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Higher Jacobian ideals, contact equivalence
and motivic zeta functions

Quy Thuong L& and Takehiko Yasuda

Abstract. We show basic properties of higher Jacobian matrices and higher Jacobian
ideals for functions and apply it to obtain two main results concerning singularities
of functions. Firstly, we prove that a higher Nash blowup algebra is invariant under
contact equivalences, which was recently conjectured by Hussain, Ma, Yau and Zuo.
Secondly, we obtain an analogue of a result on motivic nearby cycles by Bussi, Joyce
and Meinhardt.

1. Introduction

1.1. Higher Jacobian ideals and higher Nash blowups

Jacobian matrices and Jacobian ideals are fundamental objects in the study of singularities
of varieties, as well as singularities of morphisms. There are higher versions of these
notions, higher Jacobian matrices and higher Jacobian ideals. Duarte introduced them for
hypersurface varieties in [12], motivated by the study of higher Nash blowups. The case of
more general varieties was later treated in [2,4]. The aim of the present article is to show
basic properties of higher Jacobian matrices and ideals for functions/morphisms, and to
apply them to show two results concerning singularities of functions, that is, a recent
conjecture on higher Nash blowup algebras by Hussain, Ma, Yau and Zuo [16], as well as
an analogue of a result on motivic nearby cycles by Bussi, Joyce and Meinhardt [6].

Let k be a perfect field. By a k-variety we mean a separated and reduced scheme
of finite type and of pure dimension over k. For a k-variety S, by S-variety we mean a
variety X together with a morphism X — S such that every irreducible component of X
is dominant over some irreducible component of S. For a non-negative integer n and an
S-variety X, we have the coherent Oy -module 3’;} /s and ngn/)s’ that are called the sheaf
of principal parts of order n and the sheaf of Kihler differentials of order n, respectively.
These sheaves are closely related to the higher Nash blowup. This blowup was studied, for
example, in [2,4, 8, 11-14,20,22,23] mainly from the viewpoint of the desingularization
problem. For a k-variety X, its n-th Nash blowup, denoted by Nash,, (X ), can be defined
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as the blowup Bl P (X) = BIQ;,/)]{ (X) associated to Py¢ ,, or Q;?/)k Basic properties of

blowups associated to general coherent sheaves were studied previously in [19,21]. It is

natural to consider a generalization of this blowup from k-varieties to S-varieties. We may

define the n-th Nash blowup Nash, (X/S) of X over S to be Blg);/s X) = Bl (X).
X/S

We may speculate that this blowup would shed new light on the study of singularities
of morphisms X — S or singularities of the corresponding foliations on X. The study
of higher Nash blowups of S-varieties itself is not the main subject of this paper, but it

motivates the study of the sheaves Py Jk and Q;’/) k

Our principal interest is in the case where S = A}C and X is smooth. Focusing on
the even more specialized situation X = A,‘f is also important, as the local study of the
given function f: X — A}( is reduced to this situation. Our first result, Proposition 2.3,
is an analogue of a result proved in [2, 4, 12]. Namely, we observe that for a morphism
I Ag — A}C, there exists a free presentation

‘=i (‘31 )
OAZ — (DAg - Q

such that the left map is given by a higher Jacobian matrix Jac, ( ) defined in [2] (for the
single function case), which has higher derivatives of f and zeroes as entries. For more
information to the reader, there is another version of higher Jacobian matrix associated to
a morphism of affine spaces (see Section 1.1 in [7]. Restricting the above exact sequence
to the hypersurface defined by f refines an earlier result in [12], and is similar to the exact
sequence independently obtained in Corollary 2.27 of [4]. This free presentation shows
that the n-th Jacobian ideal sheaf ¢, (f) is generated by the maximal minors of Jac, ( f).
Combining this with a result of Villamayor [21] also gives that for a function f: X — A}c
on a smooth variety, the n-Nash blowup Nash, (X /A ,lc) coincides with the blowup of X
with respect to the ideal &, (f); this is an analogue of Duarte’s result for hypersurfaces,
see Proposition 4.11 in [12].

1.2. Higher Nash blowup local algebras

In [16], Hussain, Ma, Yau and Zuo use the definition of higher Jacobian matrices intro-
duced earlier in [12] and work with the ideal of C[x] generated by all maximal minors of
such a higher Jacobian matrix of a polynomial (to compare different versions of higher
Jacobian matrices, see Remark 2.14).

Consider the ring C{x} = C{x1, ..., xg} of complex analytic functions on a neigh-
borhood of 0 in C?. We study a version extended to C{x} of a problem in [16]. Let f
be in C{x} such that f(0) = 0. The n-th Nash blowup local algebra of f is defined as
follows: 7, (f) := C{x}/{f. §,(f)). Clearly, 71(f) is the Tjurina algebra. When f is
a polynomial in C[x], the n-th Nash blowup local algebra 7;,( /) and the derivation Lie
algebra Der(7;, ( f)) are main objectives studied in [16]. In terms of Conjecture 1.5 in [16],
it was expected that if f € C[x] defines an isolated singularity at 0, then 7;,( /) is a contact
invariant (this was checked in [16] with n = d = 2). We go further as Theorem 2.26 below
when checking the conjecture with arbitrary n, d € N*; especially, we allow f and g to
be in C{x} and do not require the isolatedness of singularities. For the concept of contact
equivalence at a singular point, see Definition 2.25.
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Theorem (Theorem 2.26). Let f and g be in C{x} with f(0) = g(0) = 0. If f is contact
equivalent to g at 0, then T,,(f) is isomorphic to T,,(g) as C-algebras for any n € N*.

1.3. Motivic zeta functions

Assume that the field k has characteristic zero. Let X be a smooth k-variety of dimen-
sion d. Let f be a non-constant regular function on X, and let f also denote the cor-
responding element in Ox(X). As mentioned above, to such an f, we associate the
Ox-module Q("), the Nash blowup Nash, (f), and the sheaf of ideals ¢,(f) € Ox.
Now, we associate to f the motivic zeta function Zy(T) and nearby cycles Sy. It would
be meaningful to explore the relation of ¢, (f) to Z;(T') and 8.

The theory of motivic zeta functions is one of the profound applications of motivic
integration to the study of singularities. Indeed, several singularity invariants such as
Hodge—Euler characteristic and Hodge spectrum can be recovered from motivic zeta func-
tions via appropriate Hodge realizations (see, e.g., [9, 10]). Since the motivic zeta function
relates directly to the monodromy conjecture, it has been widely taken care by several
geometers and singularity theorists. For instance, Denef-Loeser (cf. [9, 10]) give it an
explicit description using log-resolution, hence they can prove its rationality and list a
candidate set of poles concerning the log-resolution numerical data, which is very impor-
tant for any approach to the conjecture. Moreover, the motivic zeta function and the
motivic nearby cycles are also important in mathematical physics, especially in the study
of motivic Donalson-Thomas invariants theory for noncommutative Calabi—Yau three-
folds (cf. [6]).

For any integer m > 1, let K{™ (Varg) denote the wn,-equivariant Grothendieck ring
of S-varieties endowed with a good j,,-action. Localizing K{™ (Vars) with respect to
the class L of the trivial line bundle over S, one obtains M‘g’”, and taking inductive limit

of M’;"‘ with respect to m gives the ring Mg (see Section 3.1). Write

Zp(T) =Y [Xm(ILmT™,

m>1

where X, (f) is the m-th iterated contact locus of f defined in Section 3.1. The following
theorem is also a main result of this article.

