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Abstract. Let (M, g) be a smooth Anosov Riemannian manifold and ¥ the set of its primitive

closed geodesics. Given a Hermitian vector bundle & equipped with a unitary connection Ve, we
define 7#(6, V) as the sequence of traces of holonomies of V© along elements of ©¥. This
descends to a homomorphism on the additive moduli space A of connections up to gauge gh.
(A, ®) —> ZOO(‘Cﬂ), which we call the primitive trace map. It is the restriction of the well-known
Wilson loop operator to primitive closed geodesics.

The main theorem of this paper shows that the primitive trace map T is locally injective near
generic points of A when dim(M) > 3. We obtain global results in some particular cases: flat
bundles, direct sums of line bundles, and general bundles in negative curvature under a spectral
assumption which is satisfied in particular for connections with small curvature. As a consequence
of the main theorem, we also derive a spectral rigidity result for the connection Laplacian.

The proofs are based on two new ingredients: a LivSic-type theorem in hyperbolic dynamical
systems showing that the cohomology class of a unitary cocycle is determined by its trace along
closed primitive orbits, and a theorem relating the local geometry of A to the Pollicott—Ruelle
resonance near zero of a certain natural transport operator.

Keywords. Inverse problem, holonomy, hyperbolic dynamical systems, Pollicott—Ruelle
resonances, microlocal analysis

Contents

Lo Introduction . . ... ...t 2188
2. Setting up the toOls . . . . ottt e 2196
3. ExactLivSiccocycletheory .. ... ... 2209
4. Pollicott—Ruelle resonances and local geometry on the moduli space of connections . . . . 2226
5. Injectivity of the primitive trace map . . . . . ... oo vt e 2235
A. Generic absence of CKTs for the mixed connection . . .. ...................... 2243
References . . ... ... 2245

Mihajlo Ceki¢: Institut fiir Mathematik, Universitét Ziirich, 8057 Ziirich, Switzerland;
mihajlo.cekic@math.uzh.ch

Thibault Lefeuvre: Institut de Mathématiques de Jussieu-Paris Rive Gauche, Sorbonne Université,
75005 Paris, France; tlefeuvre @imj-prg.fr

Mathematics Subject Classification (2020): Primary 35R30; Secondary 37D20, 37D40, 53C24,
58J50


https://creativecommons.org/licenses/by/4.0/
mailto:mihajlo.cekic@math.uzh.ch
mailto:tlefeuvre@imj-prg.fr

M. Cekié, T. Lefeuvre 2188

1. Introduction

1.1. Primitive trace map, local injectivity

Let (M, g) be a smooth closed Riemannian Anosov manifold such as a manifold of
negative sectional curvature [2]. Recall that this means that there exists a continuous flow-
invariant splitting of the tangent bundle to the unit tangent bundle M := SM:

such that
Vi >0,Yv € Eg, |dp;(v)] < Ce™f|v],

11
Vi <0,Yv e Ey, |dpi(v)] < Ce ]y, (I.1)

where (¢;):eRr is the geodesic flow on M generated by the vector field X, and the con-
stants C, 6 > 0 are uniform and the metric | - | is arbitrary.

Let & — M be a smooth Hermitian vector bundle. We denote by 4Ag the affine space
of smooth unitary connections on &, and A g the moduli space of connections up to gauge
equivalence: a point a € Ag is an orbit a := {p*V& | p € C®(M,U(8))} of gauge-
equivalent connections, where V€ € a is arbitrary and p*VE(e) := p~1VE(pe) is the
pullback connection. We let € = {c1, c2, . ..} be the set of free homotopy classes of loops
on M, which is known to be in one-to-one correspondence with closed geodesics [57].
More precisely, given ¢ € €, there exists a unique closed geodesic yg(c) C M in the
class c¢. It will be important to set apart primitive and non-primitive homotopy classes
(resp. closed geodesics): a free loop is said to be primitive if it cannot be homotoped to
a certain power (> 2) of another free loop. The set of primitive classes defines a subset
et={t oy ce.

Given a class a € Ag, a unitary connection V€ € a and an arbitrary point Xct € Vg (ch
(for some c* € €#), the parallel transport Holye (c) € U(8xcn), starting at x.x, with
respect to V€ and along Ve (c*) depends on the choice of a representative V€ € a since
two gauge-equivalent connections have conjugate holonomies. However, the trace does
not depend on the choice of V€ € a, and therefore the primitive trace map

T#: Ag 3 a > (Tr(Holye (c})), Tr(Holye (c})), . ..) € £2°(€%) (1.2)

is well-defined. Observe that the data of the primitive trace map is rather weak informa-
tion: in particular, it is not (a priori) equivalent to the data of the conjugacy class of the
holonomy along each closed geodesic (and the latter is the same as the non-primitive trace
map, where one considers all closed geodesics). One of the main results of this paper is
the following:

Theorem 1.1. Let (M, g) be a smooth Anosov Riemannian manifold of dimension > 3
and let & — M be a smooth Hermitian vector bundle. Let ag € Ag be a generic point.
Then the primitive trace map is locally injective near ay.
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By local injectivity, we mean the following: there exists N € N (independent of ag)
such that 7% is locally injective in the C-quotient topology on Ag. In other words,
for any element Vf € ag, there exists ¢ > 0 such that the following holds; if VE 5
are two smooth unitary connections such that || pi*Vf — Vf lc~ < & for some p; €
C*®(M,U(E)), and r]'ﬁ(Vlg) = Tr‘(Vf), then Vlg and Vzg are gauge-equivalent.

We say that a point a is generic if it enjoys the following two features:

(A) a is opaque. By definition (see [15, Section 5]), this means that for all V€ € q,
the parallel transport map along geodesics does not preserve any non-trivial subbun-
dle ¥ C & (i.e. ¥ is preserved by parallel transport along geodesics if and only if
F = {0} or F = &). This was proved to be equivalent to the fact that the Pollicott—
Ruelle resonance at z = 0 of the operator X := N*V)If,“d has multiplicity equal to 1,
with resonant space C - 1g (here 7 : SM — M is the projection and VE" is the

induced connection on the endomorphism bundle; see Section 2.2 for further details).

(B) a has solenoidally injective generalized X-ray transform Hlfnd(g) on twisted 1-forms

with values in End(&). This last assumption is less easy to describe in simple geo-
metric terms: roughly speaking, the X-ray transform is an operator of integration of
symmetric m-tensors along closed geodesics. For vector-valued symmetric m-tensors,
this might not be well-defined, and one needs a more general (hence more abstract)
definition involving the residue at z = 0 of the meromorphic extension of the family
C 3z (=X —z)~! (see Section 2.4).

It was shown in previous articles [14, 15] that in dimension n > 3, properties (A) and (B)
are satisfied on an open dense subset w C Ag with respect to the C Y -quotient topology.'
When the reference connection a only has property (A) (this is the case for the product
connection on the trivial bundle for instance), we are able to show a weak local injectivity
result; see Theorem 5.1.

We note that the gauge class of a connection is uniquely determined by the holonomies
along all closed loops [5,58] and that in mathematical physics our primitive trace map 7
is known as the Wilson loop operator [6, 34,68, 101]. In stark contrast, our Theorem 1.1
says that the restriction to closed geodesics of this operator already determines (locally)
the gauge class of the connection.

'More precisely, there exists N € N and a subset Q C sg of the (affine) Fréchet space of
smooth affine connections on & such that @ = g (2) (where g : Ag — Ag is the projection)
and

e Q is invariant by the action of the gauge group: p*Q = Q for all p € C®° (M, U(&));

e Q is open: for all Vg € Q, there exists & > 0 such that if V& € Ag and V€ — VS:HCN <e,
then V€ € Q;

e Q is dense: for all Vog € Ag and all ¢ > 0, there exists V€ e Q such that ||Vg — V({f lev <&

e connections in €2 satisfy properties (A) and (B).
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1.2. Global injectivity

We now mention some global injectivity results. We let A, :=| | &, eveet, (M) A, Where
the disjoint union is taken over all Hermitian vector bundles &, € Vect, (M) of rank r
over M up to isomorphism, and we set

A= I_lAr;

r>0

we also let Vect(M) = | |, Vect, (M) be the space of all topological vector bundles up
to isomorphism. A point x €A corresponds to a pair ([€], a), where [€] € Vect(M) is an
equivalence class of Hermitian vector bundles and a a class of gauge-equivalent unitary
connections.”

The space A has a natural monoid structure given by the @-operator of taking direct
sums (both for the vector bundle part and the connection part). The primitive trace map
can then be seen as a global (monoid) homomorphism

TH: A — £2°0¢%), (1.3)

where £>°(€%) is endowed with the obvious additive structure. We actually conjecture
that the “generic” assumption of Theorem 1.1 is unnecessary and that the primitive trace
map (1.3) should be globally injective if dim(M) > 3 and dim(M) is odd. Let us discuss
a few partial results supporting this conjecture:

(1) In Section 5.2.1, we show that the primitive trace map is injective when restricted to
direct sums of line bundles when dim(M) > 3; see Theorem 5.8. Note that it was
proved by Paternain [77] that the primitive trace map restricted to line bundles, Tlﬁ :
Ay — £°°(€%), is injective when dim(M) > 3.

(2) In Section 5.2.2, we show that the primitive trace map T ¥ restricted to flat connections
is globally injective; see Proposition 5.9.

(3) In Section 5.2.3, we also obtain a global result in negative curvature under an extra
spectral condition; see Proposition 5.14. This condition is generic (see Appendix A)
and is also satisfied by connections with small curvature, i.e. with curvature con-
trolled by a constant depending only on the dimension and an upper bound on the
sectional curvature of (M, g); see Lemma 5.13.

(4) In Section 5.2.4, as a consequence of Corollary 1.4 below, we show that the primitive
trace map 7 #([€], a) allows one to recover the isomorphism class 7 *[&]. In particular,
if dim(M) is odd, this suffices to recover [&]; see Proposition 5.15.

ZNote that if two smooth Hermitian vector bundles &; and &, are isomorphic as topologi-
cal vector bundles (i.e. there exists an invertible p € C°°(M,Hom(&1, €3))), then they are also
isomorphic as Hermitian vector bundles, that is, p can be taken unitary; the choice of Hermitian
structure is therefore irrelevant.
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Theorem 1.1 is inspired by earlier work on the subject; see [45,70,77-79] for instance.
Nevertheless, it goes beyond the aforementioned literature thanks to an exact Livsic co-
cycle theorem (Theorem 1.3), explained in Section 1.4. It also belongs to a more general
family of geometric inverse results which has become a very active field of research in
the past twenty years, both on closed manifolds and on manifolds with boundary; see
[40, 80, 84,93,95,98] among other references.

Theorem 1.1 can also be compared to a similar problem called the marked length
spectrum (MLS) rigidity conjecture, also known as the Burns—Katok [11] conjecture. The
latter asserts that if (M, g) is Anosov, then the marked length spectrum

Le:€ =Ry, Lg(c):=4Lg(yg(c)) (1.4)

(where £, (y) denotes the Riemannian length of the curve y C M computed with respect
to the metric g), namely the length of all closed geodesics marked by the free homotopy
classes of M, should determine the metric up to isometry. Despite some partial answers
[7,19,44,48, 54,74], this conjecture is still widely open. Recently, Guillarmou and the
second author proved a local version of the Burns—Katok conjecture [44] using techniques
from microlocal analysis and the theory of Pollicott—Ruelle resonances.

1.3. Inverse spectral problem

The length spectrum of the Riemannian manifold (M, g) is the collection of lengths of
closed geodesics counted with multiplicities. It is said to be simple if all closed geodesics
have distinct lengths, and this is known to be a generic condition (with respect to the
metric, even in the non-Anosov case; see [1, 3]). Given V€ € a, one can form the con-
nection Laplacian Aye = (V€)*VE (also known as the Bochner Laplacian), which is
a differential operator of order 2, non-negative, formally self-adjoint and elliptic, acting
on C*°(M, &). While Aye depends on the choice of representative V¢ in the class a, its
spectrum does not and there is a well-defined spectrum map

S :Ag 3 ar> spec(A,), (1.5)

where spec(Ag) = {0 < Ag(a) < Aq(a) < ---} is the spectrum counted with multiplic-
ities. Note that more generally, the spectrum map (1.5) can be defined on the whole
moduli space A (just as the primitive trace map (1.2)). The trace formula of Duistermaat—
Guillemin [26,42] applied to A, reads (when the length spectrum is simple)

:
~ _ —i /i@ _ tyg(c?)) Tr(Holye (¢))
zeelég(c»(t Losen e 27|det(l — Py, (o))[1/2° (1.0

Jj=0

where ff : € — €¥ is the operator giving the primitive orbit associated to an orbit; Py is
the Poincaré map associated to the orbit y and £(y) its length. Theorem 1.1 therefore has
the following straightforward consequence:

Corollary 1.2. Let (M, g) be a smooth Anosov Riemannian manifold of dimension > 3
with simple length spectrum.
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o Let & — M be a smooth Hermitian vector bundle and ay € Ag be a generic point.
Then the spectrum map § is locally injective near ay.

o The spectrum map § is also globally injective when restricted to cases (1)—(4) of Sec-
tion 1.2.

This corollary follows easily from Theorem 1.1 by observing that under the simple
length spectrum assumption, the primitive trace map can be recovered from the equal-
ity (1.6). Corollary 1.2 is analogous to the Guillemin—Kazhdan [46, 47] rigidity result
in which a potential ¢ € C°°(M) is recovered from the knowledge of the spectrum of
—Ag + q (see also [20, 82]). As far as the connection Laplacian is concerned, it seems
that Corollary 1.2 is the first positive result in this direction. Counter-examples were con-
structed by Kuwabara [60] using the Sunada method [96] but on coverings of a given
Riemannian manifolds; hence the simple length spectrum condition is clearly violated.
Up to our knowledge, it is also the first positive general result in an inverse spectral prob-
lem on a closed manifold of dimension > 1 with infinite gauge group.

This gives hope that similar methods could be used in the classical problem of recov-
ering the isometry class of a metric from the spectrum of its Laplace—Beltrami operator
locally (similarly to a conjecture of Sarnak for planar domains [89]). Such a result was
already obtained in a neighbourhood of negatively-curved locally symmetric spaces by
Sharafutdinov [91]. See also [20] for the weaker deformational spectral rigidity results or
[24,51] for recent results in the plane.

1.4. Exact Livsic cocycle theorem

The main ingredient in the proof of Theorem 1.1 is the following LivSic-type result in
hyperbolic dynamical systems, which may be of independent interest. It shows that the
cohomology class of a unitary cocycle over a transitive Anosov flow is determined by its
trace along primitive periodic orbits. We phrase it in a somewhat more general context
where we allow non-trivial vector bundles.

Theorem 1.3. Let M be a smooth manifold endowed with a smooth transitive Anosov
flow (¢¢)ser. Fori € {1,2}, let & — M be a Hermitian vector bundle equipped with
a unitary connection V&, and denote by C; (x,1) : (&;)x — (8i) g, (x) the parallel trans-
port along the flow lines with respect to Vi If the connections have trace-equivalent
holonomies in the sense that for all primitive periodic orbits y, one has

Tr(C1(xy, £(y)) = Tr(C2(xy, £())). (1.7)

where x, € y is arbitrary and {(y) is the period of y, then there exists p €
C®(M,U(E7, &1)) such that for all x € M andt € R,

Ci(x,1) = plex)Ca(x, ) p(x) ™. (1.8)

In the language of dynamical systems, note that every unitary cocycle is given by par-
allel transport along some unitary connection and (1.8) says that the cocycles induced by
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parallel transport are cohomologous. In particular, in the case of the trivial principal bun-
dle U(r) x M — M our theorem can be restated just in terms of U(r)-cocycles. Note that
the bundles & and &, could be a priori distinct (and have different ranks) but Theorem
1.3 shows that they are actually isomorphic:

Corollary 1.4. Let &1, 65 — M be two Hermitian vector bundles equipped with respec-
tive unitary connections V€' and V2. If the traces of the holonomy maps agree as
in (1.7), then &1 and &, are isomorphic.

Theorem 1.3 has other geometric consequences which are further detailed in Sec-
tion 3.1. LivSic-type theorems have a long history in hyperbolic dynamical systems going
back to the seminal paper of LivSic [67] and appear in various settings. They were both
developed in the Abelian case, i.e. for functions (see [22,36, 38,67, 69] for instance) and
in the cocycle case.

Surprisingly, we could not locate any result such as Theorem 1.3 in the literature. The
closest works (in the discrete-time case) are those of Parry [75] and Schmidt [90] which
mainly inspired the proof of Theorem 1.3. Nevertheless, when considering compact Lie
groups, Parry’s and Schmidt’s results seem to be weaker as they need to assume that
the conjugacy classes of the cocycles agree (and not only the traces) and that a certain
additional cocycle is transitive in order to derive the same conclusion. The literature is
mostly concerned with the discrete-time case, namely hyperbolic diffeomorphisms: in
that case, a lot of articles are devoted to studying cocycles with values in a non-compact
Lie group (and sometimes satisfying a “slow-growth” assumption); see [4,23,53, 87, 88].
One can also wonder if Theorem 1.3 could be proved in the non-unitary setting. Other
articles such as [71-73,86, 100] seem to have been concerned with regularity assumptions
on the map p, namely bootstrapping its regularity under some weak a priori assumption
(such as measurability only). Let us also point out at this stage that some regularity issues
will appear while proving Theorem 1.3 but they will be bypassed by the use of a recent
regularity statement [39, Theorem 4.1] in hyperbolic dynamics.

1.5. Strategy of proof

We now briefly discuss the strategy of proof for Theorem 1.1. Fix a generic unitary con-
nection Vg (satisfying assumptions (A) and (B)) and pick two nearby connections VE 5
such that

THVE) = THS). (1.9)

Our aim is to prove that there exists an isometry p € C*°(M, U(&)) such that Vzg =
p*Vls = p—lvf (p e). Equivalently, this is the same as having

yHom(VE.VE) ), — (1.10)

where VHOM(VS.VE) is the mixed connection (see Section 2.2.1), the natural connection
induced by VE , on the endomorphism bundle End(&) over M.
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(D

2

Non-Abelian Livsic theory: The first step is to lift the connections to the unit tangent
bundle 7 : SM — M, namely, to consider the pullback bundle 7*& — SM and
the two pullback connections n*VE ,. Taking the parallel transport with respect to
the connection n*Vig along a geodesic flow line (¢s(x, v))sefo,] (for (x,v) € SM)
yields a natural cocycle map C;((x,v),?) : Ex — Ex(y,(x,v)) as in Section 1.4. It
is then straightforward to verify that the equality of the traces (1.9) translates into
the fact that the cocycles C; and C, are trace-equivalent in the sense of (1.7). As a
consequence, Theorem 1.3 implies the existence of p € C°(SM,U(xr*&)) such that

Ci((x,v),1) = p(@:(x,v))Ca((x,v), ) p(x,v)"L, V(x,v) e SM,Vt e R.

