Rev. Mat. Iberoam. 41 (2025), no. 3, 913-952
DOI 10.4171/RMI/1515

© 2025 Real Sociedad Matemética Espaiiola
Published by EMS Press and licensed under a CC BY 4.0 license

Graded homotopy classification of Leavitt path algebras
over finite primitive graphs

Guido Arnone

Abstract. We show that the graded Grothendieck group classifies unital Leavitt path
algebras of primitive graphs up to graded homotopy equivalence. To this end, we
further develop classification techniques for Leavitt path algebras by means of (graded,
bivariant) algebraic K-theory.

1. Introduction

Let £ be a commutative unital ring. Given a graph E, we will consider its Leavitt path
{-algebra L(E) (see Definition 2.5 in [24]), which carries a natural grading over Z (Pro-
position 4.7 in [24]). Its graded Grothendieck group K§'(L(E)) is the group completion of
the monoid of isomorphism classes of Z-graded finitely generated projective modules. This
group carries an action from the infinite cyclic group Coo = (o), and is moreover a pointed
preordered Z[o]-module; see Section 2.8 for a precise defintion of these terms. This paper
is mainly concerned with the graded classification question for Leavitt path algebras.

Conjecture 1.1 (Conjecture 1 in [18]). Assume that £ is a field. Let E and F be two finite
graphs. If there exists a pointed, preordered Z.[c]-module isomorphism Kgr(L(E ) —
Kgr(L(F)), then the algebras L(E) and L(F) are isomorphic as graded algebras.

In line with recent advances in the (ungraded) classification question for purely infinite
simple Leavitt path algebras [11-13], we investigate the notion of graded classification up
to polynomial homotopy. Before stating our main result, we recall the relevant definitions
and provide some motivation. An elementary (graded, polynomial) homotopy between
graded algebra homomorpshisms f, g: A — B is a graded homomorphism h: A — B|t]
such thatevgo i = f and evy o h = g; here the indeterminate ¢ is set to be homogeneous of
degree zero. Two graded algebra maps are homotopic if they are connected via finitely many
elementary homotopies. Homotopy equivalences are then defined to be homomorphisms
which have an inverse up to this notion of homotopy.

It can be shown that Kgr maps graded homotopy equivalences to isomorphisms (see
Remark 2.12). Hence, a positive answer to Conjecture 1.1 would imply that two Leavitt
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path algebras are graded isomorphic if and only if they are graded homotopy equivalent.
One could thus first aim at deciding whether the graded Grothendieck group classifies
Leavitt path algebras up to homotopy equivalence. In the ungraded, purely infinite simple
case this program was carried out in [12] and [11]. The main theorem of this paper provides
a similar result in the graded context.

Main Theorem (Theorem 8.1). Let E and F be two finite, primitive graphs. Assume that {
is a field. If there exists a pointed, preordered Z[c]-module isomorphism K (L(E)) =
K5 (L(F)), then the algebras L(E) and L(F) are graded homotopy equivalent.

As a consequence, the primitive case of Conjecture 1.1 is equivalent to the following.

Conjecture (Conjecture 8.2). Let £ be a field. If E and F are finite primitive graphs, then
L¢(E) and L¢(F) are graded isomorphic if and only if they are unitally graded homotopy
equivalent.

We point out that despite the resemblance of the Main Theorem above with ungraded
homotopy classification results, significant technical work is needed to obtain similar
conclusions. The hypothesis that graphs be primitive (see Definition 7.2) stems from
adapting the techniques of [11]; put succinctly, we need a family of idempotents of L(E)
arising from edges to be full (Proposition 7.4). Such graphs are in particular essential,
meaning that they have no sinks or sources. This allows us to interpret their associated
Leavitt path algebras as corner skew Laurent polynomial rings. The latter are characterized
as the Z-graded rings with a homogeneous left invertible element of degree 1 (Lemma 2.4
in [4]). These ideas are due to Ara and Pardo and go back to [6].

The main tool used in this article is graded bivariant algebraic K-theory ([17]). This is a
functor j: Alg,®" — kk® from the category of graded £-algebras to a triangulated category
which is universal in a specific sense; see Section 3 for a brief recollection of its main
properties. Here £ is viewed as a graded algebra with trivial grading. The functor j is the
identity on objects; hence we shall omit it from our notation. Writing [L(E), L(F)] for the
set of graded algebra homormophisms between two Leavitt path algebras up to homotopy,
our objective will be to understand the canonical map

(1.1) [L(E), L(F)] —» kk®(L(E), L(F)).

In Corollary 11.11 of [9], it is shown that homomorphisms between two Leavitt path
algebras L(E) and L(F) in kk®" fit into an exact sequence involving their graded K -theory
groups. Concretely, let Ag be the adjacency matrix of E and / the identity matrix on its
set of vertices. Write BFy(E) = coker(/ — 0A%) for the Bowen—Franks module of E
and BF;’T(E ) = coker(/* — 0AE) for its so-called dual. Abbreviating ® = ®z[,] and
hom = homg(,], there is a diagram of Z[o]-modules with exact top-row as follows:

0 — BFy(E) ® K{'(L(F)) 4y kk®(L(E), L(F)) — hom(BFg(E), K§ (L(F))) — 0
i

[L(E). L(F)] _%

The first part of this article is devoted to Poincaré duality for Leavitt path algebras,
which is used in Lemma 13.1 of [11] to effectively compute the map d in the exact sequence
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above. Let us recall the relevant terminology. In this paper, a graph is a pair of source
and range functions s, r: E! — E° from a set of edges E! to a set of vertices £°. The
dual graph E; of E has the same sets of vertices and edges with the functions r and s
interchanged one for the other; informally, we revert the direction of all arrows. The
suspension in the triangulated structure of kk&" is represented by tensoring by the trivially
graded algebra Q = ¢(1 — ) £[t]; we shall write QL(E;) for Q ®; L(E;).

Theorem (Theorem 6.1). If E is a finite essential graph, then the functor — @y L(E) is left
adjoint to — ® QL(E;) as endofunctors of the graded bivariant K -theory category kk*'.
Thus, for each pair of graded algebras R and S, there are isomorphisms

Kk (R ®¢ L(E),S) = kk&(R, S ®; QL(E;))

which are natural in both R and S.

The proof of Poincaré duality given in [11] involves a specific homomorphism from
L(E) to the suspension algebra Xy for a suitable set X. The latter algebra is a quotient of
Karoubi’s cone 'y by the ideal of X -indexed matrices My . In our context, we want this
homomorphism to preserve the gradings; in particular, we have to equip Xy with a grading
to begin with. Further, in ungraded algebraic bivariant K-theory tensoring by Xy plays
the role of the inverse for the suspension functor. In Section 4 we generalize the notion of
infinity sum-rings and, for a suitable notion of graded infinite set X, we define a graded
analogue F;’;r of Karoubi’s cone and produce a quotient algebra Ef; which plays the role of
the suspension in kk®".

Another key ingredient of the proof of Poincaré duality is the relationship between
a degree zero unit element u; € L(E) ® L(E;) and the class in kk®" represented by the
algebra homomorphism from § := ker(£[t, 1] SN f)to L(E) ® L(E;) mapping ¢ > u.
In this direction, we prove the following.

Theorem (Theorem 5.6). Let A be a unital, strongly graded algebra, p € Aoy an idempotent
and u a unit in pAgp. Consider the map ¢:S — A given by 1 — p, t — u. There is a
chain of isomorphisms

kkgr(S, A) = kk(S, Ao) ~ KHl(A()),

mapping j(¢) to [1 — p + u].

Here K H is Weibel’s homotopy K-theory [27]. Finally, in Section 3 we also record
some results that we use regarding left and right boundary maps of a triangle in kk&" and
their compatibility with tensor products. We remark that these statements are not found in
the literature, even in the ungraded case.

With a graded version of Poincaré duality in place, and the fact that K§r is a full
functor when restricted to Leavitt path algebras ([8,25]), we are able to study the image
of (1.1) (Lemmas 7.19 and 7.20). This relies on a procedure to deform a unital graded
algebra homomorphism L(E) — L(F) using a given element of K{'(L(F)), adapted from
the ungraded setting in Section 7. Studying the extent to which (1.1) is injective necessitates
a study of K{'(L(F)). By a result of Hazrat (see Theorem 3.15 in [19]), together with
Dade’s theorem (Theorem 2.8 in [16]), if F' is a graph with no sinks, then one has canonical
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isomorphisms K§'(L(F)) = K«(L(F)o). Further, it is known that L(F)g is an ultramatri-
cial algebra, see the proof of Theorem 5.3 in [5]. Using these results, in Lemma 3.6 of [6],
Ara and Pardo give an explicit description of the shift action on Ko(L(F)o) = K§ (L(F)).
We extend the characterization above to K1(Ro) = K} (R) for any strongly graded, corner
skew Laurent polynomial ring R such that Ry is ultramatricial.

Theorem (Corollary 7.16). Let (R, t4,t_) be a strongly graded, corner skew Laurent
polynomial ring. Assume that £ is a field and Ry a unital ultramatricial algebra. Writ-
ing a: Ry — Ry for the homomorphism given by x +— t,xt_, the following diagram is
commutative:

K¥(R) —7— K¥(R)

Ki(Ro) 2% K, (Ry).

The proof involves the observation that K;(Ry) agrees with the abelianization of the
unit group of Ry, recorded as Proposition 7.8. We also need an alternative description
of the K of an ultramatricial algebra, akin to Cortifias and Montero’s characterization
of Karoubi and Villamayor’s K V; group for purely infinite simple rings (Proposition 2.8
in [12]).

Theorem (Proposition 7.10). Assume that £ is a field. If R is a unital ultramatricial

algebra, then
Ki(R) = R*/{u(1) : u € (R[¢])*, u(0) = 1}.

The theorem above allows us to deduce injectivity of (1.1) up to a relaxed notion of
homotopy. We say that two graded algebra maps f, g: A — B are ad-homotopic if there
exists a degree zero unit u € By such that f is homotopic to the conjugation of g by u. A
particular case of Theorem 7.25 is the following.

Theorem. Let E and F be two primitive graphs. Assume that £ is a field. Two unital
graded homomorphisms f,g: L(E) — L(F) satisfy j(f) = j(g) if and only if they are
ad-homotopic.

With all of this in place, we prove our Main Theorem in Section 8 as Theorem 8.1.

2. Preliminaries

For the rest of the article, we fix an abelian group G and a commutative unital ring £. The
adjective graded will always mean G-graded. Recall that a graded algebra is an £-algebra R
together with an abelian group decomposition R = €5 gcG Rg satisfying Rg Ry C Rgp
for each g, 1 € G. The projection of x € R to R, will be denoted x,. If x € Rg, then we
say that x is a homogeneous element of degree g and write |x| = g. The base ring £ is
viewed as a graded algebra by equipping it with the trivial grading, that is, we set |A| = 1g
for all A € £. A graded algebra homomorphism f: R — S is an algebra homomorphism
satisfying f(Rg) C S, for each g € G. We shall denote the category of graded algebras
by A|gggr.
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2.1. Tensor products

Given two graded algebras R and S, their tensor product has a canonical grading given by

(R®¢S)a = P Re ® S
gh=d

We equip the ring £[¢] of polynomials with the trivial grading, and set R[f] := R ® £[?]
with the tensor product grading for any graded algebra R. In other words, we set || = 1.

We will often omit the tensor product symbol and use juxtaposition in its place, espe-
cially when one of the algebras carries the trivial grading. For example, we define the path
and loop algebras respectively as

P =ker(f[/] 2> ¢) and Q =ker(P 2> ¢),

and write
PR=P®/R and QR=Q®/R

for any graded algebra R.

