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Higher Jacobian ideals, contact equivalence
and motivic zeta functions

Quy Thuong Lê and Takehiko Yasuda

Abstract. We show basic properties of higher Jacobian matrices and higher Jacobian
ideals for functions and apply it to obtain two main results concerning singularities
of functions. Firstly, we prove that a higher Nash blowup algebra is invariant under
contact equivalences, which was recently conjectured by Hussain, Ma, Yau and Zuo.
Secondly, we obtain an analogue of a result on motivic nearby cycles by Bussi, Joyce
and Meinhardt.

1. Introduction

1.1. Higher Jacobian ideals and higher Nash blowups

Jacobian matrices and Jacobian ideals are fundamental objects in the study of singularities
of varieties, as well as singularities of morphisms. There are higher versions of these
notions, higher Jacobian matrices and higher Jacobian ideals. Duarte introduced them for
hypersurface varieties in [12], motivated by the study of higher Nash blowups. The case of
more general varieties was later treated in [2, 4]. The aim of the present article is to show
basic properties of higher Jacobian matrices and ideals for functions/morphisms, and to
apply them to show two results concerning singularities of functions, that is, a recent
conjecture on higher Nash blowup algebras by Hussain, Ma, Yau and Zuo [16], as well as
an analogue of a result on motivic nearby cycles by Bussi, Joyce and Meinhardt [6].

Let k be a perfect field. By a k-variety we mean a separated and reduced scheme
of finite type and of pure dimension over k. For a k-variety S , by S -variety we mean a
variety X together with a morphism X ! S such that every irreducible component of X
is dominant over some irreducible component of S . For a non-negative integer n and an
S -variety X , we have the coherent OX -module P n

X=S
and �.n/

X=S
, that are called the sheaf

of principal parts of order n and the sheaf of Kähler differentials of order n, respectively.
These sheaves are closely related to the higher Nash blowup. This blowup was studied, for
example, in [2, 4, 8, 11–14, 20, 22, 23] mainly from the viewpoint of the desingularization
problem. For a k-variety X , its n-th Nash blowup, denoted by Nashn.X/, can be defined
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as the blowup BlP n
X=k
.X/ D Bl

�
.n/
X=k

.X/ associated to P n
X=k

or �.n/
X=k

. Basic properties of

blowups associated to general coherent sheaves were studied previously in [19, 21]. It is
natural to consider a generalization of this blowup from k-varieties to S -varieties. We may
define the n-th Nash blowup Nashn.X=S/ of X over S to be BlP n

X=S
.X/ D Bl

�
.n/
X=S

.X/.

We may speculate that this blowup would shed new light on the study of singularities
of morphisms X ! S or singularities of the corresponding foliations on X . The study
of higher Nash blowups of S -varieties itself is not the main subject of this paper, but it
motivates the study of the sheaves P n

X=k
and �.n/

X=k
.

Our principal interest is in the case where S D A1
k

and X is smooth. Focusing on
the even more specialized situation X D Ad

k
is also important, as the local study of the

given function f WX ! A1
k

is reduced to this situation. Our first result, Proposition 2.3,
is an analogue of a result proved in [2, 4, 12]. Namely, we observe that for a morphism
f WAd

k
! A1

k
, there exists a free presentation

O
.d�1Cnd /
Ad
k

! O
.dCnd /�1
Ad
k

! �
.n/

Ad
k
=A1

k

! 0

such that the left map is given by a higher Jacobian matrix Jacn.f / defined in [2] (for the
single function case), which has higher derivatives of f and zeroes as entries. For more
information to the reader, there is another version of higher Jacobian matrix associated to
a morphism of affine spaces (see Section 1.1 in [7]. Restricting the above exact sequence
to the hypersurface defined by f refines an earlier result in [12], and is similar to the exact
sequence independently obtained in Corollary 2.27 of [4]. This free presentation shows
that the n-th Jacobian ideal sheaf Jn.f / is generated by the maximal minors of Jacn.f /.
Combining this with a result of Villamayor [21] also gives that for a function f WX ! A1

k

on a smooth variety, the n-Nash blowup Nashn.X=A1k/ coincides with the blowup of X
with respect to the ideal Jn.f /; this is an analogue of Duarte’s result for hypersurfaces,
see Proposition 4.11 in [12].

1.2. Higher Nash blowup local algebras

In [16], Hussain, Ma, Yau and Zuo use the definition of higher Jacobian matrices intro-
duced earlier in [12] and work with the ideal of CŒx� generated by all maximal minors of
such a higher Jacobian matrix of a polynomial (to compare different versions of higher
Jacobian matrices, see Remark 2.14).

Consider the ring C¹xº D C¹x1; : : : ; xd º of complex analytic functions on a neigh-
borhood of 0 in Cd . We study a version extended to C¹xº of a problem in [16]. Let f
be in C¹xº such that f .0/ D 0. The n-th Nash blowup local algebra of f is defined as
follows: Tn.f / WD C¹xº=hf;Jn.f /i. Clearly, T1.f / is the Tjurina algebra. When f is
a polynomial in CŒx�, the n-th Nash blowup local algebra Tn.f / and the derivation Lie
algebra Der.Tn.f // are main objectives studied in [16]. In terms of Conjecture 1.5 in [16],
it was expected that if f 2CŒx� defines an isolated singularity at 0, then Tn.f / is a contact
invariant (this was checked in [16] with nD d D 2). We go further as Theorem 2.26 below
when checking the conjecture with arbitrary n; d 2 N�; especially, we allow f and g to
be in C¹xº and do not require the isolatedness of singularities. For the concept of contact
equivalence at a singular point, see Definition 2.25.
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Theorem (Theorem 2.26). Let f and g be in C¹xº with f .0/D g.0/D 0. If f is contact
equivalent to g at 0, then Tn.f / is isomorphic to Tn.g/ as C-algebras for any n 2 N�.

1.3. Motivic zeta functions

Assume that the field k has characteristic zero. Let X be a smooth k-variety of dimen-
sion d . Let f be a non-constant regular function on X , and let f also denote the cor-
responding element in OX .X/. As mentioned above, to such an f , we associate the
OX -module �.n/

f
, the Nash blowup Nashn.f /, and the sheaf of ideals Jn.f / � OX .

Now, we associate to f the motivic zeta function Zf .T / and nearby cycles Sf . It would
be meaningful to explore the relation of Jn.f / to Zf .T / and Sf .

The theory of motivic zeta functions is one of the profound applications of motivic
integration to the study of singularities. Indeed, several singularity invariants such as
Hodge–Euler characteristic and Hodge spectrum can be recovered from motivic zeta func-
tions via appropriate Hodge realizations (see, e.g., [9,10]). Since the motivic zeta function
relates directly to the monodromy conjecture, it has been widely taken care by several
geometers and singularity theorists. For instance, Denef–Loeser (cf. [9, 10]) give it an
explicit description using log-resolution, hence they can prove its rationality and list a
candidate set of poles concerning the log-resolution numerical data, which is very impor-
tant for any approach to the conjecture. Moreover, the motivic zeta function and the
motivic nearby cycles are also important in mathematical physics, especially in the study
of motivic Donalson–Thomas invariants theory for noncommutative Calabi–Yau three-
folds (cf. [6]).

For any integer m � 1, let K�m0 .VarS / denote the �m-equivariant Grothendieck ring
of S -varieties endowed with a good �m-action. Localizing K�m0 .VarS / with respect to
the class L of the trivial line bundle over S , one obtains M�m

S , and taking inductive limit
of M�m

S with respect to m gives the ring M
O�
S (see Section 3.1). Write

Zf .T / D
X
m�1

ŒXm.f /�L
�dmTm;

where Xm.f / is them-th iterated contact locus of f defined in Section 3.1. The following
theorem is also a main result of this article.

Theorem (Theorem 3.5). Let f and g be non-constant regular functions on X with the
same scheme-theoretic zero locus X0. Suppose that g � f 2 J2.f /. If d D 2 and X0 has
nodes, suppose additionally that k is quadratically closed. Then, for any integer m � 1,
the identity ŒXm.f /� D ŒXm.g/� holds in M

�m
X0

. As a consequence, Zf .T / D Zg.T /

and Sf D Sg .

