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Cluster of vortex helices in the incompressible
three-dimensional Euler equations

Ignacio Guerra and Monica Musso

Abstract. In an inviscid and incompressible fluid in dimension 3, we prove the existence of several
helical filaments, or vortex helices, collapsing into each other.

1. Introduction

An ideal incompressible homogeneous fluid of density � in three-dimensional space in a
time interval .0; T / is governed by the Euler equations

ut C .u � r/u D �
1

�
rp in R3 � Œ0; T /;

div u D 0 in R3 � Œ0; T /;

(1.1)

supplemented by the initial velocity u.�; 0/ D u0.x/. Here uWR3 � Œ0; T / ! R3 is the
velocity field and pWR3 � Œ0; T /!R is the pressure, determined by the incompressibility
condition. We will consider constant density � D 1. For a solution u of (1.1), its vorticity
is defined as E! D curl u. Then E! solves the Euler system in vorticity form (1.1),

E!t C .u � r/ E! D . E! � r/u in R3 � .0; T /;

u D curl E ; �� E D E! in R3 � .0; T /;

E!.�; 0/ D curlu0 in R3:

(1.2)

Vortex filaments are solutions of the Euler equations whose vorticity is concentrated in a
small tube near an evolving imaginary smooth curve �.t/ embedded in the entire R3 so
that the associated velocity field vanishes as the distance to the curve goes to infinity. Da
Rios [13] in 1906, and Levi-Civita [30] in 1908, found that, if the vorticity concentrates
smoothly and symmetrically in a small tube of size " > 0 around a smooth curve for a
certain interval of time, then it is possible to compute the instantaneous velocity of the
curve to leading order. These computations suggest that the curve should evolve by its
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binormal flow, with a large velocity of order jlog "j. If �.t/ is parametrized as 
.s; t/,
where s designates its arc-length parameter, then 
.s; t/ asymptotically obeys a law of the
form


t D 2�jlog "j.
s � 
ss/

as "! 0, or scaling t D jlog "j�1� ,


� D 2�.
s � 
ss/ D 2�cb�.�/: (1.3)

Here � is the circulation of the velocity field on the boundary of sections to the filament,
which is assumed to be a constant independent of ". In addition, t�.�/, n�.�/, b�.�/ are the
usual tangent, normal, and binormal unit vectors to �.�/, and c its curvature. See [32,35]
for a complete discussion on this topic.

Jerrard and Seis [24] rigorously proved Da Rios’ formal computation, conditional
upon knowing that the vorticity of a solution remains concentrated around some curve.
In particular, they consider a solution to (1.2) whose vorticity E!".x; t/ satisfies, as "! 0,

E!".�; jlog "j�1�/ � ı�.�/t�.�/ * 0; 0 � � � T; (1.4)

where �.�/ is a sufficiently regular curve and ı�.�/ denotes a uniform Dirac measure on
the curve. They proved that in these circumstances the curve �.�/ does indeed evolve by
the law (1.3). See [25] and its references for results on the flow (1.3).

The vortex filament conjecture [6, 24] refers to the question of existence of true solu-
tions of (1.2) that satisfy (1.4) near a given curve �.�/ that evolves by the binormal flow
(1.3). This is an open question, except for very special cases.

A known solution of the binormal flow (1.3) that does not change its form in time
is a circle �.�/ with radius R translating with constant speed equal to 2

R
along its axis.

Solutions to (1.2) whose vorticity is concentrated in a circular vortex filament are known
as vortex rings, and the study of these objects dates back to Helmholtz and Kelvin’s work.
In 1894, Hill found an explicit axially symmetric solution of (1.2) supported in a sphere
(Hill’s vortex ring). Fraenkel’s result [22] provided the first construction of a vortex ring
concentrated around a torus with fixed radius and a small, nearly singular section " > 0,
traveling with constant speed� jlog "j, rigorously establishing the vortex filament conjec-
ture for the case of traveling rings. Vortex rings have been analyzed in larger generality in
[1, 19, 23, 34].

Another known solution of the binormal flow (1.3) that does not change its form in
time is the rotating-translating helix. It is a circular helix of radius R and pitch h > 0,
which rotates with constant speed 2�h

.h2CR2/3=2
and translates vertically in the direction of

their axis of symmetry with constant speed 2�R2

.h2CR2/3=2
. Solutions to the Euler equations

(1.2) whose vorticity is concentrated in a helical vortex filament are known as vortex
helices, and the description of these objects started with the works of Joukowsky [28],
Da Rios [14] and Levi-Civita [31]. In [17] the authors provided the first construction of
a vortex helix concentrated in an "-tubular neighborhood of a rotating-translating helix
evolving by binormal flow, establishing the vortex filament conjecture for the case of
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rotating-translating helices. In [17] the authors also find a solution to (1.2) with sev-
eral vortex helices, rotating-translating with comparable but different speeds. Traveling-
rotating helical vortices with small cross-section to the three-dimensional incompressible
Euler equations in an infinite pipe were constructed in [10] and [9].

In this paper we are concerned with solutions to the Euler equations (1.2) consisting of
several vortex helices which are rotating-translating with almost the same speed. They are
global-in-time solutions to (1.2) and their vorticity has at main order the shape of several
helical filaments which collapse into each other. We call this phenomenon a cluster of
vortex helices. Let us be more precise.

LetN be a given integer. For any i D 1; : : : ;N consider points .ai ; bi / in R2, numbers
�i and ˇi , and define the evolving curves �j parametrized by


i .s; �/ D

0BBB@
ai cos

�
s��i �p
h2CR2i

�
� bi sin

�
s��i �p
h2CR2i

�
ai sin

�
s��i �p
h2CR2i

�
C bi cos

�
s��i �p
h2CR2i

�
hsCˇi �p
h2CR2i

1CCCA 2 R3; (1.5)

where h > 0 is a positive constant and

Ri D

q
a2i C b

2
i :

At any instant � , the curves s ! 
i .s; �/ are circular helices of radius Ri and common
pitch h, parametrized by arc length. Their curvature is Ri

R2i Ch
2 and their torsion h

R2i Ch
2 .

When time evolves, the curves rotate with constant speed �ip
h2CR2i

around the z-axis in

R3 and at the same time translate vertically with constant speed ˇip
h2CR2i

. At time � D 0

each curve 
i passes through the point .ai ; bi ; 0/ in R3 (take s D 0). A direct computation
gives that 
i .s; �/ evolves by the binormal flow (1.3) with circulation �i provided the
speeds �i and ˇi are chosen to be

�i D
2�ih

R2i C h
2
; ˇi D

2�iR
2
i

R2i C h
2
:

Each 
i .s; �/ can be recovered from 
i .s; 0/ by a rotation and a vertical translation


i .s; �/ D Q� �ip
R2
i
Ch2

�
.s; 0/C

�
0; 0;

ˇip
R2i C h

2
�

�T
; (1.6)

where Q� D
�

cos � � sin � 0
sin � cos � 0
0 0 1

�
, or equivalently from 
i .0; 0/ D .ai ; bi ; 0/

T by means of


i .s; �/ D Q s��i �p
R2
i
Ch2

.ai ; bi ; 0/
T
C

�
0; 0;

hs C ˇi�p
R2i C h

2

�T
:
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We will identify the base point .ai ; bi ; 0/ of each helix simply with .ai ; bi /. Helical fila-
ments with comparable but different speeds as in [17] have vorticity with

E!".�; jlog "j�1�/ �
NX
iD1

ı�i .�/t�i .�/ * 0; 0 � � � T; as "! 0; (1.7)

so that 
i .0; 0/ D .ai ; bi / satisfy

dist..ai ; bi /; .aj ; bj // > ı; as "! 0, for all i 6D j ;

for some fixed ı > 0, independent of ".
We are interested in colliding helical filaments. Let r0 > 0 be a fixed number and

assume that the points .ai ; bi / have the form, for all i D 1; : : : ; N ,

.ai ; bi / D .r0; 0/CQi ; with jQi j ! 0 as "! 0: (1.8)

Since .ai ; bi /! .r0; 0/ as "! 0, for all i , the evolving helices 
i in (1.5) shrink into each
other as "! 0. The purpose of this paper is to establish the existence of a solution to (1.2)
whose vorticity satisfies (1.7), with colliding helical filaments �i in the sense of (1.8).

We find that the points Qi need to converge to 0 at a precise rate in terms of ". Let us
be more precise. Assume

.ai ; bi / D .r0 C s; 0/C
Pi
jlog "j

; for i WD 1; : : : ; N ; (1.9)

as "! 0, for some constant s and points Pi satisfying

jsj < ı
logjlog "j
jlog "j

; ı < jPi j < ı�1;

for some ı > 0 small, and independent of ". The points Pi are at a uniform distance d
(independent of ") from each other,

d D min
i 6Dj
jPi � Pj j > 0; (1.10)

and the set ¹P1; : : : ;PN º is symmetric with respect to their first component, in the sense
that

P D .p1; p2/ 2 ¹P1; : : : ;PN º , .p1;�p2/ 2 ¹P1; : : : ;PN º: (1.11)

Writing

Pi D
�

Pi;1p
h2 C r20

;Pi;2
�
; (1.12)

the points Pi have the form P0i CQi where .P01; : : : ;P
0
N / satisfy the balancing equations,

for i D 1; : : : ; N ,X
j 6Di

�j
.Pi;1 � Pj;1/
jPi � Pj j2

D

�
�i

hr0

2
p
.h2 C r20 /

3
� ˛

hr0

4
p
h2 C r20

�
;

X
j 6Di

�j
.Pi;2 � Pj;2/
jPi � Pj j2

D 0;

(1.13)
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where ˛ is the constant defined by

˛ D
2

h2 C r20

PN
iD1 �

2
iPN

iD1 �i
; (1.14)

and the Qi are small perturbations. We say that a point P0i of the form (1.12) is a non-
degenerate solution to (1.13) if the linearization of system (1.13) has only one element in
its kernel, the one originating from the symmetry assumption (1.11). This non-degeneracy
is a necessary condition used to find Pi as a small perturbation of P0i . We will make this
definition more precise in Section 8.

We prove the following result.

Theorem 1.1. Let h > 0, r0 > 0, �1; : : : ; �N be given numbers such that
PN
iD1 �i 6D 0.

Suppose there exists a non-degenerate solution .P01; : : : ;P
0
N / of the form (1.12) to system

(1.13), satisfying (1.11) and (1.10). Let �j .�/ be the helices parametrized by equation
(1.5), for j D 1; : : : ; N , with .ai ; bi / given by (1.9). Then there exist s� 2 R, points
Q1; : : : ;QN , and a smooth solution E!".x; t/ to (1.2), defined for t 2 .�1;1/, such that

.ai ; bi / D .r0 C s
�; 0/C

Pi
jlog "j

; Pi D P0i CQi ; js
�
j; jQi j; .

logjlog "j
jlog "j

and for all � ,

E!".x; � jlog "j�1/ �
NX
jD1

�j ı�j .�/t�j .�/ * 0 as "! 0;

in the sense of distributions.

Configurations of points .P01; : : : ;P
0
N / that satisfy (1.13) and the assumptions of The-

orem 1.1 are known in the literature. For instance, letting N D n C m and �i D 1 for
i D 1; : : : ; m and �i D �1 for i D mC 1; : : : ; nCm, explicit non-degenerate solutions
to (1.13) when

.m; n/ 2 S WD ¹.2; 1/; .3; 2/; .4; 3/; .5; 4/; .6; 5/º

are described in [2] (see Figure 1 for examples). In this case a direct computation gives

˛ D
2.mC n/

.h2 C r20 /.m � n/
;

from which we deduce thatmmust be different from n. Other constructions of admissible
configurations can be found in [2, 3].