2.2. Graded sets, matricial stability and G -stability

A graded set will mean a pair (X, d) where X is asetand d: X — G is a function. When
understood from context, we shall write | - | instead of d. An element x € X is said to have
degree d(x) € G, and the degree g € G component of X is Xz := d~'(g). A morphism
of graded sets f:(X,d) — (Y,d’) is a function f: X — Y suchthatd’ o f =d.If X is
a set, we write | X | for the graded set given by the constant function with value 15.

From a graded set X, one can form a graded algebra of X -indexed matrices, denoted
by My . As an algebra, it is the free £-module with basis {ex,, : x, y € X} with product
Ex,y  Ew,z = 8y wéx,z. Its grading is induced by the assignment |y | = |x||y|~!. If R is
a graded algebra, we set My R := My ®, R.

Definition 2.1. We put M, for M|y and M,, = M\{,,... ») foreachn e N.

Any morphism f: X — Y of graded sets with injective underlying function gives rise
to a graded algebra map M f: Mx — My mapping ex  t0 ££(x), 7(y)-

Definition 2.2. Let F: Alg,®" — C be a functor. We say that F is matricially stable if for
every pair of sets X, Y of cardinality less or equal than 3 = max{R¢, |G|} and any graded
algebra R, the functor F' maps the inclusion M|x|R — M|xy|R to an isomorphism. If F
moreover maps inclusions My R — My y R to isomorphisms for every pair of graded sets
of cardinality less or equal than 2, we say that it is G-stable.

The following proposition is implied by Proposicién 3.3.8 in [7].
Proposition 2.3. Let X be a graded set and A a graded algebra. If x € X, then
Ix:at>exx®aeMyA

is a graded homomorphism. Moreover, if y € X is such that d(x) = d(y), then any
G-stable functor F satisfies F(1x) = F(i)).
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Unless specified otherwise, we view G as a graded set viaidg: G — G. If A is a graded
algebra, we write 14 for1;,: A — Mg A.

2.3. Extensions

An extension of graded algebras is an exact sequence
KL5EZ
such that p = coker(i), i = ker(p), and p admits a linear section s: 0 — E.

Remark 2.4. The section in the definition of extension is not required to preserve the
grading. This is justified by the fact that the existence of an £-linear section s guarantees
the existence of a section

$om) =) stma)a.

deG

which preserves the grading.

Example 2.5. The loop extension of a graded algebra R is Q2R < PR LR,
Example 2.6. Let

I ={f:NxN—{:|imf| <ocoand AN > 1)
such that | supp(x, —)|, | supp(—, x)| < N (¥Yx € X)}

be Karoubi’s cone ring, equipped with pointwise addition and the convolution product. We
view I as a graded algebra via the trivial grading. Observe that it contains M, as an ideal;
put ¥ = I'/ M for the suspension ring. The extension

MsR — TR — 2R

is the cone extension of R (see Section 4.7 in [14]). We will deal with generalizations of
this extension in Section 4.

2.4. Homotopy invariance

A graded elementary (polynomial) homotopy between graded algebra homomorphisms
f.g:A— Bisagradedmap h: A — B[t] such thatevgoh = f,evy oh = g. We say that f
and g are graded homotopic if there exists a sequence of graded elementary homotopies
hi,...,hy: A — BJt] such that evg oh; = f, evy oh, = g and ev; ohj = evgoh;4
for all j. This is an equivalence relation which will be denoted ~. Two graded (unital)
algebras R and S are (unitally) graded homotopy equivalent if there exist (unital) maps
f:R— Sandg:S — Rsuchthat fg ~ 1gand gf ~ Ig.

Definition 2.7. We say that a functor F': Alg,®" — C is graded homotopy invariant if it
maps the inclusion A C A[t] for each graded algebra A to an isomorphism. Equivalently, a
functor is graded homotopy invariant if f ~ g implies F(f) = F(g).
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We will also need two more notions of graded homotopy. The first one involves
matricial stabilization. We say that two graded homomorphisms f, g: A — B are graded
M>-homotopic if the maps ¢ o f,1; 0 g: A — M3 B are graded homotopic. As above, this
also induces an equivalence relation denoted by ~ s, . Likewise, we have a notion of graded
M»-homotopy equivalence; we say that two algebras are graded M»-homotopy equivalent
if there exists a graded M,-homotopy equivalence between them. For the second notion,
we first need a definition.

Definition 2.8. Let C be a graded unital algebra and A, B C C two subalgebras with
inclusion maps inc4: A — C and incp: B — C. Given two homogeneous elements u, v € C
such that |u||v| = 1, avua’ = aa’ foreacha,a’ € A, and uAv C B, we define the graded
homomorphism

ad(u,v): A —> B, a+ uav.

If u is a unit, we abbreviate ad(u) := ad(u, u™!).
We say that two unital algebra maps f, g: R — S are graded ad-homotopic, denoted

f ~aa g, if there exists a unit u € Sy, such that ad(u) o f ~ g. When this happens, we
will write f ~,, g. The proof of the following lemma is implied by Proposition 2.10 below.

Lemma 2.9. [f two unital graded algebra maps are graded ad-homotopic, they are graded
M»-homotopic.

Proposition 2.10. Let C be a graded unital algebra and A, B C C two subalgebras
with inclusion maps incq: A — C and incp: B — C. Given u,v € C in the situation of
Definition 2.8, we have that

(1) any G-stable functor F satisfies F(incg ad(u,v)) = F(incy);
(ii)) if B = A, uA, Av C A, and |u| = 1g, then ad(u, v) ~p, ida.
In particular, by (ii), any graded homotopy invariant, matricially stable functor F

satisfies F(ad(u,v)) = idFr4).

Proof. For the proof of (i), we adapt Proposition 2.2.6 in [10]. Put d := |u| and note that
|[v| = d~!. The assignment 1 — 1,2 — d yields a grading on M>; in the rest of the proof,
we will consider the latter algebra equipped with this particular grading.

Put U =¢ejju+e2lcand V =¢1,1v + €22 1¢c. A straightforward verification
shows that we have a well-defined graded algebra homomorphism

¢: MaA —> M,C, x+— UxV.

For each k € {1, 2}, write Lf: R — M3 R for the corner inclusions of each algebra R.
Observe that
qbtf = LIC incg ad(u,v) and ¢>L‘24 = Mz(incA)L;l.

Applying F, we obtain that
F($)F(3) = F(Ma(inca)) F(13).
Since F (t;‘) is an isomorphism by G -stability, it follows that F'(¢) = F(M>(inc4)). Hence

F(§)F(incp ad(u, v)) = F(¢if) = F(Ma(inca)if') = F(§)F(inca).
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Once again by G-stability, we know that F (Llc) is an isomorphism and thus
F(incp ad(u,v)) = F(incy).

This concludes the proof of (i).

Now suppose that A = B, uA, Av C A and |u| = 1g. Write ( = L]f. The hypotheses
imply in particular that ¢ can be corestricted to a homomorphism : M, A — M>A
satisfying ¥¢; = t; ad(u, v) and Y1, = (5. They also say that the grading on M> A is the
standard one and that the homotopy given in Lemma 2.1 of [13] is a graded homotopy
between ¢; and ¢,. This implies that ¢; ad(u, v) = Y13 ~ Yip = 1 ~ 11, proving (ii). =

2.5. Graded K -theory

Given a unital graded algebra R, its graded K-theory K§ (R) is the K-theory of the
exact category of graded, finitely generated projective R-modules. In Section 3.3 of [9], a
homotopy invariant version K H*" of graded K-theory is introduced. It comes equipped
with a canonical comparison map K§ (R) — K H{'(R) for any graded algebra R. Given a
graded left R-module M, its shift by g € G is the module M [g] := M with the grading
M|glp = Mgy Note that the shift of modules induces an action of Z[G] on graded
(homotopy) K -theory. In particular, the graded (homotopy) K-theory of a Z-graded algebra
is a Z[o]-module.

2.6. Strongly graded rings

A graded unital ring R is strongly graded if R Ry, = R, foreach g, h € G. A theorem
of Dade (Theorem 2.8 in [16]) says that R is strongly graded if and only if the functor

R ®Ry; —* Projig(R15) — Gr — Projg(R)
is an equivalence of categories with inverse
(—)1g : Gr — Projg(R) — Proj,(R14).
In particular, one has canonical isomorphisms
(2.1) Ki«(Ri;) —> K¥(R) and KHy«(Ri;) > KH{(R).
for every strongly graded algebra R.

Example 2.11. By Example 1.1.16 in [18], if A is a strongly graded unital algebra then so
is B ® A for any graded unital algebra B.

2.7. Graphs, their Leavitt path algebras and Bowen—-Franks modules

A (finite, directed) graph is a tuple E = (E°, E', r, s) consisting of two finite sets E°
of vertices and E' of edges together with range and source functions r, s: E! — E°.
We say that v € E® is a sink if s~!(v) = 0, regular if it is not a sink, and a source if
r~1(v) = 0. The sets of sinks, regular vertices and sources are denoted by sink(E), reg(E)
and sour(E) respectively. A graph E is regular if E® = reg(E) and essential if it is regular
and sour(E) = 0.
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To a graph E, we will associate its Leavitt path £-algebra L(E). The latter is a quotient
of the free algebra on the set {v,e,e* : v € E% e € El} by the relations:

V) VW = 8y 0, (v,w e EO),

(E1) s(e)e =er(e) =e, (e € El),

(E2) r(e)e* =e*s(e) = e*, (e € EY,

(CK1) fre=38gr(e), (fe € EY),

(CK2) v = Z ee”, (v € reg(E)).
ees~1(v)

The standard grading of L(E) over Z is given by extension of the rule [v| =0, |e]| = 1,
le¥| = —1 foreachv € E®, e € E'. The Cohn algebra of E is the one obtained similarly
dividing by all of the relations above except (CK2). One has a canonical surjection C(E) —
L(E). Writing gy = v — ) _,c,-1(,) ee™ for each v € reg(E) and K(E) := (qy : v €
reg(E)), we have an exact sequence

(Ck) K(E) - C(E) — L(E).

We shall refer to the exact sequence above as the Cohn extension of L(E). By Proposi-
tion 1.5.11 in [1], it is always £-linearly split.
The (reduced) adjacency matrix Ag € Ny € Ze(E)XE ofa graph E is the one given by

(AE)v,w = #{e € E! :s(e) =v,r(e) = w}.

Writing 1 for the reg(E) x E°-indexed matrix given by Iy, 4, = 8y 4, the Bowen—Franks
module of E is defined as
Zlo)*"

o oAty — )
BF,(E) := coker(I — oA%) = (V=0 Soesre) 1(@) - v € reg(E))

By Theorem 5.3 in [9], the (homotopy) graded K-theory of L(E) can be computed in
terms of this group as

KE(L(E)) = BFg(E) ®z K«(f) and KHE(L(E)) = BFu(E) ®z KH.(0).

Remark 2.12. By Theorem 3.9, Equation (3.9) and Theorem 5.3 in [9], if E is a finite graph,
then the comparison map K§ (L(E)) — KHE (L(E)) can be identified with tensoring the
canonical comparison map K. ({) — KH({) by BF,(E). In particular, if £ is a field, a
PID, or more generally a regular noetherian ring, then K§ (L(E)) = KH{ (L(E)).

In the case in which £ is a field, as a corollary of the above we obtain that any graded
homotopy equivalence L(E) — L(F) induces an isomorphism at the level of K. If
Conjecture 1.1 is true, then this would entail that the algebras L(E) and L(F) are graded
isomorphic. In other words, Conjecture 1.1 would imply that two Leavitt path algebras are
graded isomorphic if and only if they are graded homotopy equivalent.