The theorem points out that the motivic zeta function and the motivic nearby cycles
of f are invariant modulo the second order Jacobian ideal sheaf J2.f /. Modifying The-
orem 3.5 with the hypotheses replaced by g � f 2 J1.f /

3 for non-constant regular func-
tions f and g with the same scheme-theoretic zero locus, we obtain Theorem 3.8. We
can consider Theorem 3.8 as a variant of Theorems 3.2 and 3.6 in [6]. However, it should
be noted that the definition of motivic nearby cycles in [6] is slightly different from that
in [9,10]. Namely, the Denef–Loeser motivic nearby cycles of a regular function f is sup-
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ported on the zero locus of f (cf. [9, 10]), while the one of Bussi–Joyce–Meinhardt is
supported on the critical locus of f (cf. [6]). Notice that the proof in [6] uses Proposi-
tion 4.3 of [3] in a crucial way. Our idea in proving Theorems 3.5 and 3.8 may provide
new arguments for Theorems 3.2 and 3.6 in [6] using m-separating log-resolution, whose
existence is given in [5].

2. Higher Jacobian ideals

2.1. Higher Nash blowups of morphisms

In Sections 2.1 and 2.2, k is an arbitrary perfect field.
We first recall the construction of Oneto–Zatini [19] on the Nash blowup associated

to a coherent sheaf. Let X be a reduced Noetherian scheme, and let M be a coherent
OX -module which is locally free of constant rank r on an open dense subscheme U of X .
Consider the functor G from the category of X -schemes to the category of sets which
sends each X -scheme Y to the set of OY -modules that are locally free quotient of rank r
of M˝OX OY . Then G is contravariant and represented by an X -scheme Grassr M. It is
a fact that Grassr M �X U is isomorphic to U .

Definition 2.1 (Oneto–Zatini). The closure of Grassr M �X U in Grassr M is called the
blowup of X at M, and is denoted by BlM.X/.

The natural morphism �MWBlM.X/! X is birational as X is reduced, and it is pro-
jective as M is coherent. Note that .��

M
M/=Tor.��

M
M/ is locally free. As shown in [19],

BlM.X/ satisfies the following universal property: if hWY !X is a modification such that
.h�M/=Tor.h�M/ is locally free, then there exists a unique morphism �W Y ! BlM.X/
such that �M ı � D h.

Let S be a reduced Noetherian scheme, and let f WX ! S be a morphism of schemes.
The diagonal morphism

� D �f W X ! X �S X

of f is locally a closed immersion, so �.X/ is closed in an open subset V of X �S X .
Let I D If be the ideal sheaf defining �.X/ in V , i.e., I is the kernel of

�#
W OX�SX ! ��OX :

For any n 2 N�, we define

P n
f WD P n

X=S WD OX�SX=I
nC1 and �

.n/

f
WD �

.n/

X=S
WD I=InC1:

As explained in Sections 16.3 and 16.4 of [15], P n
f

(hence �.n/
f

) depends functorially
on f , and the construction is local, i.e., for any open subscheme U of X we have P n

f jU
D

P n
f
jU and �.n/

f jU
D �

.n/

f
jU . We regard P n

f
(respectively, �.n/

f
) as an OX -algebra (respec-

tively, an OX -module) using the first projection X �S X ! X . The map OX ! P n
f

induced by the first projection X �S X ! X gives a splitting of the exact sequence

0! �
.n/

f
! P n

f ! OX ! 0:

In particular, P n
f
Š OX ˚�

.n/

f
.
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Definition 2.2. The OX -modules P n
f

and �.n/
f

are called the sheaf of principal parts of
order n of f and the module of Kähler differentials of order n of f , respectively.

Consider morphisms of separated schemes f WX ! S and g W S ! B , and the follow-
ing commutative diagram:

X
Id

�����! X
f

�����! S

�f

??y ??y�gıf ??y�g
X �S X

`
�����! X �B X

f �f
�����! S �B S

Similarly as in equation (16.4.3.3) of [15], the left and right squares give rise to the canon-
ical morphisms of OX -modules

‚n W �
.n/

gıf
! �

.n/

f
and ‰0n W f

��.n/g D �
.n/
g ˝OS OX ! �

.n/

gıf
;

respectively. In particular, ‚n is induced by `�.In
gıf

/ � In
f

for every n 2 N due to the
left diagram. The right square gives an inclusion of coherent sheaves of ideals K WD

.f � f /�.Ig/ � Igıf . From the proof of Proposition 16.4.18 in [15], ‚n is exactly the
canonical projection

�
.n/

gıf
! �

.n/

gıf

ı�
.InC1
gıf
CK/=InC1

gıf

�
Š �

.n/

f
:

On the other hand, the tensor product over OS�BS of Ig ! �
.n/
g and OX�BX ! OX

gives rise to a natural morphism K! f ��
.n/
g . The composition of this natural morphism

with‰0n is denoted by‰00n. Let‰n be the homomorphism K ˝OX P n
gıf
!�

.n/

gıf
induced

by ‰00n. Namely, ‰n is the composition of

‰00n ˝ Id WK ˝OX P n
gıf ! �

.n/

gıf
˝OX P n

gıf

with the product homomorphism

�
.n/

gıf
˝OX P n

gıf ! �
.n/

gıf
:

Then Im.‰n/ is nothing but the sheaf of ideals generated by ‰0n.K/ D Im.‰00n/.

Proposition 2.3. With the previous notation,‚n is surjective and ker.‚n/ D Im.‰n/. As
a consequence, there is an exact sequence of sheaves of OX -modules

K ˝OX P n�1
gıf

‰n
�����! �

.n/

gıf

‚n
�����! �

.n/

f
�����! 0:

Proof. From Proposition 16.4.18 in [15], the image of K in�.n/
gıf

generates the kernel of
‚n as a P n

gıf
-submodule. Namely, the natural morphism

‰n WK ˝OX P n
gıf ! �

.n/

gıf

is surjective. We need to show that this factors through

K ˝OX P n
gıf � K ˝OX P n�1

gıf :
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To do so, we first observe that K � Igıf . If a is a section of K and if b is a section
of In

gıf
=InC1
gıf

, then the section a ˝ b of K ˝OX P n
gıf

maps to the section ab D 0 of

�
.n/

gıf
D Igıf =I

nC1
gıf

. Thus, we get the desired factorization.

Lemma 2.4. Let f WX ! S and gWS ! B be morphisms of separated schemes. Suppose
that f is étale. Then, f �P n

g Š P n
gıf

and f ��.n/g Š �
.n/

gıf
.

Proof. Let �g.S/.n/ denote the n-th infinitesimal neighborhood of �g.S/, that is, the
closed subscheme of S �B S defined by InC1g . Then, P n

g is identified with the structure

sheaf of�g.S/.n/ and�.n/g is identified with the defining ideal sheaf of�g.S/ as a closed
subscheme of �g.S/.n/. We show the lemma by using these identifications.

Consider the natural morphisms

�gıf .X/ ,! .f � f /�1.�g.S//! �g.S/:

Since the composite map and the right map are étale, so is the left map. Since the left
map is also a closed immersion, it is an open and closed immersion from Theorem 17.9.1
in [15]. This shows that the natural maps

�gıf .X/
.n/ ,! .f � f /�1.�g.S//

.n/
! �g.S/

.n/

are also étale. Here the superscript .n/ again means the n-th infinitesimal neighborhood.
We now regard �gıf .X/.n/ and �g.S/.n/ as an X -scheme and an S -scheme using the
first projections X �B X ! X and S �B S ! S respectively. Then, the étale morphism
�gıf .X/

.n/! �g.S/
.n/ is compatible with the morphism X ! S , and hence factors as

�gıf .X/
.n/
! �g.S/

.n/
�S X ! �g.S/

.n/:

We conclude that �gıf .X/.n/ ! �g.S/
.n/ �S X is étale. Since

X D .�gıf .X/
.n//red ! .�g.S/

.n/
�S X/red D X

is an isomorphism, �gıf .X/.n/ ! �g.S/
.n/ �S X is an isomorphism again from Theo-

rem 17.9.1 in [15]. The last two isomorphisms are translated to the desired isomorphisms
of sheaves via identifications mentioned at the beginning of the proof.