Our construction takes advantage of the invariance under helical symmetry of the Euler
equations as discussed in [4,5,7,17,20,21,27,37]. This invariance and the assumption that
the velocity field u in (1.1) is orthogonal to the helical symmetry lines imply that solutions
to problem (1.2) can be found by solving a transport equation in 2 dimensions. For a point

x D .x1; x2; x3/ 2 R3; x D .x0; x3/; x0 2 R2;
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Figure 1. Configuration examples .m; n/ D .3; 2/ (left) and .m; n/ D .5; 4/ (right).

consider the scalar transport equation for w.x0; t /,´
wt Cr

? � rw D 0 in R2 � .0; T /;

� div.Kr / D w in R2 � .0; T /;
(1.15)

where .a; b/? D .b;�a/ and K.x1; x2/ is the matrix

K.x1; x2/ D
1

h2 C x21 C x
2
2

�
h2 C x22 �x1x2
�x1x2 h2 C x21

�
:

Then there exists a vector field u D .u1; u2; u3/ with helical symmetry

u.Q�x0; x3 C h�/ D
�
Q� .u1; u2/

u3 C h�

�
8� 2 R; 8x D .x0; x3/ 2 R3;

such that

E!.x; t/ D
1

h
w.Q

�
x3
h
x0; t /

�
Q �

2
x0

h

�
; x D .x0; x3/; (1.16)

satisfies the Euler equation (1.2). Here, Q� is the rotation matrix in the plane .x1; x2/ as
defined in (1.6). The derivation of (1.15) can be found for instance in [17, 20, 21].

Rotating solutions to problem (1.15) with constant speed ˛ have the form

w.x0; �/ D W.Q˛�x
0/;  .x0; �/ D ‰.Q˛�x

0/: (1.17)

Let Qx D P˛�x0. In terms of .W;‰/, the second equation in (1.15) becomes

� div Qx.K. Qx/r Qx‰/ D W;

and the first equation gets the form

r QxW � r
?
Qx

�
‰ � ˛jlog "j

j Qxj2

2

�
D 0: (1.18)
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See [17] for details. We now observe that if W. Qx/ D F.‰. Qx/ � ˛jlog "j j Qxj
2

2
/, for some

function F , then automatically (1.18) holds. We conclude that if ‰ is a solution to

� div.K. Qx/r Qx‰/ D F
�
‰ �

˛

2
jlog "j j Qxj2

�
in R2; (1.19)

for some function F , and W is given by

W. Qx/ D F
�
‰. Qx/ � ˛jlog "j

j Qxj2

2

�
;

then .w; / defined by (1.17) is a solution for (1.15).
We now notice that a solution to (1.19) such that

F
�
‰ �

˛

2
jlog "j j Qxj2

�
� �iı.ai ;bi / * 0; as "! 0;

gives a solution E!.x; t/ to (1.2) of the form (1.16) with the property that

E!.x; t/ � �iı�i t�i * 0; as "! 0;

and �i defined as in (1.5) with

�i

�i
! ˛h;

ˇi

�i
!

2r20
r20 C h

2
; as "! 0:

The proof of Theorem 1.1 is reduced to finding a non-linear function F and a solution
‰ to (1.19) such that

W.x/ WD F
�
‰ �

˛

2
jlog "j j Qxj2

�
�

NX
iD1

�j ı.ai ;bi /; as "! 0; (1.20)

where .ai ; bi /! .r0; 0/ for all i . We build such a solution by means of elliptic singu-
lar perturbation techniques. For N D 1 we recover the result for a single helical filament
in [17]. The multiple helical filaments constructed in [17] correspond to a configuration
where the centers of the helices maintain a constant distance between each other, and
their motion is independent of the presence of the others. However, when dealing with
colliding helices, more refined estimates are necessary to control the strong interactions
between them. To achieve this, we introduced a new change of variables to obtain a unified
expression of the differential operator that is independent of the individual helix. Desin-
gularization of point vortices for the Euler equations in dimension 2 has been treated in
[16, 33, 36].

Solutions concentrated near helices in the Euler equations and also other PDE settings
have been built in [9–12, 15, 26, 38]. Solutions to the Euler equations (1.2) concentrated
around several vortex rings which are collapsing into each other are known in the liter-
ature. The first result is due to Buffoni [8], who constructed co-axial vortex rings (sets
homeomorphic to solid tori) moving along their common axis at the same propagation
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speed. These rings are nested in the sense that the convex hull of one ring contains the
subsequent ring and at the same time the two rings do not intersect. A more recent result
is contained in [3], where they also find the formal law for the dynamics of the centers of a
family of clustering rings, which turns out to be the same law (1.13) that governs the hel-
ical clustering phenomena. On the other hand the elliptic problems governing clusters of
vortex rings and clusters of helical filaments are different, and require a different analysis,
which is reflected in particular in the far field region, also called the outer region. The
same law of motion also governs the interaction of multiple vortex rings in other contexts,
like in the Gross–Pitaevskii equation [2, 26]. The law for the interaction of nearly parallel
vortex filaments has been studied in [29, 39]. Our configuration of multiple helices falls
out of the framework considered in these papers.

Helical flow can be understood as an interpolation between no-swirl axisymmetric
flow and two-dimensional flow. This interpolation explains the analogy between phenom-
ena related to a single vortex ring and a single translating-rotating helix. However, this
analogy breaks down at the level of multiple filaments, as demonstrated by the construc-
tion in [17] of several helices with centers localized at the vertices of a regular polygon
– a scenario unattainable with multiple rings. Analogies and differences between mul-
tiple vortex rings and multiple helical filaments seem less clear. In this context, our result
demonstrates that this analogy persists for multiple filaments in the case of a cluster of
vortex rings and rotating-translating helices, provided this occurs far from the origin.

As we already discussed, Theorem 1.1 follows from proving the existence of a function
‰ and a non-linearity F to solve (1.19) and (1.20). This is what the rest of the paper is
devoted to. In Section 2 we find a smooth stream function ‰ solving approximately

� div.K.x/r‰/ �
NX
iD1

�iı.ai ;bi /;

in coherence with the expectation (1.20). In Section 3 we choose the non-linearity F . It
will be reminiscent of f .s/ D es and the Liouville equation �uC eu D 0 in R2 will be
used as a limit problem to describe the profile of the helical filaments, near the centers
of the vortex helices (see (3.7)–(3.8)). We define a first approximate solution in Section
3, and estimate the error of approximation in Section 4. After the approximate solution is
built, we proceed to find an actual solution close to the approximation. The actual solu-
tion is found using the inner-outer gluing method, which has been used in several other
contexts. References for problems related to inviscid incompressible fluids are [16] for
the problem of point vortex desingularization for the Euler equations in dimension 2, [18]
for the leapfrogging of vortex rings, and also [17]. Since the interaction among differ-
ent helices is strong (as their relative distance is small), it is relevant for us to pose the
inner-outer gluing method so that these interactions can be controlled. Section 6 contains
two basic elliptic linear theories which are at the core of the resolution of the inner-outer
scheme. Sections 7 and 8 are devoted to finding an actual solution to the problem, where
the choice of the centers of the helices to solve (1.13) plays a central role.
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2. Finding the approximate stream function

Let h > 0, r0 > 0, �1; : : : ; �N be given numbers, and define ˛ to be the constant defined
in (1.14).

The rest of the paper is devoted to finding a solution ‰ to the semi-linear elliptic
equation

r � .Kr‰/C F
�
‰ �

˛

2
jlog "j jxj2

�
D 0 in R2: (2.1)

More precisely, we look for a non-linear function F and a solution ‰ to (2.1) with the
property that, if we set

W.x/ D F
�
‰ �

˛

2
jlog "j jxj2

�
;

then

W.x/ � 8�

NX
jD1

�j ıPj ; as "! 0; (2.2)

for some Pj 2 R2. The points Pj are assumed to be close to each other and collapse to
the same point, as "! 0. We assume they have the form

Pj D .r0 C s; 0/C
yPj

jlog "j
; P D .P1; : : : ; PN /; yP D . yP1; : : : ; yPN /: (2.3)

We assume the following bounds on s and yP :

k yP k . 1; jsj .
logjlog "j
jlog "j

(2.4)

In other words, we look for the stream function ‰ to have the asymptotic behavior

‰.x/ �

NX
jD1

�j‰j .x/; with �r � .Kr‰j / � 8�ıPj , as "! 0:

We expect each function ‰j to be, locally around Pj , an approximate Green’s function
for the operator r � .Kr�/ in R2.

This section is devoted to analyzing the approximate Green’s function for the operator
r � .Kr�/ in R2 and to constructing an approximate stream function for the N -helical
filaments.

2.1. Approximate Green’s function for the operator r � .Kr�/ in R2

The purpose of this subsection is to find an explicit regular function which locally around
a point P D .a; b/ 2 R2 satisfies approximately

�r � .Kr‰/ D 8�ıP : (2.5)



I. Guerra and M. Musso 556

For this purpose we need to understand the structure of the operator in divergence form

L WD �r � .Kr/; where K D
1

h2 C x21 C x
2
2

�
h2 C x22 �x1x2
�x1x2 h2 C x21

�
; (2.6)

when evaluated around a given point P . We will show that, after an ad hoc change of
variable, the operator L will look like the usual Laplace operator in R2 when considered
in a neighborhood of P .

Let us introduce the change of variables

x1 � a D
ah

R
p
h2 CR2

z1 �
b

R
z2; x2 � b D

bh

R
p
h2 CR2

z1 C
a

R
z2;

where R D
p
a2 C b2: This is equivalent to saying

z1 D

p
h2 CR2

hR
Œa.x1 � a/C b.x2 � b/�; z2 D

1

R
Œ�b.x1 � a/C a.x2 � b/�:

We will also use the matrix notation

x � P D AŒP �z; AŒP � D

 
ah

R
p
h2CR2

�
b
R

bh

R
p
h2CR2

a
R

!
: (2.7)

Proposition 2.1. In the z-variable, the operator L takes the form

L D �z C B; (2.8)

where

B D
�h2.R2 � r2/C z22.h2 CR2/

.h2 C r2/h2

�
@z1z1

C
1

.h2 C r2/

��
z1

h
p
h2 CR2

CR

�2
� r2

�
@z2z2

� 2

p
h2 CR2

h.h2 C r2/
z2

�
z1

h
p
h2 CR2

CR

�
@z1z2

�
z1.h

2 CR2/CRh
p
h2 CR2

h2.h2 C r2/

� 2h2

h2 C r2
C 1

�
@z1

�
z2

h2 C r2

� 2h2

h2 C r2
C 1

�
@z2 : (2.9)

Here r D r.z/ is

r2 D jxj2 D R2 C 2R
h

p
h2 CR2

z1 C q2.z/; with q2.z/ D
h2

h2 CR2
z21 C z

2
2 :
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Proof. The operator L is explicitly given by

L D
h2 C x22
h2 C r2

@x1x1 C
h2 C x21
h2 C r2

@x2x2 � 2
x1x2

h2 C r2
@x1x2

�
x1

h2 C r2

� 2h2

h2 C r2
C 1

�
@x1 �

x2

h2 C r2

� 2h2

h2 C r2
C 1

�
@x2 : (2.10)

Indeed, using the notation K D
�
K11 K12
K12 K22

�
, we get

L D r � .Kr�/ D K11@
2
x1
CK22@

2
x2
C 2K12@

2
x1x2

C .@x1K11 C @x2K12/@x1 C .@x2K22 C @x1K12/@x2

D
h2 C x22
h2 C r2

@x1x1 C
h2 C x21
h2 C r2

@x2x2 � 2
x1x2

h2 C r2
@x1x2

C

�
@x1

�h2 C x22
h2 C r2

�
� @x2

� x1x2

h2 C r2

��
@x1

C

�
@x2

�h2 C x21
h2 C r2

�
� @x1

� x1x2

h2 C r2

��
@x2 ;

where r D jxj. Formula (2.10) follows directly from the facts that

@x1

�h2 C x22
h2 C r2

�
� @x2

� x1x2

h2 C r2

�
D �

x1

h2 C r2

� 2h2

h2 C r2
C 1

�
and

@x2

�h2 C x21
h2 C r2

�
� @x1

� x1x2

h2 C r2

�
D �

x2

h2 C r2

� 2h2

h2 C r2
C 1

�
:

Formulas (2.8) and (2.9) are consequences of the following straightforward computa-
tions:

@x1 D
a

R

p
h2 CR2

h
@z1 �

b

R
@z2 ;

@x2 D
b

R

p
h2 CR2

h
@z1 C

a

R
@z2 ;

@x1x1 D
a2

R2
.h2 CR2/

h2
@z1z1 C

b2

R2
@z2z2 � 2

ab

R2

p
h2 CR2

h
@z1z2 ;

@x2x2 D
b2

R2
.h2 CR2/

h2
@z1z1 C

a2

R2
@z2z2 C 2

ab

R2

p
h2 CR2

h
@z1z2 ;

@x1x2 D
ab

R2
.h2 CR2/

h2
@z1z1 �

ab

R2
@z2z2 C

a2 � b2

R2

p
h2 CR2

h
@z1z2 :

The operator B in (2.9), Proposition 2.1, becomes a small perturbation of the Lapla-
cian, when we restrict our attention to a small region around the point P , that in the
z-variable can be described with jzj < ı, for a fixed ı small. Indeed, in this region the
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operator B has the form

B D
�
�2

Rh

.h2 CR2/3=2
z1 CO.jzj

2/
�
@z1z1 CO.jzj

2/@z2z2

�

�
2

R

h
p
h2 CR2

z2 CO.jzj
2/
�
@z1z2

�

� R

h
p
h2 CR2

� 2h2

h2 CR2
C 1

�
CO.jzj/

�
@z1

�

� z2

h2 CR2

� 2h2

h2 CR2
C 1

�
CO.jzj2/

�
@z2 :

Equation (2.5) thus becomes

�.�C B/ D 8�ı0;  .z/ D ‰.P C AŒP �z/: (2.11)

We now choose a regularization of the Green’s function of the Laplace operator �z as a
starting point for the construction of the approximate regularization to (2.11). The regu-
larization we choose is a radial solution of the Liouville equation

�uC eu D 0 in R2;

Z
R2

eu <1: (2.12)

All solutions to (2.12) that are radially symmetric with respect to the origin are given by

��".z/ � 2 log "�; where �"�.z/ D log
8

."2�2 C jzj2/2

for any value of the constants " and � > 0. Indeed, we have

���"� D "
2�2e�"� D

1

"2�2
U
� z
"�

�
; with U.y/ D

8

.1C jyj2/2
:

Hence
���"� * 8�ı0; as "�! 0:

Proposition 2.2. For any � > 0, we define the approximate regularization for (2.11) as

 �.z/ D �"�.z/.1C c1z1 C c2jzj
2/C

4R3

h.h2 CR2/
3
2

H1.z/;

c1 D
1

2

Rh

.h2 CR2/
3
2

;

c2 D
R2

8.h2 CR2/2

� 2h2

h2 CR2
C 1

�
;

(2.13)

and H1 solves

�z.H1/C
Re.z3/

."2�2 C jzj2/2
D 0:
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We have that

L. �/.z/ D ��"� C
4R.3h2 CR2/

h.h2 CR2/
3
2

"2�2z1

."2�2 C jzj2/2
CE3.z/;

where E3 is a smooth function, which is uniformly bounded as "�! 0, for jzj < ı and
any ı > 0 small.

In the original variables x, the function  � in (2.13) reads

‰�;P .x/ D  �.AŒP �
�1.x � P //; (2.14)

where AŒP � is the matrix introduced in (2.7). The function‰P;�.x/ is smooth and repres-
ents a good approximate Green’s function for the operator r � .Kr�/ in R2. We will use
it as a building block for the construction of a solution to (2.1).

Proof of Proposition 2.2. Let ı > 0 be small. We compute

BŒ�"�� D �
2Rh

.h2 CR2/
3
2

z1@z1z1�"� �
2R

h
p
h2 CR2

z2@z1z2�"�

�
R

h
p
h2 CR2

�
1C

2h2

h2 CR2

�
@z1�"� CE1;

where E1 is a smooth function, uniformly bounded for "� small, in a bounded region for
jzj < ı.

We take advantage of the explicit expression of �"� to find

@z1�"�.z/ D �
4z1

"2�2 C jzj2
; z1@z1z1�"�.z/ D �

4z1

"2�2 C jzj2
C

8z31
."2�2 C jzj2/2

;

z2@z1z2�"�.z/ D
8z22z1

."2�2 C jzj2/2
:

Using that

z1z
2
2 D
jzj2z1

4
�

Re.z3/
4

; z31 D
3jzj2z1

4
C

Re.z3/
4

;

we obtain

�
2Rh

.h2 CR2/3=2
z1@z1z1�"� �

2R

h
p
h2 CR2

z2@z1z2�"�

�
R

h
p
h2 CR2

�
1C

2h2

h2 CR2

�
@z1�"�

D

h 8hR

.h2 CR2/
3
2

C
4R.3h2 CR2/

h.h2 CR2/
3
2

i z1

"2�2 C jzj2

�
16hR

.h2 CR2/
3
2

z31
."2�2 C jzj2/2

�
16R

h.h2 CR2/
1
2

z1z
2
2

."2�2 C jzj2/2
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D
4hR

.h2 CR2/
3
2

z1

"2�2 C jzj2
C

4R3

h.h2 CR2/
3
2

Re.z3/
."2�2 C jzj2/2

C
4R.4h2 CR2/

h.h2 CR2/
3
2

"2�2z1

."2�2 C jzj2/2
:

We can modify the function �"� to eliminate part of the above error. We define

 1.z/ D �"�.z/.1C c1z1/; with c1 D
1

2

Rh

.h2 CR2/
3
2

: (2.15)

Since

.@z1z1 C @z2z2/.c1z1�"�/ D �8c1
z1

"2�2 C jzj2
� 8c1

"2�2z1

."2�2 C jzj2/2
;

with this choice of c1, we get

L. 1/.z/ D ��"� C
4R3

h.h2 CR2/
3
2

Re.z3/
."2�2 C jzj2/2

C
4R.3h2 CR2/

.h2 CR2/
3
2

"2�2z1

."2�2 C jzj2/2

C c1B.z1�"�/CE1;

whereE1 is an explicit function, which is smooth in the variable z and uniformly bounded,
as "�! 0.

We now use the fact that z2@z2�"�.z/ D �4z
2
2=."

2�2 C jzj2/ to write

c1B.z1�"�/ D c1z1B.�"�/ � c1
4Rh

.h2 CR2/3=2
z1@z1�"� � c1

2R

h
p
h2 CR2

z2@z2�"�

� c1
R

h
p
h2 CR2

�
1C

2h2

h2 CR2

�
�"� C xE1

D �
R2

2.h2 CR2/2

� 2h2

h2 CR2
C 1

�
�"� CE2;

where E2 is another explicit function, smooth in the variable z and uniformly bounded, as
"�! 0.

Combining these computations we obtain that the function  1 introduced in (2.15)
satisfies

L. 1/.z/ D ��"� C
4R3

h.h2 CR2/
3
2

Re.z3/
."2�2 C jzj2/2

C
4R.3h2 CR2/

h.h2 CR2/
3
2

"2�2z1

."2�2 C jzj2/2

�
R2

2.h2 CR2/2

� 2h2

h2 CR2
C 1

�
�"� CE1 CE2;

where E1 and E2 are explicit functions, smooth in the variable z and uniformly bounded,
as "�! 0.
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Our next step is to introduce a further modification to  1 to eliminate the two terms

�
R2

2.h2 CR2/2

� 2h2

h2 CR2
C 1

�
�"� and

4R3

h.h2 CR2/
3
2

Re.z3/
."2�2 C jzj2/2

:

For the first one, we observe that

�.c2jzj
2�"�/ �

R2

2.h2 CR2/2

� 2h2

h2 CR2
C 1

�
�"�

D

�
4c2 �

R2

2.h2 CR2/2

� 2h2

h2 CR2
C 1

��
�"�

C 2c2z � r�"� C c2jzj
2��"�

and choose c2 as

c2 D
R2

8.h2 CR2/2

� 2h2

h2 CR2
C 1

�
:

To correct the second term, we introduce

h1.s/ D s
3

Z 1

s

dx

x7

Z x

0

�7

."2�2 C �2/2
d�:

It solves

h001 C
1

s
h01 �

9

s2
h1 C

s3

."2�2 C s2/2
D 0;

it is smooth and uniformly bounded as " ! 0, and h1.s/ D O.s3/, as s ! 0. Writing
z D jzjei� , we have that

H1.z/ WD h1.jzj/ cos 3� solves �z.H1/C
Re.z3/

."2�2 C jzj2/2
D 0:

2.2. Approximate stream function for N -helical filaments

In this section we introduce the approximate stream function for N helical filaments. It is
built as a superposition of the building blocks introduced in (2.14).

Let N be a fixed integer and consider N points P1; : : : ; PN of the form (2.3) and
satisfying (2.4). For any j D 1; : : : ; N , we write

Pj D .aj ; bj /;

we fix positive constants �j , and we define

‰j .x/ D ‰Pj ;�j .x/;

where ‰Pj ;�j is defined in (2.14). Hence, for each j we have

L.‰j / D ��"�j C
4Rj .3h

2 CR2j /

h.h2 CR2j /
3
2

"2�2j z1

."2�2j C jzj
2/2
CE3;j .z/; (2.16)
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where
Rj D

q
a2j C b

2
j ; z D AŒPj �

�1.x � Pj /:

The stream function of N -helical filaments looks at main order as a superposition of
stream functions ‰j associated to each helical filament.

Since the relative distance of the points Pj is of order jlog "j�1, we multiply each ‰j
by a cut-off function to get

�0.x/

NX
jD1

�j‰j .x/;

where
�0.x/ D �.jx � .r0; 0/j/; (2.17)

with � a fixed smooth function with

�.s/ D 1 for s �
1

2
; �.s/ D 0 for s � 1: (2.18)

Using the notation introduced in (2.16), we have

L

�
�0

NX
jD1

�j‰j

�
D �0

NX
jD1

�j

�
��"�j C

4Rj .3h
2 CR2j /

h.h2 CR2j /
3
2

"2�2j z1

."2�2j C jzj
2/2

�
C g.x/;

where

g.x/ D �0

NX
jD1

�jE3;j .z/C

NX
jD1

�j ŒL.�0‰j / � �0L.‰j /�:

The function g has compact support and satisfies

kg.x/kL1.R2/ � C

for some positive constant.
It is convenient to slightly modify the ansatz �0

PN
jD1 �j‰j , adding a term which is

defined globally in the entire space R2 to cancel g.x/. Let H2".x/ solve

L.H2"/C g D 0 in R2: (2.19)

For a smooth function h.x/ satisfying the decay condition

khk� WD sup
x2R2

.1C jxj/� jh.x/j < C1;

for some � > 2, there exists a solution  .x/ to the problem

L. /C h D 0 in R2;
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which is of class C 1;ˇ .R2/ for any 0 < ˇ < 1, and defines a linear operator  D T o.g/

of g and satisfies the bound

j .x/j � Ckhk�.1C jxj
2/;

for some positive constant C . The proof of this fact can be found in Proposition 6.1.
Using this result we obtain that the solution H2" to (2.19) satisfies the estimate

jH2".x/j � C.1C jxj
2/:

In addition, observe that such a solution is given up to the addition of a constant. We define
the function H2".x/ to be the one which furthermore satisfies

H2"..x0; 0// D 0:

With this is mind, we get to the definition of a first approximate stream function for N -
helical filaments

‰0.x/ D �0.x/

NX
jD1

�j‰j .x/CH2".x/; (2.20)

so that

L.‰0/ D �0

NX
jD1

�j

�
��"�j C

4Rj .3h
2 CR2j /

h.h2 CR2j /
3
2

"2�2j .zj /1

."2�2j C jzj j
2/2

�
; (2.21)

where zj D AŒPj ��1.x � Pj /, zj D ..zj /1; .zj /2/. We recall that the definition of �0 is
given in (2.17). The function ‰0 is defined in the whole of R2 and it is smooth. Recalling
that ‰j .x/D ‰Pj ;�j .x/, we observe that its definition depends on certain parameters: the
points P1; : : : ; PN and the scaling positive parameters �1; : : : ; �N . We now proceed to
define the non-linearity F in (2.1) and the first approximate solution to (2.1). More spe-
cifically, we will define the scaling parameters �i as functions of the points Pi , assuming
Pi have the form (2.3)–(2.4).