Differentiating the previous equality with respect to time ¢ and taking ¢ = 0, one finds
that this is actually equivalent to
m(r* & _xv&

(r* V)TV TV g, (1.11)
where X is the geodesic vector field. This relation is similar to (1.10) but it holds on
the unit tangent bundle SM and not on the base manifold M. The main difficulty is
now to show that (1.11) implies (1.10); equivalently, this is the same as showing that
the isometry p does not depend on the velocity variable v in SM (only on the base
variable x).

Convexity of the leading resonance: The idea is to use the well-established theory
of Pollicott—Ruelle resonances — which allows one to define a natural spectrum for
Anosov flows (that is, flows satisfying (1.1)), and more generally for transport oper-
ators over Anosov flows — and to translate (1.11) into the fact that the first order
differential operator X := (n*V)EOm(n*VfJ*VF), acting on C*°(SM, n*End(§€)),
has a Pollicott—Ruelle resonance at z = 0. More precisely, we can write Vig = Vf +
Aj, where A; € C*®°(M, T*M ® Endy(8)) is small, with values in skew-Hermitian
endomorphisms. Then, under the generic assumptions (A) and (B), the operator X
admits a simple leading resonance A4, 4, Which is real and non-positive. Moreover,
the generic assumption also ensures that for A; = A, = 0, the leading resonant space
is spanned by the identity section 1g € C*°(SM, 7 *End(&)). The key idea is to show
by a convexity argument that |14, 4,| controls quantitatively the distance between
the connections Vlg and Vzg in the moduli space Ag. In particular, (1.11) means that
the two connections satisfy A4, 4, = 0, and thus the connections must be gauge-
equivalent.

As pointed out by the referee, the idea to use the strict convexity of the dominant

Pollicott—Ruelle resonance is reminiscent of the work of Katsuda—Sunada [56] and Polli-
cott [85]. The main difference here is that our moduli space of unitary connections Ag is
infinite-dimensional and the quantitative strict convexity of A4,,4, is given in the end by
some elliptic theory.
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1.6. Organization of the paper

The paper is divided into three parts:

First of all, we prove in Section 3 the exact Livsic cocycle Theorem 1.3 for general
Anosov flows showing that the cohomology class of a unitary cocycle is determined
by its trace along closed orbits. The proof is based on the introduction of a new tool
which we call Parry’s free monoid, denoted by G, and is formally generated by orbits
homoclinic to a fixed closed orbit. We show that any unitary connection induces a
unitary representation of the monoid G and that trace-equivalent connections have the
same character; we can then apply tools from representation theory.

In subsequent sections, we develop a microlocal framework, based on the theory of
Pollicott—Ruelle resonances. We define a notion of generalized X-ray transform with
values in a vector bundle, which is mainly inspired by [36, 38, 44]. In Section 4, we
relate the geometry of the moduli space of gauge-equivalent connections to the leading
Pollicott—Ruelle resonance of a certain natural operator, the mixed connection.

Eventually, the main results such as Theorem 1.1 are proved in Section 5, where we
also deduce the global properties of 7# involving line bundles, flat bundles, negatively
curved base manifolds, and the topology of bundles.

Some technical preliminaries are provided in Section 2.

1.

7. Perspectives

We intend to pursue this work in different directions:

Since the first release of the present article on arXiv (May 2021), the notion of Parry’s
free monoid introduced in Section 3.3 has proved to be extremely powerful. In particu-
lar, it was used in the companion papers [17,65] in order to show that the frame flow of
nearly 0.25-pinched negatively-curved Riemannian manifolds is ergodic, thus almost
answering a long-standing conjecture of Brin [10, Conjecture 2.6].

Furthermore, in [13, Theorem 4.5] we were strikingly able to show global injectivity of
the primitive trace map under a suitable low-rank assumption, by exhibiting a relation
with real algebraic geometry.

Moreover, in [16, Theorem 1.1] we showed a stability estimate version of Theorem 1.1,
namely that the distance between connections up to gauge equivalence is controlled (at
least locally) by the distance between their images under the primitive trace map 7%,

Eventually, the arguments developed in Section 3 mainly rely on the use of homoclinic
orbits; to these orbits, we will associate a notion of length which is well-defined as an
element of R/ T, Z, for some real number T, > 0. We believe that, similarly to the set
of periodic orbits where one defines the Ruelle zeta function

ts) = J] (1 —e=st0D),

yﬁe‘gﬁ
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where the product is taken over all primitive periodic orbits y* € §* (and £(y¥) denotes
the orbit period) and one shows that this extends meromorphically from {Re s > 0}
to C (see [27, 35]), one could also define a complex function for homoclinic orbits
by means of a Poincaré series (rather than a product). It should be a consequence of
[99, Theorem 4.15] that this function extends meromorphically to C. It might then
be interesting to compute its value at 0; the latter might be independent of the choice
of representatives for the length of homoclinic orbits (two representatives differ by
mT, for some m € Z) and could be (at least in some particular cases) an interesting
topological invariant, as is the case for the Ruelle zeta function on surfaces (see [28]).

2. Setting up the tools

2.1. Microlocal calculus and functional analysis

Let M be a smooth closed manifold. Given a smooth vector bundle & — M, we denote
by W (M, &) the space of pseudodifferential operators of order m acting on &. When &
is the trivial line bundle, such an operator P € W(.M) can be written (up to a smoothing
remainder) in local coordinates as

PR = [ [ e pe) s dy ds e

where f is compactly supported in the local patch and p € S™(T*R") is a symbol, i.e. it
satisfies the following estimates in local coordinates:

sup sup ()" Nog 9 p(x.£)] < o0 22)

lo/|<e, |B"|<B (x,§)eT*R"

forall o, 8 € N”, with (§) = /1 + |&|2. When & is not the trivial line bundle, the symbol
p is an End(&)-valued symbol, which in local coordinates and local trivializations is
identified with a matrix function. Given p € S™(T* M), one can define a (non-canonical)
quantization procedure Op : S™(T*M) — W™ (M) thanks to (2.1) in coordinate patches.
This also works more generally with a vector bundle & — M and one has a quantization
map Op : S™(T*M,End(€)) — V™ (M, &) (note that the symbol is then a section of
the pullback bundle End(&) — T*M satisfying the bounds (2.2) in local coordinates and
local trivializations). There is a well-defined (partial) inverse map

Oprine : W(M, &) — S™(T*M,End(€))/S™ (T*M,End(€))

called the principal symbol and satisfying oprinc (Op(p)) = [p] (the equivalence class as
an element of S™(T*M,End(€))/S™ 1 (T*M,End(€))).

We denote by H*(M, &) the space of Sobolev sections of order s € R and by
CJ (M, &) the space of Holder—Zygmund sections of order s € R. It is well-known that
for s € R4 \ N, C$ coincides with the space C* of Holder-continuous section of order s.
Recall that CJ is an algebra as long as s > 0 and H® is an algebra for s > n/2. If
P € U™(M, &) is a pseudodifferential operator of order m € R, then for X = H, C,,
P X5T(M, 8) — X5(M, &), is bounded. We refer to [92,97] for further details.
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2.2. Connections on vector bundles

We refer the reader to [25, Chapter 2] for the background on connections on vector
bundles.

2.2.1. Mixed connection on the homomorphism bundle. In this subsection, we consider
two Hermitian vector bundles &;, & — M equipped with respective unitary connections
V; = V& and V, = V&2 which can be written in some local patch U C R” of coordinates
and in local trivializations of the bundles as V& = d + T for some I'; € C®(U, T*U ®
Endy(&;)). Let Hom(&1, &) be the vector bundle of homomorphisms from &; to &,
endowed with the natural Hermitian structure.

Definition 2.1. We define the (unitary) homomorphism connection, or mixed connection,
yHom(VELVE2) o Hom (&1, 6,), induced by VE! and V€2, by the Leibniz property:

Vi € C®(M, Hom(E;, ). Vs € C(M, €1,
V@z (MS) — (VHom(VEI ,ng)u) s4u- (VE:] S).

Equivalently, it is straightforward to check that this is the canonical tensor product
connection induced on Hom(&1, &) = &, ® &7 and that in local coordinates and local
trivializations we have

yHom(VELVE2) . g + Ia(@)u — ul'; (). (2.3)

Note that this definition does not require the bundles to have the same rank; we stress
that the mixed connection VHom(V1:V2) depends on the choice of connections V; and V.
When & = & = & and V§ = V§ = V& we will write VE(VE) — yHom(VE,VE) for the
induced endomorphism connection on End(&). When clear from the context, we will also
write VE'() for the endomorphism connection induced by V€. The homomorphism and
endomorphism connections will play a central role in the upcoming sections.

Given a flow (¢¢):er, we will denote by

P(X, t) . Hom(glxv 82x) g Hom(glwl (x)» 82(0, (x))

the parallel transport with respect to the mixed connection along the flow lines of (¢;)seRr.-
This parallel transport has a clear geometric meaning: in fact, for v € Hom(&1, 82,), we
have

P(x,t)u = Co(x,)HuCy(x,1)7L, (2.4)

where C; (x,1) : 8ix — &4, (x) is the parallel transport with respect to V& along the flow

lines of (¢;)er.
Recall that the curvature tensor Fy € C® (M, A2(T*M) ® End(€)) of V = V€ is

defined, for any vector fields X, Y on M and sections S of &, as

Fy(X,Y)S = VxVyS — Vy VxS — Vix.v]S.
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Then a quick computation using (2.3) reveals that
Fynonv, . voyu = Fy, -u —u - Fy,. (2.5)

Eventually, using the Leibniz property, we observe that if p; € C*°(M,U(E/, §;)) is an
isomorphism, then

vHom(VEp3V2)y = (py) "I VHVLY) (hoy) Vi € C®(M, Hom(Ey, €3)).

yHom(piVLV2)y, — yHom(ViV2) 1y Ly Yy e C°(M, Hom(E), €,)). (20
2.2.2. Ambrose-Singer formula. Recall that the celebrated Ambrose—Singer formula (see
e.g. [59, Theorem 8.1]) determines the tangent space at the identity of the holonomy
group with respect to an arbitrary connection, in terms of its curvature tensor. Here we
give an integral version of this fact. We start with a Hermitian vector bundle & over the
Riemannian manifold (M, g). Equip & with a unitary connection V = V€.

Consider a smooth homotopy I : [0, 1] — M such that I'(0,0) = p. The “vertical”
map C4(s,t) : &, = &r(s,r) is obtained by parallel transport with respect to V from &, to
Er(0,1), then &r(o,1) t0 Er(s,1) and Eps,1) to Er(s,r), along I'(0, @), I'(e, 1) and I'(s, e),
respectively. Next, define the “horizontal” map C_,(s,t) : &, — Er(s,r) by parallel trans-
port with respect to V from &, to Er(s,0) and Er(s,0) to Er(s,r), along I'(e,0) and I'(s, @),
respectively. For a better understanding, see Figure 1.

I'es, 1)
r©.1) ra, b
(s, 1)
P F(S,O) T'(1,0)

Fig. 1. The homotopy I" in Lemma 2.2 with the corresponding points in JM: the parallel transport
maps C, (vertical) and C— (horizontal) are taken, respectively, along blue and red trajectories.

We are ready to prove the formula:

Lemma 2.2. The following formula holds:

1 1
CT_I(I,I)C_,(I,I)—]lgpzfo /0 Ci(s,t) ' Fy(3;,05)C (s, t) dt ds. (2.7
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Proof. Let wy, wy € &p; formally, we will identify the connection V with its pullback
I'*V on the pullback bundle T'*& over [0, 1]?, as well as the curvature Fy with T'* Fy.
Then we have the following chain of equalities:

(wi, (C4(1, D)7ICo (1, 1) — 1g, )w2)
= (Cy(1, Dwy, C (1, Dwy) — (C4(0, Dwy, C (0, Dws)

1
=/ 95 (Cy (s, Dwy, C (s, Dwo) ds
0
1
=/ (Cr(s, Dwy, Vo, Cs (s, Dwo) ds
0
1r pl
:/0 |:/0 (8t(C¢(s,t)w1,VasC_>(s,t)w2)+(C¢(s,0)w1,VasCﬁ(s,O)wz)) dlj| ds
1,1
=/ / (Cr(s,)wy, Vo, Vo, Cs (s, t)wr) ds dt
o Jo

1 1
= / / (wq, CT(S’ l)_l (Vat Vs, — Va, VB,) C_(s,)wy) ds dt,
0 0
=Fy(3¢,0s)

as the Lie bracket [ds, d;] is 0 and we have used the unitarity of V throughout. This
completes the proof, since w; and w, were arbitrary. ]

We have two applications in mind for this lemma: one if y is in a neighbourhood of p
and we use the radial homotopy via geodesics emanating from p, and the second one for
the “thin rectangle” obtained by shadowing a piece of the flow orbit; see Lemma 3.14.

2.3. Fourier analysis in the fibres

In this subsection, we recall some elements of Fourier analysis in the fibres and refer to
[45-47,81,83] for further details.

2.3.1. Analysis on the trivial line bundle. Let (M, g) be a smooth Riemannian manifold
of arbitrary dimension n > 2. The unit tangent bundle is endowed with the natural Sasaki
metric and we let 7 : SM — M be the projection on the base. There is a canonical
splitting of the tangent bundle to SM:

T(SM)=H&V &RX,

where X is the geodesic vector field, V := kerdsx is the vertical space and H is the
horizontal space; the latter can be defined as the orthogonal to V @ RX with respect to
the Sasaki metric (see [76, Chapter 1]). Any vector Z € T(SM) can be decomposed as

7z = O{(Z)X +Zyg + Zv,



M. Cekié, T. Lefeuvre 2200

where « is the Liouville 1-form, Zyg € H and Zy € V. If f € C®(SM), its gradient
computed with respect to the Sasaki metric can be written as

Vsas [ = (Xf)X +Vu f + Vv f,

where Vi f € H is the horizontal gradient, Vy f € V is the vertical gradient. We also
let N — SM be the normal bundle whose fibre over each (x,v) € SM is (R - v)*. The
bundles H and V may be naturally identified with N (see [76, Section 1]).

For every x € M, the sphere SxM = {v € TyM | |v|2 = 1} C SM endowed with
the Sasaki metric is isometric to the canonical sphere (S"71, gcan). We denote by Ay the
vertical Laplacian obtained for f € C®°(SM) as Ay f(x,v) = Ag,. (f s, m)(v), where
Ag... 1s the spherical Laplacian. For m > 0, we denote by €2, the (finite-dimensional)
vector space of spherical harmonics of degree m for the spherical Laplacian Ag  ; they
are defined as the elements of ker(Ag, . + m(m + n — 2)). We will use the convention that
Qp ={0}ifm <0.If f € C®(SM), it can be decomposed as f = >, _, fm, where
fn € C®(M, Q,,) is the L?-orthogonal projection of f onto the spherical ‘harmonics of
degree m.

There is a one-to-one correspondence between trace-free symmetric tensors of degree
m and spherical harmonics of degree m. More precisely, the map

i CO(M, Q5 T*M|o1) = CP(M, Qp),

given by 7, f(x,v) = fx(v,...,v) is an isomorphism. Here, the index 0-Tr denotes the
space of trace-free symmetric tensors, that is, tensors f such that if (eq, ..., e,) denotes
a local orthonormal frame of TM then

n
Te(f) =) flej.€iw....)) =0.
i=1
We will denote by 77,4 : C°(M, 2,,) > C*(M, ®'§’ T* M |o.1r) the adjoint of this map.
More generally, the mapping

wh  CO(M, @ T*M) = @pao C®(M, Qai) (2.8)

is an isomorphism. We refer to [15, Section 2] for further details.
The geodesic vector field acts as

X C®(M, Q) = CO(M, Q1) ® C®(M, Q1)

(see [47,83]). We define X as the L2-orthogonal projection of X on the higher modes
Qut1:ifu € C®(M, Q,,), then X1u := (Xu)m+1, and X_ as the L2-orthogonal pro-
jection of X on the lower modes 2,,—1. For m > 0, the operator X4 : C®°(M, Q) —
C®°(M, Q2,41) is elliptic and thus has a finite-dimensional kernel (see [21]). The operator
X_:1C®M,Qp) - C®°(M, 2,,—1) is of divergence type. The elements in the kernel
of X4 are called conformal Killing tensors (CKTs), associated to the trivial line bundle.
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For m = 0, the kernel of X4 on C*°(M, 2¢) always contains the constant functions. We
define non-trivial CKTs to be those elements in ker X4 which are not constant functions
on SM. The kernel of X is invariant under changing the metric by a conformal factor
(see [45, Section 3.6]). It is known (see [83]) that there are no non-trivial CKTs in nega-
tive curvature and for Anosov surfaces but the question remains open for general Anosov
manifolds. We provide an affirmative answer to this question generically as a byproduct
of our work [14].

2.3.2. Twisted Fourier analysis. We now consider a Hermitian vector bundle with a uni-
tary connection (&, V&) over (M, g) and define the operator X := (7*V¢)y acting on
C®(SM,n*&), where w : SM — M is the projection. For the sake of simplicity, we will
drop the 7 * in the following. If f € C®(SM, &), then V€ f € C®(SM,T*(SM) ® &)
and we can write

VEf = (Xf,Vuf Vv f),

where Vg f € C®°(SM,H* ® &) and Vy f € C*®°(SM,V* ® &). For future reference,
we introduce a bundle endomorphism map R on N ® &, derived from the Riemann cur-
vature tensor via the formula R(x, v)(w ® e) = (Ryx(w, v)v) ® e.

