1

W 1=q;q.R/
k.��/

1
2� 'kL� Œ Qu�W 1=q;q.R/ . Œ Qu�

q

W 1=q;q.R/
;

where we have applied Sobolev’s inequality in the last step. To take u 2 W 1=q;q.Br .x0//

into consideration, we localize this estimate by introducing the factor �B
2L�

in (6.24)
and using Proposition B.3, the localized maximal inequality of Proposition B.4, and the
localized Sobolev inequality of Lemma B.5.

Using integration by parts, equality (6.14), and Hölder’s inequality, the last term I3
can be bounded by

I3 D �
ˆ

R
H1=�.'; Qu/.z/ ^ �1=�;B

2L�
�B

2L�
Qu.z/ dz

.
ˆ

R
j.��/1=q�1=�H1=�.'; Qu/.z/j jI2=q�2=��1=�;B

2L�
�B

2L�
Qu.z/j dz

. k.��/1=q�1=�H1=�.'; Qu/kL.2=q�1=�/�1 k�2=q�1=�;B2L��B2L� QukL.1�2=qC1=�/�1 :

Then applying the three-term commutator estimate of Appendix B.1, Proposition A.8,
Sobolev’s inequality of Theorem A.5 and assumption (6.23), we obtain

I3 . k.��/
1
2� 'kL�k.��/

1
2� QukL� Œ Qu�

q�1

W 1=q;q.B
2L�

/

. Œ Qu�W 1=q;q.R/Œ Qu�
q�1

W 1=q;q.B
2L�

/
:
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Also this estimate can get localized, in particular by the localized Sobolev inequal-
ity of Lemma B.5 and the localized version of the three-term-commutator estimate of
Appendix B.1.

In total, using again the fact that u and Qu coincide on Br .x0/ by construction (see
Remark 6.2), we obtain an estimate of the form

k�B
2K�

u ^ �1=�;B
2L�
�B

2L�
uk
L

�
��1

. 2��K Œu�
q�1

W 1=q;q.B
22L�

/
C Œu�

2q�3

W 1=q;q.B
23K�

/
C Œu�

qC1

W 1=q;q.B
23K�

/

C

1X
lD1

2��.3KCl/Œ Qu�
q�1

W 1=q;q.B
23KCl �

/
C �

�
Eq.u/C r�3 C Œu�

q

W 1=q;q.Br .x0//

�
C � r�3 C

1X
lD1

2��.LCl/Œ Qu�
q�1

W 1=q;q.B
2LC2KCl �

/

C Œu�
q

W 1=q;q.B
22L�

/
C

1X
lD1

2��.LCl/Œ Qu�
q

W 1=q;q.B
22LCl �

/

C Œu�
q�1

W 1=q;q.B
2L�

/

�
Œu�W 1=q;q.B

23K�
/ C

1X
lD1

2��.LCk/Œ Qu�W 1=q;q.B
23KCl �

/

�
;

which can be simplified by choosing L � 3K and factoring out the constant
Œu�W 1=q;q.Br .x0//

, wherever it makes sense, to

k�B
2K�

u ^ �1=�;B
2L�
�B

2L�
uk
L

�
��1

. Œu�
q

W 1=q;q.B
22L�

/
C Œu�

2q�3

W 1=q;q.B
22L�

/
C

1X
lD1

2��.KCl/Œ Qu�
q�1

W 1=q;q.B
22LCl �

/

C 2��K Œu�
q�1

W 1=q;q.B
22L�

/
C �

�
Eq.u/C r�3 C Œu�

q

W 1=q;q.Br .x0//

�
:

It only remains to prove the decay estimate based on the elaborated left-hand side and
right-hand side estimates.

Proof of Proposition 6.1. This proof is in the spirit of [14, proof of Proposition 3.9].
First let K0 be a large number, which will be specified later, and for K � K0 set

L WD 10K and N WD 20K. Moreover, let "; ı > 0 be small numbers, to be chosen later,
and assume

Œ Qu�W 1=q;q.B
2N �

/ < ": (6.25)

We then combine the left-hand side and right-hand side estimates to obtain a recursive
estimate. First recall from the left-hand side estimate of Proposition 6.10 that there exists
a large constant Cı > 0 such that

Œu�
q

W 1=q;q.B�/
. Œu�W 1=q;q.B

2L�
/k�B

2K�
�1=�;B

2L�
�B

2L�
uk
L

�
��1
C ıŒu�

q

W 1=q;q.B
2L�

/

C Cı
�
Œu�

q

W 1=q;q.B
2L�

/
� Œu�

q

W 1=q;q.B�/

�
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for K large and 1=q � 1=� > 0 small enough. In the next step we split the operator
�1=�;B

2K�
�B

2L�
by (6.15) into

k�B
2K�

�1=�;B
2L�
�B

2L�
uk
L

�
��1

. k�B
2K�

u � �1=�;B
2L�
�B

2L�
uk
L

�
��1
C k�B

2K�
u ^ �1=�;B

2L�
�B

2L�
uk
L

�
��1

:

The first term on the right-hand side may be estimated by Lemma 6.11:

k�B
2K�

u � �1=�;B
2L�
�B

2L�
uk
L

�
��1

. Œu�
q

W 1=q;q.B
22L�

/
C

1X
lD1

2��.LCl/Œ Qu�
q

W 1=q;q.B
22LCl �

/
;

whereas the second term on the right-hand side is by Lemma 6.12 bounded by

k�B
2K�

u ^ �1=�;B
2L�
�B

2L�
uk
L

�
��1

. Œu�
q

W 1=q;q.B
22L�

/
C Œu�

2q�3

W 1=q;q.B
22L�

/
C

1X
lD1

2��.KCl/Œ Qu�
q�1

W 1=q;q.B
22LCl �

/

C 2��K Œu�
q�1

W 1=q;q.B
22L�

/
C �

�
Eq.u/C r�3 C Œu�

q

W 1=q;q.Br .x0//

�
:

By setting � WD �
20
> 0 we conclude that there exists a large constant C D C.q; r;Eq.u/;

kukL1 ; k QukL1 ; Œu�W 1=q;q.Br .x0//
; Œ Qu�W 1=q;q.R// > 0 such that

Œu�
q

W 1=q;q.B�/
� C Œu�

q

W 1=q;q.B
2N �

/

�
Œu�W 1=q;q.B

2N �
/ C ı C 2

��N
�

C CCı
�
Œu�

q

W 1=q;q.B
2N �

/
� Œu�

q

W 1=q;q.B�/

�
C C�

C C

1X
lD1

2��.NCl/Œ Qu�
q

W 1=q;q.B
2NCl �

/
:

Now we employ the hole-filling technique: We add CCı Œu�
q

W 1=q;q.B
2N �

/
to both sides of

the inequality and then divide by 2CCı C 1, so that under the initial bound (6.25) on
Œu�

q

W 1=q;q.B
2N �

/
we obtain

Œu�
q

W 1=q;q.B�/
� Œu�

q

W 1=q;q.B
2N �

/

"C ı C 2��N C 2CCı

2CCı C 1
C �

C

1X
lD1

2��.NCl/Œ Qu�
q

W 1=q;q.B
2NCl �

/
:

If we then choose ı and " small enough, and K0 large enough, such that

"C ı C 2��K0 � 1=2;
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by defining

0 < � WD

1
2
C 2CCı

2CCı C 1
< 1

we get the desired estimate for any N � N0 with N0 D 20K0:

Œu�
q

W 1=q;q.B�/
� �Œu�

q

W 1=q;q.B
2N �

/
C

1X
lD1

2��.NCl/Œ Qu�
q

W 1=q;q.B
2NCl �

/
C �:

Appendix A. Gagliardo–Sobolev space

Recall that the seminorm for the fractional Sobolev space W s;p.B/ for s 2 .0; 1/, p 2
.1;1/, and B � R is given by

Œf �W s;p.B/ D

�ˆ
B

ˆ
B

jf .x/ � f .y/jp

jx � yj1Csp
dx dy

�1=p
:

In this section we gather a few useful facts that we need throughout the paper. Most likely
all of them are known to experts and we do not claim any originality here, but we could
not find them in the literature.

We begin with two identifications for the fractional Sobolev space.

Lemma A.1 (Identification 1). Let s 2 .0; 1/ and p 2 .1;1/. Then for any ball B � R
or B D R, and any f 2 C1c .R/,

Œf 0�
p

W s;p.B/
WD

ˆ
B

ˆ
B

jf 0.x/ � f 0.y/jp

jx � yj1Csp
dx dy

�

ˆ
B

ˆ
B

ˇ̌
f .y/�f .x/�f 0.x/.y�x/

jx�yj

ˇ̌p
jx � yj1Csp

dx dy:

The constant depends on s and p, but not on the set B or the function f .

Proof. The .-estimate. We have

jf 0.x/� f 0.y/jp .
ˇ̌̌̌
f 0.x/�

1

y � x

ˆ y

x

f 0.z/ dz

ˇ̌̌̌p
C

ˇ̌̌̌
f 0.y/�

1

x � y

ˆ x

y

f 0.z/ dz

ˇ̌̌̌p
:

By the fundamental theorem of calculus,ˇ̌̌̌
f 0.x/ �

1

y � x

ˆ y

x

f 0.z/ dz

ˇ̌̌̌p
C

ˇ̌̌̌
f 0.y/ �

1

x � y

ˆ x

y

f 0.z/ dz

ˇ̌̌̌p
D
jf .y/ � f .x/ � f 0.x/.y � x/jp

jy � xjp
C
jf .x/ � f .y/ � f 0.y/.x � y/jp

jy � xjp
:

Thus,

ˆ
B

ˆ
B

jf 0.x/ � f 0.y/jp

jx � yj1Csp
dx dy .

ˆ
B

ˆ
B

ˇ̌
f .y/�f .x/�f 0.x/.y�x/

jx�yj

ˇ̌p
jx � yj1Csp

dx dy:
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The %-estimate. For the opposite inequality, by the fundamental theorem of calculus and
Jensen’s inequality,ˇ̌̌̌

f .y/ � f .x/ � f 0.x/.y � x/

jx � yj

ˇ̌̌̌p
D

ˇ̌̌̌
.y � x/

�
1
y�x

´ y
x
f 0.z/ � f 0.x/ dz

�
jx � yj

ˇ̌̌̌p
�

1

jy � xj

ˆ
.x;y/

jf 0.z/ � f 0.x/jp dz:

We integrate both sides over B in x and y:

ˆ
B

ˆ
B

ˇ̌
f .y/�f .x/�f 0.x/.y�x/

jx�yj

ˇ̌p
jx � yj1Csp

dy dx �

ˆ
B

ˆ
B

ˆ
.x;y/

jf 0.z/ � f 0.x/jp

jx � yj2Csp
dz dy dx

�

ˆ
B

ˆ
B

ˆ
x>z>y

jf 0.z/ � f 0.x/jp

jx � yj2Csp
dz dy dx

C

ˆ
B

ˆ
B

ˆ
y>z>x

jf 0.z/ � f 0.x/jp

jx � yj2Csp
dz dy dx:

By the Fubini theorem, for any x 2 B ,

ˆ
B

ˆ
y>z>x

jf 0.z/ � f 0.x/jp

jx � yj2Csp
dz dy

�

ˆ
B\¹z>xº

jf 0.z/ � f 0.x/jp
ˆ 1
z

1

jx � yj2Csp
dy dz

D

ˆ
B\¹z>xº

jf 0.z/ � f 0.x/jp
1

1C sp

1

jx � zj1Csp
dz

�
1

1C sp

ˆ
B

jf 0.z/ � f 0.x/jp

jx � zj1Csp
dz: (A.1)

Thus, ˆ
B

ˆ
B

ˆ
y>z>x

jf 0.z/ � f 0.x/jp

jx � yj2Csp
dz dy dx . Œf 0�

p

W s;q.B/
;

and likewise ˆ
B

ˆ
B

ˆ
x>z>y

jf 0.z/ � f 0.x/jp

jx � yj2Csp
dz dy dx . Œf 0�

p

W s;q.B/
:

Lemma A.2 (Identification 2). Let s 2 .0; 1/ and p 2 .1;1/. For any g 2 C1c .R/ and
any ball B � R or B D R we have

Œg�
p

W s;p.B/
�

ˆ
B

ˆ
B

ª
.x;y/
jg.x/ � g.z/jp dz

jx � yj1Csp
dx dy:

The constant depends on s and p but not on the set B or the function g.
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Proof. The .-estimate. By Jensen’s inequality, we have

jg.x/ � g.y/jp .
ˇ̌̌̌
g.x/ �

«
.x;y/

g.z/ dz

ˇ̌̌̌p
C

ˇ̌̌̌
g.y/ �

«
.x;y/

g.z/ dz

ˇ̌̌̌p
�

«
.x;y/

jg.x/ � g.z/jp dz C

«
.x;y/

jg.y/ � g.z/jp dz:

Thus,

Œg�
p

W s;p.B/
.
ˆ
B

ˆ
B

ª
.x;y/
jg.x/ � g.z/jp dz

jx � yj1Csp
dx dy:

The %-estimate. The opposite direction is a consequence of Fubini’s theorem and the fact
that B is convex. Indeed,
ˆ
B

ˆ
B

ª
.x;y/
jg.x/ � g.z/jp dz

jx � yj1Csp
dy dx �

ˆ
B

ˆ
B

ˆ
x>z>y

jg.x/ � g.z/jp

jx � yj2Csp
dz dy dx

C

ˆ
B

ˆ
B

ˆ
y>z>x

jg.x/ � g.z/jp

jx � yj2Csp
dz dy dx:

Now we argue as in (A.1) to obtain the claim.

Lemma A.3 (Sobolev embedding). Let B � R be a ball. For s; t 2 .0; 1/ with t < s, and
p; q 2 .1;1/ with

s � 1=p � t � 1=q;

we have
Œf �W t;q.B/ � C.s; t; p; q/.diamB/s�t�1=pC1=q Œf �W s;p.B/: (A.2)

If B D R and s � 1=p D t � 1=q, then

Œf �W t;q.B/ � C.s; t; p; q/Œf �W s;p.B/: (A.3)

The constant C.s; t; p; q/ does not depend on f or B .

Proof. We first treat (A.3), for B D R and s � 1=p D t � 1=q.
In R we can use the abstract Sobolev embedding theorem for Triebel spaces,

Œg�W t;q.R/ . Œg�W s;p.R/:

Indeed, by [66, Proposition, p. 14], for s 2 .0; 1/,

Œg�W t;q.R/ � Œg� PF tq;q.R/
:

By [66, Section 2.2.3, p. 31] we have

Œg�F tqq.R/ . Œg�F spp.R/:

So (A.3) is established.
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Next we treat (A.2) for a ball B . Observe that for any x0 2 R and r > 0 we have

Œf .x0 C r �/�W t;q.B1.0// D r
t�1=qŒf �W t;q.Br .x0//

and
Œf .x0Cr �/�W s;p.B1.0// D r

s�1=pŒf �W t;q.Br .x0//:

So (A.2) follows by scaling and translation from the case B D B1.0/.
Moreover, we can assume that .f /B WD

ª
B
f D 0. Indeed, once we have shown (A.2)

under the assumption .f /B D 0 we can apply it to f � .f /B to get the full result.
So from now on we assume .f /B D 0 and B D B1.0/.
Set

g.x/ WD

´
f .x/; jxj � 1;

f .x=jxj2/; jxj > 1:

We claim that

Œg�W t;q.R/ � Œf �W t;q.B/; Œg�W s;p.R/ � Œf �W s;p.B/: (A.4)

Indeed, we have
Œg�W t;q.R/ � Œg�W t;q.B/ D Œf �W t;q.B/;

which establishes the %-case for (A.4). For the .-case, observe that

Œg�
q

W t;q.R/ D Œg�
q

W t;q.B1.0//
C Œg�

q

W t;q.B1.0/
c/
C 2

ˆ
B1.0/

c

ˆ
B1.0/

jg.x/ � g.y/jq

jx � yj1Csq
dx dy:

First we observe that by the substitution Qx WD x=jxj2,

Œg�
q

W t;q.B1.0/
c/
D

ˆ
B1.0/

ˆ
B1.0/

jf . Qx/ � f . Qy/jqˇ̌
Qx=j Qxj2 � Qy=j Qyj2

ˇ̌1Ctq j Qxj2 j Qyj2 d Qx d Qy:
For Qx; Qy 2 B1.0/ we have j Qx � Qyj �

ˇ̌
Qx=j Qxj2 � Qy=j Qyj2

ˇ̌
and thus

Œg�
q

W t;q.B1.0/
c/
�

ˆ
B1.0/

ˆ
B1.0/

jf . Qx/ � f . Qy/jq

j Qx � Qyj1Ctq
d Qx d Qy D Œf �

q

W t;q.B1.0//
:

Similarly,
ˆ
B1.0/

c

ˆ
B1.0/

jg.x/ � g.y/jq

jx � yj1Csq
dx dy �

ˆ
B1.0/

ˆ
B1.0/

jf .x/ � f . Qy/jqˇ̌
x � Qy=j Qyj2

ˇ̌1Ctq j Qyj dx d Qy:
For x; Qy 2 B1.0/ we have jx � Qyj .

