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Cluster of vortex helices in the incompressible
three-dimensional Euler equations

Ignacio Guerra and Monica Musso

Abstract. In an inviscid and incompressible fluid in dimension 3, we prove the existence of several
helical filaments, or vortex helices, collapsing into each other.

1. Introduction

An ideal incompressible homogeneous fluid of density p in three-dimensional space in a
time interval (0, T') is governed by the Euler equations

1
u+@-Viyu=—-Vp inR3*x[0,7),

P (1.1)
diva =0 inR3 % [0, 7),

supplemented by the initial velocity u(:, 0) = uo(x). Here u: R3 x [0, T) — R3 is the
velocity field and p:R3 x [0, T) — R is the pressure, determined by the incompressibility
condition. We will consider constant density p = 1. For a solution u of (1.1), its vorticity
is defined as @ = curlu. Then & solves the Euler system in vorticity form (1.1),

o+ - VYo =(@-Vyu  inR3x(0,7),
u=culy, —A¥y =& inR>x(0,7), (1.2)

@(-,0) = curl ugy in R3.

Vortex filaments are solutions of the Euler equations whose vorticity is concentrated in a
small tube near an evolving imaginary smooth curve I'(¢) embedded in the entire R3 so
that the associated velocity field vanishes as the distance to the curve goes to infinity. Da
Rios [13] in 1906, and Levi-Civita [30] in 1908, found that, if the vorticity concentrates
smoothly and symmetrically in a small tube of size ¢ > 0 around a smooth curve for a
certain interval of time, then it is possible to compute the instantaneous velocity of the
curve to leading order. These computations suggest that the curve should evolve by its
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binormal flow, with a large velocity of order |loge|. If I'(z) is parametrized as y(s, t),
where s designates its arc-length parameter, then y (s, #) asymptotically obeys a law of the
form

ye = 2k [loge[(ys X ¥ss)

as & — 0, or scaling t = [loge|~ 'z,

Ve = 26(Ys X Yss) = 2kcbr(r). (1.3)

Here « is the circulation of the velocity field on the boundary of sections to the filament,
which is assumed to be a constant independent of ¢. In addition, tr (), nr(s), br(s) are the
usual tangent, normal, and binormal unit vectors to I'(7), and c its curvature. See [32,35]
for a complete discussion on this topic.

Jerrard and Seis [24] rigorously proved Da Rios’ formal computation, conditional
upon knowing that the vorticity of a solution remains concentrated around some curve.
In particular, they consider a solution to (1.2) whose vorticity @, (x, t) satisfies, as ¢ — 0,

@e(-, [loge|'t) = Srmytry =0, 0<t<T, (1.4)

where I'(7) is a sufficiently regular curve and () denotes a uniform Dirac measure on
the curve. They proved that in these circumstances the curve I'(t) does indeed evolve by
the law (1.3). See [25] and its references for results on the flow (1.3).

The vortex filament conjecture [6,24] refers to the question of existence of true solu-
tions of (1.2) that satisfy (1.4) near a given curve I'(7) that evolves by the binormal flow
(1.3). This is an open question, except for very special cases.

A known solution of the binormal flow (1.3) that does not change its form in time
is a circle I'(t) with radius R translating with constant speed equal to % along its axis.
Solutions to (1.2) whose vorticity is concentrated in a circular vortex filament are known
as vortex rings, and the study of these objects dates back to Helmholtz and Kelvin’s work.
In 1894, Hill found an explicit axially symmetric solution of (1.2) supported in a sphere
(Hill’s vortex ring). Fraenkel’s result [22] provided the first construction of a vortex ring
concentrated around a torus with fixed radius and a small, nearly singular section ¢ > 0,
traveling with constant speed ~ |log ¢|, rigorously establishing the vortex filament conjec-
ture for the case of traveling rings. Vortex rings have been analyzed in larger generality in
[1,19,23,34].

Another known solution of the binormal flow (1.3) that does not change its form in
time is the rotating-translating helix. 1t is a circular helix of radius R and pitch & > 0,
which rotates with constant speed Wf"% and tzranslates vertically in the direction of
their axis of symmetry with constant speed %.

(1.2) whose vorticity is concentrated in a helical vortex filament are known as vortex
helices, and the description of these objects started with the works of Joukowsky [28],
Da Rios [14] and Levi-Civita [31]. In [17] the authors provided the first construction of
a vortex helix concentrated in an e-tubular neighborhood of a rotating-translating helix
evolving by binormal flow, establishing the vortex filament conjecture for the case of

Solutions to the Euler equations
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rotating-translating helices. In [17] the authors also find a solution to (1.2) with sev-
eral vortex helices, rotating-translating with comparable but different speeds. Traveling-
rotating helical vortices with small cross-section to the three-dimensional incompressible
Euler equations in an infinite pipe were constructed in [10] and [9].

In this paper we are concerned with solutions to the Euler equations (1.2) consisting of
several vortex helices which are rotating-translating with almost the same speed. They are
global-in-time solutions to (1.2) and their vorticity has at main order the shape of several
helical filaments which collapse into each other. We call this phenomenon a cluster of
vortex helices. Let us be more precise.

Let N be a given integer. Forany i = 1, ..., N consider points (a;, b;) in R2, numbers
o; and f;, and define the evolving curves I'; parametrized by

a; cos(—=ZL) — b, sin(—=%L)

A/ h2+R? A/ h2+R?
. S—0;T S—0;T
yi(s,t) = | % Sm(‘m) + b cos(m) e R3, (1.5)

ihs-‘rﬂir

/ h2+R?

where & > 0 is a positive constant and

R; = ,/aiz +bi2'

At any instant t, the curves s — y;(s, ) are circular helices of radius R; and common
pitch &, parametrized by arc length. Their curvature is R?L-&ihz and their torsion R.ZL-i-hz'
When time evolves, the curves rotate with constant speedl i = around the z-axis in

v/ h2+R;
R3 and at the same time translate vertically with constant speed LZ Attimet =0

v/ h?+R

each curve y; passes through the point (a;,b;,0) in R3 (take s = 0). A direct computation
gives that y; (s, 7) evolves by the binormal flow (1.3) with circulation «; provided the
speeds o; and f; are chosen to be

2I(ih 2I(i Rl2

0O = ———, P = —
"R R2 bi R? + h2

Each y; (s, T) can be recovered from y; (s, 0) by a rotation and a vertical translation

Bi )T

i(5,7) = 9 ,0 0,0, — , 1.6
yl (S T) szizfy(s ) + ( \/mr ( )
cosf —sinf 0

RZ+h
where Qg = ( sinf cosf (1)), or equivalently from ¥; (0,0) = (a;, b;, 0)T by means of
0 0

hs + Bit \"
Yi(s,7) = Q st (a;,b;,0)" + (0,0, —'31) .

RZ+h2 ,/Riz + h2
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We will identify the base point (a;, b;, 0) of each helix simply with (a;, b;). Helical fila-
ments with comparable but different speeds as in [17] have vorticity with

N
&6 (-, |loge|™11) — Zspi(t)tri(,) —~0, 0<t<T, ase—0, 1.7)
i=1
so that y;(0,0) = (a;, b;) satisfy
dist((a;, b;), (a;,b;)) > 6, ase— 0,foralli # j,

for some fixed § > 0, independent of .
We are interested in colliding helical filaments. Let ro > 0 be a fixed number and
assume that the points (a;, b;) have the form, foralli = 1,..., N,

(aj,bi) = (r0,0) + Q;, with |Q;| > 0ase — 0. (1.8)

Since (a;, b;) — (ro,0) as ¢ — 0, for all i, the evolving helices y; in (1.5) shrink into each
other as ¢ — 0. The purpose of this paper is to establish the existence of a solution to (1.2)
whose vorticity satisfies (1.7), with colliding helical filaments I; in the sense of (1.8).

We find that the points Q; need to converge to 0 at a precise rate in terms of ¢. Let us
be more precise. Assume

P;
(ai,bi) = (ro + s, 0)+ﬁ, fori:=1,...,N, (1.9

as ¢ — 0, for some constant s and points P; satisfying
log|log &|

|log ]
for some § > 0 small, and independent of ¢. The points P; are at a uniform distance d
(independent of ¢) from each other,

|s| <& § < |Pi| <871,

d = min|P; —P;| > 0, (1.10)
i#j
and the set {Py, ..., Py} is symmetric with respect to their first component, in the sense
that
P=(p1,p2) €{P1,....PN} & (p1,—p2) €{P1,.... PN} (1.11)
Writing

Pi1
P, = (—’,Pi,z), (1.12)
Vh2+ 1
the points P; have the form P + Q; where (PY,...,P%) satisfy the balancing equations,
fori =1,...,N,

Z (Pll ]1) — (s I’Zro —u I’li"o
MR ’

2V (h? +13)®  AVh 473
P;
21(12 15)—0»
P;l

(1.13)
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where « is the constant defined by

N 2
o= 2 DK
) 2 N ?

h? +rg Sk

(1.14)

and the Q; are small perturbations. We say that a point P? of the form (1.12) is a non-
degenerate solution to (1.13) if the linearization of system (1.13) has only one element in
its kernel, the one originating from the symmetry assumption (1.11). This non-degeneracy
is a necessary condition used to find P; as a small perturbation of P?. We will make this
definition more precise in Section 8.

We prove the following result.

Theorem 1.1. Let h > 0, rg > 0, k1,...,kxN be given numbers such that ZZN=1 ki # 0.
Suppose there exists a non-degenerate solution (P?, ... ,P?V) of the form (1.12) to system
(1.13), satisfying (1.11) and (1.10). Let T';(t) be the helices parametrized by equation
(1.5), for j = 1,..., N, with (a;, b;) given by (1.9). Then there exist s* € R, points

Q1.....Qy, and a smooth solution d¢(x,1) to (1.2), defined for t € (—oo, 00), such that
P; log|log
(@i bi) = (ro +5*,0) + ——, P; =P +Q;, [s%.]Qi], < logllog ¢]
[log ] llog ]
and for all t,
N
we(x, T|loge|™!) — Zlcj(ﬁpj(,)tpj(r) -0 ase—0,
j=1

in the sense of distributions.

