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The distribution of negative eigenvalues of Schrodinger
operators on asymptotically hyperbolic manifolds

Antonio Sa Barreto and Yiran Wang

Abstract. We study the asymptotic behavior of the counting function of negative eigenvalues
of Schrodinger operators with real valued potentials which decay at infinity on asymptotically
hyperbolic manifolds. We establish conditions on the rate of decay of the potential that determ-
ine if there are finitely or infinitely many negative eigenvalues. In the latter case, they may only
accumulate at zero and we obtain the asymptotic behavior of the counting function of eigenval-
ues in an interval (—oo, —FE) as E — 0.

1. Introduction

We are concerned with the following type of problem. Let (X, g) be a non-compact
complete C*° Riemannian manifold and let A, be its (positive) Laplacian. Suppose
that V is a real valued potential such that IV < 0 near infinity and the corresponding
Schrodinger operator H = Az 4 V is self-adjoint. Furthermore, suppose its point
spectrum op,(H) C (—Ep, 0) and the eigenvalues only accumulate at zero. The prob-
lem is to find conditions on V' which determine whether the point spectrum is finite or
infinite and if it is infinite, find the asymptotic behavior of the number of eigenvalues
(counted with multiplicity) in an interval (—Eq, —F) as E | 0.

In the Euclidean case, it has been shown, see for example [26], that if V' is bounded
and if that near infinity V(z) < —C|z|™2%%,§ > 0, then H has infinitely many eigen-
values, while if V > —C |Z|_2_8, 8 > 0, there are finitely many eigenvalues. The
threshold decay of V/(z) for H to have finitely or infinitely many eigenvalues is there-
fore V(z) ~ F(w)|r|™2, r = |z|, z = rw, € S""1. Moreover, an application of
Hardy’s inequality shows that if V(z) ~ —cr?2, there are finitely many eigenvalues
when ¢ < (n — 1)2/4 and infinitely many if ¢ > (n — 1)?/4. Precise results on the
asymptotics of the counting function of eigenvalues as £ — 0, in the case where
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V(z) =r"2(F(w) + &(r,w)) with & (r,w) = o((logr)~!7%) as r — oo, were obtained
by Kirsch and Simon [16] and Hassell and Marshal [12]. We are not aware of similar
results for asymptotically Euclidean manifolds.

While this problem has been well studied in Euclidean space, it seems that it has
not been studied as much in hyperbolic space. We will work in the class of asymp-
totically hyperbolic manifolds in the sense of [9,20], for which the hyperbolic space
serves as a model. Akutagawa and Kumura [2] have established bounds on the poten-
tial, similar to those in Euclidean space, which determine if the discrete spectrum
is finite or infinite (as in the first two items of Corollary 1.3 below), but they do not
establish bounds on the counting function of negative eigenvalues and do not consider
the cases of critical decay, as in our Theorems 1.2 and 1.4. We should also mention
the work of Mazzeo and McOwen [19]. While the problems considered in [19] are
somewhat the opposite of the ones we study here, there are some similarities.

The Poincaré model of the hyperbolic space H"*! with constant curvature —1 is
given by the Euclidean ball of radius one:

. . . 4dz?
B"t! ={zeR"*!:|z| <1} equipped with the metric go(z) = m 1.1

The closure of B"*1 is a compact C* manifold with boundary, go € C*®°(B"*+1!),
but it is singular at {|z| = 1} = dB"*!. The function ¢(z) = 1 — |z|> € C®(B"+1),
is a defining function of dB”*! in the sense that ¢(z) > 0, ¢~1(0) = dB"*!, and
d¢(z) # 0if |z] = 1. Moreover, ¢2g¢ = 4dz? is a C*® Riemannian metric on the

closure B”*1, Following [9,20,21], one can extend this notion to any C *° Riemannian
manifold with boundary.