ˇ̌
x � Qy=j Qyj2

ˇ̌
and thus

ˆ
B1.0/

c

ˆ
B1.0/

jg.x/ � g.y/jq

jx � yj1Csq
dx dy . Œf �

q

W t;q.B1.0//
:

This establishes (A.4).
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From (A.4) and (A.3) we obtain (A.2) for s � 1=p D t � 1=q.
For (A.2) in the case s � 1=p > t � 1=q we define

h.x/ WD �.x/g.x/;

where � 2 C1c .B2.0/; Œ0; 1�/ with �� 1 in B1.0/ is the typical cutoff function. We apply
the inhomogeneous Sobolev inequality ([66, Proposition, p. 14], [66, Section 2.2.3, p. 31])
to h:

Œh�W t;q.R/ . Œh�W s;p.R/ C khkLp.R/ � Œh�W s;p.R/ C kgkLp.B2.0//:

Now it is not too difficult to obtain

Œh�W s;p.R/ � kgkLp.B2.0// C Œg�W s;p.R/:

Moreover,

kgkLp.B2.0// . kf kLp.B1.0// D kf � .f /B1.0/kLp.B1.0// . Œf �W s;p.B1.0//;

where in the last step we have used the fact that .f /B1.0/ D 0 and Jensen’s inequality.
This establishes (A.2).

Theorem A.4 (Classical Sobolev inequality, [68, Theorem 1.5]). Let s � t � 0 and p 2
.1; 1

s�t
/ and define p�s;t D

p
1�.s�t/p

. Then for any f 2 C1c .R/,

k.��/t=2f k
L
p�s;t .R/

. k.��/s=2f kLp.R/;

or in other words
kIs�tf k

L
p�s;t .R/

. kf kLp.R/:

Theorem A.5 (Sobolev inequality, [68, Theorem 1.6]). Let s > t � 0 and p 2 .1; 1
s�t
/

and define p�s;t D
p

1�.s�t/p
. Then for any f 2 C1c .R/,

k.��/t=2f k
L
p�s;t .R/

.
�ˆ

R

ˆ
R

jf .x/ � f .y/jp

jx � yj1Csp
dz dy

�1=p
:

Also, s 2 .0; 1/, ı 2 .s; 1/ and p � 1
s�ı

, then for p�
s;ı
D

p
1�.s�ı/p

,�ˆ
R

ˆ
R

jIıf .x/ � Iıf .y/j
p�s;t

jx � yj1Csp
�
s;ı

dz dy

�1=p�
s;ı

. kf kLp.R/:

Proposition A.6 ([68, Proposition D.2]). Let s 2 .0; 1/, q 2 .1;1/, and � 2 C1c .B2�/
with � � 1 on B�. Then for any L 2 N, L > 1,
ˆ
B
2L�

ˆ
B
2L�

j�.x/ � �.y/jqju.y/ � .u/B2�nB� j

jx � yj1Csp
dx dy . Œu�

q

W s;p.B
2L�

/
� Œu�

q

W s;p.B�/
:
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Proposition A.7 ([68, Proposition D.3]). Let s 2 .0; 1/, q 2 .1;1/, � 2 C1c .B2�/ with
� � 1 on B�, and

 .x/ WD �.x/.u.x/ � .u/B2�nB�/:

Then for any L 2 N, L > 1,

Œ �W s;p.R/ . Œu�W s;p.B
2L�

/:

We also find use of an adapted version of [68, Proposition D.4]:

Proposition A.8. For ı > 0 small enough, we have

k�1=qCı;B�ukL1=.1�1=q�ı/ . Œu�
q�1

W 1=q;q.B�/
:

Proof. For some ' 2C1c .R/with k'kL1=.1=qCı/ � 1, by Remark 6.7, Hölder’s inequality,
the identification for fractional Sobolev spaces (Lemma A.2), and the Sobolev inequality
(Theorem A.5) we have

k�1=qCı;B�ukL1=.1�1=q�ı/ .
ˆ

R
�1=qCı;B�u.z/ '.z/ dz

.
ˆ
B�

ˆ
B�

«
xFy

ju.z1/ � u.x/j
q�1 dz1

«
xFy

jI1=q�ı'.z2/ � I1=q�ı'.x/j dz2
dy dx

�.x; y/2

.
�ˆ

B�

ˆ
B�

ª
xFy
ju.z1/ � u.x/j

q dz1

�.x; y/2
dy dx

� q�1
q

�

�ˆ
R

ˆ
R

ª
xFy
jI1=q�ı'.z2/ � I1=q�ı'.x/j

q dz2

jx � yj2
dx dy

�1=q
. Œu�

q�1

W 1=q;q.B�/
k'kL1=.1=qCı/ :

Appendix B. Localization arguments

For the convenience of the reader, we recall some results related to localization. For an
overview of these statements we refer to [68], but they can also be found elsewhere in the
literature.

Proposition B.1 ([68, Proposition B.2]). Let p > 1, t 2 .0; 1/, and ı � 0 small. Then for
any ' 2 C1c .B2K / and L > 2 we have

k.��/ı=2..�B
2KCL

� �B
2KCL�1

/.��/t=2'/k
L

np
nCıp

. 2�L.n.p�1/=pCt/k.��/t=2'kLp ;

k.��/
tCı
2 ..�B

2KCL
� �B

2KCL�1
/It'/k

L
np
nCıp

. 2�Ln.p�1/=pk'kLp :

Proposition B.2 ([68, Proposition B.3]). Let s 2 .0; n/ and p 2 .1; n=s/. Then for some
� > 0 and any L 2 N,

kIsf k
L

np
n�sp .B�/

. kf kLp.B
2L�

/ C

1X
lD1

2��.LCl/kf kLp.B
2LCl �

/:
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Proposition B.3 ([68, Proposition B.4]). Let s1; s2; s3 2 Œ0; n/ and p1; p2; p3 2 .1;1/
be such that

p�i WD
npi

n � sipi
2 .1;1/:

If moreover
3X
iD1

�
1

pi
�
si

n

�
D 1;

then we have the following pseudo-local behavior for any L 2 N and some � > 0:
ˆ

Rn
Is1.�B�f1/ Is2f2 Is3f3

. kf1kLp1 .B
2L�

/kf2kLp2 .B
2L�

/kf3kLp3 .B
2L�

/

C

1X
lD1

2�.LCl/�kf1kLp1 .B
2LCl �

/kf2kLp2 .B
2LCl �

/kf3kLp3 .B
2LCl �

/: (B.1)