Configurations of points (PY, ..., P?\,) that satisfy (1.13) and the assumptions of The-
orem 1.1 are known in the literature. For instance, letting N = n + m and «; = 1 for
i=1,....mandk; = —1fori =m+1,...,n + m, explicit non-degenerate solutions
to (1.13) when

(m,n) €S ={2,1),3,2),(4,3),(5,4),(6,5)}

are described in [2] (see Figure 1 for examples). In this case a direct computation gives

B 2(m + n)
(B2 42 (m—n)’

from which we deduce that 7z must be different from 7. Other constructions of admissible
configurations can be found in [2, 3].

Our construction takes advantage of the invariance under helical symmetry of the Euler
equations as discussed in [4,5,7,17,20,21,27,37]. This invariance and the assumption that
the velocity field win (1.1) is orthogonal to the helical symmetry lines imply that solutions
to problem (1.2) can be found by solving a transport equation in 2 dimensions. For a point

x=(x1,x2,x3) € R}, x=(x",x3), x eR>?
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Figure 1. Configuration examples (m,n) = (3, 2) (left) and (m,n) = (5, 4) (right).

consider the scalar transport equation for w(x’, t),

{wt +VJ_1//Vw :0 in RZX(()’ T)’ (1 15)

—div(KVy) = w inR? x (0, T),

where (a,b)*+ = (b, —a) and K(x1, x») is the matrix

1 h? 4+ x2  —x1x2
K R — 2 .
(r1x2) = 57 + x2 +x2 ( —x1xp  h*+ xf)

Then there exists a vector field u = (u1, u,, u3) with helical symmetry

/ [ Og(ur,uz) o 3
u(ng,x3+h9)—(u3+h9) VO e R, Vx = (x',x3) € R”,

such that

a(x,1) = %w(Q_ngx’,t) (Q;ZZX/), x = (¥, x3), (1.16)

satisfies the Euler equation (1.2). Here, Qg is the rotation matrix in the plane (x1, x») as
defined in (1.6). The derivation of (1.15) can be found for instance in [17,20,21].
Rotating solutions to problem (1.15) with constant speed « have the form

U)(x/, T) = W(Qlll’x/)s 1/’()5/, T) = \IJ(QOI‘L'x/)' (117)
Let X = Py.x’. In terms of (W, W), the second equation in (1.15) becomes
—diV;(K(fC)Vg\IJ) =W,

and the first equation gets the form

~12
V);W-V%‘(\Il—a|loge|%) —0. (1.18)
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See [17] for details. We now observe that if W(x) = F(¥(X) — «o|log s|@), for some
function F, then automatically (1.18) holds. We conclude that if W is a solution to

—div(K(F)Vz W) = F(\IJ - %|log8| |5c|2) inR2, (1.19)
for some function F, and W is given by
. . |%]?
W(x) = F(lll(x) — a|log8|7),

then (w, ¥) defined by (1.17) is a solution for (1.15).
We now notice that a solution to (1.19) such that

F(\If — %|log8| |i|2) — ki@ by =0, ase—0,
gives a solution @ (x, t) to (1.2) of the form (1.16) with the property that
o(x,t) —k;drtr, —~ 0, ase — 0,

and I'; defined as in (1.5) with

ase — 0.

2
[oF] /3,' 2r0
— —ah, — —> — ,
Ki Kj ry + h?

The proof of Theorem 1.1 is reduced to finding a non-linear function F' and a solution
W to (1.19) such that

N
W(x) = F(\Il — %|10g8| |)?|2) ~ ZKjS(di,bi), ase — 0, (1.20)

i=1

where (a;, b;) — (ro, 0) for all ;. We build such a solution by means of elliptic singu-
lar perturbation techniques. For N = 1 we recover the result for a single helical filament
in [17]. The multiple helical filaments constructed in [17] correspond to a configuration
where the centers of the helices maintain a constant distance between each other, and
their motion is independent of the presence of the others. However, when dealing with
colliding helices, more refined estimates are necessary to control the strong interactions
between them. To achieve this, we introduced a new change of variables to obtain a unified
expression of the differential operator that is independent of the individual helix. Desin-
gularization of point vortices for the Euler equations in dimension 2 has been treated in
[16,33,36].

Solutions concentrated near helices in the Euler equations and also other PDE settings
have been built in [9-12, 15,26, 38]. Solutions to the Euler equations (1.2) concentrated
around several vortex rings which are collapsing into each other are known in the liter-
ature. The first result is due to Buffoni [8], who constructed co-axial vortex rings (sets
homeomorphic to solid tori) moving along their common axis at the same propagation
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speed. These rings are nested in the sense that the convex hull of one ring contains the
subsequent ring and at the same time the two rings do not intersect. A more recent result
is contained in [3], where they also find the formal law for the dynamics of the centers of a
family of clustering rings, which turns out to be the same law (1.13) that governs the hel-
ical clustering phenomena. On the other hand the elliptic problems governing clusters of
vortex rings and clusters of helical filaments are different, and require a different analysis,
which is reflected in particular in the far field region, also called the outer region. The
same law of motion also governs the interaction of multiple vortex rings in other contexts,
like in the Gross—Pitaevskii equation [2,26]. The law for the interaction of nearly parallel
vortex filaments has been studied in [29, 39]. Our configuration of multiple helices falls
out of the framework considered in these papers.

Helical flow can be understood as an interpolation between no-swirl axisymmetric
flow and two-dimensional flow. This interpolation explains the analogy between phenom-
ena related to a single vortex ring and a single translating-rotating helix. However, this
analogy breaks down at the level of multiple filaments, as demonstrated by the construc-
tion in [17] of several helices with centers localized at the vertices of a regular polygon
— a scenario unattainable with multiple rings. Analogies and differences between mul-
tiple vortex rings and multiple helical filaments seem less clear. In this context, our result
demonstrates that this analogy persists for multiple filaments in the case of a cluster of
vortex rings and rotating-translating helices, provided this occurs far from the origin.

As we already discussed, Theorem 1.1 follows from proving the existence of a function
W and a non-linearity F to solve (1.19) and (1.20). This is what the rest of the paper is
devoted to. In Section 2 we find a smooth stream function W solving approximately

N
—div(K(X)VW) ~ Y Kib(a.by)-

i=1

in coherence with the expectation (1.20). In Section 3 we choose the non-linearity F. It
will be reminiscent of f(s) = e* and the Liouville equation Au + e* = 0 in R? will be
used as a limit problem to describe the profile of the helical filaments, near the centers
of the vortex helices (see (3.7)—(3.8)). We define a first approximate solution in Section
3, and estimate the error of approximation in Section 4. After the approximate solution is
built, we proceed to find an actual solution close to the approximation. The actual solu-
tion is found using the inner-outer gluing method, which has been used in several other
contexts. References for problems related to inviscid incompressible fluids are [16] for
the problem of point vortex desingularization for the Euler equations in dimension 2, [18]
for the leapfrogging of vortex rings, and also [17]. Since the interaction among differ-
ent helices is strong (as their relative distance is small), it is relevant for us to pose the
inner-outer gluing method so that these interactions can be controlled. Section 6 contains
two basic elliptic linear theories which are at the core of the resolution of the inner-outer
scheme. Sections 7 and 8 are devoted to finding an actual solution to the problem, where
the choice of the centers of the helices to solve (1.13) plays a central role.
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2. Finding the approximate stream function

Leth > 0,r9 > 0, k1, ..., kN be given numbers, and define « to be the constant defined
in (1.14).
The rest of the paper is devoted to finding a solution W to the semi-linear elliptic
equation
V. (KVW) + F(\D - %Hog el |x|2) =0 inRZ @.1)

More precisely, we look for a non-linear function F and a solution W to (2.1) with the
property that, if we set

o
W) = F (W = Slloge |x]?),

then
N

W(x) ~ 8x Z kjép;, ase—0, 2.2)
j=1
for some P; € R?. The points P; are assumed to be close to each other and collapse to
the same point, as ¢ — 0. We assume they have the form

~

P o .
p_,.=(ro+s,o)+|log’8|, P=(Pi,....,Py), P =(Py,...,Py). (2.3)

We assume the following bounds on s and P:

log|log ¢|

1P| 51, |s| S (2.4)

|log &

In other words, we look for the stream function W to have the asymptotic behavior
N
W(x) ~ Y kjW;(x), with—V - (KV¥;) ~ 878p,, as £ — 0.
j=1

We expect each function W; to be, locally around P;, an approximate Green’s function
for the operator V - (K'V-) in R2.

This section is devoted to analyzing the approximate Green’s function for the operator
V - (KV-) in R? and to constructing an approximate stream function for the N -helical
filaments.

2.1. Approximate Green’s function for the operator V - (K V-) in R?

The purpose of this subsection is to find an explicit regular function which locally around
apoint P = (a,b) € R? satisfies approximately

-V . (KVV) = 8xép. (2.5)
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For this purpose we need to understand the structure of the operator in divergence form

1 h? +x2  —x1x2 )
L:=-V-(KV), whereK = —«+—— 2 , 2.6
(KV) h2+x%+x§(—x1xz h* +x3 @0

when evaluated around a given point P. We will show that, after an ad hoc change of
variable, the operator L will look like the usual Laplace operator in R? when considered

in a neighborhood of P.
Let us introduce the change of variables
ah b bh a
X1 —a= Xp—b=—oo——171 + —23,

—_— 7 — —12y,
RVIZ+RZ ' R RVt R ' R

where R = +/a? + b2. This is equivalent to saying

VIET R

TR [a(xy —a) + b(x2 =D)], z2= %[—b(xl —a)+a(xy —b)].