Remark 2.13. If F is a finite graph, then L (E) endowed with its standard Z-grading is
strongly graded if and only if the underlying graph has no sinks (Theorem 3.15 in [19]).
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2.8. Pointed preordered modules

A pointed preordered module is a tuple (M, M4, u) where M is a Z[o]-module together
with a distinguished submonoid M4 such that Ng[o]M;+ C M4 and a distinguished
element ¥ € My that is an order unit; this means that for every m € M there exists
x € Nyg[o] satisfying x -u —m € M. A pointed preordered module map f: (M, M4, u) —
(N, N4, v) is a Z[o]-linear map f: M — N suchthat f(M;) C Ny and f(u) = v.

Example 2.14. If R is a graded ring, then its graded Grothendieck group together with the
submonoid Kf;’r(L(E ))+ of classes of projective modules and the class [R] form a pointed
preordered module.

Example 2.15. The Bowen—Franks module of a graph E can be made into a pointed pre-
ordered module by setting BFy(E) 4 = (D, cgoXv -V Xy € No[o]) and 1g := )", cgo[V].

Remark 2.16. There is a canonical pointed preordered module map
can : BFg(E) — K5 (L(E)), [v]+— [vL(E)]

which, by Corollary 5.4 in [9], is an isomorphism whenever Ko ({) = Z.

3. The category kk®" and its triangulated structure

Recall that an excisive homology theory for graded algebras is a functor H: Alg,®" — T
taking values in a triangulated category 7, such that for each extension

€) KL ELQ
there exists a triangle

i) (p)

o
HO)+1] = H(K) 22 nE) 22 H(0).

The maps 8g are called the (left) boundary map of H associated to an extension &, and
they are required to satisfy some compatibility conditions (see Section 6.6 of [14]).

A morphism of excisive homology theories (F, ¢) from H to H': Alg,® — T’ consists
of a triangulated functor F: 7 — T’ such that FH = H’, and a natural transformation
¢: F(H(=)[+1]) — H'(—)[+1] such that the following diagram commutes for all exten-
sions &:

F(H(Q)[+1])

\F(Bg)

%} H'(K)

H'(Q)[+1].

Graded bivariant algebraic K-theory

J Algp® — kk&"
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is the initial G-stable, matricially stable, graded homotopy invariant excisive homology
theory (Theorem 4.2.1 in [17]). We refer the reader to [17] (see also Sections 7 and 8 of [9])
for the construction of the category kk®" and its main properties.

In this section, we shall study properties of boundary maps dg := aé in kk&". The
construction of kk#" is built off that of the initial homology theory among the matricially
stable, graded homotopy invariant theories which are not necessarily G-stable. This functor
will be denoted j': Alg #" — kkag,e. We first give an account on boundary maps in the
latter theory.

3.1. Boundary maps in kk g, e

The category kkag,er is constructed in the same way algebraic bivariant K-theory is
constructed in [14]; we refer the reader to Section 2 of [17] for a detailed explanation on
the construction of these categories. Its objects are, as those of kk®', all graded algebras.

Recall that given an extension (&), its classifying map cg is computed explicitly by
considering the tensor algebra map 7Q — E induced by a section s: 0 — E of p, and
then restricting it to the kernel JQ := ker(TQ — Q) of the counit map T = id. Up to
graded homotopy, cg is independent of the chosen section.

The boundary map 0y := ag of an extension (&) is given by a zig-zag of classifying
maps, that of & and the one associated to the loop extension

(£0) QQ — PO =5 0.
Namely,
/. -1 Czg cg
g =cgocy, =QQ «— JQ — K.

Remark 3.1. Note that, by construction, the boundary map of £ is the identity map
of QQ. Asrecalled above, if H:Alg,®" — T is a matricially stable, graded homotopy invari-
ant excisive homology then there is a unique homomorphism (X, ¢): j — H. Although
we will not delve into the construction of X, we nonetheless note that since 8;6Q =idqg,

it follows that ¢o = (agg)—l forall Q.

3.2. Boundary maps in k k8"
The category kk#" is built in terms of kkag,er. Given A, B € Alg,*", by definition,
kk®(A, B) = kkpg,=(MgA, Mg B).

If f: A — B is a graded algebra homomorphism, then j(f) = j’ (Mg f). The boundary
map of an extension (&) is, thus, an element dg € kk#' (20, K) = kkpg,=s (M 20, Mg K).
To construct it, we consider the extension

(MGE) Mok X% Mg E X% mg 0.

Its boundary map in kkpg,e is an arrow 8;‘468: QMg QO — MgK. To define dg, we
precompose the latter by the flip map 19: MgQ20 — QMg Q:

3.1) g 1= y,¢ © TQ = CMgE © "ELGQ °0Tg.
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Our first computation will concern the loop extension.

Lemma 3.2. If A is a graded algebra, then 0g, = idg 4.

Proof. Put & = MgdL4 and D = L 4. Following the definition of (3.1), we obtain the
following equality in kkpg,er:

/ —1
0z, :aMGxAOTA =cgocgy OTy4.

Consider the flip map 7j: Mg PA — PMg A. It fits in a morphism of extensions from &
to D:
MgQRA —— MgPA —— MgA

QMgA —— PMgA —— MgA.

By the graded version of Proposition 4.4.2 in [14] (see [17], p. 205-206), in kkpg,e we
have the equality t4 o cg = cp. Hence cg is an isomorphism and CE)I = cgl r;l; this
concludes the proof. ]

Remark 3.3. Let H: Alg;® — T be a G-stable, matricially stable, graded homotopy
invariant excisive homology theory. We recall the construction of the unique map j — H
from Section 4.2 of [17].

Given the unique map (X', ¢'): j' — H, one defines X(4) = X'(A) on objects
A€ kk® and X (o) = X' (1) X' () X' (14) on morphisms : A — B. The natural trans-
formation ¢: id — Mg (—) induces, for any extension (&), a map of extensions & — Mgé&.
In particular, it follows that

/ / / :
tk 0 g = pr.g 0o =y e 0T O loo inkkag,er,

and hence
X(ag) = X/(LK)_IX'(%MGQ o TQ)X/([QQ) = X’(a/g)

This automatically implies that setting ¢ = ¢’Q = (8.;19)_1 makes (X, ¢) into a morphism
of excisive homology theories. Note also that, by Lemma 3.2, this is the only possible
choice for ¢; cf. Remark 3.1.

3.3. Ungraded extensions

We will write jrx:Alg, — kk for ungraded algebraic bivariant K-theory [14]. There is a
canonical map triv: kk — kk® induced by the trivial grading inclusion triv: Alg, < Alg,&".

In particular, one may view any extension of ungraded algebras as one of trivially graded
ones. Since j o triv: Alg, — kk®&" is a an excisive homology theory (for ungraded algebras,
i.e., for G = {1}), there is a unique map (X, ¢): jxx — j o trivand ¢g = (3triv(xQ))_1 =

5[1 o= idgo for each algebra Q. Thus, we have the following.

Theorem 3.4. Let triv: kk — kk& be the canonical functor induced by the trivial grading
Sunctor triv: Algy — Alg,8". If & is an extension of ungraded algebras and 8’;;]‘ its boundary
map in kk, then triv(agk) = dg. |
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We conclude this subsection with a characterization of the boundary map of the cone
extension

R) My —>T =X

in both the graded and ungraded case. First, we need a definition.

Definition 3.5. Let 5o = ) ;o €i+1,i € ' be the right shift and s := [so] its class as an
element of X. Since 5§ so = 1 and 5955 = 1 — 1,1, it follows that s is a unit. Write L = 571
and

%—L - QX

for the morphism in kk (£, 2X) corresponding to [L] € KH{(X).

Lemma 3.6. The following diagram commutes in kk®":

‘ triv(§r) Oy
M.
In particular, triv(€r) is an isomorphism.

Proof. Since by Theorem 3.4 the functor triv: kk — kk& is compatible with boundary
maps, we may assume that G is the trivial group. The result now follows from the proof of
Lemma 11.1 in [11], which in particular says that the boundary d0: K H;(¥) — KHo(Mo)
maps [s] to [1 — sgso] — [1 — sosg] = —[e1,1] and thus I([L]) = [e1.1]. (]

3.4. Compatibility with tensor products.

Next we use Lemma 3.2 to prove the compatibility of left boundary maps with tensor
products.

Theorem 3.7. If
(&) K—E—Q
is an extension and A a graded algebra, then the boundary map of the extension
(E®A) KRA—-E®RA—->0Q®A
equals that of & tensored by A. That is,
dgea = dg ® A.

Proof. Recall that the functor — ® A: kk& — kk®" is defined using the universal property
of j as the unique morphism of homology theories from j to H := j(— ® A). As noted
in Remark 3.3, this entails in particular that dg ® A = Bg o (8§Q)_1 = Jg@4 °0gp®4-
Since £9 ® A = £oga4, it follows from Lemma 3.2 that £o ® A is the identity map;
this concludes the proof. ]
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3.5. Adjoint equivalences between 2 and X

As a consequence of Lemma 3.6, the natural transformation
(3.2) AQY =id, Ag:i=triv(EL) ' @ 4,

is an isomorphism. Put flip: 23 =~ ¥ for the permutation of tensor factors. Since flip ® —
is a natural isomorphism, so is y := (flip®—) o A7 1:id = X Q. We have thus explicitly
constructed pseudoinverses exhibiting the fact that tensoring by 2 and X yield inverse
equivalences of categories. In particlular, this allows us to see €2 as a left adjoint of ¥ by
viewing A as the counit of an adjunction:

Theorem 3.8. The natural transformation A of (3.2) is the counit of an adjunction whose
unitis © := y~1XQ o TA1Q o y. Explicitly,
Op ;=09 B,
where @y = (triv(§1) Loflip®T @ Q)o( ® triv(§r) ® Q) o (flip o triv(£L)).
Proof. This follows from the characterization of an adjunction in terms of triangle identities

(Remark 4.2.7 in [23]); the reader can view the dual construction of a counit in the proof of

Proposition 4.4.5 in [23]. ]
Similarly, we can use the natural equivalence 11 := A~ = triv(£,) ® — with inverse y !

to construct an adjunction in which €2 is right adjoint to X:

Theorem 3.9. The natural transformation u, inverse to (3.2), is the unit of an adjunction
whose counitis ¢ :==y~! o TAQ o T Qy. Explicitly,

cg=co® B, where co:= (£  oflip) o (TR ®Q) 0 (T ®Q flipofy).

From Theorems 3.8 and 3.9 we obtain, for each pair of graded algebras A and B,
natural abelian group isomorphisms

(3.3) Rap  kk¥(QA, B) —> kk&(A,XB), (> X(o0 0y,
(3.4) La.p  kk¥ (A, B) —> kk®(QA, B), (> ApoQL,
and

(3.5) Ua.p : kk¥(ZA, B) —> kk&(A,QB), {+ QCouy,
(3.6) Vap : kk® (A, QB) —> kk¥(ZA, B), (> cpo XL

3.6. Right boundaries
Given an extension (&), its right boundary map is defined as
8¢ 1= —Rg,k(dg) = —Xdg 0 (Op ® Q).

Remark 3.10. By Theorem 3.7, right boundary maps are compatible with tensoring in the
sense that ggq4 = g ® A.
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To conclude the section, we record the following computation, which will be useful to
us later on.

Lemma 3.11. Let A be a graded algebra. The right boundary map of the cone extension
(R ®A4) MoA—>TA— XA
is Sged = —Xinc; ®A.

Proof. In light of Remark 3.10, we may assume that A = £. In this case, the extension
consists of ungraded algebras; by Theorem 3.4, we may thus prove the statement in kk (in
other words, we may assume G to be the trivial group). Denote the left and right boundary
maps of the cone extension (K) by d and 6 respectively. By Lemma 3.6 and the definition
of §,

§=-%000g =—-2inc; 0 (Z®& o (O@®X) = —Tinc; o Ry (67 1).

