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The Calderon problem for a nonlocal diffusion equation
with time-dependent coefficients

Yi-Hsuan Lin, Jesse Railo and Philipp Zimmermann

Abstract. We investigate the Calderén problem for a nonlocal diffusion equation
depending on a globally unknown isotropic coefficient y(x, z). The forward problem
is posed on € x (0, T') for a domain €2 that is bounded in one direction. We first
show that the Dirichlet-to-Neumann map A, determines y in the measurement set.
By studying various properties of the related nonlocal Neumann derivatives Ny, we
prove that both quantities (A, £, g) and (Ny, f, g) carry the same information as long
as f,g:R™\ © — R have disjoint supports and y is known in supp( f') U supp(g). We
obtain the desired global uniqueness theorem using a suitable integral identity for ),
and the Runge approximation property. The results hold for any spatial dimension
n > 1. In conclusion, the main observations of this article are twofold: (1) the infor-
mation of Ay is needed for exterior determination for y, (2) the knowledge of V),
and y in the measurement set is enough to recover y in the interior.

1. Introduction

In 1980, Alberto P. Calderén published his pioneering work “On an inverse boundary
value problem” [5], which introduces a problem that later turned out to be of foundational
importance for several imaging methods and inspired many developments in the field of
inverse problems in general. He asked the question: “Can one determine the electrical con-
ductivity of a medium by only making voltage and current measurements on the surface?”
This problem is referred to as the Calderon problem in the literature. The mathematical
setup is to consider a bounded domain 2 C R” with sufficiently regular boundary 9€2, rep-
resenting a conducting medium, and a positive function y(x) > 0 in  which is its a priori
unknown conductivity. It is known that sufficiently regular conductivities are uniquely
determined by the information of current and voltage measurements on the boundary. In
other words, y can be recovered when the Cauchy data {u|yq, yd,u|yq} is given, where u
solves the conductivity equation

(1.1) div(yVu) =0 in Q.
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The Calder6n problem was first solved in [46] in space dimension 7 > 3, where the authors
demonstrated the fact that the conductivity can be determined uniquely by the Dirichlet-
to-Neumann map (DN map, u|yq — y du/dv) of the conductivity equation (1.1). After
some years, the same result has been showed in space dimension n = 2 in [39] and later
for conductivities which are only uniformly elliptic [2].

Recently, the studies of Calderén type inverse problems have been considered for non-
local operators as well. A prototypical example is the inverse exterior value problem for
the fractional Schrodinger operator (—A)® + g(x), which was first introduced and solved
in [24]. The main tool in solving this Calderén problem is based on a suitable unigue
continuation property (UCP) and the closely related Runge approximation. By apply-
ing similar ideas, one can solve several challenging problems, some of which still stay
open in the corresponding local cases. This shows that nonlocal inverse problems take
advantage of the nonlocality of the underlying operators. For further details, we refer to
[3,7-12,14,20-23,25-27,31,34-38,40-42,44,45] and the references therein. We empha-
size that most of these works consider nonlocal inverse problems in which one wants to
recover lower-order coefficients. On the other hand, in the articles [10,25,37,40-42], the
authors study nonlocal inverse problems where one is interested in determining leading
order coefficients, and hence they can be seen as full nonlocal analogies of the classical
Calder6n problem.

1.1. Mathematical modeling and main results

Let @ C R” be an open set bounded in one direction for any n € N, and consider the
initial exterior value problem of the variable coefficient nonlocal diffusion equation

0ru + divg(®,V'u) =0 in Qr,
(1.2) u=f in (Qe)r,
u(x,0) =0 in Q,

where Q. := R” \ Q denotes the exterior of 2,0 < T < oo and 0 < s < min(1,7/2).
Throughout this work, let us assume y € L*°(RY) is a uniformly elliptic conductivity,
i.e., there exists a constant Yo > 0 such that

(1.3) 0<yo <y(x,t)<yy' for(x,t)eR:E.
In addition, we denote the conductivity matrix by
O, (x,y,t) = Y20, 1) yV2(y, 1) 1yxn  forx,y € R”.
Moreover, we always use the notation
Ar ;=A% (0,T)

to denote the space time cylinders, where A C R” can be any set.

In this work, we are interested in the determination of the conductivity y(x, ) in
R for the nonlocal diffusion equation (1.2), which extends recent global uniqueness
results for the Calderdn problem of certain nonlocal elliptic equations to their parabolic
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counterpart. Assuming the well-posedness of (1.2) at the moment (the proof will be given
in Section 3), we can define the DN map via

Cos [T
as  fe= 2 [ ey 2o

() —up (v, 0)(g(x. 1) —g(y. 1))
|x — y[rt2s

dxdydt,

forall f,g € C°((Re)T), Where

. 4T (n/2 + )
(1.5) Chys = —n”/2|F(—s)|

is a constant and uy is the unique solution of (1.2). More precisely, we ask the following
question:

Question 1. If we have given conductivities y;, ¥, in a suitable function space such that

AV1f|(W2)T = AV2f|(W2)T forall f € Ccoo((Wl)T)y

where Wy, W, C Q. are given nonempty open sets, does y; = y2 hold in R%.?

In the limiting case s = 1, this problem and its generalizations have been studied, for
example, in [6] or [19]. In these works, the authors determine the coefficients for heat
equations for any spatial dimension n > 2 by using the corresponding boundary measure-
ments, where they allow an additional uniformly elliptic coefficient p in front of the time
derivative. On the other hand, in the works [29, 30], the inverse problem for the diffusion
equation with fractional time derivative has been studied.

Next, let u; be the solution of

d,uj + divy(®,, Vu;) =0 inQr,
(1.6) uj = f in (Qe)r,
uj(x,0) =0 in Q,

and denote the exterior DN map of (1.6) by A,,, for j = 1, 2. Our first theorem shows
that the exterior DN maps have a unique continuation property. The proof is based on a
spacetime Liouville reduction, which reduces the problem to a diffusion Schrodinger type
inverse problem. By applying the Runge approximation property for certain equations,
we can prove the uniqueness of the conductivity y. The argument, however, requires the
Alessandrini identity as well as the use of the UCP of the fractional Laplacian twice,
once in H* and once in H2%"/ (%) the latter using a general UCP result in [28]. See
Theorem 5.2 for further information on why earlier approaches that work well in the
elliptic case lead to additional challenges in the studied parabolic case. In particular, the
parabolic fractional Liouville reduction introduces new zeroth and first-order coefficients
concerning the time derivative. This is a new and non-standard equation to be investigated
further in our present work, in comparison to the elliptic case which reduces to a standard
elliptic problem of the type (—A)* + q.
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Theorem 1.1 (Global uniqueness). Let Q2 C R” be an open set bounded in one direction,
0<T <o00,0<s<min(l,n/2), yo >0, andlet W C Q. be an open set. Assume that
Vi € LsyoRT) NC®(Wr) for j = 1,2." Then

(1.7) Ay, flwy = Ay, flwy  forany fe CX(Wr)
implies that y1 = y in RY.

In order to prove Theorem 1.1, we first need to establish an exterior determination
result. This extends the results in [14,42] for elliptic equations and is based on a construc-
tion of special solutions to the equation (1.2) whose energies can be concentrated near a
fixed point in the spacetime. Furthermore, to our best knowledge, Theorem 1.1 is the first
result to recover time-dependent coefficients in the nonlocal setup.

Theorem 1.2 (Exterior determination). Let Q C R” be an open set bounded in one direc-
tion,0 < T < 00,0 < s <min(l,n/2), yo > 0, and let W C Q. be an open set. Assume
that y; € Ts,, (RT) for j = 1,2. Then (1.7) implies that y\ = y; a.e. in Wr.

Ideas for the proof. Let us briefly summarize the ideas for the proof of Theorem 1.1. We
first prove the exterior uniqueness by using the exterior information from (1.7) such that
y1 = y» in Wr. Next, by considering arbitrary nonempty disjoint open subsets Wy, W, C
W C Q,, Theorem 1.2 implies that y; = y, in (W1 U W,)r. We next introduce the non-
local Neumann derivatives

M(X,l) —M(y,l)

X — yrtas dy, (x,t) € (Q)rT,

e/\'[yju(xvt) = Cn,S/;Z yjl/z(xvl) le/z(%l)
for j = 1,2, where C, ; is the constant given by (1.5). In particular, we can prove that

(1.8) (Ny, f.8) = (MNy, f.g) forany fe CX((Wi)r)and g € C°((Wa)1),

whenever (1.7) holds (see Lemma 6.6).

Meanwhile, we introduce the spacetime Liouville reduction, which transfers the non-
local diffusion equation (1.2) into a Schrodinger type equation (see (5.3)). By utilizing the
identity (1.8) and the Liouville reduction, we can derive a suitable integral identity (see
Section 7.1). Now, applying the Runge approximation (Proposition 7.3), we can prove the
interior uniqueness y; = y, in Q7 and (—A)*(y}/2 — y}/2) = 0in Q. Finally, using the
UCP we can conclude the proof. We want to emphasize again that our theorems hold for
any spatial dimension n € N.

1.2. Organization of the article

We first recall preliminaries related to function spaces and nonlocal operators in Sec-
tion 2. In Section 3, we show the well-posedness of the forward problem (1.2) and define
the exterior DN maps. We prove the exterior determination by using (1.7) in Section 4. In
Section 5, we introduce the spacetime Liouville reduction, which transfers equation (1.2)

IThe set T, y, (R7%) is defined by (3.22) in Section 3.
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into a Schrodinger type diffusion equation (5.3). We also study the well-posedness of the
reduced equation. In Section 6, we introduce nonlocal Neumann derivatives for both equa-
tions (1.2) and (5.3). Finally, we prove the global uniqueness in Section 7.3 by deriving
suitable integral identities and an approximation property. In Appendix A, we discuss and
explain several connections between DN maps and nonlocal Neumann derivatives.

2. Preliminaries

Throughout this article, the space dimension # is a fixed positive integer and 2 C R” is
an open set. In this section, we introduce fundamental properties of function spaces and
operators which will be used in our study.

2.1. Fractional Sobolev spaces

We denote by $(R") and 8'(R") Schwartz functions and tempered distributions, respec-
tively. We define the Fourier transform % : S(R"”) — S(R") by

@ = [ fwe s,

which is occasionally also denoted by f , where i = +/—1. By duality, it can be extended
to the space of tempered distributions and will again be denoted by Fu = i, where
u € 8'(R"), and we denote the inverse Fourier transform by % ~1. Next, recall that the
fractional Laplacian of order @ > 0 can be defined by a Fourier multiplier as follows:

(=02 = FTY(E[*0()) foru € 8'(R™),

whenever the right-hand side is well defined. Given a > 0, the L2-based fractional Sobolev
space H*(R") := W%2(R") is given by

||”||§1a(Rn) = ||”||iz(Rn) + ||(—A)a/2u||1%z(Rn)-

In addition, the Parseval identity implies that the seminorm ||(—A)%/?u|| L2(Rn) can be
expressed as

=AY 2y = ((=A)u, u) gy
By duality, one extends the spaces H%(R") to the range a < 0. If 2 C R” is an open set
and a € R, then the fractional Sobolev spaces are defined by

H4Q) :={u|g :u € H*(R")}

and
H(Q) := closure of C°(RQ) in H4(R").