Z1 =

We will also use the matrix notation

ah _b
x— P = A[P]z, A[P]= (Rw;f,ij aR) . (2.7)
RiE R

Proposition 2.1. In the z-variable, the operator L takes the form
L= A, + B, (2.8)

where

h2(R? — r2) + 22(h* + R?)
B = < (h? + r2)h? )82121

1 h 2
R) —r?)o,,,
+(h2+r2)((21¢7h2+1e2+ ) ’) 2
Vh? + R? h
-2 a2\ Z1 + R azlzz
h(h? +r2) Vh?2 + R?

z1(h* + R?) + Rh/h% + R2< 2h? s
- 12(h% + 12) et )
Zp 2]’12
_h2+r2(h2+r2 +1)822. (2.9)
Herer =r(z)is
h . h?
r2 = |X|2 = R2 + ZRWZI +L]2(Z), Wlﬂ’l qz(Z) = //ILJ'—{——RZZ% + Z%.
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Proof. The operator L is explicitly given by

po it L ha, o, an
= h2+r2 X1X1 h2+r2 X2X2 T m X1X2
X1 2h? X2 2h?
_ h2 + 72 <l’l2 + 2 + 1)8x1 - n2 T 2 (/’lz i 2 + 1)8x2' (210)

Indeed, using the notation K = (2; gi ), we get

L =V-(KV) = K107, + K203, +2K1207 ,,
+ (0x, K11 + 0x, K12)0x, + (0x, K22 + 0x, K12)0x,
h2 2

S 4 Y

h2 2
_ AN, T, ) M1Y2 g
h2 4 2

B2 42 22 S TR
/’12 2
# (0 () -2 () )on
h? +r2 h? +r2
h2 2
+ (o ()~ (55))
hZ + r2 hZ + r2
where r = |x|. Formula (2.10) follows directly from the facts that

O (%> O (%> - _hz): r2 (1122-}11—12 + 1)

b (D) 0 (522) = 2 (e 1)

Formulas (2.8) and (2.9) are consequences of the following straightforward computa-
tions:

and

a vh? + R? b
8)(,'1 = _—821 - _8227
R h R
b ~/h? + R? a
=g TR
a* (h?> + R?) b? ab Vh? + R2
axlxl = ﬁh—zazlzl + Faqzz - ET Z12Z2>5

_ P+ R a? ab vh? + R?

axzxz R2 h2 azlzl + ﬁazzzz + zﬁ h Z1Z2
ab (h* + R?) ab a’> —b% Vh2 + R?
axlxz = ﬁh—z z1z1 EaZZZZ + R2 h Z12Z2+ L]

The operator B in (2.9), Proposition 2.1, becomes a small perturbation of the Lapla-
cian, when we restrict our attention to a small region around the point P, that in the
z-variable can be described with |z| < &, for a fixed § small. Indeed, in this region the
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operator B has the form

Rh 5 5
B = (“2Ga7 papat + 0z, + 0020

- (ZW%Q + 0(|Z|2))azlzz

R 2h?
B (hm(hz + R2 + 1) + 0(|Z|))3z1
B (hZ _Z|_2R2 (hzzjl_sz + 1) + 0(|Z|2))322-

Equation (2.5) thus becomes
—(A + B)Yy =8nby, Y(z) = V(P + A[P]2). 2.11)

We now choose a regularization of the Green’s function of the Laplace operator A, as a
starting point for the construction of the approximate regularization to (2.11). The regu-
larization we choose is a radial solution of the Liouville equation

Au +e* =0 inR?, / et < 0. (2.12)
R2
All solutions to (2.12) that are radially symmetric with respect to the origin are given by
Iye(z) —2logepn, where Iy, (z) = log m

for any value of the constants € and ;& > 0. Indeed, we have

1 z .
—Arsu = gzuzersu = U(a>, with U(y) =

8
e2u? (1+1y2)?

Hence
—ATg, — 878y, aseu — 0.

Proposition 2.2. For any p > 0, we define the approximate regularization for (2.11) as

3

_ 2
Vu(z) = Tep(2)(1 +c121 + c22]%) + —h(h2 R Hy(z),
1 Rh
cG=z——m75, (2.13)
2 (h2 + R?)>
_ R? ( 2h? n 1)
0= 8(h2 + R2)2\h2 + R2 ’
and Hi solves
R 3
A (Hy) + L =0

@07 + 2P
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We have that
4R(3h* + R?) e2u’zy

+ E3(2),
h(? + R2)3 (242 + [z[2)? 3()

L(Y)(z) = ATey +

where E3 is a smooth function, which is uniformly bounded as eyt — 0, for |z| < & and
any § > 0 small.

In the original variables x, the function v, in (2.13) reads
Wy, p(x) = Yu(A[P]7 (x = P)), (2.14)

where A[P] is the matrix introduced in (2.7). The function Wp ,,(x) is smooth and repres-
ents a good approximate Green’s function for the operator V - (K'V-) in R2. We will use
it as a building block for the construction of a solution to (2.1).

Proof of Proposition 2.2. Let § > 0 be small. We compute
2Rh 2R

B[F€M] = —leazlzl FS/'L - h\/ﬁzzazIZZFsM
R 2
N R2'<1 T 72)9ei o+ E.

where E is a smooth function, uniformly bounded for ex small, in a bounded region for
|z] < 6.
We take advantage of the explicit expression of I'y;, to find

421 421 82?
3, T =—5>5 5 210z == ’
21 e (2) PR 2102,z Dep(2) 22 + |22 + (€22 + |z|?)?
822z,
Zzazlzzrau(z) = W
Using that
7122 = 2?21 Re(z?) 23— 32?21 | Re(2?)
142 4 4 ? 1 4 4 ’
we obtain
2Rh 5 2R 9
Gy ey na e g lan
R | 2h2 9T
_hm( )
B [ 8hR 4R(3h% + RZ)] 21
(h2 + Rz)% h(h? + RZ)% e2u? + |z|?
16hR 23 16R 2123

2+ RY 2+ ZD2 2 + R2)) (2p2 + (222
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_ 4hR z1 n 4R3 Re(z3)
2+ R2)3 A+ 12 ph2 4 R2)3 (21 + |2]?)?
4R(4h* + R?) e2u’z,
h(h? + R2)2 (212 +[z]2)?

We can modify the function I', to eliminate part of the above error. We define

1 Rh
z) =Teu(2)(1 +c127), witheg = —————. 2.15
V1(2) en(2)( 171) 1=3 i+ kD)2 (2.15)
Since
2,2
Z1 £z
(3z1z1 + azzzz)(clzlrau) = —8C1m - Sclm,
with this choice of ¢1, we get
4R3 Re(z3) 4R(3h* + R?) 2uz;

L - AF&
(V1)(2) w T h(h? + R2)3 (€212 + [2]7)? (h2 + R2)2 (21% +z]?)?

+ ¢ B(ersu) + Eq,
where E is an explicit function, which is smooth in the variable z and uniformly bounded,

asepn — 0.
We now use the fact that 250,, ey, (2) = —423 /(2% + |2]?) to write

4Rh 2R

c1B(z1lgu) = c121B(Tey) — Clmzlazlrsu - Clmzzazzrm
_o—R (1 L )F +E
hRZ+ REN | h2+R2) R
R? 242
T 202t R2)2 (e + )l + B

where E; is another explicit function, smooth in the variable z and uniformly bounded, as
eu — 0.

Combining these computations we obtain that the function ¥ introduced in (2.15)
satisfies

4R Re(z) 4RGH+ R uz
L(Y1)(z) = ATgy +
A T2 + R (22 212 h(2 + R2)3 (8242 + |2])?
R? 2h?
B 2(h% + R?)2 (h2 + R2 + 1)1"6“ + E; + E>,

where Eq and E; are explicit functions, smooth in the variable z and uniformly bounded,
aseu — 0.
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Our next step is to introduce a further modification to ¥; to eliminate the two terms
4R3 Re(z?)
h(h? + R2)2 (242 + [z]2)?

R? ( 2h?

T (et I)I‘w and

For the first one, we observe that

R2 2h?
2
A(C2|Z| F&‘M) - 2(]’12 T R2)2(h2 T R2 + 1>Feu
R2 22
= (4"’2 " 2012 + R2)2 <h2 TR 1)>FW

+2c0z - VI + cz|z|2AFW

and choose ¢; as

R? ( 242 n 1)
Cy = .
2 8(h2 + R2)2\h2 + R2

To correct the second term, we introduce

() = / /0 (22 + n?)2 Jrnz)2

W+ - h’ 2y L
52 (82/L +s2)2
it is smooth and uniformly bounded as ¢ — 0, and &,(s) = O(s3), as s — 0. Writing
z = |z|e'?, we have that

It solves

Re(z3
Hi(z) = h1(|]z|)cos 30 solves A.(H:)+ m =0. |

2.2. Approximate stream function for /V-helical filaments

In this section we introduce the approximate stream function for N helical filaments. It is
built as a superposition of the building blocks introduced in (2.14).

Let N be a fixed integer and consider N points Pq, ..., Py of the form (2.3) and
satisfying (2.4). Forany j = 1,..., N, we write

P; = (a;, b)),
we fix positive constants yt;, and we define
Vj(x) = lIJPj,Mj (%),
where Wp, .. is defined in (2.14). Hence, for each j we have
4R; (3h% + RJZ.) sz/sz.zl
h(h? + R})3 (215 + |2])?

L(¥;) = ATy, + + E3(2). (2.16)
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R]- = ‘/a]2.+b]2, Z=A[Pj]_1(x—Pj).

The stream function of N-helical filaments looks at main order as a superposition of
stream functions W; associated to each helical filament.

Since the relative distance of the points P; is of order [log |~!, we multiply each ;
by a cut-off function to get

where

N
No(x) Y kjWj (x),
j=1
where
no(x) = n(|x — (ro, 0)]), (2.17)

with 7 a fixed smooth function with
1
n(s) =1 forsfi, n(s) =0 fors > 1. (2.18)

Using the notation introduced in (2.16), we have

N N
L(’Io ZKj‘I’j) = 1o ZKJ (Arsw +

j=1 j=1
+ g(x),

4R;(3h* + RJZ) 82/1,1221 )
h(h? + R?)3 (25 + |21)?

where

N N
g(x) =10 Y K Es(2) + Yk [L(n0%)) — noL(¥))].
j=1 j=1

The function g has compact support and satisfies
g ()l Loow2) = C

for some positive constant.
It is convenient to slightly modify the ansatz 7 Z_ﬁ-\;l k;W;, adding a term which is
defined globally in the entire space R? to cancel g(x). Let H»,(x) solve

L(H»)+g=0 inR2 (2.19)
For a smooth function /(x) satisfying the decay condition

21y == sup (1 + [x[)*2(x)| < +o0,

x€R2

for some v > 2, there exists a solution ¥ (x) to the problem

LW)+h=0 inR?
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which is of class C 1A (R?) for any 0 < 8 < 1, and defines a linear operator ¥ = 7°(g)
of g and satisfies the bound

W)l < Cllally (1 + [x]?).

for some positive constant C. The proof of this fact can be found in Proposition 6.1.
Using this result we obtain that the solution H to (2.19) satisfies the estimate

|Hae (x)] < C(1 4 |x[?).