To conclude we observe that SL_I = &£€x(ddxy) = Rgle (idy). |

4. Graded infinity-sum algebras, cones and suspensions

A graded *-algebra is a graded algebra R together with an involution *: R — R such that
Ry C Rgy-1 foreach g € G. A graded sum *-algebra is a graded x-algebra R together
with homogeneous elements x, y € Ay, such that

X*x=y*y =xx"+yy* =1

If x, y € A;,; make A into a graded sum s*-algebra, then y*x = 0. This follows from
left multiplying by y* and right multiplying by x in the equality xx* + yy* = 1. Likewise
we have that x*y = 0. As a consequence, the assignment

B:AxA— A, aBb:=xax™ + yby*,

is a graded algebra homomorphism. Given graded *-algebra homomorphisms f, g: B — A,
we write f H g for the x-algebra homomorphism b +— f(b) B g(b).

A graded infinite-sum x-algebra is a graded sum *-algebra A together with a graded
homomorphism (—)*°: A — A such that B o (id x(—)*°) = (—)*°, i.e., such that

aBa® =a*® (Vae A).

Our motivation for considering such algebras stems from the fact that they possess
desirable properties in algebraic bivariant K-theory. Next, we adapt some results from [14]
to the graded setting.

Proposition 4.1. If B is a graded sum x-algebra and f, g: A — B are graded algebra
homomorphisms, then j(f) + j(g) € kk® (A, B) equals j(f H g).

Proof. Since kk®" is an additive category and j is an additive functor (in the sense that
it maps finite products to biproducts), it suffices to show that the codiagonal map V €
kk&(B x B, B) is equal to j(H).
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By Proposition 2.3, the inclusions ¢;, t2: B — M> B of B in the top-left and bottom-
right corners respectively are mapped to the same arrow in kk®". Thus, considering the
graded homomorphism

€:(b1,by) € BX B> bi 0 € M,B,
0 by

we have that V = j(1;)™! o j(€). In particular, to prove the proposition it suffices to see
that j(t1H) = j(e).

Let x, y € By, be the homogeneous elements that define the graded sum *-algebra
structure on B. Put

x y 0
0=1|0 0 x*
0 0 y*

for the matrix considered by Wagoner on p. 355 of [26], and set u = O* = Q. Note that u
is a unitary element of M3 B which is homogeneous of degree 1 € G. By Lemma 4.8.3
in [14], we have

bEbL 0 0 b 0 0
4.1) u 0 0 OJu*r=|0 2 O
0 0 0 0 0 O

In terms of the top-right corner inclusion j: My B — M3 B, equation (4.1) says that ad(u) o
J oty ol = joe. Applying now the functor j and using Proposition 2.10, we see that
j(J)o j(t1B) = j(y) o j(€). To conclude, we note that j(;) is an isomorphism by matricial
stability. [ ]

Proposition 4.2. If A is a graded infinite-sum x-algebra and I < A an ideal such that
1% C I, then I is kk&-equivalent to zero.

Proof. By Proposition 2.10, the matrix u given in the proof of Proposition 4.1 determines a
graded *-homomorphism ad(u): M3I — M3 representing the identity of M3 1. Hence the
same argument as in Proposition 4.1 shows that the restriction B’: I x I — I of B to [ is
the codiagonal map of 1. Since 1% C I, we can also restrict (—) to a map (—)*: 1 — I
satisfying (=) = 1; B’ (). It follows that j((—)°°") = j(1; B (—)*) = j(1;) +
j((—)°°/); this goes to show that j(17) = 0 and therefore j(/) = 0. |

In the ungraded setting, an example of an infinite-sum *-algebra is Karoubi’s cone I'y
for any infinite set X (Equation (2.2) in [9], see also Lemma 4.8.2 in [14]). We wish to
prove a similar statement for its graded analogue

Iy =spang{f €T'x: lx|| £ (x, y)||y|! is constant whenever f(x,y) # 0}.
Notice that this algebra is graded by setting
(T3)g = spang{f € Tx : [x||f(x, Y|y~ = gif f(x,y) #0.}.

It contains My as a homogeneous ideal; the quotient I'y / M is denoted by 5.
A non-empty graded set (X, d) with degree map d: X — G is said to be graded infinite
if for all g € G the set X := d~!(g) is either empty or infinite.
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Proposition 4.3. If X is graded infinite, there exists a graded bijection X UX = X.

Proof. If X is graded infinite, then each component X, is either infinite or empty and thus
there exist injections 0, 7g: Xy — X such that og U 74: Xg U X — X, is a bijection.
It follows that 0 = Ligeg0og and T = Lgeg T assemble into the desired bijection. m

Proposition 4.4 (cf. Lemma 4.8.2 in [14]). If X is graded infinite, then I'y is a graded
infinite-sum x-algebra.

Proof. In view of Proposition 4.3, we may consider a graded bijection X U X — X induced
by graded injections o, 7: X — X, with disjoint image, such that X = im(7) U im(0). A
direct verification shows that the elements

u = Z go(x),x and v € Z Er(x),x

xeX xeX

make I'y into a graded sum x-algebra.
Next we will show that, for every x,y € X,

4.2) o(x) =t"(0(y)) < n=m, x =y.

Indeed, suppose without loss of generality that n = m + k for some k > 0. By injectivity

of 7, we would have that % (o' (x)) = o(y). Since the images of 7 and o are disjoint, it

must be k = 0 and hence n = m. Finally, the injectivity of o lets us deduce that x = y.
From (4.2) we see that, for each z € 'y, there is a well-defined element of F;, given by

z® = Z vViuzu*(v™* = Z En(o(x)),x " Z " Ey,xr(a(»))
n>0 n>0,x,yeX
= D (X)) EmeE)r o)
n>0,x,yeX

By definition, z > z is an algebra homomorphism and makes I'y into a graded infinite-
sum x*-algebra, as desired. |

We now apply the definition of graded infinity sum *-algebra to a graded analogue of
Karoubi’s cone and the resulting suspension algebra.

Corollary 4.5. If X is a graded infinite set, then I'y is kk®-equivalent to zero.
Proof. Apply Proposition42to I = A = TI'y. |
Note that if (X, d) is any graded set, then
X:=XxN, d(x,n) =dx),
is graded infinite and there is a canonical inclusion x € X — (x,0) € X.
Definition 4.6. Let X be a graded set such that X, # 9. Define

& ._ 1o 8r ._ yo & . __
FX = FX\, Z; = EX\ al’ld MX = M)’(\.
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Corollary 4.7. Let X be a graded set such that X1, # 0 and let x € X1,. The graded
inclusioniy:k € N +— (x,k) € X induces algebra monomorphisms

Mo —> My, 3% and T —T§
which are kk® -isomorphisms.

Proof. Since I'y; = I'y = I' and £3; = ¥n = X, the maps induced by the inclusion iy
yield a diagram of cone extensions (and thus triangles) as follows:

Mo > T > X

1

Mf—>l")?—> 2)?'

The leftmost vertical arrow is a kk&"-equivalence by graded matricial stability. The vertical
arrow in the middle is a kk®-equivalence because both its domain and codomain are
kk&-equivalent to zero. It follows, using that kk&" is a triangulated category, that the
rightmost vertical arrow is a kk® -equivalence. ]

4.1. Graded suspensions and deloopings

A family of boundary maps that will be of interest to us come from graded cone extensions.
Given a graded set X, we have an extension

ox

er er er gr

QYy — My — Ty — X5

Using that the inclusion incj;}r My — M )%r is a kk® -isomorphism, we obtain a triangle

(incg(r)_l ody

4.3) QE?; My — I';’? — Ef,;(r.

Since F}g}r = 0 in kk® by Corollary 4.5, it follows that the map (incf(r)_1 o dy is an
isomorphism. In particular, by matricial stability, for any x € X; we have an isomorphism

(incy) ™" odx Jx)™!

(4.4) 0% == Qx¥ My .

‘We may describe a§; more explicitly, in the same way as for the ungraded cone exten-
sion.

Proposition 4.8. Let X be a graded infinite set such that X1, 7# @ and x € Xy,. Write L
for the class of Zizl E(x,i),(x,i+1) iN E;g(r, and &1, -4 — QX for the map corresponding to
[Lx]€ KHfr(Eir). The following diagram commutes in kk&":

¢ Sy o

ar
in%k lﬁx

er
ME.



Graded homotopy classification of Leavitt path algebras over finite primitive graphs 931

Proof. The morphism of extensions between the ungraded cone extension (X) and exten-
sion (4.3) given by inclusions, as in Corollary 4.7, extends to a morphism of triangles
expressing 8§(r in terms of d. The conclusion now follows from Lemma 3.6; we leave the
details to the reader. ]

Remark 4.9. If X = % with | x | = 1¢, then X is isomorphic to N with trivial grading.
The inclusion incj,”‘,r corresponds to the inclusion t1: £ — My, and (4.3) to the triangle
{ — T — 3. Hence, the boundary (4.4) recovers the isomorphism

L1
HICI

os b om, Xy,

and Proposition 4.8 recovers Lemma 3.6 as a particular case.

5. Units as morphisms

The purpose of this section is to represent elements of K Hy and K H{' coming from units
as certain arrows in the corresponding bivariant K-theory category. We first give a repres-
entation for units in ungraded algebras as maps in kk. Next, we use these results to deduce
a representation in kk&" for homogeneous units of degree 1 of strongly graded rings.

5.1. Non-homogeneous units

Definition 5.1. Let S := ker({[z,77'] > £). Note that a homomorphism £[7,17!] — A
corresponds to the choice of an idempotent p := ¢ (1) € A and a unit in pAp, namely
u = ¢(t). We write ¢, for such a homomorphism and v, ,, for its restriction to §. If A
is unital and u is a unit in A, we put ¢y, := ¢1, and vy = vy 4.

Definition 5.2. Let A be a unital algebra. A unit u € A* determines a class [u] € K;(A)
which, via the canonical comparison map, determines an element in K H; (A) which we also
call [u]. We define &,: £ — € to be the homomorphism corresponding to [u] € K H;(A)
via the isomorphism K H;(A) >~ kk(£, 2A). Since kk(£, 2(—)) ~ KH1(—), it follows
that for any non-necessarily unital map f: R — S between unital algebras, we have

G.1) QU 0w =E1—r)+ rauy-
In particular, if A is a unital algebra, then applying (5.1) to the unit ¢ € £[¢,7~!] and any
map ¢p: L[1,17'] — A gives

Q(](¢p,u)) & = El+p—u~

By Section 4.10 and the proof of Theorem 7.3.1 in [14], we know that vy: § — X is an
isomorphism. Upon tensoring by vy, we obtain a natural isomorphism § ® — =~ ¥ ® —.
This allows for the following definition.

Definition 5.3. Put

rleA)* Ua,B
5.2) P4,.B 1= kk®#(SA, B) ———— kk(XA, B) —— kk(B,QA),

(5.3) o = prs(ids) = QL)€L
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The map (5.2) allows us to represent classes of units in K H; as classes of algebra
homomorphisms in kk:

Theorem 5.4. Let A be a unital algebra. The natural chain of isomorphisms

#e.A

kk($,A) — kk({,QA) ~ KH;(A)
maps j(Vp) to the class of the unit 1 — p +u € A* in KH;(A).

Proof. Write i:8 — £[t,1~!] for the inclusion. We aim to show that £;— p4+, = Q(¢p ) © &
agrees with

Qupu) QG (L) L = Qpa) QG QG (vL) T EL.
Thus, it suffices to see that

Q) QL) e = &

We claim that, to conclude, it suffices to see that &, factors through (7). Indeed, suppose
that there exists a map ¢: £ — QS8 such that & = Q(i) (. Then

§L = Q((PL) & = QI (L) Q) = Q(j(v)) ¢,

and composing with (i) Q2(;j(vz))~! on the left to both sides, we obtain the desired
equality.