Meanwhile, H“(2) is a Banach space with respect to the quotient norm

”u”H“(Q) = inf{||U||Ha(Rn) U e Ha(Rn) and Ulgz = u}
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2.2. Bessel potential spaces

Next, we introduce the Bessel potential spaces H*?(R") and two local variants of them,
namely, H*?(Q2) and H*?(2). The Bessel potential of order s € R is the Fourier multi-
plier (D)*: 8'(R") — 8'(R") given by

(D)Yu = F((€)D).

where (§) = /1 + |£|? is the Japanese bracket. Now, forany 1 < p < oo and s € R, the
Bessel potential spaces H*?(R") are defined by

HSP(R") = {u € 8'(R") : (D)*u € L?(R™)},

equipped with the norm [|u|| grs.o gy := [|{D)*u||L» ). The local Bessel potential spaces
HP (2) are now defined as the closure of C°(€2) in H*#(R") and endowed with the
norm inherited from H*-? (R"). Moreover, we denote by H*-?(£2) the space of restrictions
from elements in H*?(R") to 2 and endow it with the related quotient norm

”u”HS’P(Q) = inf{”U”Hs,p(]Rn) U € Hs’p(Rn), U|Q = u}

We have (H*2(Q))* = H™5?'(Q) and H*?(Q) = (H %7 (Q))* for every 1 < p < o0
and s € R. As usual, when p = 2, we drop the index p in the above notations and see that
they are isomorphic to the spaces introduced in Section 2.1.

2.3. Some properties of nonlocal operators

The fractional Laplacian induces a bounded linear map (—A)*/2: H“? (R")— H!~5P(R")
forevery 1 < p < oo, s > 0and ¢ € R. Next, we introduce a special class of unbounded
open sets which have a fractional Poincaré inequality.

Definition 2.1. (i) We say that an open set Qoo C R” of the form Qo = R * x o,
where n > k > 0 and w C R¥ is a bounded open set, is a cylindrical domain.

(i) We say that an open set Q C R” is bounded in one direction if there exists a cylin-
drical domain Q24, C R” and a rigid Euclidean motion A(x) = Lx + xo, where L
is a linear isometry and xo € R”, such that @ C AQ .

Proposition 2.2 (Poincaré inequality (cf. Theorem 2.2 in [41])). Let Q@ C R”" be an open
set that is bounded in one direction. Suppose that 2 < p <ocoand 0 <s <t < o0, or
l<p<21<t<ooand0 <s <t. Then there exists C(n, p,s,t,2) > 0 such that

(=AY 2ullLo@ny < CI(=A)"?ullLowny forallu e H"P(Q).

For the rest of this article we fix s € (0, 1). The fractional gradient of order s is the
bounded linear operator V*: HS(R") — L?(R?";R") given by (see [10,17,41])

. [Cns  u(x) —u(y)
Vsu(xdf) = 2 |x_y|n/2+s+1(x_y)s

@2.1) IVSullr2@any = 1(=A)ullL2@ny < llull s @n)

which satisfies
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for allu € H*(R"), where Cj, 4 is the constant given by (1.5). The adjoint of V* is called
fractional divergence of order s and denoted by divs. More concretely, the fractional diver-
gence of order s is the bounded linear operator

divs : L2(R?";R") — HS(R")

satisfying
(divs u, U)H—S(R”)XHS(R") = (u, Vsl))LZ(]RZn)
for all u € L*(R?";R™), v € H*(R"). One can show that (see Section 8 of [41])

[divs ) |- @my < llull L2 R2n)
for all u € L?(R?";R™), and also
(—A)'u = divg(V¥u)
weakly for all u € H®(R") (see Lemma 2.1 in [10]).

2.4. Bochner spaces

Next, we introduce some standard function spaces for time-dependent PDEs adapted to the
nonlocal setting considered in this article. Let X be a Banach space and (a, b) C R. Then
welet L?(a,b; X) (1 < p < oo) stand for the space of measurable functions u: (a,b) > X
such that

b 1/p
. V4
(2.2) lullLrap:x) = (/ lu(@)lx dl) < 00,
a

and L*°(a, b; X) the space of measurable functions u: (¢, b) — X such that
llullLooqa,p:xy := Inf{M : |[u(t)|lx < M ae.} < oo.

As usual, we say that u € Lf;c(a, b; X) if ygu € L?(a, b; X) for any compact set K C
(a,b), where x4 denotes the characteristic function of the set A.

Moreover, if u € LllOC (a,b; X) and X is a space of functions over an open set 2 C R”,
as L?(L2), then u is identified with a function u(x, ¢) and u(¢) denotes the function >
X > u(x, t) for almost all ¢. This is justified from the fact that any u € L9(a, b; L?(2))
with 1 < ¢, p < oo can be seen as a measurable function u: Q X (a,b) — R such that the
norm ||| 24(a,b:12 (%)), as defined in (2.2), is finite. Clearly, a similar statement holds for
the spaces L9(a, b; H*P(R™)) and their local versions. Furthermore, the distributional
derivative du/dt € D'((a, b); X) is identified with the derivative d,u € D'(Q x (a, b))
as long as it is well defined. Here D’((a, b); X) stands for all continuous linear operators
from C2°((a, b)) to X. Given two Banach spaces X, Y such that X < Y, we say that
u e Lz(a, b; X) has a (weak) time derivative u’ := du/dt in Lz(a, b;Y) if there exists
v € L%(a,b;Y) such that

b b
Wy = — / w(yr(6) dt = / v(t)n(0) di

for n € CX((a, b)) (ct. [15]).
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3. The forward problem of nonlocal diffusion equation

In this section, we study the well-posedness of the initial exterior problem (1.2) with pos-
sibly nonzero initial condition u( and the properties of the related DN maps. We start by
setting up the relevant bilinear forms and then define the notion of solutions used through-
out this article, which is in parallel to the theory developed for second-order parabolic
equations (see, e.g., [32,33]).

Definition 3.1 (Definition of bilinear forms and conductivity matrix). Let 2 C R” be an
open set, 0 < s <min(l,n/2) and y € L>(R%). Then we define the conductivity matrix
associated with y by

0, 1R x (0,T) = R™",  O,(x,y.1) := y2(x, ) Y2, ) Lyxn

forx,y e R",0 <t < T, and the following time-dependent bilinear form for the fractional
conductivity operator:

By(t:-,-) : H*(R") x H*(R") — R,

3.1)
B, (t;u,v) :=/ 0,)Viu - Vivdxdy.
R2n

Moreover, if m, € L*(0, T} H2s:n/(25) (R™)), where
(3.2) my =yY2 -1 inR%

denotes the background deviation, then we let q,, (¢): H*(R") x H*(R") — R be defined
by

_ A my
gy Ouv) = )

foru,v € H*(R"). In this case, we define the time-dependent bilinear form for the related
fractional Schrodinger operator with potential g, :

By, (t:-,) s H'(R") x H*(R") — R,
By, (t:u,v) ::/ (—A)S/zu(—A)s/zvdx+/ gy (t)uvdx
R” R™

forallu,v € H*(R").

Remark 3.2. If no confusion arises, we will drop the subscript y in the definition for the
conductivity matrix ®,, (t). Moreover, the boundedness and coercivity of these bilinear
forms are established in Lemma 3.3.

Lemma 3.3. Let 0 < s < min(1,n/2) and suppose that y = y(x,t) € L*(RY) is uni-
Sformly elliptic satisfying (1.3). If for the background deviation m,, of y, we have m,, €
L0, T; H2$:"/ @) (R™)), then there exists C > 0 such that

3.3) By (t:u, 0)| < ||y [lLooy) el s @y 10| s ey

and
|Bg, (t;u,v)| < Cllullgs@m V]| gs®n)-
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Moreover, if Q C R" is an open set that is bounded in one direction, then the bilinear
form By (t;-,-) is uniformly coercive over H*(S2), that is, there exists ¢ > 0 such that

(34) By (t:u,u) = cllullFsmn)
forallu € H*(R")and a.e. 0 <t < T.

Proof. Throughout the proof we will write m and g instead of m,, and g, . Estimate (3.3)
follows immediately from (2.1). Next note that, by Lemma 8.3 in [41], the uniform ellip-
ticity of y and the boundedness of the fractional Laplacian, we have
By (t:u,v)| = C(1+ [lg()]| s @) 1l s @y 10| 225 ey
< C(1 + |m@)|| g2s.n/es) ) vl s @y 1V || 225 )

1/2
<Cy? (1 + Imll oo 0,7; 2. n1) ey)) 1t | s @y ([0 || s -

The uniform coercivity estimate (3.4) of By, (¢;-,-) follows by the uniform ellipticity of y,
(2.1) and the Poincaré inequality, cf. Proposition 2.2. |

Definition 3.4 (Weak solutions). Let 2 C R” beanopenset,0 < T < 00,0 <s < 1and
assume that y € L (RY) is uniformly elliptic. Let ug € L%(Q), f € L*>(0,T; H*(R"))
and F € L2(0,T; H™(Q)).

(i) We say that u € L2(0, T; H*(R")) solves the nonlocal diffusion equation
3.5) 0:u + divg(®,V°u) = F  in Qr,

if the equation is satisfied in the sense of distributions, that is,

T
B,(u,p) = —/Q udsp dxdt +/(; B, (t;u,p)dt = (F,¢)
T

forall ¢ € C2°(Q27), where (-, -) denotes the natural duality pairing.
(i) We say that u € L>°(0, T; L2(2)) N L2(0, T; H*(R™)) solves

0;u +divg(©,Vu) = F  in Qr,
(3.6) u=f in (Q¢)7,
u(0) = ug in €2,

if the exterior value f is attained in the sense u — f € L2(0, T’ HS (2)) and

B, (1. ¢) = (F.¢) + /Q o (x) p(x. 0) dx

forallp € C°(2 x [0, T)).
Remark 3.5. Let us briefly explain why we prescribed the initial condition in L?(Q) and
not in L2(R"). It is known that (H*(Q))* = H () for any s € R and any open set
€ C R™. On the other hand, by density of C®(Qr) in L2(0, T; H*(R2)), it follows that
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equation (3.5) implies that d,u can be identified with an element in L2(0, T; H ~*(Q)).
By the trace theorem (see Theorem 1 in Section 1.2, Chapter X VIII, of [15]), this implies
u € C([0, T]; L?(R)). Thus, u € L>=(0, T; L2(R)) N L2(0, T; H*(R™)) is a solution to
(3.6) if and only if u € L?(0, T: H*(R")) with d,u € L*(0, T; H*(R2)) solves (3.5) in
the sense of distributions, u — f € L?(0, T; H*(2)) and u(0) = uy in the sense of traces.
By approximation, one sees that u € L (0, T; L2(2)) N L2(0, T; H*(R™)) is a solution
of (3.5) if and only if u € L2(0, T; H*(R")), with d,u € L?(0, T; H5(R)), satisfies

(01w, @) s yx sy T Br(t:u, @) = (F(), 0) g5 qyx s (@)
forall ¢ € H*(S) in the sense of distributions on (0, T),u— feL*0,T; H*(Q)) and
u(0) = uyp.

Theorem 3.6 (Well-posedness of the forward problem). Let 2 C R” be an open set
bounded in one direction, 0 < T < 00, 0 <s < min(1,n/2) and assume that y € L>°(R7,)
is uniformly elliptic. Assume that F € L*>(0,T; H=5(Q)), f € L*(0, T; H*(R")) with
d; f € L*(0,T; H*(R")) and ug € L*(Q).
(i) Then there exists a unique solutionu € L (0,T; L?(Q)) N L2(0, T; H*(R™)), with
du € L2(0,T; H5(R)), of

d;u +divg(®,Vu) = F  inQr,
3.7 u=f in ()7,
u(0) = uo in,

satisfying the energy estimate

(3.8) It = FlZoeo,mir2@y + 14 = S 220,705 oy
+ 10 (u — f)||i2(o,T;H—S($2))
< C(luolZ2iqy + 1 F 72y + NF T 20,715 ()
F 100 S 120,115y + 1415 (O, VE D720 72115 c23))

for some constant C > 0 independent of F, f and uy.
(ii) If additionally the conductivity y satisfies m, € L*(0, T} H*>n Q) (R™)) with
0;y € L°[RY), F € L>(Qr), f€ H1~(0, T:;L?>(R™)) N L?(0, T; H**(R")) and
ug € HS(R") such that ug — f(0) € H*(2), then the unique solution u to (3.7)
satisfies u € L>(0, T; H*(R")), 0;u € L>(Q7) and
B9 10 = N2y + 14 = f oo 7:m5 @y
2 2
= C(””OHHS(Rn) + ”F”LZ(QT)
1O e ery + 196/ 12y + 1S W zpras )
for some C > 0 independent of the data F, f and uy.