3. Choice of the non-linearity and construction of the first
approximate solution

In this section we define a non-linearity F in (2.1) with the property that the vorticity W ,
defined as

W.x/ D F
�
‰ �

˛

2
jlog "j jxj2

�
;

satisfies (2.2), namely

W.x/ � 8�

NX
jD1

�j ıPj ; as "! 0:
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For this purpose we first identify the form of the function

‰0 �
˛

2
jlog "j jxj2

near each point Pj , and we choose the scaling parameters �j in terms of the points
P1; : : : ; PN . It will turn out that a convenient choice for �j gives their size of the order

log�j � logjlog "j; as "! 0:

3.1. Choice of �j in the definition of ‰0

We now define the scaling parameters �i to eliminate part of the zero-mode term of the
expression for

‰0.x/ �
˛

2
jlog "j jxj2

when evaluated around a point Pi .
Take ı > 0 to be a fixed positive number and consider the inner region around Pi to

be given by

jA�1i .x � Pi /j <
ı

jlog "j
; (3.1)

where Ai is the matrix introduced in (2.7). We take ı �
p
h2Cr20
h

d
4

, where d was fixed
in (1.10), so that for x 2 R2 satisfying (3.1) then �0.x/ D 1. To represent a point in this
region it is convenient to use the change of variables

x � Pi D Aiz; z D "�iy: (3.2)

Hence

jzj <
ı

jlog "j
:

Proposition 3.1. Let

2�i log�i D
X
j 6Di

�j log
8

jA�1j .Pi � Pj /j4

�
�
1C c1;j ŒA

�1
j .Pi �Pj /�1 C c2;j jA

�1
j .Pi �Pj /j

2
�
CH2".Pi /: (3.3)

Then

1

�i

�
‰0.x/ �

˛

2
jlog "j jxj2

�
D .1C c1;i"�iy1 C c2;i"

2�2i jyj
2/�0.y/ �

˛

2�i
jlog "j jPi j2 � 4 log " � 2 log�i
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C "y1�i

�
jlog "j

�
4c1;i � ˛

hRi

�i
p
h2 CR2i

�
� 4c1;i log�i

�

X
j 6Di

�j

�i
4
ŒA�1j .Pi � Pj /��1

jA�1j .Pi � Pj /j2

�
1C c1;j ŒA

�1
j .Pi � Pj /�1

C c2;j jA
�1
j .Pi � Pj /j

2
�

C

X
j 6Di

�j

�i
log

8

jA�1j .Pi � Pj /j4
¹c1;j C 2c2;j ŒA

�1
j .Pi � Pj /�1º

C
1

�i
.Ai .1; 0/

T/ � rH2".Pi /

�
C "y2�i

�
�

X
j 6Di

�j

�i
4
ŒA�1j .Pi � Pj /��2

jA�1j .Pi � Pj /j2

�
1C c1;j ŒA

�1
j .Pi � Pj /�1

C c2;j jA
�1
j .Pi � Pj /j

2
�

C

X
j 6Di

2
�j

�i
log

8

jA�1j .Pi � Pj /j4
c2;j ŒA

�1
j .Pi � Pj /�2

C
1

�i
.Ai .0; 1/

T/ � rH2".Pi /

�
CO.log.jA�1j .Pi � Pj /j/jyj

2"2�2i /; for jzj <
ı

jlog "j
:

Observe that, since the points P D .P1; : : : ; PN / satisfy (2.3)–(2.4) we recognize that

log�2i D log.jlog "j/mi .P /; as "! 0;

where mi .P / are smooth functions, which are uniformly bounded together with their
derivatives, as "! 0. We define

� D max
iD1;:::;N

�i : (3.4)

Proof of Proposition 3.1. Fix i 2 ¹1; : : : ; N º and let Ai D AŒPi � be the matrix defined in
(2.7). Under our assumptions on the points Pi in (2.3)–(2.4), and recalling that

Pi D .r0 C s; 0/C
1

jlog "j
yPi ; Pi D .ai ; bi /; yPi D . Oai ; Obi /;

we have

A�1i D

0@ai

p
h2CR2i
Rih

bi

p
h2CR2i
Rih

�
bi
Ri

ai
Ri

1A D  ph2Cr20h
0

0 1

!
C

logjlog "j
jlog "j

QAi ;

and for i 6D j ,

A�1j Ai D

�
1 0

0 1

�
C

logjlog "j
jlog "j

Iij ;
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where QAi and Iij are 2 � 2 matrices whose entrances are smooth functions of .s; Oai ; Obi /,
and .s; Oai ; Obi ; Oaj ; Obj / respectively, which are uniformly bounded as "! 0.

In the region jzj < ı
jlog "j , where z is introduced in (3.2), we have the following expan-

sion for ‰0, as "! 0:

‰0.x/ �
˛

2
jlog "j jxj2

D �i�0.y/ �
˛

2
jlog "j jPi j2 � 4�i log "�i

� 4�i log "�i .c1;iy1"�i C c2;i"2�2i jyj
2/C �i

4R3i
h.h2 CR2i /

3=2
H1i ."�iy/

� ˛jlog "j
Rihp
h2 CR2i

"�iy1 �
˛

2
jlog "j"2�2i jAiyj

2

C �i .c1;i"�iy1 C c2;i"
2�2i jyj

2/�0.y/CH2"."�iAiy C Pi /

C

X
j 6Di

�j log
8

jA�1j .Pi � Pj /j4

�
1C c1;j ŒA

�1
j .Pi � Pj /�1

C c2;j jA
�1
j .Pi � Pj /j

2
�

�

X
j 6Di

�j 4
A�1j .Pi � Pj / � A

�1
j Aiy

jA�1j .Pi � Pj /j2
"�i

�
1C c1;j ŒA

�1
j .Pi � Pj /�1

C c2;j jA
�1
j .Pi � Pj /j

2
�

C

X
j 6Di

�j log
8

jA�1j .Pi � Pj /j4
¹c1;j ŒA

�1
i Ajy�1

C 2c2;jA
�1
j .Pi � Pj / � A

�1
j Aiyº"�i

CO
�
log.jA�1j .Pi � Pj /j/jA

�1
j Aiyj

2"2�2i
�
; (3.5)

where the constants c1;j , c2;j are defined as in (2.13), namely

c1;j D
1

2

Rjh

.h2 CR2j /
3
2

;

c2;j D
R2j

8.h2 CR2j /
2

� 2h2

h2 CR2j
C 1

�
;

(3.6)

with Rj D
q
a2j C b

2
j .

To get expansion (3.5) we have used that for small z, jzj < ı
jlog "j , one has

�"�j .A
�1
j ŒAiz � .Pj �Pi /�/

D log
8

."2�2j C jA
�1
j ŒAiz � .Pj �Pi /�j2/2

D log
8

jA�1j .Pj �Pi /j4

� 2 log
�
1 �

2A�1j .Pj �Pi / � A
�1
j Aiz

jA�1j .Pj �Pi /j2
C
jA�1j Aizj

2 C "2�2j

jA�1j .Pj �Pi /j2

�
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D log
8

jA�1j .Pj �Pi /j4
C 4

A�1j .Pj �Pi /

jA�1j .Pj �Pi /j2
� A�1j Aiz

CO
�"2�2j C jA�1j Aizj

2

jA�1j .Pj �Pi /j2

�
as "! 0.

Observe that in the region we are considering, we have the validity of the following
expansion:

H2".Pi C "�iAiy/ D H2".Pi /C "�i .Aiy/ � rH2".Pi /CO."
2�2i jyj

2/;

H1i ."�iy/ D O."
3�3i jyj

3/; as "! 0:

We now define the scaling parameters �i , to eliminate part of the zero-mode term of the
expression in (3.5). Inserting (3.3) into (3.5) we conclude the proof of the proposition.

3.2. Choice of the non-linearity F

We now choose the non-linearity F in (2.1) which gives a vorticity W satisfying (2.2).
We let

F
�
‰ �

˛

2
jlog "j jxj2

�
D

NX
jD1

"
2� ˛

2�j
R2j �jFj

� 1
�j

�
‰ �

˛

2
jlog "j jxj2

��
; (3.7)

where
Fj .s/ D �

j .s/f .s/; where f .s/ D es : (3.8)

Here �j are smooth cut-off functions defined as follows.
Consider the boundary of the inner region around Pi , as defined in (3.1). Using the

variable y in (3.2), this boundary is defined by jyj D ı=.�i"jlog "j/. On this boundary we
have

1

�i

�
‰0.x/ �

˛

2
jlog "j jxj2

�
D �

˛R2i
2�i
jlog "j C 4 logjlog "j C 2 log�i C log 8 � 4 log ı C o.1/;

where o.1/ is with respect to "! 0. Then we choose the cut-off function �i such that

�i .s/ D

8̂̂<̂
:̂
1 for s � �

˛R2i
2�i
jlog "j C 4 logjlog "j C 2 log�i C log 8C 2di;";

0 for s � �
˛R2i
2�i
jlog "j C 4 logjlog "j C 2 log�i C log 8C di;";

(3.9)

for suitable di;" D �4 log ı C o.1/ so that

�i
� 1
�i

�
‰0.x/ �

˛

2
jlog "j jxj2

��
D 1 for jA�1i .x � Pi /j �

ı2

jlog "j
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and

�i
� 1
�i

�
‰0.x/ �

˛

2
jlog "j jxj2

��
D 0 for jA�1i .x � Pi /j �

ı

jlog "j
:

Here, ı is independent of " as in (3.1) and can be taken smaller if needed.

4. Estimate of the error function

Let us define the error function to be

SŒ‰�.x/ D L.‰/C

NX
jD1

"
2� ˛

2�j
R2j �jFj

� 1
�j

�
‰ �

˛

2
jlog "j jxj2

��
: (4.1)

A solution to (2.1) would correspond to a smooth function ‰ such that

SŒ‰�.x/ D 0; x 2 R2:

Our purpose is to estimate
SŒ‰0�.x/ for x 2 R2;

where ‰0 is the approximate stream function for the N -helical filaments introduced in
(2.20).

Proposition 4.1. Let ı > 0 be given. There exists C > 0 such that

jS.‰0/j � C
"1C�

1C jxj�
in the region jA�1i .x � Pi /j >

ı

jlog "j
; 8i D 1; : : : ; N; (4.2)

for some � > 2 and � 2 .0; 1/. For i D 1; : : : ; N , in the region

jA�1i .x � Pi /j <
ı

jlog "j
;

we have

"2�2i jS.‰0/j � C
"�i logjlog "j
.1C jyj2Ca/

(4.3)

for some a 2 .0; 1/. In (4.3), y is the scaled variable in the inner regions x � Pi D Aiz,
z D "�iy.

Proof. In order to prove this, we will first analyze SŒ‰0� in regions that are close to each
vortex point Pj , and then in the region which is far from all the points P1; : : : ; PN . Let us
be more precise.