Proposition B.4. Let p > 1. Then for some � > 0 and any L 2 N,

kMf kLp.B�/ . kf kLp.B
2L�

/ C

1X
lD1

2��.LCl/kf kLp.B
2LCl �

/:

Proof. We first split by Fatou’s lemma and the Minkowski inequality:

kM.f /kLp.B�/ � kM.�B
2L�

f /kLp.B�/ C

1X
lD1

kM.�B
2LCl �

nB
2LCl�1�

f /kLp.B�/:

For the first term, by the Hardy–Littlewood maximal inequality we get

kM.�B
2L�

f /kLp.B�/ � kM.�B
2L�

f /kLp.Rn/

� k�B
2L�

f kLp.Rn/ D kf kLp.B
2L�

/:

For the remaining terms, we observe that, for any x 2 B� by the definition of the Hardy–
Littlewood maximal function and Hölder’s inequality,

M.�B
2LCl �

nB
2LCl�1�

f /.x/ D sup
r>0

1

jBr .x/j

ˆ
Br .x/

�B
2LCl �

nB
2LCl�1�

.y/jf .y/j dy

. .2LCl�/�n
ˆ
B
2LCl �

�B
2LCl �

nB
2LCl�1�

.y/jf .y/j dy

. .2LCl�/�n.2LCl�/n�n=pkf kLp.B
2LCl �

/:

Therefore,

kM.�B
2LCl �

nB
2LCl�1�

f /kLp.B�/ D

�ˆ
B�

jM.�B
2LCl �

nB
2LCl�1�

f /.x/jp dx

�1=p
. .2LCl�/�n.2LCl�/n�n=p�n=pkf kLp.B

2LCl �
/

� 2�
n
p .LCl/kf kLp.B

2LCl �
/:
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We also need a localized version of the Sobolev inequality of Theorem A.5:

Lemma B.5 ([68, Lemma C.1]). Given 0 < t < s < 1, define ps D n=s and pt D n=t .
Then for any L 2 Z and K 2 N, we have

k�B
2L
.��/t=2f kLpt . Œf �W s;ps .B

2LCK
/ C

1X
kD1

2��.KCk/Œf �W s;ps .B
2LCKCk

/:

B.1. Three-term-commutator estimates

For ˛ > 0 the three-term commutator is defined by

H˛.f; g/ D .��/
˛=2.fg/ � f .��/˛=2g � g.��/˛=2f:

This operator measures the deviation from the Leibniz rule for jDj˛ . For fractional har-
monic maps it was discovered in [23, 24] how H˛.�; �/ takes the role of the div-curl term,
and in particular it was shown that in R1, .��/1=4H1=2.f; g/ belongs to the Hardy space
if .��/1=4f; .��/1=4g 2 L2.R/ (see also [47]). There have been multiple extensions
since; the following estimate and its localized version on the three-term commutator will
be helpful.

Theorem B.6 ([68, Theorem A.1]). For any " � 0 small and p 2 .1;1/, we have

k.��/"=2H˛.f; g/kLp . k.��/˛=2f kLp1 k.��/˛=2gkLp2 ;

where p1; p2 2 .1; n=˛� are such that

1

p
D

1

p1
C

1

p2
�
˛ � "

n
:

If suppf � B2K , then for any L 2 N,

k.��/"=2H˛.f; g/kLp . k.��/˛=2f kLp1
�
k.��/˛=2gkLp2 .B

2KCL
/

C

1X
kD1

2��.LCk/k.��/˛=2gkLp2 .B
2KCLCk

/

�
:

Appendix C. Tail estimates

Lemma C.1. Let ' 2 C1c .Br /, p � q C 2, q � 2, and L; k 2 N. Then

ˆ
D1

ˆ
D2

�«
xFy

ju.z/ � u.x/j2 dz

�q�2�«
xFy

ju.z1/ � u.x/j dz1

�
�

�«
xFy

j'.z2/ � '.x/j dz2

�
dy dx

�.x; y/p�q

. 2�.LCk/
p�q
q Œu�

2q�3

W
p�q�1
q ;q

.B
2LCkr

/

Œ'�
W
p�q�1
q ;q

.Br /

in each of the following cases:
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Case 1: D1 �D2 D B2Lr � .B2LCkr n B2LCk�1r /;

Case 2: D1 �D2 D .B2LCkr n B2LCk�1r / � B2Lr ;

Case 3: D1 �D2 D .B2LCkr n B2LCk�1r / � .B2LCkr n B2LCk�1r /:

Proof. Since
ª
xFy
j'.z2/ � '.x/j dz2 D 0 for either x; y < �r or x; y > r due to the

support of ' in Br , we only need to consider the cases

Case 1: �2Lr < x < r; 2LCk�1r < y < 2LCkr;

Case 2: 2LCk�1r < x < 2LCkr; �2Lr < y < r;

Case 3: �2LCkr < x < �2LCk�1r; 2LCk�1r < y < 2LCkr:

The cases
�r < x < 2Lr; �2LCkr < y < �2LCk�1r;

�2LCkr < x < �2LCk�1r; �r < y < 2Lr;

2LCk�1r < x < 2LCkr; �2LCkr < y < �2LCk�1r;

follow analogously.
We first examine Case 1. By using Hölder’s inequality, Jensen’s inequality and the