Finally, we have to prove the existence of such a morphism ¢: £ — Q§, which amounts
to showing that [¢t] € KH;(£[t,t']) lies in the image of KH,(i). It suffices to do so
substituting K; for K H.

Consider the elements x = (t — 1), y = (¢! — 1) of S. A direct computation shows
that xy + x + y = 0, which says that in the unitalization U of § the element x + 1y is
a unit with inverse y 4+ 1y. The map induced by i on K restricts to a map between the
units of U and those of the unitalization U’ of £[¢,~!], which maps x + 1y to x + 1yp.
To conclude, we note that the identification of K (£[t,¢~]) with ker(K;(U’) — K (£))
maps f to x + 1gy. ]

5.2. Graded units in strongly graded rings

We view § and £[¢,1'] as graded algebras via the trivial grading. A graded homomorphism
£[t,t7'] — § corresponds to a homogeneous idempotent p € A; and a unitu € pA; p.
We employ the same notation as in Definition 5.1 for these homomorphisms and their
restrictions to §.

Proposition 5.5. Let C be a trivially graded algebra and A a strongly graded algebra.
There is an isomorphism
kk®(C, A) ~ kk(C, A1)

which maps the class of a graded algebra homomorphism f:C — A to the class of its
corestriction f|.C — Ay,.

Proof. This follows directly from the proof of Theorem 6.1.4 in [17] (see also Remark 8.4
in [9]) and the bivariant version of Dade’s theorem (Theorem 10.1 in [9]). [
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From Theorem 5.4 and the proposition above, we obtain the main result of the section.

Theorem 5.6. Let A be a unital, strongly graded algebra, p € Ay, an idempotent and u a
unit in pAy, p. Consider the map ¢: S — A given by 1 — p, t — u. Under the chain of
isomorphisms

kk®(S,A) = kk(S,A1;) ~ KH1(41,),

the arrow j(¢) has image [1 — p + u]. |

For the next corollary, we recall from Lemma 9.3 in [9] that given two arrows £ €
kk& (A, B) and ¢ € kk&(C, D), their tensor product is defined as

EQL=(BRHo((®C)=(E®D)o(AR9).

Corollary 5.7. Let R and B be unital graded algebras and let p € R, and q € By be
two idempotents. Consider u a unit of Ry, and incy: £ — B the algebra map sending 1
to q. If R is strongly graded and u is a unit of Ry, then §19q.ugq = §u ® incy.

Proof. The map inc, defines a natural transformation id = — ® B, and thus we have the
following commuting diagram:

(—>= QY L, QS e, QR

Jincq J/Q Y Qincy JS ®incg lQR ®incy

B—soyeB 2%, aseB 2%, Qre B

By Theorem 5.6, the top row corresponds to &,. Composition by Q2R ® inc, corresponds to
the morphism K H{"(R) — KH} (R ® B) induced by R ® inc,; hence, the top row of the
diagram followed by the right-most vertical arrow corresponds to £(rginc (1), (R®inc,) ()
= £194,u®q- As the diagram shows, this has to coincide with inc, = £ ® inc, composed
with §, ® B, which is by definition &, ® inc,. [ ]

We conclude the section with some results on boundary maps from K{'to K§'.

Proposition 5.8. Let 7: R — S be a surjective, graded x-algebra homomorphism; write
I := Xker(r). Assume that R is strongly graded. Let u € Sy be a unit. If i € Ry is a partial
isometry such that w(i1) = u, then the boundary map 3: K§'(R) — K§ (I) maps [u] to
[ —a*u] —[1 —aa*]

Proof. In the case of (hermitian) ungraded K-theory, a more general result is proven in the
proof of Lemma 11.1 in [11]; the former implies in particular that 9": K1 (R1,;) — Ko(I15)

A

maps [u] to [1 — @*1] — [1 — uu*]. The conclusion follows from the comparison square

Ki(Rig) 2= Ko(I15)

| |

K¥(R) —2— K¥(I).
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Lemma 5.9. Let X be a graded set such that X1 # @. For any x € X1, the algebra map

(5.4) Ox:8 —> X%, 1> Zs(x,i+1),(x,i)~

i>1
is a kk&-equivalence.

Proof. By Corollary 4.7, the map ¥ — 2?; induced by the inclusion N C{x} x N is a kk®"-
equivalence. The result is thus implied by the fact that vz,: § — X is a kk®-equivalence. m

6. Poincaré duality

This section is devoted to the proof of the graded analogue of Poincaré duality, The-
orem 11.21in [11], and its consequences. Although not needed in the rest of this manuscript,
we shall prove the result for any grading on L(E) given by a weight function v: E! — G,
that is, the one given by the extension of the rule |v| = 1g, |e| = w(e), |e*| = w(e)~! for
eachv € E® e € E!. We shall write L,,(E) to emphasize that L(E) is being considered
as a graded algebra with grading induced by w. Recall that the dual graph E; of a graph E
is given by vertex and edge sets

E?=E® and E} ={e;:ecE'}
and source and range functions
r(e;) =s(e) and s(e;) =r(e) (ee El).

Theorem 6.1. If E is a finite essential graph and w: E' — G a weight function, then
— Q¢ Ly (E) is left adjoint to — ® QL (E;) as endofuntors of kk®&. Thus, for each
R, S € Alg,®, there are isomorphisms

kk®(R ®¢ Ly(E),S) = kk®(R,S ®¢ QL,(E;)).
natural in both R and S.

Proof. We adapt the proof of Theorem 11.2 in [11] to the present setting, which we will
frequently cite in the argument below. Consider &s; the set of paths of positive length; we
endow this set with a grading via the weighted length function e; --- e, > w(eq) - - w(ey).
From now on, we omit the weight @ from the notation. Given v € E 0. the set of paths
starting at v will be denoted #”. Those ending at v will be denoted J,. Both are graded
sets viewed as subsets of .

Put X = P> U {e} and set | e | = 1. We shall view L(E;) ® L(E) and L(E) ®
L(E;) as graded algebras via the tensor product grading. The morphisms

p1(6)=[ > eae,a] and pz(ez)=[ > Sea,a]

AEPs(e) aePre)
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in loc. cit. can be corestricted to morphisms with codomain X5 which we denote in the same
way. Composing with the canonical map X% — E§; , we obtain a graded homomorphism
p:L(E;) ® L(E) — =5%. Put

&r
aX

K QLE)® L(E) > £, «:=QL(E)® L(E) 2% @& & ¢,
Tensoring by « on the right yields a natural map
(6.1) kk®(R,S ® QL(E;)) »> kk¥(R® L(E),S), £ (S®«)o(§® L(E)).

In the other direction, we consider the elements u; =) ,cpre®efand p =" cpoV ®V
as in the ungraded case, noting that they lie in the homogeneous component of degree zero of
L(E)® L(E;). Thusu; =u + 1 — pis adegree zero unit of L(E) ® L(E;) and we have
aninduced map vy,:8 — L(E) ® L(E;). By Lemma 5.4, themap &,, € kk®({,QL(E) ®
L(E,)) associated to [u1]€ KHY (L(E)® L(E;)) equals 95 1.(£yo L(E,) (Vi) = 2(Vu, ) -
We now consider the composition

Quy ~
V=02 05~ Q® L(E) ® L(E;) => L(E) ® QL(E,).
This defines a natural map
(6.2) kk®(R® L(E),S) = kk¥ (R, S ® QL(E;)), &~ (EQQL(E;)o(R®V).

Similar to the ungraded case, to see that the compositions of (6.1) and (6.2) are bijec-
tions, it suffices to show that (k ® QL(E;)) o (RQL(E;) ® V) and (L(E) ® k) o (V®
L(FE)) are isomorphisms in kk&'. We will indicate how to adapt the argument for the first
composition, the other one follows likewise. Define {: § ® L(E;) — Ei,r ® L(E;) tobe
the restriction of

L[t TN QL(E;) > SY QL(E:), s®1>(02® D), 1®@x+p1(x) 1,
and consider the following permutations of tensor factors:

(243) 1 QL(E)® QS > Q@Q®S ® L(E;);
(23): 20 Q® ZF ® L(E;) — QZ§ ® QL(E)).

A direct calculation shows that (k ® QL(E;)) o (QL(E;) ® V) agrees with the following
composition:

QL(E o(URN o
QL(E) 2EE%% o1 (E,) @ @5 ZLEONCH), g gm0 QL(E,)
I ®QL(E,)

2 QL(E)).

Hence, to see that (k ® QL(E;)) o (RL(E;) ® V) is a kk&-isomorphism it suffices to
show that ¢ is one. To this end we define, as in the ungraded case, the graded *-homo-

morphism
0:L(E)—> P 0. e~ Y faca-

0 PU
veE a€Py,
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It lifts to a graded *-homomorphism C(E;) — @, cgo F;’;v which restricts to the canonical
isomorphism K (E;) >~ €, cgo Mpv. We thus have maps of triangles

¢E° y (E° y L(E;,) ———— S¢E°

E -

(6.3) K(E;) ———— C(E;) ———— L(E;) ——— SK(E))

I | Lo [

@'UGEO Mpv — @UGEO r"’” - @vEEOE v — E@I)EEO Mpv.

Hence, the boundary map L(E;) — XK (E) corresponds to the kk& -class of d and
have a triangle
0 in a T
5 5 L(E) > P 5.
veEO
Tensoring with § and Ei,r respectively, we obtain two distinguished triangles in kk". To

conclude the proof that ¢ is an isomorphism, we will complete ¢ to a morphism of triangles
as in the following diagram, where both dashed arrows will be isomorphisms:

S@LE S8, s @ L(E) —2s § @ Byepo =5,
I
(6.4) ™| l; S
~ N
E ®inc ¥®d o
SERE X5 vY @ L(E,) i 25 @ Dpero Z50-

We construct the left-hand arrow first using the map 6y as defined in (5.4). Set Y =
0x ® ¢E°, which is an isomorphism by Lemma 5.9. We shall now see that

¢(S ®inc) = (E} ® inc) o Y.

By additivity, it suffices to see that these compositions agree in each factor § ® v. In
view of Lemma 5.4, this boils down to checking whether 1 — 0x (1) @ v + Ox (1) ® v
and 1 — (1 ® v) + (¢t ® v) represent the same class in KHigr(E?(r ® L(E;)). As in the
ungraded setting, this follows from a direct computation using Proposition 5.8 and the fact
that, in this particular case, the boundary map 9: K H{ (3% ® L(E;)) — KH{ (L(E;))
is an isomorphism.

Now we turn to defining the dashed right-most arrow. Write

=, t* ¥t =1},

where |t| = 1. Recall that there is an isomorphism My, = ker(t < £[t,t™!]) map-
ping €11 to 1 —¢1*. As in the ungraded case, the restriction of ¢’ to £[7,17!]® 1 C
{[t,t7'] ® L(E;) can be extended to a graded homomorphism {: 7 — Z% ® L(E;). Put

79 := ker(t BN {).
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Consider now the following morphisms of triangles:

MooL(E;) — 10 ® L(E;) —— S ® L(E;) —%— SM.L(E;)

H l li@L(Et) H
My L(E;) — 1 ® L(E;) —— £[1,17'] ® L(E;) —— SML(E;)
lfl l& lt’ lz(fn
SYK(E)) —— S5C(E;) —— SYL(E)) — SIZK(E)).
Since 19 is trivially graded and by Lemma 7.3.2 in [14], it is kk-equivalent to zero as an
ungraded algebra, it follows that 7o = 0 in kk®". In particular, the right boundary map d of

the top triangle is an isomorphism. Together with (6.3), the diagram above says in particular
that we have a commuting diagram as follows:

S® L(E)) —%— SMyL(E,)

lé lE(fD

SYL(E;) —— SEYK(E) —— SYSK(E,)

Jsto A

er er ~ er
2:X @vEEO EJ’U > EXE @vEEO Mj)v.