Remark 3.7. If F' = uo = 0, then we denote the unique solution of (3.7) by uy for
simplicity.
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Proof of Theorem 3.6. (i) By the regularity assumptions on the exterior value f and the
trace theorem (see Theorem 2 in Section 1.2, Chapter XVIII, of [15]), we see that u €
L>®(0,T; L*(R)) N L?(0, T; H*(R™)) is a solution of (3.7) if and only if &7 := u — f €
L>(0,T; L2(R)) N L2(0, T; H*(R™)) solves the homogeneous problem

3,11 + divg(®, V) = F in Qr,
(3.10) =0 in ()7,
ﬁ(O) = 170 in 2,

with iy 1= ug — £(0) € L%(R) and
F:=F =3, f —divs(®,V5f) € L*>(0,T; H(Q)).

Note that by Remark 3.5, this means that i € L®(0, T'; L2(2)) N L2(0, T; H*()) sat-
isfies _
<8t77» ¢>H7S(Q)xﬁs(g) + By(t; u, ®) = (F(t)9 ¢>H*S(Q)xﬁs(9)

for all p € H*(2) in the sense of distributions on (0, T'), #(0) = iiy. Now one can con-
struct the solution # by the classical Galerkin approximation. In fact, using Lemma 3.3, we
deduce, from Theorems 1 and 2 in Sectiong 3.1-3.2, Chapter X VIII, of [15], that this prob-
lem has a unique solution & € L2(0, T; H*(RQ)) with d;i € L?(0, T; H*(R)). Hence,
our solution to the original problem is u = u + f.

Next we prove that this solution is the unique solution to (3.7). Assume there are two
solutions u, v € L>(0,T; L*(R)) N L?(0, T; H*(R™)) to (3.7). Then w := u — v solves

;w4 divg(®, Viw) =0 in Q7,
w=0 in (2.)7,
w(0) =0 in Q.

By approximation and integration by parts,”

T T
/<a,w,so>ndr+[ By (w.g)ndi =0
0 0

forall ¢ € ﬁs(Q), n € CX((0,T)), and hence
(0rw,9) + By(w,9) =0

for a.e. t € (0, T). Hence, replacing ¢ by w(t) € HS (2) and integrating the resulting
equation over (0, T') gives

17120

T
+/ B,(w,w)dt =0.
2 0

2Here and at some other instances, we simply write (1, v) when the pairing between the functions v and v
is clear from the context. For example, if v € H~5(2) and v € H*(2), then (u, v) stands for the duality pairing

(uv U>H—5(Q)xﬁ5(ﬂ)'
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Here we used w(0) = 0in Q and the integration by parts formula in Banach spaces. Using
the uniform ellipticity of y and Poincaré’s inequality it follows that w = 0 and therefore
u = vinR%.

Next, we show the energy estimate (3.8). By equation (3.70) in [15],

16— )OIy
2

+[) /Rzn(’*)yv wu— ) - Viwu— f)r)dxdydr

. ||M() - f(o)”iz(g)
- 2

+ [ (F@. 6= N ENgsareiina 47

forall ¢ € (0, T'). The right-hand side can be estimated as

o= f(0)1Z2q .
(3.11) f‘) +/ (F(x), (u = /YO g-s@yxis@ 47T
0
< C(lluolZ>(qy + 1 F Ol 2q)) + 1F llz2 0,7 1oy I — F 20785 @)
< C(luolZ>(q) + 1./ O 1720 + (IF 2 0.7: -5 + 19: f 20,7255 ()
+ 1divs(®y V° F)ll20,7: 15 @n) 14 = S llL20.7:55 @)

On the other hand, using the uniform ellipticity of y and the fractional Poincaré
inequality, the left-hand side of (3.8) can be bounded from below by

[ [ 05 T o dvas

_ 2
> [l (u f)z(f)”LZ(Q)
I — )O3, — R
> 2 L +c||(—A)s/2(u f)“iz(o,t;Lz( ")

> (1= YOy + e = f 2o psrie o)

+ellVo 0 = PE20.:2em)-

Hence, combining (3.11) and (3.12), we deduce

I = flZoeo,r226@ T 14 = Fl L2075 @y
< C(luol72(q) + 1/ O72q)) + CIF 2.1 + 19 f 20,7315
+ 1divs(©y V* L2 0,7:5-scn) 14 — f 20,715 ®7)-
Next, recall that for all £ > 0 and a, b € R, we have the estimate ab < ea? + C.b?, where

C. > 0. Hence, after absorbing the term &||u on the right-hand side,

2
) - f”LZ(O,T;HS(]R"))
we obtain

2 2
”u - f”L°°(O,T;L2(S2)) + ||M - f”Lz(O,T;HS(]R"))
= C(”“O”%}(Q) + ”f(o)”iZ(Q) + ”FHZZ((),T;H—S(Q)) + ”atfHZZ(()’T;H—s(Q))
+ ”divs(®yvsf)”22(0,T;H—s(9)))~
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Now, by the equation again, one knows that
(3@ = 1)) sy iis@y + By(t:u— £.0) = (F.0) yosayeiisiay:
for any ¢ € H*(Q2) and a.e. t € (0, T). Consequently,
00t = 1).0) s it y| < 1Byt = L. 0)| + {F.0) s oywiiso)-

Integrating from 0 to 7 and using (L?(0, T’; FIS(Q)))* = L2(0,T; H5(R)), one can
conclude that 3, (u — f) € L?(0,T; H(R)). Since 9, f € L2(0,T; H°(S2)), we obtain
0:u € L%(0,T; H=5(R)), as desired.

(ii) First we show that divs(®, V® f) € L2(Qr). More concretely, we prove that

T
‘/0 (divs(®y, V° f), @) dt| < CIl fllL20,1: 52 ey |9 | L2(021)

for all ¢ € C°(27) and some C > 0 independent of ¢. This gives already the claim, as
then, by density, divs(®, V* ) can be uniquely extended to an element in L?(27) such
that

(3.13) [divs(®y, V* L2y < CIf lL20,7;H2s R?))-

Using Remark 8.8 in [41] in every time slice, we obtain
T
G.14) | / (div, (0, V* £). ¢) di
0
T
= ‘f (©,V* £.V°g) di
0

T
=| fo (AP0 =8P ) + ay 2 ).y ) di .

Now note that by Corollary A.7 in [41], we have y/2¢ € H*(R").

On the other hand, choosing p; = n/(2s), s1 = 4s, p» =2 and r, = 2n/(n — 2s)
as in Lemma A.6 of [41], using the Sobolev embedding and the monotonicity of Bessel
potential spaces, we deduce that m,, f € H?S(R"), with

llmy f llz2s@ny < € (Imy llzoe@n | f 1| r2s ey

1/2 1/2
+ ”f”Lz"/(”_zs)(R”)||mV||I.I/4s,n/(23)(Rn)||my||L{>O(Rn))

1/2
=< C||m7||L°°(R")(] + ||my”}I/4s,n/(2.v)(]Rn))||f||H25(R”)'

This in turn shows y1/2 f € H25(R") for a.e. € (0, T), with

1/2
B15) 1y fllmzs@ey < (14 [myllzeo@n) (1 + ”my||H/4s,n/(2s)(]Rn))”f||H25(R")~

Additionally, by the Gagliardo—Nirenberg inequality in Bessel potential spaces and the
Sobolev embedding (cf. equation (18) in [13]), we have

1/2 1/2
Iy g2snss ey < C Iy 1 oy oy 1 | oy
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and therefore (—A)*m,, € LS (R™). Applying Hélder’s inequality with p; = n/s, p, =
2n/(n —2s), p3 = 2, we can estimate

3.16) gy 2 )y el @m

< gy llzrs @y 1y fllp2so-29 @y 1Y@l L2 ey

1/2
< Cllmy 12w n 1y ey VY2 £ s @y @ 2

1/2 1/2
< COU+ iy 132,y 1y ey (U 11y 132 )
NS Ners e 922,

where in the third inequality we again used Corollary A.7 in [41]. Now, using y'/2 f €
H?([R"), y1/2¢ € H*(R") and estimates (3.15)—(3.16), we obtain, by Hélder’s inequal-
ity and (3.14), the bound

T T
[ v, vt = | [1ar @ 20020 + 00120 ) d

< C(L+ Iy llzee@ay) (L + Imy || oogo,7; H4s.n/C9) (RrY))

N fllzo,7; 5225 Ry @l L2(Q27) -

On the other hand, by definition, ug — f(0) € HS (€2). Hence, if we set as above
i =u — f,then we see that it solves (3.10) with iy := uo — f(0) € H*(2) and

(3.17) F:=F —0,f —divs(®,V°f) € L3(Qr).

Now we proceed similarly to Theorem 5 in Chapter 7 of [ 18]. For this purpose, let us recall
how the unique solution # in Theorems 1 and 2 from Sections 3.1-3.2, Chapter XVIII,
of [15] is constructed. Since H* () is a separable Hilbert space, the finite-dimensional
subspaces

ITI;:, = span{wi, ..., Wn}

for m € N, where (wg)xen C I—~IS(§2) is an orthonormal basis of ITIx(Q), form a Galerkin
approximation for H $(2) (see Section 2 in Chapter XVIII of [15] for the definition of
a Galerkin approximation). Let us note that in our generality we cannot take (Wg)ren
to be the eigenfunctions of the fractional Laplacian (—A)*, as Q is only bounded in one
direction and so H*(Q) < L2(Q) may fail to be compact. Observe, by density of H5(Q)
in L2(R2), the family (ﬁ;;)meN is also a Galerkin approximation for L2(£2). By Lemma 1
in Section 3.1, Chapter X VIII, of [15], there are unique solutions i, € C([0, T]; ﬁ,ﬁ,) with
3y € L?(0,T; HS) and

(3.18) (:8m. wy) + By (t: 1l wy) = (F.wj)
forall 1 < j <m and ae. t€(0,7T), where i € ﬁ,fl are chosen in such a way that
uln — i in L*(R2).