If (eq,...,e) is alocal orthonormal frame of &, then we define the vertical Laplacian

r r
Af, (Z ukek) = Z(Avuk)ek.
k=1 k=1

Any section f € C®(SM, &) can be decomposed as f =Y, fm. Where f,, €
ker(Ag, + m(m + n — 2)), and we define

as

C®(M,Qp ® €) :=ker(AS + m(m +1n—2)) N C®(SM, €).
Here again, the operator
X:C®M, Q2 ®E) > CP(M, Q2,1 Q8)DC®°(M,Q2n+1®8)

can be splitinto X = X_ + X_. For every m > 0, the operator X is elliptic and has finite-
dimensional kernel, whereas X_ is of divergence type. The kernel of X is invariant under
a conformal change of the metric (see [45, Section 3.6]) and elements in its kernel are
called twisted conformal Killing tensors (twisted CKTs). For simplicity we will often drop
the word twisted and refer to the latter as CKTs. There are examples of vector bundles
with CKTs on manifolds of arbitrary dimension. We proved in a companion paper [15]
that the non-existence of CKTs is a generic condition, regardless of the curvature of the
manifold (generic with respect to the connection, i.e. there is a residual set of the space of
all unitary connections with regularity C k, k > 2, which has no CKTs).

It is also known [45] that in negative curvature, there are always a finite number
of degrees with CKTs (and their number can be estimated thanks to a lower bound on
the curvature of the manifold and the curvature of the vector bundle). In other words,
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ker X4 |coo(sm,6) is finite-dimensional. The proof relies on an energy identity called the
Pestov identity. This is also known for Anosov surfaces since any Anosov surface is con-
formally equivalent to a negatively-curved surface and CKTs are conformally invariant.
Nevertheless, to the best of our knowledge, it is still an open question whether for Anosov
manifolds of dimension n > 3, there are at most finitely many CKTs.

2.4. Twisted symmetric tensors

Given a section u € C®(M, Qs T*M ® &), the connection V€ produces an element
Véu e C®°(M, T*M ® (®g" T*M) ® &). In coordinates, if (e, ..., e;) is a local
orthonormal frame for & and V€ = d + I', for some 1-form I" with values in skew-
Hermitian matrices, such that Ve, = Y7 37 Filkdxi ® e, we have

r r
vé (Z U ® Ek) = Z(V”k ® e+ up ® VEey)
k=1 k=1

_ Z(V"k FYY T ®dx)®e,  (29)
I=1i=1

where ux € C®°(M,®'s T*M) and V is the Levi-Civita connection. The symmetrization
operator §€ : C®(M, Q" T*M ® ) — C®(M, Q% T*M ® &) is defined by

8(};”1( ®ek) =;S(uk)®ek,

where uy € C®°(M, @'y T*M) and in coordinates, writinguy =Y 7, _; ul(f) i, iy
® -+ ® dx;,,, we have

1
$(dxiy ® -+ ®dxiy) = 0 ) dni) @+ © daGy).
m!
TEG,,
where &,, denotes the group of permutations of order m. For the sake of simplicity,

we will write § instead of $€. We can symmetrize (2.9) to produce an element D€ :=
SVE&u e C®(M, ®m+1 T*M ® &) given in coordinates by

D8<kz;:l U @ ek) Z(Duk + ZZF o(u; ® dx,)) ® ey, (2.10)

I=1i=1

where D := $V is the usual symmetric derivative of symmetric tensors.” Elements of the
form Du € C*®(M, ®m+l T*M) are called potential tensors. By comparison, we will
call elements of the form D€ f € C®(M, ®m+1 T*M ® &) twisted potential tensors.

3Beware of the notation: V& is for the connection, D€ for the symmetric derivative of tensors
and VEM(E) jg the connection induced by V€ on the endomorphism bundle.
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The operator D€ is a first order differential operator and its expression can be read off
from (2.10):

Oprine(DE) (. §) - (D2 k() ® ek () = Y Oprne (D) (x. ) - g () @ € ()
k=1 k=1

=iy ot ®ur(x) ® ex(x),

k=1

where e (x) € Ex, uk(x) € Qg Ty M and the basis (e1(x), ..., e,(x)) is assumed to be
orthonormal for the metric # on &. One can check that this is an injective map, which
means that D€ is a left-elliptic operator and can be inverted on the left modulo a smooth-
ing remainder. Its kernel is finite-dimensional and consists of smooth elements.

Before, we introduce, for m € N, the operator

7y COM, Qs T*M ® ) > C®(SM, n*6),
defined by
n;';L(Z U ® ek)(x, v) = Z(uk)x(v, .o v)ep(x).
k=1 k=1

Similarly to (2.8), the following mappings are isomorphisms (see [15, Section 2]):

Ty 1 COM, QG T M ® E) > Pz CP(M, Qp2i ® E),
*
m

7 COM, QU T* Mo ® €) > CO(M.Qp ® E).

We recall the notation (7*V€)y := X. The following remarkable commutation property
holds (see [15, Section 2]):

Vm € Zso, i DE =Xnf. 2.11)

The vector bundle ®'g 7*M ® & is naturally endowed with a canonical fibrewise
metric induced by the metrics g and # which allows us to define a natural L? scalar
product. The L? formal adjoint (D€)* of D€ is of divergence type (in the sense that its
principal symbol is surjective for every (x, §) € T*M \ {0}; see [15, Definition 3.1] for
further details). We call the elements in its kernel twisted solenoidal tensors.

By ellipticity of D, for any twisted m-tensor f there exist unique p € (ker D)L N
COM, Q%' T*M ® &) and h € C®(M, R T*M & €) such that

f=D¢p+h (DE)*h=0. (2.12)

This decomposition bears resemblance to the Hodge decomposition of differential forms;
we also note that (2.12) could be extended to other regularities. We define 7., (pey« f
:= h as the L2-orthogonal projection on twisted solenoidal tensors. This can be expressed
as

Te(p€yr = 1 — DE[(DE)*DE]1(DE)*, (2.13)
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where [(D€)*DE€]™! is the resolvent of the operator (D€)*D€ (defined as follows:
[(D€)*DE€]~! = 0 on ker (D€)* D€, and on the L2-orthogonal complement of this ker-
nel it is given by the genuine inverse of (D€)* D&, well-defined by Fredholm theory of
elliptic operators).

2.5. Pollicott—Ruelle resonances

We explain the link between the widely studied notion of Pollicott—Ruelle resonances (see
for instance [12,27,29-31,37,66]) and the notion of (twisted) conformal Killing tensors
introduced in the previous subsection. We also refer to [15] for an extensive discussion of
this.

2.5.1. Definition of resolvents. Let M be a smooth manifold endowed with a vector field
X € C®(M, T M) generating an Anosov flow in the sense of (1.1). Throughout this
subsection, we will always assume that the flow is volume-preserving. It will be important
to consider the dual decomposition to (1.1),

T*(M) =RE: @ EX @ E],

where E§(Es ® Ey) =0, E; (Es ®RX) =0, E;(Ey, & RX) = 0. As before, we con-
sider a vector bundle & — M equipped with a unitary connection V€ and set X := Vfg.
Since X preserves a smooth measure dy and V¢ is unitary, the operator X is skew-adjoint
on L2(M, &; du), with dense domain

Dy2:i={ue L*(M,&:dun) | Xu € L*(M, &;du)}. (2.14)

Its L2-spectrum consists of the absolutely continuous spectrum iR and of embedded
eigenvalues. We introduce the resolvents

oo
R,(z):=(-X—-2)"!= —/ e Zem X dr,
. (2.15)
R_(z)=X-2)!= —[ e?te™ X qr,
—0o0

initially defined for Re z > 0. (Let us stress the conventions used here: —X is associated
to the positive resolvent R4 (z) whereas X is associated to the negative one, R_(z).) Here
e~*X denotes the propagator of X, that is, the parallel transport by V& along the flow lines
of X. If X = X is simply the vector field acting on functions (i.e. & is the trivial line

bundle), then e 7' f(x) = f(¢_;(x)) is simply the composition with the flow.

There exists a family J7 of Hilbert spaces called anisotropic Sobolev spaces, indexed
by s > 0, such that the resolvents can be meromorphically extended to the whole complex
plane by making X act on 3 . The poles of the resolvents are called the Pollicott—Ruelle
resonances and have been widely studied in [12, 27,29-31, 37, 66]. Note that the res-
onances and the resonant states associated to them are intrinsic to the flow and do not
depend on any choice of construction of the anisotropic Sobolev spaces. More precisely,
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there exists a constant ¢ > 0 such that Ry (z) € £(J}) are meromorphic in {Rez > —cs}.
For Ry (z) (resp. R_(z)), the space H3 (resp. #*) consists of distributions which are
microlocally H* in a neighborhood of E; (resp. microlocally H* in a neighborhood
of E}) and microlocally H ™ in a neighborhood of E;; (resp. microlocally H ™ in a
neighborhood of EJ; see [27,30]). These spaces also satisfy (#73)" = #* (where one
identifies the spaces using the L2-pairing).
From now on, we will assume that s is fixed and small enough, and set #4 := K i
We have
HYC L C H, (2.16)

and there is a certain strip {Re z > —égip} (for some ggyjp > 0) on which z = Ry (z) €
£ (H+) is meromorphic (and the same holds for small perturbations of X).
These resolvents satisfy the following equalities on 4, for z not a resonance:

Ri(2)(FX —z) = (FX - 2)R1(2) = 1¢. (2.17)
Given z € C which not a resonance, we have
Ri(2)* =R_(2), (2.18)
which is understood in the following way: given f1, fo € C*®(M, &), we have

R+(2) f1, [2)12 = (/1. R=(Z) f2) 2.

We will always use this convention for the definition of the adjoint.

Since the connections are unitary and the flow preserves a smooth measure, the propa-
gators e X preserve the norm in L2(M, €;du). As a consequence, the integrals in (2.15)
converge when Re z > 0 and thus we obtain the following statement that we record for
future purposes:

the resonance spectrum of £X is contained in {z € C | Rez < 0}. (2.19)

A point zo € C is a resonance for —X (resp. X), i.e. is a pole of z > R4(z)
(resp. R—(z)) if and only if there exists a non-zero u € J (resp. J2) for some s > 0
such that —Xu = zou (resp. Xu = zou). If y is a small counterclockwise oriented circle
around zo, then the spectral projector onto the resonant states is

1 1
N =——— [ Ri(z)dz = — +X)"'dz,
20 2m'/y +@dz = /V(Z ) dz

where we abuse notation by writing —(X + z)~! (resp. (X — z)~!) for the meromorphic
extension of Ry (z) (resp. R_(2)).

2.5.2. Resonances at z = 0. By the above, in a neighborhood of z = 0 we can write the
following Laurent expansion (beware of the conventions):

. g
R+(Z) = _RO — 7 + (9(2)
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(or in other words, using our abuse of notation, (X + z)~! = RE," + Ha'/z + O(z)) and

R_(z) = -R| — % + 0(z2)

(or in other words, (z —X)™! =Ry + I1; /z + O(2)). As a consequence, these equalities
define the two operators R(? as the holomorphic part (at z = 0) of the resolvents —R1.(z2).
We introduce

IM:=R{ +Ry. (2.20)

Lemma 2.3. We have (Rg)* =Ry and (H(J)r)* =1l = Hg. Thus T1 is formally self-
adjoint. Moreover, it is non-negative in the sense that for all f € C®°(M,8), (ILf, f);2 =
(T f)r2 = 0. Also, (ILf, f) =0ifand only if T1f = 0 ifand only if f = Xu + v for
someu € C°(M, &) and v € kerX|g, .

Proof. See [15, Lemma 5.1]. [
We also record for clarity the following identities:

FRY = R{ 117 = 0, TIFR, = Ry [1F =0, 221

XM =NEX =0, XR =R{X=1-T1I],-XR; = Ry X =1-TI;.
2.5.3. Perturbation theory of resonances. We will need to apply the framework of
Pollicott—Ruelle resonances to connections with finite regularity. Let Vf be an arbitrary
unitary connection of regularity C (with s > 1) on a smooth Hermitian vector bundle

& — M and define the first order differential operator Xo := (V0)§ acting on sections
of €.

Lemma 2.4. There exists a constant C > 0, depending only on the vector field X, and
anisotropic Sobolev spaces ¥+, such that the resolvents z — Ry (z) = (FXo —z)"! €
£ (H1) admit a meromorphic extension from {Rez > 0} to {Rez > —Cs}.

For a proof, we refer to the article by Guedes Bonthonneau—de Poyferré—Guillarmou
[41, Theorem 3] (we note however that less precise statements were obtained by microlo-
cal methods also by Dyatlov—Zworski, see for instance [27, Remark (i) on page 4]). It is
also immediate to extend the perturbation theory of Pollicott—Ruelle resonances of Bon-
thonneau [8, Corollary 1.2] to finite regularity (in fact, our case is easier to handle because
the perturbations we consider are by order zero terms):

Lemma 2.5. Let C > 0 and H#H+ be as in Lemma 2.4. Let zg € C withRezyg > —Cs be a
Pollicott—Ruelle resonance of —X¢ and y be a small contour around zy enclosing no other
resonances of —Xo. Then there exist € > 0 and so >> 1 such that for any s > so, and any
connection V€ = Vg + A for some A € C{(M, T*M ® End(€)) such that || Al cs < e,

the projector
1

My = — %(—X—Z)_ldz
2ni J,
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is well-defined, and the map A+ T4 € L£(JHy) is C*°-regular with locally constant rank;
here X4 .= Xo + V4 = V)E(: and V4 := A(X). Moreover, the map A +— A4 associating
to A the sum of the resonances of —X4 enclosed by y (with multiplicities) is smooth near

A=0.

Proof. We sketch the proof for the convenience of the reader. Note that for any s > sy,
the multiplication map

C3(M,End(8)) x H+ > (V,u) > Vu € Hy (2.22)

is continuous; this follows from [41, Section 2].
Note that V4 = A(X) € C$(M,End(&)). Then for any z in a small neighbourhood
of y,
Xo+Va+z=Xo+2)L+ Xo+2)""Va)

and so by (2.22), the map ||(Xo + z) ™! V|l 5,2, has norm smaller than 1 if ¢ is small
enough, so the operator 1 + (Xo + z)~! V4 is invertible on the domain D4 = {u € H |
Xou € H#4} (note that Xo V4 = [Xo, Va] + VaXo where [Xo, V4] € CS~1(M,End(€)), so
the domain £ is invariant under multiplication with V' when s > s; + 1). This implies
that Xo + V4 + z : D4 — H is invertible for z in a neighbourhood of y, with inverse
bounded by some uniform constant.

Therefore 14 is well-defined and we may differentiate to get, in the direction of some
B € C5(M,T*M ® End(§)),

1 _ _
Dplly = %95(—)(/1 — ) Wp(—Xy —2) " ldz.
Y

It follows from (2.22) that || DpTlallge, —s, < C1||VBll# -5, < C2lB|cs for some
uniform constants C;, C, > 0. This shows that A — T4 € £(H#.) is C', and iterating
this argument shows that in fact this map is smooth.

To show that the rank of IT4 is locally constant we refer to [8, Section 4] (see also
[18, Section 6]). Finally, consider a basis (u;){_,; C #+ of —X¢ of (generalized) resonant
states, where r is the rank of ITy. Then the map A > (IT4u;);_, € # is smooth and so
for small enough ¢, the sequence (IT4u;)}_, is a basis of the range of I14 (of generalized
resonant states of —X4). The map —X4 acts on the range of 14 by definition and so since
A4 equals the trace of —X4 in the constructed smooth basis, this gives the smoothness
of Ag4. ]

2.6. Generalized X-ray transform

The discussion is carried out here in the closed case, but could also be generalized to the
case of a manifold with boundary. We introduce the operator

IM:=R{ +Ry.

where R(’)L (resp. Ry) denotes the holomorphic part at 0 of —R4 (z) (resp. —R_(z)) and
l'[(J)r is the L2-orthogonal projection on the (smooth) resonant states at 0. Such an operator
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was first introduced in the non-twisted case by Guillarmou [38]. The operator IT 4 Hg‘
is the derivative of the (total) L2-spectral measure at 0 of the skew-adjoint operator X.

Definition 2.6 (Generalized X-ray transform of twisted symmetric tensors). We define
the generalized X-ray transform of twisted symmetric tensors as the operator

M := 7y (T + T )k

In what follows, we will mostly use this operator with m = 1. In this case, the oper-
ator IT; takes a 1-form with values in some bundle &, pulls it back onto the unit tangent
bundle to a spherical harmonic of degree 1 twisted by some bundle (s} -operator), then
“averages” this spherical harmonic along the geodesic flow lines ((IT + Hg )-operator)
and then selects the first spherical harmonic of this distribution in order to give a twisted
1-form on the base manifold M (71 .-operator). We remark that when we want to empha-
size the dependence of IT,, on a connection V&, we will write H,Yf (this will appear in
particular in Section 4.3).

Remark 2.7. This also allows us to define a generalized (twisted) X-ray transform IT,,
for an arbitrary unitary connection V€ on &. Indeed, it is not clear a priori whether one
sticks to the usual definition of the X-ray transform that one can find a “natural” candidate
for the X-ray transform on twisted tensors. For instance, one could consider the map

€sy e 13 f0) = oo | ) ey i €
" Ly) Jo v

where y € € is a closed geodesic and (x,, vy) € y. However, this definition does
depend on the choice of a base point (x,, v,) € y and it would no longer be true that
ImV € (D€ p)(y) = 0 unless the connection is transparent.

By (2.11) and (2.21), we have the equalities
(D4*1,, =0 =11,,D¢, (2.23)

showing that IT,, maps the set of twisted solenoidal tensors to itself. We say that the
generalized X-ray transform is solenoidally injective (s-injective) on m-tensors if for all
ueC®SM,8and f € C¥°(M, Qs T*M ® &),

Xu=n)f = IpeC®M, Q¢ "' T*M @ €) such that f = DEp.  (2.24)

Lemma 2.8. The generalized X-ray transform is s-injective on m-tensors if and only if
I1,,, is injective on solenoidal tensors (if this holds, we say T1,, is s-injective).

Proof. Assume that I1,, f = 0 and f is a twisted solenoidal m-tensor. Then
(T f. )2 = (T, forty, fr2 + (TG 70y, forty f)2 = 0.

Both terms on the right hand side are non-negative by Lemma 2.3, hence both vanish, and
the same lemma implies that [T}, f = 0 and [1{ 7} f = 0. Thus Xu = 7% f for some
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smooth u, so by the s-injectivity of the generalized X-ray transform, f is potential, which
implies f = 0.
The other direction is obvious by (2.21). [ ]

Next, we show I1,, enjoys good analytical properties:
Lemma 2.9. The operator I, : C®°(M, Q5 T*M @ &) > C®(M, Q5 T*M ® &)
has the following properties:
(1) I1,, is a pseudodifferential operator of order —1,

(2) I, is formally self-adjoint and elliptic on twisted solenoidal tensors (its Fredholm
index is thus equal to 0 and its kernel and cokernel are finite-dimensional),

(3) If I, is s-injective, then the following stability estimates hold:
VseR VS e HUMQET*M ®E), |mqpey s < Coll T fllges,
for some Cs > 0, and for some C > 0,
Ve H (M Q§T*" M ®E), (Mnf. f)r2 = Clime ey S I3-1/2-

In particular, these estimates hold if (M, g) has negative curvature and V€ has no
twisted CKTs.