From this we obtain an isomorphism u: 3 Z)g;JC(Et) — E%’; Dyecpo Egv such that

@) 0l =poT(]od.

Similarly, by the same argument as in the ungraded case we obtain a commuting diagram

B T @v inc,, T
L(Et) E— @veEO E,g?v — @veEO E?{
incy ®L(Et)l"’ leveEO 5% ®dy
¢l r
My L(E;) > E;g(JC(E,),

guaranteeing the existence of an isomorphism u’: @, < go Egjr,v — Eir JC(E¢) such that
W o (9) o X(ine; ®L(E)) ™" = ().

Further, as we have an isomorphism vz : § 5 ¥, it follows that

(uL ® P zgiv) 0 (S ®) = %(3) o (v ® L(Ey))

veEE?
Thus, setting u” = vy ® P, ecpo Egy;v, we get

Z)g(r ol = HM/M// 0(§®d)o(vy ® L(Et))_l o (X inc ®L(Et))_1 od.
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To conclude, we will see that
(v ® L(E;)) ' o (Zinc; ®L(E;)) ' od = —id.

Indeed, by Lemma 3.11 we have a commuting diagram

Mo L(E;) — toL(E;) — SL(E;) —%— Moo L(E;)

H | o] H

Mo L(E;) —— T'L(E;) —— XL(E;) LA XMoo L(E}),
where § = —(Zincy ® L(E;)). Therefore d = —(Xinc; Q L(E;)) o (vp ® L(E;)) and

Ty ol =—up'n" o (S ®0.

!

We may thus complete (6.4) by setting Yo, = —uu'u”. This finishes the proof. ]

Corollary 6.2. Let E and F be finite graphs with E essential. If f: L(E) — L(F) isa
graded algebra homomorphism, then the chain of isomorphisms

KkE(L(E), L(F)) 22 kk® (¢, L(F) ® QL(E;)) 22 KH,(L(F) ® L(E1))o)

maps j(f) to the class of the unit

(6.5) uf:=1®1—Zf(v)@v—i—Zf(e)@e}".

veEED ecE!
Proof. The map in question is given by tensoring & € kk8"(L(E), L(F)) by QL(E),
precomposing by

5 QL(E) ® L(E,)) = L(E) ® QL(E,)

and postcomposing again with the inverse of the isomorphism Q(L(E) ® L(E;)) —
L(E) ® QL(E;). This coincides with the composition (2f ® L(E;)) o uy; that is, the
map corresponding to the image of [u;] € KH; ((L(E) ® L(E;))under KH;(f ® L(E;)).
It remains to note that uy = (f ® L(E;))(u1). |

Convention 6.3. For the rest of the article, we will assume that G = 7.; in particular, we
will use additive notation for the sum of degrees of homogeneous elements.

6.1. Graded Morita invariance and source elimination

We record some observations on how one can extend Poincaré duality to non-necessarily
essential graphs. We first recall the notions of full idempotents and source elimination
(Definition 1.2 in [2]).

An idempotent p of a unital ring R is full if RpR = R, that is, if there exist n € N and
XlseeerXn,sV1s--.,¥Yn € R such that

ZYipxi =1

ieN
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Notice that any unital ring homomorphism maps full idempotents to full idempotents. Let E
be a graph and v € sour(E) \ sink(E). The source elimination graph E\, is given by

E{)v = EO \ {v} and E\lv = El \s_l(v), FExv =1, SE\U = leO\{v}'

By Lemma 8.3 in [11], the element p = 1 — v is a full homogeneous idempotent of
L(E) and the image of the graph inclusion induced map inc,: L(E\,) — L(E) is exactly
pL(E)p. As noted in p. 230 of [20], when £ is a field source elimination preserves the
(graded) Morita equivalence class of a Leavitt path algebra; this stems from the fact that,
by the graded uniqueness theorem, the map inc, is injective and thus L(E\,) = pL(E)p.
In this direction, we wish to prove that inc,, is a kk& -isomorphism. This is implied by the
result below.

Proposition 6.4. Let R be a graded algebra. If p € R a homogeneous full idempotent of
degree zero, then the inclusion pRp C R is a kk® -isomorphism.

Proof. We adapt Lemma 8.12 in [11]. Let xy, ..., X5, ¥1,..., Yn € Rbe such that 1 =
y1px1 + -+ + yn px,. Taking degree zero components at both sides of this equality,
enlarging n if necessary, we may assume that all x;, y; are homogeneous such that |x;| =
—|yi|. Substituting x; by px; and x; by y; p if necessary, we may also assume that x; € pR
and y; € Rp. Put d; = |y;|. For the rest of the proof, we shall consider the grading on M,
given by the assignment i > d;. Consider the elements

n n
c= Zej,lxj € MypR and r = ZSI,jJ’j € M,Rp
j=1 j=1

and notice that these elements are homogeneous and that |c||r| = 1 and that ce1 1 M, Req 17
C M, pRp. Further, sice rc = €11, it follows that wrcw’ = ww’ for each w, w’ €
€1,1Mp Rey1,1. We thus have a well-defined graded homomorphism

ad(c,r) 1 11 MpRe11 — M, pRp, w +— cwr,

and, by Proposition 2.10, upon composing with the inclusion M, (inc,): M, pRp < M, R,
it coincides in kk®&" with the inclusion &1, 1 M, Re1,1 — M, R. Therefore, if we define
ad(c,r)
¢:R=e1M,Re1,1 ——> MupRp,
it satisfies j(My(incp) p) = j (Lf). In particular, M, (incp,) ¢ is a kk&'-isomorphism. A sim-
ilar argument applied to cp, rp € M, pRp says that the composition

. ad(cp,pr)
¢inc, = pRp = e1,1 My pRpery ———— My pRp
agrees in kk& with ¥ RP. hence ¢ inc, is also a kk® -isomorphism. Finally, this says
that ¢ is a kk&-isomorphism which, in turn, proves that j(inc,) = j(¢)~1j((} Rp ) is an
isomorphism as desired. ]

Corollary 6.5. Assume that £ is a field. If E is a graph with at least two vertices and
v € sour(E) \ sink(E), then the inclusion L(E\,) — L(E) is a kk®-isomorphism.
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Remark 6.6. By Theorem 5.3 in [3], two graded unital rings are graded Morita equivalent
if and only if there exists a graded set structure on N, say X = (N,d),d: N — G, such
that My S = Mo R as graded algebras. (As per our conventions, here Mo, R means My R
where N is equipped with the trivial grading). In particular, this is a way to show that
G -stable functors are Morita invariant.

The results of this section say that given a regular graph E, upon finitely many source
eliminations we may find an essential graph F such that we have a kk&-isomorphism
L(F)— L(E). Theorem 6.1 then implies that tensoring by L(E) is left adjoint to tensoring
by QL(Fy).

7. The relationship between k k2"-maps and graded algebra maps

Consider E a finite graph and the Cohn extension (€ ). Write dg and g for its left and
right boundary. By Corollary 11.9 in [9], in kk*" we have a triangle

I*UAtE EO inc

(7.1) greeB) 5 pE" T [(E).

In particular, for a given graded algebra R, applying kk&(—, R) to (7.1) yields an exact
sequence

(ZI—oAR)*

kke(SE° R) kker(sreeE) | R)

Ly
kke(L(E), R)

inc*®

I—oAL)*
Kke(LE° | R) _Umodp),

kke(gresE) R,

From this sequence we can obtain, by taking appopriate kernels and cokernels, a short
exact sequence involving kk® (L(E), R). This is what in the ungraded case is referred to
as the universal coefficient theorem (UCT). Recall that the dual Bowen—Franks module
of E is BFy (E) = coker(I" —0AE). If E is essential, then Af is square and A% = Af,;

hence BFy (E;) = coker(I — oA’ ) = coker(/' — 0AE) = BF(E). With this notation
in place, we state a theorem which, in particular, contains a graded version of the UCT.

Theorem 7.1 (UCT). Let E be a finite graph and R a graded algebra. Put ® = ®z|q]
and hom = homg|s). There is a diagram with exact top-row

0 — BF(E)® KH{'(R) —4d s kkE(L(E), R) - hom(BFg(E), KH§'(R)) — 0

]l J
[L(E), R] can* oK H

such that:



Graded homotopy classification of Leavitt path algebras over finite primitive graphs 941

() The map j is the factorization of j through the category of graded (-algebras with
graded homomorphisms up to graded polynomial homotopy.

(i) The map ev corresponds to the assignment between hom-sets of the functor
kk&(t,—) = KH{',
followed by precomposition by the canonical map can: BFy (E) — K ng(L(E ).

(iii) The map d is obtained from the right boundary map §g: L(E) — X"¢E) by passin
p 8 ry map Y P 8
the composition

Z[oT ) @10 KHE(R) > kk& (575E) L(F)) L5 kk® (L(E)., L(F))
to the quotient module BF (E) ®z[0] Kng(R)

(iv) If E is an essential graph, then for any v € E° and unit z € R represented by
amap &;: € — QR, the isomorphism kk®(L(E), R) = kk¥({, QR ® L(E;)) =
KHY(R® L(E;))mapsd(v®z)t0[1®1—1Qv+z Q]

Proof. We prove (iv), the other assertions are proved in the same way as in ungraded case;
see, e.g., Corollary 7.20 in [13] and Theorem 12.1 in [11]. Assume that E is essential.
Recall that £, corresponds to an arrow Vg g(§;): ¥ — R via the assignment (3.6). Thus, if
poilE ® - £ denotes the projection to the v-th coordinate, then d (v ® £;) coincides with
the composition

EEO =po 5 Ve, r(E2)

L(E) S
Recall also that the arrow above is assigned to an element kk&" (¢, 2(R ® L(E;)) in the
following way: first, one tensors by L(E;); next one applies the loop functor 2 and, at last,
one precomposes by the arrow &,,:{ — Q(L(E) ® L(E,)) given by the degree zero unit
u; € L(E) ® L(E;). Call this element n := Q(d(v ® ;) ® L(E;)) 0 &y,.

Notice that, by Remark 3.10 and the definition of (3.6), we have §g ® L(E;) =
SeeyoL(E,) and Vg r(E2) ® L(Er) = Vi, reL(E,) (2 ® L(E;)). We shall drop the sub-
scripts under V to ease the notation, and write § = Se(g)oL(E,), 0 = Oe(E)QL(E,)> Pv =
Pv ® L(E;), and 52 =&, ® L(E;). Consider now the following diagram:

QLE)® L(E;) —2 Qs otE o L(E) 22, s e L(E) avE), QR® L(E;)

£ @LE° ®L(E;)T &@L(E»T

Q(L(E)QL(Ey)) —8> €E0®L(E,) - L(E;) L) QRQL(E;).

Note that the composition of the top row with &,, agrees with 7. As in the ungraded
case (proof of Lemma 12.3 in [11]), one checks that the boundary of u; is the class of
Y vergo Xv ® v, and thus

n=%&&Q®L(E;)opyo (ZXv‘X’v)—g‘_z inc, .
veEE®

Finally, by Lemma 5.7, we have &, ® inc, = §1gv,z@v Which corresponds to the class in
KH{'(R® L(E;))oftheunit 1 ® 1 — 1 ® v + z ® v, as desired. n
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We now want to use the UCT to investigate the relationship between graded algebra
maps between Leavitt path algebras and morphisms between them in kk#. First, we set
some conventions.

Definition 7.2. A regular graph E is primitive if its adjacency matrix is primitive (Defini-
tion 4.5.7 and Theorem 4.5.8 in [22]), that is, if there exists N > 1 such that (A%’)U,w >0
for all v, w € E°.

Remark 7.3. If E is a primitive graph, then by definition there exists N > 1 such that
there is a path of length N between each pair of vertices. In particular, primitive graphs are
essential.

Our interest for primitive graphs stems from the following.