In fact, the solutions i, can be written in the form

m
u :E ¢l w;
m m >
j=1
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Here ¢,,, = (c,ln, ..., C") are absolutely continuous functions that solve
Amd:Cm + Bu(O)em = Fu(t).  cm(0) = I},

Wh~ere Am = (Wi, wj)1<i,j<m> Bm(t) := (B, (t; w;, wj))1<i,j<m and, finally, fm(t) =
((F (@), wj))1<j<m- We have |uq||2(q) < cllifoll2(q) for some constant independent
of m. Next observe that if &1y € H* (€2), as in our case, then we can take

m

ﬁg’ = Zwoij)ﬁsm) wj € H;:l
Jj=1

and see that iy’ — o in H*(R") as m — oo. Moreover, this convergence implies
(3.19) 16" | sy < cllioll mrs ®m)

for some ¢ > 0 independent of m. Now fix m € N, multiply (3.18) by 9, c,’,., and sum j
over {l,...,m} to obtain

(3¢8m, 0¢im)12() + By (t:7im, 11im) = (F, d;iim)12().

where we used (3.17) and 0,1, € ﬁ,f, C L3(Q).
Observe that

31 By (: Tim, lim) = 2By (t; fm, 11im) + / [y 2(x, )y 2 (y, 1)
R2n
+ 9206, 00,7 23, 1)) Vi - Vi ]dx dy.

Hence, using the uniform ellipticity of y, the Cauchy—Schwarz inequality and Young’s
inequality,
|I8tﬁml|1%2(9) + atBy(t§ Um, tm)
1/2 ~ —— ~
= C(”at)’”L‘”(R'})||Y||L/c>o(Rr%)||um||%1S(Rn) +e 1||F||iz(g)) + 8||3zum||]%2(9)

for some C > 0 only depending on the ellipticity constant yy and all € > 0. Taking e = 1/2,
we can absorb the last term on the right-hand side and after integrating over (0,¢) C (0, 7),
we obtain

10cTm 122y + By (t: T Tm)
< By (:3 @) + CUBY e IV 12 gy 1 20,7115y + 1 F 12 2000)-
Taking the supremum over (0, 7'), using the uniform ellipticity of y and (3.19), we get
10:8ml1 L2y + 1 700 0,7 115 oy
< C(IIlylzoe @ 170l s )

1/2 ~ ~
+ ”atV”L"O(R'})“V”L/oo(R;a)”Mm ”iz(O,T;HS(]R")) + ||F||1242(QT))
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Now the term ||i || 12(0,7; 715 (Rr)) can be bounded from above using the energy estimate

e,y + Nl 220 sy < CUTo N2y + 1F 1220py)
(cf. equation (3.40) in Section 3.2, Chapter X VIII, of [15]) for some C > 0 only depending
on yp. This then gives
(320)  18uTim |22y + lml o7 prsryy < CUlToN e gny + 1 F 220y

for some C > 0 only depending on y.
By Lemma 3 in Section 3.3, Chapter X VIII, of [15], we know that, up to subsequences,

(i) #, — #in L?(0,T; H*(R")) and
(if) @ — @ in L®(0, T; L2())
as m — oo. Using (i), (i), (3.20) and the usual compactness arguments, we deduce that
0:11 € L2(Qr), i € L>°(0, T; H*(R")) and that
(321) 106712261y + 1713 00,7215 Ry
< C(llito s @ny + IF 1220y
< CluolFrsny + 1S O Frs @y + 1F 120
10 1220y + 17 1220 70720y

where C > 0 only depends on y. More concretely, we have used here that if (#, (-, ) g)
is a Hilbert space, (Ug)ken C L?(0, T; H) satisfies ||Ug||L=(0,7:5) < C uniformly in
keNand Uy — Uin L%(0,T; #) as k — oo for some U € L?(0, T; #), then one has
U e L*(0,T; ) with ||U ||[L(o,T;5) < C. To see this, let us fix some V' € # and note
that Lebesgue’s differentiation theorem together with our assumptions ensure the estimate

t+h
KU@), V)gl| = }}i&] ]{ (U(x), V) s df’

h—0 k—o0

t+h
— lim lim ‘][ (Uk(t),V)Jgdt‘§C||V||;g
t

forae. 0 <t < T. Taking V = U(t) € #, this guarantees that U € L*°(0, T'; ) with
|Ul|Lo,T;50) < C, as we wanted to see. Additionally, in the second inequality of the

estimate (3.21), we used the definition of 4, F and (3.13). This establishes estimate (3.9)
and we can conclude the proof. ]

Because of this well-posedness result, we make the following definition.

Definition 3.8. Let 2 C R” be anopenset, 0 < 7T < 00,0 < s <min(l,7/2) and yo > 0.
Then we define the data spaces Xs(27), X5(€27) and the class of admissible conductivi-
ties Iy, (R7) by

Xs(Qr) := {(fiuo) € L*(0,T; H*(R")) x H*(R") :
3 f € L*(0,T; LA(R™)), ug — £(0) € H ()},
X(Qr) :={f e L*0,T; H*(R")) : 3, f € L*(0,T; L*(R")), £(0) = 0},
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and
(3.22) Ty (R7) :={y € C!Cy(R%) : y satisfies (1.3), 3,y € L®(R%) and
my € C([0, T]; H* &1/ C)(R")) for some & > 0}.

Here, the space C tk C f (R%), k, £ € Ny, consists of all functions which are k-times con-
tinuously differentiable in the time variable ¢ and £-times in the space variable x.

With this notation at hand, the above theorem can be rewritten as follows.

Corollary 3.9. Let 2 C R" be an open set, 0 < T < 00, 0 < s <min(1,n/2) and yog > 0.
Then for all (f,uo) € Xs(Qr) and y € T, (RT), there is a unique solution uy,,, €
L0, T; H*(R™)), with ¢y, € L*(27) satisfying

||3z(uf,u0 - f)”%}(QT) + ”uf,uo - fll[%W(o,T;HS(Rn))
< Cluol ey + 1 F O Wgemy + 18 £ aarry + 1/ 120,152 any):
for some constant C > 0 independent of f,ug and uy.,.

Proof. This is an immediate consequence of Theorem 3.6 by taking F = 0. ]

With the well-posedness at hand, we can define the DN map (1.4), which was intro-
duced in Section 1, rigorously. Similarly, as in the nonlocal elliptic case (see [16] or
Appendix A), we have the following definition.

Definition 3.10 (The DN map). Let 2 C R” be an open set bounded in one direction,
0<T <00,0<s <min(l,n/2), y0 > 0and y € I, (R7). Then we define the DN
map A, by

T
(323 (A fg) = /0 By (uy. g) di

Ca,s T 1/2 1/2
= y o)yt (o)
0o JRr2n

2

Cup (1) —up (. 0)(g(x. 1) — g(y.1))
|)C _ y|n+2s

dxdydt

forall f,g € C°((2.)7), where uy is the unique solution of (1.2).

4. Exterior determination

The main goal of this section is to prove Theorem 1.2. We first establish an energy estimate
that allows us to deduce that the Dirichlet energies of suitable special solutions concentrate
in the exterior.

Lemma 4.1. Suppose that W C Q. is an open nonempty set with finite measure and
dist(W, ) > 0. Let uy be the unique solution to (3.7) with f € C°(Wr), F = 0 and
ug = 0. Then

lug — fllLeeo,rsezy + lur — fllzo,rms@my = ClLf Lzowy).
where the constant C > 0 does not depend on f € CX°(Wr).
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Proof. By applying the energy estimate (3.8) in Theorem 3.6, we obtain

2 2
”uf - f||LoO(0,T;L2(Q)) + ”uf - f”LZ(O,T;HX(]R”))
2 : 2
S C(”al‘f”LZ(O,T;H—s(Q)) + ”leS(G))/VSf)||L2(0,T;H—S(Q)))'

Since, f is compactly supported in Wr C (2.), the first contribution in the above esti-
mate is zero. By the proof of Lemma 3.1 in [42],

[divs(©y V* )Yl < CIfOl2ow)

fora.e.7 € (0,7) and some C > 0 only depending on 7, s, W and ||y || Lo (rz.)- Hence,
||uf - f”ioo((),T;LZ(Q)) + ||uf - f”zZ(o,T;HS(R")) = C”f”]%z(WT)a
and we can conclude the proof. ]

Proof of Theorem 1.2. First, let y denote either of the two diffusion coefficients y; or y».
Using the Sobolev embedding, we may assume that y € Cp(Wr). Now, by Lemma 5.5
in [14], for any xo € W, there exists (¢n)nen C CZ°(W) such that ||¢n ||gs@n) = 1,
¢~ L2y — 0 as N — oo and supp(¢n) — {xo}. Moreover, Proposition 1.5 in [14]
implies that B, (. 1)(¢n. dn) — (X0, %) as N — oo for any fp € (0, T'). Next let n €
C2°((0,T)) and define @y := noy € C°(Wr). It follows that

T T
/ B, (Oy. Oy) di = / PO By by b) dr.
0 0

By the dominated convergence theorem, we obtain

T T
4.1 lim / B, (®n, Py)dt =/ n?(t)y(xo. 1) dt.
N—oo Jo 0
Let us now consider the solutions u y to the equation

d;u 4+ divg(®, Vu) =0 in Qr,
u=dy in ()7,
u(x,0)=0 in Q,

for N € N. By the definition of the DN map (3.23), we have

T
“4.2) (AJ,CDN,(DN> :/ By(uN,QDN)dl
0

T T
Zf By(uN—CDN,(DN)dl—i-/ By((DN,CDN)dl.
0 0

Next, note that Lemma 4.1 implies
T T
] / B,(uy — . <I>N)dt’ < cf IGen — @N) . Ol @) | O . O 7y dt
0 0

T ) 1/2
= ([ Naw = @m0l )

< ClPnlz200,1;:2@®my) = ClinllLzo, ) 1ON 2wy
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and hence
T
“4.3) lim B,(uny — N, Pn)dt = 0.

N —o0 0

We obtain from (4.1)—(4.3) that

T
(4.4) th (Ay Dy, Py) =/ n?(t) y(xo. 1) dt.
—00 0

Hence, applying the identity (4.4) to y = y; and y = y,, and subtracting them, with (1.7)
at hand, we deduce

T
[0 (1.0, 1) — y2 (0. ) di = 0

for all n € C2°((0, T)) with n > 0. This implies y; (xo,?) > y2(xo,?) a.e. Interchanging
the role of y; and y,, we also obtain the reversed inequality and deduce by continuity
that y;1(xo,?) = y2(xo, ) for all ¢ € (0, T'). Since this construction can be done for any
X0 € W, we have y; = y, in Wr. [

Remark 4.2. Note that we also obtain a Lipschitz stability estimate for the exterior deter-
mination problem with partial data as in the elliptic case [14]. Moreover, one can easily
observe that in contrast to A, the new DN map V,, which is defined in Section 6, satisfies
(Ny @y, Py) > 0as N — oo.

5. The spacetime Liouville reduction

In this section, we derive the spacetime Liouville reduction.

Lemma 5.1 (Auxiliary lemma). Let Q C R” be an open set bounded in one direction,
0<T <o0,0<s <min(l,n/2), and V C Q. a nonempty open set. Assume that y €
L°°(R%) with background deviation m, € L>(0,T; H?25:11 @) (RM)) satisfies y = yo > 0
for some positive constant yy. Then the following assertions hold:

(i) Foranyy € L*(0,T; ﬁs(V)), we have y'/2y, y~Y2y € L2(0, T H~S(V)) and
1P 2 2, ms@ny S (1 + [my Loy + My [l oo, m2smeo @)
T
N llz20,7; 55 ®mY)
and
Iy~ 2 ¥l 20,75 ey S (14 Imy lLoe@ay + 1y | Loogo. 72125 m/09 gy
+ ”my”zfxv(ojT;H2s,n/(2s)(]Rn)))||1//||L2(O,T;HS(]R”))~
(i) Letu,p € L?(0, T; H5(R")). Then
1) 153
[ 19V haaany dr = [ 1002020, (-8 aqa di
t t

1 1

5]
+/ (gyy'?u, v ?0) 2y dt
t

1
forall0 <t; <t, <T.
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Proof. (i) First we show that y2/2y € L2(0, T; H5(V)) for any ¥ € L2(0,T; H5(V)).
Decomposing y /2y as my ¥ + ¥, we deduce from Corollary A.7 in [41] that

GO Y 2V 2070 @y

2
= C(“ml’wnlﬁ(o,T;HS(Rn)) + ”w”Lz(O,T;HS(R")))

T
= C[O (”my”zoo(Rn) + ||my||H2f’"/23(R")”my||L°°(R”))||W||%1S(Rn) dt

2
+ c ||W||L2(0,T;HS(R"))

= C(l + ”m)/”iOO(R’%) + “m}/||L°°(0,T;H25’"/(2S)(]R")))”w||]2d2(0,T;Hs(Rn))~

Hence, we have y'/2y € L2(0, T; H*(R")).