Point (3) is a quantitative improvement of the following statement: I1,, f = 0, f €
ker (D€)* = f =0, i.e. it provides a stability estimate for the X-ray transform (see
Lemma 2.8 for the relation between I1,, and the X-ray transform).

Proof of Lemma 2.9. The first two points follow from a rather straightforward adaptation
of the proof of [64, Theorem 2.5.1] (see also [38] for the original arguments); we omit it.
It remains to prove the third point.

The first estimate follows from (2), the elliptic estimate and the fact that I1,, is s-
injective. The last estimate in the non-twisted case follows from [43, Lemma 2.1] (or [64,
Theorem 2.5.6]) and subsequent remarks; the twisted case follows by minor adaptations.

If (M, g) has negative curvature and V& has no twisted CKTs, using Lemma 2.8 and
[45, Sections 4, 5] we find that IT,, is s-injective, proving the claim. [

3. Exact LivSic cocycle theory

We phrase this section in a very general context which is that of a transitive Anosov flow
on a smooth manifold. It is independent of the rest of the article.

3.1. Statement of the results

3.1.1. A weak exact Livsic cocycle theorem. Let M be a smooth closed manifold
endowed with a flow (¢;);er Wwith infinitesimal generator X € C*°(M, T M). We assume
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that the flow is Anosov in the sense of (1.1) and that it is transitive, that is, it admits a
dense orbit.* We denote by § the set of all periodic orbits for the flow and by §# the set of
all primitive orbits, which cannot be written as a shorter orbit to some positive power > 2.

Let (€, V®) be a smooth Hermitian vector bundle of rank r equipped with a unitary
connection V€. We will denote by

C(x,t): 8 —> ng,(x)

the parallel transport along the flow lines of (¢;);er With respect to the connection V&.
In the more general setting, we may consider two Hermitian vector bundles &1, & — M,
equipped with unitary connections V&1 and V2. Recall that if V&2 = p*V¢! for some
unitary map p € C®(M, U(&,, &1)),’ i.e. the connections are gauge-equivalent, then
parallel transport along the flow lines of (¢;):cRr satisfies the commutation relation

Ci(x,1) = plex)Ca(x, ) p(x) .

We say that such cocycles are cohomologous. In particular, given a closed orbit y =
(¢1x0):ef0,7 of the flow, one has

Ci(xo, T) = p(x0)Ca(x0, T) p(x0)~",
i.e. the parallel transport maps are conjugate.

Definition 3.1. We say that the connections V€1.2 have race-equivalent holonomies if
for all primitive closed orbits y € g% we have

Tr(C1(xy. £())) = Tr(Ca(xy ., £())), (3.1
where x, € y is arbitrary and £(y) is the period of y.

This condition could be a priori obtained with rank(&;) # rank(&,). We shall see that
this cannot be the case. The following result is one of the main theorems of this paper.
It seems to improve known results of LivSic cocycle theory (in particular [75, 90]); see
Section 1.4 for a more extensive discussion.

Theorem 3.2. Assume M is endowed with a smooth transitive Anosov flow. Let &1, &,
— M be two Hermitian vector bundles equipped with respective unitary connections
VE1 and V2. If the connections have trace-equivalent holonomies in the sense of Defini-
tion 3.1, then there exists p € C*°(M,U(&3, &1)) such that forall x € M andt € R,

Ci(x.1) = p(px)Ca(x. 1) p(x)~", (3.2)

i.e. the cocycles induced by parallel transport are cohomologous. Moreover, &1 and &,
are isomorphic.

In order to prove the injectivity Theorem 1.1, we will apply Theorem 3.2 with
M = SM, the geodesic flow, and the pullback bundle 7*& equipped with two pullback

4Note that there are examples of non-transitive Anosov flows [33].
SHere, we denote by U(&2, 1) — M the bundle of unitary maps &, — &1. Of course, it may
be empty if the bundles are not isomorphic.
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connections *Vy, m*V,. However, as we shall see in Section 5, Theorem 3.2 will not
directly imply Theorem 1.1: indeed, after differentiating (3.2) at t = 0, it only gives the
existence of amap p € C*®°(SM,U(x*&)) such that

n*v;[om(Vz,Vl)p — 0
We will then have to prove that p = 7*po for some unitary isomorphism pg €
C>®(M,U()) on the base such that VHom(V2,V1) po =  (this is equivalent to the con-
nections being gauge-equivalent, as follows directly from Definition 2.1).

Remark 3.3. The simplest example in which the automorphism p does not descend to
the base can be constructed as follows (originally in [77]). If (¥, gx) is a Riemannian
surface of negative curvature, then along any closed geodesic y the parallel transport with
respect to the Levi-Civita connection V€ is the identity (as P, fixes y and hence also its
normal y). Thus 7*VC on the pullback 7 * X of the canonical bundle K = (Tg%)%!
and the trivial connection on § ¥ x C have trace-equivalent holonomies. By Theorem 3.2,
there is p € C®(M,U(x* K, C)) such that n*V;Om(VLC’d)p = 0, but clearly p is not of
degree zero as the bundle X is not topologically trivial. In fact, p can be chosen to be of
degree 1 and similar examples exist in higher dimensions (see [13]).

As we shall see in the proof, for any given L > 0, it suffices to assume that the trace-
equivalent holonomy condition (1.2) holds for all primitive periodic orbits of length > L
in order to get the conclusion of the theorem. Surprisingly, the rather weak condition
(1.2) implies in particular that the bundles are isomorphic as stated in Corollary 1.4 and
the trace of the holonomy of unitary connections along closed orbits should allow one
in practice to classify vector bundles over manifolds carrying Anosov flows. Even more
surprisingly, the ranks of &; and &, might be a priori different and Theorem 3.2 actually
shows that the ranks have to coincide.

The idea relies on a key notion which we call Parry’s free monoid, whose introduction
goes back to Parry [75]. This free monoid G corresponds (at least formally) to the free
monoid generated by the set of homoclinic orbits to a given periodic orbit of a point x,
(see Section 3.2.1 for a definition) and we shall see that a connection induces a unitary
representation p : G — U(&y,) (it is not canonical but we shall see that its important
properties are). Geometric properties of the connection can be read off from this rep-
resentation; see Theorem 3.6 below. Moreover, tools from representation theory can be
applied and this is how we will eventually prove Theorem 3.2.

3.1.2. Opaque and transparent connections. Theorem 3.2 has an interesting straightfor-
ward corollary. Recall that a unitary connection is said to be transparent if the holonomy
along all closed orbits is trivial.

Corollary 3.4. Assume M is endowed with a smooth transitive Anosov flow. Let & — M
be a Hermitian vector bundle of rank r equipped with a unitary connection V&. If the
connection is transparent, then § is trivial and trivialized by a smooth orthonormal family
e1,....er € C®(M, 8) such that V§e; = 0.
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In order to prove the previous corollary, it suffices to apply Theorem 3.2 with &; = &
equipped with V&€ and &, = C" x M equipped with the trivial flat connection. Then
Cy(x,t) =1 and (ey, ..., e,) is obtained as the image by p of the canonical basis of
C™. This corollary seems to be folklore but nowhere written down. It is stated in [78,
Proposition 9.2] under the extra assumption that & & &* is trivial.

The notion “opposite” to transparent connections is that of opaque connections, which
do not preserve any non-trivial subbundle ¥ C & by parallel transport along the flow lines
of (¢¢)rer- It was shown in [15, Section 5] that the opacity of a connection is equivalent
to the fact that

ker V}]?nd|coo(M,End(g)) =C- ]lg.

Also note that when X is volume-preserving, this corresponds to the Pollicott—Ruelle
(co)resonant states at 0 associated to the operator V)]?“d. We shall also connect this notion
with the representation p : G — U(&y, ) of the free monoid:

Proposition 3.5. The following statements are equivalent:
(1) the connection V€ is opaque;

(2) ker VE™|coo(aeEnaey) = C - Lg;

(3) the representation p : G — U(Ey, ) is irreducible.

3.1.3. Kernel of the endomorphism connection. The previous proposition actually
follows from a more general statement which we now describe. The representation
p: G — U(&y,) gives rise to an orthogonal splitting

8)5* = @K 81'®ni ’

i=1

where &; C &, and n; > 1; each factor &; is G-invariant and the induced representation
on each factor is irreducible; furthermore, for i # j, the induced representations on &;
and &; are not isomorphic. Let C[G] be the formal algebra generated by G over C and let

R := p(C[G)).
By Burnside’s Theorem (see [63, Corollary 3.3] for instance), one has
R = @K, Ay End(E)),

where
Apu=u®---®u (n; times)

for u € End(&;). We introduce the commutant R" of R by

R :={u € End(&,,) | Vv € R, uv = vu}.
We then have
Theorem 3.6. There exists a natural isomorphism

End(&
® : R’ — ker V" ®)| coo (at,mnae))-
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In particular, these spaces have the same dimension:

K
. nd(& .
dim(ker V}F} o )|COO(¢M’End(8))) = dim(R’) = anz

i=1

3.1.4. Invariant sections. To conclude this subsection, we now investigate the existence
of smooth invariant sections of the bundle & — M, that is, elements of ker Vfg lcoo(m,8)-
First of all, observe that if u € C*°(M, &) is an invariant section, then u, := u(x,) is
invariant by the G-action. The converse is also true:

Lemma 3.7. Assume that there exists u, € &y, such that p(g)u, = u, for all g € G.
Then there exists (a unique) u € C*°(M, §) such that u(x.) = u. and Vfgu =0.

Such an approach turns out to be useful when trying to understand a sort of weak
version of LivSic theory, such as the following: if & — M is a vector bundle equipped
with a unitary connection V€ and for each periodic orbit y € €, there exists a section
u, € C*(y, €l,) such that Vﬁuy = 0, then one can wonder whether this implies the
existence of a global invariant smooth section u € C°(M, &). It turns out that the answer
depends on the rank of &:

Lemma 3.8. Assume that rank(€) < 2 and that for all periodic orbits y € G, there
exists u, € C*(y, &ly) such that V;?uy = 0. Then there exists u € C®°(M, &) such
that VEu = 0.

We shall see that the proof of this lemma is purely representation-theoretic and com-
pletely avoids the need to understand dynamics and the distribution of periodic orbits. We
leave as an exercise the fact that Lemma 3.8 does not hold when rank(&) > 3. A simple
counter-example can be built using the following argument: any matrix in SO(3) pre-
serves an axis; hence, taking any SO(3)-connection on a real vector bundle of rank 3 and
then complexifying the bundle, one gets a vector bundle and a connection satisfying the
assumptions of Lemma 3.8; it then suffices to produce an SO(3)-connection without any
invariant sections.

We believe that other links between properties of the representation p and the geom-
etry and/or dynamics of the parallel transport along the flow lines could be discovered.
To conclude, let us also mention that all the results are presented here for complex vector
bundles; most of them could be naturally restated for real vector bundles modulo obvious
modifications in the statements.

3.2. Dynamical preliminaries on Anosov flows

3.2.1. Shadowing lemma and homoclinic orbits. Fix an arbitrary Riemannian metric g
on M. As usual, we define the local strong (un)stable manifolds as

Wi (x) :=={y € M|Vt =0,d(:y ¢:x) <8, d(@eX,01y) >1—>+00 O},
W (x) :={y e M |Vt 20, d(p:y, prx) <8, d(psX,¢1y) =1>—00 0},
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where § > 0 is chosen small enough. For § = oo, we obtain the sets W*¥(x) which are
the strong stable/unstable manifolds of x. We also set W, (x) := W;O’” (x) for some
fixed §o > 0 small enough. The local weak (un)stable manifolds Wg'*** (x) are the sets
of points y € B(x,§) such that there exists ¢ € R with |¢| < § and ¢,y € W, (x). The
following lemma is known as the local product structure (see [32, Theorem 5.1.1] for
more details):

Lemma 3.9. There exist €y, 8o > 0 small enough such that for all x,y € M such that
d(x,y) < &y, the intersection Ws'g"(x) N W(Ss0 (y) is a single point {z}. We write z :=
[[x» yﬂ

The main tool we will use to construct suitable homoclinic orbits is the following
classical shadowing property of Anosov flows for which we refer to [55, Corollary 18.1.8],
[32, Theorem 5.3.2] and [32, Proposition 6.2.4]. For the sake of simplicity, we now write
y = [xy] if y is an orbit segment of the flow with endpoints x and y.

Theorem 3.10. There exist gy, 8, C > 0 with the following property. Consider & < g,
and a finite or infinite sequence of orbit segments y; = [x;y;] of length T; greater than 1
such that for any n, d(yn, Xxn+1) < &. Then there exists a genuine orbit y and times t; such
that y restricted to [t;, t; + T;] shadows y; up to Ce. More precisely, for all t € [0, T;],
one has

d(y(ti +1).yi(t)) < Cee”mn@Ti=0), (3.3)

Moreover, |ti+1 — (t; + T;)| < Ce. Finally, if the sequence of orbit segments y; is peri-
odic, then the orbit y is periodic.

It is instructive for the reader to have Figure 2 (a) in mind, where the upper curve
corresponds to the orbit y approximating the segment given by the lower curve. Let us
also make the following important comment. In the theorem, one can also allow the first
orbit segment y; to be infinite on the left, and the last orbit segment y; to be infinite on
the right. In this case, (3.3) should be replaced by: assuming that y; is defined on (—o0, 0]
and y; on [0, +00), we would get for some 7; 1 within Ce of 7,4, and all ¢ > 0,

d(y(Fiz1 —1).yi(=1) < Cee ™, d(y(z; +1).y;(t)) < Cee %",

Fix an arbitrary periodic point x, € M of period T, and denote by y, its primitive
orbit.

Definition 3.11 (Homoclinic orbits). A point p € M is said to be homoclinic to x, if p €
W¥S(x,) N W¥%(x,) (in other words, d(¢,+,gzp, V1 X4) —>t—>+o00 0 for some tOjE e R).
We say that an orbit y is homoclinic to x, if it contains a point p € y that is homoclinic
to x., and we denote by # C M the set of orbits homoclinic to x,.

Note that by hyperbolicity, the convergence of the point p to x, is exponentially fast.
More precisely, let y be the orbit of p and let R 5 ¢ — y(¢) be the flow parametriza-
tion of y. Then there exist uniform constants C, 8 > 0 (independent of y) and A1 € R
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(depending on y) such that
d(y(A+ £nT,), x,) < Ce ", (3.4)

The points y(A+) correspond to an arbitrary choice of points in WSSO’" (xx) Ny (for an
arbitrary §p > 0 small enough). Homoclinic orbits have infinite length (except the orbit
of x, itself) but it will be convenient to introduce a notion of length T, which we define
tobe T, := A4 — A_ (note that this is a highly non-canonical definition). We define the
trunk to be the central segment y([A—, A4]). In other words, the length of y is equal to
the length of its trunk. We also define the points x,fc := y(Ax+ £+ nT.,). Note that another
choice of values A’lL has to differ from A4 by mT, for some m € Z. Homoclinic orbits
will play a key role, as we shall see in due course.

Lemma 3.12. Assume that the flow is transitive. Then the set 'W of points belonging to a
homoclinic orbit in K is dense in M.

Proof. This is a straightforward consequence of the shadowing Theorem 3.10: one con-
catenates a long segment S of a transitive orbit with y,, i.e. one applies Theorem 3.10
With .. Ve Va S Va Vo o .- ]

Remark 3.13. In the particular case of an Anosov geodesic flow on the unit tangent
bundle, one can check that J is in one-to-one correspondence with 71 (M)/(yx), where
V« € m (M) is any element such that the conjugacy class of 7 in 71 (M) corresponds®
to the free homotopy class ¢ € € whose unique geodesic representative is Y.

3.2.2. Applications of the Ambrose—Singer formula. Consider a Hermitian vector bundle
& over (M, g) equipped with a unitary connection V = V& If x, y € M are at a distance
less than the injectivity radius of M, denote by Cx_,y : Ex — &, the parallel transport
with respect to V€ along the shortest geodesic from x to y, by C(x,1) : & — €y, x the
parallel transport along the flow and by C, the parallel transport along a curve y. For
U € C®°(M,End(8)), we define, for all x € M,

|U|lx := Tr(U*(x)U(x))"/2,

and |U||Loe :=sup,e 4 | U ||x- In particular, if U € C*° (M, U(&)) is unitary, then ||U || .o
= /rank(&). We record the following consequences of Lemma 2.2:
Lemma 3.14. The following consequences of the Ambrose—Singer formula hold:

(1) Assume we are in the setting of Theorem 3.10: for some C,e, T > 0, let x,p € M
satisfy d(@sx, ¢; p) < Cee 0mnGT=0) forallt € [0, T). Then forany 0 < Ty < T,

coCe

IC(or, x, _TI)C(/?TI p—><prGC(Pv TI)CX—>1) —1lg llx < | Fvlico,

where co = co(X, g) > 0 depends only on the vector field X and the metric.

6Recall that the set € of free homotopy classes is in one-to-one correspondence with the conju-
gacy classes of 71 (M) [49, Chapter 1].
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Fig. 2. Presentation of the geometries considered in Lemma 3.14.

(2) Assume y C B(p,1/2) is a closed piecewise smooth curve at p of length L, where
1 denotes the injectivity radius of (M, g). Then for some C = C(g) > 0 depending
on the metric,

ICy —1dp [l = CL -supd(p. y) - [ Fv|co.

yey
(3) Let y : [0, L] — M be a unit speed curve based at p, and V' be a second unitary
connection on &, whose parallel transport along y we denote by Clﬁ. Then

IC,1Cy =1dp llp < LIV = V'] co.
The geometries appearing in (1)—(3) are depicted in Figure 2 (a)—(c), respectively.