Proposition 7.4. Assume that £ is a field. If E is a primitive graph, then for each e € E,
the idempotent ee* € L(E)y is full as an element of L(E)y.

Proof. Recall that if we put

L(E)on = spang{afp™ : r(a) = r(B). || = |B| = n}

foreachn > 0, then L(E)y = Unzo L(E)o,n. Recall also that, writing $,, , for the set of
paths of length n ending at a vertex v, there are isomorphisms

(7.2) L(E)on = @ Mp,,. ap*—capc Mg, ..

veE®

for eachn > 0.

Since L(E) is an inreasing union of its unital subalgebras L(E)o ,, to see that ee* €
L(E)o is full it suffices to see that it is so in L(E)o,, for some n € N. Let N > 1 be such
that there exists a path of length N between every pair of vertices. Observe that

ee” = Z ea(ea)® = Z Z ea(ea)®.

s(@)=r(e),le|=N veE? s(a)=r(e),|la|=N,r(x)=v

Thus, under the isomorphism (7.2) applied ton = N + 1, the idempotent ee* is mapped
to a sum of diagonal matrices

§ § Eea,eq-

veE? s(v)=r(e),|la|=N,r(a)=v

Given that matrix rings over a field are simple algebras, to conclude it suffices to prove
that the coordinate of element above corresponding to each algebra Mg, ,_, is non-zero.
This amounts to showing that for each set {ex : (@) = v, || = N} is non-empty, which
is implied by the fact that (Ag)r(e),v > 0forallv e EO. [ ]

Remark 7.5. In the proof of Proposition 7.4, we only need that for each vertex v in
the graph E there exists some N, > 1 such that the v-th row of Ag has positive entries.
However, if E is essential, this condition is equivalent to E being primitive. Indeed, put
N = max,cgo Ny and fix v, w € E°. Since E is essential, inductively we may find a
path B of length N — Ny, ending at w. By hypothesis we also have a path o of length Ny g)
from v to s(B); hence af is a path of length N from v to w.
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Convention 7.6. From now on, we shall assume that £ is a field and all graphs considered
are primitive.

Define

kk®(L(E), L(F))1
= {€ € kk®¥(L(E), L(F)) : ev(£) is an pointed preordered module morphism},

and write [L(E), L(F)]; for the set of graded unital algebra homomorphisms L(E) —
L(F) modulo graded polynomial homotopy. Our next objective is to study the map

(7.3) J t[L(E), L(F)]y — kk® (L(E), L(F))1.

To proceed further in the understanding of kk&"(L(E), L(F))1, we first need to under-
stand the K{" group of a Leavitt path algebra. To do this, we first establish some remarks
on ultramatricial algebras and corner skew Laurent polynomial rings.

7.1. K; of ultramatricial algebras

As pointed out in Remark 2.13, when E is a regular graph, its associated Leavitt path
algebra is strongly graded and thus K HY (L(E)) = KH{'(L(E)o). If in addition £ is a
field, then we may replace K for K H. This allows us to compute the graded K-theory
of L(E) in terms of its subalgebra of homogeneous elements of degree zero.

The advantage of this passage to L(E)g is that the latter algebra is ultramatricial, that
is, it is a countable increasing union of matricial algebras. For this reason, we wish to prove
some generalities regarding the first K-theory group of a unital ultramatricial algebra. In
what follows we will write G, for the abelianization of a group. In particular, if R is a
unital ring then K;(R) = GL(R)ab. The field of two elements will be denoted F,.

The following observation is straightforward from the definition of ultramatricial
algebra.

Lemma 7.7. Let F, G:Alg, — Grp be two additive functors which preserve finite products
and filtering colimits and let n: F = G be a natural transformation. The following state-
ments are equivalent:

(1) For each unital ultramatricial algebra R, the map ng is an isomorphism.

(ii) For each n € N, the map nr, () is an isomorphism.

Proposition 7.8. Assume that £ is a field different from Fy. If R is a unital ultramatricial
L-algebra, then the canonical map R} — K{(R) is an isomorphism.

Proof. By Lemma 7.7, it suffices to prove so for R = M, ({) for each n € N. Notice that
M, (€)* = GL,(¢) and [GL, (£), GL, ()] = SL,(£), since £ # 5.

We know that the (non-unital) inclusion of £ in the top-left corner induces an iso-
morphism in K1, mapping A € £* = K;({) to the class of [I, —&1,1 + Aey,1]. To con-
clude, we note that this isomorphism factors as the inverse of the determinant induced
map det: GL, (£)/SL, (£) — £*, followed by the comparison map GL,(£)/SL,({) =
My (0), — K1 (My(0)). u
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Given a functor F': Alg, — Grp, write

FO(A) = Fevy)(ker(F(A[]) —% F(A4))).

Note that, since evy: A[t] — A is a retraction for any algebra A, the homomorphism
F(evy) is a retraction; in particular, it is surjective. Hence, it maps the normal subgroup
ker(F(evy)) of F(A[t]) to a normal subgroup of F(A). This justifies the fact that

o F(A) := F(A)/F°(A)

is a group. Further, this assignment can be extended to a functor Alg, — Grp by the universal
properties of kernels and images.

In Proposition 2.8 of [12], Cortifias and Montero show that the Karoubi—Villamayor
K -group of a purely infinite simple ring R can be computed as

moR* = R*/{u(1) : u € (R[t])*,u(0) = 1}.

In our context, we obtain a similar conclusion for ultramatricial algebras. First, we need a
lemma.

Lemma 7.9. If £ is a field, then (M,,(£)*)°® = SL,, ({).

Proof. We prove both inclusions. Since SL, () is generated by elementary matrices, it
suffices to show that I, + Ag; ;j € (M, (£)*)° for each A € £*, for which it suffices to
consider the elementary matrix

I + Ateij € GLy(L[t]) = M (L[1])* = (Mn(0)[2]).

For the converse, let u € M, (£)[t] = M, (£[t]) be an invertible matrix such that u(0) = I,,.
We have to prove that u(1) € SL, (£). Since £[¢] is an integral domain, a matrix in M, (£[t])
is a unit if and only if det(u) € (£[¢t])* = £*. In particular, det(u) is constant and thus

det(u(1)) = det(u)(1) = det(u)(0) = det(u(0)) = det(l,) = 1. |

Proposition 7.10. Assume that L is a field. If £ # I, then the comparison map R}, —
7o R* — K;(R) is an isomorphism for every unital ultramatricial algebra R. If £ = 5,
then K1(R) = moR* = 1.

Proof. Since (M, (£)*)° = SL, (£) for each n € N, we have

GLn(O)ap €] > 2,

70(Ma(£)) = GLa (6)/SLn(€) = { ) 2

This together with Lemma 7.7 prove the first part of the lemma and also that 7o R* = 1 for
each unital ultramatricial algebra R over [F,. It remains to see that K (R) is also trivial when
£ =IF5, which follows from matricial stability, since K1 (M, (F2)) = K;(F,)=F;=1. =

Definition 7.11. Let E be a finite graph and ¢: L(E) — R a graded unital homomorphism.
Write
Ry := @ ¢(ee™) Rop(ee™).

ecE!
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Lemma 7.12. Assume that £ is a field. If R is a unital ultramatricial algebra and e € R
an idempotent, then eRe is a unital ultramatricial algebra.

Proof. Let R =|J,~, Ry be an increasing union of unital, matricial subalgebras. Since the
union is increasing, we may assume without loss of generality that 1 g, e € R ; consequently,
eRe = J,- eRye.

It suffices to show that each algebra e R, e is matricial, that is, to show that the corner of
any idempotent in a matricial algebra is again matricial. Let A = My, (£) X --- x My, (£) be
a matricial algebra and (ey,...,ey) € Idem(A). Since ede = ]_[;N=1 e;j Aje;, we may prove
that any corner of a matrix algebra is again a matrix algebra. In other words, we may assume
that N = 1. Putk = k; and e = e;. Since £ is a field and an idempotent ma;rix represents
a linear projector on ¢¥, there is an invertible matrix u such that u='eu = Y /_, &, s =: p;
for some j € {0, ..., k}; conjugation by ¥ maps e to p; and eMy({)e to p; My (£)p;,
which is isomorphic to M; ({). |

Proposition 7.13. Let E be a primitive graph and R a strongly graded algebra such
that Ry is ultramatricial. Each graded unital algebra homomorphism ¢: L(E) — R
induces an isomorphism

(Rp)s = [] @(ee™)Rop(ee®)) — Ki(Ro)E' = K (R)E',
(7.4) ecE1

(Ze)eerr > ([1 — p(e€™) + ze)]eep-

Proof. Tt follows from Lemma 7.12 and Proposition 7.8 that K (¢ (ee*) Ro¢p(ee™)) can be
computed as (¢ (ee*) Rog(ee*)) forall e € E!. By Proposition 7.4, we know that each
element ee* is a full idempotent of L(E )¢ and so, since ¢ is a graded unital homomorphism,
it follows that ¢(ee*) is a full idempotent of Ry. Consequently, each corner inclusion
P(ee*)Rop(ee*) — Ry induces an isomorphism at the level of K; groups. This concludes
the proof. ]

7.2. The shift action for corner skew Laurent polynomials

Let R be a corner skew Laurent polynomial ring, that is, a Z-graded ring together with
elements 74 € Ry, r— € R_; satisfying 7_7; = 1 (Lemma 2.4 in [4]). Our motivating
example is that of the Leavitt path algebra of an essential graph, see p. 210 in [6]; indeed,
if one selects one edge e, with range v for each v € E°, then the elements

t+=ZeU and t1=Ze:

veEE® veEE®

yield a corner skew Laurent polynomial ring structure on L(E).

Hazrat proves in Proposition 1.6.6 of [21] that p := 74.7_ is a full idempotent if and only
if R is strongly graded. When this is the case, we know that K§ (R) is naturally isomorphic
to K« (Ry); we wish to understand to what kind of action the shift action translates to when
viewed on K4 (Ryp).



G. Arnone 946

In the case of the Leavitt path algebra of an essential graph E, Ara and Pardo prove in
Lemma 3.6 of [6] that the action on L(E)y is the one induced by the (non-unital) corner
homomorphism

a:L(E)y—> L(E)y, xt>tyxt_.

The proof relies on the fact that for L(E)y, the Grothendieck group is generated by (1 x 1)-
idempotents. In other words, instead of considering idempotents for all finite matrices, it
suffices to do so for the ones of size 1.

Remark 7.14. We remark that in Lemma 3.6 of [6], the shift agrees with the inverse of the
map induced by a. This difference is explained by the fact that, if one builds K§' for right

modules instead of left modules, the isomorphism maps the shift action of ¢ to that of o~ 1.

We will extend this result to Ky, for which we will use that Ky (L(E)g) is generated by
units. Since this is true for any ultramatricial algebra, as noted in Proposition 7.8, we can
in fact extend this to a statement on any strongly graded corner skew Laurent polynomial
ring whose degree zero subring is ultramatricial. Namely, we prove the following.

Theorem 7.15. Let (R, ty,t_) be a strongly graded, corner skew Laurent polynomial ring.
Consider a: Ry — Rg the homomorphism given by x + tyxt_ and put p =: a(1). For
any x € R*, write (Rg, x) for the class in K given by the (left) module Ry together with
right multiplication by x. We have the following equality on K1 (Ry):

[(R1,x)] = [(Ro, 1 + p —a(x)].

Proof. Observe that Ry = Ryt and that right multiplication by 7_ yields an isomorphism
Ry — Rop whose inverse in right multiplication by 7. It follows that [(R;, x)] =
[(Rop, a(x))]. Now, the following diagram with exact rows,

Ro(p—1) > Ry ——2— Rop
H l—~(1—p+a(x)) la(X)
Ro(p—1) < > Ro 2 Rop,

says that

[(Ro. 1+ p—a(x))] =[(Ro(p = 1. D]+ [(Rop.a(x))] = [(Rop.(x))]. =

We remark that the following corollary applies to Leavitt path algebras of essential
graphs, which is our main interest for this result.