Notation 2.5. Let x D .x1; : : : ; xd / be an ordered family of n variables, and let f be
in kŒx�. Let ˛ D .˛1; : : : ; ˛d / and ˇ D .ˇ1; : : : ; ˇd / be in Nd . From now on, we use the
following notation:

(i) ˛Š D ˛1Š � � �˛d Š, j˛j D ˛1 C � � � C ˛d ;

(ii) ˛ � ˇ (equivalently, ˇ � ˛) if ˛i � ˇi for all 1 � i � d ;
˛ > ˇ (equivalently, ˇ < ˛) if ˛ � ˇ but ˛ 6D ˇ;

(iii) x˛ D x˛11 � � � x
˛d
d

, and

@˛f D
@j˛jf

@x
˛1
1 � � � @x

˛d
d

I
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(iv) For k of positive characteristic, we will consider @
f .x/=
Š just as a formal symbol
which stands for the coefficient of y
 in the y-variable polynomial f .x C y/ �
f .x/ (see [18]).

Example 2.6. Let x D .x1; : : : ; xd /, x0 D .x01; : : : ; x
0
d
/ and R D kŒx�. Let f be in R,

which defines a morphism f WX D SpecR! Spec kŒt �. Let S D Spec kŒt � D Spec kŒt 0�
and B D Spec k. Then we have

X �k X D Spec kŒx; x0�; S �k S D Spec kŒt; t 0�;

and

Igıf D hx
0
1 � x1; : : : ; x

0
d � xd i; Ig D ht � t

0
i; K D hf .x0/ � f .x/i:

We obtain furthermore that P n�1
gıf
Š R.

dCn�1
d /, and that its canonical R-basis is

¹Œ.x0 � x/ˇ � j 0 � jˇj � n � 1ºI

similarly, �.n/
gıf
Š R.

dCn
d /�1, and its canonical R-basis is ¹Œ.x0 � x/˛� j 1 � j˛j � nº.

A system of generators of the R-module K ˝R P n�1
gıf

is formed by the following vectors:

.f .x0/ � f .x//˝ Œ.x0 � x/ˇ �; 0 � jˇj � n � 1;

because, thanks to Notation 2.5,

f .x0/ � f .x/ D
X

>0

@
f .x/


Š
.x0 � x/
 ;

we have for 0 � jˇj � n � 1,

‰n
�
.f .x0/ � f .x//˝ Œ.x0 � x/ˇ �

�
D

h
.x0 � x/ˇ

X

>0

@
f .x/


Š
.x0 � x/


i
D

X
1�j˛j�n; ˛>ˇ

@˛�ˇf .x/

.˛ � ˇ/Š
Œ.x0 � x/˛�:

Using the exact sequence in Proposition 2.3, we have that° X
1�j˛j�n; ˛>ˇ

@˛�ˇf .x/

.˛ � ˇ/Š
Œ.x0 � x/˛�

ˇ̌̌
0 � jˇj � n � 1

±
is a system of generators of ker.‚n/ as an R-module.

Similarly as in Corollary 16.4.22 of [15], we can show that if f is of finite type,
then�.n/

f
is a quasi-coherent sheaf onX and an OX -module of finite type. As S is Noethe-

rian and f is of finite type, this implies that f is of finite presentation, hence �.n/
f

is an
OX -module of finite presentation (this can be also seen explicitly due to Proposition 2.3).

If f is a morphism of varieties, we denote by Crit.f / its critical locus. To define
a class of morphisms for which we will define higher Nash blowups, we consider the
following condition for a morphism f WX ! S of k-varieties.
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Condition 2.7. For every irreducible component X 0 of X , the closure of f .X 0/ is an
irreducible component of S , and X n Crit.f / is dense in X .

The relative dimension of a morphism f WX! S satisfying Condition 2.7 is defined to
be dimX � dimS . Note that if k is of characteristic zero, X is smooth and S D A1

k
; then

the above condition is satisfied if and only if f jX 0 is non-constant for every irreducible
component X 0 of X .

Lemma 2.8. Let f WX ! S be a morphism satisfying Condition 2.7 of relative dimen-
sion e. Then �.n/

f
is a coherent OX -module locally free of constant rank r D

�
eCn
e

�
� 1

on an open dense subset of X .

Proof. Let U � X be the smooth locus of f , which is an open dense subset of X by
Condition 2.7. From Definition 16.10.1 and Proposition 17.12.4 in [15], P n

f
jU D OU ˚

�
.n/

f
jU is locally free and has the same rank as

Ln
iD0 S

i
OU
�1
f
jU everywhere on U , where

S i
OU
�1
f
jU denotes the i -th symmetric power of �1

f
jU . The lemma now follows from the

fact that �1
f
jU has constant rank e.

Definition 2.9. Let f WX ! S be a morphism of k-varieties satisfying Condition 2.7. The
n-th Nash blowup of f is defined to be the blowup of X at �.n/

f
, Bl

�
.n/
f

.X/, and denoted

by Nashn.f /, or by Nashn.X=S/ when the morphism f WX ! S is fixed.

Consider the particular case where f is X ! Spec k. Assume the k-dimension of X
is d . Then Nashn.X= Spec k/ is nothing but the n-th Nash blowup of X , denoted by
Nashn.X/, in the sense of Yasuda [22]. Denote by �.X/.n/ the n-th infinitesimal neigh-
borhood of �.X/, and by pr1 the restricted first projection �.X/.n/ ! X . According
to [22], Nashn.X/ is the irreducible component dominating X of the relative Hilbert
scheme Hilb.dCnd /.pr1/ for a constant Hilbert polynomial

�
dCn
d

�
. Since the moduli schemes

Hilb.dCnd /.pr1/ and Grass.dCnd /.OX ˚�
.n/

f
/ present equivalent functors, we have

Nashn.X/ Š Bl
OX˚�

.n/
f

.X/ Š Bl
�
.n/
f

.X/ D Nashn.X=Spec k/;

see Proposition 1.8 and Corollary 1.9 in [22].
Let f WX ! S be a morphism satisfying Condition 2.7 of relative dimension e, and

let Q.X/ be the sheaf of total quotient rings of X . Let n 2 N� and r D
�
eCn
e

�
� 1. Let  

be the composition of the canonical morphism
r̂

�
.n/

f
!

r̂

�
.n/

f
˝OX Q.X/

and a fixed isomorphism
r̂

�
.n/

f
˝OX Q.X/! Q.X/:(2.1)

Then Im is a coherent fractional ideal of Q.X/, locally free of rank 1 on an open dense
subscheme U of X . In general, there are several isomorphisms as (2.1), so the identifica-
tion of

Vr
�
.n/

f
˝OX Q.X/ and Q.X/ is not canonical, thus Im is well defined up to

isomorphism.
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Proposition 2.10. Let f W X ! S be a morphism satisfying Condition 2.7 of relative
dimension e, and let n 2 N� and r D

�
eCn
e

�
� 1. There is an isomorphism of k-varieties

Nashn.f / Š BlVr
�
.n/
f

.X/:

Moreover, Nashn.f / is isomorphic to the blowup of X with respect to the fractional
ideal Im .

Proof. This is a direct application of Oneto–Zatini’s result of Theorem 3.1 in [19] to the
k-variety X and the sheaf M D �

.n/

f
.

2.2. Higher Jacobian ideals of regular functions

Let X be a scheme, and let M be a coherent OX -module. For each non-negative integer i ,
the i -th Fitting ideal sheaf of M, denoted by Fitti .M/, is defined as follows. We take an
open covering X D

S
� U� such that for each �, MjU� admits a free presentation:

ON 0

U�

 �
�����! ON

U�

�
�����! MjU� �����! 0:

For each �, we define Fitti .M/jU� � OU� to be the ideal sheaf generated by .N � i/ �
.N � i/-minors of the matrix representing  �. We see that these ideal sheaves glue
together to give an ideal sheaf on the entire scheme X ; we define Fitti .M/ to be this
ideal sheaf. We denote by K the ideal sheaf glued from the kernel of � varying �.

Remark 2.11. Similarly, we can define Fitting ideals Fitti .M/ of a coherent sheaf M on
a complex analytic space X .

We discuss more on the local setting. Let U be an affine open subscheme of X ,
M D M.U /, R D OX .U / and K D K.U / � RN

0

. Let ¹e1; : : : ; eN º be the canonical
basis of RN , and ¹v1; : : : ; vN º a system of generators of M . Let � WRN ! M be the
R-homomorphism defined by �.ei /D vi , 1 � i � N . Let

®
.a1j ; : : : ; aNj / j 1 � j � N

0
¯

be a system of generators of K, and let

A WD .aij /1�i�N;1�j�N 0 :

Then A is called a relation matrix of M with respect to ¹v1; : : : ; vN º. Then Fitti .M/ WD

Fitti .M/.U / is generated by all ..N � i/ � .N � i//-minors of A, which is independent
of the choice of A and ¹v1; : : : ; vN º (cf. Lemmas D.1 and D.2 in [17]).