Theorem (Theorem 3.5). Let f and g be non-constant regular functions on X with the
same scheme-theoretic zero locus Xo. Suppose that g — f € $,(f). If d = 2 and Xy has
nodes, suppose additionally that k is quadratically closed. Then, for any integer m > 1,
the identity [Xm(f)] = [Xm(g)] holds in M;(’)” As a consequence, Zy(T) = Zg(T)
and Sf = Sg.

The theorem points out that the motivic zeta function and the motivic nearby cycles
of f are invariant modulo the second order Jacobian ideal sheaf ¢, ( f). Modifying The-
orem 3.5 with the hypotheses replaced by g — f € ¢, (f)? for non-constant regular func-
tions f and g with the same scheme-theoretic zero locus, we obtain Theorem 3.8. We
can consider Theorem 3.8 as a variant of Theorems 3.2 and 3.6 in [6]. However, it should
be noted that the definition of motivic nearby cycles in [6] is slightly different from that
in [9, 10]. Namely, the Denef-Loeser motivic nearby cycles of a regular function f is sup-
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ported on the zero locus of f (cf. [9, 10]), while the one of Bussi—Joyce—Meinhardt is
supported on the critical locus of f (cf. [6]). Notice that the proof in [6] uses Proposi-
tion 4.3 of [3] in a crucial way. Our idea in proving Theorems 3.5 and 3.8 may provide
new arguments for Theorems 3.2 and 3.6 in [6] using m-separating log-resolution, whose
existence is given in [5].

2. Higher Jacobian ideals

2.1. Higher Nash blowups of morphisms

In Sections 2.1 and 2.2, k is an arbitrary perfect field.

We first recall the construction of Oneto—Zatini [19] on the Nash blowup associated
to a coherent sheaf. Let X be a reduced Noetherian scheme, and let M be a coherent
Ox-module which is locally free of constant rank r on an open dense subscheme U of X.
Consider the functor ¥ from the category of X-schemes to the category of sets which
sends each X-scheme Y to the set of Oy-modules that are locally free quotient of rank r
of M ®o, Oy.Then § is contravariant and represented by an X -scheme Grass, M. It is
a fact that Grass, M xy U is isomorphic to U.

Definition 2.1 (Oneto—Zatini). The closure of Grass, M xx U in Grass, M is called the
blowup of X at M, and is denoted by Bl ¢ (X).

The natural morphism 7 4: Bl (X) — X is birational as X is reduced, and it is pro-
jective as M is coherent. Note that (7, M)/ Tor(r j, M) is locally free. As shown in [19],
Bl 4 (X) satisfies the following universal property: if #: Y — X is a modification such that
(h* M)/ Tor(h* M) is locally free, then there exists a unique morphism ¢: Y — Bl (X)
such that wy o ¢ = h.

Let S be a reduced Noetherian scheme, and let f: X — S be a morphism of schemes.
The diagonal morphism

A= Af X - X X9 X
of f is locally a closed immersion, so A(X) is closed in an open subset V of X xg X.
Let J = J be the ideal sheaf defining A(X)in V,i.e., d is the kernel of

N Oxxsx — A+0Ox.
For any n € N*, we define

PP = Phs = Oxxsx /" and QP = Q)= g/4m

As explained in Sections 16.3 and 16.4 of [15], J’f” (hence QJ(,")) depends functorially
on f, and the construction is local, i.e., for any open subscheme U of X we have ‘(Pf”ll U=

P} |u and QJ(,n‘)U = Q}”) |u. We regard P7! (respectively, Q}")) as an Oy -algebra (respec-
tively, an Ox-module) using the first projection X xg X — X. The map Oy — J’;’
induced by the first projection X xg X — X gives a splitting of the exact sequence

O—)Qj(rn)—>5)"—>(9x—>0.

In particular, P = Ox @ Qj(,").
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Definition 2.2. The Ox-modules !P}’ and Q}") are called the sheaf of principal parts of
order n of f and the module of Kéhler differentials of order n of f, respectively.

Consider morphisms of separated schemes f: X — S and g : S — B, and the follow-
ing commutative diagram:

X L) X L> S

A ,l lAgo ; lAg

¢ fxf
XXg X ——> XxgX —— Sxp 8

Similarly as in equation (16.4.3.3) of [15], the left and right squares give rise to the canon-
ical morphisms of Ox-modules
©,: Q% QP and ¥, : el =W e, 0x - V).

respectively. In particular, ®,, is induced by E*(Jgo f) cd 7 for every n € N due to the
left diagram. The right square gives an inclusion of coherent sheaves of ideals K :=
(f x f)*(dg) S dg0r. From the proof of Proposition 16.4.18 in [15], ®, is exactly the
canonical projection

Q (n) > Q (n)

n+1 n+1\ ~ @)
gor = Lgor/ (Ugey +F)/Igly) = Q7

gof

On the other hand, the tensor product over Ogx,s of dg — Qé") and Oxx,x — Ox
gives rise to a natural morphism KX — f* Qg'). The composition of this natural morphism
with W, is denoted by W}/ Let W, be the homomorphism X ®o, Py, » — Qi,"o) + induced
by W/. Namely, ¥, is the composition of

W @Id: K ®ay Py — QW) @0y P,
with the product homomorphism

(n) n (n)
Qgor ®0x Poor = Qyop

Then Im(¥,) is nothing but the sheaf of ideals generated by ¥, (K) = Im(¥})).

Proposition 2.3. With the previous notation, ®, is surjective and ker(0,) = Im(¥,). As
a consequence, there is an exact sequence of sheaves of Ox-modules

- Wn (n) On ()
J<®@ngofl - Qg”of — szf" — 0.

Proof. From Proposition 16.4.18 in [15], the image of X in Q;"o)  generates the kernel of
®, as a .77;0 f-submodule. Namely, the natural morphism

Uy K ®oy Pl ; — Q0

is surjective. We need to show that this factors through

-1
K Roy f/j;of — K R oy fl-’gof.
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To do so, we first observe that K C dgo . If a is a section of K and if b is a section

of J;of/ﬂgj;, then the section a ® b of X ®g, ?;of maps to the section ab = 0 of
SZ((;D) = deor/ J;:}. Thus, we get the desired factorization. |

Lemma 24. Let f: X — S and g: S — B be morphisms of separated schemes. Suppose

that f is étale. Then, f*!Pg’ o ?;’Of and f*le) ~ Q;”Qf.

Proof. Let Ag(S )@ denote the n-th infinitesimal neighborhood of A ¢(S), that is, the

closed subscheme of S xp S defined by J §+1~ Then, J’; is identified with the structure

sheaf of Az (S ) and Qg’) is identified with the defining ideal sheaf of Ag(S) as a closed
subscheme of Az (S )™ We show the lemma by using these identifications.
Consider the natural morphisms

Agor(X) = (f x f)7H(Dg(8)) — Ag(S).