In addition, observe that such a solution is given up to the addition of a constant. We define
the function Hj,(x) to be the one which furthermore satisfies

H3¢((x0,0)) = 0.

With this is mind, we get to the definition of a first approximate stream function for N -

helical filaments
N

Wo(x) = no(x) D K W;(x) + Hae(x), (2.20)
j=1

so that

4Rj (3h2 + Rjz) 82/Lj2-(2j)1 )

N
L(Wy) = K'(AF o+
(Wo) WOZ J el h(h2+R]2~)% (€2M]2»+|Zj|2)2

j=1

2.21)

where z; = A[P;]"1(x — P}), z; = ((zj)1, (zj)2). We recall that the definition of g is
given in (2.17). The function Wy is defined in the whole of R? and it is smooth. Recalling
that W; (x) = Wp, , (x), we observe that its definition depends on certain parameters: the
points Py, ..., Py and the scaling positive parameters [y, ..., Ly. We now proceed to
define the non-linearity F in (2.1) and the first approximate solution to (2.1). More spe-
cifically, we will define the scaling parameters p; as functions of the points P;, assuming
P; have the form (2.3)—(2.4).

3. Choice of the non-linearity and construction of the first
approximate solution

In this section we define a non-linearity F in (2.1) with the property that the vorticity W,
defined as o
W(x) = F(\IJ — E|log g| |x|2>,

satisfies (2.2), namely

N
W(x) ~ 8n ZKjSPj, ase — 0.
j=1
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For this purpose we first identify the form of the function
o
Wy — §|10g€| |x|?

near each point P;, and we choose the scaling parameters p; in terms of the points
Py, ..., Py. It will turn out that a convenient choice for p; gives their size of the order

logj ~ logl|loge|, ase— 0.

3.1. Choice of pj in the definition of ¥
We now define the scaling parameters u; to eliminate part of the zero-mode term of the
expression for
Wo(x) — 5 [loge] [x|?
when evaluated around a point P;.

Take § > 0 to be a fixed positive number and consider the inner region around P; to
be given by

|47 (x — Py)| < 3.1)

8
lloge|’

where A; is the matrix introduced in (2.7). We take § < —‘HhZJrrz%, where d was fixed
in (1.10), so that for x € R? satisfying (3.1) then 19(x) = 1. To represent a point in this
region it is convenient to use the change of variables

x— P =A;z, z=c¢euy. (3.2)

Hence

||

< —.
|log e
Proposition 3.1. Ler

2k log i = Z Kk; log

TR = P

X (1+ 1 j[A7H(Pi= Pl + €2, | A7 (Pi = P)|?) + Hae(Pi). (3.3)

Then

1 o 5
(W) — Sltogel [x[2)

Ki

o
= (Lt cviepiys + c2,8 17 |y1)To(y) — 5 —lloge | Pi|* — 4loge — 2log s
1
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hR;
Kith—I-Riz
ki [A7YH(Pi — Py _
_ 2_141_11—’(1 + 1,471 (P — Py
il |A7H (P — Py)? 2 2
+ 2,147 (P = PpIP)

Kj 8 1
—|—E —log ———— i +2c i[A7 (P — Pj
< P g |AJ-_1(P,' — Pj)|4{61’1 2,47 (P 1)

+ ey1 i [llog g| (4(:1,,- —o ) —4cy,; log p;

1
L0 V(P
1
ki [A71(Pi = Pi) ]2 _
+8y2,bL,|:—ZK—]4|AI_1(P—P)|2(1+C1,1[A]1(P,_Pj)]l
LAY i |2
J#Fi J J +C2’j|Aj_1(Pi _ P])|2)
Kj 8
+Y 2% dog s [A7 (P — P2
; AN P - Py
1
+ ;(Ai 0.1)7)- VHze(Pi):|
1

+ O(log(| A7 (P — P)DIyPe®ud),  for|z| < :
|log e

Observe that, since the points P = (Py, ..., Py) satisfy (2.3)—(2.4) we recognize that
log ,uiz = log(|loge|)m;(P), ase — O,

where m;(P) are smooth functions, which are uniformly bounded together with their
derivatives, as ¢ — 0. We define

n= maxN Wi (3.4)

.....

Proof of Proposition 3.1. Fixi € {1,..., N} and let A; = A[P;] be the matrix defined in
(2.7). Under our assumptions on the points P; in (2.3)—(2.4), and recalling that

1 ~ -~ ~ ~
Pi=@o+s5.00+—PFP, P =(ai.b;i), Pi=(a.b).
[log ]

we have

b; a;

R; R;

i h? R,-2 bi A/ h? R,-2 /
A7t = i ) _ st o) | loglloge] o
' 0 1 llog &

and fori # j,

_ 1 0 log|log ¢
ATYA: = =L =Tl 1y oo
i (0 1)+ lloge] "
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where ffi and /;; are 2 x 2 matrices whose entrances are smooth functions of (s, d;, l;,-),
and (s, d;, 13,~ L4j, l;j) respectively, which are uniformly bounded as ¢ — 0.

In the region |z| < ufm’ where z is introduced in (3.2), we have the following expan-
sion for Wy, as ¢ — 0:

o
Wo(x) - Sloge] x|

o
=Kk;To(y) — 5|log8| | P;|? — 4k, log e ;i
3

4R;
— 4u; log e (criyiepi + c2i8° i |y1?) + i WHU(SM)’)
12

R;h o
————epiy1 — - llogele’ 7| Aiy|?
Vh? + R;
+ ki (criepiy + 2,8 u?1y[*)To(y) + Hae(epi Aiy + P;)

8 _

+3 ks 1ogm(l + 1 [A7 (P — Pl

vy i i — Ly _

J#i J +cz,j|Aj1(Pi—Pj)|2)

ATV (P — Py)- A7 Ary

DAy e (1 e 47 (P = Pl

oy |Aj (Pi — Pj)| —1 2
/ + 2,147 (P — P))I?)

— «|loge|

8
Kjlog ——————{c1 ;[A7 A
+Z j g|A;1(Pi—Pj)|4{ L[4 Ajyh

7 + 202 ;AT (P — Py) - AT Ay bepu
+ O(log(| 47 (P — P)DIAT Aiy e ). (3.5)
where the constants ¢y _j, ¢»,; are defined as in (2.13), namely
1 Rih
CLj=5-———3,
2 (h? + R})2
2 3.6)
R; 2h?
C2,j = ( + 1),

8(h? + R3)2\h2 + R?

with Rj = ,/ajz + bjz

To get expansion (3.5) we have used that for small z, |z| < one has

8
[loge|*
Loy, (A7 [Aiz — (P — Py)])
8
=lo

S @R A Az — (P =PI

lo 8
S AP = P

2A;1(Pj—Pi)-AJ-_1A,'Z |AJ~_1A1'Z|2+82/LJZ~>

|47 (P — Pi)[? |47 (P — Pi)|?

—2log(1 -
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8 AP —P))
= log ——=; 7+ il( LA iz
|45 (P = i) |47 (P — P
(€2M12 + |A]-_1AiZ|2>
|47 (P = P)I?

ase — 0.
Observe that in the region we are considering, we have the validity of the following
expansion:

Hao(Pi + epiAiy) = Hao(P;) + epti(Aiy) - VH2(Py) + O(2 7|y 1),
Hii(spiy) = O p|y?), ase —0.

We now define the scaling parameters p;, to eliminate part of the zero-mode term of the
expression in (3.5). Inserting (3.3) into (3.5) we conclude the proof of the proposition. m

3.2. Choice of the non-linearity F

We now choose the non-linearity F in (2.1) which gives a vorticity W satisfying (2.2).
We let

N
_¢ 2\ 22558 p (L 2
F(\Il 2|10g@| | x| ) = ;s J K]F](Kj (\IJ 2|log8| | x| )), 3.7
where
Fi(s) = 0/ (s) f(s), where f(s) = e, (338)

Here 7/ are smooth cut-off functions defined as follows.

Consider the boundary of the inner region around P;, as defined in (3.1). Using the
variable y in (3.2), this boundary is defined by |y| = §/(u;¢|log &]). On this boundary we
have

1 o
—(Wo(x) — S [loge| xI?)
Ki 2

aR?
=—3 “|loge| + 4log[loge| 4 2log j1; + log8 —4logé + o(1),
Ki

where o(1) is with respect to & — 0. Then we choose the cut-off function ' such that

R?
' 1 fors > —O;Tfﬂog | + 4log|loge| + 2log pu; + log 8 + 2d; .
7 (s) = A (3.9

oR;
0 fors <-— 2’; [loge| + 4log|loge| + 2log u; + log8 + d; ¢,
1

for suitable d; , = —41og§ + o(1) so that

2

! o
if — _ 2 — ',1 _ p.
(i (o0 = Fhogel I¥2)) = 1 for |47 = P = o
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and

1 o
"= - = 2)) = “1(x — P,
U (Ki (‘I’O(x) 5 [log &| [ x| )) 0 for |A;'(x — P;)| >

Here, § is independent of ¢ as in (3.1) and can be taken smaller if needed.