Proof. We first prove (1). For C, ¢ small enough, for all # € [0, T] we denote by t; the
unit speed shortest geodesic, of length £(¢), from ¢, x to ¢; p. Define a smooth homotopy
I :[0,1]> — M by setting

L(s.1) := 7, (sE(7)),
and note that by assumption £(r) < Cee~?™n&T=0) We apply Lemma 2.2 to the homo-
topy I' to obtain, after a rescaling of parameters s and ¢,

Cler X, =T1)Cor, p—or, xC (P, T1)Cxsp — Lg,

T L(1)
_ / / (s, 1) Fy (37 (5), 8572 () Cs (s, 1) ds .
0 0

Here we recall that C4 and C_, are parallel transport maps obtained by parallel transport
along curves as in Figure 1. Since Cy and C_, are isometries, and since by compactness
|0:7:(s)| < D forsome 0 < D = D(X, g), we have

1Cpry %, =T1)Cor, poor, xC(P, T1)Casp — L 1

T
) 2DC
< CDe||Fy|co / e~0mineT=0 gy < Z2C L Eo) o,
0
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For (2), we may assume by approximation that y is smooth. Then taking the homotopy

T (s.1) = expy (t expy ' (y(sL))).

and applying Lemma 2.2, we obtain, by a rescaling of s and writing T(s,t) =T(s /L,1),
L /1 o
C, —1dy = / / Ci(s, 1) 1 Fy(0,T, 0, T)Ca(s, 1) dt ds.
o Jo

The estimate now follows by using ||d; r || < Cd(x,y(s)), where we introduce the positive

constant C = SUp,cps SUP|y|, <i/2 |4 exp (W1 M7y, (1)
For (3), denote by C;, C; the parallel transports along |, with the connections
V, V/, respectively. Then it is straightforward that

3:.(C;71C) =7V - V) @)C],
SO
L
c,/'c,—1d, = /0 C7H V=V @)C) dt.
The required estimate follows. u

We also have the following result to which we will refer to as the spiral lemma:

Lemma 3.15. Let x, € M be a periodic point of period T, and let xo € W3 (x.). Define
Xy = anT* X0 and write qn ‘= C(X*, nT*)_Ian%x* C(X(), nT*)Cx*—>x0. Then

p(xp) := lim g, € U(Ey,)
n—o00

exists. Moreover, there exist uniform constants C, 0 > 0 such that

|gn — p(xo)| < Ce™".

Fig. 3. The spiral lemma: the set €21 corresponds to the area over which the integral in the Ambrose—
Singer formula is computed for n = 1.
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Proof. Apply the Ambrose—Singer formula as in the first item of the previous lemma
(same notations as in the previous proof):

nTy L)
gn — lg,, = / / C{I(S,I)Fv(atrt(s), 057, (8))C—(s,t) ds dt,
0 0

where t; is the unit speed shortest geodesic of length £(¢) from ¢;x¢ to ¢;x,. Observe
that this integral converges absolutely because (see (3.4))

nTs
[)

L(2)
/ CT_I(S7[)FV(atTt(S),asTt(S))Cq(S,t)dS dt
0

nTy
< / C||Fv||coe_6t dt < oo,
0

and thus the limit exists. Moreover, it is clear that the convergence is exponential. ]

3.3. Proof of the exact Livsic cocycle theorem

3.3.1. Parry’s free monoid. As we shall see, Parry’s free monoid is the key notion to
understand the holonomy of unitary connections. Whereas flat connections up to gauge
equivalence correspond to representations of the fundamental group up to conjugacy,
in the setting of hyperbolic dynamics, we will show that arbitrary connections up to
cocycle equivalence correspond to representations of Parry’s free monoid. Recall from
Section 3.2.1 that x, € M is a periodic point of period T,. Let G be the free monoid
generated by J (homoclinic orbits to x, ), that is, the formal set of words

G:={y{n'..,)/;:lk | k e N, mq,...,mp € Ng, v1,..., ¥k € H#},

endowed with the obvious monoid structure. The empty word corresponds to the identity
element denoted by 1. Note the periodic orbit corresponding to x, also belongs to the
set of homoclinic orbits. We call G Parry’s free monoid as the idea (although not written
like this) was first introduced in his work [75] (see also [90] for a related approach). The
main result of this subsection is the following:

Proposition 3.16. Ler V€ be a unitary connection on the Hermitian vector bundle
& — M. Then V€ induces a representation

0:G — U(Ey,).
Formally, this proposition could have also been stated as a definition.

Proof. Since G is a free monoid, it suffices to define p on the set of generators of G,
namely for all homoclinic orbits y € J. For the neutral element we set p(1g) = 1g,, .
For the periodic orbit y, of x,, we set p(yx) := C (X, Tx).

Let y € # (and y # y.) and consider a parametrization R > ¢ + y(t). Following
the notations of Section 3.2.1, we let xF := y(Ax £ nT.), x;5 = ¢r, (x;) for some
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T, = Ay — A_ + 2nT,, where T, := A — A_ (length of the trunk), and the points
(xni)neN converge exponentially fast to x, as n — oco. As we shall see, there is a small
technical issue coming from the fact that C (x,, T ) is not trivial and this can be overcome
by considering a subsequence k, — oo such that’

C(xs, T —1g, ., n— oo (3.5)
Forn,m € N, we define p,, ,(y) € U(Ey, ) as follows:

Pmn(y) = ka*m r, COG kT C (g, Ty)C (g, ki T)Cxo i, - (3.6)

and we will write p, (y) := pnn(y)-
Lemma 3.17. There exists p(y) € U(8y, ) such that
Pm.n(¥) =nm—>co P(V)
and p(y) does not depend on the way the limit in n, m is taken.
Proof. We have by construction:
pnn() = Co ., COF knT)C(7. T)COG, n To) Cr o,
=[Cy

m

x C(xn kmTo)C.+
0

Xn > Xx

Cxf kmT)C, _ +C(xu,kmT) ']
0

—>Xx Xx—>X

C(xg, Ty)Cx*_mOfC(x*, knTy)
X [C()C,,, kn T*)_ICXS—UC* C(x]:n s kn T*)Cx*—nc;n ], 3.7

where T, is independent of n (trunk of y). For the middle term we have, by (3.5),

Cxu,kmTy)C

X,

C(xg, Ty)Cx, x5 C(xa, knTy)

o
= ng'—m*c(x()_’ Ty)Cx*—mg +o(1),

as n,m go to co. Moreover, the convergence of the terms in brackets follows from the
spiral lemma 3.15 (the convergence is exponentially fast). ]

This concludes the proof of Proposition 3.16. ]

Remark 3.18. For y € #, (3.7) shows that p(y) does not depend on the choice of subse-
quence (k,)nen as long as C(x,, Ty )% — 1. However, p(y) does depend on the choice of
trunk [xg x(;r ] for y and another choice of trunk produces a p’(y) which differs from p(y):

P'(y) = Clxa. TP p(y)C (x4, T )"RD), (3.8)

where my,(y),mgr(y) € Z.

7For any compact metric group G, if g € G, there exists a sequence k, € N such that
gk” — 1
n—oo 1G-



M. Cekié, T. Lefeuvre 2220

3.3.2. Conjugate representations. We introduce the submonoid G* := G \ {y* | k > 1},
that is, G minus the powers of y.. Recall that the character of a representation p is defined
by x,(e) := Tr(p(e)). This subsection is devoted to proving the following:

Proposition 3.19. Let V€12 be two unitary connections on the Hermitian vector bundles
&1, 82 — M. Assume that the connections have trace-equivalent holonomies in the
sense of Definition 3.1. Then the induced representations p;2 : G* — U(8},2x,) have
the same character. In particular, this implies that they are isomorphic, i.e. there exists
D+ € U(82y,, E1x, ) such that

Vy € G, pi(y) = pap2(y)05 " (3.9)

Proof. Following Lemma 3.17, we consider a subsequence (k,),eny such that
Cia(xx, T,)¥» — 1. Once we know that the representations have the same character,
the conclusion is a straightforward consequence of a general fact of representation theory
[63, Corollary 3.8]. For the sake of simplicity, we take y = y; - Y2, where y; » € ¥ (and
both y; » cannot be equal to y, at the same time since the word y is in G*) but the gener-
alization to longer words is straightforward as we shall see and words of length 1 are also
handled similarly (one does not even need to concatenate orbits in this case). The empty
word (corresponding to the identity element in G*) will also be dealt with separately. This
proposition is based on the shadowing theorem 3.10 and the fact that one can concatenate
orbits. But we will have to be careful to produce periodic orbits which are primitive.
By Lemma 3.17 we have

p1(¥) = p1(yD)P1(¥2) = P10, N (Y1) P1:0.0(Y2) +0(1), n — o0,

where we use p;.,,, to denote the expression in (3.6) with respect to V& fori = 1,2.
The term N = N(n) > n will ensure that a certain orbit is primitive as we shall see
below. Let x,ﬂf (i) be the points on the orbit y; that are exponentially close to x.,
given by Section 3.2.1. Consider the concatenation of the orbits S := [x,:N (l)x,jn (H1u
[x,:n (Z)x,jn (2)]- Note that the starting points and endpoints of these segments are at dis-
tance at most @ (e~ 7). Thus by the shadowing theorem 3.10, there exists a genuine
periodic orbit ¥, and a point y, € ¥, (of period 7,) which O (e~%n)-shadows the con-
catenation S (here, if we have a longer word of length k, it suffices to apply the shadowing
Theorem 3.10 with k segments).

We claim that ¥, is primitive for all N large enough. Indeed, observe that ,, can be
decomposed into the following six subsegments as in Figure 4.

Moreover, the total length of ¥, is

T! =Ty, + 2k, Ty + Ty, + (ky + kn) T + O(e%n).

Take x € y; U y, with x ¢ y,, and consider a small ¢ > 0 such that d(x, y,) > 3e. Let
n be large enough so that for all m > n the tail [x,,(1)x, (1)] is in B(y., €), ¥, satisfies
d(¥,,x) < e and finally the shadowing factor of Theorem 3.10 satisfies O (e~%%7) < ¢.
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|
! knT* ! ! knT* ! ‘T’Yl‘ :
x f— ﬁ —+ X
il *t—P [ I—
T’Yz‘ | kNT* | | knT*
|

|
|
Fig. 4. The orbit ¥, is made up of six segments: in the first segment (of length k, T%), it shadows

the first portion [x;n (2)xq (2)] which wraps around y.; in the second (of length Ty,), it shadows

the trunk [xg (Z)x(')" (2)], in the third (of length k, T%), it shadows the last portion [x(')" (2)x]_:n 2)]
which also wraps around Y, ; then this process is repeated but for the second orbit yy.

Pick N > n such that (ky — k,)T > T, /2. We argue by contradiction and assume that
Vn = y(])‘ for some k > 2 and yo € %, a primitive orbit.

This implies that there is a copy of yp in the central red segment of Figure 4 which
O (e~%n)-shadows the orbit of Xy (1) and this forces ¥, C B(y«,2¢). Thus d(y,, x) > e,
which is a contradiction.

By the first and second items of Lemma 3.14, we have

P10 N (Y1)P1nn (V2) = Ciyy s, CLOn. Ty CL s + O(e7% ),

By assumption, we have Tr(Cy(yx, T,))) = Tr(C2(yn, T,)). This yields

Te(p1()) = Tr(Ci,y, 2. C1(vn, T)Cry, s, + 0(1)
= Tr(C1(yn. T,)) + o(1)
= Tr(C2(yn. T,)) + o(1) = Tr(p2(y)) + o(1).
Taking the limit as n — oo, we obtain the claimed result about characters for all non-
empty words y € G*.
It remains to deal with the empty word. For that, take any y € G*, and consider a
subsequence n; € N such that p1(y)"" — 1g, ., and p2(y)"" — 1g, ., . Then

Tr(p1(¥)") = Tr(p2(y)™).

and taking the limit as i — oo gives
Tr(p1(16+)) = rank(€1) = rank(€2) = Tr(p2(1G*)).

By [63, Corollary 3.8], there is a p, satisfying (3.9) for y € G*.
It is now straightforward to show (3.9) for all y € G. Applying (3.9) with y,y € G*,
where y € # \ {y.} is arbitrary, we get

P1(V+y) = p1(Y)P1(¥) = Pup2(s¥) Py ' = Pup2(y) Py Pep2(¥) DL

Since p1(y) = p«p2(y)p3! (because y € G*), we find that p; (y+) = p«p2(ys)py ', that
is, C1 (xx, Ts) = psCa(x4, T,) py ! or equivalently P(x4,Tx)ps = p« (Where P denotes
the parallel transport along the flow lines of (¢;);er With respect to the mixed connection

& &
v?om(v 2V7D asin (2.4)), concluding the proof. n
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Remark 3.20. Although the representations p;, depend on choices (namely on the
choice of trunk for each homoclinic orbit y € #), the map p. € U(E, ) does not. Indeed,
taking two other representations p'L2 (for some other choices of trunks), by (3.8) one gets

1 (¥) = C1(xu, T)™-P py () C1 (x4, Tu)" D)
= C1(xx, T)™ ) po oy (y) py C1 (s, TL)™RY)
= Cy (x4, T*)mL(V)p*Cz(x*’ T*)_mL(”)plz(y)Cz(x*, T*)—mR(V)p:lcl (Xs, T*)mR(V)

= (PCews ML) T pe) Py (1) (P (xas mr(N T pe) "' = puph )Py

since P (x4, Tx) p« = p«, that is, p, also conjugates the representations Pll,z- Note that
the map p. given by [63, Corollary 3.8] is generally not unique. Nevertheless, if the
representation is irreducible, it is unique modulo the trivial S!-action.

3.3.3. Proof of Theorem 3.2. Let ‘W be the set of all points belonging to homoclinic
orbits in #. By Lemma 3.12, ‘W is dense in M and we are going to define the map p
(which will conjugate the cocycles) on ‘W and then show that p is Lipschitz-continuous
on ‘W so that it extends naturally to M. The map p is defined as the parallel transport of
P« with respect to the mixed connection.

By assumptions, C;(x,, T )k — 1g,, and thus P(x,, T )kn — THom(es , &1 x,)
(where Txom(e,,, .61 ,,)(q) = q forq € Hom(&xy, , €14, )). Consider a point x € y, where
y € J is a homoclinic orbit, and also consider a parametrization of y as in Section 3.2.1.
For n € N large enough, consider the point x,; € y (which is exponentially close to x,)
and write x = @1, (x,,) for some 7, > 0. Define

Pn () 1= P(x]:n’ Tk_n)Px*—m;n P+ € U(E2x. E1x).

Lemma 3.21. Fixy € J. Then for all x € y, there exists p—_(x) € U(8E2y, E1) such that

Dy (X) = n—so0o p—(x). There exists C > 0 such that | p,; (x) — p—(x)| < C/n. Moreover,

& v
V;Iom(v 2V l)p_ =0ony.

In particular, this shows that p_ is smooth when restricted to y as
elliptic on y.

& veér) .
V)I;Iom(V ,V )ls

Proof of Lemma 3.21. By construction, the differential equation is clearly satisfied if the
limit exists. Moreover, for some time Ty (independent of 7, Tk_,, = To + k,Ty) we have

p;(x) = P(x,:n, Tk_n)Px*—mkfn Px = P(xo_, TO)P(XI:"’ kn T*)Px,,—m;n Px
= P(xg.To) Px, x5 P(xs, T [P(xv, To) ™ Pryox, P(xg, knT*)Px*—»c,:n P+l

By assumption, the term outside the brackets converges as n — oo and the term in brackets
converges by the spiral lemma 3.15. ]

We now claim the following:
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Lemma 3.22. There exists a uniform constant C > 0 such that the following holds.
Assume that x and z belong to two homoclinic orbits in # and z € W (x). Then

| Pxszp—(x) — p-(2)|| < Cd(x,z2).

Proof. By the previous proofs, the point x is associated to points x, on the homoclinic
orbit and we will use the same notations for the point z associated to the points z,,. There
is here a slight subtlety coming from the fact that the parametrizations of the homoclinic
orbits y were chosen in a non-canonical way (via a choice of A4). In particular, it is
not true that the flow lines of 2 and X shadow each other; in other words, we might
not have 7, (2) =T, (x) but we rather have 7, (z) T,. (x) + mT, for some m € Z
depending on both x and z.
We have

[ Px—zp—(x) = p-2)|| = | Px>zp, (x) — p, ()|l + o(1)

= | Pxsz P(xp, . T, (X)) Prysx, Px — Pz, T, (2)) P,z Pl + 0(1)

< ClIPzg »x. P(zg,, T, (2) 7 Prosz P(xg, s T, (X)) Prysap, P — pall + 0(1)

< Pz —x P(zhyomT) ™ Pryosp

X [P xa P2, T, (2) =mT) ™' Paosz P(xg Ty (X)) Prasx 1w — Pall
+o0(1).

Applying Lemma 3.14 (1), we have
1Pz —xe Py s T, (2) =mT) " Prsz POxg s T (3)) Prysap, — Linacer) |l
< Cd(x,z),
where the constant C > 0 is uniform in n. Moreover, observe that
hm P s P(zg, . mT.)~ Px*_,z;n_m = P(x,,mT,)" L.
Hence
| Pysz p—(x) = p—(2)|| < C(IP(xa,mT) ™" pa = pull + d(x, 2) + 0(1)).

Since P (X, Ty)p» = p« the first term on the right hand side vanishes. Letting n — oo,
we obtain the announced result. ]

Note that we could have done the same construction “in the future” by considering
instead
- T +1-1
p+(x) = lim P TP b p € UEar E1),

where x;F =@+ (x) is exponentially closed to x, as in Section 3.2.1. A statement similar
to Lemma 3.22 holds with the unstable manifold replaced by the stable one. We have
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Lemma 3.23. Forall x € W, p_(x) = p+(x).

Proof. This follows from Proposition 3.19. Indeed,

Ip—(x) = p+ Il = | P(xg,» T ) Pramsxp, e = P T ) TP v pull 4+ 0(1)
n n kn n * kn

= C||le;_)x*P(x, T,:;)P(x,:n, T/;,)Px.ﬁx;np* — Pl +o(1)

= C”lej' Sx. P(x,:n, Tk,,)Px*—m;n P+ — pxll +o(1),
where T, := T, + T,}. Observe that

Px;; s P(x]:,, ) Tkn)Px*—>x,:n Px

— — -1
= C + Cl ('xkn? Tkn)Cl,X*—Xxl:n p*(CZ,x]j %x*cz(xk,ﬂ Tk;z)czgx*%x,:n)

L —x.
= P1a() P22 ()™ = p1()Pup2(y) ™+ 0(1) = pa 4 0(1),
by Proposition 3.19. Hence || p—(x) — p+(x)|| = o(1), thatis, p_(x) = p+(x). L]
We can now prove the following lemma:

Lemma 3.24. The map p— is Lipschitz-continuous.