Let X be a smooth algebraic k-variety of dimension d , and let f WX ! A1
k

be a non-
constant regular function. Then �.n/

f
is a coherent OX -module locally free of constant

rank r D
�
d�1Cn
d�1

�
� 1 on an open subset of X (cf. Lemma 2.8).

Definition 2.12. The r-th Fitting ideal Fittr .�.n/f
/ of the OX -module �.n/

f
is called the

n-th Jacobian ideal of f , and is denoted by Jn.f /.

Let us give an explicit description of Jn.f / in the affine case X D Spec R with
R D kŒx� D kŒx1; : : : ; xd �. This case is also enough for results and applications we will
mention.
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To an f 2 R and an n 2 N�, we associate a matrix described as follows:

Jacn.f / WD .rˇ;˛/0�jˇ j�n�1;1�j˛j�n;

where the ordering for row and column indices is graded lexicographical,

(2.2) rˇ;˛ D rˇ;˛.f / WD

8̂<̂
:
0 if ˛i < ˇi for some 1 � i � d;
0 if ˛ D ˇ;
@˛�ˇf
.˛�ˇ/Š

if ˛ > ˇ;

using Notation 2.5. Clearly, Jacn.f / is a matrix of type
�
d�1Cn
d

�
�
��
dCn
d

�
� 1

�
with

entries in R.

Definition 2.13. For f 2 R, the matrix Jacn.f / is called the Jacobian matrix of order n
of f , or the n-th Jacobian matrix of f .

Remark 2.14. There are a few versions of higher Jacobian matrix which are slightly
different from one another. Our definition above follows the one adopted in [2]. Another
version considered in [12, 16] differs in that the diagonal entries r˛;˛ are f instead of 0.
These two versions coincide modulo f . The one in [4], which the authors call the Jacobi–
Taylor matrix, has one extra column by allowing j˛j D 0.

Let us consider the ring homomorphism kŒt �! R which maps t to f . Let I be the
kernel of the diagonal homomorphism R ˝kŒt� R ! R, which is an R-module via the
homomorphismR!R˝kŒt�R given by � 7! �˝ 1. By Lemma 2.8,�.n/

f
D I=I nC1 is an

R-module of generic rank r D
�
d�1Cn
d�1

�
� 1. For 1� i � d , put ıxi WD 1˝ xi � xi ˝ 1, and

for ˛ D .˛1; : : : ; ˛d /, put .ıx/˛ WD
Qd
iD1.ıxi /

˛i . Then I D hıx1; : : : ; ıxd i and ¹Œ.ıx/˛� j
1 � j˛j � nº is a system of generators of the R-module �.n/

f
. Let ¹e˛ j 1 � j˛j � nº be

the canonical R-basis of R.
dCn
d /�1, using graded lexicographical ordering for indices ˛

in Nd . Consider the homomorphism of R-modules

� W R.
dCn
d /�1 ! �

.n/

f

defined by
�.e˛/ D Œ.ıx/

˛�:

Proposition 2.15. With the previous notation, for f 2 R, the transpose of Jacn.f / is a
relation matrix of �.n/

f
with respect to ¹Œ.ıx/˛� j 1 � j˛j � nº. As a consequence, Jn.f /

is the ideal of R generated by all the maximal minors of the matrix Jacn.f /.

Proof. Consider the homomorphism ‚n defined in Section 2.1 for the case f WAd
k
! A1

k

and gWA1
k
! Speck. Via the natural isomorphism�

.n/

gıf

Š
!R.

dCn
d /�1 mapping Œ.x0 � x/˛�

to e˛ , ‚n is nothing but � . Also, via this isomorphism, it is computed in Example 2.6 that° X
1�j˛j�n; ˛>ˇ

@˛�ˇf .x/

.˛ � ˇ/Š
e˛

ˇ̌̌
0 � jˇj � n � 1

±
D

° X
1�j˛j�n

rˇ;˛ e˛

ˇ̌̌
0 � jˇj � n � 1

±
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is a system of generators of ker.�/ as an R-module. This proves that the transpose of
Jacn.f / is a relation matrix of �.n/

f
with respect to ¹Œ.ıx/˛� j 1 � j˛j � nº.

Example 2.16. For f 2 R, we have

Jac2.f / D

0BBBBBBBB@

@f
@x1

@f
@x2

� � �
@f
@xd

1
2
@2f

@x21

@2f
@x1@x2

� � �
@2f
@x1@xd

1
2
@2f

@x22
� � �

0 0 � � � 0 @f
@x1

@f
@x2

� � �
@f
@xd

0 � � �

0 0 � � � 0 0 @f
@x1

� � � 0 @f
@x2

� � �

:::
:::

:::
:::

:::
:::

:::
:::

:::
:::

0 0 � � � 0 0 0 � � �
@f
@x1

0 � � �

1CCCCCCCCA
:

More particularly, for f .x1; x2/ D x31 � x
2
2 , we have

Jac2.f / D

0@3x21 �2x2 3x1 0 �1

0 0 3x21 �2x2 0

0 0 0 3x21 �2x2

1A
and

J2.f / D hx
6
1 ; x

4
1 x2; x

2
1 x

2
2 ; x

3
2 ; 4x1x

2
2 � 3x

4
1 i:

Remark 2.17. We have a more direct way to show that the row vectors of Jacn.f / are
elements of the kernel of � . Indeed, let rˇ denote the ˇ-row of Jacn.f /, namely

rˇ D .rˇ;˛/1�j˛j�n D
X

1�j˛j�n

rˇ;˛ e˛ 2 R
.dCnd /�1:

Then, we have

�.rˇ / D
X

1�j˛j�n; ˛>ˇ

@˛�ˇf .x/

.˛ � ˇ/Š
Œ.ıx/˛�

D

h
.ıx/ˇ

X
1�j˛j�n; ˛>ˇ

�@˛�ˇf .x/
.˛ � ˇ/Š

˝ 1
�
� .ıx/˛�ˇ

i
D

h
.ıx/ˇ

X
1�j
 j�n�jˇ j; 
>0

@
f .x ˝ 1/


Š
� .ıx/


i
:

Note that Œ.ıx/ˇC
 � D 0 in �.n/
f

for jˇj C j
 j > n. Thus, using Taylor’s expansion,

�.rˇ / D
h
.ıx/ˇ

X

>0

@
f .x ˝ 1/


Š
� .ıx/


i
D

h
.ıx/ˇ

X

�0

@
f .x ˝ 1/


Š
� .ıx/
 � .ıx/ˇf .x ˝ 1/

i
D
�
.ıx/ˇ

�
f .1˝ x/ � f .x ˝ 1/

��
D
�
.ıx/ˇ

�
1˝ f � f ˝ 1

��
D 0:
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Furthermore, the rank of Jacn.f / is
�
d�1Cn
d

�
, which is equal to

�
dCn
d

�
� 1� r . This is only

enough to show that Jn.f / is isomorphic as a fractional ideal to the ideal of R generated
by all the maximal minors of the matrix Jacn.f /, which is weaker than the statement of
Proposition 2.15.

Proposition 2.18. Let f be a non-constant regular function on a smooth d -dimensional
k-variety X , and let n 2 N�. Then Nashn.f / is isomorphic to the blowup of X with
respect to Jn.f /.

Proof. By Proposition 2.15, as well as by Proposition 2.5 and Corollary 2.6 in [21],
Jn.f / and Im mentioned in Proposition 2.10 are isomorphic as fractional ideals. Thus
Nashn.f / is isomorphic to the blowup of X with respect to Jn.f /.

Proposition 2.19. Let f be a regular function on a smooth d -dimensional k-variety X .
Let 'WX 0! X be an étale morphism. Then, we have '�1 Jn.f / D Jn.f ı '/. Similarly
for the case where f is a holomorphic function on a complex manifold X and 'WX 0! X

is a local isomorphism of complex manifolds.

Proof. From Lemma 2.4, we have '��.n/
f
D �

.n/

f ı'
. From a basic property of Fitting ide-

als, we have
Fittr .'�M/ D '�1 Fittr .M/

for any coherent sheaf M on X . Similarly for the holomorphic setting.

Proposition 2.20. We have an inclusion Jn.f / � J1.f /
.d�2Cnd�1 /. In particular, Jn.f / �

J1.f /
3, if either

(i) d � 3 and n � 2, or

(ii) d D 2 and n � 3.