4. Estimate of the error function

Let us define the error function to be

N 2
S[W](x) = L(¥) + Zgz‘VijK,-Fj(%(qf - %|10g8| |x|2)).
J

ji=1
A solution to (2.1) would correspond to a smooth function W such that
S[¥](x) =0, xeR%

Our purpose is to estimate
S[Wo](x) forx € R2,

~ [loge|

568

4.1)

where Wy is the approximate stream function for the N-helical filaments introduced in

(2.20).
Proposition 4.1. Let § > 0 be given. There exists C > 0 such that

1+o §

|S(W)| < C in the region |A;7 ' (x — Pi)| > ——, Vi=1,...,N, (4.2)
L+ x| [log €]
for somev >2and o € (0,1). Fori = 1,..., N, in the region
|47 (x — P)| < ——.
|log ¢
we have
e; logllog g|

2U?|S(Wy)| < C ==
SOl = C ey

4.3)

for some a € (0,1). In (4.3), y is the scaled variable in the inner regions x — P; = Az,

Z = €gWUY.

Proof. In order to prove this, we will first analyze S[Wy] in regions that are close to each

vortex point P;, and then in the region which is far from all the points P, .
be more precise.
We split the inner region around P;, as described in (3.1), into two parts:

2 2

A7 (= Py)| < <147 (x = P)| =

and <
|log ] [log ]

lloge|

.., Py.Letus
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Assume first that |A7'(x — P;)| < |108_g25|' According to (3.9), we have ' = 1 and

n/ = 0for j # i, so that the non-linear term in the expression of S(¥,) becomes

Ze 2 ’KF(I(\IJO——|log8||x| ))

'Kf( -(Wo(x) — 5 logel xP%))

[cllsmy1+6218 17 1Y PIT0(3) pelri (P)y1 i +oka,i (P)y2iui]

”z
x exp[O (log(|log &])|y|*e*1?)]

2 MZU(y)[I +epiyi(cr,ilo(y) + A1i(P)) + e y2042,: (P)

1

+ &2 ufca,ily|*To(y) + O(log(lloge|)|y|*eu?)]. (4.4)
with
hR;

Kth2+Rl-2

Kj [Aj-_l(Pi - Pp)h

Ari(P) = |10g£|(4cl,,- -« ) —4cy,; log p;

Kj 8
- VN + _log _—Cl,_' +Y1(P)9
;Ki IA-I(Pi—l"_/)I2 ;Ki A7 (P = P+
]
K (P = Py)lz
Az i(P) = — L4 Y, (P),
2i(P)i==3 T |<A o pyp T )

J#i
where Y (P) and Y, (P) are smooth functions, uniformly bounded as ¢ — 0 for points
P = (Pq,..., Py) satisfying (2.3)—(2.4).
In the expression of #4; ; the term

—4cy; log i + Z L log

s ——— S |
el RV R

is a smooth function of the points P; which can be described as log|log ¢|Y1(P), where
Y, (P) denotes again a smooth function, uniformly bounded as ¢ — 0 for points P =

(Pq,..., Py) satisfying (2.3)—(2.4).
In addition, if we insert the definition of ¢ ; as given in (3.6), we write +4; ; (P) as

hR; hR;
A1i(P) = |10ge|(2 -« )
V2 + RS i /h2 + R?
-y Kj [471(P: — Pl
2 AP = PP

+ log|log e| Y1 (P), 4.5)

where again Y; (P) denotes an explicit smooth function, uniformly bounded as ¢ — 0 for
points P = (P, ..., Py) satisfying (2.3)-(2.4).
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For later purposes it is relevant to observe that
A1 = log|loge|Y1(P), Az = |loge|Ya(P), (4.6)

under the assumption that the points P; satisfy (2.3)~(2.4). As before, Y{(P) and Y2 (P)
denote explicit smooth functions, uniformly bounded as ¢ — 0 for points P = (P, ...,
Py ) satisfying (2.3)—(2.4).

A direct computation shows that in the region

<|A7'(x = Py)| < we have

|1 EI

Ze R <1<\I/o——llog8||XI )) = 5 £ (2 (v~ logel I+

= 0(?u?llogel*).
On the other hand, we recall from (2.21) that
4R;(3h2 + RD)  e243(z) )
h(h? + R3)3 (25 +12;17)

Ilog e

N
L(Wo) =10 Y_ k7 (ATey; + @)
j=1
where z; = A[P;]"'(x — P}), z; = ((zj)1, (zj)2). For i fixed, in the variable z =
A[P;]"1(x — P;), the above expression becomes
4R;(3h* + R?)  &piz )
h(h? + R2)3 (e2pf + |z]?)?
882/,L2

+ 1o K'( - -
jé; TN(@ud + A7 Aiz + A7H(P — P)?)?

L(\I”O) = nOKi(Araui +

4R;(3h* + R?)  ui[A7 Aiz + AT (Pj — P )
h(h? + R2)3 (2] + A7 Az + ATH(P; — P22
Therefore, for the inner part |A7' (x — P;)| < §/|log &|, we have
|:U( - 4R; (30* + Rsl-z) ERi Y1
h(h? + R»)> (1+1y]?)?

where y is the variable introduced in (3.2),

L(Wo) = — } L O@EWlogelh).  (4.8)

x—P =¢euiAy.

Combining (4.4) and (4.8), we conclude that in the region |Ai_1 (x — P;)| < 8%/|log e
we have

B R;(3h* + R?)
S(Wo) = - Mlz U()’)[Eﬂzyl(cl ilo(y) + W

+ &4i y2Az,i(P) + € i e il yPTo(y)
+ O(log(llog ) y2e*u) |
+ O(e? 1 |log e|*), 4.9)
with p given by (3.4), and S by (4.1).

A1i(P))



Cluster of vortex helices in the incompressible three-dimensional Euler equations 571
Consequently, in the region % <47 x = Py)| < \IOSW’ we have
S(Wo)(x) = O(>[logel*).
Estimate (4.3) uses the above estimate, and (4.5)—(4.6).
Let us consider now the region defined by

A7 (x = P)| > ——,
|log &

In this outer region, all cut-off functions 1’ are zero, see (3.9), hence S[Wo](x) = L(¥y).
A direct inspection of (4.7) gives

22

L(¥)| < C—1—

for some C independent of ¢, v > 2 and p is defined in (3.4). This concludes the proof of
Proposition 4.1. u

Estimates (4.2) and (4.3) will be crucial to carry on the inner-outer gluing procedure
leading to an exact solution of (2.1). This is what we discuss next.

5. The inner-outer gluing system

This section describes the inner-outer gluing scheme to find an actual solution to (2.1).
We look for a solution W(x) of the equation

S[¥] == L[¥] + F(¥) =0 inR?, (5.1

where

N
_ 2R o] o 2 —
F =3 F (o (= Fogel k). fo) = .
Consider the approximate solution Wy (x) in (2.20). The function ¥y is defined in terms of
scaling parameters (1, ..., uy given by formula (3.3) and points Py, ..., Py satisfying
(2.3)—(2.4). We refer to Sections 2 and 3 for the construction of Wy. We look for a solution
W to (5.1) of the form

W(x) = Wo(x) + ¢(x). (5.2)

where @ is “smaller” than Wy. The inner-outer gluing procedure starts with choosing ¢ of
the form

N
P(x) =Y 0 ()i () + ¥ (x). (53)

i=1
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Here,

llog el [ 47! (x — Py
ni = 77( s )
1
for some §; < §2, with § fixed in (3.1) and 7 defined in (2.18), and y denotes the scaling

variable )
AT (= Py)

= ”
In terms of ¢(x), and using the decomposition (5.3), problem (5.1) takes the form

S(Wo+¢) =0 inR?,
N

N
S(Wo+¢) =Y Ui[L[¢i] + F'(Wo)(¢i + V) + S(¥o) + No(Zm‘d)i + W)}

i=1 i=1

N

N
+ LIyl + (1 - Zm)[F’(%)w +Eo + No(qus,- + w)]

i=1 i=1
N
+ Y (LImigi] — ni L)),
i=1
where

No(p) = F(¥o + @) — F(¥o) — F'(¥o)e.
with

N
_@ p2 . 1 o
F' (W) = Zsz 2 Ri n’f’(;(\llo - §|log8| |x|2))
i=1 !

Thus W given by (5.2)—(5.3) solves (5.1) if (¢, V) := (¢1, ..., PN, V) satisfies the
system of equations

N
L(gi] + F'(Wo)(¢i + ¥) + S(Wo) + No(zflﬂﬁi + 1/f)

i=1

=0, for|A7'(x—P)|< 2;81! (5.4)
llog e
and
N
LIyl + (1 - Zm) [F'(%)w + Eo + NO(Z nigi + w)}
i=1 i=1
N
+ Y (Lnig] —niL[$s]) =0 in R, (5.5)
i=1

We will refer to problem (5.4) as the inner problem and to (5.5) as the outer problem.
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i p.
Let us write (5.4) in terms of the variable y = Lip’). From (2.8) we have

el

1 _
Ligi] = W[Ayﬁbi + Bi (y)[¢i]l.

573

where B;(y) = ¢ 2u?B(epiy) and B is the operator given by (2.9). Using estimate (4.4),

we get
) 8
&’ i PF' (Vo) = e 4 b, (¥).  with To(y) = log 1+ |y2)2
where

bi(y) = e"P[epiyi(c1,iTo(y) + A1, (P)) + et; y2ha,i (P)

+ & piea,ilyPTo(y) + Olog(llogeD)ly*e’ud)].  (5.6)
Consequently, using (4.5)—(4.6), we have
o ek logllogel
bi(y) = (-7 . ) 5.7)
so the term log|log e| assumes that the points P; satisfy (2.3)—(2.4).
By estimates (4.3), we obtain, in the region |y| < ﬁége\’
B = 212 S[Wy] = (L logllo e|) (5.8)
- /"L 0 l+| |2+a g g *
for a € (0, 1). Similarly, using estimate (5.7) for b;, we get the expansion
1
Nilg) = euiNo(@) = —(e" + b; (7). (5.9)
14
Then, multiplying the inner problem (5.4) by &2 /,Liz, we get
Aydi + ¢ = —Bil¢i] - Hi(¢. ) in Br, (5.10)
where R = ﬁ;gs‘,
N
Hi(p.¥) = M(Zﬂifﬁi + 1/f) + Ei + (" + by
i=1
and
Bilpi] = Bi(y)[¢i] + bi(y)¢i. (5.11)
Note that
Bi(y) = ( m(ﬂh)’l) + 0(|8/Lz)’|2)) v + O(eriy1*)dy,y,

R;
— (2}1\/}12: eiy2 + O(lepiy| )) y1y2
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epi R; 2h? e
(h\/hz +R? (hz TR 1) + Oen)*1yD) )y,
3 ((wi)zyz
h? + R?