Corollary 7.16. Let (R,t,t_) be a strongly graded, corner skew Laurent polynomial ring.
Assume that £ is a field and Ry is a unital ultramatricial algebra. Writing o: Ry — Ry
for the homomorphism given by x + t4 xt_ and Dade: K1(Ro) — K7 (R) for the iso-
morphism of (2.1), the following diagram is commutative:

K¥(R) —— K{(R)

DadeT TDade

K
K1(Ro) ESION K1 (Ry).
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Proof. By Proposition 7.8 applied to Ry, an element in K;(Rg) can be represented by
the class of the free module R, together with the automorphism p,: Ry — Ry of right
multiplying by a unit u; we denote this by (Rg, u).

The map Dade is induced by tensoring by R ® g, — Applying it to (Ro, u) gives
(R ®R, Ro,u), which is equal in K$'(R) to the class of (R, ), via the canonical (graded)
isomorphism R ®g, Ro = R. The shift functor maps (R, u) to (R[+1], u). Finally, the
inverse of the map Dade takes the class of the latter to its O-th component, resulting in
[(Rq,u)]. This is exactly the action induced on units by «, as shown in Theorem 7.15. m

Remark 7.17. Let (R,?4,t_) be a corner skew Laurent polynomial ring, and let f: R — S
be a unital graded algebra homomorphism. If we put s— = f(¢~) and s+ = f(¢—), then
(S, s4+,s5_) is a corner skew Laurent polynomial ring. Further, if R is strongly graded, then
so is S (see Proposition 1.1.15 (4) in [21]).

7.3. Surjectivity of the map (7.3)

We are now in position to prove that the map (7.3) is surjective. To do this, we first define
a certain modification of a graded algebra map L(E) — R by an element of K;(Ryp), cf.
Equation (5.10) in [12] and Equation (13.6) in [15].

Definition 7.18. Let E be a primitive graph. Given ¢: L(E) — R a graded algebra homo-
morphism, we define the following group epimorphism:
7.4) *
(7.5 U:(Rp)l —> Ki(S0)E 2> K1(So)E” — BEW(E) ®z(0) KHE (S)
zZ b — 1_[ s(e) @ (1 —¢p(ee”) + z.).

ecE!

Given z = (z.).cgt € (Rg)™, we associate to it a graded unital map ¢,: L(E) — R
defined by

¢z L(E) - L(F), ¢(e) =zed(e),
$:(e*) =)z, Pu(v) = p(v) (ve E® e EY).

Lemma 7.19. If £ € kk® (L(E), L(F))1, then there exist a graded unital algebra map
¢:L(E) — L(F) and x € BFy(E) ®z(0] KH{ (L(F)) such that

(7.6)

Jj@) +dx)=¢.

Proof. By Theorem 6.1 in [8] (see also Theorem 3.2 in [25]), there exists a unit_al graded
algebra map ¢: L(E) — L(F) such that K5 (¢) = ev(§). Since Kj (¢) = ev j(¢), this
says that j (¢) — & € ker(ev) = im d, from which the lemma now follows. |

Lemma 7.20. Let E be a primitive graph and let R be a graded algebra such that Ry is a
unital ultramatricial algebra. If ¢: L(E) — R is a unital graded homomorphism, then for
each z = (Z¢)pep1 € R;, we have

dU([z]) + j(¢) = j(¢2).
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Proof. Employing the notation of (6.5), one checks that ug, = ug - U(z). Part (iv) of
Theorem 7.1 and Corollary (6.2) imply that j(¢;) = j(¢) + d(U([z]))- |

Corollary 7.21. The map (7.3) is surjective.
Proof. Let & € kk®(L(E), L(F));. By Lemma 7.19, there exist ¢: L(E) — L(F) a

graded unital algebra homomorphism and x € BF;”r(E) ®z[o] KH (L(F)) such that

J (@) +d(x) = £. Since (7.5) is surjective, there exists z € L(F)g such that x = [U(2)],
and thus £ = j(¢,) by Lemma 7.20. [

7.4. Injectivity of the map (7.3)

Next we analyze the injectivity of j. We now consider the set [L(E), L(F)]1,p, of graded
unital maps L(E) — L(F) up to graded M>-homotopy. As we shall presently see, restricted
to this quotient of [L(E), L(F)];, the map j becomes injective.

Lemma 7.22. With notation as in Lemma 7.20, if v,u € R;f are such that [v] = [u] in
(Rg ), then ¢y ~ .

Proof. By Proposition 7.10, there exist

(Ze)eerr € || (@lee®)Roglee* D)) = [] ((ee*)(S[t]og(ec))*

ecE! ecE!

such that Z,(0) = u, and Z,.(1) = v,. If we compose ¢ with the inclusion i: S — S[t] and
then consider s := (i o ¢)z, it follows that ev; o & = ¢z(;; this concludes the proof. =

Lemma 7.23. Let E be a primitive graph and ¢: L(E) — R a graded unital homo-
morphism. Assume that Ry is ultramatricial. Given e, f € E' such that r(f) = s(e) and
u € ¢p(ee*)Rop(ee*)*, we have that

o-[1—¢lee”) +ul =[1—¢(fe(f)") + d(/Hup(f™)]

in K1(Ro). In particular, for any other g € E' such that r(g) = s(e), we have

[1—¢(fe(f)") + d(SHud(fM)] = [1 - d(ge(ge)”) + ¢(udp(g™)].

Proof. For each vertex v € E° \ {s(e)}, let f, be an edge with range v; their existence
is guaranteed by the essentiality hypothesis on E. Set f;() := f. As pointed out in [6],
p. 203, the elements 1y = ) o fy and 7 =t} satisfy 7t = 1, yielding a corner skew
Laurent polynomial structure on L (E). Further, this gives such a structure on R via the
elements ¢ (z4) and ¢ (z-).

As per Theorem 7.15, the action of o on K;(Ry) can be described as the one induced
by the automorphism

a:Ry— Ry, x> ¢d(ty)xe(to).

Hence

o-[I—¢(ee”) +ul =[1—@(t41-) + (1) (1 — pee™) +u)p(1-)]
=[1 =) (@(ee”) —u) ()]
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Since ¢(ee*),u € ¢p(ee*)Rop(ee™), it follows that f,e = 0 unless v = s(e), that is, unless
fv = f.Thus

[1 =)@ (ee”) —u) ()] = [1 — p(fe(fe)™) + p(SHud(f )],
concluding the proof. ]

Lemma 7.24. Let E be a primitive graph and let R be a graded algebra such that Ry
is an ultramatricial algebra. Let ¢: L(E) — R be a graded algebra map. If the element
2 € [loeg1(Pp(ee®)Rop(ee®))™ is such that d(U([z])) = 0, then ¢ ~uq ¢-.

Proof. Consider the homomorphism

ARy = Ry, ar> Z de)ag(e™).

ecE!

As in the ungraded case, writing B, r = J,(¢),s(r) and using Lemma 7.23, one checks that
the following square is commutative:

Ki(Rs) —2— Ki(Ry)
Ki(R)E' -2 K\(R)E".

Writing E for the graph with adjacency matrix B, we get a commutative diagram

Ki(Rg) 2 Ki(Ry)
I I

Ki(RE =28 Ky(R)E' —— BEY(Es) ®z KHY (R)

T

Ki(R)E® =% K (R)E® —— BEY(E) ®z KH{'(R) —— kk®(L(E). R).

The rightmost horizontal map is injective by Theorem 7.1. Further, the map induced by s
at the level of dual Bowen—Franks modules is an isomorphism; its inverse is induced by r*.

Now, since d(U([z])) = 0, there exists [v] € K;(Sp) such that [vA(v)~!] = [z]. By
Lemma 7.22, this says that ¢; ~ ¢, (,)-1. Finally, like in the ungraded case, one checks
that ¢vk(u)—1 = ad(v) o ¢. |

Theorem 7.25. Assume that { is a field. Let E and F be two primitive graphs. Given
two unital graded homomorphisms f, g: L(E) — L(F), the following statements are
equivalent:

@ Jjf)=j®:
(i) f ~aa &:
(i) f ~n, &
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Proof. The fact that (ii) implies (iii) is the content of Lemma 2.9. Since j is matricially
stable and graded homotopy invariant, it follows that (iii) implies (i); hence, it remains to
show that (i) implies (ii). Suppose that j(f) = j(g). In particular, K§ (f) = evo,(f)
agrees with Kgr(g) and therefore, by Corollary 3.5 in [8], there exists a homogeneous unit
of degree zero u € R such that ad(u) o f and g agree on D(E); = spany{ee* : e € E'} =
spang{ee*,v:e € E',v € E°}. Since ad(u) o f ~,q f, we may without loss of generality
assume that f and g agree on D (FE).

Now, if we put z, = g(e) f(e*), for each e € E!, these are units in each corner
f(ee®)L(F)g f(ee*) with inverse f(e)g(e*). Using the notation of Lemma 7.20, it fol-
lows that g = fz and d(U([z])) = j(f2) — j(f) = j(g) — j(f) = 0. Thus, we can apply
Lemma 7.24 to obtain that f ~,4 g. L]

Corollary 7.26. Assume that { is a field. If E and F are two primitive graphs, then the
map j:[L(E), L(F)]1,m, = kk®(L(E), L(F)) is bijective.

Proof. Surjectivity was proven in Corollary 7.21, while injectivity follows from The-
orem 7.25. ]

8. Graded homotopy classification

We conclude with a graded homotopy classification theorem. To simplify its statement,
we shall say that two algebras are unitally graded homotopy equivalent if there exists a
unital graded homotopy equivalence between them whose graded homotopy inverse is also
a unital homorphism.

Theorem 8.1. Let £ be a field and E and F two primitive graphs. The following statements
are equivalent:

(1) The pointed, preordered Z[c]-modules
(BFg(E),BFg(E)+,1g) and (BFg(F),BFy(E)4, 1F)

are isomorphic.
(ii) There exists an isomorphism § € kk®(L(E), L(F));.
(iii) The algebras L(E) and L(F) are unitally graded homotopy equivalent.

Proof. In Theorem 13.1 of [9] it was proved that, in the surjection of Theorem 7.1, one
can lift isomorphisms at the level of Kgr to kk&-isomorphisms. Since by definition a
lifting of a pointed preordered module map lies in kk®(L(E), L(F))y; this proves the
implication (i) = (ii).

Next assume (ii) and consider the inverse of £, noting that £ ! € kk®(L(F), L(E));.
By Corollary 7.26, there exist unital algebra homomorphisms f: L(E) — L(F) and
g:L(F) — L(E) suchthat j(f) =& and j(g) = £~'. In particular, j(fg) = idLF) and
Jj(gf) =idr(g), and thus Theorem 7.25 says that there exist units u € L(F)o, v € L(E)g
such that fg ~ ad(u) and gf ~ ad(v). This readily implies that f is a graded homotopy
equivalence. We have thus proved that (ii) implies (iii).
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Finally, we prove that (iii) implies (i). Let f: L(E) — L(F) be a unital graded homo-
topy equivalence. The map K§ (f) is a pointed, preordered module map between the
Bowen-Franks modules of E and F, it suffices to see that it is an isomorphism. To prove
this, we note that K" agrees with K H§" for L(E) and L(F) as per Remark 2.12 and that
K ng maps graded homotopy equivalences to isomorphisms. This concludes the proof. m

By Theorem 8.1, the primitive case of Conjecture 1.1 is equivalent to the following.

Conjecture 8.2. Let £ be a field. If E and F are primitive graphs, then Ly(E) and L¢(F)
are graded isomorphic if and only if they are unitally graded homotopy equivalent.
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