Proof. Consider x,y € W close enough. Let z := [x, y] € W,2¥*(x) N W3.(y) and define

loc

7 such that ¢ (z) € W.(x). Note that |t| < Cd(x, y) for some uniform constant C > 0;
also observe that the point z is homoclinic to the periodic orbit x,. We have

[P (x) = Pysxp-(W)l
< p-(x) = Pzsxp-2)|| + 1 p-(2) = p+ Dl + | Pzxp+(2) — Pysx p+ D)
+ P+ ) — p-O)l
< Np-(x) = Pzosx p-(@)|| + [ Px—>y Pzx p+(2) — p+ )|
< p=(x) = Py ()»x P= (@ ()| + | Py, (2)—x P~ (92 (2)) — Pzsx p-(2) |
+ | Px—y Pzox p+(2) — p+ W,

where the terms disappear between the third and fourth line by Lemma 3.23. By Lemma
3.22, the first term is controlled by

17— (x) = Py, (2)»x P-(9:(2))| = Cd(x.9:(2)) = Cd(x, y).

As for the second term, using Lemma 3.14 (2), we have

”P(pf(z)—mp—(‘Pr(Z)) — P, xp-(2)| = ||Px—>ZP(pT(Z)—>xP(Z’ )p—(z) — p—(2)|
< Cd(x,y).

Eventually, the last term || Px— y Pz x p+(z) — p+(»)| is controlled similarly to the first
term by applying Lemma 3.22 (but with the stable manifold instead of unstable). |
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As W is dense, p_ extends to a Lipschitz-continuous map on M which satisfies the
& ve&
equation V;Iom(v SR p— =0, and by [39, Theorem 4.1], this implies that p_ is smooth.

This concludes the proof of Theorem 3.2.

3.3.4. Proof of the geometric properties.

Proof of Proposition 3.5. The equivalence between (1) and (2) can be found in [15, Sec-
tion 5]. If ¥ C & is a non-trivial subbundle that is invariant by parallel transport along the
flow lines of (¢;)ser, it is clear that p will leave the space ¥, invariant and thus is not
irreducible. Conversely, if p is not irreducible, then there exists a non-trivial ¥y, C &y,
preserved by p. Let 7, : &, — Fx, be the orthogonal projection. For x on a homoclinic
orbit, define 7w (x) : & — & similarly to p_ in Lemma 3.21 by parallel transport of the
section 77, with respect to the connection VE"(&)  Following the previous proofs (we only
use P, = 7«pP), one shows that & extends to a Lipschitz-continuous section on homo-
clinic orbits which satisfies 72 = 7 and V™7 = 0. By [39, Theorem 4.1], 7 extends
to a smooth section, i.e. 7 € C*°(M, End(&)). Moreover, w(x.) = 74, hence 7 is the
projection onto a non-trivial subbundle ¥ C &. [

Proof of Theorem 3.6. The linear map ® : R — ker V)}ind(g)|coo(M’End(3)) is defined in
the following way. Consider u, € R’ and define, as in Lemma 3.21, for x on a homoclinic
orbit, u_(x) as the parallel transport of u, from x, to x along the orbit (with respect
to the endomorphism connection VE"(€)) Similarly, one can define 1 (x) by parallel
transport from the future. The fact that u, € R’ is then used in the following observation
(see Lemma 3.23):

lu—(x) = w4 )l = p()uwp(y) ™ — .l = 0.

(Note that p(y)u.p(y)~! corresponds formally to the parallel transport of u, with respect
to VEM®) from x, to x, along the homoclinic orbit y.) Hence, by Lemma 3.24, u_ is
Lipschitz-continuous and satisfies V)]?”d(s)u_ = 0. By [39, Theorem 4.1], it is smooth and
we set u_ =: ®(u,) € ker Vi ®| coo (ut mnace))-

Also observe that this construction is done by using parallel transport with respect
to the unitary connection VE"(€)  As a consequence, if u,, u’, € R are orthogonal (i.e.
Tr(uiu’,) = 0), then ®(u,) and ®(u',) are also pointwise orthogonal. This proves that ®
is injective.

It now remains to show the surjectivity of ®. Let u € ker V}]?"d(g) | ¢ oo (M,End(e))- Fol-
lowing [15, Section 5], we can write u = ug + iuy, where uy = ug,u; = uy and
V)F;nd(g)u R= V)]?“d(g)u ; = 0. By [15, Lemma 5.6], we can then further decompose ug =
Zf;l Aig; (and the same for uy), where A; € R, p € N and #; C & is a maximally
invariant subbundle of & (i.e. it does not contain any non-trivial subbundle that is invariant
under parallel transport along the flow lines of (¢;);er with respect to V€), and g, is the
orthogonal projection onto ¥;. Set (7%; )« := 7%; (Xx). Invariance of F; by parallel trans-
port implies that p(y) (%, )« = (7%, )«p(y) forall y € G, thatis, (7#;). € R’. Moreover,
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®((n#;)«) = mg,. This proves that both ug and u; are in ran(®). This concludes the
proof. ]

It remains to prove the results concerning invariant sections:

Proof of Lemma 3.7. Uniqueness is immediate since V}E;u = 0 implies that
Xul?> = (VEu,u) = (u, VEu) =0,

that is, |u| is constant. Now, given u, which is G-invariant, we can define u_(x) for x
on a homoclinic orbit y by parallel transport of u, from x, to x along y with respect
to V€, similarly to Lemma 3.21 and to the proof of Theorem 3.6. We can also define
U4 (x) in the same fashion (by parallel transport in the other direction). Then one gets
lu—(x) —uy(x)|| = |[usx — p(y)u| = 0 and the same arguments as before show that u_
extends to a smooth function in the kernel of V}?. ]

Proof of Lemma 3.8. This is based on the following:

Lemma 3.25. Assume that for all periodic orbits y € §, there exists u,, € C*(y, &|,)
such that V;’?uy = 0. Then for all g € G, there exists ug € &y, such that p(g)ug = ug.

Proof. Recall that by the construction of Proposition 3.19, each element p(g) € U(&Ey,)
can be approximated by the holonomy Cy, —x, C(¥4, T,))Cx, >y, along a sequence of
periodic orbits of points y, converging to x,. Now, each C(y,, T,) has 1 as eigenvalue by
assumption and taking the limit as n — oo, we deduce that 1 is an eigenvalue of p(g). =

As a consequence, we can write for all g € G, in a fixed orthonormal basis of &y, ,

plg) = ag ((1, S((;)) o

for some o, € U(&Ex,), where s(g) is an (r — 1) x (r — 1) matrix. For rank(§) = 1,
the lemma is then a straightforward consequence of Lemma 3.7 since the conjugacy o
does not appear. For rank(&) = 2, one has the remarkable property that s(g) is still a
representation of G since det p(g) = s(g) € U(1). As a consequence, p : G — U(Ey,)
has the same character as p’ : G — U(&y, ) defined by

L (10
ple) = (0 S(g))'

By [63, Corollary 3.8], we then conclude that these representations are isomorphic, that
is, there exists p, € U(8y, ) such that p(g) = p.p'(g)py . If v, € &, denotes the vector

fixed by p'(G), then u, := p.u’, is fixed by p(G). We then conclude by Lemma 3.7. m
4. Pollicott—Ruelle resonances and local geometry on the moduli space of
connections

This section is devoted to the study of the moduli space of connections, from the point
of view of Pollicott—Ruelle resonances. We will first deal with the opaque case and then
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outline the main distinctions with the non-opaque case. We consider a Hermitian vector
bundle (&, V€) endowed with a unitary connection over the Anosov Riemannian manifold
(M, g). Recall the notation of Section 2.4: we write X = (7*V&)x, R1(2) = (£X + 2) !
for its resolvent and R(ﬂ,:, H(ﬂf for the holomorphic parts and the spectral projector at zero,
respectively.

4.1. The Coulomb gauge

We study the geometry of the space of connections (and of the moduli space of gauge-
equivalent connections) in a neighbourhood of a given unitary connection V¢ of regularity
C; (for 1 < s < 0o®) such that ker(VE™(®)) = C . 1¢. For the standard differential topol-
ogy of Banach manifolds, we refer the reader to [62]. We denote by

O5(VE) = (VE + p ' VENE p | p e CIHU M, UE)), |p— Ll gstr < 8}

the orbit of gauge-equivalent connections of regularity C;, where § > 0 is small enough
so that O5(V€) is a smooth Banach submanifold. We also define the slice at V€ by

$5(VE) 1= V& 4 ker (VEME)* N {4 € CS(M, T*M ® Endy(8)) | | Allcs < 8}

Note that S! acts by multiplication freely and properly on C$(M, U(&)) and hence we
may form the quotient Banach manifold, denoted by C$(M, U(&))/S!, which in particu-
lar satisfies

Ti(CI(M.U(€))/S") = C;(M.Endy(€))/(R - (iLg)). (4.1)

where we use the identification of tangent spaces given by the exponential map. Next,
observe that the map O : p — p*V¥¢ is injective modulo the multiplication action of
S! on C£t1(M, U()) and that it is an immersion at p = 1 with dy O(I") = VEME T,
Therefore by (2.12), O (V&) and S are smooth transverse Banach manifolds with

Tvscg(vEnd(S)) — ran(vEnd(S)), TvEnd(S) Sy = ker (vEnd(S))*.

We will say that a connection Vf is in the Coulomb gauge with respect to Vlg if
(ViE rl‘j(é’))*(Vf — Vf ) = 0. The following lemma shows that, near V€, we may always
put a pair of connections in the Coulomb gauge with respect to each other. It is a slight
generalization of the usual claim (see [25, Proposition 2.3.4]).

Lemma 4.1 (Coulomb gauge). Lets > 1. There exists ¢ = (s, V€) > 0 and a neighbour-
hood U C CSTH(M,U(€))/S! of 1g such that for any A; € C*(M,T*M ® Endy(8))
with ||Aillcs < &, after setting Vig = VE + A; for i = 1,2, there exists a unique
PAy, A, € Usuchthat py 4, VE — V¢ € ker (V]fnd(g))*. Furthermore, if A; are smooth,

81t is very likely that the case s = oo still works. This would require to use the Nash-Moser
Theorem.
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then pa,, 4, is smooth. Moreover, the map
(C*(M.T*M ® End(8)))” 5 (A1, A2) > $(A1. A2) := pj, 4, V5 € 8,(VE)
is smooth. Setting ¢(A) := ¢(0, A), we have

d¢ |A:() = nker(VEnd(é?))* .

05(VE) 0s5(V§)

S = Vf + ker(and(g))*

Fig. 5. A schematic representation of Lemma 4.1.

Proof. Note that the exponential map
exp : CSTH (M, Endy(8)) N {ilg}e2 — CSTH (M, U(E))/S!

is well-defined and a local diffeomorphism at zero, so we reduce the claim to finding
a neighbourhood V € CSH1 (M, Endg(€)) N {ilg} 22 of 0 and setting p = DAy A> =
exp(x4,,4,) for x = ya,,4, € V, thatis, U = exp('V). Define the functional

F: (C5(M,T*M ® Endy(6)))? x CST' (M, Endy(€)) N {ilg}*r2
— C37Y(M,Endg(€)) N {ilg)te?
by
F(Ar, Aa, 1) == (V7Y (exp(— 1) VE® exp(x) + exp(—x) A2 exp(x) — A1).

We see that F is well-defined, i.e. with values in skew-Hermitian endomorphisms, since
V€ is unitary, and integrating by parts we get (F(A;, A2, x), 1g);2 = 0; note that F is
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smooth in its entries. Next, we compute the partial derivative with respect to the y variable
at Ay = A, =0and y = 0:

dy F(0,0,0)(I") = 8;|;=0 F(0,0,1T) = (VEME))*yEdE)
This derivative is an isomorphism on
(VEnd(S))*vEnd(g) . C::+1(M, Endsk(g)) N {ils}le
— C37Y(M,Endg (8)) N {ilg)te?,

by the Fredholm property of (VEM(E))*VEE) and since ker VEME) = C . 1¢ by
assumption. The first claim then follows by an application of the implicit function the-
orem for Banach spaces.

The fact that p is smooth if (41, A,) is, is a consequence of elliptic regularity and the
fact that C; is an algebra, along with the Coulomb property:

(Vi) End® ) — (VEE) p) p=t e VIO p o p(VENE) (p71(4, — A2)p) € CS

implies p € C$2. Bootstrapping we obtain p4, 4, € C*. Here e denotes the opera-
tion of taking the inner product on the differential form side and multiplication on the
endomorphism side.

Eventually, we compute the derivative of ¢(A). Write p4 := po,4 and x4 := yo,4,
where x4 is orthogonal to i 1¢ with respect to the L? scalar product, so that by definition

¢(A) = VE + p VEE py 4 pi Apa. 4.2)

By differentiating the relation F (A, y4) := F(0, A, y4) = 0 at A = 0, we obtain, for
every ' € C3 (M, T*M ® Endi(€)),

0 = dgFla=0,y=0(I") + dy Fla=0,y=0(d)x4la=0(I"))
= (VE@E)y*p 4 (VEME))*gEdE) gy 1, (T,

that is, dyglg=o(T") = —[(VEME))*yEdE)]=1(vEMEN*T  Observe that dpy|s=o =
dy4la=0 via the exponential map and by (4.2), we obtain

dpla—o(I') = VO dyg4—o(I) + T
=T — VEnd(S) [(VEnd(S))* VEnd(Ei)]—l<vEnd(8))* T.

We then conclude by (2.13). ]
In particular, the proof also shows that the map
C3(M, T*M Q@ Endg(€)) > A ¢(A) € S5 := 85(VE)

is constant along orbits of gauge-equivalent connections (by construction).
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4.2. Resonances at z = 0: finer remarks

We recall that V& is an arbitrary smooth unitary connection on a Hermitian vector bundle
& — M and that the differential operator X := (7*V&)y is defined over SM.

In the subsequent lemma, we will use the following characterization: zy € C is a
Pollicott—Ruelle resonance of —X if and only if there exists a non-zero distribution u €
i);;;; (M, &) such that —Xu = zou. Here for a closed conic set I' C T*M, we denote
by Dp (M, &) the set of distributional sections u such that the wavefront set satisfies
WF(u) C I (see [52, Chapter 8] for the background on wavefront sets). This characteri-
zation follows by the flexibility in the choice of anisotropic spaces (see e.g. [30, Theorem
13] for details).

Lemma 4.2. The Pollicott—Ruelle resonance spectrum of X is symmetric with respect to
the real axis.

Proof. If z is aresonance associated to —X, i.e. a pole of z — R (2), then by (2.18), Z is
a resonance associated to +X, i.e. a pole of z — R_(z). Let u € !D};; (M, &) be a non-
zero resonant state such that —Xu = zou. Let R : (x,v) — (x, —v) be the antipodal map
on SM; note that the pullback R* acts on sections of 7*& and that R*n*VE = g*VvE&
since m o R = m. Observe that R* : 50;5; (M, &) — JO;ES* (M, &) is an isomorphism,
since R*X = —X, so R* will swap the stable and the unstable bundles. Then zg R*u =
—R*Xu = XR*u and R*u € J);:Y* (M, &). Thus R*u is a resonant state associated to the

resonance zg. So both zy and Z are resonances for +X, which completes the proof.” m

We remark that the preceding lemma also holds in sufficiently high finite regularity
by a density argument and the continuity of resonances established in Lemma 2.5.

Consider a contour y C C such that —X has no resonances other than zero inside or
on y. By continuity of resonances (see Lemma 2.5), there is an & > 0 such that for all
skew-Hermitian 1-forms A with ||4]|¢s < & the operator —X4 := —(*(VE 4+ A))x has
no resonances on y. Here we need to take s large enough (depending on the dimension),
so that the framework of microlocal analysis applies.

In the specific case where dimker X| g, = 1, we denote by A4 the unique resonance
of —X4 enclosed by y. Note that the map A > A4 is C3-regular for ¢ > 0 small enough
(see Lemma 2.5).

Lemma 4.3. Assume that dimkerX|s, = 1. Then A4 € R andforT" € C*(M,T*M ®
Endy(€)),

dAgla=o =0, d®Agla=o(I.T) = —(Mr}Tug, w{ Tuo) 2.

where Uy is a resonant state associated to A = 0 and ||ugl|z2 = 1.

9 Alternatively, by inspecting the construction of the anisotropic Sobolev space in [30], we see
that we may assume R* : J 1 - Jt’;;: is an isomorphism, simply by replacing the degree function

m—R*m

m in the construction by =31 which then implies that R*m = —m.
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Proof. By the symmetry property of Lemma 4.2 and continuity of resonances we know
A4 € R. Also, observe that uy is either pure odd or pure even with respect to v (i.e.
R*ug = ug or R*ug = —uy) because R* keeps ker X fixed and ker X is assumed to be
one-dimensional.

For the second claim, it is sufficient to start with the equality —X ru,r = A;ru,r,
where ' € C®°(M, T*M ® Endy(&)), T € (-6, §) is small enough so that t — A.r
and T — u,r € H4 are C3, and to compute the derivatives at 7 = 0. Observe that
Xo = ;T and )"(0 = 0. We obtain —Xouo — Xopltg = )'touo and taking the L? scalar
product with uo, we find 19 = 0, using the fact that u is either pure odd or pure even.

Thus 1y — H Ug = —R+7r1 I'ugp. Then, taking the second derivative at t = 0, we get
—an Tug — Xouo = /\ouo, and taking once again the scalar product with u¢, we find
do=— (R+ {Tuo, m{Tup)y2. It is then sufficient to observe that by symmetry (using

R)* =Ry and do €R)
(Ra'nffuo,nffuo)Lz = (Ry 7y Tug, 7 Tug) 2

This proves the result. ]

4.3. P-R resonance at 0 of the mixed connection: Opaque case

We now further assume that X := (*VEM(©E))y has the resonant space at 0 spanned by
1g. This condition is known as the opacity of the connection 7*V€. When (M, g) is
Anosov, this is known to be a generic condition [15, Theorem 1.6].