2h? 3 12
(s +1) + 0’ P)os. (5.12)

The idea is to solve equation (5.10), coupled with the outer problem (5.5) in such a
way that ¢; has the size of the error E; with two powers less of decay in y, say

Ceuilogllog gl

(14 [y Dyi (¥)| + i (¥)] < 1+ |y

Recall that the basic linear operator Ay ¢ + eT0¢ in (5.10) has a three-dimensional kernel
generated by the bounded functions
aly
Zi(y) = Pl 12, Zo(y) =2+ y- Vo). (5.13)
1

This fact suggests that the solvability of (5.10) within the expected topologies depends on
whether the right-hand side has components in the directions spanned by the Z;. Instead
of solving (5.10) directly, we will solve the auxiliary projected problem instead, for i =
I,....,N,

2
Ayi + i + Bi(@i) + Hi(p.y) = >_c;je™PZ; i Bp, (5.14)
j=1

for some constants ¢;;. We solve (5.14) coupled with the outer problem (5.5), which can
be written as

Lyl + Gy, ¢) =0 inR? (5.15)
where N
G(.¢) = V()Y + N°(p) + E°(x) + Y _ Ailg], (5.16)
i=1
with
N N
v = (1= X ) P ¥ = (1= 0 )Note),
i=1 i=1
N
E%(x) = (1 By m)S[wol, Adlts] = Lindds + Koy (005,110, 61
i=1

where Ky; are the coefficients of the matrix K defining the differential operator L; see
(2.6). By (4.2), the following bounds hold:

[V(x)| < O((ep)*[logel*).  [N°(¢)] < O((sp)*[loge|*|p]?).

5.17
|E%(x)] < O(e'?). G170
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In order to find a solution of (5.1), we will need to solve
Cij = Cij[d),lﬂ] =0 fori = 1,...,N,j =1,2.

This can be achieved properly choosing s* and Pi,.... ﬁN in the form of the points P; as
given in (2.3), under the bounds (2.4). In Section 6 we will establish linear results that are
the basic tools to solve system (5.14)—(5.15). Section 7 is devoted to solving (5.14)—(5.15)
by means of a fixed point scheme, and Section 8 to adjusting the points to get ¢;; = 0 for
alli =1,...,N,j =1,2.

6. Linear theories

This section collects two results. The first one regards the solvability of the outer linear
theory, and the second the inner linear theory. They were obtained in [17]. For complete-
ness we state them here and give a sketch of their proofs in Appendix A.

6.1. Outer linear theory

Consider the Poisson equation for the operator L,
LIyl +g(x) =0 inR?, 6.1)

for a bounded function g. Here L is the differential operator in divergence form defined
in (2.6).
We take functions g(x) that satisfy the decay condition

lglly := sup (1 +[x])"|g(x)] < +oo0,

x€R?2
where v > 2.

Proposition 6.1 ([17, Proposition 7.1]). There exists a solution W (x) to problem (6.1),
which is of class C VB (R2) for any 0 < B < 1, that defines a linear operator y = T°(g)
of g and satisfies the bound

[y ()| < Cligllv (1 + |x]?), (6.2)

for some positive constant C.

6.2. Inner linear theory

In this section we consider the problem

Ap + Mg L h(y) =0 inR2 (6.3)
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For numbers m > 2,0 < < 1 we consider the norms

Allm = sup (14 |yD™[h(y)I.
yeR® (6.4)

IBllm.p = 1llm + (1 + [y D™ P [h]5, (10,8,
where we use the standard notation

hlas = sup |h(21)_h(22)|7

Z1,22€A |Zl - 22|B
and A is a subset of R2. We recall the definition of the functions Z; (y) in (5.13):
Zi(y) =0y, To(y). i =12, Zo(y) =2+y-VLo(y).

Lemma 6.2 ([17, Lemma 6.1]). Given m > 2 and 0 < § < 1, there exists a C > 0 and
a solution ¢ = T [h] of problem (6.3) for each h with ||h||;, < +00 that defines a linear
operator of h and satisfies the estimate

(1 +[yDIVeO)| + ¢
2
+A+DY

[z,
j=1"R

L+ |y|>2—'"||h||m] ©5)

< c[log<2+ M)'/thzo

In addition, if ||h||m.g < +00, we have

(1 + [yP*A) D218, 0.8 + (1 + [y P)D3S ()]

[ .z,

2
< closz+ b [ 1zo| + 0+ 10D Y
j=1

L+ |y|>2—'"||h||m,ﬁ} 6.6)

For a fixed number § > 0 and a sufficiently large R > 0 we consider the equation
2
Ap +e™¢ + Bi[p] + h(y) = Y cije™Z; in Bg. (6.7)
Jj=0

For a function / defined in A C R? we denote by ||A|n,p,4 the numbers defined in
(6.4) but with the sup taken with elements in A only, namely

I72llm,4 = sup [(1 + [yD™h(¥)I,
yeA
tllm.p.a = sup(L+ [y P [W]Bey.yna + [hllm,a-

yeA
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Let us also define, for a function of class C %% (A),

Ipllsm—2,4 = ID>*@llm,p.4 + [ DPllm—1,4 + lI¢llm—2,4- (6.8)

In this notation we omit the dependence on A when A = R2. The following is the main
result of this section.

Proposition 6.3 ([17, Proposition 6.1]). There is C > 0 such that for all sufficiently large
R and a differential operator B; as in (5.11) with estimates (5.7) and (5.12), problem (6.7)
has a solution ¢ = T;[h] for certain scalars c;j = c;j[h], that defines a linear operator of
h and satisfies

||¢||*,m—2,BR =< C ”h”m,ﬁ,BR-

In addition, the linear functionals c; can be estimated as

calb) = 1o [ hZo + O™l .5,
R

cijlh] = VJ/B hZj + O(epilogllog e |hllm,p,Brs 7 = 1,2,
R

where y; ' = [po et Z?, j =0,1,2.

7. Solving the inner-outer gluing system

We let X be the Banach space of all functions ¥ € C2-#(R?) such that
[¥lleo < +o0,
and formulate the outer equation (5.15) as the fixed point problem in X,
Y =T°lGW.¢)]. ¥ eX

where 7 is defined in Proposition 6.1, while G is the operator given by (5.16).
We formulate the projected problem (5.14) as the one of finding (¢;, ¢;; ), where

@i = ¢i1 + Po

with
2
Ay + €@y + Bilinl + Bilgio) + Hi(p.¥) = Y _cije™Z; inBr, (7.1)
j=0

where Z; are given by (5.13), and

Aydio + €F0¢i,2 +ci0e'°Zy =0 inRZ. (7.2)
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Problem (7.1) is formulated using the operator 7; in Proposition 6.3, with

cij = cij[Hi(¢.¥) + Bi(¢i2)], j =0,1,2,
i1 € X, ¢in = Ti(Hi(¢.¥) + Bilgi2]),

where X, is the Banach space of functions ¢ € C2#(Bg) such that

@1l 4m—2,Bx < o0

(see (6.8)).
Problem (7.2) is formulated using the operator 7~ in Lemma 6.2,

$i2 = TleiolHi (9. V) + Bi(i2)]e™ Zo:
in fact ¢; » is a radial function satisfying

41y2—1

$i20) = coolHy @ 9) + B2 (37

8
3y|2+1

log(1 + [y*) —

). (1.3)

Having in mind the a priori bound in (6.5), (6.6) in Lemma 6.2, it is natural to ask that
$ip € CHP(R?),

[@llxx,p = sup [+ [YPH)ID; 18, 0y.8 + (1 + [Y)IDE ()

yerz log(1 + [y|)
+ 1+ yDIVeD)| + o] (7.4)

and denote by X, the Banach space of functions ¢ € C2-# with ||¢|| wx,8 < OO.

Proposition 7.1. Let § € (0, 1). There exist positive constants C and o1 > 0, functions
Vv eXd=(@1,1,....01,N) € XN, ¢, = (P2,1,---.92.N) € XN, and constants Cij»

i=1,...,N, j =12, solutions to (5.15)—(7.1)~(7.2) such that
[Wlloo < Ce™, @i llm—2,8, < CRT',

L (1.5)
Iiollaxp < CR™, i:=1,....N,

with R = 281 /(e |log gl).

Proof. Problem (5.14)—(5.15) consists in finding ¥, @1, ¢, solutions of the fixed point
problem

(. 1. $2) = AW, $1. ¢2) (7.6)
given by
= TG, ¢1 + )], ¥ € X°,

di1 = T;[Hi($1 + ¢2.¥) + Bi(di2)].  ¢i1 € X, (7.7
= TleiolHi (@1 + ¢2, ¥) + Bi(¢i2)]e° Zol, iz € Xuw.

<
|

e
N
|
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Let m > 2 and define

By = {(y.¢1.42) € X° x XN x XN :
¥ lloo < Me'™ ', it llm—2,8, < MR™',
Ipiollinp < MR'™, i =1,....N}, (7.8)
for some positive constant M independent of ¢ and 0. We will solve (7.6)—(7.7) in Byy.