Since the composite map and the right map are étale, so is the left map. Since the left
map is also a closed immersion, it is an open and closed immersion from Theorem 17.9.1
in [15]. This shows that the natural maps

Agor(X)™ — (f x ) HAg(S)™ — Ag(5)™

are also étale. Here the superscript (7) again means the n-th infinitesimal neighborhood.
We now regard Ag, s (X)™ and Ag (S)™ as an X-scheme and an S-scheme using the
first projections X xp X — X and S xp S — S respectively. Then, the étale morphism
Agor(X ) 5 A «(S )@ is compatible with the morphism X — S, and hence factors as

Agof(X)® = Ag(8$)™ x5 X — Ag(S)™.
We conclude that A, ¢ X)) — Ag (S)™ xg X is étale. Since
X = (Bgor(X) Mg = (A ()™ x5 X)rea = X

is an isomorphism, A, ¢ X)) — Ag (S)™ xg X is an isomorphism again from Theo-
rem 17.9.1 in [15]. The last two isomorphisms are translated to the desired isomorphisms

of sheaves via identifications mentioned at the beginning of the proof. ]
Notation 2.5. Let x = (x1,..., Xxg) be an ordered family of n variables, and let f be
ink[x]. Leta = (a1,...,ag) and B = (Bi....,Bq) be in N¢. From now on, we use the

following notation:
1O al=oalagl ol =01+ +ag;
(i1) « > B (equivalently, 8 < ) ifo; > B; foralll <i <d,
o > B (equivalently, 8 < «)if @ > B but o # f;
(i) x® = x{"'---x5, and
g0

- o] Oéd;
0x] ---8xd
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(iv) For k of positive characteristic, we will consider 97 f(x)/y! just as a formal symbol
which stands for the coefficient of y? in the y-variable polynomial f(x + y) —

S (x) (see [18]).

Example 2.6. Let x = (x1,...,xg), X' = (x],...,x}) and R = k[x]. Let f be in R,
which defines a morphism f: X = Spec R — Spec k|[t]. Let S = Spec k[t] = Spec k[t']
and B = Spec k. Then we have

X x; X = Speck[x,x'], S xx § = Speck|[t,t'],
and
dgoy = (X1 —X1.....xg = xq), dg=(1—1), K =(f(x)=fx)).
‘We obtain furthermore that !Pg"o_; ~ R(d+5 _]), and that its canonical R-basis is
& =P 10 < Bl <n—1}
similarly, Q;"gf = R(ddﬂ)_l, and its canonical R-basis is {[(x’ — x)¥] | 1 < |«| < n}.
A system of generators of the R-module X @r # ;O_fl is formed by the following vectors:
(f@) = fEN @[ =0l 0<[pl=n—1,
because, thanks to Notation 2.5,

8)’
1= o0 =2 L oy,

y>0

we have for 0 < || <n —1,

Y4
(£ = ) 9 16 =) = [ =0f ¥ L (7]

y>0
P f(x)
= X & — gy [ =",
1<|x|<n,a>B ’
Using the exact sequence in Proposition 2.3, we have that
Pf)
_ 0< <n-—1
Y g W -vafosigl=n-1)

1<|a|<n,a>p
is a system of generators of ker(®,) as an R-module.

Similarly as in Corollary 16.4.22 of [15], we can show that if f is of finite type,
then Q}") is a quasi-coherent sheaf on X and an Ox-module of finite type. As S is Noethe-

rian and f is of finite type, this implies that f is of finite presentation, hence Q™ is an
Ox-module of finite presentation (this can be also seen explicitly due to Proposition 2.3).

If f is a morphism of varieties, we denote by Crit( f) its critical locus. To define
a class of morphisms for which we will define higher Nash blowups, we consider the
following condition for a morphism f: X — S of k-varieties.
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Condition 2.7. For every irreducible component X’ of X, the closure of f(X’) is an
irreducible component of S, and X \ Crit( f) is dense in X.

The relative dimension of a morphism f: X — S satisfying Condition 2.7 is defined to
be dim X — dim S'. Note that if k is of characteristic zero, X is smooth and S = A}c; then
the above condition is satisfied if and only if f|x/ is non-constant for every irreducible
component X’ of X.

Lemma 2.8. Let f: X — S be a morphism satisfying Condition 2.7 of relative dimen-
e+n) 1

sion e. Then Q™ is a coherent Ox -module locally free of constant rank r = ( .

on an open dense subset of X.

Proof. Let U C X be the smooth locus of f, which is an open dense subset of X by
Condition 2.7. From Definition 16.10.1 and Proposition 17.12.4 in [15], 5)}’|U =0y &
Q}”) |u is locally free and has the same rank as ;_ Sg,, @ |u everywhere on U, where
S (‘9U Q} |y denotes the i-th symmetric power of Q} |- The lemma now follows from the
fact that Q} | has constant rank e. ]

Definition 2.9. Let f: X — S be a morphism of k-varieties satisfying Condition 2.7. The

n-th Nash blowup of f is defined to be the blowup of X at 2, Bl (X), and denoted
7

by Nash,, (), or by Nash,, (X/S) when the morphism f: X — S is fixed.

Consider the particular case where f is X — Spec k. Assume the k-dimension of X
is d. Then Nash,, (X/ Spec k) is nothing but the n-th Nash blowup of X, denoted by
Nash,, (X), in the sense of Yasuda [22]. Denote by A(X)®™ the n-th infinitesimal neigh-
borhood of A(X), and by pr, the restricted first projection A(X )™ — X. According
to [22], Nash, (X) is the irreducible component dominating X of the relative Hilbert

scheme Hilb (44m) (pry) for a constant Hilbert polynomial (d;” ) Since the moduli schemes

Hilb (45m) (pry) and Grass(dern) (Ox & QJ(,")) present equivalent functors, we have
Nash, (X) =~ BI(DX@Q}”) (X) =~ BIQ},,) (X) = Nash, (X/ Speck),

see Proposition 1.8 and Corollary 1.9 in [22].

Let f: X — S be a morphism satisfying Condition 2.7 of relative dimension e, and
let @(X) be the sheaf of total quotient rings of X. Letn € N* and r = (et") — 1. Lety
be the composition of the canonical morphism

r r
( (n)
AP - A\l @, @(X)

and a fixed isomorphism

2.1 N QP ®ep @(X) > Q(X).

Then Im ¢ is a coherent fractional ideal of @(X), locally free of rank 1 on an open dense
subscheme U of X. In general, there are several isomorphisms as (2.1), so the identifica-
tion of A" Q}") ®oy @(X) and @(X) is not canonical, thus Im  is well defined up to
isomorphism.
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Proposition 2.10. Let f: X — S be a morphism satisfying Condition 2.7 of relative
dimension e, and letn € N* and r = (et") — 1. There is an isomorphism of k-varieties

Nash, (f) = Bl/\r Q}n) (X)

Moreover, Nashy, () is isomorphic to the blowup of X with respect to the fractional
ideal Tm .

Proof. This is a direct application of Oneto—Zatini’s result of Theorem 3.1 in [19] to the
k-variety X and the sheaf M = Q}n). |

2.2. Higher Jacobian ideals of regular functions

Let X be a scheme, and let M be a coherent Ox-module. For each non-negative integer i,
the i-th Fitting ideal sheaf of M, denoted by Fitt; (M), is defined as follows. We take an
open covering X = |, U, such that for each A, M|y, admits a free presentation:

0

¥
(9[1}’/1 M|y, —— 0.

N/
Oy,

For each A, we define Fitt; (M)|y, € Oy, to be the ideal sheaf generated by (N —i) x
(N — i)-minors of the matrix representing ;. We see that these ideal sheaves glue
together to give an ideal sheaf on the entire scheme X; we define Fitt; (M) to be this
ideal sheaf. We denote by K the ideal sheaf glued from the kernel of 8 varying A.