Proof. If jˇj D n � 1, then the ˇ-row of the matrix Jacn.f / has only zeroes and first
derivatives @f =@xi as its entries. Indeed, if ˛ is given by ˛i D ˇi C 1 and j̨ D ǰ .i ¤ j /

for some i , then the .ˇ; ˛/-entry of the matrix is @f =@xi . If ˛ is not of this form, then the
.ˇ; ˛/-entry is zero. The number of ˇ’s with jˇj D n � 1 is

�
d�2Cn
d�1

�
, and hence there

are
�
d�2Cn
d�1

�
rows as above in the matrix. It follows that every maximal minor of Jacn.f /

belongs to J1.f /
.d�2Cnd�1 /, which shows the first assertion of the proposition.

To show the second assertion, we first note that if r > s, then�
r

s

�
�

�
r � 1

s � 1

�
� � � � �

�
r � s C 1

1

�
D r � s C 1:

If d � 3 and n � 2, then�
d � 2C n

d � 1

�
D

�
d � 3C n

d � 2

�
C

�
d � 3C n

d � 1

�
� nC .n � 1/ D 2n � 1 � 3:

If d D 2 and n � 3, then �
d � 2C n

d � 1

�
D n � 3:
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2.3. Higher Jacobian ideals of complex analytic functions

In this subsection, we consider the ring C¹xº D C¹x1; : : : ; xd º and f 2 C¹xº with
f .0/ D 0, where 0 is the origin of Cd . Denote by V D V.f / or .V; 0/ the germ of the
complex hypersurface singularity at 0 defined by f . For a complex analytic function f ,
we also define Jacn.f / and Jn.f / similarly as in Section 2.2.

Lemma 2.21. Let f be in C¹xº with f .0/D 0. Let ' be an automorphism of C¹xº. Then
for n 2 N�, we have the equality '.Jn.f // D Jn.'.f // of ideals of C¹xº.

Proof. This lemma is a particular case of the second part of Proposition 2.19.

Recall that f .x/ D
P
˛ a˛x

˛ 2 CŒx� is a weighted homogeneous polynomial with
respect to weights deg xi D wi 2 Z (1 � i � d ) if ˛1w1 C � � � C ˛dwd is a constant
N 2 N� for every ˛ with a˛ 6D 0. One calls N the weight or the degree of f .

Corollary 2.22. Let f be a weighted homogeneous polynomial in CŒx� with respect to
positive weights, and let u be in C¹xº with u.0/ 6D 0. Then for every n 2 N�, we have the
equality Jn.f / D Jn.uf / of ideals of C¹xº.

Proof. Let w1; : : : ;wd 2N� be the weights of f , and letN be the degree of f . Consider
the automorphism ' of C¹xº defined by

x 7! .uw1x1; : : : ; u
wd xd /:

Then we have
'.f / D f .uw1x1; : : : ; u

wd xd / D u
Nf:

For every n2N�, let us compare the n-th Jacobian matrix of f in [1] and our Jacn.f /.
They are the same at almost all but .ˇ; ˇ/-entries, for ˇ 2 Nd and 0 � jˇj � n � 1. The
.ˇ; ˇ/-entries in [1] are f , while our .ˇ; ˇ/-entries are 0. By Theorem 1.6 in [1] and its
proof, the n-th Jacobian ideal admits a system of generators such that each generator g is
a weighted homogeneous polynomial of weights w1; : : : ; wd , hence so does our Jn.f /.
As above, we have '.g/ D uNg, which implies that '.Jn.f // D Jn.f / because u is a
unit. Now, the corollary follows from Lemma 2.21.

Remark 2.23. Let f be in CŒx� such that f .0/ D 0. We are going to describe the stalk
.�

.n/

f
/0 of the sheaf �.n/

f
at the origin of Cd . Consider the ring homomorphism

C¹tº ! C¹xº; t 7! f:

Let I 0 be the kernel of the diagonal homomorphism C¹xº ˝C¹tº C¹xº ! C¹xº, which
is an C¹xº-module via the map C¹xº ! C¹xº ˝C¹tº C¹xº sending � to � ˝ 1. We can
prove that I 0=I 0nC1 is a C¹xº-module of generic rank r D

�
d�1Cn
d�1

�
� 1. Then, similarly

as in Corollary 16.4.16 of [15], we have .�.n/
f
/0 Š I

0=I 0nC1 as C¹xº-modules.

Lemma 2.24. Let f and u be in C¹xº such that f .0/ D 0 and u.0/ 6D 0. Then for any
n 2 N�, hf;Jn.f /iC¹xº D hf;Jn.uf /iC¹xº.
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Proof. First, we use the convention that @˛�ˇ D 0 if there is an i such that ˛i < ˇi . For
each injection

� W ¹ˇ j 0 � jˇj � n � 1º ! ¹˛ j 1 � j˛j � nº;

we define
M f
� WD

�
rˇ;�.ˇ 0/.f /

�
ˇ;ˇ 0

:

Up to permutation of columns, this is equal to the maximal square submatrix of Jacn.f /
corresponding to the image of �. Let

T WD
� @ˇ

0�ˇu

.ˇ0 � ˇ/Š

�
0�jˇ j;jˇ 0j�n�1

and N� WD TM
f
� :

We see that T is an upper triangular matrix with every diagonal entry equal to u. Indeed,
if ˇ > ˇ0 for the graded lexicographic order, then for some i , ˇi > ˇ0i and hence the
.ˇ; ˇ0/-entry is zero. It follows that

det.N�/ D u.
d�1Cn
d / det.M f

� /:

A direct computation shows that the .ˇ; ˇ0/-entry of N� isX
0�jˇ 00j�n�1

@ˇ
00�ˇu

.ˇ00 � ˇ/Š

@�.ˇ
0/�ˇ 00f

.�.ˇ0/ � ˇ00/Š
,

with the convention that @.0;:::;0/f D 0. By the general Leibniz rule, this is equal to

rˇ;�.ˇ 0/.uf /:

ThusM uf
� DN� and det.M uf

� /D det.N�/D u.
d�1Cn
d / det.M f

� /. Because the ideals Jn.f /

and Jn.uf / are generated by ¹det.M f
� /º� and ¹det.M uf

� /º� respectively, and because of
the previous convention, the lemma follows.

Definition 2.25. Let f and g be in C¹xº. Then f is said to be contact equivalent to g
(at 0) if there exist an automorphism ' of C¹xº and a unit u in C¹xº such that g D
u � '.f /.

Theorem 2.26. Let f and g be in C¹xº with f .0/D g.0/D 0. If f is contact equivalent
to g at 0, then Tn.f / is isomorphic to Tn.g/ as C-algebras for any n 2 N�.

Proof. By the hypothesis, there exists an automorphism ' of C¹xº and a unit u in C¹xº
such that g D u � '.f /. Take any n 2 N�. It follows that

Tn.g/ D C¹xº=hg;Jn.g/i D C¹xº=h'.f /;Jn.u � '.f //i

D C¹xº=h'.f /;Jn.'.f //i .by Lemma 2.24/
D C¹xº=h'.f /; '.Jn.f //i .by Lemma 2.21/
D C¹xº='.hf;Jn.f /i/:

Since ' is an automorphism ' of C¹xº, the well defined map

Tn.f / D C¹xº=hf;Jn.f /i ! C¹xº='.hf;Jn.f /i/;

sending hC hf;Jn.f /i to '.h/C '.hf;Jn.f /i/, is an isomorphism of C-algebras.
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Corollary 2.27 ([16], Conjecture 1.5). Let f and g be in CŒx� such that V.f / and V.g/
have an isolated singularity at 0. If f is contact equivalent to g at 0, then Tn.f / is
isomorphic to Tn.g/ as C-algebras for any n 2 N�.

We remark that Conjecture 1.5 of [16] was proved by its authors for d D n D 2, see
Theorem A in [16]. Furthermore, Theorem 2.26 is much stronger than this conjecture
since Theorem 2.26 accepts f and g to be in C¹xº, and it does not need the condition
that f and g have an isolated singularity at 0.

3. Motivic zeta functions of regular functions

In this section, k is a field of characteristic zero.