As in Section 2.2.1, we assume that s > 1 (so that standard microlocal analysis and
the perturbation lemma 2.5 apply) and we introduce the mixed connection induced by
VE = VE 4 4; and V§ = V€ + A4, namely

VHom(VE.V5),, — VEM©y, ¢ Ay A,

and we set X4, 4, := (n*VH"m(VIS’st))X and z — Ry (z, A4;) for the resolvents. The
operator X := Xg,o has the resonant space at z = 0 spanned by lg. For || A1]|cs. [[42]cs
small enough by Lemma 2.5 the map (A1, A2) — A4,,4, 18 C 3-1regu1ar, where we denote
by A4,,4, the unique resonance close to 0, namely the unique pole of R (z, 4;) inside the
small contour y around zero (see Section 4.2). Since VH"m(Vlg’Vz8 ) is unitary, by (2.19) we
have ReA4, 4, <0, and by Lemmas 4.3 and 2.5 we get 14, 4, € R (as otherwise the rank
of the projector in Lemma 2.5 would be at least 2, contradicting the fact that it is locally
constant). In fact, A4, 4, descends to the moduli space: if p} (V€ + A)) = VE + 4; for
[|4;||cs small enough, then using (2.6) we get

Xgr apt = (p2) 7 - Xy, 4, (p2u(p)™) - pr, u € Hy (4.3)

Here we use the fact that J is stable under multiplication by C$ for s large enough;
hence Xy4,,4, and X1 4/ have equal P-R spectra and so Ay 4, = )LA/I AL

Next, we need a uniform estimate for the generalized X-ray transform operator
Hllind(g) , introduced in Definition 2.6 with m = 1 and with respect to the endomorphism

connection End(V¢) (see Definition 2.1), in a neighbourhood of V¢:
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Lemma 4.4. Assume Hllznd(g) is s-injective. There are constants €, C > 0 depending only
on V& such that for all skew-Hermitian 1-forms with | Al cs < &,

VfeH Y2(M T*M ® End(€)),
VE+4
(YD 1) 0 2 Cllmy e sy 11

Proof. Observe first that the left hand side of the inequality vanishes on potential tensors
by (2.23) and hence it suffices to consider f € ker (VEM(VE+A)* Thep

nd(VE+4 nd(VE nd(VE+4 nd(VE
(VD £y o = (O £y (@Y Oy gy

2 End(VE+A4 End(VE 2
Coll e (vmmaerys £ 12172 — ITIF Y HD D) s il £12-1

v

A%

2 2
%C0||f”H—l/2 - %C()”ﬂker(VEnd(VE))* - ﬂker(vﬁnd(v8+m)* ||H—1/2—>H—1/2||f||H—1/2
2
§Coll S 13-1/2-

In the second line, we have used Lemma 2.9 (3) with a constant Cy. In the next line we

&
have used the fact that the map 4 — H]fnd(v A e g continuous; the proof of this

fact is analogous to the proof of [43, Proposition 4.1] and we omit it. Thus for ¢ > 0
End(VE+4) I
1

A%

small enough, ||TT ]fnd(vg) lg—1/2_5 172 < Co/4. Similarly in the last line
we have used the continuity of A — 7, (VERI(VE + Ay € £(H~1/2), which follows by
standard microlocal analysis from (2.13): more precisely, this is a consequence of the fact
that (VEnd(Vg))*VE“d(VS) is an isomorphism on C*(M,End(&)) N (C1g)* by the opac-
ity assumption (where the orthogonal is taken with respect to the L? scalar product) and
by continuity, this holds for all operators (VE“d(V8+A))*VEnd(V8 +4) as long as || 4 llcs is
small enough (for s large enough); hence the operator [(VE“d(Vg JFA))”‘VE“d(VSjLA)]_1 in
(2.13) is locally uniformly bounded and so by the resolvent formula, it varies continuously
with respect to the connection. So again we choose ¢ > 0 small enough so that

||nker(VEnd(V8))* T Ther (VEI(VE +4) ) lg—1/25-1/2 < Co/4.
The claim follows by setting C = Cy/8. ]
Recall that 14,,4, < 0 in the following:

Lemma 4.5. Assume that the generalized X-ray transform and(s) defined with respect
1o the connection VE"E) js s_injective. For s > 1 large enough, there exist constants
e, C > 0 such that for all A; € C*(M,T*M ® Endy (€)) with || A;llcs < efori =1,2,
we have

0= ||¢(A17A2)_ C|AA1,A2|'

VE I 24,7 Momnase) =
Proof. We introduce two functionals in the vicinity of V&, for small enough & > 0:
Fi, F2 1 (CJ°(M, End(€)) N {[| 4]l cx0 < &})* = R,
Fi(Ay, Az) := A4, 45, F2(A1, Az) i= =9 (A1, A2) — Vf”;{—l/z'
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They are well-defined and restrict to C3-regular maps on 35, for some so > 1 large
enough by Lemma 4.1 and the discussion above. Moreover, using Lemma 4.3 we have,
for all A,

Fi(A,A) = F2(A,A) =0 and dFi|4,4) = dF2|@,4) =0.
We will compare the second partial derivatives in A, at a point (4, A). Given I' € Tye Sy,
~ ker (VEM(®E)* by Lemma 4.1 we have
dflz F2|(A,A) (ILr) = _2||ﬂker(VEnd(Vg+A))* r ||§1—1/2- (4.4)
By Lemma 4.3,

&
& FilaaTT) = (MY D s P 1 7 T1g) o = —2(IY 9T, 1) 1

for some constant ¢ > 0, where TTE(VE+4) denotes the TT operator with respect to the
endomorphism connection induced by V& + A. We use here the fact that the orthogonal
projection to the resonant space C1g of X4 4 at zero vanishes, because (7', 1g);2 =0
as ;T is odd. For & > 0 small enough, by Lemma 4.4 we know H?"d(V8+A) is s-injective

and there is a constant C’ = C’(V¢) > 0 such that
B Fila (T T) < ~C'lm, ese -T2
= 1C'd3, Fala,4(T.T). (4.5)
As a consequence, writing G(A4;) := F1(4, A3) — %C’FZ(A, Aj), we have G(A) = 0,
dGlay—4 = 0 and by (4.5), (4.4),

d2G|A2=A(F, I) = lC/dizekA,A)(F, I)= _%C/””ker(vgnd(v@-rm)*F”Z—]/z-
If we now Taylor expand the C3-map S5y 3 A2 = G(A2) at A, = A, we obtain

G(A+T) = 3d°Gla=4(TT) + OIT[2s0)

IA

2 1 2 3
_%C/”F”Hfl/z + ZC/”(”ker(VE“d(S))* - nker(VEnd(VngA))*)F||H71/2 + C””r”C:O

2 3
—3C T 5172 + C"IT [ gs0-

IA

In the second line we have introduced a uniform constant C” = C”(V¥) > 0 using the
C3-regular property and Tyer (vEna()y« ' = T'. For the last line, we observe that A —
T er (VE(VE + ) )x € £(H~'/2) is a continuous map by (2.13) (see the last subsection of
Lemma 4.4) and hence the H~'/2 — H~!/2 estimate is arbitrarily small for & small
enough. This estimate holds for all || A| zso, [|T'[|o50 < &/2.

Choosing s > 5o and assuming that A € CJ(M,T*M ® Endg(€)) with [|A]lcs <e,
there is a C""(V€) > 0 such that for ¢ > 0 with C"e < %C’, by interpolation we obtain

G(A+T) < —gC'IIT|5-1/2 + C"IITllcs ITN3-12 < —16C I F-1/2 < O.

N——
<C’/16

After taking ¢ > 0 small enough, the statement holds with C = %C ‘. ]
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We note that the preceding lemma shows that A4, 4, controls the distance in the mod-
uli space between V€ + A, and V€ + 4,.

Remark 4.6. It was proved in [43] that there exists a metric G on the moduli space of
isometry classes (of metrics with negative sectional curvature) which generalizes the usual
Weil-Petersson metric on Teichmiiller space in the sense that, in the case of a surface, the
restriction of G to Teichmiiller space is equal to the Weil-Petersson metric. We point
out that the operator I1; also allows us to define a metric G at a generic point ag € Ag,
similarly to [43]. Indeed, if ag € Ag, taking a representative V€ € ag, one has TooAg =
ker (VE')* and thus, given I' € ker (VE™)*, one can consider

Gao(I.T) := (I . T) 2, 7+ M@Enacey) = €T N3-1/

for some constant ¢ > 0. Lemma 4.4 shows that the constant ¢ is locally uniform with
respect to ag.

4.4. P-R resonance at 0 of the mixed connection: Non-opaque case

The aim of this subsection is to deal with neighbourhoods of connections that are not
necessarily opaque, and only assume H]f"d(g) is injective. In other words, we do not want
to assume the resonant space of —(7* VE™(®))y at zero is spanned by 1g necessarily.

Next, as in Section 4.3, we introduce the mixed connection with respect to Ve + 4
and V€, denoted by VHom(VE+A.YE) and set Xy 1= (n*Vﬂom(V8+A’V8))X. We assume
s > 1. As before, consider a contour y C C around zero such that X := X has only the
resonance zero enclosed by y and ¢ > 0 such that —X4 has no resonances on y for all
|Allcs < e. We introduce

= L /(z +Xa) ' dz, A= Tr(=XaI1)).
2mi J,

This generalizes the quantity studied in Section 4.2, where it was assumed that the mul-

tiplicity of X at zero is 1. By Lemma 2.5, A +— HI and A > A4 are C3-regular. As in

(4.3), the operators —X4 and —X 4 are unitarily equivalent on # whenever V€ + A and

VE 4+ A’ are gauge-equivalent; hence A4 = A4 and so A4 descends to the local moduli

space.

Note also that Re A4 < 0, since by (2.19) all resonances of —X4 lie in the half-plane
{Rez <0} and this gives us hope that Re A 4 controls the distance between the connections.
Assume that the resonant space of —X at zero is spanned by smooth LZ-orthonormal
resonant states {u; }f’zl. We have the following generalization of Lemma 4.3:

Lemma4.7. For A € C®°(M,T*M ® Endw(&)) with | Allcs < &, we have A4 € R and
the following perturbation formulas hold:

p
dhala=o =0, d*Aala=o(".T) = = (Tu;w{TouimiT) o

i=1
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Proof. The fact that A4 is real follows from the symmetry of the spectrum of —X4 shown
in Lemma 4.2. The first derivative formula is obvious as A4 < 0; the second one follows
from minor adaptations of [15, Lemma 5.9], where the analogous case of endomorphisms
was considered. |

Next, by a straightforward adaptation of Lemma 4.1, we obtain the existence of ¢ > 0
such that for all A with ||A[|¢s < e, there is a smooth map A4 — ¢(A) € S, that sends
V€ + A to Coulomb gauge with respect to V&, that is, ¢(4) — V& € ker (VE(E))*,

Remark 4.8. We cannot get the statement analogous to Lemma 4.1 for parameters
(A1, A3), because the range of F(Ay, A, x) equals ker (VlEnd(g))L and this is not uni-
form in A; (i.e. ker and(g) changes as we move Aj); the space Ag is not a smooth

manifold at reducible connections.

In the following lemma, we will need to assume that 77y 4 I"[E)F = 0. Equivalently, this
means that the resonant states u; € ker X|,;gJr satisfy my«u; =0fori =1,..., p,i.e. the
degree 1 Fourier modes of all the u; vanish.

Lemma 4.9. Assume that the generalized X-ray transform H]f"d(s) defined with respect
to the connection VE"®) is s-injective and additionally that 71 + H(‘)|r = 0. For s > 1 large
enough, there exist constants &, C > 0 such that for all A € C*(M,T*M ® Endy(8))
with | Allcs <&,

0= ||¢(A) - Vg||§1_1/2(M,T*M®Endsk(8)) = C|AA|

Proof. This is straightforward from the proof of Lemma 4.5. With the same functionals
Fi(A) = A4q and F>(A) = —|¢(A4) — VE ”i]-lﬂ’ the only slight difference is the com-
putation of d? Fy. Pick an L2-orthonormal basis uq, ..., u p of the resonant space of —X
at zero such that u; = c1g, where c is a fixed constant. By Lemmas 4.7 and 2.3, we have

y4
A Fila=o(N.T) = = > (M mi TouimiT)2 < (IO T) 0.
i=1

Note that we have used H(‘)F 1T = 0. This follows from the expression for the projector

HE,F = Zip=l(o, u;)r2u; and myu; = 0 for all i. This suffices to run the proof in the

same manner. (]
5. Injectivity of the primitive trace map
We can now prove the main results stated in the introduction.

5.1. The local injectivity result

We now prove the injectivity result of Theorem 1.1.
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Proof of Theorem 1.1. We fix a regularity exponent N >> 1 large enough so that the
results of Section 4 apply. We fix a smooth unitary connection V€ on & and assume that
it is generic. By mere continuity, the same properties hold for every connection V& + A
such that || 4[|y < &, where ¢ > 0 is small enough depending on Ve,

Consider two smooth unitary connections Vig = V€ + 4; such that ||4; ey <e
fori = 1,2. Assume that T“(Vf ) = T”(Vf ). By differentiating with respect to time and
taking ¢ = 0 in (3.2), the exact LivSic cocycle theorem 3.2 yields the existence of a smooth
map p € C*°(SM,U(E)) such that

H*V;om(vf?,vf)p —0.
that is, p is a resonant state for the operator X4, 4, associated to the eigenvalue 0.
Assumptions (A) and (B) allow us to apply Lemma 4.5. We then obtain

A'AI,AZ =0 = _C||¢(Ala AZ) - 07

g2
<
Vi ||H—1/2(M,T*M®End(€)) =

where C = C(V®) > 0 only depends on V€. Hence ¢(A4;, A;) = pzl Asz = Vf. In
other words, the connections are gauge-equivalent. ]

Next, we discuss a version of local injectivity in a neighbourhood of a connection
which is non-opaque. We will say a map f : X — Y of topological spaces is weakly
locally injective at xy € X if there exists a neighbourhood U > x¢ such that f(x) = f(x¢)
for x € U implies x = xg. This notion appears in non-linear inverse problems where the
linearization is not continuous [94, Section 2]. We have:

Theorem 5.1. If N > 1 and [V€] € Ag is such that the generalized X-ray transform

End(&) End(&)
T Vy

is s-injective, as well as 114 ker 7* |coo = 0O, then the primitive trace

map T# is weakly locally injective at [V€] in the C" -quotient topology.

Proof. The proof is analogous to the proof of Theorem 1.1, by using the results of Sec-
tion 4.4. We omit the details. ]

We shall see below (see Lemma 5.10) that flat connections have an injective general-
ized X-ray transform H]fnd(g) and satisfy the additional condition that ker (7*V &)y |coo
consists of elements of degree zero (but might not be opaque). The previous theorem
therefore shows that the primitive trace map is weakly locally injective near such connec-
tions. Let us state this as a corollary for the trivial connection, as it partially answers an

open question of Paternain [79, p. 33, Question (3)].

Corollary 5.2. Let & = M x C7 be the trivial Hermitian vector bundle equipped with
the trivial flat connection d. Then there exists a neighbourhood U > [d] in Ag with CN -
quotient topology such that [d] is the unique gauge class of transparent connections in U.

5.2. Global injectivity results

We now detail some cases in which Theorem 1.1 can be upgraded.
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5.2.1. Line bundles. We let Tlﬁ be the restriction of the total primitive trace map (1.3)
to line bundles. The moduli space of all connections on line bundles A; carries a nat-
ural Abelian group structure using the tensor product. When restricted to line bundles,
the primitive trace map Tlﬁ takes values in £(€#, U(1)), the set of sequences indexed by
primitive free homotopy classes. We have

Lemma 5.3. The map Tlﬂ : Ay — £°°(€% U(1)) is a multiplicative group homomorphism.
Proof. Left as an exercise to the reader. ]

Remark 5.4. There also exists a group homomorphism for higher rank vector bundles
by taking the determinant instead of the trace. More precisely, writing A, for the set of
all unitary connections on all possible Hermitian vector bundles of rank r (up to isomor-
phism), one can set

det? : A — £°(€*, U(1)), (5.1)

by taking the determinant of the holonomy along each closed primitive geodesic. This map
is also a group homomorphism (where the group structure on | |, o A, is also obtained by
tensor product). Nevertheless, the determinant map (5.1) cannot be injective as all trivial
bundles (of different ranks) have the same image.

‘We have the following result, mainly due to Paternain [77]:

Proposition 5.5 (Paternain). Let (M, g) be a smooth Anosov n-manifold. If n > 3, then
the restriction of the primitive trace map to line bundles,

TH: Ay — £2°(eh), (5.2)
is globally injective. Moreover, if n = 2 then
ker 7 = {((c®"), [V*°®")) | n € 2},

where k — M denotes the canonical line bundle and V*C is the connection induced on k
by the Levi-Civita connection.

Observe that on surfaces, the trivial line bundle C x M — M (with the trivial con-
nection) and the canonical line bundle k — M (with the Levi-Civita connection) both
have trivial holonomy but are not isomorphic. This explains the existence of a non-trivial
kernel for n = 2. We will need this preliminary lemma:

Lemma 5.6. Let (M, g) be a smooth closed Riemannian manifold of dimension > 3 and
let 1 : SM — M be the projection. Let £1 — M and £, — M be two Hermitian line
bundles. If t* £, >~ n* &Ly, then £1 ~ £,.

Proof. The topology of line bundles is determined by their first Chern class. As a conse-
quence, it suffices to show that ¢ (£1) = ¢1(£3). By assumption, we have ¢y (7*&£1) =
7*c1(£1) = c1(m*&Es) = n*c1 (L) and thus it suffices to show that 7* : H2(M,Z) —
H?(SM,Z) is injective when dim(M) > 3. But this is a mere consequence of the Gysin
exact sequence [9, Proposition 14.33]. ]
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Proof of Proposition 5.5. Assume that ‘Tln (ay) = ‘Tln(az), wherea; € Ay, anda, € Ag,
are two classes of connections defined on two (classes of) line bundles. By Theorem 3.2,
the pullback bundles 7*£; and 7*£, are isomorphic, hence £; >~ &£, by Lemma 5.6.
Up to composing with a first bundle (unitary) isomorphism, we can therefore assume
that £1 = £, =: £. Let V;f € a; and Vf € a, be two representatives of these classes.
They satisfy T“(V{f) = T”(V;ﬁ). Combining Theorem 3.2 with [77, Theorem 3.2], the
primitive trace map 'Tg is known to be globally injective for connections on the same fixed
bundle. Hence Vir and Vf are gauge-equivalent.