Throughout this paper, X will denote the interior of a C* compact manifold X
with boundary 0X of dimension n 4 1. We say that ¢ € C*°(X) is a defining function
of 0X, or a boundary defining function, if ¢ > 0 in X ,¢ =0atdX and d¢ # 0 at
39X . We assume X is equipped with a C* Riemannian metric g such that G = ¢2g
is non-degenerate at X and so (X, G) is a C*™ compact Riemannian manifold with
boundary. According to [17], the sectional curvature of ()? , &) converges to —|d¢|g
along any curve that goes towards d.X . The manifold ()? ,g) is called an asymptotically
hyperbolic manifold, or AHM, if |d¢|g = 1 at dX . One might relax this assumption if
X has more than one boundary component and 0X =Y, UY,...U Yy and |[d¢|g =
k; at Y;, k; is a constant.

The hyperbolic space serves as a model for this class of manifolds, and its quo-
tients by certain discrete groups of fractional linear transformations having a geo-
metrically finite fundamental domain without cusps at infinity are also examples of
such manifolds, see [1,20,23,24]. In fact, our results apply for manifolds with more
than one boundary component and with different (constant) asymptotic curvatures at
each end. One important example from mathematical physics where this occurs is
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the stationary model of the de Sitter—Schwarzschild model of black holes discussed
in [27]. In this case, the manifold is )? = (a,b) x S", and the asymptotic curvatures
are different on both ends.

If ()?, g) is an AHM and ¢ € C*°(X) is a boundary defining function, then the
conformal metric G = ¢2g is non-degenerate up to X, but the metric ¢2G|yy =
ho obviously depends on the choice of ¢. In fact, given any two boundary defining
functions ¢ and &, we must have ¢ = a(z)&, witha > 0. If G = &2g, then G = a2G,
and so G|yx = (a2G)|sx, and hence c2g determines a conformal class of metrics at
0X. As shown in [11, 15], given a representative /¢ of the class [¢2g|sx], there exists
e > 0 and a unique boundary defining function x defined on a collar neighborhood U
of X and a map W: [0, e) x X — U such that

dx*> h
g = L 1D o) = e, (12)
x x
where A (x) is in C°°([0, e)) with values on the space of Riemannian metrics on dX.
Of course, x can be extended (non-uniquely) from the collar neighborhood U to a
boundary defining function x € C*°(X).
For example, in the case of the hyperbolic space (1.1), the geodesic distance with

= o (1 + |Z|>
BRNEETA
and using polar coordinates (7, 0), 8 = z/|z|, with respect to this distance r, the metric
go is given by

respect to the origin is given by

go = dr? + (sinh r)?d6?,
where d6? is the standard metric on the sphere. If we set x = e~ ", then

dx? N (1 —x2%)2%4d6?

= — . 1.3
8= "3 1 2 (1.3)

While x is not smooth on X because |z| is not C™® at {z = 0}, it is C* near dB"+!,
and one can modify it in the interior of X to satisfy the definition of a boundary
defining function and still keep (1.3) near dB" 1.

Let A, denote the (positive) Laplace operator on an AHM ()? , &). We know
from [17, 18], that the spectrum of Ag, denoted by o (Ag), satisfies

0(Ag) = opp(Ag) Uoac(Ag),

where 0,,(Ag) consists of a finite number of eigenvalues in (0, n?/4) with finite
multiplicity and o, = [n2/4, 00) is the absolutely continuous spectrum. There are no
eigenvalues in [n%/4, 00), see for example [4, 18]. We shall work with A, —n?/4



A. Sa Barreto and Y. Wang 682

which has continuous spectrum [0, 00). Let V' € L°°(X) be real valued and such that
V(z) < Onear dX and V(z) — 0 as z — dX. We shall denote

I’l2 I’l2
Hy=Ag—— and H=0g— +V. (1.4)