Next recall that if 7 > 0 and if X is a Banach space with dense subset X, then
C2((0,T)) ® Xp is dense in L2(0, T; X). Let (pe)e=0 C C°(R™) be a standard mol-
lifier and choose a sequence (Y )ren C C°((0, 7)) ® CX°(V) such that Y — ¢ in
L2(0, T; H*(V)). The sequence (y'/2 % pg, )Y, k € N, belongs to L2(0, T; H*(V)),
where g — 0 as k — oco. Hence, if we can show that (y'/2 % pg, )Yk — y/?¢ in
L2(0, T; HS(R")) as k — oo, then it follows that y'/2y € L2(0, T’ H*(V)). We can
estimate

(5.2) 129 — % % pe ) Vil L2 0,105 &)
< lmy ¥ — mS vl 2,1 @y + 1 = Vil 20,7315 @y
< ony — M)V llr200. 7505 ®ey) + ImE @ — VOl L2 0,755 ®Y)
+ 1Y — Y llL20,7; 5 ®R?)) s

k _
where we have set m), = my, * pg, .

Now, for the second term in the right-hand side of (5.2), we can apply estimate (5.1),
but all the terms involving m’; are uniformly bounded for k € N by using the Young’s
inequality and the fact that Bessel potentials commute with convolution. Hence, the sec-
ond and third terms go to zero as k — oo. For the first term in the right-hand side of (5.2),
we observe that, by Corollary A.7 in [41], (m) — m];)l// — 0in H*(R") as k — oo for

ae.r € (0,T)and

[ (my — y)1//||HS(R") < C(|my || Loowny + ||my||st n/(25)(R™) ”my”Loo(Rn))”w”Hf(]R"),

forae.t € (0, 7).

With the above estimate at hand, let us use Young’s inequality again and the fact that
the Bessel potentials commute with convolution. Since m, € L°(0, T; H? n/(25)(R7Y),
the term in brackets is uniformly bounded in ¢, and thus Lebesgue’s dominated conver-
gence theorem implies that (m, — m’;)w — 0in L2(0, T; H*(R")) as k — oo. Therefore,
the assertion follows.

Similarly, one can prove y~ Y2y € L2(0,T; H*(V)) for any ¥ € L2(0, T; H*(V)).
Indeed, it essentially follows from the decomposition y /2 = 1 — my /(m, + 1) and the
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fact that the second term has the same regularity properties as m,,. More concretely, from
the proof of Theorem 8.6 in [41] and [1], p. 156, it follows that

I, ]
my + 11L>(0,T;H257/29) (R))

= C(“my||L°°(0,T;H2s,n/(2S)(R")) + ”m)/||iio(0,T;H2s,n/(2s)(Rn)))5
and hence we can repeat the above argument by using the smooth approximation of the
function m’;/(m’; + 1) this time. Thus, we conclude that y~ /2y € L2(0, T; H5(V)) for
ally € L2(0,T; HS(V)).
(i) Note that due to our regularity assumptions, we can apply Lemma 4.1 in [14] or
Remark 8.8 in [41] in every time slice to obtain

((H)yVSu, Vs(p>L2(]R2n)
= (=82 2u) (=82 20)) 12wy = (=) Py (=82 (r 1 2ug)) 12 ey
= (=82 2u). (=82 20)) 12wy + (ayy ! Pu v 0 2.
forae. 7 € (0,T) and all u, ¢ € L?(0, T; H*(R")), where m, and g, are the functions
defined by (3.2) and (5.4), respectively. Finally, note that, by the properties of the frac-
tional Laplacian, the fact that (1, v) — g,uv is bilinear and bounded as a map from

L?(0,T; HS(R™)) x L2(0, T; HS(R™)) to L'(0, T; L' (R™)) (cf. Corollary A.11 in [41])
and the assertion (i), all terms appearing in the above identity are in L!((0, T')). ]

Now, we are ready to introduce the Liouville reduction.
Theorem 5.2 (Fractional spacetime Liouville reduction). Let 2 C R” be an open set

bounded in one direction, 0 < T < 00,0 <s <min(l,n/2), yo > 0andy € 'y, (R7).

() If F € L>(Qr), (fiuo) € Xy(Q7) and u is the unique solution to (3.7), then v :=
y12u e HY(0,T: L2(Q)) N L2(0, T; H*(R™)) solves

Iy ')+ (A +Qy)v=G inQr,
(5.3) v=g in(Qe)r,
v(0) = v in,

with G = y~Y2F € L2(Qr7), (g.v0) = (v £,y ?ug) € Xs(Q7) and

(=A)’my .

0 .
(5.4) 0, =aqy+ X, withq, = — i

2y2

(ii) For all G € L>(Q7) and (g, vo) € Xs(QT), there exists a unique solution v €
HY0,T;L*()) N L2(0, T; H*(R™)) to (5.3). Moreover, it is given by v = y'/?u,
where u is the solution to

d;u +divg(©,Vu) = F  inQr,
(5.5) u=f in (Qe)r,
u(0) = up in 2,

with F = y'2G, f = y=Y2g and ug = y~'/?v,.
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Proof. (i) Note that G € L?(Qr) and by Lemma 5.1, we have g € L%(0, T; HS(R™)),
vo € H¥(R") and v — g € L?(0, T; H*(R2)). By the assumptions on f,y, u, we have
3 (yV/2f) € L2(R%) and 9,v € L?(Q27). This implies that

vo — g(0) = y'2(O)(wo — f(0)) € A*().

Therefore, we have shown that (g, vg) € Xs(27).
Arguing as above, we have that v has the same regularity properties as u. Thus, it
remains to prove that v solves (5.3). By definition, u satisfies

T
(5.6) —/ udsp dxdt +/
Qr 0

forall 9 € C°(Q2 x [0, T)). Observe, as in the case s = 1 (cf. Lemma 4.12 in [33]), the
space C°(S2 x [0, T')) is dense in

Ws(Qr) == {p € L*(0,T; H*(RQ)) : ;¢ € L*(Qr) and o(T) = 0},

B,(t;u,p)dt = /

Qr

F(pd)(dl-}-/ ug(x)p(x,0)dx
Q

which is endowed with the natural norm

”u”%}Vs(Qr) = ”atMHiZ(QT) + ”u”Izﬂ(O,T;HS(]R"))’
This can easily be seen by using a cutoff function in time as in Exercise 8.8 of [4], and
using the density of C2°((0, 7)) ® C2°(2) in L2(0, T; H*(R2)).
Now, as we proved above, the space W;(2r) is invariant under multiplication with
either y'/2 or y~1/2. Moreover, we have

Y20
y12

1
(5.7) ud,p = m(ylﬂu)a,

1 1
= S0P ) = 25 0P o) by

for all ¢ € Ws(27). Hence, using the (space) Liouville reduction (see Remark 8.8 in [41])
in every time slice for all ¢ € W;(27), the identity (5.6) implies

T
- / udep dxds + / (—AY 220, (~8) 2 () g)) di
Qr 0
4 / 4y Pu)(y ) d di
Qr

1/2 1/2
=/ F<pdxdt+/ Y2 (x, 0)uo(x) y'/*(x,0)p(x,0) dx.
Qr Q y(x,0)

Inserting (5.7) yields

1/2 1/2 T
e —[ Y ”)ay’(y ) gedr + / (=AY (20, (~AY () di
Qr 0

4 / 0,y 2u)(y ) dxdi
Qr

=/ (y_l/zF)()/l/Z(p)dxdt+/ y2(x, 0)uo(x) y'/%(x,0)p(x,0) dx.
Qr Q y(x,0)
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Hence, choosing ¢ = y~ /2y with € W, (Q7), we see that v satisfies

T
(5.9) —/ y_lvatl/fdxdt—i-/ ((—A)s/zv,(—A)s/zt//)dt+/ Q, vy dxdt
Qr 0 Qr

Vo (x) ¥ (x,0)
= —d
fQT Gwdxdt+/g2 (. 0) X,

for all Y € W, (27). Therefore v is a solution of (5.3) as claimed.

(ii) Existence and uniqueness of solutions in H'(0, T; L2(2)) N L2(0, T; H*(R"))
easily follows from (i) by choosing the data F, f, uo appropriately and by observing
that y~1/2 has precisely the same regularity properties as y'/2. In fact, assuming that
ve HY0,T; L*(Q)) N L2(0, T; H*(R™)) solves (5.3), then, as in (i), we deduce u :=
y~V2v € HY(0,T; L3(Q)) N L2(0, T; H*(R")), F := y'/2G € L*(Q) and (f, ug) :=
(y'2g.y"?vo) € Xs(Qr).

By the definition, v solves (5.9) for any ¥ € Wy (Q27). Replacing ¥ by y'/2¢ and
inserting these definitions of F, uy and f, we get (5.8). Plugging the identity (5.7) and
using the slicewise Liouville reduction, we see that u solves (5.5). Now, Theorem 3.6
gives the existence of such a solution u and by (i) the function v solves (5.3). On the other
hand, if vy, v, are two solutions of (5.3), then arguing as above we see that u; := y_l/zv,-
fori = 1,2 solve (5.5). Since solutions to the nonlocal diffusion equation (5.5) are unique,
we deduce that u; = u, and thus v; = v,. [

Next, we will prove well-posedness for the diffusion equation derived by the Liouville
reduction and its adjoint equation under the milder assumption G € L2(0, T; H 5 (2)) but
g€ CX(()T). Moreover, we will see that u is the solution to (3.7) if and only if v is the
unique solution to (5.3) of the form v = y~'/2y.

Definition 5.3. Ifu € L}

ioc (V) for some open set V' C R”, then we set

u*(x,t) :=u(x, T —t) forall (x,t) € Vr.

Proposition 5.4 (Well-posedness). Let 2 C R” be an open set bounded in one direction,
0<T <00, 0<s<min(l,n/2), yo>0andy € sy (RT). If g € CX((Re)7) and
G € L?(0,T; H™*(R)), then there exist unique solutions v, v* € L?(0,T; H*(R")) with
0;v and 3;v* € L2(0,T,; H=5(RQ)) of

Iy ')+ (A + Qy)v=G inQr,
(5.10) v=g in ()7,
v(0)=0 in Q,

and

—y71v* + (A) + Q)" =G inQr.,
(5.11) v =g in (Qe)r,
v*(T)=0 in 2,

respectively. Here Q. is the function (5.4) given by the Liouville reduction.
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Proof. Let us prove the uniqueness of solutions to (5.10). Suppose that vy, v, are solutions
of (5.10), and consider ¥ := v; — v,. Then v is the solution to

3, (y~19) + (=AY + 0,)5 =0 inQr,
©-12) 7=0 in (Qe)r,
v(0) =0 in Q.