Sobolev embedding (Lemma A.3), with constants depending on the domain, we get

ˆ
B
2Lr

ˆ
B
2LCkr

nB
2LCk�1r

�.x; y/�.p�q/
�
�.x; y/�1

ˆ y

x

ju.z/ � u.x/j2 dz

�q�2
�

�
�.x; y/�1

ˆ y

x

ju.z1/ � u.x/j dz1

��
�.x; y/�1

ˆ y

x

j'.z2/ � '.x/j dz2

�
dy dx

. .2LCkr/�.p�q/�q .2LCkr/

ˆ
B
2LCkr

�ˆ
B
2LCkr

ju.z/ � u.x/j2 dz

�q�2
�

�ˆ
B
2LCkr

ju.z1/ � u.x/j dz1

��ˆ
B
2LCkr

j'.z2/ � '.x/j dz2

�
dx

. .2LCkr/�.p�q/�qC1.2LCkr/.q�1/
q�2
q

�¨
.B
2LCkr

/2
ju.z/ � u.x/j2q dz dx

� q�2
q

� .2LCkr/.q�1/1=q
�¨

.B
2LCkr

/2
ju.z1/ � u.x/j

q dz1 dx

�1=q
� .2LCkr/.q�1/1=q

�¨
.B
2LCkr

/2
j'.z2/ � '.x/j

q dz2 dx

�1=q
. .2LCkr/�.p�q/.2LCkr/.p�q/

q�2
q Œu�

2q�4

W
p�q�1
2q

;2q
.B
2LCkr

/

.2LCkr/.p�q/=q

� Œu�
W
p�q�1
q ;q

.B
2LCkr

/
r .p�q/=qŒ'�

W
p�q�1
q ;q

.Br /

� 2�.LCk/
p�q
q Œu�

2q�3

W
p�q�1
q ;q

.B
2LCkr

/

Œ'�
W
p�q�1
q ;q

.Br /
:
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Case 2 differs from Case 1 by symmetry only in the integration over y, where we use
ˆ
B
2Lr

dy . 2LCkr:

In Case 3 the estimates also hold since the distance between x and y is even greater than
in the previous cases.

Appendix D. Mean value arguments

In the following we introduce mean value arguments and compensation effects, which
turn out to be crucial for elaborating the right-hand side estimates.

The first statement is a typical mean value argument (see [51, Lemma 3.3]).

Lemma D.1. Let ˛ 2 R and a; b 2 R with

ja � bj . min ¹jaj; jbjº:

Then for any " 2 Œ0; 1�,ˇ̌
jaj˛ � jbj˛

ˇ̌
. ja � bj" min ¹jaj˛�"; jbj˛�"º:

In our situation we will have to deal with the expression

1

jx � yj

ˆ
.x;y/

ˇ̌
jz � z2j

˛�1
� jz � xj˛�1

ˇ̌
dz2:

The following lemma tells us that it behaves very similarly toˇ̌
jz � yj˛�1 � jz � xj˛�1

ˇ̌
:

Lemma D.2. Let x; y; z 2 R be three distinct points inside a geodesic ball B � R and
˛ 2 .0; 1/. Set

F.x; y; z/ WD
1

jx � yj

ˆ
.x;y/

ˇ̌
jz � z2j

˛�1
� jz � xj˛�1

ˇ̌
dz2:

� If
jx � yj . min ¹jx � zj; jy � zjº (D.1)

then for any " 2 Œ0; 1�,

F.x; y; z/ . jx � yj" min ¹jx � zj˛�"�1; jy � zj˛�"�1º: (D.2)

� If
jx � zj . min ¹jx � yj; jy � zjº (D.3)

then for any " 2 Œ0; 1�,

F.x; y; z/ . jx � zj˛�1 . jx � yj"jx � zj˛�"�1: (D.4)
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� If
jy � zj . min ¹jx � yj; jx � zjº (D.5)

then for any " 2 Œ0; 1�,

F.x; y; z/ . jy � zj˛�1 . jx � yj"jy � zj˛�"�1: (D.6)

Proof of (D.2). Observe that (D.1) implies

jx � zj � jy � zj:

Case 1: jz � xj � 10jx � yj. In this case jx � yj � jz � xj, and for any z2 2 .x; y/ we
have jz � z2j . jx � yj . jz � xj. We then simply integrate

F.x; y; z/ . jx � yj�1
ˆ
jz�z2j.jx�yj

jz � z2j
˛�1 dz2

� jx � yj˛�1

� jx � yj" min ¹jx � zj˛�"�1; jy � zj˛�"�1º:

Case 2: jz � xj > 10jx � yj. In this case, for any z2 2 .x; y/ we have jz � z2j % jx � yj
and jz2 � xj � jx � yj . jz2 � zj. In particular, for any z2 2 .x; y/,

jz2 � xj . min ¹jz2 � zj; jz � xjº:

By the typical mean value theorem argument (see Lemma D.1),ˇ̌
jz � z2j

˛�1
� jz � xj˛�1

ˇ̌
. jz2 � xj jz � xj˛�2 . jx � yj jz � xj˛�2:

Integrating this, we obtain

F.x; y; z/ . jx � yj jz � xj˛�2

. jx � yj"jz � xj˛�"�1

� jx � yj" min ¹jx � zj˛�"�1; jy � zj˛�"�1º:

This settles (D.2).

Proof of (D.4). Observe that (D.3) implies that jx � yj � jy � zj.
Since for ˛ > 0 the function z2 7! jz � z2j

˛�1 is integrable with antiderivative
� jz � z2j

˛ , we have

jx � yj�1
ˆ
.x;y/

jz � z2j
˛�1 . jx � yj�1.jz � xj˛ C jz � yj˛/
D jx � yj�1jz � xj˛ C jx � yj�1jz � yj˛

. jz � xj˛�1 C jx � yj˛�1

. jz � xj˛�1 C jz � xj˛�1:

In the last step we have used the fact that ˛ 2 .0; 1/ (i.e. ˛ � 1 < 0).



S. Blatt, Ph. Reiter, A. Schikorra, N. Vorderobermeier 2026

Also observe that

jx � yj�1
ˆ
.x;y/

jz � xj˛�1dz2 . jz � xj˛�1:

This settles (D.4).

Proof of (D.6). In this case observe that (D.5) implies jx � yj � jz � xj so (˛ < 1)

1

jx � yj

ˆ
.x;y/

jz � xj˛�1 � jx � yj˛�1 . jy � zj˛�1:

For the remainder we argue as for (D.4) to obtain

jx � yj�1
ˆ
.x;y/

jz � z2j
˛�1 . jx � yj�1.jz � xj˛ C jz � yj˛/
D jx � yj�1jz � xj˛ C jx � yj�1jz � yj˛

� jz � xj˛�1 C jz � yj˛�1 . jz � yj˛�1:

This settles (D.6).