We will show that under the assumptions on the rate of decay of the potential V' (z) as
z — 0X, the point spectrum of H consists of eigenvalues of finite multiplicity con-
tained in some interval [— Ey, 0), which only possibly accumulate at zero. Its essential
spectrum o.ss(H) = [0, 00) and it has no embedded eigenvalues, including the bottom
of 0.ss(H ). We want to count negative eigenvalues of H and other operators, and so
for an operator 7" and for £ > 0, we define the counting function

Ng(T) =#{pu € (—o0,—E) Nopp(T), E > 0 counted with multiplicity}. (1.5)
In coordinates for which (1.2) is valid, the Laplacian with respect to g is given by
Ag = —(x95)? —nxdy — x2A(x, y)ox + szh(x), (1.6)

where Aj(y) is the Laplacian with respect to the metric 2(x) on 0X, |A| is the volume
element of the metric 4 and A = 9y log |h|/2. It is convenient to define p & _ log x,
and so

Ag =—02—nd,—e PAp.y)d, + e"z”Aﬁ(p), (1.7)

where A(p, y) = A(e™”, y) and ﬁ(p) = h(e ).

Throughout the paper, ()? , g) will denote a n + 1-dimensional asymptotically
hyperbolic manifold. Its closure X is a C > manifold with boundary, and x € C°°(X)
is a boundary defining function such that (1.2) holds for x € [0, ¢). We define p &t
—log x. We assume that V' € L°°(X) is real valued, and that Hy and H and Ng(H)
will be defined as in (1.4) and (1.5) respectively.

Theorem 1.1. Suppose that there exists pg > 0 such that for p € (pg, 00)
V™. y) = —cp™2 + 0(p™* (log p) ). (1.8)

withce >0, >0, and § <2, as p— 00. If § <0, then No(H) < oo, but if § € (0,2),
then No(H) = oo and

loglog Ng (H) = logE~' +0(1), asE — 0. (1.9)

246
Notice that if ¥ = e?™:Y) x| ¢ € C, is another boundary defining function, then
p=—logx =—¢p—logx =p+ O(1), asp— o0,

so (1.8) does not depend on the choice of x.
In the threshold case § = 0, we have the following.
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Theorem 1.2. Suppose that there exists po such that for all p € (pg, 00),
V(e™,y)=—cp 2+ o0(p 2(ogp)~ %), ¢>0,¢>0, asp— oo. (1.10)

If c < 1/4, then No(H) < o0, but if ¢ > 1/4, then No(H) = oco and
1
loglog Ng(H) = —ElogE 4+ O0() asE — 0. (1.11)

Our proofs in fact give somewhat more precise upper and lower bounds for
NEg(H), and (1.9) and (1.11) are used to unify these bounds and provide the asymp-
totic behavior of iterated logarithms of Ng(H). The methods we use do not allow
us to treat the case where c is a function of y. However, we can use Theorems 1.1
and 1.2 to prove the following.

Corollary 1.3. Suppose that there exists pg > 0 such that for all p € (pg, 00),

—c1p 2 < V(e™P,y) < —cap P,

then we can say that
(1) if§ <0, then No(H) < ooy
(2) if8 € (0,2), then No(H) = oo and (1.9) holds;
3) if6 =0andcy < 1/4, then No(H) < o0;
@) if6 =0and cy > 1/4, then No(H) = o0 and (1.11) holds.
We can say more in the threshold case ¢ = 1/4. For p large enough, we define

log;y p = loglog...logp j times.

Theorem 1.4. Suppose that there exists po > 0 such that for all p € (pg, 00),

_ 1 _ _ _ _ _ _
V(e™,y) =—gp " —c1p *(logp) ™ + O(p~*(log p) *(log p) ), & > 0.
Ifci < 1/4, then No(H) < oo and ifc; > 1/4, No(H) = oo and
logzy Ne(H) =logp)(E™") + O(1) as E — 0. (1.12)

In fact, this process keeps going indefinitely and the result holds if for some pg large,
and p € (po, 00), the potential has an expansion of the form