Remark 2.11. Similarly, we can define Fitting ideals Fitt; (M) of a coherent sheaf M on
a complex analytic space X.

We discuss more on the local setting. Let U be an affine open subscheme of X,
M = MU), R =0Ox(U) and K = K(U) € RV . Let {e1, ..., en} be the canonical
basis of RY, and {v1,...,vn} a system of generators of M. Let 6: RN — M be the
R-homomorphism defined by 6(e;) = v;, 1 <i < N.Let {(ayj.....an;) |1 <j <N’}
be a system of generators of K, and let

A= (aij)1<i<N,1<j<N’-

Then A is called a relation matrix of M with respect to {v1,...,vy}. Then Fitt; (M) :=
Fitt; (M)(U) is generated by all (N —i) x (N —i))-minors of A, which is independent
of the choice of A and {vq,...,vy} (cf. Lemmas D.1 and D.2 in [17]).

Let X be a smooth algebraic k-variety of dimension d, and let f: X — A]i be a non-

constant regular function. Then Q}") is a coherent Ox-module locally free of constant
rank r = (d;:r”) — 1 on an open subset of X (cf. Lemma 2.8).

Definition 2.12. The r-th Fitting ideal Fitt, (") of the Ox-module 2" is called the
n-th Jacobian ideal of f, and is denoted by &, (f).

Let us give an explicit description of &, (f) in the affine case X = Spec R with
R = k[x] = k[x1,...,x4]- This case is also enough for results and applications we will
mention.
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Toan f € R and an n € N*, we associate a matrix described as follows:

Jac, (f) := (rg.a) 0<|Bl<n—1,1<a|<n>

where the ordering for row and column indices is graded lexicographical,

0 if j <pB; forsomel <i <d,
(2.2) rga =Tga(f)i=10 if @« =8,

goe—B .

(Ot——ﬂ{! if > IB,

using Notation 2.5. Clearly, Jac, (f) is a matrix of type (d_;"'") X ((dji'”) — 1) with
entries in R.

Definition 2.13. For f € R, the matrix Jac, (f) is called the Jacobian matrix of order n
of f, or the n-th Jacobian matrix of f .

Remark 2.14. There are a few versions of higher Jacobian matrix which are slightly
different from one another. Our definition above follows the one adopted in [2]. Another
version considered in [12, 16] differs in that the diagonal entries ry o are f instead of 0.
These two versions coincide modulo f. The one in [4], which the authors call the Jacobi—
Taylor matrix, has one extra column by allowing || = 0.

Let us consider the ring homomorphism k[¢] — R which maps ¢ to f. Let I be the
kernel of the diagonal homomorphism R ®g[;; R — R, which is an R-module via the
homomorphism R — R ®[;] R givenby & — £ ® 1. By Lemma 2.8, Q}”) =1/I""lisan
R-module of generic rank r = (dd_iT") —1.Forl <i <d,putéx; :==1® x; —x; ® 1, and
fora = (a1,...,04), put (6x)* := ]_[f=1(5xi)"‘i.Then I = {6x1,...,8xg) and {[(6x)%] |
1 < |a| < n}is a system of generators of the R-module Q}"). Let{ey | 1 < |a| <n}be
the canonical R-basis of R(d;n)_l, using graded lexicographical ordering for indices «
in N¢_ Consider the homomorphism of R-modules

d+n

. REINT L
f
defined by
O(ea) = [(6x)*].

Proposition 2.15. With the previous notation, for f € R, the transpose of Jac,(f) is a
relation matrix of Q/(,n) with respect to {[(6x)*] | 1 < |a| < n}. As a consequence, $,(f)
is the ideal of R generated by all the maximal minors of the matrix Jac, (f).

Proof. Consider the homomorphism ®,, defined in Section 2.1 for the case f: Ag — A}C

and g: A} — Speck. Via the natural isomorphism Q[(g”o)f = R mapping [(x' — x)]
to ey, O is nothing but 6. Also, via this isomorphism, it is computed in Example 2.6 that

) mea o§|ﬁ|§n—1}={ Y rpaca

_ !
I<alomasp @ P! 1<lal<n

0§|/3|§n—1}
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is a system of generators of ker(f) as an R-module. This proves that the transpose of
Jac, (f) is a relation matrix of Q}n) with respect to {[(6x)*] | 1 < || < n}. L]

Example 2.16. For f € R, we have

a af .. af 1¥f #f . _Pf 1PS
dx1 0x2 3xd 2 ax% dx10x2 dx1 Bxd 2 axg
0 af aof
0 0O --- 0 3= - 0
Jaco(f) =0 o0 - 0 0 N | w
0 0 - 0 0 o - Z 0

More particularly, for f(x1, x2) = x; — x2, we have

3xf —2x2  3x1 0 -1
Jaco(f) =1 O 0 3xf —2Xx» 0
0 0 0 3xf —2Xx2

and
Fo(f) = (x%, xTx2, xTx3, X3, 4x1x5 — 3x7).

Remark 2.17. We have a more direct way to show that the row vectors of Jac,(f) are
elements of the kernel of 8. Indeed, let rg denote the B-row of Jac, ( /), namely

d+n\_
rg = (rﬂ,a)lslalsn = Z IBa€a € R( a") L

1<|a|<n

Then, we have

gx—B
D I Al

1<|a|<n,a>p

:[(ax)f’ 3 (m(@l).(&x)“—ﬂ]

_ |
I<lulamanp - @B

- [(5x)ﬂ Z 7 f(x®1) - (8x )y]
i<plengly=o V'

Note that [(§x)#1?] = 0 in Qj(,") for |8| + |y| > n. Thus, using Taylor’s expansion,

0(rg) = [(SX)ﬂ Z w . (5X)V]

y>0

= [(gx)ﬂ Z w C(8x) = (8x)P f(x ® 1)]

y=0

[60)P(fa®x)— fx® )] =[6x)P(1® f - f®1)]=0.
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Furthermore, the rank of Jac, (/) is (d_(r'"), which is equal to (djj'") — 1 —r. This is only

enough to show that ¢, (/) is isomorphic as a fractional ideal to the ideal of R generated
by all the maximal minors of the matrix Jac, ( f), which is weaker than the statement of
Proposition 2.15.

Proposition 2.18. Let f be a non-constant regular function on a smooth d-dimensional
k-variety X, and let n € N*. Then Nash, (f) is isomorphic to the blowup of X with

respect to §,,(f).

Proof. By Proposition 2.15, as well as by Proposition 2.5 and Corollary 2.6 in [21],
¢, (f) and Im ¥ mentioned in Proposition 2.10 are isomorphic as fractional ideals. Thus
Nash,, (/) is isomorphic to the blowup of X with respect to ,,(f). |

Proposition 2.19. Let f be a regular function on a smooth d-dimensional k-variety X .
Let 9: X' — X be an étale morphism. Then, we have o™ §,(f) = $,(f o ¢). Similarly
Sor the case where f is a holomorphic function on a complex manifold X and ¢: X' — X
is a local isomorphism of complex manifolds.