For the upcoming statement, we need the notion of the uncentered Hardy–Littlewood
maximal function, which is given by

Mf .x/ D sup
Br .x/3y

1

jBr .y/j

ˆ
Br .y/

jf .z/j dz:

Let us recall the following proposition first.

Proposition D.3 ([69, Proposition 6.6]). For any ˛ 2 Œ0; 1�,

ju.x/ � u.y/j . jx � yj˛
�
M.��/˛=2u.x/CM.��/˛=2u.y/

�
:

This implies «
xFy

ju.z1/ � u.x/j dz1 . jx � yj˛MM.��/˛=2u.x/;«
xFy

ju.z1/ � u.y/j dz1 . jx � yj˛MM.��/˛=2u.y/:

We now develop an adapted version of [68, Proposition 6.3].

Lemma D.4. Let

G.x; y; z/ WD ju.y/C u.x/ � 2u.z/j

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2;

H.x; y; z/ WD

«
xFy

ju.z1/ � u.x/j dz1

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2;
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for some 1=� 2 .0; 1/. Then for any ˛ 2 .0; 1/ and " 2 .0; 1� ˛/ such that " < 1=�� ˛=2,
G.x; y; z/ and H.x; y; z/ are, up to a constant, bounded from above by

jx � yj˛C"
�
MM.��/˛=4u.x/CMM.��/˛=4u.y/CMM.��/˛=4u.z/

�
� k1=��˛=2�";1=�.x; y; z/;

where

ks;
 .x; y; z/ WD min ¹jx � zjs�1; jy � zjs�1º (D.7)

C

�
jy � zj

jx � yj

�
�s
jy � zjs�1�

¹jy�zj.min ¹jx�yj;jx�zjºº (D.8)

C

�
jx � zj

jx � yj

�
�s
jx � zjs�1�

¹jx�zj.min ¹jx�yj;jy�zjºº: (D.9)

Proof. In the case of jx � yj . min ¹jx � zj; jy � zjº, we estimate by Proposition D.3:

ju.y/C u.x/ � 2u.z/j � ju.x/ � u.y/j C 2ju.y/ � u.z/j

. jx � yj˛=2
�
M.��/˛=4u.x/CM.��/˛=4u.y/

�
C jy � zj˛=2

�
M.��/˛=4u.y/CM.��/˛=4u.z/

�
;

and «
xFy

ju.z1/ � u.x/j dz1 . jx � yj˛=2MM.��/˛=4u.x/:

Therefore, by (D.2) we get, for 
1 D ˛=2C " and 
2 D ˛ C " 2 Œ0; 1�,

G.x; y; z/

. jx�yj˛=2
�
M.��/˛=4u.x/CM.��/˛=4u.y/

� «
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

Cjy�zj˛=2
�
M.��/˛=4u.y/CM.��/˛=4u.z/

� «
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

.
�
M.��/˛=4u.x/CM.��/˛=4u.y/

�
jx � yj˛=2C
1 jy � zj1=��
1�1

C
�
M.��/˛=4u.y/CM.��/˛=4u.z/

�
jy � zj˛=2C1=��
2�1jx � yj
2 ;

and

H.x; y; z/ . jx � yj˛=2MM.��/˛=4u.x/

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2

. MM.��/˛=4u.x/jx � yj˛C"jy � zj1=��˛=2�"�1:

In the case of jy � zj . min ¹jx � zj; jx � yjº, we start with the same estimates as in
the previous case, but apply (D.6) for 
1 D ˛=2C " and 
2 D ˛ C " 2 Œ0; 1� to get
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G.x; y; z/

. jx�yj˛=2
�
M.��/˛=4u.x/CM.��/˛=4u.y/

� «
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

Cjy�zj˛=2
�
M.��/˛=4u.y/CM.��/˛=4u.z/

� «
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

.
�
M.��/˛=4u.x/CM.��/˛=4u.y/

�
jx � yj˛=2jy � zj1=��1

C
�
M.��/˛=4u.y/CM.��/˛=4u.z/

�
jy � zj˛=2jy � zj1=��1

.
�
M.��/˛=4u.x/CM.��/˛=4u.y/

�
jx � yj˛=2C
1 jy � zj1=��
1�1

�
jy � zj

jx � yj

�
1
C
�
M.��/˛=4u.y/CM.��/˛=4u.z/

�
jx�yj
2 jy�zj˛=2C1=��
2�1

�
jy�zj

jx�yj

�
1C.
2�
1/
;

and

H.x; y; z/ . jx � yj˛=2MM.��/˛=4u.x/

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2

. MM.��/˛=4u.x/jx � yj˛=2jy � zj1=��1

DMM.��/˛=4u.x/jx � yj˛C"jy � zj1=��˛=2�"�1
�
jy � zj

jx � yj

�˛=2C"
:

Observe that jy�zj
jx�yj

� 1.
For the last case of jx � zj . min ¹jy � zj; jx � yjº, by Proposition D.3 we get

ju.y/C u.x/ � 2u.z/j � ju.x/ � u.y/j C 2ju.x/ � u.z/j

. jx � yj˛=2
�
M.��/˛=4u.x/CM.��/˛=4u.y/

�
C jx � zj˛=2

�
M.��/˛=4u.x/CM.��/˛=4u.z/

�
;

and hence, by (D.4) for 
1 D ˛=2C " and 
2 D ˛ C " 2 Œ0; 1�,

G.x; y; z/

. jx�yj˛=2.M.��/˛=4u.x/CM.��/˛=4u.y//

«
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

Cjx�zj˛=2.M.��/˛=4u.x/CM.��/˛=4u.z//

«
xFy

ˇ̌
jz�z2j

1=��1
�jz�xj1=��1

ˇ̌
dz2

. .M.��/˛=4u.x/CM.��/˛=4u.y//jx � yj˛=2jx � zj1=��1

C .M.��/˛=4u.x/CM.��/˛=4u.z//jx � zj˛=2jx � zj1=��1

. .M.��/˛=4u.x/CM.��/˛=4u.y//jx � yj˛=2C
1 jx � zj1=��
1�1
�
jx � zj

jx � yj

�
1
C.M.��/˛=4u.x/CM.��/˛=4u.z//jx�yj
2 jx�zj˛=2C1=��
2�1

�
jx�zj

jx�yj

�
1C.
2�
1/
;
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and

H.x; y; z/ . jx � yj˛=2MM.��/˛=4u.x/

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2

. MM.��/˛=4u.x/jx � yj˛=2jx � zj1=��1

DMM.��/˛=4u.x/jx � yj˛C"jx � zj1=��˛=2�"�1
�
jx � zj

jx � yj

�˛=2C"
:

Eventually, by Lebesgue’s differentiation theorem, for a.e. x 2 R,

M.��/˛=4u.x/ . MM.��/˛=4u.x/:

Furthermore, we need a result inspired by [68, Proposition 6.4].

Proposition D.5. Let F; G; H W Rn ! RC, ˛ 2 .0; n/, s; ˇ 2 .0; 1/, s C ˛ < ˇ, and
consider

I WD

ˆ
Rn

ˆ
Rn

ˆ
Rn
.F.x/C F.y//.G.x/CG.y/CG.z//jx � yj˛�nH.z/

� ks;ˇ .x; y; z/ dx dy dz;

where ks;ˇ .x; y; z/ is of the form (D.7), (D.8), or (D.9). Then

I �

ˆ
Rn
GHIsC˛F C

ˆ
Rn
FGIsC˛H C

ˆ
Rn
F I˛G � IsH

C

ˆ
Rn
GI˛F � IsH:

Lemma D.6. Let G;H W R! RC, ˛; ˇ 2 .0; 1/ such that ˇ < ˛ < 1=�, and

I WD

ˆ
R

ˆ
R

ˆ
R
G.x/

«
xFy

ju.z1/ � u.y/j
2 dz1H.z/

�

«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2 jx � yj

�2C˛.q�2/ dx dy dz:

Then

I .
ˆ

R
I˛.q�1/CˇC"�1GM

�
M.��/˛=2uM.��/ˇ=2u

�
I1=��"H

C

ˆ
R
GI˛.q�1/CˇC"�1M

�
M.��/˛=2uM.��/ˇ=2u

�
I1=��"H

C

ˆ
R

I˛.q�1/CˇC"�1G MM.��/˛=2uMM.��/ˇ=2u I1=��"H

C

ˆ
R
GI˛.q�1/CˇC"�1

�
MM.��/˛=2uMM.��/ˇ=2u

�
I1=��"H

for any admissible " 2 .0; 1/ with ˛.q � 1/C ˇ � 1 < " < 1=�.
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Proof. We begin by treating the term
ª
xFy
ju.z1/ � u.y/j

2 dz1 by Proposition D.3:«
xFy

ju.z1/ � u.y/j
2 dz1

.
«
xFy

jz1 � yj
˛.M.��/˛=2u.z1/CM.��/˛=2u.y//jz1 � yj

ˇ

�
�
M.��/ˇ=2u.z1/CM.��/ˇ=2u.y/

�
dz1

� jx � yj˛Cˇ
�«

xFy

M.��/˛=2u.z1/M.��/ˇ=2u.z1/ dz1

C

«
xFy

M.��/˛=2u.z1/ dz1M.��/ˇ=2u.y/

CM.��/˛=2u.y/

«
xFy

M.��/ˇ=2u.z1/ dz1 CM.��/˛=2u.y/M.��/ˇ=2u.y/

�
. jx � yj˛Cˇ

�
�
M.M.��/˛=2uM.��/ˇ=2u/.y/CMM.��/˛=2u.y/MM.��/ˇ=2u.y/

�
:

We first consider the cases

jx � yj . min ¹jx � zj; jy � zjº and jy � zj . min ¹jx � zj; jx � yjº

and observe by (D.2) and (D.6) that«
xFy

ˇ̌
jz � z2j

1=��1
� jz � xj1=��1

ˇ̌
dz2 . jx � yj"jy � zj1=��"�1

for an admissible " > 0. Therefore, we get

˚
R3
G.x/ M

�
M.��/˛=2uM.��/ˇ=2u

�
.y/ H.z/jx � yj�2C˛.q�1/CˇC"

� jy � zj1=��"�1 dx dy dz

C

˚
R3
G.x/ MM.��/˛=2u.y/MM.��/ˇ=2u.y/ H.z/jx � yj�2C˛.q�1/CˇC"

� jy � zj1=��"�1 dx dy dz

�

ˆ
R

I˛.q�1/CˇC"�1G.y/M.M.��/˛=2uM.��/ˇ=2u/.y/I1=��"H.y/ dy

C

ˆ
R

I˛.q�1/CˇC"�1G.y/MM.��/˛=2u.y/MM.��/ˇ=2u.y/I1=��"H.y/dy:

For the case
jx � zj . min ¹jy � zj; jx � yjº;

by (D.4) we have«
xFy

jjz � z2j
1=��1

� jz � xj1=��1j dz2 . jx � yj"jx � zj1=��"�1
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for an admissible " > 0, which implies

˚
R3
G.x/M

�
M.��/˛=2uM.��/ˇ=2u

�
.y/H.z/jx � yj�2C˛.q�1/CˇC"

� jx � zj1=��"�1 dx dy dz

C

˚
R3
G.x/MM.��/˛=2u.y/MM.��/ˇ=2u.y/H.z/jx � yj�2C˛.q�1/CˇC"

� jx � zj1=��"�1 dx dy dz

�

ˆ
R
G.x/I˛.q�1/CˇC"�1M

�
M.��/˛=2uM.��/ˇ=2u

�
.x/I1=��"H.x/ dy

C

ˆ
R
G.x/I˛.q�1/CˇC"�1

�
MM.��/˛=2u.x/MM.��/ˇ=2u.x/

�
I1=��"H.x/ dy:
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