V(e™,y) = Vo(p) + O(Gn(p)(logp)~®), & >0, (1.13a)

where, for some N € N,

N-1

1 1
Volp) = =302 =7 2 5 (p) + cn¥n (p), (1.13b)
i=1
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cN is a constant, and
Sy(p) = p~*(log p)*(loglog p) 2 ... (log(jy p) 2. (1.13¢)

The existence of infinitely many eigenvalues depends on whether cy < 1/4, or cy >
1/4. If cy < 1/4, there are only finitely many eigenvalues, but if cy > 1/4,

log(y 42y Ne(H) =logy1)(E™") + O(1) as E — 0. (1.14)

Notice that one cannot hope to take N = oo in the definition of V;(p) because the
denominators will be equal to zero at points of the form

p=e

As in the case of Theorems 1.1 and 1.2, our proofs actually give better upper and
lower bounds for Ng (H ) and this formulation is used to unify these bounds.

As we have already mentioned, the metric g induces a conformal structure at d.X
and this is reflected in the choice of the boundary defining function x. Since Ng(H)
does not depend on this choice, its asymptotic behavior in principle could reveal some
invariants of the conformal structure of the metric induced by g at dX. However, our
methods are not refined enough to detect that. This dependence will not affect the main
term of the asymptotic behavior of Ng(H) and the contributions of the boundary
structure will be hidden among the terms of the O(1) part of the estimates above and
these are very hard to track.

1.1. The strategy of the proofs

The methods used in the proof of Theorems 1.1, 1.2, and 1.4 are the Dirichlet-Neu-
mann bracketing and the Sturm oscillation theorem, which are standard for this type
problems.

For x asin (1.2) and x¢ € [0, e), let

Xoo ={z€ X :x(2) <x0}, Xo={ze€X:x(z)>= xp}. (1.15)

So (Xo, g) and (X0, x2g) are C*® compact Riemannian manifolds with boundary.
We will define Y, and Y3, to be the restrictions of the operator H to Xo and Xoo
with Dirichlet (¢ = D) and Neumann (e = N) boundary conditions. Since (X, g)
is a compact C°° Riemannian manifold with boundary, it is well known, see for
example [26], that

o(YP)y=(1 <Ay <X3..}., X eR, A — oo, (1.16a)
o(Y) ={fi1 <fia < fis...}. iy €R.ji; > o0. (1.16b)
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We will show that o5 (TS,) = [0,00), @ = D, N, with no embedded eigenvalues,
and their point spectra satisfy

opp(T2)y = {11 <X <A3...}, A; <0,
is either finite or A; — 0, as j — oo;
o (YN) = {1 <p2 <ps...}, w <0,

is either finite or u; — 0 as j — oo.
Following [26, Chapter XIII], we will show that

TV oYN <H <YL ® Y2,
and it follows that for any £ < 0,
Ne(YQ') + Ne(YY) < Ne(H) < Ne(YP) + Ne(12),

where Ng (T') is the counting function defined in (1.5) for the operators 7' = Y and
T3, instead of H. It follows from (1.16) that there exists N* > 0 such that for any
E <0, Ng (T(f’) < N* and Ng (TOD) < N*. We will show that if V satisfies the
hypotheses of either one of the Theorems 1.1, 1.2, or 1.4, then for £ < 0, Ng(Y3,).
e = N, D, both have either finitely many eigenvalues or both infinitely many eigen-
values. In case both have infinitely many eigenvalues, the corresponding counting
function of their eigenvalues have the same asymptotic behavior as E \ 0, and there-
fore it gives the asymptotic behavior of Ng(H).