Proof. From Lemma 2.4, we have w*Q}") = Q}"gw. From a basic property of Fitting ide-
als, we have
Fitt, (¢* M) = ¢! Fitt, (M)

for any coherent sheaf ;M on X. Similarly for the holomorphic setting. ]

Proposition 2.20. We have an inclusion §,(f) < ¢, (f)(d;?lrn). In particular, §,,(f) <
$1(f)3, if either
(i) d >3andn > 2, or

(i) d =2andn > 3.

Proof. If |B| = n — 1, then the B-row of the matrix Jac,(f) has only zeroes and first
derivatives df /0x; as its entries. Indeed, if « is givenby o; = B; + land o; = B; (i # j)
for some i, then the (8, a)-entry of the matrix is df /dx;. If « is not of this form, then the

(B, a)-entry is zero. The number of B’s with || =n — 1 is (d;ﬁ'") and hence there

are (d;ﬁ'") rows as above in the matrix. It follows that every maximal minor of Jac, ( f)

d—2+ . . Loy
belongs to &, (f )( d—ln), which shows the first assertion of the proposition.
To show the second assertion, we first note that if » > s, then

r r—1 r—s—+1
> == =r—s+1.
s s—1 1

If d >3 andn > 2, then

d—2+n d—3+n d—3+n
(d—l )—( d-2 )+( d-1 )2n+(n—l)—2n—123.

d—2+n n>3 .
d—1 o=

If d =2andn > 3, then
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2.3. Higher Jacobian ideals of complex analytic functions

In this subsection, we consider the ring C{x} = C{x1,..., x4} and f e C{x} with
£(0) = 0, where 0 is the origin of C¢. Denote by V = V(f) or (V,0) the germ of the
complex hypersurface singularity at 0 defined by f. For a complex analytic function f,
we also define Jac,(f) and ¢, (f) similarly as in Section 2.2.

Lemma 2.21. Let f be in C{x} with f(0) = 0. Let ¢ be an automorphism of C{x}. Then
Sforn € N*, we have the equality (¢, (f)) = $,(@(f)) of ideals of C{x}.

Proof. This lemma is a particular case of the second part of Proposition 2.19. ]

Recall that f(x) = Y, agx® € C[x] is a weighted homogeneous polynomial with
respect to weights degx; = w; € Z (1 <i <d) if ¢yw; + --- + agwy is a constant
N € N* for every @ with a, # 0. One calls N the weight or the degree of f.

Corollary 2.22. Let f be a weighted homogeneous polynomial in C[x] with respect to
positive weights, and let u be in C{x} with u(0) # 0. Then for every n € N*, we have the

equality §,(f) = &, f) of ideals of C{x}.

Proof. Letwy,...,wg € N* be the weights of f, and let N be the degree of f. Consider
the automorphism ¢ of C{x} defined by

x = W xq, ..., uVxy).

Then we have
o(f) = fu"'xi.... . u"xq) = u" f.

For every n € N*, let us compare the n-th Jacobian matrix of f in [1] and our Jac, ( f).
They are the same at almost all but (8, B)-entries, for 8 € N and 0 < || < n — 1. The
(B, B)-entries in [1] are f, while our (8, B)-entries are 0. By Theorem 1.6 in [1] and its
proof, the n-th Jacobian ideal admits a system of generators such that each generator g is

a weighted homogeneous polynomial of weights wy, ..., wg, hence so does our &, (f).
As above, we have ¢(g) = u® g, which implies that ¢(¢,,(f)) = &, (f) because u is a
unit. Now, the corollary follows from Lemma 2.21. [

Remark 2.23. Let f be in C[x] such that f(0) = 0. We are going to describe the stalk
(Q}"))o of the sheaf QJ(,") at the origin of C?. Consider the ring homomorphism

C{t} - C{x}, t+— f

Let I’ be the kernel of the diagonal homomorphism C{x} ®cy) C{x} — C{x}, which
is an C{x}-module via the map C{x} — C{x} ®cyy; C{x} sending £ to £ ® 1. We can

prove that 1'/1"*1! is a C{x}-module of generic rank r = (d;iT”) — 1. Then, similarly

as in Corollary 16.4.16 of [15], we have (QJ(,"))O =~ ['/1'*1 as C{x}-modules.

Lemma 2.24. Let f and u be in C{x} such that f(0) = 0 and u(0) # 0. Then for any
n € N* (1. d,(NNcxy = (f. Fn@f))cix-
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Proof. First, we use the convention that 92=B = 0 if there is an i such that a; < B;. For
each injection
B0 [Bl=n—1} > {a |l =< af <nj},
we define
M/ = (r.0 (1)) g p-
Up to permutation of columns, this is equal to the maximal square submatrix of Jac, ( f)
corresponding to the image of ¢. Let

9B’ =By P
.= (—) and N, :=TM/ .
(B — B)!/ o<IBl.1p"|<n—1
We see that T is an upper triangular matrix with every diagonal entry equal to u. Indeed,
if B > B’ for the graded lexicographic order, then for some i, f; > B; and hence the
(B, B')-entry is zero. It follows that

det(V,) = u(“ 2™ dey(m/).
A direct computation shows that the (8, 8)-entry of N, is
OB =By 3BI-B" ¢
2 TR WP

0<|B"|<n—1

with the convention that 39 f = 0. By the general Leibniz rule, this is equal to
rp.u(p) (Uf)-

Thus ML"f = N, and det(ML"f) =det(N,) = w7 det(Mtf). Because the ideals &, (/)
and ¢, (uf) are generated by {det(MLf )}, and {det(ML"f )}, respectively, and because of
the previous convention, the lemma follows. [

Definition 2.25. Let f and g be in C{x}. Then f is said to be contact equivalent to g
(at 0) if there exist an automorphism ¢ of C{x} and a unit ¥ in C{x} such that g =

u-o(f).

Theorem 2.26. Let [ and g be in C{x} with f(0) = g(0) = 0. If f is contact equivalent
to g at 0, then T, ( f) is isomorphic to T,(g) as C-algebras for any n € N*,

Proof. By the hypothesis, there exists an automorphism ¢ of C{x} and a unit ¥ in C{x}
such that g = u - ¢( f). Take any n € N*. It follows that

Tn(g) = Clx} /(8. #1(2)) = C{x}/(0(f). & (u - 0(f)))
= C{x}/{e(f). #n(@(f))) (by Lemma 2.24)
= Cix}/{p(f) ¢($,(f))) (by Lemma 2.21)
= Ci{x}/o((f. £, ().

Since ¢ is an automorphism ¢ of C{x}, the well defined map

Tn(f) = CLx} /(S 8 () = Clx} /o (S Fn ()
sending h + (£, &,(f)) to o(h) + o(( /. $,(f))), is an isomorphism of C-algebras. m
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Corollary 2.27 ([16], Conjecture 1.5). Let f and g be in C[x] such that V(f) and V(g)
have an isolated singularity at 0. If f is contact equivalent to g at 0, then T,(f) is
isomorphic to T,(g) as C-algebras for any n € N*,

We remark that Conjecture 1.5 of [16] was proved by its authors for d = n = 2, see
Theorem A in [16]. Furthermore, Theorem 2.26 is much stronger than this conjecture
since Theorem 2.26 accepts f and g to be in C{x}, and it does not need the condition
that f and g have an isolated singularity at 0.

3. Motivic zeta functions of regular functions

In this section, k is a field of characteristic zero.