We first show that A(Bps) C Bps. Assume that (v, qSl,qu) € Bjs. We first want to
show that A(V, @1, $2) € B. By definition of X, and X, we have

loge
Ai(¢i) < . (|10g8|2|¢i,1 + ¢ia2l + log ||Dy(¢i,1 +¢i,2)|)
1+ |x| el
R?*™™|log &|? [log ¢|3
<= T i lleme bl B )FY
= T li,1ll%.m—2,8z + T e 1,21l xx,8

for some v > 2 and for x in a subset of B((xg,0), 1), and A;(¢;) = 0 elsewhere. From
(5.16) and (5.17), we get

|GV, 1 + ¢2)|
N
= J14b . 12, 2
ST’ (1 + ;k]ﬁm + Giplni + V7 + |W|)

N

+ lloge> > “(R*™™ it lwm—2.85 + [loge] §illexp).  (7.9)
i=1

C
I+ |x]v
From Proposition 6.1, we get

[¥lloo = IT2(G(, ¢1 + ¢2)]loo < Ce' 1, (7.10)

where 01 = min{h, m — 2 — ¢} for ¢ > 0 small. From (5.9), (5.8), we get, for some
a € (0,1),

|Hi ($1 + 2, ¥)| < | Ei| +

8 ( 1 Ceu; 10g|logs|)|w|
L+ yPAN1+1yP) (1+ 1yl

N
(w Y miial? + |m¢,-,2|2)), @.11)

i=1

L cC
(1+1yh*

where logll |
~ e loglloge
Ei|<C——F"-—"—.
il = C Ty

Using the assumptions on ¥, ¢; 1, and ¢; », we get

| Hi(¢p1 + ¢2.¥) |m.p.Br < Cepiloglloge| < CR™, (7.12)



1. Guerra and M. Musso 580

form < 2 + a. From (5.11), (5.7), and (5.12), we get

log|log &|

2
Bildrall = Cepa(1Ddnal + 1Dl + 0 e

9ial).  (713)
and using again that m < 2 + a, we have

I B: (@i.2)lIm.8,8x < CR™ ||¢i2llsx,p + CR" log|log el |2 [l x,8
< CR"?|¢izllxxp. < CR7", (7.14)

and from Proposition 6.3, using estimates (7.12) and (7.14), we find that
i1 llm—2.8, < CR™". (7.15)

Now using (4.9), (5.6), and the fact that ¢; > is radial, we have
/ EiZy= O(*u?logel),
Bpr
| Bii220 = Ollguallew s Ro(euiloge).
R

In addition, since fBR eTo0 Zo = O(R™2) and by regularity we have ¥ (x) = ¥ (P;) +
eni Ai y||¥loo for x € B(P;,8/|logel), we get

[T 1+ b, (MY Zo = O(epi |[¥ ]| o)-

Bpr
We also have fBR eM-(va=1 nigi +¥)Zo = O(va=1 i ||i’m72’BR), and consequently
from the definition of Hj,
_ R A ( 1#i2llsxp
[Hi (@, ¥) + Bi(¢i2)]Zo = O ————)-
Br |log &

By Proposition 6.3, we have

ol H: @9+ B2l < RO IHG) + B ) g + O (1212 ),
oge|
Then
lciolHi (9, V) + Bi(¢i2)]l < Cldi2llsxp, (7.16)
while from Lemma 6.2 and (7.16) we get
Ipi2llsx,p < CleioHi($.¥) + Bi(¢i2)]| < CR'™™. (7.17)

Combining (7.10)—(7.15)—(7.17), we conclude that A(V, ¢1, ¢2) € By if we choose M
large enough (but independent of ¢) in the definition of the set By in (7.8).
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We next show that # is a contraction map in Bys. Let ¢/ = Z;N:l ni (d)i];l + ¢,-];2) +
¥/, for j = 1,2, such that (W7, ¢7 . ¢J) € Br. Let G(¢/) = G(¥/ , ¢/ + ¢3) and observe
that

1G(¢") = G(@?)| < V() (@' —v?)|

N

+ (1 -y ni)INo(wl) Mo
i=1
N N
+Z|Ai[¢il,1 _¢i2,1]| +Z|Ai[¢i1,2_¢i2,2]|v (7.18)
i=1 i=1

where the terms are defined in (5.16). A direct computation gives

N

VW' — v + (1 - Zm)lNo(wl) ~ No(@?)]

i=1

N
< C(su)zllogSI“(Il/fl 2+ A6 - 0P + 16, - ¢,%2|2))

i=1

and, as in (7.9),

|4i[¢} ) — 2101 < C(IL)Id — @711 | + | Kej0xymid, (911 — 7))

- Csm—z—a . 5
-1+ |x|v ||¢i,1 _¢i,1”*,m72,BR

for o > 0 small. In order to estimate A;[¢) — $2], we observe that
Aylpl, — ¢lal + 1 (T0d) s — ¢75) + ¢lge ™ Zo = 0 inR?,
where
cio = CiolHi (1 + 2. 9") + Bi(¢in)] — ciolHi (@7 + 83.¥) + Bi(972)]-

By definition,
clg = /B [Bi [p5 — ¢7a] + (€700 + by (W' — y?)
00 Eoned +8la)) =2 (w2 et + 42 ) |zody.

Using (5.11) and (5.9), we get

1
Togay 1442 = 9Talles + 1902 = 812l

bl =912 g + 1V =215
+ RV =¥ loo + 0] — ¢4 llm—2,p + 0] — ¢52||**,,3]].

12
lcio | < C[
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Then by (7.3) and (7.4), we obtain
1612 = #72ll e < Clejsl. (7.19)
Now we have
|4i(9i5 = #7211 < C(ILOWI$L, = B2al [ + 1KeyOx,mi0; (55 — 672)])

C|log8|
=T 1+ |x|v ||¢12 ¢i2,2||**,[3-

Combining all these estimates in (7.18), we obtain, iterating (7.19), that

Ce
66 - D = 128 (197~ VPl + 3 10y b2
i=1

C N
+— E 1 2 e g,
1+ |x]" [loge| = 12 = Pzl

From Proposition 6.1, we have

N
171G (e")] — TG (H)]lloo < Cs%(nvﬂ —2lloo + Y _ I} —¢il||*,m_z,BR)

i=1
N
c
|— > Nty — b llwnp- (7.20)
=1

for some 0 > 0. Now let T; (¢/) = T;[H; (¢! + 3. v7) + B; (¢i{2)] for j = 1,2. Then
by Proposition 6.3,
ITi(@") = T: (@) |« 2.5z
< C[IH; @1 + b3 ¥") = Hi( @7 + 839 Im.p.5x + | Bi (b = 672 llmp.5s ]
< ClIY" =¥ loo + 1672 = 822l p + 1001 = 8211 s p + IV = V2115
T = V2o + 1981 — 071 lem—.p + I19E2 = 922 len ]
+ R"2lldj = ¢ llen ]

As a consequence, using (7.19) and (7.20), we get that +4 is a contraction mapping in Bz
and problem (7.6)—(7.7) has a fixed point. ]

8. The reduced problem

In Section 7 we proved the existence of a solution (¢1, ..., $n, ¥) to the coupled system
of equations

2
Ayi + f'(To)pi + Bi(¢y) + Hi(p.y) = Y cie™PZ; in Bg,
=1
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fori =1,...,N,and
LYy + G.¢) =0 inR?,

The solution is described in Proposition 7.1, and estimates are contained in (7.5).
In order to obtain an actual solution to our main problem (5.1), we need to show that
the reduced system

Cij =Cij[Bi(¢i,2)+ H,((f),l/f)] =0 fori= 1,...,N,j =1,2,

can be solved provided the points Py, ..., Py in (2.3)—-(2.4) are chosen properly. From
Section 7 we get that || B; (¢;2) + H; (¢, ¥)lm.p,Bx < et log|loge|. Hence from Propos-
ition 6.3, we obtain that

Cij = VJL [Hi (¢, V) + Bi(¢i2)]Z; dy + &' TOY(P),

for some o > 0. Here, and in the rest of this section, by Y(P) we denote a smooth function,
uniformly bounded as & — 0 for points P = (Py, ..., Py) satisfying (2.3)—(2.4). The
specific expression of this function changes from line to line, and even in the same line.

In addition, since H; (¢, V) = N; (vazl nidi + ) + E; + (eX° + b)Y, using estim-
ates (7.11) and (7.13), we find

/B [M(i’?id’i + 1/f) + (" + by + Bi(¢i,2):|zj =& T7Y(P).
R i=1
This fact implies that solving the reduced system ¢;; = 0 is equivalent to proving
/B EiZjdy =&'t°Y(P) fori=1,...,Nandj =1,2. (8.1)
R
Formula (4.9) gives a rather explicit expression for E;, which is used to get

/ .21 dy = epis[MFLi (P) + log(llog e ) MY(P) + Grs (P,
Bgr

where M = [p> U(y)y1Z1(y) dy,

(47 (P —Pj)ll}

Ri Ri
F1i(P) = —[mgs(z _p +y L4t
’ VA+R)? /14 R ; ki |A7H(P — Pp)I?

and
R;(3h* + R?)

M + eu; Y(P).
2h(h? + R2)3 Y

Gl,,-=c1,i/ UToy1Zs dy +
]RZ
On the other hand,

/ EiZydy = epii MIF2i(P) + Y(P) + epuiY(P)).
Br
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where .
- [A7 (P = Pj)]
Fay = —[Z K_f4f_1’—f§],
o Ki IAj (P; — Pj)|
Now we recall the form of the points Py,..., Py asin (2.3)—(2.4):
. b
P; = (a;,b;) = (ro +5,0) + (@ l), R; = \/a? + b?
[log &]
and define

f’i = (V h? + rgfli,l;i)~
Inserting this information in (8.1) we obtain that the reduced problem is

K (P = P)li _ logllogely py (8.2

(2 MRy o MR ) +4y
V2 + R kivVh?+ R? k(P =P [logel
T JP =Pl Y(P)

S = , (8.3)
S ki | = Py)|2 [loge]
where again Y(P) denotes a generic smooth function, uniformly bounded as ¢ — 0 for
points P = (Pq,..., Py) satisfying (2.3)—(2.4).
The non-linear system (8.2)—(8.3) is a perturbation of the following limit problem
(1.13), which for convenience we write using complex notation:

Kj hro hro
Z =« — —« (8.4)
PP 2 (h2+15)3  4Vh2 +
fori =1,...,N. Here P; = (P;,P;,) is identified with the complex number P; =

Pj,l + in,z.
Foralli = 1,...,N,letF;: C¥ > C be the ith left-hand side in (8.4), that is,

P =) 5 K"P' fori =1,...,N,

gAY
and let U; denote the right-hand side of (8.4),
hr() hr()
Ui(ro) = (/0 —a )
’ D2 a2+

The point PO satisfies
Fi (P°) = Ui (ro).
We can explicitly calculate the derivative of F at P, and we get
—Z,N=2 i Thi k2T12 knTin
dFpo = k1121 —Zf\]:u;ez kiTa; - knTon ,

N—1
k1Tn1 k2TN2 s =iy kiTNi
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where T;; =1/(P? — P_?)2 = Tj;. A direct inspection gives that the vectoreg = (1,...,1) €
C" is an element of the kernel of d Fpo. The non-degeneracy assumption on the point P°
means precisely that this is the only element in the kernel.