Multiplying (5.12) by v, it is not hard to see
(5.13) / 0:(y~10) v dx +/ I(=A)25)? dx +/ Q,|5)*dx =0,
Q R” Q

where the first integral has to be understood as the duality pairing between H*(2) and
H ™% (2). Meanwhile, notice that the first term of the above identity can be expressed as

3
(5.14) / 3,(y '9)vdx = —’/ y_1|17|2dx+/ 1512y~29,(y V) dx.
Q 2 Ja Q

We next plug (5.14) into (5.13), which give rises to

0 o $/2~ 5 _ _ B
%l ‘|v|2dx+/ (—A) /2v|2dx=—/ Qy|v|2dx—[ y V28, (Y25 dx
Q R~ Q Q

2
SC/ y H9|%dx,
Q

for a constant C > 0 independent of ¥, where we used that y € C;! Cx(R?.) is uniformly
elliptic with 3,y € L*°(R7%) and (3.16).
Thus, we obtain

0elly 201320 = € (0 /Q y 12 dx + /R (=225 dx) = Clly™ 2012,
and the Gronwall’s inequality implies that

ly 2050172y < € lly 2,05, )2y =0 fort € (0,7),
where we used the initial condition is 0. This shows ¥ = 0 in Q, as desired.
When y € C!C, (R%) is uniformly elliptic with d,y € L*°(R7), the proof of well-
posedness of either (5.10) or (5.11) are similar. More precisely, one can use the relation
iy )=y 'ov+ 3.y
to rewrite equation (5.10) as
y v+ (A + 0,)v=G inQr,
(5.15) v=g in (Qe)7,
v(0)=0 in Q,

where Q,, :=Qy + 3;(y~1) in Q7. Now, it is not hard to see the well-posedness of (5.15)
and (5.11) are the same by reversing the time variable t — 7" — ¢ as in Definition 5.3.
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Now, by slight modification of the proof of Theorem 5.2, one knows that v is the
unique solution to (5.10) if and only if u is the solution to (3.7) with G = y_l/ ’F €
L2(0,T; H5(Q)) and g = y'/2f e L?(0, T; H*(R")) with d,g € L>(R%). Hence,
applying Theorem 3.6 for the solution u of (3.7), one has u € L?(0, T; H*(R")) with
d;u € L2(0,T; H*(R2)), and the same holds true for v. This proves the assertion. |

Remark 5.5. Combining similar arguments as in the proofs of Proposition 5.4 and Theo-
rem 3.6, one may derive the well-posedness of the initial-exterior value problem of

(y~'v) + (A + Qv =G inQr,
v=g in (Qe)T,
v(0)=0 in 2,

under suitable regularity assumptions of Q, g and G. Here the potential Q may not be of
the same form as the function Q, given by the spacetime Liouville reduction (5.4).

6. Nonlocal Neumann derivative and new DN maps

Motivated by Lemma 3.3 in [16], for a given function u, we define the analogous nonlocal
normal derivative in the exterior domain by

u(x,t) —u(y,r)

|x_y|n+2S dy7 (xvl) € (Qe)Ta

Nyu(e,t) = Co [ 11200y V2(5.0)
Q

where C,, 5 is the constant given by (1.5). We note that in the elliptic case similar data was
considered in [24] for the fractional Schrodinger equation. However, as in our problem
the coefficients are assumed to be unknown in the exterior, the Neumann and DN data in
fact contain different information. We now proceed with the Neumann data which contains
less information than the DN data. In particular, our results in this section are more general
than the corresponding results which would rely on the DN data. This matter is discussed
in detail in Appendix A.

6.1. Alternative definition of the DN map
Let us make a new definition of the DN map.

Definition 6.1 (New DN map for nonlocal diffusion equation). Let Q2 C R” be an open
set bounded in one direction, 0 < 7 < 00,0 <s <min(1,7/2), yo > 0and y € Iy, (R7).
Then we define the exterior DN map ¥, by

C T
wose =2 [ P20y 20
0 R27\(Q2¢x2)

(e, 0) —up (v, 1)(g(x, 1) — g(y,1))
|x_y|n+2s

dxdydt,
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for all f, g € CX((Re)T), Where uy is the unique solution (see Corollary 3.9 for the
well-posedness) of

d;u 4+ divg(®, Vu) =0 in Qr,

u = f in (Qe)Ty

u(0) =0 in Q.

Proposition 6.2. Let Q@ C R” be an open set bounded in one direction, 0 < T < 00,
0 <s <min(l,n/2), yo > 0and y € I, (RY). Let f, g € CX((R2)7) and denote by
us € L*(0,T; H*(R™)) the unique solutions to

d;u +divg(®, Vu) =0 inQr,
u=f in ()7,
u(0) =0 in Q.

Let also vg € L?(0,T; H*(R™)) be any function satisfying d,;vg € L*(0,T; H™5(2)) and
ve — g € L2(0, T; H*(RQ)). Then
T

6.1) (Ny fog) = drupvg dxdt +/ By (ur,vg)dt
Qr 0

_ G T 1/2 1/2
[ ey
0~ 0.0)000) ~ g(0.0)

|x _y|n+2s

dxdydt.

Proof. By the definition (3.1) of the bilinear form B,

C T
(Nyu, g) ;x[ / Y2 )y 2 (p,1)
0 R27\ (2 %x2)

up (1) —up (. 0)(E(x. 1) — g(y. 1)
|x _ y|n+2s

r Cn,s T 1/2 1/2
By(uy, g)dt = = y )y ()
0 0 XS

(e, 0) —up (v, 1)(g(x, 1) — g(y, 1))
|x_y|n+2s

dxdydt

dxdydt.

First, note that by writing

up=@r—f)+f
and using (ur — f)(-,1) € ﬁS(Q) fora.e.z € (0, T), the last term is equal to

T
_Cn,s/ / yl/z(x,t)yl/z(y,t) (f(x,t)—f(y,t))(g(x,t)—g(y,t)) dxdydt.
0 Qe xS

2 |x _y|n+2s
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On the other hand, by using cutoff functions 7,, in time vanishing neart = 0and ¢t =T
but equal to one on the support of g, one obtains

T T
/0 B},(uf,g)dt=mh_r>noo A By (ur,nmg) dt
T T
:mlgnoo(—fo By(uf,nm(vg—g))dt—i—/o By(uf,nmvg)dz)
T
= — lim ufat(nm(vg—g))dxdt—i—/ By (us,vg)dt
m—oo o 0

T
= lim atufr]mvgdxdt+/ By (us,vg)dt
0

m—00 QT

T
druypvg dxdt+/ By (uy,vg)dt.
0

Qr
This concludes the proof. ]

We next define the DN map for the spacetime Liouville reduction equation by the
corresponding nonlocal Neumann derivative.

Definition 6.3. Let Q2 C R” be an open set bounded in one direction, and let 0 < 7" < oo,
0 <s <min(1,n/2), yo > 0 and y € Is , (R7). Then we define the exterior DN map No,,
by

(6.2) (N, f.8)

Cn,s
2

/T/ (1) —vr (v, 1)) (g (x, 1) — g(y, 1)) dxdy dt
0o Jra\(@ex00) e =yl |

forall £, g € C2°((2¢)1), where vy is the unique solution (see Theorem 5.2 and Propo-
sition 5.4) of

3 (y ) + (=AY + 0,)v =0 inQr,

V=g in (Qe)r,

v(0)=0 in 2,
and C,, s is the constant given by (1.5).

To prove Theorem 1.1, let us derive a useful representation formula of (6.2).

Proposition 6.4. Let Q@ C R” be an open set bounded in one direction, 0 < T < 00,
0 <s <min(l,n/2), yo > 0 and y € I'y,,(R}). Let f,g € CX((R.)7) and denote
by uy the unique solutions to

I (y~'u) + (=AY 4+ Q)u =0 inQr,
(6.3) u=f in (Qe)r,
u(0) =0 in Q.
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Let also vg € L*(0,T; HS(R™)) be any function satisfying d;vg € L2(0, T, H™5(R2)) and
vg — g € L2(0, T; H*(Q)). Then

(No, 1.8)
=/ a,(y—luf)vgdxdz+/ (—A)S/zuf(—A)s/zvgdxdt—i-/ Qyusvg dxdt
Qr R Qr

Cus [T (f@.0) = f.D)E(x.1) = g(y.1))
_T/o / 2,

|x_y|n+2s

dxdydt.

Remark 6.5. Observe that the last term in (6.1) is independent of Q,,. Therefore, in this
case the corresponding DN map A g, can be defined by

(Ao, f.8) = / 3 (yup)vg dxdi + / (=) Puz (—=A)*?vg dxdi
Qr R%

+/ Qyurvg dxdt
Qr
for f, g € C2°((Q2¢)1), and it contains the same information as Ng, .

Proof of Proposition 6.4. As in the proof of Proposition 6.2, we have
(No, f.8) = / (—A)S/zuf (—A) g dxdt
RT

Cus (T (f(x.0) = f.0)E(x.1) — g(y.1))
a 2 /(; /;Zere

v = [ dxdyd:t.

Next, as in the proof of Proposition 6.2, we use a sequence of cutoff functions (1, )meN C
C2°((0,T)) to deduce the identity

/(—A)S/zuf(—A)s/zgdxdz
RY.
m—00

= Jlim = [ A 820 = ) dxds

+ lim (=AY Pur (=N (nmvg) dx dt
R}

m—0o0

nm—>00

= lim (-/Q Y Mur 0, (i (vg — g)) dx dt +[9 Qs (Nm(vg — 2)) dxdt)
T T
—i—/ (=AY 2up(—A)?v, dxdt
R
=/ (v up)vg dxdt+/ (—A)S/Zuf(—A)s/zvg dxdt
Qr R%.

+ / Qyurvg dxdt.
Qr

This completes the proof. u
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6.2. Relation between DN map and nonlocal Neumann derivative

Let us consider two arbitrary nonempty open subsets Wy, W, C W, with Wy N W, = @,
where W C 2, denotes the open set in the statements of either Theorem 1.1 or Theo-
rem 1.2. Meanwhile, with the exterior determination result (Theorem 1.2) at hand, one
already knows that y; = y, in W7, provided that Ay, f'|lwy = Ay, f|wy for any f €
C2°(Wr). Adopting these notations, one immediately has y; = y, in (W; U W,)r. Then
we can derive the following relation.

Lemma 6.6. Let Q@ C R” be an open set bounded in one direction, 0 < T < 00,0 < s <
min(1,n/2), yo > 0and y; € Ty, (R}) for j = 1,2. Assume that Wy, W C Q. are two
nonempty open disjoint sets and I' € Ty ,,, (R7.) are such that y1(x,t) = y2(x,t) = T'(x,1)
for all (x,t) € (Wy U W,)r. Then we have

Ay, flowyr = Ny, flowyr  forany f € Ccoo((Wl)T)
if and only if
(M [.8) = Ny, £.8) forany [ € CZ((Wi)r) and g € C°((W2)7).
Proof. We have, for any f e C°((Wy)r) and g € C°((W2)T),

{(Ayfog)
T _ —
:C”/ /Rznyl/z(x,t)y”z(y,t)(uf(x’t) ur(y.0)(gx.1)—g(y.1)) dxdydt,

|x_y|n+2s

by using Definition 3.10. Thus, combining with Definition 6.1, one has that

64) Ay fg) = (N fg) + / / 20y 2 y0)
QexXQe
(- f(y, D (g(x.1)— g(y.1)

|x—y|"+23 dxdydt

= (M, fog) + a2 (e, 0y (0, 1)

(Sl - f(y,l))(f(z;t) 80D 4 avdi = (A, 2),
lx — y[**

where we used that uy = f in (Q.)7.
On the other hand, one can see that

6.5) [ f V20, 12, )(f(x,t)—f(y,t))(g(x,t)—g(y,l)) dxdydt

|X _y|n+25

:/ / V20 0y (1) (f(x,0)— f(y,0)(g(x,1)—g(y, 1)) dxdydr,
QexXQe

|x _ y|n+25

where we used that f € C°((W1)r), g € CX((W2)T) with y; = y, in (W) U W) 7 and
W1 N W, = @. Finally, insert (6.5) into (6.4), and we can see the assertion is true. This
completes the proof. ]
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Theorem 6.7 (Relation of DN maps). Let 2 C R” be an open set bounded in one direc-
tion,0 < T < 00,0 <s <min(l,n/2), yo > 0and y; € Ty, (R}) for j = 1,2. Assume
that Wy, Wy C Q. are two nonempty open disjoint sets and I' € s, (R7.) are such that
y1(x,t) = ya(x,t) = T(x,t) for all (x,t) € Wy UWy)r and T € C*®(W1 U Wa)7T).
Then for f e CX(Wi)r), g € CX((Wa)T), we have

(‘Afl’lf’ g) = (‘Nyzﬁ g)
if and only if
(No,, (T2 f).(TV2g)) = (Ng, (TV/2 f),(T'/%g)).