3.1. Motivic zeta functions

By a k-prevariety, we mean a separated and reduced scheme of finite type over k. (We
introduce this term for a temporal use, restricted to this and the next paragraphs, in order
to mean a “variety not necessarily of pure dimension”.) For an integer m > 1, we denote
by im the group scheme of n-th roots of unity Spec(k[t]/(z™ — 1)). These schemes
together with the mappings fim; — tm given by & > &/ form a projective system, whose
limit is denoted by ft. A good pm,-action on a k-prevariety X is a group action of iz,
on X such that every orbit is contained in an affine open subset, a good fi-action is an
action of {1 factoring via a good ji,,-action.

Let S be a k-prevariety, with trivial u,,-action. The w,,-equivariant Grothendieck
group K (‘f ™ (Varg) is the quotient of the free abelian group generated by the i,,-equivar-
iant isomorphism classes [X — S, g], where o is a good action of u,, on X, considered
as an automorphism of X over S, by the subgroup generated by

[X = S,0]=[Y = S,oly] - [X\Y = S,0|x\v]
for any invariant Zariski closed subset ¥ of X, and by
[X xx A} — S,0] — [X xx A} — S,07]

when o and o’ are cartesian products of u,;,-actions that coincide on X and are linear
on A7. There is a natural structure of a commutative ring with unity on K(‘f " (Varg) due to
fiber product over S, with p,,-action on the fiber product induced from the diagonal one.
Let IL be the class of the trivial line bundle over S. We define

ME™ == K™ (Vars)[L™], K(‘;‘(Vars) = h_n)lK(‘)L'” (Varg), and
M = lim M" = K (Vars)[L™'].

Forgetting actions recovers the (classical) Grothendieck ring Mg
To a k-variety X and m € N corresponds the k-scheme L,,(X) that represents the
functor
K > Morg—chemes (Spec(K[t] /(™) K [1]), X)

from the category of k-algebras to the category of sets. For integers [ > m > 0, the trun-
cation map k[¢]/{¢'*1) — k[t]/(t"*") induces a morphism of k-schemes 7} : £;(X) —
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L, (X). If X is smooth of dimension d, n,ln is a locally trivial fibration with fiber A,(Cl —md
Let £(X) be the projective limit of £,,(X) in the category of k-schemes, and let 77, be
the natural morphism £(X) — £,,(X).

Let X be a smooth k-variety of dimension d, and let f: X — A}C be a non-constant
function with the scheme-theoretic zero locus Xy. For any integer m > 1, put

Xon(f) =¥ € Lp(X) | f(¥) =™ mod 1" +1}

which is a k-variety endowed with the good ,,-action as below, for £ € ,,,

§-v(1) =y(En).
This together with the natural morphism X, ( /') — X yields an element [X,, ( f)] in M;g’ .

Definition 3.1. The formal power series Z¢(T) =}, 1[Xm (/)] L~=4mT™ is called the
motivic zeta function of f.

Let M% [[T])s: be the M)‘?O—submodule of Mﬁ() [[T]] generated by 1 and by finite prod-
ucts of elements of the form

LPTY

T—Le7e Y @PTH". (p.q) € Z x N*.

m>1

An element in M;O [[T]]s is called a rational series. According to [9], Section 4, there is a
unique M;o—linear morphism limr_,  : J\/[ﬁo[[T]]Sr — Mﬁ() with lim7_, oo % =—1
forall (p,q) € Z x N*.

By a log-resolution of (X, Xy), we mean a proper birational morphism :Y — X such
that Y is smooth, / is an isomorphism over (X \ Xo) U (X¢)sm, and 271 (X) has simple
normal crossing support. Consider a log-resolution /: Y — X of (X, Xo). Let E;,i € J,
be all the irreducible components of 27! (X). Assume that

div(h*f) =Y "N;E; and Kyx =Y (v — )E;.
ieJ ieJ
where N; and v; are positive integers. For I C J, put E; = ﬂie[ E; and E}’ =Er\
Ujgr Ej-1f I = {i}, we write E7 instead of Efl.}. Let U be an affine Zariski open subset
of Y suchthat U N E} # @, U N Ej isclosedin U, U N Uj¢1 E; = @, and such that,
onU,
h* f(y) =u() [ [ "
iel

where for each i, y; = 0 is a local equation on the chart (U, y) defining E;, and u is a
morphism U — G,. Let Ny be the greatest common divisor of (N;);es. Denef-Loeser
in [10] construct an unramified Galois covering 77: E; — E7, with Galois group uy,
given over U N E7 by

Eflung; ={(G.y) € Apx UNEY) | 2N =u(p)™"} > UNE}
(z,y) = y.
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Choose a covering of Y \ i1 Ej by affine Zariski open subvarieties U. Then the
varieties E}D|Un gy are naturally glued together into a unramified Galois covering E;,
which is endowed with a natural u y, -action. The u v, -equivariant morphism E; — E} —

X determines a class [E ?]in J\/[MN’

Theorem 3.2 (Denef-Loeser [10]). Using a log-resolution h of (X, Xy), and the previous
notation,

[Xm ()] = L™ Z (L - l)l”_1 [E;] ( Z L~ Xier kiVi)
DFICT ki>1,iel
Yier kiNi=m
and
I]-1 LV TN
2y = 3, C-0)"EN [ =g
0#FIST iel

In particular, Zy(T) is a rational series.

Definition 3.3. The motivic quantity

Sf i=— lim Zy(T) = > a-D)HE] e My,
- O£ICT

is called the motivic nearby cycle of f.

Definition 3.4. Keeping the notation above, for m € N*, we say that a log-resolution # is
called m-separating if N; + N; > m whenever E; N E; # 0.

We notice that an m-separating log-resolution always exists. This was proved over C,
with a slight different definition of log-resolutions, in Lemma 2.9 of [5]; they do not
assume that a log-resolution #: Y — X needs to be an isomorphism over (X \ Xo) U
(X0)sm- However, the same proof shows that the result holds over any field of character-
istic zero with our definition of log-resolutions. If / is an m-separating log-resolution of
(X, Xy), it follows from Theorem 3.2 that

G.1 [ ()] =174 Y [EFJL /N,

Ni|m

3.2. Motivic zeta function is invariant modulo second order Jacobian ideal

Let X be a smooth k-variety of dimension d > 2. If f is a non-constant regular function
on X, we also denote by f the corresponding element in Ox (X). Fix an algebraic clo-
sure k of k. In what follows, we say that a k-point x of X is a node if its complete local
ring (9(X0) x 18 isomorphic to k[[x1. x2]]/(x? 4+ x3). We say that X has nodes if it has

k- -points which are nodes.

Theorem 3.5. Let f and g be non-constant regular functions on X with the same scheme-
theoretic zero locus Xo. Suppose that g — f € §,(f). If d =2 and X has nodes, suppose
additionally that k is quadratically closed. Then, for any integer m > 1, the identity
[Xn ()] = [Xin ()] holds in M;(’)” As a consequence, Zy(T) = Z¢(T) and S5 = Sg.
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Proof. We first outline the structure of the proof. We will discuss two cases separately;
the case where d = 2 and X has a node, i.e., when f(x) is written as x? + x2+ (terms
of higher degree) for local coordinates x; and x;, see case (iv) below; and the remaining
case (cases (i), (i1) and (iii) below). In the latter case, we can show tbat g—f llas higher
order than f at any point in question. Using this fact, we can show [E(f)] = [E[ (g)] for
every i, where El" (f) and El" (g) are E{’ defined using f and g, respectively, and using
some m-separating log-resolution of (X, Xg). The equality [Ei" (H] = [Ei" (g2)] gives the
desired conclusion. In the former case, we use a log-resolution & of (X, Xo) which is
m-separating for exceptional divisors coming from singular points in X that are not nodes
(i.e., for such exceptional divisors N;(f) + N;(f) > m if E; N E; # @); similarly as
above, we can show [ft"( Nl = [E;’ (2)]; also, for a node of X, an explicit computation
shows that [Elf’ (] = [Elf’ (g)] if E; is an exceptional prime divisor contracting to the
point. Again, this is enough to obtain the desired conclusion.