We look for a solution to (8.2)—(8.3) as a small perturbation of P°. Let q = (g1, . ...
gn) € CV, and redefine 13] in complex variables: we write

Pi=P)+q;, j=1...N,
and then the reduced problem (8.2)—(8.3) can be written as
Fi(P) = U(R)) +6;. i=1,....N, (8.5)

with Re(6;) = loﬁggille(P) and Im(6;) = a|Y(P) where Y(P) again denotes a

smooth function, uniformly bounded as ¢ — 0 for points P = (Py, ..., Py) satisfying
(2.3)-(2.4). We have the expansions

F(P) = F(P°) + dFpo(q) + O(|q?)
and

Re(P? + gi) )

Vg + h?|log €|
lq] |s]
+0((|1q s |) )+ 0(|lo;s|)'

Ui (Ri) = Ui (ro) + U,-’(ro>(s +

Thus (8.5) takes the form

h? —2r2 h?
(h? + r2)z 2 (W2 +rd)2

where e; = (k1,...,kn) and § (s, q) is a smooth function, with §(0,0) = 0, D4§(0,0) =
0,and Ds§(0,0) = o(1) as e — 0. In addition, Re § (s, q) = 0(%) andIm¥(s,q) =
0(@) as ¢ — 0, in the range for s and q we are considering. Since dF has a one-
dimensional kernel, we have that the kernel of (dTF)" is also one-dimensional and it is
spanned by e;. From the value of « given by (1.14), the projection of the right-hand side

of (8.6) onto ey is equal to
2 Z K

(h2 +7rd)s
Now we consider the following projected problem:
h[ h?>-2 h?
dEp@ =500, + [ L2, - 2 ]
(h? +r2)3 Yok (b2 +r2)2

G-e — shEEA ZK"S
(h2+r3)2

ZK.Z er.
i

h
dFpo(@) = §(s.9) + 5|

ﬁ-el—s
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Since P is a non-degenerate solution, we can solve the above problem uniquely in q :=
q(s) using the implicit function theorem around (q, s) = (0, 0). From the estimates on §,
we get that |q| < %. Using the Banach fixed point theorem, it is possible to find a
solution s = s* with 5 5
G -e —sh—0 i 2K - =
(W% +rd)2

Since Re §(s,q) = O(M) as & — 0, one has that |s*| < logllog &] e thys get a solution

[log ] [log e
of (8.6),

Re(P?+q; (s*))

ro + s* + —L =2

P — 0 [log &/ h2+r§

=
Im(P?+g; (s*))
[log e

with the expected estimates. This concludes the proof of our result.

A. Proofs of Propositions 6.1 and 6.3

Proof of Proposition 6.1. To solve equation (6.1), we decompose g and v into Fourier
modes as

gx)= Y gl yx)= Y vi(rel?, x=re.
Jj=—00 j=—00
Then 2 2
_ 2 r

Thus this operator decouples the Fourier modes: equation (6.1) becomes equivalent to the
following infinite set of ODEs:

L[] + gx(r) =0, r € (0,00),

A AN (A.D
Liclvi] ;:7(—r2+h2wk) ——h2+r2<r—2+1)1//k, kel

When r — 0 or r — +o00, the operator Ly resembles

1 k%p
Lk[l’]“’;(rp/)/—r—2 asr — 0,

h2 /1 N K?p
Lk[p]’\'T(;p/) _r_2 asr — 4o0o.

For k > 1, L satisfies the maximum principle. This gives the existence of a positive
function zx (r) with Lg[zx] = 0 with

(k/hyr

1
zk(r)wrk asr >0, zp(r)~rze as r — —+o00.
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Take k = 1. The function

. © (1+4s2ds (5 1
10 =n0) [ [z

= (0, and satisfies the bounds

solves Ly [y] + 1+rv

V(r)=0@G?) asr -0 and ¥ (r) = O "*?) asr — +oo0.

We take ¥ as a barrier for the equation at k = 1. In addition, this function works as a
barrier for k > 2. For k > 2, the function

(1452 ds
sz (s)?

V() = z(r) / /0 he(0)zx (0)p dp

is the unique decaying solution (A.1), and it satisfies the estimate

W) = 5 1gli o),

since

gl
sl = 71

If k = 0, the solution is given by the explicit formula

1 2 s
Wo(’)=—/0 ; dS[ go(p)pdp

and satisfies the bound
[Yo(r)| < Cligllv(1 + r?).
The function
Y(x) = Z Vi (r)e’'?,
Jj=—00

with the ¥ being the functions built above, clearly defines a linear operator of g and
satisfies estimate (6.2). The proof is concluded. ]

Proof of Lemma 6.2. Setting y = re'?, we write

h(y)= Y h()e™® ¢ = Y ¢e(r)e*’.

k=—00 k=—00

The equation is equivalent to
Lk[¢k] + hk(r) =0, re (07 OO)’ (A.2)

where
" 1 / To k2
Lelg] = b + —dp + b — 5 ¢k
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Using the formula of variation of parameters, the following formula (continuously exten-
ded to r = 1) defines a smooth solution of (A.2) for k = 0:
r2—1

wotr) == [ 2 T

s [ mo@zonds. =0 -

Noting that fooo ho(p)z(p)pds = % Jr2 h(¥)Zo(y) dy, we see that this function satisfies

Igo(r)] < C [log(z )

[ 00zods |+ >l |

Now we observe that

4r
1+r2

b (r) = —2(r) / / he(P)z()pds,  z(r) =

z(s )2
solves (A.2) for k = —1, 1 and satisfies

()] < c[(l

‘ a4 r)z—'"nhum].

For k = 2 there is a function z(r) such that £,[z] =0, z(r) ~ r? as r — 0 and as r — oo.
For |k| > 2 we have

_ rod s
i) = 5200 [ =5 [ Im@lzopas

is a positive supersolution for equation (A.2), hence the equation has a unique solution ¢y
with |¢x ()] < ¢k (r). Thus

C -
b ()] = -5+ N2 hllm, k] > 2.

Thus
o0
() = Y ¢(r)e™?  withy =re’?,
k=—00
defines a linear operator of functions # which is a solution of equation (6.3) which, adding
up the individual estimates above, satisfies estimate (6.5). As a corollary we find that
similar bounds are obtained for first and second derivatives. In fact, let us set for a large
y = Re, R=|y| > 1, ¢r(z) = R™"2¢(R(e + z)). Then in a neighborhood of y, we

find
8R?

(1+ R?%|le+z
where ig(z) = R™h(R(e + z)). Let us set

/ nz;
R2

1

8 = , 1=0,1,2.
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Then from (6.5) and a standard elliptic estimate we find

2
IVzprllL>B) @) + IPRllL=B 0) = C[SoRm_2 logR+ Y 8 R™ ' + ||h||m],

i=1
using that ||Ag||ze(B, (0)) < C||h|lm. Now, since [hr]B, (0),a < C||1|lm,qa. from interior
2

Schauder estimates and the bound for ¢ g we find
102683 00 + (D291, 00 < c[soRm log R+ 3" 8,R"1 + ||h||ma]

i=1

From these relations, estimates (6.5) and (6.6) follow. ]

Proof of Proposition 6.3. We consider a standard linear extension operator /i > I to the
entire R?, in such a way that the support of h is contained in B, and ||ﬁ|| mp =
C|\h|lm,8,Bz> With C independent of all large R. The operator B; is defined in (5.11)
and the coefficients are of class C! in the entire R? and have compact support in B;g.
Then we consider the auxiliary problem in the entire space,

A¢ + el + Bi[p] + h(y) = Zc,] Toz, inR2, (A.3)

where, assuming that ||/, < +o0 and ¢ is of class C?, ¢;; = c¢;;[h, ¢] are the scalars
defined so that

Vi/ (Bilp) + h(y)Z; = cij. vt Z/ efoz?.
R2 R2

For j = 1,2, we have Bi[Z;] = O((1 + |y])®)epi + O((1 + |y)~CF9)ep; logllogel,
by estimates (5.7) and (5.12). Similarly, for j = 0, we have

Bi[Zo] = O((1 + |yD™>)epi + O((1 + [y~ ®F)ep; log[log s|.
Since m > 2, we get
[ 81012 = [ 98121 = O¢ln-2)eus ogliogl.
R2 R2
where l§,- have same estimates as B; mentioned above. On the other hand,

/ h(y)Zo = O(R*™™) || hllm.p.Bx / h()Zj = OR'™™)|hllm.p.Bx
R2\Br R2\

Bgr

for j = 1,2. In addition, we readily check that

I Bi[#]llm.p = C |||¢||*,m72,ﬁ7

[log
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where
¢l m—2.8 = I1D3¢llmp + I Dydllm—1 + ¢ lm—2.

Let us consider the Banach space X of all C%# (R2) functions with |||« m—2,5 < +00.
We find a solution of (A.3) if we solve the equation

¢ =Alpl+H, ¢eX, (A.4)

where
2 2
Alg] = T[Biwﬂ - Zcij[o,¢1ef°zj] H=T [ﬁ - Zcz-j[ﬁ,me“zj}
j=0 Jj=0

and 7 is the operator built in Lemma 6.2. We observe that

APl m—2.p = C ollem—2.p: N Hlsm—2.8 < Cliltllm.p.Bg-

llog &
So we find that equation (A.4) has a unique solution that defines a linear operator of s and
that satisfies

éll«m—2.8 = Clihlm.p,Bg-

The result of the proposition follows by just setting 7; [i] = ¢|p,. The proof is concluded.
[
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