2. The spectrum of H

For the lack of suitable references, we will briefly discuss some properties of the
spectrum of H . First, we recall some results about of the spectrum of Hy from [18,20].
Let x be a boundary defining function for which (1.2) holds in a collar neighborhood
of 0X. In these coordinates, the Laplacian A, is given by (1.7), so A, is a zero
differential operator in the sense of [20], and we define the zero-Sobolev spaces of
order k as in [20]. Let V(0X) denote the Lie algebra of C*° vector fields on X which
are equal to zero at dX. In coordinates (x, y), these vector fields are spanned by
{x0y, xayj, 1 < j < n} over the C* functions. Let

HEX) = {u e LAX) : WiWa ... Wyu € L2(X), W; € V(0X), m < k}. (2.1)

We know from [20] that A, with domain J¢2(X) C L?(X) is a self-adjoint operator,
we also know from [4, 17, 20] that its spectrum consists of an absolutely continu-
ous part 0,c(Ag) = [n2/4, 00) and finitely many eigenvalues in the point spectrum
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opp(Ag) C (0,n%/4). There are no eigenvalues in [0, 00), see [4, 18]. As above, we
set Hp = Ag — n? /4, and so the resolvent

Ru,(X) = (Ho — 1)~ L2(X) > H5(X),
provided A € C \ ([0,00) U{A1, A2, ..., AN}),

where A; € (—n?/4,0), is an eigenvalue of finite multiplicity of Ho. By definition,
the resolvent set of Hy is

p(Hp) = C\ ([0,00) U{A1,...,An}), A; isaneigenvalue of Ho.

To analyze the spectrum of H, we begin by observing that for A € p(H)),

2
(Ag +V - % _)L)RHO(A) =14+ VRy, (1),

Since
Ruy(A): L?*(X) — H3(X) is a bounded operator for A € p(Hy),

then if y; € Cg’o()?), xj(z) = lin the region x(z) > 1/j and y,(z) = 0if x(z) <
1/(j + 1), it follows that

X @OV(Z)Ruy(V): LA (X) - HX(X)—L2(X),

where the subindex ¢ indicates compact support. Notice that since supports are com-
pact, we can use either g (X) or the standard Sobolev space H?(X). It follows from
Rellich’s embedding theorem that for fixed j,

% (V@) R, (A): LX) — LI(X)
is a compact operator. Since V' € L*°(X) and V(z) — 0 as z — 09X, it follows that
1 (2)V(2) Ry () = V(2) Ry M 22x)) >0 asj — o0

in the operator norm, and so we conclude that VR, (4): L?*(X) — L?(X)is a com-
pact operator, provided A € p(Hp). We also know that for Im A << 0, the operator
norm of Rp, (A) is less than or equal to 1/Im(A), see for example [25, Theorem VI.8],
and therefore (I + VRp,(1))~! is bounded for ImA < 0, and | Re A| > 1. Then, the
Fredholm theorem, see for example [25, Theorem VI.14], guarantees that with the
exception of a countable set of points, which are poles of Ry (1),

R (A) = Ru,(M) (A + VR (X)) ™" for A € p(Ho).

Moreover, the poles of Rz (A) in p(Hp) consist of a countable set {;, j € N} C
(—00, 0) such that u; are eigenvalues of H with finite multiplicity. This set is either
finite or infinite. If there are infinitely may eigenvalues, they accumulate only at zero.
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Finally, since VRp, (L) is compact for A € p(Hj), it follows that the operator
V:L*(X) — L*(X), f=V(@)f

is relatively compact with respect to Hy and it follows from Weyl’s Theorem, see [13,
Theorem 14.6] that oo (H) = 0 (H) \ 0pp(H) = 0c4s(Hp) = [0, 00). Therefore, we
have the following.

Theorem 2.1. Let ()? , &) be an AHM, let V € L°°(X) be real valued and suppose
that V(z) — 0 as z — 0X. Then, 0css(H) = 0 (H) \ 0pp(H) = [0, 00). There are no
embedded eigenvalues. Moreover, the resolvent

Rg(A) = (H -1 L3(X) — HZ(X) is bounded for A € C \ ([0, 00) U D),

where D = {1, 2, ...} C(—00,0), with j+1 > Wj, is a bounded discrete set which
consists of eigenvalues of H of finite multiplicity and only possibly accumulate at 0.