We split the inner region around Pi , as described in (3.1), into two parts:

jA�1i .x � Pi /j �
ı2

jlog "j
and

ı2

jlog "j
� jA�1i .x � Pi /j �

ı

jlog "j
:
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Assume first that jA�1i .x � Pi /j �
ı2

jlog "j . According to (3.9), we have �i D 1 and
�j D 0 for j 6D i , so that the non-linear term in the expression of S.‰0/ becomes

NX
jD1

"
2� ˛

2�j
R2j �jFj

� 1
�j

�
‰0 �

˛

2
jlog "j jxj2

��
D "

2� ˛
2�i
R2i �if

� 1
�i

�
‰0.x/ �

˛

2
jlog "j jxj2

��
D

�i

"2�2i
U.y/eŒc1;i"�iy1Cc2;i"

2�2i jyj
2��0.y/e"ŒA1;i .P /y1�iCA2;i .P /y2�i �

� expŒO.log.jlog "j/jyj2"2�2i /�

D
�i

"2�2i
U.y/

�
1C "�iy1.c1;i�0.y/CA1;i .P //C "�iy2A2;i .P /

C "2�2i c2;i jyj
2�0.y/CO.log.jlog "j/jyj2"2�2i /

�
; (4.4)

with

A1;i .P / WD jlog "j
�
4c1;i � ˛

hRi

�i
p
h2 CR2i

�
� 4c1;i log�i

� 4
X
j 6Di

�j

�i

ŒA�1j .Pi � Pj /�1

jA�1j .Pi � Pj /j2
C

X
j 6Di

�j

�i
log

8

jA�1j .Pi � Pj /j4
c1;j C Y1.P /;

A2;i .P / WD �
X
j 6Di

�j

�i
4
ŒA�1j .Pi � Pj /�2

j.A�1j .Pi � Pj //j2
C Y2.P /;

where Y1.P / and Y2.P / are smooth functions, uniformly bounded as "! 0 for points
P D .P1; : : : ; PN / satisfying (2.3)–(2.4).

In the expression of A1;i the term

�4c1;i log�i C
X
j 6Di

�j

�i
log

8

jA�1j .Pi � Pj /j4
c1;j

is a smooth function of the points Pj which can be described as logjlog "jY1.P /, where
Y1.P / denotes again a smooth function, uniformly bounded as " ! 0 for points P D
.P1; : : : ; PN / satisfying (2.3)–(2.4).

In addition, if we insert the definition of c1;i as given in (3.6), we write A1;i .P / as

A1;i .P / D jlog "j
�
2

hRip
.h2 CR2i /

3
� ˛

hRi

�i
p
h2 CR2i

�
�

X
j 6Di

�j

�i
4
ŒA�1j .Pi � Pj /�1

jA�1j .Pi � Pj /j2
C logjlog "jY1.P /; (4.5)

where again Y1.P / denotes an explicit smooth function, uniformly bounded as "! 0 for
points P D .P1; : : : ; PN / satisfying (2.3)–(2.4).
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For later purposes it is relevant to observe that

A1;i D logjlog "jY1.P /; A2;i D jlog "jY2.P /; (4.6)

under the assumption that the points Pi satisfy (2.3)–(2.4). As before, Y1.P / and Y2.P /
denote explicit smooth functions, uniformly bounded as "! 0 for points P D .P1; : : : ;
PN / satisfying (2.3)–(2.4).

A direct computation shows that in the region ı2

jlog "j � jA
�1
i .x � Pi /j �

ı
jlog "j we have

NX
jD1

"
2� ˛

2�j
R2j �jFj

� 1
�j

�
‰0�

˛

2
jlog "j jxj2

��
D "

2� ˛
2�i
R2i f

� 1
�i

�
‰0.x/�

˛

2
jlog "j jxj2

��
D O."2�2i jlog "j4/:

On the other hand, we recall from (2.21) that

L.‰0/ D �0

NX
jD1

�j

�
��"�j C

4Rj .3h
2 CR2j /

h.h2 CR2j /
3
2

"2�2j .zj /1

."2�2j C jzj j
2/2

�
; (4.7)

where zj D AŒPj �
�1.x � Pj /, zj D ..zj /1; .zj /2/. For i fixed, in the variable z D

AŒPi �
�1.x � Pi /, the above expression becomes

L.‰0/ D �0�i

�
��"�i C

4Ri .3h
2 CR2i /

h.h2 CR2i /
3
2

"2�2j z1

."2�2i C jzj
2/2

�
C �0

NX
j¤i

�j

� 8"2�2j

."2�2j C jA
�1
j Aiz C A

�1
j .Pj � Pi /j2/2

C
4Rj .3h

2 CR2j /

h.h2 CR2i /
3
2

"2�2j ŒA
�1
j Aiz C A

�1
j .Pj � Pi /�1

."2�2j C jA
�1
j Aiz C A

�1
j .Pj � Pi /j2/2

�
:

Therefore, for the inner part jA�1i .x � Pi /j < ı=jlog "j, we have

L.‰0/ D �
�i

"2�2i

�
U.y/ �

4Ri .3h
2 CR2i /

h.h2 CR2i /
3
2

"�iy1

.1C jyj2/2

�
CO."2�2jlog "j4/; (4.8)

where y is the variable introduced in (3.2),

x � Pi D "�iAiy:

Combining (4.4) and (4.8), we conclude that in the region jA�1i .x � Pi /j < ı
2=jlog "j

we have

S.‰0/ D
�i

"2�2i
U.y/

h
"�iy1

�
c1;i�0.y/C

Ri .3h
2 CR2i /

2h.h2 CR2i /
3
2

CA1;i .P /
�

C "�iy2A2;i .P /C "
2�2i c2;i jyj

2�0.y/

CO.log.jlog "j/jyj2"2�2i /
i

CO."2�2jlog "j4/; (4.9)

with � given by (3.4), and S by (4.1).
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Consequently, in the region ı2

jlog "j � jA
�1
i .x � Pi /j �

ı
jlog "j , we have

S.‰0/.x/ D O."
2�2jlog "j4/:

Estimate (4.3) uses the above estimate, and (4.5)–(4.6).

Let us consider now the region defined by

jA�1i .x � Pi /j >
ı

jlog "j
; 8i:

In this outer region, all cut-off functions �i are zero, see (3.9), hence SŒ‰0�.x/ D L.‰0/.
A direct inspection of (4.7) gives

jL.‰0/j � C
"2�2

1C jxj�

for some C independent of ", � > 2 and � is defined in (3.4). This concludes the proof of
Proposition 4.1.

Estimates (4.2) and (4.3) will be crucial to carry on the inner-outer gluing procedure
leading to an exact solution of (2.1). This is what we discuss next.

5. The inner-outer gluing system

This section describes the inner-outer gluing scheme to find an actual solution to (2.1).
We look for a solution ‰.x/ of the equation

SŒ‰� WD LŒ‰�C F.‰/ D 0 in R2; (5.1)

where

F.‰/ D

NX
iD1

"
2� ˛

2�i
R2i �i�

if
� 1
�i

�
‰ �

˛

2
jlog "j jxj2

��
; f .u/ D eu:

Consider the approximate solution‰0.x/ in (2.20). The function‰0 is defined in terms of
scaling parameters �1; : : : ; �N given by formula (3.3) and points P1; : : : ; PN satisfying
(2.3)–(2.4). We refer to Sections 2 and 3 for the construction of‰0. We look for a solution
‰ to (5.1) of the form

‰.x/ D ‰0.x/C '.x/; (5.2)

where ' is “smaller” than ‰0. The inner-outer gluing procedure starts with choosing ' of
the form

'.x/ D

NX
iD1

�i .x/�i .y/C  .x/: (5.3)
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Here,

�i D �
�
jlog "j jA�1i .x � Pi /j

ı1

�
for some ı1 < ı2, with ı fixed in (3.1) and � defined in (2.18), and y denotes the scaling
variable

y D
A�1i .x � Pi /

"�i
:

In terms of '.x/, and using the decomposition (5.3), problem (5.1) takes the form

S.‰0 C '/ D 0 in R2;

S.‰0 C '/ D

NX
iD1

�i

�
LŒ�i �C F

0.‰0/.�i C  /C S.‰0/CN0

� NX
iD1

�i�i C  

��
C LŒ �C

�
1 �

NX
iD1

�i

��
F 0.‰0/ CE0 CN0

� NX
iD1

�i�i C  

��
C

NX
iD1

.LŒ�i�i � � �iLŒ�i �/;

where

N0.'/ D F.‰0 C '/ � F.‰0/ � F
0.‰0/';

with

F 0.‰0/ D

NX
iD1

"
2� ˛

2�i
R2i �if 0

� 1
�i

�
‰0 �

˛

2
jlog "j jxj2

��
:

Thus ‰ given by (5.2)–(5.3) solves (5.1) if .�;  / WD .�1; : : : ; �N ;  / satisfies the
system of equations

LŒ�i �C F
0.‰0/.�i C  /C S.‰0/CN0

� NX
iD1

�i�i C  

�
D 0; for jA�1i .x � Pi /j <

2ı1

jlog "j
; (5.4)

and

LŒ �C

�
1 �

NX
iD1

�i

��
F 0.‰0/ CE0 CN0

� NX
iD1

�i�i C  

��
C

NX
iD1

.LŒ�i�i � � �iLŒ�i �/ D 0 in R2: (5.5)

We will refer to problem (5.4) as the inner problem and to (5.5) as the outer problem.
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Let us write (5.4) in terms of the variable y D A�1i .x�Pi /

"�i
. From (2.8) we have

LŒ�i � D
1

"2�2i
Œ�y�i C NBi .y/Œ�i ��;

where NBi .y/ D "2�2i B."�iy/ and B is the operator given by (2.9). Using estimate (4.4),
we get

"2�2i F
0.‰0/ D e

�0.y/ C bi .y/; with �0.y/ D log
8

.1C jyj2/2
;

where

bi .y/ D e
�0.y/

�
"�iy1.c1;i�0.y/CA1;i .P //C "�iy2A2;i .P /

C "2�2i c2;i jyj
2�0.y/CO.log.jlog "j/jyj2"2�2i /

�
: (5.6)

Consequently, using (4.5)–(4.6), we have

bi .y/ D O
�"�i logjlog "j
1C jyj2Ca

�
; (5.7)

so the term logjlog "j assumes that the points Pi satisfy (2.3)–(2.4).
By estimates (4.3), we obtain, in the region jyj < 2ı1

�i "jlog "j ,

zEi WD "
2�2i SŒ‰0� D O

� "�i

1C jyj2Ca
logjlog "j

�
; (5.8)

for a 2 .0; 1/. Similarly, using estimate (5.7) for bi , we get the expansion

Ni .'/ WD "
2�2iN0.'/ D

1

�i
.e�0.y/ C bi .y//'

2: (5.9)

Then, multiplying the inner problem (5.4) by "2�2i , we get

�y�i C e
�0� D �Bi Œ�i � �Hi .�;  / in BR; (5.10)

where R D 2ı1
"�i jlog "j ,

Hi .�;  / D Ni

� NX
iD1

�i�i C  

�
C zEi C .e

�0 C bi / 

and
Bi Œ�i � D NBi .y/Œ�i �C bi .y/�i : (5.11)

Note that

NBi .y/ D
�
�2

Rih

.h2 CR2i /
3=2
."�iy1/CO.j"�iyj

2/
�
@y1y1 CO.j"�iyj

2/@y2y2

�

�
2

Ri

h
p
h2 CR2i

"�iy2 CO.j"�iyj
2/

�
@y1y2
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�

�
"�iRi

h
p
h2 CR2i

� 2h2

h2 CR2i
C 1

�
CO.."�i /

2
jyj/

�
@y1

�

� ."�i /2y2
h2 CR2i

� 2h2

h2 CR2i
C 1

�
CO.."�i /

3
jyj2/

�
@y2 : (5.12)

The idea is to solve equation (5.10), coupled with the outer problem (5.5) in such a
way that �i has the size of the error zEi with two powers less of decay in y, say

.1C jyj/jDy�i .y/j C j�i .y/j �
C"�i logjlog "j
1C jyja

:

Recall that the basic linear operator�y� C e�0� in (5.10) has a three-dimensional kernel
generated by the bounded functions

Zi .y/ D
@�0

@yi
; i D 1; 2; Z0.y/ D 2C y � r�0.y/: (5.13)

This fact suggests that the solvability of (5.10) within the expected topologies depends on
whether the right-hand side has components in the directions spanned by the Zi . Instead
of solving (5.10) directly, we will solve the auxiliary projected problem instead, for i D
1; : : : ; N ,

�y�i C e
�0�i C Bi .�i /CHi .�;  / D

2X
jD1

cij e
�0.y/Zj in BR; (5.14)

for some constants cij . We solve (5.14) coupled with the outer problem (5.5), which can
be written as

LŒ �CG. ; �/ D 0 in R2; (5.15)

where

G. ; �/ D V.x/ CN 0.�/CE0.x/C

NX
iD1

Ai Œ�i �; (5.16)

with

V.x/ D

�
1 �

NX
iD1

�i

�
F 0.‰0/; N 0.'/ D

�
1 �

NX
iD1

�i

�
N0.'/;

E0.x/ D

�
1 �

NX
iD1

�i

�
SŒ‰0�; Ai Œ�i � D LŒ�i ��i CK j̀ .x/@x`�i@xj �i ;

where K j̀ are the coefficients of the matrix K defining the differential operator L; see
(2.6). By (4.2), the following bounds hold:

jV.x/j � O.."�/2jlog "j4/; jN 0.'/j � O.."�/2jlog "j4j'j2/;

jE0.x/j � O."1Cb/:
(5.17)
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In order to find a solution of (5.1), we will need to solve

cij D cij Œ�;  � D 0 for i D 1; : : : ; N , j D 1; 2:

This can be achieved properly choosing s� and yP1; : : : ; yPN in the form of the points Pj as
given in (2.3), under the bounds (2.4). In Section 6 we will establish linear results that are
the basic tools to solve system (5.14)–(5.15). Section 7 is devoted to solving (5.14)–(5.15)
by means of a fixed point scheme, and Section 8 to adjusting the points to get cij D 0 for
all i D 1; : : : ; N , j D 1; 2.