For the second claim, let x = ([£], a). If ‘Tlﬁ(x) = (1,1,...) (i.e. the connection is
transparent), then by Theorem 3.2, 7*&£ — SM is trivial. By the Gysin sequence [9,
Proposition 14.33], this implies that ¢; (£) is divisible by 2g — 2, where g is the genus
of M (see [77, Theorem 3.1]), hence [£] = [k®"] for some n € Z. Moreover, the Levi-
Civita connection on k®”" is transparent and by uniqueness (see [77, Theorem 3.2]), this
implies that a = [VEC®"]. m

Remark 5.7. The target space in (5.2) is actually £°°(€# U(1)) (sequences indexed
by €* and taking values in U(1)), which can be seen as a subset of U(£°°(€#)), the group
of unitary operators of the Banach space £>°(€*) (equipped with the sup norm). Then 'Tl’i
is a group homomorphism and Proposition 5.5 asserts that

TF: A — UEe(eY))
is a faithful unitary representation of the Abelian group A;.

We end this subsection with a generalization of Proposition 5.5. There is a natural
submonoid A" C A which is obtained by considering sums of line bundles equipped with
unitary connections, that is,

Ali={x1@®---®x¢ |keN, x; € A}
We then have the following:

Theorem 5.8. Let (M, g) be a smooth Anosov Riemannian manifold of dimension > 3.
Then the restriction of the primitive trace map to A/,

TH: A — o(eh),
is globally injective.

Proof. Let£ =L 1P DLrand g =1 @+ @ Jp be two Hermitian vector bundles
over M, equipped with the respective connections VE! @ --- @ VELx and V#1 @ ...
@ V7 and assume that they have the same image by the primitive trace map. Fixing
a periodic point (x,, v4) and applying Proposition 3.19, we see that k = k’ and there
exist isomorphic representations pg : G — U(n*£L(x, v,)) and pg : G = U * g (x, v,))-
where G denotes Parry’s free monoid at (x,, v.). Since these representations are sums
of one-dimensional representations, there is a unitary isomorphism p, : 7*£(x, v,) =
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7* $(x, v, such that for each i € {1, ..., k}, there exists o(i) € {1, ..., k} such that

P = Pxln*2; («, v, 18 @ TEpresentation isomorphism

py) : JT*ofi,(x*,v*) g ﬂ*ga(i),(x,,,v*)'

Now, following the arguments of Lemma 3.21, we parallel-transport p,(,i) along the

Hom(V£i ,v¥o (@) .
onm( " ) of the mixed connec-

homoclinic orbits with respect to the pullback 7 *
tion (induced by V¥i on &; and V&2 on Joa)); the Lipschitz-regularity of the resulting
section follows, as in Lemma 3.24, from the fact that pp 2:(8) = Pgp) (8) 9 for all

g € G. Using the regularity result of [39], we thus obtain a unitary section
p® € C®(SM, n*Hom(&:, do (i)

conjugating the parallel transports along geodesic flow lines with respect to the con-
nections 7*V%i and 7*V%o@ . In particular, the existence of such a p) ensures that
Tl’i(éﬁi, viiy = ’J'lﬂ(glg(i), V#@). We then conclude by Proposition 5.5, showing that
each pair (£;, V¥i) is isomorphic to (&o(i)s Véow) fori =1,...,k. |

5.2.2. Flat bundles. We discuss the particular case of flat vector bundles. It is well-known
that the data of a vector bundle equipped with a unitary connection (modulo isomorphism)
is equivalent to a unitary representation of the fundamental group (modulo inner auto-
morphisms of the unitary group). More precisely, given p € Hom(sr; (M), U(r)), one can
associate a Hermitian bundle & — M equipped with a flat unitary connection V& by the
following process: Let M be the universal cover of M ; consider the trivial bundle C” x M
equipped with the flat connection d and define the relation (x, v) ~ (x’, v’) if and only
if X' = p(x),v" = p(y)v, for some y € 71 (M); then (&, V®) is obtained by taking the
quotient C” x M /~. Changing p to an isomorphic representation p’ = p - p- p~! (for
p € U(r)) changes the connection to a gauge-equivalent connection and this process gives
a one-to-one correspondence between the moduli spaces.
For r > 0, we let
M, := Hom(r (M), U(r))/~

be the moduli space of unitary representations of the fundamental group, where two rep-
resentations are ~-equivalent whenever they are isomorphic. The space M, is called the
character variety; see [61] for instance. For r = 0, it is reduced to a point; for r = 1, it
is given by M; = U(1)21™) where b; (M) denotes the first Betti number of M. Given
X € My, we let U(x) = (&, V&) be the data of a Hermitian vector bundle equipped
with a unitary connection (up to gauge equivalence) described by the above process. The
primitive trace map 7# can then be seen as a map

Th: | [ Mr — £22(e). THx) == THVE),

r>0

where the right hand side is understood by (1.2). We then have the following:
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Proposition 5.9. Let (M, g) be an Anosov manifold of dimension > 2. Then the primitive
trace map
7| | My — £ (eh)
r=>0
is globally injective. Moreover, given xg = ([E¢], [V(‘?]) € M, the primitive trace map is
weakly locally injective (in the sense of Theorem 5.1) near X in the space A[g) of all
unitary connections on [8].

Proposition 5.9 will be strengthened below when further assuming that (M, g) has
negative curvature (see Lemma 5.13): we will show that the primitive trace map is globally
injective on connections with small curvature. The first part of Proposition 5.9 could be
proved by purely algebraic arguments; nevertheless, we provide a proof with dynamical
flavour, more in the spirit of the present article. We need a preliminary result:

Lemma 5.10. Assume (M, g) is Anosov and V€ is a flat and unitary connection on the
Hermitian vector bundle & — M. Let X := (n*V®)y.

e If Xu= fwith f=/fo+ f1eC®M, (R &RQ)RE)andu € C*°(SM,7*8),
then fo = 0 and u is of degree 0.

o In particular, smooth invariant sections u € ker X|coo(spm,*¢g) are of degree 0.

o The operator Hf is s-injective.

Proof. The proof is based on the twisted Pestov identity for flat connections.

Lemma 5.11 (Twisted Pestov identity). Letu € H*(SM,7*&). Then
IVEXu|2, = [XVEul2: — (RVEu, VEu) 2 + (0 — D] XulZ..

For the notation, see Section 2.3.2; for a proof, we refer to [45, Proposition 3.3]. An
important point is that the following inequality holds for Anosov manifolds:

IXVEU|2, — (RVEu, VEu) 2 = C[VEu|?,.

where C > 0 is independent of u; see [83, Theorem 7.2] for the case of the trivial line
bundle (the generalization to the twisted case is straightforward). We thus obtain

IVEXu|2, = ClIV§ulZ, + (n — DIIXu|?,. (5.3)

By assumption, Xu = fo + f1 € C®(M, (2o ® Q1) ® &). Observe that this equation
can be split into odd/even parts: Xtteyen = f1, XUodd = S0, and Ueyen,oad € C(SM,t*E)
have respective even/odd Fourier components. Applying (5.3) with 14, we obtain fo =0,
Xuogqa = 0 and Vguodd = 0, that is, uyqq is of degree 0 but 0 is even so uqqg = 0. As far
as Ueyen 1S concerned, observe that Vf,Xueven = Vg f1 and

IV fill72 = (=AS fi, fidre = (= D] A7
Hence, applying the twisted Pestov identity with ucye,, We obtain

0= ”nglueven”iz - (Rvgueven» V\,glueven>L2 > C“vgueven“iz,
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that is, Ueven 1S Of degree 0. This proves the first point, and the second point is a direct
consequence of the first point.

For the last point, consider the equation Xu = 7§ f. By the first point, u is of degree
zero, so u = wju’ for some u’ € C®(M, &). Hence by (2.11) we get f = V€u’ and the
conclusion follows by Lemma 2.8. |

Proof of Proposition 5.9. We prove the first part of Proposition 5.9. We assume that
TH(x1) = TH(x»), or equivalently T#(V&1) = 7#(VE2). The exact Livsic cocycle theo-
rem 3.2 implies that the bundles 7 * 8, and 7 * &, are isomorphic and yields the existence
of a section p € C®°(SM,U(n*&,, m*8,)) such that

Cx, (x,1) = p((ptx)CX2(x,t)p(x)_1
forall x € M and ¢ € R, which is equivalent to

* Hom(VsXZ,VS"l)

7 Vy p=0,
Ex Ex . . . .

where VHom(VZ2.V™1) g the mixed connection induced by V&2 and V&1 on

Hom(&y,, &x,). Observe that by (2.5), the curvature of yHom(VE2,VE1) o hiches as both

&Ex Ex
curvatures Fyg,, , vanish. Applying Lemma 5.10 with X := n*V;({O’n(V 2V acting

on the pullback bundle 7*Hom(&y,, &y, ), we find that p is of degree 0, which is equiva-
lent to the fact that the connections are gauge-equivalent.

As for the second part of Proposition 5.9, by Theorem 5.1 it is a straight-
forward consequence of the s-injectivity of H];:"d(g()) and the fact that elements of

ker (7* VEM(E0)) x| co0) are of degree zero, which follows from Lemma 5.10 (2, 3). |

5.2.3. Negative sectional curvature. We now assume further that the Riemannian mani-
fold (M, g) has negative sectional curvature. We introduce the following condition:

Definition 5.12. We say that the pair of connections (V€1, V&2) satisfies the spectral
condition if the mixed connection VHOM(V=1.V*2) hag no non-trivial twisted CKTs.

This condition is symmetric in the pair (VE1, V2). Observe that by (2.6), the previous
condition is invariant under changing one of the two connections to p*V& for some
vector bundle isomorphism p, and thus this condition descends to the moduli space. We
then define

SCA XA, (5.4)

the subspace of all pairs of equivalence classes of connections satisfying the spectral
condition. The set S is open and dense (for the C¥-topology, N > 1), as shown in
Appendix A. Moreover, it also contains all pairs of connections with small curvature,
that is, if

Q= {x = (6], [VE]) € A | || Fye | Loo (b, A2T* MeEnae)) < €} C A,

then we have the following:
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Lemma 5.13. Ler (M, g) be a negatively-curved Riemannian manifold of dimension > 2
and let —k < 0 be an upper bound for the sectional curvature. There exists e(n, k) > 0
such that

Qs(n,fc) X QS(",K) cS.

One can take e(n, k) = k~/n — 1/4.

Proof. We start by a preliminary discussion. Given a Hermitian vector bundle & — M
with metric (e, @), and a unitary connection V€. we introduce, following [45, Section 3],
an operator ¢ € C®(SM, N ® Endg(&)) (recall that & is the normal bundle, see
Section 2.3.1) defined by the equality

(FE(x,v)e,w ® €) := (Fye (v, w)e, '), (5.5)

where Fye is the connection of VE and (x,v) € SM, e, e’ € &, w € N(x,v), and the
metric on the left hand side is the natural extension of the metric (e, ®) on & to N ® & by
tensoring with the metric g. A straightforward computation shows that

178 || oo (s, W @Endy (8)) < I Fys llLoo(a.02T* M@ER(E))- (5.6)

Now, let V&1 and V&2 be two unitary connections, VH"m(V81 VE2) be the mixed connec-
tion and F Hom(€1-62) pe the operator induced by the mixed connection as in (5.5). Observe
that by (2.5) and (5.6), we get

| 7 HomELED || oo < I Fgtomwer vez) Lo < [ Fyey [Loo + [[Fye, Lo < 28(n, k).
5.7
By [45, Theorem 4.5], if m > 1 satisfies

”?Hom(&’&)”%oo

mm—+n—2)>4 , (5.8)

K2

then there are no twisted CKTs of degree m (for the connection yHom(VE1 ’ng)). Now,
the choice of ¢(n, k) > 0 combined with (5.7) guarantees that (5.8) is satisfied for any
m > 1. [

We then have the following statement:

Proposition 5.14. Let (M, g) be a negatively-curved Riemannian manifold of dimension
> 2. Let (a,a’) € S be such that T#(a) = T#(a’). Then a = o'

In other words, two connections satisfying the spectral condition and whose images
by the primitive trace map are equal, are actually gauge-equivalent.

Proof. Consider two representatives V&1 € a and V&2 € o’. The exact Livic cocycle
theorem 3.2 provides a section p € C*°(SM,U(7*&,, 7*E&7)) such that

& &
n*v;lom(v 2,V l)p —0.

By assumption, (M, g) has negative curvature and thus p has finite Fourier degree by
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[45, Theorem 4.1]. Moreover, since VHom(ng’Vgl) has no non-trivial twisted CKTs, p is
of degree 0 (see [45, Theorem 5.1]). This shows that the connections are gauge-equivalent.
(]

5.2.4. Topological results. In this section we prove a global fopological uniqueness result
for the primitive trace map.

Proposition 5.15. Let (M, g) be an orientable Anosov manifold. If x; = ([€;],[V¢]) € A
fori = 1,2, then TH(x1) = TH#(x») implies:

o [f dim(M) is odd or more generally the Euler characteristic y(M) vanishes, then
&1 ~ &, as vector bundles.

e Ifdim(M) = 2d for some d € N and y(M) # 0, then

— the Chern classes satisfy ¢;(€1) = ci (&) fori =1,...,d —1; also c;(€1) —cq(&2)
€ H*A(M:;7) = Z is a multiple of y(M);

— ifthe even cohomology ring H®*"(M ; Z) is torsion-free, and the rank of the bundles
is less than d or more generally c4(81) = c4(82), then & and &, are stably iso-
morphic, i.e. there is an m > 0 such that &; & C™ ~ &, § C™.

Proof. As a direct consequence of Theorem 3.2, from T¥(x;) = T¥(x,) we deduce that
7'[*81 ~ 7'[*82.

If (M, g) has a vanishing Euler characteristic, there is a non-vanishing vector field
Ve C®M,TM) (see [9, Chapter 11]), which we normalize to unit norm using the
metric g and hence see as a section of SM. Then since 7 o V' = Idyy, we get

81 >~ V*T[*gl >~ V*ﬂ*gz >~ 82,

completing the proof of the first item.

The first point of the second item is immediate after an application of the Gysin exact
sequence [9, Proposition 14.33] for the sphere bundle S M . The second point follows from
the first one and the fact that the Chern character gives an isomorphism between rational
K-theory and even rational cohomology [50, Proposition 4.5]. |

It is not known to the authors if further results hold about the injectivity of 7* :
Vect(M) — Vect(SM) in even dimensions (dim(M) > 4).

Appendix A. Generic absence of CKTs for the mixed connection

In this section we assume that (M, g) has negative curvature. For i = 1,2, we let véi
be a (smooth) unitary connection on the Hermitian vector bundle & — M. By [45, The-
orem 4.5], there exists mo > 1 (depending on the dimension and the sup norm of the
curvatures of V€1.2) such that the mixed connection YHom(VEL,VE2) hag no non-trivial
twisted CKTs of degree m > my. This property is stable by any small perturbation of Vi
in the C!-topology (so that the curvature is well-defined). From this, we deduce by stan-
dard elliptic theory that if the pair (V&!, V2) satisfies the spectral condition, then any
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small perturbation (in the C!-topology) will also satisfy the spectral condition: indeed,
absence of twisted CKTs of degree m is equivalent to the invertibility of a natural Lapla-
cian operator acting on €2, ® Hom(&, &,) and this is an open property as there are only
a priori a finite number of integers m < myg to check; see [15] for further details. This
shows that the set S defined in (5.4) is open.

We now show that it is dense. More precisely, we show the following:

Lemma A.1. Let V€12 be a smooth unitary connection on &, — M and assume that
VHom(VELVE) yamits non-trivial twisted CKTs of degree m > 1.
Then, for any € > 0 and ko > 1 large enough, there exists a small perturbation V&2 + T'5,
where T'y € C®°(M,T*M ® Endg(82)) and ||| cko < & such that the mixed connec-
tion induced by the pair (V€', V82 + T') has no non-trivial twisted CKTs of degree m.

the mixed connection

&) ve
Proof. We let X2 := n*V;Iom(V BVT24T2) here ', is small and, as in Section 2.3.2,
we define

X2 1 C®(M, Q, ® Hom(E), €3)) — C®(M, Qa1 ® Hom(E}, &,)),

and X4 1= X270 We also let A2 := (Xiz)*Xiz, the Laplacian-type operator acting
on sections of Q,, ® Hom(&1, &;). The existence of twisted CKTs of degree m for the
mixed connection VHom(VEL.VE2) g equivalent to the existence of a non-trivial kernel for
AT2=0. gee [15, Section 4] for further details.

Given y C C, a small contour in C around 0 (containing only the eigenvalue O of
AT2=0) we let A2 be the sum of the eigenvalues of A2 inside y. We see that C%o >
I', — A2 is at least C3 when k¢ > 1 is chosen large enough. We have AT2=0 = 0 and
dAT2 = 0 [135, Section 4]. Moreover, it was shown in [15, Lemma 4.2] that the second
derivative is

d d

A=Ay, A2) = ) mierx [AX2=0(A)] 4 uill7 = ) Imkerx (A2) 12472,
i=1 i=1
where {u1,...,ug} is an L2-orthonormal basis of ker AT2=0 (each u; is a smooth sec-
tion of 2, ® Hom(&1, &2) > M), A, € C®°(M,T*M ® Endk(&>)) and (A,)+ is the
positive part of the operator (see [15, Section 2.2]), and mye,x_ is the L2-orthogonal pro-
jection onto ker X_|L2(M,Qm+l®Hom(3l,82)). The formula for dX™2=%(4,) = A, can be
directly read off from (2.3).

It thus suffices to produce a small perturbation such that this second derivative is
positive. We can argue by contradiction and assume that for any perturbation, this second
derivative vanishes. Following verbatim the arguments of [15, Section 4.3], and using the
fact that the operator X_ is of uniform divergence type (see [15, Section 3]), this would
imply that

(u1(x), (A2)-w)x =0
forallx € M, Ay € C°(M,T*M ® Endk(8>)), w € Qp+1(x) ® Hom(E1(x), & (x)).
It thus suffices to show, as in [15, Lemma 4.8] that this forces u; to be zero, which is a
contradiction since ||u;];2 = 1.
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We now fix an arbitrary point xo. We can write u1(xg) = Zle pi ® si, where
k = rank(Hom(&1, &5)), {s1,..., Sk} is an orthonormal basis of Hom(&1, §;) at xo,
and p; € Qpu(x0). We write (eq, ..., e,) for an orthonormal basis of T, M. Taking
A, =ilg, ® e}, w = f ®s;, where f € Q,,41(x0) is such that (vi)— f = p;, (here
vy = e (v) and (vi)_ is the minus operator associated; this operator is surjective by
[15, Lemma 2.4]), we get, as in [15, Lemma 4.8],

k
(u1(x0). (A2)-w)x, = Z (pi ®si,(v1)-f ®ilg, - siy)

i=1

i1l pig 21530 1* = il pig 17> = O

Hence u; = 0. This concludes the proof. ]
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