We will now move on to a detailed discussion. Let us write g — f = a, for some
a € §,(f).Since f and g have the same zero locus Xy, we have a|x, = 0. Write locally,
on W,a = a’f, where W is an open affine subset of X and a’ € Ox(W). Let p be a
non-smooth point of Xo N W. Up to étale base change, we may assume that W = Az.
Let N > 2 be the multiplicity of f at p, so that we can write f as

f(x) = fn(x) + (terms of degree > N),

using local coordinates x = (x, ..., xyz) and a nonzero homogeneous polynomial fy of
degree N. First, we consider the following three cases:
i) d=3,

(i) d =2and N > 2,
(iii) d = N = 2and fa(x1,x2) = cx?, ¢ € k* (up to linear change of variables).

We are going to prove that a’(p) = 0. Let & = a(p) be a vector in N¢ such that

|| = N and (0% f)(p) # 0. By the general Leibniz rule, applied to the equality a = a’ f
on W = A¢
k ’

@a")(@" f).

(3.2) Pa=ad"f+ )

a'>0, a’'+B=a

/lﬂl

In the sum Y on the right-hand side, since &’ > 0, we have || < |a] = N, hence
@ f)(p) = 0. If d > 3, since a is a section of 4,(f)? by Proposition 2.20, we can

write a in the form
Z of of af

a= i —
aij 0x; 8x] Bxl

1<i,j,l<d

where the a;;;’s are sections of Ox. By the general Leibniz rule,

Pa= Y ) 0 an) (a (af af af ))

dx; dx; 0x
1<i,j,l<d o'+B=a Y !

/IIBI
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Let ¢; be the i-th vector of the canonical basis of N¢, and let y(i) = y + ¢; for any
y € N9 . Then, we have

aﬁ(ﬂiﬂ)_

8x,~ an 8)6[

B! "
Z ﬂW(aﬂUf) @D £y ("D p).

B/ +B B =
If all the three numbers |8(i)|, [8” ()| and |8"” ()| are simultaneously > N, then
N+3=[Bl+3=18OI+I8"()I+ 8" (D] = 3N,

so N < 3/2, which is impossible. Thus, at 1east one of these numbers is strictly less
than N, for instance, |8/(i)| < N, hence (92'® £)(p) = 0. It follows that

3/3(%%%)(1)) -0

3.3
(3-3) dx; dx; dx;

for every B < «, hence (0%a)(p) = 0. Thus, it follows from (3.2) that a’(p) = 0.
If d = 2, then §,(f) has a system of generators consisting of

N3 OFN2f  Of LOf\2  [Of\3
) o) e o G) (5g)

and

132f(af)z Pf of 3f+182f(8f>2
O =—-——=|— — - - =) .
2 8)(% 8)62 8)618)62 8x1 8X2 2 8)6% 8x1

By (3.3), in order to prove (0%a)(p) = 0, hence a’(p) = 0, it suffices to prove that
@ 0)(p) =0

for every B < «. By the general Leibniz rule,

9P (% i _82f ) = — B! (3/3’(i)f) (35”(j)f) (3ﬂ”’(l)(p)f)_
ox; 0x; 0x;0x, g1 B B!
ﬁ/_;,_ﬂ//_’_ﬂm:ﬁ

If1'G) = N, |B"(j)l = N and |B”(I)(p)| = N, then N + 4 > [B] + 4 = 3N,
hence N < 2. Thus, if N > 2, the contradiction argument (see a similar detail as in the
case d > 3) shows that (380)(p) = 0 for every B < a. If fo(x1, x2) = cx?, c € k*,
we may choose o = (2,0). Assume for simplicity that p = (0, 0). Then, we have that
o = 0+ (terms of degree > 3), hence ¢(0,0) = Z?TGI(O*O) = 327‘;(0,0) = 0.

1

Now, we take care of the fourth case:

(iv) d = N =2and f>(x1,x2) = x7 + x5 (up to linear change of variables).

In this case, p is a node of X¢ N W, and for simplicity we assume p = (0,0). Then, f
and o have the forms f(x1,x2) = x? + x3 + (terms of degree > 3), 0 = 4(x? + x3) +
(terms of degree > 3). Since (0, 0) is also a nodal zero of g, we have g(x1,x2) = c(x7 +
x3) + (terms of degree > 3) for some ¢ € k*.

To finish the proof, we are going to consider the following two cases.
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Case 1. All singular points of Xg satisfy either (i), or (ii), or (iii).
Let i: Y — X be an m-separating log-resolution of (X, Xo). We write

div(h*f) =) Ni(f)E: and Ky;x =) (vi—DE;,

ieJ ieJ

where E;, i € J, are irreducible components of 4~ (Xp). Consider an arbitrary excep-
tional divisor E;. Let U be an open affine subscheme of Y \ | iz Ej with U N EP # 0,
so that on U we have
Wt f o= uyNi (@2)
1 ki

with y; = 0 being the local equation of E;, and u(y) # 0 for every y € U N E. Since
g— f =a,wehave (h*g)|ly — (h* f)|yv = (h*a)|y. This implies that, shrinking U if
necessary,

(3.4) (h* Q) — 1 Pl € 5"y < oy (),

from which

* * ordg; (h*a)
Bl € W Hlo +{y; 7 7).

Sincea = a’ f on W and a’(p) = 0 for any singular point p of X¢, we have ordg, (h*a) >
N; (f). Therefore, we deduce that there exists a morphism v: U — G, such that

N;
(h* )|y = vy,

This argument works for all exceptional divisors E;, i € J, hence h: Y — X is also an
m-separating log-resolution of (X, X¢) for g with the same exceptional divisors E;’s as
for f and N;(f) = N;(g) =: N; on each E;. Thus, by (3.4) we have

(35) u(y) _ v(y) c (y;-)rdEi (h*a)—N,-),

hence u = v on U N E;. In fact, proving u = v on U N E;, which we have just attained
due to (3.5), is the key step in the proof of Theorem 3.5. Consider the Galois unramified
coverings E7(f) and E; (g) described over U N E; as follows:

EY(Nlunee ={(z.y) € Ap x U NED) | 2N =u(y)™'},
EX(@lunes ={(z.y) € A x (UNEP) | 2V = w(y)™'}.

Hence E;(f)|UﬂEi° = Elf’(g)|UnEio becauseu = von U N E;.