6. Linear theories

This section collects two results. The first one regards the solvability of the outer linear
theory, and the second the inner linear theory. They were obtained in [17]. For complete-
ness we state them here and give a sketch of their proofs in Appendix A.

6.1. Outer linear theory

Consider the Poisson equation for the operator L,

LŒ �C g.x/ D 0 in R2; (6.1)

for a bounded function g. Here L is the differential operator in divergence form defined
in (2.6).

We take functions g.x/ that satisfy the decay condition

kgk� WD sup
x2R2

.1C jxj/� jg.x/j < C1;

where � > 2.

Proposition 6.1 ([17, Proposition 7.1]). There exists a solution  .x/ to problem (6.1),
which is of class C 1;ˇ .R2/ for any 0 < ˇ < 1, that defines a linear operator  D T o.g/

of g and satisfies the bound

j .x/j � Ckgk�.1C jxj
2/; (6.2)

for some positive constant C .

6.2. Inner linear theory

In this section we consider the problem

�� C e�0.y/� C h.y/ D 0 in R2: (6.3)
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For numbers m > 2, 0 < ˇ < 1 we consider the norms

khkm D sup
y2Rn

.1C jyj/mjh.y/j;

khkm;ˇ D khkm C .1C jyj/
mCˇ Œh�B1.y/;ˇ ;

(6.4)

where we use the standard notation

Œh�A;ˇ D sup
z1;z22A

jh.z1/ � h.z2/j

jz1 � z2jˇ
;

and A is a subset of R2. We recall the definition of the functions Zi .y/ in (5.13):

Zi .y/ D @yi�0.y/; i D 1; 2; Z0.y/ D 2C y � r�0.y/:

Lemma 6.2 ([17, Lemma 6.1]). Given m > 2 and 0 < ˇ < 1, there exists a C > 0 and
a solution � D T Œh� of problem (6.3) for each h with khkm < C1 that defines a linear
operator of h and satisfies the estimate

.1C jyj/jr�.y/j C j�.y/j

� C

�
log.2C jyj/

ˇ̌̌̌Z
R2

hZ0

ˇ̌̌̌
C .1C jyj/

2X
jD1

ˇ̌̌̌Z
R2

hZj

ˇ̌̌̌
C .1C jyj/2�mkhkm

�
: (6.5)

In addition, if khkm;ˇ < C1, we have

.1C jyj2Cˇ /ŒD2
y��B1.y/;ˇ C .1C jyj

2/jD2
y�.y/j

� C

�
log.2C jyj/

ˇ̌̌̌Z
R2

hZ0

ˇ̌̌̌
C .1C jyj/

2X
jD1

ˇ̌̌̌Z
R2

hZj

ˇ̌̌̌
C .1C jyj/2�mkhkm;ˇ

�
: (6.6)

For a fixed number ı > 0 and a sufficiently large R > 0 we consider the equation

�� C e�0� C Bi Œ��C h.y/ D

2X
jD0

cij e
�0Zj in BR: (6.7)

For a function h defined in A � R2 we denote by khkm;ˇ;A the numbers defined in
(6.4) but with the sup taken with elements in A only, namely

khkm;A D sup
y2A

j.1C jyj/mh.y/j;

khkm;ˇ;A D sup
y2A

.1C jyj/mCˇ Œh�B.y;1/\A C khkm;A:
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Let us also define, for a function of class C 2;˛.A/,

k�k�;m�2;A D kD
2�km;ˇ;A C kD�km�1;A C k�km�2;A: (6.8)

In this notation we omit the dependence on A when A D R2. The following is the main
result of this section.

Proposition 6.3 ([17, Proposition 6.1]). There is C > 0 such that for all sufficiently large
R and a differential operatorBi as in (5.11) with estimates (5.7) and (5.12), problem (6.7)
has a solution � D Ti Œh� for certain scalars cij D cij Œh�, that defines a linear operator of
h and satisfies

k�k�;m�2;BR � Ckhkm;ˇ;BR :

In addition, the linear functionals ci can be estimated as

ci0Œh� D 
0

Z
BR

hZ0 CO.R
2�m/khkm;ˇ;BR ;

cij Œh� D 
j

Z
BR

hZj CO."�i logjlog "j/khkm;ˇ;BR ; j D 1; 2;

where 
�1j D
R

R2 e
�0Z2j , j D 0; 1; 2.

7. Solving the inner-outer gluing system

We let Xo be the Banach space of all functions  2 C 2;ˇ .R2/ such that

k k1 < C1;

and formulate the outer equation (5.15) as the fixed point problem in Xo,

 D T oŒG. ; �/�;  2 Xo;

where T o is defined in Proposition 6.1, while G is the operator given by (5.16).
We formulate the projected problem (5.14) as the one of finding .�i ; cij /, where

�i D �i;1 C �2;i

with

�y�i;1 C e
�0�i;1 C Bi Œ�i;1�C Bi Œ�i;2�CHi .�;  / D

2X
jD0

cij e
�0Zj in BR; (7.1)

where Zj are given by (5.13), and

�y�i;2 C e
�0�i;2 C ci0e

�0Z0 D 0 in R2: (7.2)
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Problem (7.1) is formulated using the operator Ti in Proposition 6.3, with

cij D cij ŒHi .�;  /C Bi .�i;2/�; j D 0; 1; 2;

�i;1 2 X�; �i;1 D Ti .Hi .�;  /C Bi Œ�i;2�/;

where X� is the Banach space of functions � 2 C 2;ˇ .BR/ such that

k�k�;m�2;BR <1

(see (6.8)).
Problem (7.2) is formulated using the operator T in Lemma 6.2,

�i;2 D T Œci0ŒHi .�;  /C Bi .�i;2/�e
�0Z0�I

in fact �i;2 is a radial function satisfying

�i;2.y/ D ci0ŒHi .�;  /C Bi .�i;2/�
�4
3

jyj2 � 1

jyj2 C 1
log.1C jyj2/ �

8

3

1

jyj2 C 1

�
: (7.3)

Having in mind the a priori bound in (6.5), (6.6) in Lemma 6.2, it is natural to ask that
�i;2 2 C

2;ˇ .R2/,

k�k��;ˇ D sup
y2R2

1

log.1C jyj/

�
.1C jyj2Cˇ /ŒD2

y��B1.y/;ˇ C .1C jyj
2/jD2

y�.y/j

C .1C jyj/jr�.y/j C j�.y/j
�

(7.4)

and denote by X�� the Banach space of functions � 2 C 2;ˇ with k�k��;ˇ <1.

Proposition 7.1. Let ˇ 2 .0; 1/. There exist positive constants C and �1 > 0, functions
 2 Xo, N�1 D .�1;1; : : : ; �1;N / 2 XN� , N�2 D .�2;1; : : : ; �2;N / 2 XN��, and constants cij ,
i D 1; : : : ; N , j D 1; 2, solutions to (5.15)–(7.1)–(7.2) such that

k k1 � C"
1C�1 ; k�i;1k�;m�2;BR � CR

�1;

k�i;2k��;ˇ � CR
1�m; i WD 1; : : : ; N ;

(7.5)

with R D 2ı1=."�i jlog "j/.

Proof. Problem (5.14)–(5.15) consists in finding  , N�1, N�2, solutions of the fixed point
problem

. ; N�1; N�2/ D A. ; N�1; N�2/ (7.6)

given by

 D T oŒG. ; N�1 C N�2/�;  2 Xo;

�i;1 D Ti ŒHi . N�1 C N�2;  /C Bi .�i;2/�; �i;1 2 X�;

�i;2 D T Œci0ŒHi . N�1 C N�2;  /C Bi .�i;2/�e
�0Z0�; �i;2 2 X��:

(7.7)
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Let m > 2 and define

BM D
®
. ; N�1; N�2/ 2 X

o
�XN� �X

N
�� W

k k1 �M"1C�1 ; k�i;1k�;m�2;BR �MR
�1;

k�i;2k��;ˇ �MR
1�m; i D 1; : : : ; N

¯
; (7.8)

for some positive constant M independent of " and �1. We will solve (7.6)–(7.7) in BM .
We first show that A.BM / � BM . Assume that . ; N�1; N�2/ 2 BM . We first want to

show that A. ; N�1; N�2/ 2 B . By definition of X� and X��, we have

Ai .�i / �
C

1C jxj�

�
jlog "j2j�i;1 C �i;2j C

jlog "j
"�i

jDy.�i;1 C �i;2/j
�

�
R2�mjlog "j2

1C jxj�
k�i;1k�;m�2;BR C

jlog "j3

1C jxj�
k�i;2k��;ˇ

for some � > 2 and for x in a subset of B..x0; 0/; 1/, and Ai .�i / D 0 elsewhere. From
(5.16) and (5.17), we get

jG. ; N�1 C N�2/j

�
C

1C jxj�
"1Cb

�
1C

NX
iD1

j�i;1 C �i;2j
2�i C j j

2
C j j

�
C

C

1C jxj�
jlog "j2

NX
iD1

.R2�mk�i;1k�;m�2;BR C jlog "j k�i;2k��;ˇ /: (7.9)

From Proposition 6.1, we get

k k1 D kT
o.G. ; N�1 C N�2//k1 � C"

1C�1 ; (7.10)

where �1 D min¹b; m � 2 � �º for � > 0 small. From (5.9), (5.8), we get, for some
a 2 .0; 1/,

jHi . N�1 C N�2;  /j � j zEi j C
8

1C jyj2

� 1

.1C jyj2/
C
C"�i logjlog "j
.1C jyja/

�
j j

C
C

.1C jyj/4

�
j j2 C

NX
iD1

.j�i�i;1j
2
C j�i�i;2j

2/

�
; (7.11)

where

j zEi j � C
"�i logjlog "j
.1C jyj2Ca/

:

Using the assumptions on  , �i;1, and �i;2, we get

kHi . N�1 C N�2;  /km;ˇ;BR � C"�i logjlog "j � CR�1; (7.12)
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for m < 2C a. From (5.11), (5.7), and (5.12), we get

jBi Œ�i;2�j � C"�i

�
jD�i;2j C jyj jD

2�i;2j C
logjlog "j
1C jyj2Ca

j�i;2j
�
; (7.13)

and using again that m < 2C a, we have

kBi .�i;2/km;ˇ;BR � CR
m�2
k�i;2k��;ˇ C CR

�1 logjlog "jk�i;2k��;ˇ
� CRm�2k�i;2k��;ˇ ; � CR

�1; (7.14)

and from Proposition 6.3, using estimates (7.12) and (7.14), we find that

k�i;1k�;m�2;BR � CR
�1: (7.15)

Now using (4.9), (5.6), and the fact that �i;2 is radial, we haveZ
BR

zEiZ0 D O."
2�2i jlog "j/;Z

BR

Bi .�i;2/Z0 D O.k�i;2k��;ˇR
2."�i /

2
jlog "j/:

In addition, since
R
BR
e�0.y/Z0 D O.R

�2/ and by regularity we have  .x/ D  .Pi /C
"�iAiyk k1 for x 2 B.Pi ; ı=jlog "j/, we getZ

BR

Œe�0.y/ C bi .y/� Z0 D O."�ik k1/:

We also have
R
BR

Ni .
PN
iD1 �i�i C /Z0 DO.