Proof. By the Liouville reduction (cf. Theorem 5.2),

T
drurvg dxdt + / By(uyg,vg)dt
0

Qr
= /Q 8y M Pup)(y Pug) dxdr + [R (8P Pup) (= 8) Py Pog) dxdr
T T
9
+/ qy(y1/2uf)(y1/2vg)dxdt+f Z’—Z(yl/zuf)(yl/zvg)dxdt
R% Qr <Y

= /Q 0y~ 0 Pup )y Pog) dxdr + /ﬂ; (AP Pup) (=) (v dxd
T T

4 [ 0, (r"/2up )y Pug) dxdr + / 4y (P (0 Pog) dx di
Qr

Qe)T
= (Mo, (T2 ). (I 2g)) + [ 4y 2 ) 2g) dxdi
(Qe)T
Cos [T (fGeat) = fO0)g(ra1) — g0 1))
+ T/o /exsze |x — y|r+2s drdd

since wy := yl/zuf solves (6.3) with exterior condition I'/2 f and Urijag 1= yl/zvg is
an extension of y1/2g with the same regularity properties as vg. Therefore,

(Ny f.8) — (Mg, (D2 £),(T1/2g))
- /( 4y (2 )y 2g) dx di

Q)T
G (T (fC.0) = f.0)(g(x.1) —g(y. 1))
2 /0 /Qere

FperE=T dxdydt

Cus [T 1/2 1/2
[y Rwnyen
D= f0.0)g0n 0~ g00)

|x _y|n+2s

+

dxdydt.
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Since W1 N W, = 0, it follows that
(Ny f.8) = (N, (T2 ), (T /2g))
= —%f;/mxge(l — P2, T2y, 1))
(fngy. 1) — f(y.1)g(x. 1))

|)C _ y|n+2s

dxdydt.

Now this expression on the right-hand side does not depend on the conductivities and so
we see that

(Mn fg) = (M f.8) < (Mo, f.g) =(No, [ 2)

forany f e CX((Wi)r) and g € C2°((W>)r). This proves the assertion. L]

6.3. Adjoint DN map
Let us introduce the adjoint DN map which then will be used to prove a suitable integral
identity.

Definition 6.8 (Adjoint DN map). Let 2 C R” be an open set bounded in one direction,
0<T <00,0<s<min(l,n/2),yo > 0andy € I,y (R%). Then we define the adjoint
exterior DN map N, éy by

(NG, f.8) =

Cs /T [ 04y (0. ) =4 (o) G0 = 8020)
0 JR27\(QxQe)

2 |X _ y|n+2s
forall f,g € C°((2.)T), where uy is the unique solution to

-y 1w+ (A + Qy)v =0 inQr,
v = f in (Qe)Ty
wW(T)=0 in Q,

and C, s is the constant given by (1.5).

‘We make the following simple observations.

Lemma 6.9 (Properties of adjoint DN map). Let Q@ C R” be an open set bounded in
one direction, 0 < T < 00, 0 <s <min(1,n/2), yo > 0andy € T's,,,(R}). If f. g €
C°((Re)T) and uy is the unique solution to

—y 10+ (A + Q,)u =0 inQr,
u=f in (Qe)r,
u(T) =0 in Q,

then the following hold:
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(i) For any extension vg of g with vg € L?(0,T;H*(R™)) and d;vg € L*(0,T,H ~*(2)),
(NG, 1.8) = _/ Yy Y0upvg dxdt +/ (=AY up(—A)?v, dxdt
Qr R,

+ / Qyurvg dxdt
Qr

Cos (T (D= SG.0)E0.1) ~g(.1))
- T/O / 2,

|x_y|n+2s

dxdydt.

(ii) We have (,/Véyf,g) = (Ng, 8. f).

Proof. (i) This follows from a similar calculation as in Proposition 6.4.
(ii) Let ug be the solution to (6.3) as the exterior data f is replaced by g. Since
ur(T) =0, ug(0) = 0, we have

/ (Bt(y_lug)uf + ugy_latuf)) dxdt = 0.
Qr

This immediately shows the claim. ]

7. The global uniqueness

We split this final section into several parts. We first establish the integral identity and
the Runge approximations in Sections 7.1 and 7.2, respectively. Combined with these two
statements, one can prove the interior uniqueness in Section 7.3. Finally, we show the
UCP of exterior DN maps, which together with the work of Section 4 imply the global
uniqueness result of Theorem 1.1.

7.1. Integral identity

One of the key material to prove the interior uniqueness is to derive a suitable integral
identity.

Proposition 7.1 (Integral identity). Let 2 C R” be an open set bounded in one direction,
0<T <o00,0<s<min(l,n/2), yo > 0andy; € Ty, (R}) for j = 1,2. Assume that
Wi, Wa C Q. are two nonempty open sets and I € Ty, (R%.) are such that yi(x,t) =
ya(x,t) = T(x,t) for all (x,t) € Wy U Wo)r and T € C*®°((Wy N W,)T). Then for
S e C((W)r), g € CZ((W2)r), we have

(N, —No,,) f.g) = [Q 3 =y Yo dyvg dxdi + /Q (Oys — 0y)vgvy dxdi,
T T

where vy is the unique solution to (6.3) with y = y and vg is the unique solution to the
adjoint equation

—y; 0w+ (A 4+ Qy,)w =0 inQr,

w=g in ()T,

w(T) =0 in 2.
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Proof. By Lemma 6.9 and Proposition 6.4, we have
((Ng,, —No,,) f.8) = (No, f.8) = (Ng,, f.8) = (Ng, f.g) — (Ng, & f)
= / 3 (Y7 vs)vg dx dt +/ (—A)20p (=0 ?vg dx dt +/ 0y, vrvg dx dt
Qr R Qr

Cas [T (fC.0) = f.0)(g(x.1) —g(y. 1))
a / /Qexsze

|x _y|n+2s

dxdydt

+f Y5 'dvgvr dxdt — /(—A)s/zvg(—A)s/zvfdxdt—/ 0,,vev5 dxdt
R Qr

ns/ / (fGx.0) = fO.0)gx.1) —g(y. 1))
QexXQe

|x _y|n+2s

dxdydt

= / 3 (y7  vp)vg dxdt +f V5 tvpdve dx dt +/ (Qy, — Oy,))vgvr dxdt
Qr Qr Qr

= / (5t =y Hvrdevg dxdt +/ (Oy, — Oy,)vgvr dxdt,
Qr Qr

where we used for the integration by parts that vs(0) = 0 and v (T") = 0. [

7.2. Approximation property

To prove the interior uniqueness result of y, we derive an approximation property of solu-
tions to the Schrédinger type equations. First, we introduce the source to solution map,
which is usually called Poisson operator. Assume that 2 C R” is an open set bounded in
one direction, 0 < T < 00,0 <s <min(l,n/2),yo > 0,y € Iy, (R%) and W C Q. is
a nonempty open set. With the well-posedness of (5.3), we can define the Poisson opera-
tor P) as follows:

(7.1) Py : CX®(Wr) — H'(0,T; L*(Q)) N L*(0,T; H'R")), [+ vy,
where vr € H1(0,T; L*(2)) N L2(0, T; H*(R")) is the unique solution of

3 (y ') + (=AY + Qy)v =0 inQr,
(72) v = f in (Qe)Ta
v(0)=0 in 2,

with vy — f € H'(0,T; L3(Q)) N L*(0, T; H*(Q)).

Next, before studying the Runge approximation for equation (7.2), let us recall the
UCP for the fractional Laplacian (see, e.g., Theorem 1.2 in [24] for functions in H", or
Theorem 2.2 in [28] for functions in H"?).

Proposition 7.2 (Unique continuation for the fractional Laplacian). For n € N and s €
0,1), let w € H7"(R") for some r € R. Given a nonempty open subset W C R”, then
w = (—A)Sw = 0in W implies that w = 0 in R".
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Proposition 7.3 (Runge approximation). Let 2 C R”" be an open set bounded in one
direction, 0 < T < 00,0 <s <min(1,n/2), yo > 0andy € I's,(R}), and let W C Q.
be a nonempty open set. Let P, be the Poisson operator given by (7.1), and define

R = {vf — f : f€ CCOO(WT)}
Then the set R is dense in L>(0, T’; ﬁs(Q)).

Proof. By using Theorem 5.2, one has R C L?(0, T; ﬁS(Q)). In order to show the den-
sity, by the Hahn—Banach theorem, we need to show that if F € (L2(0, T; H*(Q)))* =
L%(0,T; H™5(R)) is such that’ (F, w) = 0 for any w € R, then F must be zero. Via
(F,w) = 0 forany w € R, we have

(F,P,f —f)=0 forany fe C>X(Wr).

We next claim that
(13) (F.P,f —f)=— / (—A)2 f(—A)Pgdxdi forany f € CX(Wr).
R7

where ¢ € L2(0, T; H*(R")) with d,¢ € L?(0, T; H™°(R2)) (see Proposition 5.4) is the
unique solution of the adjoint equation

=y + (-A) + Qy)¢ = F inQr,

=0 in (Qe)7,

o(T)=0 in Q.

In fact, by direct computations, one has that vy = P, f and

(F.Pyf ~ 1)
= [ e+ 0 = paxar+ [ ayPoearon - pasas
= | (=r'e+ 0yp)vrdxdr +/ (—A)2p(—A)?vs dx dt

Qr R%.

- / (AP Pp(—A)/2 f dxdr
R}

Z/ (at()/_lvf)-i-vaf)(pdxdl—}-/ (=AY 2vp (=A@ dxdt
Qr RZ

T

=0, since vy =Py f

- / (—AYPp(— A2 f dxdi
RT

= _/ (=AY 2p(=A)S'2 f dx dt,
R

3Note that here (F, w) = /QT Fw dx dt denotes the duality pairing, for F € L2(0,T; H=*(Q)) and w €
L2(0, T; H5(Q)).
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where we used that vy (0) = ¢(7T") = 0 for the integration by parts in the third equality
sign and the integral involving the time derivative has to be understood in a weak sense.
This shows identity (7.3). Finally, identity (7.3) is equivalent to

(=AY’ =0 inWr.
Thus, the function ¢ satisfies
¢ =(A)p=0 inWr,
and then, by Proposition 7.2, we have
¢ =0 inR7,

so that F = 0 in R%.. In summary, we showed that the set R is dense in L2(0,T; H5(Q)).
This proves the assertion. ]

Remark 7.4. (i) By Proposition 7.3, we know that given any ¢ € L2(0, T'; H()), there
exists a sequence of solutions {vs, }xeny € L%(0,T; H*(R")) to (7.2), with f = f, such
that

vr, — fi > ¢ inL*(0,T; H*(Q)) as k — oo.
Since vy, is a solution, by applying Proposition 5.4, we see that d,vs, € L2(0,T;H™5(Q)).
Now assume that the time derivative of ¢ belongs to L2(0, T; H*(R)). Then we have

lim [ 0:(vp, — fi)pdxdt = — lim / (vp, — fi)drpdxdt
Qr k—oo JQr

k—o00

=— ¢0; o dxdt
Qr

for any ¢ € L%(0, T H*(Q)) with 0:0 € L2(0,T; H™5(R)) and ¢(T) = 0. If, addition-
ally, ¢(0) = 0 or ¢(0) = 0, then

lim 0:(vg, — fi)pdxdt =/ (0:9)p dxdt.
T Qr

k—o0 JO

(i) By using similar arguments as in the proof of Proposition 7.3, one can show that
the Runge approximation holds for the adjoint diffusion equation

710" + ((A)* + Qy)v* =0 inQr,
vt=g¢ in (Qe)7,
v*(T)=0 in Q.