3.1. Motivic zeta functions

By a k-prevariety, we mean a separated and reduced scheme of finite type over k. (We
introduce this term for a temporal use, restricted to this and the next paragraphs, in order
to mean a “variety not necessarily of pure dimension”.) For an integer m � 1, we denote
by �m the group scheme of n-th roots of unity Spec.kŒ��=.�m � 1//. These schemes
together with the mappings �ml ! �m given by � 7! �l form a projective system, whose
limit is denoted by O�. A good �m-action on a k-prevariety X is a group action of �m
on X such that every orbit is contained in an affine open subset, a good O�-action is an
action of O� factoring via a good �m-action.

Let S be a k-prevariety, with trivial �m-action. The �m-equivariant Grothendieck
group K�m0 .VarS / is the quotient of the free abelian group generated by the �m-equivar-
iant isomorphism classes ŒX ! S; ��, where � is a good action of �m on X , considered
as an automorphism of X over S , by the subgroup generated by

ŒX ! S; �� � ŒY ! S; � jY � � ŒX n Y ! S; � jXnY �

for any invariant Zariski closed subset Y of X , and by

ŒX �k Ank ! S; �� � ŒX �k Ank ! S; � 0�

when � and � 0 are cartesian products of �m-actions that coincide on X and are linear
on An

k
. There is a natural structure of a commutative ring with unity onK�m0 .VarS / due to

fiber product over S , with �m-action on the fiber product induced from the diagonal one.
Let L be the class of the trivial line bundle over S . We define

M
�m
S WD K

�m
0 .VarS /ŒL�1�; K

O�
0 .VarS / WD lim

�!
K
�m
0 .VarS /; and

M
O�
S WD lim

�!
M
�m
S DK

O�
0 .VarS /ŒL�1�:

Forgetting actions recovers the (classical) Grothendieck ring MS .
To a k-variety X and m 2 N corresponds the k-scheme Lm.X/ that represents the

functor
K 7! Mork�schemes.Spec.KŒt �=htmC1iKŒt�/; X/

from the category of k-algebras to the category of sets. For integers l � m � 0, the trun-
cation map kŒt �=ht lC1i ! kŒt �=htmC1i induces a morphism of k-schemes � lmWLl .X/!
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Lm.X/. IfX is smooth of dimension d , � lm is a locally trivial fibration with fiber A.l�m/d
k

.
Let L.X/ be the projective limit of Lm.X/ in the category of k-schemes, and let �m be
the natural morphism L.X/! Lm.X/.

Let X be a smooth k-variety of dimension d , and let f WX ! A1
k

be a non-constant
function with the scheme-theoretic zero locus X0. For any integer m � 1, put

Xm.f / WD ¹ 2 Lm.X/ j f . / D t
m mod tmC1º

which is a k-variety endowed with the good �m-action as below, for � 2 �m,

� �  .t/ D  .�t/:

This together with the natural morphism Xm.f /!X0 yields an element ŒXm.f /� in M
�m
X0

.

Definition 3.1. The formal power series Zf .T /D
P
m�1ŒXm.f /�L

�dmTm is called the
motivic zeta function of f .

Let M O�
X0
ŒŒT ��sr be the M O�

X0
-submodule of M O�

X0
ŒŒT �� generated by 1 and by finite prod-

ucts of elements of the form

Lp T q

1 � Lp T q
WD

X
m�1

.Lp T q/m; .p; q/ 2 Z �N�:

An element in M
O�
X0
ŒŒT ��sr is called a rational series. According to [9], Section 4, there is a

unique M O�
X0

-linear morphism limT!1 WM
O�
X0
ŒŒT ��sr!M

O�
X0

with limT!1
LpT q

1�LpT q D�1

for all .p; q/ 2 Z �N�.
By a log-resolution of .X;X0/, we mean a proper birational morphism hWY !X such

that Y is smooth, h is an isomorphism over .X n X0/ [ .X0/sm, and h�1.X0/ has simple
normal crossing support. Consider a log-resolution hWY ! X of .X;X0/. Let Ei , i 2 J ,
be all the irreducible components of h�1.X0/. Assume that

div.h�f / D
X
i2J

NiEi and KY=X D
X
i2J

.�i � 1/Ei ;

where Ni and �i are positive integers. For I � J , put EI D
T
i2I Ei and EıI D EI nS

j 62I Ej . If I D ¹iº, we write Eıi instead of Eı
¹iº

. Let U be an affine Zariski open subset
of Y such that U \ EıI 6D ;, U \ E

ı
I is closed in U , U \

S
j 62I Ej D ;, and such that,

on U ,
h�f .y/ D u.y/

Y
i2I

y
Ni
i ;

where for each i , yi D 0 is a local equation on the chart .U; y/ defining Ei , and u is a
morphism U ! Gm. Let NI be the greatest common divisor of .Ni /i2I . Denef–Loeser
in [10] construct an unramified Galois covering �I W zEıI ! EıI , with Galois group �NI
given over U \EıI by

zEıI jU\EıI WD ¹.z; y/ 2 A1k � .U \E
ı
I / j z

NI D u.y/�1º ! U \EıI

.z; y/ 7! y:
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Choose a covering of Y n
S
j 62I Ej by affine Zariski open subvarieties U . Then the

varieties zEıI jU\EıI are naturally glued together into a unramified Galois covering zEıI ,
which is endowed with a natural�NI -action. The�NI -equivariant morphism zEıI !EıI !

X0 determines a class Œ zEıI � in M
�NI
X0

.

Theorem 3.2 (Denef–Loeser [10]). Using a log-resolution h of .X;X0/, and the previous
notation,

ŒXm.f /� D Lmd
X
;6DI�J

.L � 1/jI j�1 Œ zEıI �

� X
ki�1;i2IP
i2I kiNiDm

L�
P
i2I ki�i

�

and

Zf .T / D
X
;6DI�J

.L � 1/jI j�1 Œ zEıI �
Y
i2I

L��i T Ni

1 � L��i T Ni
�

In particular, Zf .T / is a rational series.

Definition 3.3. The motivic quantity

Sf WD � lim
T!1

Zf .T / D
X
;6DI�J

.1 � L/jI j�1 Œ zEıI � 2M
O�
X0

is called the motivic nearby cycle of f .

Definition 3.4. Keeping the notation above, form 2 N�, we say that a log-resolution h is
called m-separating if Ni CNj > m whenever Ei \Ej 6D ;.

We notice that an m-separating log-resolution always exists. This was proved over C,
with a slight different definition of log-resolutions, in Lemma 2.9 of [5]; they do not
assume that a log-resolution hW Y ! X needs to be an isomorphism over .X n X0/ [
.X0/sm. However, the same proof shows that the result holds over any field of character-
istic zero with our definition of log-resolutions. If h is an m-separating log-resolution of
.X;X0/, it follows from Theorem 3.2 that

(3.1) ŒXm.f /� D Lmd
X
Ni jm

Œ zEıi �L
�m�i=Ni :

3.2. Motivic zeta function is invariant modulo second order Jacobian ideal

Let X be a smooth k-variety of dimension d � 2. If f is a non-constant regular function
on X , we also denote by f the corresponding element in OX .X/. Fix an algebraic clo-
sure k of k. In what follows, we say that a k-point x of X0 is a node if its complete local
ring yO.X0/k ;x is isomorphic to kŒŒx1; x2��=hx21 C x

2
2i. We say that X0 has nodes if it has

k-points which are nodes.

Theorem 3.5. Let f and g be non-constant regular functions onX with the same scheme-
theoretic zero locusX0. Suppose that g� f 2 J2.f /. If d D 2 andX0 has nodes, suppose
additionally that k is quadratically closed. Then, for any integer m � 1, the identity
ŒXm.f /� D ŒXm.g/� holds in M

�m
X0

. As a consequence, Zf .T / D Zg.T / and Sf D Sg .
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Proof. We first outline the structure of the proof. We will discuss two cases separately;
the case where d D 2 and X0 has a node, i.e., when f .x/ is written as x21 C x

2
2C (terms

of higher degree) for local coordinates x1 and x2, see case (iv) below; and the remaining
case (cases (i), (ii) and (iii) below). In the latter case, we can show that g � f has higher
order than f at any point in question. Using this fact, we can show Œ zEıi .f /�D Œ zE

ı
i .g/� for

every i , where zEıi .f / and zEıi .g/ are zEıi defined using f and g, respectively, and using
some m-separating log-resolution of .X;X0/. The equality Œ zEıi .f /� D Œ zE

ı
i .g/� gives the

desired conclusion. In the former case, we use a log-resolution h of .X; X0/ which is
m-separating for exceptional divisors coming from singular points inX0 that are not nodes
(i.e., for such exceptional divisors Ni .f / C Nj .f / > m if Ei \ Ej 6D ;); similarly as
above, we can show Œ zEıi .f /� D Œ

zEıi .g/�; also, for a node of X0, an explicit computation
shows that Œ zEıi .f /� D Œ zEıi .g/� if Ei is an exceptional prime divisor contracting to the
point. Again, this is enough to obtain the desired conclusion.