PN
iD1 k�i;1k

2
�;m�2;BR

/, and consequently
from the definition of Hi ,Z

BR

ŒHi .�;  /C Bi .�i;2/�Z0 D O
�
k�i;2k��;ˇ

jlog "j

�
:

By Proposition 6.3, we have

jci0ŒHi .�;  /C Bi .�i;2/�j � CR
2�m
kHi .�;  /C Bi .�i;2/km;ˇ;R CO

�
k�i;2k��;ˇ

jlog "j

�
:

Then
jci0ŒHi .�;  /C Bi .�i;2/�j � Ck�i;2k��;ˇ ; (7.16)

while from Lemma 6.2 and (7.16) we get

k�i;2k��;ˇ � C jci0ŒHi .�;  /C Bi .�i;2/�j � CR
1�m: (7.17)

Combining (7.10)–(7.15)–(7.17), we conclude that A. ; �1; �2/ 2 BM if we choose M
large enough (but independent of ") in the definition of the set BM in (7.8).
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We next show that A is a contraction map in BM . Let 'j D
PN
iD1 �i .�

j
i;1 C �

j
i;2/C

 j , for j D 1;2, such that . j ; N�j1 ; N�
j
2 /2BM . LetG.'j /DG. j ; N�j1 C N�

j
2 / and observe

that

jG.'1/ �G.'2/j � jV.x/. 1 �  2/j

C

�
1 �

NX
iD1

�i

�
jN0.'

1/ �N0.'
2/j

C

NX
iD1

jAi Œ�
1
i;1 � �

2
i;1�j C

NX
iD1

jAi Œ�
1
i;2 � �

2
i;2�j; (7.18)

where the terms are defined in (5.16). A direct computation gives

jV.x/. 1 �  2/j C

�
1 �

NX
iD1

�i

�
jN0.'

1/ �N0.'
2/j

� C."�/2jlog "j4
�
j 1 �  2j C

NX
iD1

�2i .j�
1
i;1 � �

2
i;1j

2
C j�1i;2 � �

2
i;2j

2/

�
and, as in (7.9),

jAi Œ�
1
i;1 � �

2
i;1�j � C

�ˇ̌
L.�i /j�

1
i;1 � �

2
i;1j
ˇ̌
C jK j̀ @x`�i@xj .�

1
i;1 � �

2
i;1/j

�
�
C"m�2��

1C jxj�
k�1i;1 � �

2
i;1k�;m�2;BR

for � > 0 small. In order to estimate Ai Œ�12 � �
2
2 �, we observe that

�y Œ�
1
i;2 � �

2
i;2�C f

0.�0/Œ�
1
i;2 � �

2
i;2�C c

12
i0 e

�0Z0 D 0 in R2;

where

c12i0 D ci0ŒHi .
N�11 C

N�12 ;  
1/C Bi .�

1
i;2/� � ci0ŒHi .

N�21 C
N�22 ;  

2/C Bi .�
2
i;2/�:

By definition,

c12i0 D

Z
BR

�
Bi Œ�

1
i;2 � �

2
i;2�C .e

�0.y/ C b0.y//. 
1
�  2/

CNi

�
 1C

X
i

�i .�
1
i;1 C �

1
i;2/

�
�Ni

�
 2C

X
i

�i .�
2
i;1 C �

2
i;2/

��
Z0 dy:

Using (5.11) and (5.9), we get

jc12i0 j � C
h 1

jlog "j
k�1i;2 � �

2
i;2k��;ˇ C k�

1
i;2 � �

2
i;2k

2
��;ˇ

C k�1i;1 � �
2
i;1k

2
�;m�2;ˇ C k 

1
�  2k21

CR�1Œk 1 �  2k1 C k�
1
i;1 � �

2
i;1k�;m�2;ˇ C k�

1
i;2 � �

2
i;2k��;ˇ �

i
:
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Then by (7.3) and (7.4), we obtain

k�1i;2 � �
2
i;2k��;ˇ � C jc

12
i0 j: (7.19)

Now we have

jAi Œ�
1
i;2 � �

2
i;2�j � C

�ˇ̌
L.�i /j�

1
i;2 � �

2
i;2j
ˇ̌
C jK j̀ @x`�i@xj .�

1
i;2 � �

2
i;2/j

�
�
C jlog "j3

1C jxj�
k�1i;2 � �

2
i;2k��;ˇ :

Combining all these estimates in (7.18), we obtain, iterating (7.19), that

jG.'1/ �G.'2/j �
C"�0

1C jxj�

�
k 1 �  2k1 C

NX
iD1

k�1i;1 � �
2
i;1k�;m�2;BR

�
C

C

1C jxj�
1

jlog "j

NX
iD1

k�1i;2 � �
2
i;2k��;ˇ :

From Proposition 6.1, we have

kT oŒG.'1/� � T oŒG.'2/�k1 � C"
�0

�
k 1 �  2k1 C

NX
iD1

k�1i;1 � �
2
i;1k�;m�2;BR

�
C

C

jlog "j

NX
iD1

k�1i;2 � �
2
i;2k��;ˇ ; (7.20)

for some �0 > 0. Now let Ti .'j / D Ti ŒHi . N�
j
1 C
N�
j
2 ;  

j /C Bi .�
j
i;2/� for j D 1; 2. Then

by Proposition 6.3,

kTi .'
1/ � Ti .'

2/k�;m�2;BR

� C
�
kHi . N�

1
1 C
N�12 ;  

1/ �Hi . N�
2
1 C
N�22 ;  

2/km;ˇ;BR C kBi .�
1
i;2 � �

2
i;2/km;ˇ;BR

�
� C

�
k 1 �  2k1 C k�

1
i;2 � �

2
i;2k

2
��;ˇ C k�

1
i;1 � �

2
i;1k

2
�;m�2;ˇ C k 

1
�  2k21

CR�1Œk 1 �  2k1 C k�
1
i;1 � �

2
i;1k�;m�2;ˇ C k�

1
i;2 � �

2
i;2k��;ˇ �

CRm�2k�1i;2 � �
2
i;2k��;ˇ

�
:

As a consequence, using (7.19) and (7.20), we get that A is a contraction mapping in BM
and problem (7.6)–(7.7) has a fixed point.

8. The reduced problem

In Section 7 we proved the existence of a solution .�1; : : : ; �N ;  / to the coupled system
of equations

�y�i C f
0.�0/�i C Bi .�i /CHi .�;  / D

2X
jD1

cij e
�0.y/Zj in BR;
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for i D 1; : : : ; N , and
L CG. ; �/ D 0 in R2:

The solution is described in Proposition 7.1, and estimates are contained in (7.5).
In order to obtain an actual solution to our main problem (5.1), we need to show that

the reduced system

cij D cij ŒBi .�i;2/CHi .�;  /� D 0 for i D 1; : : : ; N , j D 1; 2;

can be solved provided the points P1; : : : ; PN in (2.3)–(2.4) are chosen properly. From
Section 7 we get that kBi .�i;2/CHi .�;  /km;ˇ;BR . "� logjlog "j. Hence from Propos-
ition 6.3, we obtain that

cij D 
j

Z
BR

ŒHi .�;  /C Bi .�i;2/�Zj dy C "
1C�Y.P /;

for some � > 0. Here, and in the rest of this section, by Y.P /we denote a smooth function,
uniformly bounded as " ! 0 for points P D .P1; : : : ; PN / satisfying (2.3)–(2.4). The
specific expression of this function changes from line to line, and even in the same line.

In addition, sinceHi .�; /DNi .
PN
iD1 �i�i C /C

zEi C .e
�0 C bi / , using estim-

ates (7.11) and (7.13), we findZ
BR

�
Ni

� NX
iD1

�i�i C  

�
C .e�0 C bi / C Bi .�i;2/

�
Zj D "

1C�Y.P /:

This fact implies that solving the reduced system cij D 0 is equivalent to provingZ
BR

zEiZj dy D "
1C�Y.P / for i D 1; : : : ; N and j D 1; 2: (8.1)

Formula (4.9) gives a rather explicit expression for zEi , which is used to getZ
BR

zEiZ1 dy D "�i�i ŒMF1;i .P /C log.jlog "j/MY.P /CG1;i .P /�;

where M D
R

R2 U.y/y1Z1.y/ dy,

F1;i .P / D �

�
log "

�
2

Rip
.1CR2i /

3
� ˛

Ri

�i
p
1CR2i

!
C

X
j 6Di

�j

�i
4
ŒA�1j .Pi � Pj /�1

jA�1j .Pi � Pj /j2

�
and

G1;i D c1;i

Z
R2

U�0y1Z1 dy C
Ri .3h

2 CR2i /

2h.h2 CR2i /
3
2

M C "�iY.P /:

On the other hand,Z
BR

zEiZ2 dy D "�i�iMŒF2;i .P /C Y.P /C "�iY.P /�;
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where

F2;i D �

�X
j 6Di

�j

�i
4
ŒA�1j .Pi � Pj /�2

jA�1j .Pi � Pj /j2

�
:

Now we recall the form of the points P1; : : : ; PN as in (2.3)–(2.4):

Pi D .ai ; bi / D .r0 C s; 0/C
. Oai ; Obi /

jlog "j
; Ri D

q
a2i C b

2
i

and define
zPi D

�p
h2 C r20 Oai ;

Obi
�
:

Inserting this information in (8.1) we obtain that the reduced problem is�
2

hRip
.h2CR2i /

3
� ˛

hRi

�i
p
h2CR2i

�
C 4

X
j 6Di

�j

�i

Œ. zPi � zPj /�1

j. zPi � zPj /j2
D

logjlog "j
jlog "j

Y.P /; (8.2)

X
j 6Di

�j

�i
4
Œ. zPi � zPj /�2

j. zPi � zPj /j2
D

Y.P /
jlog "j

; (8.3)

where again Y.P / denotes a generic smooth function, uniformly bounded as "! 0 for
points P D .P1; : : : ; PN / satisfying (2.3)–(2.4).

The non-linear system (8.2)–(8.3) is a perturbation of the following limit problem
(1.13), which for convenience we write using complex notation:X

j 6Di

�j

Pi � Pj
D

�
�i

hr0

2
p
.h2 C r20 /

3
� ˛

hr0

4
p
h2 C r20

�
(8.4)

for i D 1; : : : ; N . Here Pj D .Pj;1; Pj;2/ is identified with the complex number Pj D
Pj;1 C iPj;2.