Let U’ be another open affine subscheme of Y \ | J;; E; such that U N E} # @,
and on U’ we have h* f = u’zl.jvi, with z; = 0 defining U’ N E;, and v’ a unit. Simi-
larly as previous, h*g = v’ziNi on U’ for some unit v, and furthermore, Ef(f)|U’nEi° =

Ef(g)|U/mEf Then,on U N U’, z; = & y; with & a unit, hence u = u’SiNi andv = v’éilvi;
thus the map
() eAgxUNUNE) | =M =u(y)™}
Sy eApxUNUNE) | 2N =u' ()7}
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sending (z, y) to (§;z, y) is an isomorphism, and the same observation also holds for v
and v'. Tt follows that

E(Nlvnvnes = E(@lunvnes-

hence the gluing yields E°(f) = E?(g), hence [E?(f)] = [E?(g)] in Ky " (Varx,).
Since Xo(f) = Xo(g) = X and, again, u = v on U N E} for every appropriate U
and i, it follows that if E; is a strict transform for f, then, up to isomorphism, it is also a
strict transform for g, thus [E?(f)] = [ES] = [E}(g)].
Since 4 is an m-separating log-resolution of (X, X¢) common for f and g, the numer-
ical invariants v; are common for f and g. Using the formula (3.1) we have

2 (N =17 ST IEXHILT™™ N and - [X(g)] = L™ Y7 (E ()] L7
Nilm Nilm

Therefore, by the above discussions, we get [X;, (/)] = [Xm (2)]-

Case I1. d = 2 and X contains a node, i.e., there is a point p € Xy satisfying (iv).

Leth:Y — X be alog-resolution of (X, X¢) for f. Asin the proof of Lemma 2.9 in [5]
(applying to the case d = 2), given h, we can blow up along intersections E; N E, and
do this procedure many times to attain the property N; + N; > m whenever E; N E; # 0
and E; and E; come from non-nodal singular points (i.e., m-separating for non-nodal
singular points). For each node of X, we only use once the blowup (y1, y2) = (Y12, Y2),
locally. The resulting m-separating log-resolution for non-nodal singular points is also
denoted by &. Using the argument in Case I, if E; is an exceptional prime divisor coming
from a non-nodal singular point of Xy, or if E; is a strict transform, we have [E{’( Nl=
[Et" (g)] in K(I)L i (Vary, ). It remains to prove that, if E; is the exceptional prime divisor
corresponding to the node p of Xy, then [El" (H] = [El" (g)] in K(I)LN" (Vary,).

Assume p = (0, 0) again. As explained in case (iv), f(x1,x2) = x? + x2+ (terms of
degree > 3), and g(x1, x2) = c(x7 + x3) + (terms of degree > 3), ¢ € k*. On an affine
Zariski open U around (0, 0), we have

* f(y1,y2) =uy?, u =1+ y? + y, - (terms of degree > 0)
and

h*g(y1,y2) = cvy3, v =1+ y}+ y, - (terms of degree > 0).
Here, U N E; is defined by y» = 0 and N;(f) = N;(g) = 2. Sinceu =v =1+ y? on
U N E; and ¢ # 0, the map

{Ey1.0 e A xUNE) |22 =(1+yD)7")
= {3100 € Ay x (UNEY) [ez? = (1+y]1)7Y)

sending (z, y1,0) to (z/+/c, y1,0) is an isomorphism. Therefore, by gluing we obtain
E2(f) = Ez (). hence [E5 ()] = [E2(g)] in Ky ™ (Vary,). .

Corollary 3.6. Let f and g be non-constant regular functions on X with the same scheme-
theoretic zero locus Xg. Suppose that d, n, f and g satisfy one of the following conditions:

cdz3n=2¢g-fed,(f)
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e d=2n>2g9—feg,(f) Xohasno node,
cd=2n>2g— fed,(f) Xo has nodes, k is quadratically closed,

cd=2n>=3¢-feg,f)
Then, for any integer m > 1, the identity [X;,(f)] = [Xn(g)] holds in M;(’)” As a conse-
quence, Zy(T) = Zg(T) and 8y = §4.

Example 3.7. Consider /' = xZx5 and g = x2x»(1 + x?) be in k[x1, (1 + x2)7!, x2],
which define morphisms D(1 + x?) X A}c — A1, where D(1 + x?) is the principal
open subset of A}C given by 1 + x7. Then $»(f) = (x3x3, x{x2). We can check that
Xo(f) = Xo(g) =: Xo as k-schemes, and that g — f = xx2 € $2(f). By Theorem 3.5,

8f =84 in M;O.

The proof method of Theorem 3.5 can be applied to prove the following result, which
is a variant of Theorem 3.2 in [6]. Remark, again, that the definition of motivic nearby
cycles in [6] is slightly different from that in [9] and [10], thus Theorem 3.8 is not exactly
the same result as that of Theorem 3.2 in [6].

Theorem 3.8. Let f and g be non-constant regular functions on X with the same scheme-
theoretic zero locus Xo. Suppose that g — f € $1(f)3. Then, for any integer m > 1, the
identity [Xm (/)] = [Xm(g)] holds in M)‘?(’)" Consequently, Zy(T) = Zg(T) and 85 = 8.

Proof. As in the proof of Theorem 3.5, we can write g — f = a € §,(f)> withalx, = 0.
On an open affine subset W of X we have a = &’ f, with a’ € Ox (W). We may assume
W= Ag. Let p be a non-smooth point of Xo N W. Since

Sy Y

‘= dx; dx; dx; ’

1<i,j,l=<d

with a;;; being sections of Oy, it follows from the general Leibniz rule and (3.2) that
a’(p) = 0 (see the proof of Theorem 3.5 for details). Consequently, we have ordg, (h*a) >
ordg; (h* f) for any log-resolution & of (X, X¢) and any exceptional divisor E; of A. The
rest is completely the same as in Case I of the proof of Theorem 3.5. ]

Remark 3.9. We observe, from Proposition 2.20 and the proof of Theorems 3.5 and 3.8,
the following facts:
(a) if d = 2, Theorem 3.5 is stronger than Theorem 3.8;

(b) if d > 3, Theorem 3.8 is stronger than Theorem 3.5.

Remark 3.10. We now borrow Example 3.5 in [6] to show that Theorem 3.5 will not
be true if we replace f>(f) by &1(f). Further, we show u # v in U N E;, where E;
is an exceptional prime divisor. Indeed, consider X = A}c Xk G, f(x1,x2) = x% and
g(x1,x2) = x%xz. Then

Xo(f) = Spec(k[x1. x2. x5 '] /(x7)) = Spec(k[x1,x2. x5 ']/ {x]x2)) = Xo(g).

which will be denoted by Xy. The singular locus of Xy is the reduced part (X¢).eq of Xo.
Since g = x, f, where x3: X — G, sending (x1, x3) to X2, the latter means g — f =

(2 =D fedi(f) = {x1)
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Let & be the blowup of X along X,. By definition, /4 is nothing but the identity
morphism of X, which has no strict transform, while whose exceptional prime divisor
is E; = Xo = h™!(Xy). Using the notation in the proof of Theorem 3.5 we have U = X,
u=1andv=x,0nE; =U N E7 hence u # vin U N E7. Furthermore,

EN(S) ={(z;x1,x2) € Al xp Eq |22 = 1) = {(2:0,x2) € A} xi Ey | 22 =1},

ES(g) = {(z:x1.x2) € Ap xg E1 | 22 = x2) = {(z:0,x2) € A} xx Eq | 22 = x2},

hence [Ef(f)] = (L — D[puz] and [Ei’(g)] =L — 1. By Theorem 3.2, 8¢ = (L — 1)[u2]
and 8§ =L — 1.
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