We will now move on to a detailed discussion. Let us write g � f D a, for some
a 2 J2.f /. Since f and g have the same zero locus X0, we have ajX0 D 0. Write locally,
on W , a D a0f , where W is an open affine subset of X and a0 2 OX .W /. Let p be a
non-smooth point of X0 \W . Up to étale base change, we may assume that W D Ad

k
.

Let N � 2 be the multiplicity of f at p, so that we can write f as

f .x/ D fN .x/C (terms of degree > N );

using local coordinates x D .x1; : : : ; xd / and a nonzero homogeneous polynomial fN of
degree N . First, we consider the following three cases:
(i) d � 3,
(ii) d D 2 and N > 2,
(iii) d D N D 2 and f2.x1; x2/ D cx21 , c 2 k� (up to linear change of variables).

We are going to prove that a0.p/ D 0. Let ˛ D ˛.p/ be a vector in Nd such that
j˛j D N and .@˛f /.p/ 6D 0. By the general Leibniz rule, applied to the equality a D a0f
on W D Ad

k
,

(3.2) @˛a D a0@˛f C
X

˛0>0; ˛0CˇD˛

˛Š

˛0ŠˇŠ
.@˛

0

a0/.@ˇf /:

In the sum
P

on the right-hand side, since ˛0 > 0, we have jˇj < j˛j D N , hence
.@ˇf /.p/ D 0. If d � 3, since a is a section of J1.f /

3 by Proposition 2.20, we can
write a in the form

a D
X

1�i;j;l�d

aijl
@f

@xi

@f

@xj

@f

@xl
,

where the aijl ’s are sections of OX . By the general Leibniz rule,

@˛a D
X

1�i;j;l�d

X
˛0CˇD˛

˛Š

˛0ŠˇŠ
.@˛

0

aijl /
�
@ˇ
� @f
@xi

@f

@xj

@f

@xl

��
:
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Let ei be the i -th vector of the canonical basis of Nd , and let 
.i/ D 
 C ei for any

 2 Nd . Then, we have

@ˇ
� @f
@xi

@f

@xj

@f

@xl

�
D

X
ˇ 0Cˇ 00Cˇ 000Dˇ

ˇŠ

ˇ0Š ˇ00Š ˇ000Š
.@ˇ

0.i/f / .@ˇ
00.j /f / .@ˇ

000.l/f /:

If all the three numbers jˇ0.i/j, jˇ00.j /j and jˇ000.l/j are simultaneously � N , then

N C 3 � jˇj C 3 D jˇ0.i/j C jˇ00.j /j C jˇ000.l/j � 3N;

so N � 3=2, which is impossible. Thus, at least one of these numbers is strictly less
than N , for instance, jˇ0.i/j < N , hence .@ˇ

0.i/f /.p/ D 0. It follows that

(3.3) @ˇ
� @f
@xi

@f

@xj

@f

@xl

�
.p/ D 0

for every ˇ � ˛, hence .@˛a/.p/ D 0. Thus, it follows from (3.2) that a0.p/ D 0.
If d D 2, then J2.f / has a system of generators consisting of� @f

@x1

�3
,

� @f
@x1

�2 @f
@x2

, @f

@x1

� @f
@x2

�2
,

� @f
@x2

�3
,

and

� WD
1

2

@2f

@x21

� @f
@x2

�2
�

@2f

@x1@x2

@f

@x1

@f

@x2
C
1

2

@2f

@x22

� @f
@x1

�2
:

By (3.3), in order to prove .@˛a/.p/ D 0, hence a0.p/ D 0, it suffices to prove that

.@ˇ�/.p/ D 0

for every ˇ � ˛. By the general Leibniz rule,

@ˇ
� @f
@xi

@f

@xj

@2f

@xl@xp

�
D

X
ˇ 0Cˇ 00Cˇ 000Dˇ

ˇŠ

ˇ0Š ˇ00Š ˇ000Š
.@ˇ

0.i/f / .@ˇ
00.j /f / .@ˇ

000.l/.p/f /:

If jˇ0.i/j � N , jˇ00.j /j � N and jˇ000.l/.p/j � N , then N C 4 � jˇj C 4 � 3N ,
hence N � 2. Thus, if N > 2, the contradiction argument (see a similar detail as in the
case d � 3) shows that .@ˇ�/.p/ D 0 for every ˇ � ˛. If f2.x1; x2/ D cx21 , c 2 k�,
we may choose ˛ D .2; 0/. Assume for simplicity that p D .0; 0/. Then, we have that
� D 0C .terms of degree � 3/, hence �.0; 0/ D @�

@x1
.0; 0/ D @2�

@x21
.0; 0/ D 0.

Now, we take care of the fourth case:
(iv) d D N D 2 and f2.x1; x2/ D x21 C x

2
2 (up to linear change of variables).

In this case, p is a node ofX0 \W , and for simplicity we assume p D .0; 0/. Then, f
and � have the forms f .x1; x2/ D x21 C x

2
2 C .terms of degree � 3/, � D 4.x21 C x

2
2/C

.terms of degree � 3/. Since .0; 0/ is also a nodal zero of g, we have g.x1; x2/D c.x21 C
x22/C .terms of degree � 3/ for some c 2 k�.

To finish the proof, we are going to consider the following two cases.
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Case I. All singular points of X0 satisfy either (i), or (ii), or (iii).
Let hWY ! X be an m-separating log-resolution of .X;X0/. We write

div.h�f / D
X
i2J

Ni .f /Ei and KY=X D
X
i2J

.�i � 1/Ei ;

where Ei , i 2 J , are irreducible components of h�1.X0/. Consider an arbitrary excep-
tional divisor Ei . Let U be an open affine subscheme of Y n

S
j 6Di Ej with U \Eıi 6D ;,

so that on U we have
h�f D uy

Ni .f /
i ;

with yi D 0 being the local equation of Ei , and u.y/ 6D 0 for every y 2 U \ Eıi . Since
g � f D a, we have .h�g/jU � .h�f /jU D .h�a/jU . This implies that, shrinking U if
necessary,

.h�g/jU � .h
�f /jU 2

˝
y

ordEi .h
�a/

i

˛
� OY .U /;(3.4)

from which

.h�g/jU 2 .h
�f /jU C

˝
y

ordEi .h
�a/

i

˛
:

Since aD a0f onW and a0.p/D 0 for any singular point p ofX0, we have ordEi .h
�a/ >

Ni .f /. Therefore, we deduce that there exists a morphism vWU ! Gm such that

.h�g/jU D vy
Ni .f /
i :

This argument works for all exceptional divisors Ei , i 2 J , hence hW Y ! X is also an
m-separating log-resolution of .X; X0/ for g with the same exceptional divisors Ei ’s as
for f and Ni .f / D Ni .g/ DW Ni on each Ei . Thus, by (3.4) we have

u.y/ � v.y/ 2
˝
y

ordEi .h
�a/�Ni

i

˛
;(3.5)

hence u D v on U \Eıi . In fact, proving u D v on U \Eıi , which we have just attained
due to (3.5), is the key step in the proof of Theorem 3.5. Consider the Galois unramified
coverings zEıi .f / and zEıi .g/ described over U \Eıi as follows:

zEıi .f /jU\Eıi D ¹.z; y/ 2 A1k � .U \E
ı
i / j z

Ni D u.y/�1º;

zEıi .g/jU\Eıi D ¹.z; y/ 2 A1k � .U \E
ı
i / j z

Ni D v.y/�1º:

Hence zEıi .f /jU\Eıi D
zEıi .g/jU\Eıi because u D v on U \Eıi .