For all i D 1; : : : ; N , let Fi WCN 7! C be the i th left-hand side in (8.4), that is,

Fi .P/ D
X
j 6Di

�j

Pi � Pj
for i D 1; : : : ; N ;

and let Ui denote the right-hand side of (8.4),

Ui .r0/ D

�
�i

hr0

2
p
.h2 C r20 /

3
� ˛

hr0

4
p
h2 C r20

�
:

The point P0 satisfies
Fi .P0/ D Ui .r0/:

We can explicitly calculate the derivative of F at P0, and we get

dFP0 D

0BBB@
�
PN
iD2 �iT1i �2T12 � � � �NT1N

�1T21 �
PN
iD1;i¤2 �iT2i � � � �NT2N

� � �

�1TN1 �2TN2 � � � �
PN�1
iD1 �iTNi

1CCCA ;
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where Tij D1=.P0i �P0j /
2DTj i . A direct inspection gives that the vector e0D .1; : : : ; 1/2

CN is an element of the kernel of dFP0 . The non-degeneracy assumption on the point P0

means precisely that this is the only element in the kernel.
We look for a solution to (8.2)–(8.3) as a small perturbation of P0. Let q D .q1; : : : ;

qN / 2 CN , and redefine xPj in complex variables: we write

zPj D P0j C qj ; j D 1; : : : ; N;

and then the reduced problem (8.2)–(8.3) can be written as

Fi . zP / D Ui .Ri /C Q�i ; i D 1; : : : ; N ; (8.5)

with Re. Q�i / D
logjlog "j
jlog "j Y.P / and Im. Q�i / D 1

jlog "jY.P /, where Y.P / again denotes a
smooth function, uniformly bounded as "! 0 for points P D .P1; : : : ; PN / satisfying
(2.3)–(2.4). We have the expansions

F. zP / D F.P0/C dFP0.q/CO.jqj2/

and

Ui .Ri / D Ui .r0/C U
0
i .r0/

�
s C

Re.P0i C qi /p
r20 C h

2jlog "j

�
CO

��
jqj
jlog "j

C jsj
�2�
CO

�
jsj

jlog "j

�
:

Thus (8.5) takes the form

dFP0.q/ D G .s;q/C
sh

2

h h2 � 2r20

.h2 C r20 /
5
2

e1 �
˛

2

h2

.h2 C r20 /
3
2

e0
i
; (8.6)

where e1 D .�1; : : : ; �N / and G .s;q/ is a smooth function, with G .0; 0/D 0,DqG .0; 0/D

0, andDsG .0; 0/D o.1/ as "! 0. In addition, Re G .s;q/DO. logjlog "j
jlog "j / and Im G .s;q/D

O. 1
jlog "j / as " ! 0, in the range for s and q we are considering. Since dF has a one-

dimensional kernel, we have that the kernel of .dF/T is also one-dimensional and it is
spanned by e1. From the value of ˛ given by (1.14), the projection of the right-hand side
of (8.6) onto e1 is equal to

G � e1 � sh
r20
P
�2i

.h2 C r20 /
5
2

:

Now we consider the following projected problem:

dFP0.q/ D G .s;q/C
sh

2

�
h2 � 2r20

.h2 C r20 /
5
2

e1 �
P
�2iP
�i

h2

.h2 C r20 /
5
2

e0
�

�

G � e1 � sh
r20
P
�2i

.h2Cr20 /
5
2P

�2i
e1:



I. Guerra and M. Musso 586

Since P0 is a non-degenerate solution, we can solve the above problem uniquely in q WD
q.s/ using the implicit function theorem around .q; s/ D .0; 0/. From the estimates on G ,
we get that jqj . logjlog "j

jlog "j . Using the Banach fixed point theorem, it is possible to find a
solution s D s� with

G � e1 � sh
r20
P
�2i

.h2 C r20 /
5
2

D 0:

Since ReG .s;q/DO. logjlog "j
jlog "j / as "! 0, one has that js�j. logjlog "j

jlog "j . We thus get a solution
of (8.6),

Pi D

0B@r0 C s� C Re.P0iCqi .s
�//

jlog "j
p
h2Cr20

Im.P0iCqi .s
�//

jlog "j

1CA ;
with the expected estimates. This concludes the proof of our result.

A. Proofs of Propositions 6.1 and 6.3

Proof of Proposition 6.1. To solve equation (6.1), we decompose g and  into Fourier
modes as

g.x/ D

1X
jD�1

gj .r/e
j i� ;  .x/ D

1X
jD�1

 j .r/e
j i� ; x D rei� :

Then

LŒ � D
1

h2 C r2

�h2
r2
C 1

�
@2� C

h2

r
@r

� r

h2 C r2
@r 

�
:

Thus this operator decouples the Fourier modes: equation (6.1) becomes equivalent to the
following infinite set of ODEs:

Lk Œ k �C gk.r/ D 0; r 2 .0;1/;

Lk Œ k � WD
h2

r

� r

r2 C h2
 0k

�0
�

k2

h2 C r2

�h2
r2
C 1

�
 k ; k 2 Z:

(A.1)

When r ! 0 or r !C1, the operator Lk resembles

Lk Œp� �
1

r
.rp0/0 �

k2p

r2
as r ! 0;

Lk Œp� �
h2

r

�1
r
p0
�0
�
k2p

r2
as r !C1:

For k � 1, Lk satisfies the maximum principle. This gives the existence of a positive
function zk.r/ with Lk Œzk � D 0 with

zk.r/ � r
k as r ! 0; zk.r/ � r

1
2 e.k=h/r as r !C1:
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Take k D 1. The function

N .r/ D z1.r/

Z 1
r

.1C s2/ ds

sz1.s/2

Z s

0

1

1C ��
z1.�/� d�

solves L1Œ N �C 1
1Cr�

D 0, and satisfies the bounds

N .r/ D O.r2/ as r ! 0 and N .r/ D O.r��C2/ as r !C1:

We take N as a barrier for the equation at k D 1. In addition, this function works as a
barrier for k � 2. For k � 2, the function

 k.r/ D zk.r/

Z 1
r

.1C s2/ ds

szk.s/2

Z s

0

hk.�/zk.�/� d�

is the unique decaying solution (A.1), and it satisfies the estimate

j k.r/j �
4

k2
kgk� N .r/;

since

jgk.r/j �
kgk�

1C r�
:

If k D 0, the solution is given by the explicit formula

 0.r/ D �

Z r

0

1C s2

h2s
ds

Z s

0

g0.�/� d�

and satisfies the bound
j 0.r/j � Ckgk�.1C r

2/:

The function

 .x/ WD

1X
jD�1

 j .r/e
j i� ;

with the  k being the functions built above, clearly defines a linear operator of g and
satisfies estimate (6.2). The proof is concluded.

Proof of Lemma 6.2. Setting y D rei� , we write

h.y/ D

1X
kD�1

hk.r/e
ik� ; �.y/ D

1X
kD�1

�k.r/e
ik� :

The equation is equivalent to

Lk Œ�k �C hk.r/ D 0; r 2 .0;1/; (A.2)

where

Lk Œ�k � D �00k C
1

r
�0k C e

�0�k �
k2

r2
�k :
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Using the formula of variation of parameters, the following formula (continuously exten-
ded to r D 1) defines a smooth solution of (A.2) for k D 0:

�0.r/ D �z.r/

Z r

1

ds

sz.s/2

Z s

0

h0.�/z.�/� ds; z.r/ D
r2 � 1

1C r2
:

Noting that
R1
0
h0.�/z.�/� ds D

1
2�

R
R2 h.y/Z0.y/dy, we see that this function satisfies

j�0.r/j � C

�
log.2C r/

ˇ̌̌̌Z
R2

h.y/Z0.y/ dy

ˇ̌̌̌
C .1C r/2�mkhkm

�
:

Now we observe that

�k.r/ D �z.r/

Z r

0

ds

sz.s/2

Z s

0

hk.�/z.�/� ds; z.r/ D
4r

1C r2

solves (A.2) for k D �1; 1 and satisfies

j�k.r/j � C

�
.1C r/

2X
jD1

ˇ̌̌̌Z
R2

h.y/Zj .y/ dy

ˇ̌̌̌
C .1C r/2�mkhkm

�
:

For k D 2 there is a function z.r/ such that L2Œz�D 0, z.r/� r2 as r! 0 and as r!1.
For jkj � 2 we have

N�k.r/ D
4

k2
z.r/

Z r

0

ds

sz.s/2

Z s

0

jhk.�/jz.�/� ds

is a positive supersolution for equation (A.2), hence the equation has a unique solution �k
with j�k.r/j � N�k.r/. Thus

j�k.r/j �
C

k2
.1C r/2�mkhkm; jkj � 2:

Thus

�.y/ D

1X
kD�1

�k.r/e
ik� ; with y D rei� ;

defines a linear operator of functions h which is a solution of equation (6.3) which, adding
up the individual estimates above, satisfies estimate (6.5). As a corollary we find that
similar bounds are obtained for first and second derivatives. In fact, let us set for a large
y D Re, R D jyj � 1, �R.z/ D Rm�2�.R.e C z//: Then in a neighborhood of y, we
find

�z�R C
8R2

.1CR2je C zj2/2
�R C hR.z/ D 0; jzj <

1

2
;

where hR.z/ D Rmh.R.e C z//. Let us set

ıi D

ˇ̌̌̌Z
R2

hZi

ˇ̌̌̌
; i D 0; 1; 2:
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Then from (6.5) and a standard elliptic estimate we find

krz�RkL1.B 1
4
.0// C k�RkL1.B 1

2
.0// � C

�
ı0R

m�2 logRC
2X
iD1

ıiR
m�1
C khkm

�
;

using that khRkL1.B 1
2
.0// � Ckhkm. Now, since ŒhR�B 1

2
.0/;˛ � Ckhkm;˛ , from interior

Schauder estimates and the bound for �R we find

kD2
z�RkL1.B 1

4
.0// C ŒD

2
z�R�B 1

4
.0/;˛ � C

�
ı0R

m�2 logRC
2X
iD1

ıiR
m�1
C khkm;˛

�
:

From these relations, estimates (6.5) and (6.6) follow.

Proof of Proposition 6.3. We consider a standard linear extension operator h 7! Qh to the
entire R2, in such a way that the support of Qh is contained in B2R and k Qhkm;ˇ �
Ckhkm;ˇ;BR , with C independent of all large R. The operator Bi is defined in (5.11)
and the coefficients are of class C 1 in the entire R2 and have compact support in B2R.
Then we consider the auxiliary problem in the entire space,

�� C e�0� C Bi Œ��C Qh.y/ D

2X
jD0

cij e
�0Zj in R2; (A.3)

where, assuming that khkm < C1 and � is of class C 2, cij D cij Œh; �� are the scalars
defined so that


i

Z
R2

.Bi Œ��C Qh.y//Zj D cij ; 
�1j D

Z
R2

e�0Z2j :

For j D 1; 2, we have Bi ŒZj �D O..1C jyj/�2/"�i CO..1C jyj/�.3Ca//"�i logjlog "j,
by estimates (5.7) and (5.12). Similarly, for j D 0, we have

Bi ŒZ0� D O..1C jyj/
�3/"�i CO..1C jyj/

�.2Ca//"�i logjlog "j:

Since m > 2, we getZ
R2

Bi Œ��Zj D

Z
R2

� QBi ŒZj � D O.k�km�2/"�i logjlog "j;

where QBi have same estimates as Bi mentioned above. On the other hand,Z
R2nBR

h.y/Z0 D O.R
2�m/khkm;ˇ;BR ;

Z
R2nBR

h.y/Zj D O.R
1�m/khkm;ˇ;BR

for j D 1; 2. In addition, we readily check that

kBi Œ��km;ˇ � C
ı

jlog "j
k�k�;m�2;ˇ ;
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where
k�k�;m�2;ˇ D kD

2
y�km;ˇ C kDy�km�1 C k�km�2:

Let us consider the Banach space X of all C 2;ˇ .R2/ functions with k�k�;m�2;ˇ < C1.
We find a solution of (A.3) if we solve the equation

� D AŒ��CH ; � 2 X; (A.4)

where

AŒ�� D T

�
Bi Œ�� �

2X
jD0

cij Œ0; ��e
�0Zj

�
; H D T

�
Qh �

2X
jD0

cij Œ Qh; 0�e
�0Zj

�
;

and T is the operator built in Lemma 6.2. We observe that

kAŒ��k�;m�2;ˇ � C
ı

jlog "j
k�k�;m�2;ˇ ; kHk�;m�2;ˇ � Ckhkm;ˇ;BR :

So we find that equation (A.4) has a unique solution that defines a linear operator of h and
that satisfies

k�k�;m�2;ˇ � Ckhkm;ˇ;BR :

The result of the proposition follows by just setting Ti Œh�D �jBR . The proof is concluded.
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