In other words, given a nonempty open set W C 2., the set
R* = {vy —g:g € CX(Wr)}

is dense in L2(0, T; H*(R)).
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7.3. Interior determination and proof of Theorem 1.1
Let us state the interior uniqueness result.

Theorem 7.5 (Interior uniqueness). Let Q2 C R” be an open set bounded in one direction,
0<T <oo, 0<s <min(l,n/2), yo >0 and y; € [s,y(RT) for j = 1,2. Assume
that Wy, Wp C Q. are two disjoint nonempty open sets and I' € T ,, (R7.) are such that
y1(x,t) = ya(x,t) = T(x,t) forall (x,t) € Wy UW,)p and T' € C®°(Wy U Wa)7T).
Then

(7.4) (M f.8) = (My, [ 8)

if and only if
vi=vy2 and Q, =0, nQr.

Proof. Via Theorem 6.7, for g € C°((W»)1), one has

(‘Afl’lf’g) = (‘Nyzfvg)

if and only if

(7.5) (No,, (T2 f).(TV2g)) = (Ng, (TV2 ), (T'/2g)).

Since I' is uniformly elliptic and smooth on (W; U W;)r, condition (7.5) implies

{(No,, f.g) = (No,, /. 2)

forall f e C°((W1)r) and g € C°((W>2)1). Moreover, by Proposition 7.1, one has
(7.6) / vyt =y Hvr drvg dxdt + / (Qy, — Oy)vgvr dxdt =0,
Qr Qr

where vy € # := H1(0,T; L*()) N L?(0, T; H*(R")) and vg € J are, respectively,
the solutions to

3 (y7lvp) + (=A)° + Qy)vr =0 in Qr,
a7 o= in (@07,
vr(0) =0 inQ,

and

—)/2_18,1); + ((=A)* + Qy)v; =0 inQr,
(7.8) V=g in (),
vi(T) =0 in Q,

Step 1. Qy, = 0y, in Q.
Take Q' € Q and ¢ € C2°(R2) with ¥ | = 1. By extending v for all times trivially, we
have ¥ € #. Then take ¢ € C2°(27) and apply the Runge approximation (Proposition 7.3
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and Remark 7.4) to find sequences { f¢};2, C C°((W1)7) and {gx}72, C CX°((W2)r)
such that
v, — fe—¢ and vy —gr > ¥ asl,k — oo.

Here vy, € # and vg, € H are the solutions to (7.7) and (7.8) with f = f; and g = g,
respectively. Hence,

£,k—o00

lim [ ;' - Vl_l)vfzatv;k dxdt =0
Qr

and

lim /;2 (Qy, — Oy,)vg, vy, dxdt = /Q (0y, — 0,V dxdt.

{,k—o00

Using that ¢ = ¢, we deduce

/Q (0, — 0y)¢ dxdt = 0,

for any possible ¢ € C>°(27). Thus, one can conclude that Q,,, = Q,, in Q7.

Step 2. y1 = y» in Qr.
Plugging Q,, = @y, in Qr into (7.6), we have

/ ;' - Vl_l)vfatU; dxdt =0,
Qr

forany fe CX((Wi)r)and g € CX((Wa)1). Take Q' € 2,1 € CX(R2) with n|g =1
and set y (-, ¢) = tn. By repeating the arguments in Step 1, with the Runge approximation
at hand, one can also conclude that

| ot =vihdxar o,
Qr
for any possible ¢ € C>°(S27). This ensures y; = y, in Q7. |

Proof of Theorem 1.1. First, we apply Theorem 1.2 to deduce that y; = y, in Wr. Then
we choose two nonempty disjoint open sets Wy, W, C W. By Lemma 6.6, condition (1.7)
implies that the identity (7.4) holds for W, W, as chosen initially. Now, by using Theo-
rem 7.5, we can conclude that

yi=y2 and Qy =0y, inQr.
This in turn implies
0=0y -0y, = (_A)s(myz —my,) inQ,

for a.e. t € (0, T'). Hence, by the UCP (see Theorem 2.2 in [28]), it follows that y; = y»
in R%. [ ]
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A. Discussion of nonlocal normal derivatives and DN maps

In this section, we provide the motivation behind the definition of the nonlocal Neumann
derivatives N, and Ng,, which underly Definitions 6.1 and 6.3. We restrict here our
attention to time-independent functions for simplicity. First recall that from Lemma 3.3
in [16], one has the nonlocal integration by parts formula

(Nsu)vdx + / (=A)Y’u)vdx
Q. Q
_ Cus / @) —u@)NE) —vB)
R27\ (2, xQ)

2 |x _ |n+25

forall u,v € Cz(R”), where

u(x) —u(y)
(A]) NSM(X) = Cn,s o m
denotes the nonlocal normal derivative for sufficiently regular functions u: R” — R and
x € Q.. Here C,, ¢ is the same constant given by (1.5).
Next, we want to show that a similar formula holds for the fractional conductivity oper-
ator studied in this work. For simplicity, assume u, ¢ € C°(R") and denote the duality
pairing between H*(R") and H 5(R") by (-, -). Then we have

y1/2 1/2
(div5(0, V), ) = 2 / L S ) @) — g0 dxdy

/
_ (/ i(u(x)—u(y))dy> 2 (x) ¢ (x) dx
R\ JRre |

2 y|n+2s
Cps 2 (x)
- [ (] e e —u )y e dy
Y2 (y)
=G [ (| s it ) —u) dy) ) 90)
=/ Lyu(x)p(x)dx,
RVI
where we set
1/2
(D L= Gy [ % () - u(y)) dy.

Now, let us define the (general) nonlocal Neumann derivative by

(x) —u(y)

(A3) NYu(x) —Cnsy‘/z(x)/ y 20 )—2
| y|n+ s

for x € Q, and sufficiently regular functions u: R” — R (in this section we write the
superscript y to distinguish it from the normal derivative in (A.1)). With this definition,
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we have

() = UGN =ve) ;o

Ch,s 1/2 1/2
(A4) —= [ YTy )
2 Jrem\(@.x2,) |x — y|nt2s

=/ L;u(x)v(x)der/ v (x) MV u(x) dx.
Q

Qe

To see this, observe that R?" \ (Q, x Q) = (2 x R") U (. x Q) and hence

[ P23y 23y B ZHODO) —00)
R27\ (Qe X [x — v
- [ P12 125 M) ay
R27\ (R x20) lx — y|

u(x) — u(y)
- y V200 12y ML HOD ) ey
R27\ (e X Q) lx — vl

=2 P20 120 M) gay
R27\ (R X Q) |x — y|rt2s

- 123 y1/2 () 1) — 1)
=2 [ [ ywy o) B ) as
u(x) —u(y)
+2/Qe U(@(/ﬂf”(ﬂf”()’)m“’)’) dx.

By (A.2) and (A.3), this implies the identity (A.4). From (A.4), we make the following
observations.
(i) There holds

Cn.s 1/2 1/2 (u(x) —u(y)(v(x) —v(y))
: [R o V' OYO) e dxdy

= / v(x) N u(x)dx

e

for all v € C°(L2,), and so coincides with our weak formulation.

(ii) We have
%/ Vl/z(x) yl/z(y) (u(x) — U(Y))(ZE:CZ)S— v(y)) dxdy
2 JR2m\(Qex2) lx =yl

= / Lyu(x)v(x)dx
Q

G [ PP ]
2 /RZn |x — y|nt2s (u(x) —u(y))(v(x) —v(y)) dxdy

forallv € CX°(2).
Note that all observations above hold for a general symmetric kernel K(x, y). Com-

bining the assertions (i) and (ii), we see that:
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(a) The notion of solutions in the survey article for elliptic nonlocal equations in [43]
and the definitions adapted in this article are the same. The former one have the
advantage that one can study solutions to nonlocal Dirichlet problems, where the
exterior conditions f are less regular.

(b) We have
(N f.8) = (N] f.g").
whenever g, g’ € H(R") satisfy g — g’ € H*(2), where N, f is the nonlocal nor-
mal derivative of the unique solution u ¢ to the homogeneous fractional conductivity
equation with exterior value f. Hence, it is again well defined on the trace space
X = HS(R")/H*(Q).

Moreover, let us point out that in [41,42] we used the following definition of DN map:

Cn,s - _
Ay frg) = T /Rzn y12(x) y1/2(y) (uy (x) Ccffy;)lr(li(;sf) g)) dxdy

forall f, g € C2°(2,). These two are related as follows:

(Ay 1. 8)
— (WY fg)+ s / P12y 2y WD U ONEO =80))
2 Ja.xq. |x =yl
_ (Nsyf,g)+%[ 1200 y1/2(3) (f(x)_f(f))(fﬁz_g(”) dxdy.
2 Ja.xq. lx — vl

Remark A.1. We may now observe that the additional information on the set Q. x 2,
precisely allows to carry out the exterior determination. This shows that A, carries more
information.

As a matter of fact, the definition ;' is natural since it has a clear PDE interpretation,
although we cannot prove with it our exterior determination result.

Finally, we discuss the situation for constant coefficient operators like the fractional
Schrodinger equation

(A.5) { (=AY +q@)u =0 inQ,

u=f in Q..
In [24], the authors defined the DN map A, related to this exterior value problem by
(N8 = [ 800 g dx+ [ qupvg dx

for all f, g € HS(IR”)/ﬁS(Q), where uy € H*(R") is the weak solution to (A.5) and
vg € H*(R") an extension of g. In the special case g € C°(£2,), one has

(N i) = [ 80y g,

since we are only integrating over €2 in the potential, and so ¢ is only implicitly contained
in the definition of A,. Then they showed in Lemma 3.1 of [24] that if Q € R" is smooth
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and ¢ € CZ°(R2), this DN map is simply the restriction (—A)’ur|q, (as long as the data
/. g are sufficiently regular), and in the case f € C°(L.),

Agf =Nsf —mf + (D) fla..
where dy
m(x) = Cn,s/;z m
(cf. Lemma A.2 in [24]). But this implies in this case that
Ay = Ay, &= N = N2

If ¢ is possibly nontrivial in the exterior, then the notion of solutions to (A.5) is not affected
if one introduces the related bilinear form by

By(u,v) := / (=A)*2u (=A)Y?vdx + / quv dx
Rn n
for u,v € H*(R"). This approach was, for example, carried out in [41] and [45]. But then
the natural DN map becomes

(Rotfig)i= [ Ca1Pur - Pogdx+ [ qupvg dx
R” R~

forall f,g € H*(R")/ HS (£2), where vy is any representative of g. These two definitions
of DN maps are related as follows:

(A6  (Rofig) = (Agfig) + /Q qupvgdx = (Ag f.g) + /Q afg dx.

Hence, in general, if ¢ is not zero in the exterior, these two definitions of DN maps are
not equivalent and the latter helps to acquire information in the exterior. Therefore, if f
and g in (A.6) have disjoint support, then they are equivalent and precisely this lack of
knowledge leads to counterexamples to uniqueness (cf. [40]).
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