Let U 0 be another open affine subscheme of Y n
S
j 6Di Ej such that U 0 \ Eıi 6D ;,

and on U 0 we have h�f D u0z
Ni
i , with zi D 0 defining U 0 \ Ei , and u0 a unit. Simi-

larly as previous, h�g D v0zNii on U 0 for some unit v0, and furthermore, zEıi .f /jU 0\Eıi D
zEıi .g/jU 0\Eıi Then, on U \U 0, zi D �iyi with �i a unit, hence uD u0�Nii and v D v0�Nii ;

thus the map

¹.z; y/ 2 A1k � .U \ U
0
\Eıi / j z

Ni D u.y/�1º

! ¹.z; y/ 2 A1k � .U \ U
0
\Eıi / j z

Ni D u0.y/�1º
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sending .z; y/ to .�iz; y/ is an isomorphism, and the same observation also holds for v
and v0. It follows that

zEıi .f /jU\U 0\Eıi Š
zEıi .g/jU\U 0\Eıi :

hence the gluing yields zEıi .f / Š zE
ı
i .g/, hence Œ zEıi .f /� D Œ zE

ı
i .g/� in K

�Ni
0 .VarX0/.

Since X0.f / D X0.g/ D X0 and, again, u D v on U \ Eıi for every appropriate U
and i , it follows that if Ej is a strict transform for f , then, up to isomorphism, it is also a
strict transform for g, thus Œ zEıj .f /� D ŒE

ı
j � D Œ

zEıj .g/�.
Since h is anm-separating log-resolution of .X;X0/ common for f and g, the numer-

ical invariants �i are common for f and g. Using the formula (3.1) we have

ŒXm.f /� D Lmd
X
Ni jm

Œ zEıi .f /�L
�m�i=Ni and ŒXm.g/� D Lmd

X
Ni jm

Œ zEıi .g/�L
�m�i=Ni :

Therefore, by the above discussions, we get ŒXm.f /� D ŒXm.g/�.

Case II. d D 2 and X0 contains a node, i.e., there is a point p 2 X0 satisfying (iv).
Let hWY !X be a log-resolution of .X;X0/ for f . As in the proof of Lemma 2.9 in [5]

(applying to the case d D 2), given h, we can blow up along intersections El \ Es , and
do this procedure many times to attain the property Ni CNj > m whenever Ei \Ej 6D ;
and Ei and Ej come from non-nodal singular points (i.e., m-separating for non-nodal
singular points). For each node ofX0, we only use once the blowup .y1;y2/ 7! .y1y2;y2/,
locally. The resulting m-separating log-resolution for non-nodal singular points is also
denoted by h. Using the argument in Case I, if Ei is an exceptional prime divisor coming
from a non-nodal singular point of X0, or if Ei is a strict transform, we have Œ zEıi .f /� D
Œ zEıi .g/� in K

�Ni
0 .VarX0/. It remains to prove that, if Ei is the exceptional prime divisor

corresponding to the node p of X0, then Œ zEıi .f /� D Œ zE
ı
i .g/� in K

�Ni
0 .VarX0/.

Assume p D .0; 0/ again. As explained in case (iv), f .x1; x2/ D x21 C x
2
2C (terms of

degree � 3/, and g.x1; x2/ D c.x21 C x
2
2/C .terms of degree � 3/, c 2 k�. On an affine

Zariski open U around .0; 0/, we have

h�f .y1; y2/ D uy
2
2 ; u D 1C y21 C y2 � .terms of degree � 0/

and
h�g.y1; y2/ D cvy

2
2 ; v D 1C y21 C y2 � .terms of degree � 0/:

Here, U \ Ei is defined by y2 D 0 and Ni .f / D Ni .g/ D 2. Since u D v D 1C y21 on
U \Ei and c 6D 0, the map

¹.z; y1; 0/ 2 A1k � .U \E
ı
i / j z

2
D .1C y21/

�1
º

! ¹.z; y1; 0/ 2 A1k � .U \E
ı
i / j cz

2
D .1C y21/

�1
º

sending .z; y1; 0/ to .z=
p
c; y1; 0/ is an isomorphism. Therefore, by gluing we obtain

zEıi .f / Š
zEıi .g/, hence Œ zEıi .f /� D Œ zE

ı
i .g/� in K

�Ni
0 .VarX0/.

Corollary 3.6. Let f and g be non-constant regular functions onX with the same scheme-
theoretic zero locusX0. Suppose that d , n, f and g satisfy one of the following conditions:
• d � 3, n � 2, g � f 2 Jn.f /,
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• d D 2, n � 2, g � f 2 Jn.f /, X0 has no node,

• d D 2, n � 2, g � f 2 Jn.f /, X0 has nodes, k is quadratically closed,

• d D 2, n � 3, g � f 2 Jn.f /.

Then, for any integer m � 1, the identity ŒXm.f /� D ŒXm.g/� holds in M
�m
X0

. As a conse-
quence, Zf .T / D Zg.T / and Sf D Sg .

Example 3.7. Consider f D x21x2 and g D x21x2.1C x
2
1/ be in kŒx1; .1C x21/

�1; x2�,
which define morphisms D.1 C x21/ �k A1

k
! A11, where D.1 C x21/ is the principal

open subset of A1
k

given by 1 C x21 . Then J2.f / D hx
3
1x
3
2 ; x

4
1x2i. We can check that

X0.f /D X0.g/DW X0 as k-schemes, and that g � f D x41x2 2 J2.f /. By Theorem 3.5,
Sf D Sg in M

O�
X0

.

The proof method of Theorem 3.5 can be applied to prove the following result, which
is a variant of Theorem 3.2 in [6]. Remark, again, that the definition of motivic nearby
cycles in [6] is slightly different from that in [9] and [10], thus Theorem 3.8 is not exactly
the same result as that of Theorem 3.2 in [6].

Theorem 3.8. Let f and g be non-constant regular functions onX with the same scheme-
theoretic zero locus X0. Suppose that g � f 2 J1.f /

3. Then, for any integer m � 1, the
identity ŒXm.f /�D ŒXm.g/� holds in M

�m
X0

. Consequently,Zf .T /DZg.T / and Sf D Sg .

Proof. As in the proof of Theorem 3.5, we can write g � f D a 2 J1.f /
3 with ajX0 D 0.

On an open affine subset W of X we have a D a0f , with a0 2 OX .W /. We may assume
W D Ad

k
. Let p be a non-smooth point of X0 \W . Since

a D
X

1�i;j;l�d

aijl
@f

@xi

@f

@xj

@f

@xl
,

with aijl being sections of OX , it follows from the general Leibniz rule and (3.2) that
a0.p/D 0 (see the proof of Theorem 3.5 for details). Consequently, we have ordEi .h

�a/ >

ordEi .h
�f / for any log-resolution h of .X;X0/ and any exceptional divisor Ei of h. The

rest is completely the same as in Case I of the proof of Theorem 3.5.

Remark 3.9. We observe, from Proposition 2.20 and the proof of Theorems 3.5 and 3.8,
the following facts:

(a) if d D 2, Theorem 3.5 is stronger than Theorem 3.8;
(b) if d � 3, Theorem 3.8 is stronger than Theorem 3.5.

Remark 3.10. We now borrow Example 3.5 in [6] to show that Theorem 3.5 will not
be true if we replace J2.f / by J1.f /. Further, we show u 6D v in U \ Eıi , where Ei
is an exceptional prime divisor. Indeed, consider X D A1

k
�k Gm, f .x1; x2/ D x21 and

g.x1; x2/ D x
2
1x2. Then

X0.f / D Spec.kŒx1; x2; x�12 �=hx21i/ D Spec.kŒx1; x2; x�12 �=hx21x2i/ D X0.g/;

which will be denoted by X0. The singular locus of X0 is the reduced part .X0/red of X0.
Since g D x2f , where x2WX ! Gm sending .x1; x2/ to x2, the latter means g � f D
.x2 � 1/f 2 J1.f / D hx1i.
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Let h be the blowup of X along X0. By definition, h is nothing but the identity
morphism of X , which has no strict transform, while whose exceptional prime divisor
is E1 D X0 D h�1.X0/. Using the notation in the proof of Theorem 3.5 we have U D X ,
u D 1 and v D x2 on E1 D U \Eı1 , hence u 6D v in U \Eı1 . Furthermore,

zEı1.f / D ¹.zI x1; x2/ 2 A1k �k E1 j z
2
D 1º D ¹.zI 0; x2/ 2 A1k �k E1 j z

2
D 1º;

zEı1.g/ D ¹.zI x1; x2/ 2 A1k �k E1 j z
2
D x2º D ¹.zI 0; x2/ 2 A1k �k E1 j z

2
D x2º;

hence Œ zEı1.f /� D .L� 1/Œ�2� and Œ zEı1.g/� D L� 1. By Theorem 3.2, Sf D .L� 1/Œ�2�
and Sg D L � 1.
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