The fact that there are no embedded eigenvalues is due to Mazzeo [ 18], see also [3,
4]. We also have the following.

Theorem 2.2. Let ()? ,g) be an AHM, let x be a boundary defining function such
that (1.2) holds. Let X be as in (1.15) and let Y5,, « = N, D denote the operator
H with Dirichlet or Neumann boundary conditions in Xs. If V(z) — 0 as z — 90X,
according to either (1.8), (1.10), or (1.13), then 0css(Y5,) = [0, 00). Moreover, there
are no embedded eigenvalues.

The fact that oess(Y5,) = [0, 00) is a consequence of Theorem 2.1 and [7, Propos-
ition 2.1]; see also [3, Theorem 9.43]. The proofs of these results are actually for the
Dirichlet boundary conditions, but they work for Neumann conditions as well. The
results of [3,4, 18] also guarantee that there are no embedded eigenvalues in these
cases. The point is to show that if there were eigenfunctions in L2, they would decay
exponentially and a Carleman estimate shows that they are actually equal to zero. The
argument takes place in a neighborhood of dX and thus also works for T5_.

3. Dirichlet-Neumann bracketing

The operator H as the unique self-adjoint operator on L?(X) whose quadratic form

is the closure of
2

Q0. v) = (Ved VW) o, +((V = 5 )9 v)
L3 (X)
2

_ /gi.iaiqsa,-x;d volg +/(V - % )Wd volg, with, ¥ € C&(X).

X X
The domain of the quadratic form Q is #J (X) x #{ (X), defined in (2.1).
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Let x be a boundary defining function such that (1.2) holds and let Xy and X, be
as defined in (1.15). We consider the quadratic forms to be the closure of

0P (Xo)(@, ¥) = Q. ¥) with g, ¥ € C°(Xo), 3.1)
0N (Xo)(g.¥) = Q(p,¥) withg, ¥ € C®(Xp). (3.2)

where
8x¢|{x=x()} = axwl{x=)m} =0.

It turns out that the domains of these quadratic forms are
« D(QP (X)) = Hy(Xo) x Hg (Xo), where

H{ (Xo) = Cg°(Xo)

o
loc (X) norm;

« D(ON(Xo)) = H'(Xo) x H'(X,), where

with the H!

H'(Xo) = {p € L2(Xo) : 3f € HL.(X), f = ¢in Xo}.

The self-adjoint operators corresponding to QP (Xo) and OV (X,) are defined
to be the operator H respectively with Dirichlet or Neumann boundary conditions,
which we denote by TOD and T(I)V respectively.

Similarly, we define the quadratic forms

02 (Xoo) = Q0. ¥). 0.9 € C&(Xoo), (3.3a)
0V (Xoo) = Q(p. V), @, ¥ € C®(Xoo) N HZ(Xoo), (3.3b)

where
8)c(pl{)c=)C()} = axwl{x=xo} =0. (3.3¢)

The domains of their closures are

s D(0P (X)) = W (Xoo) X W (Xoo), Where
We (Xoo) = Cg°(Xoo)

with the #, (X) norm;
+ DOV (Xao)) = Ho(Xoo) x Ho(Xoo), where

Fo(Xoo) = {9 € L*(Xoo) 1 3f € HL(X), f = ¢ in Xoo).

The corresponding self-adjoint operators are defined to be Y2 and TX, which are
the operator H with Dirichlet or Neumann boundray conditions on X .
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We follow [26, Section XIII.15] and define the direct sum of self-adjoint operat-
ors: if A;, j = 1,2, are self-adjoint operators acting on Hilbert spaces &£;, j = 1,2,
with domains D(4;), j = 1,2, let

E=L10 L,

and
A1 @ Ax(¢1,¢2) = (A1d1. A2¢2), ¢ € D(4;), j =1.2.
It is proved in [26, Section XII.15] that
(1) A; & A5 is self adjoint;
(2) the associated quadratic forms satisfy Q(A; @& Az) = Q(A1) @ Q(A4»);
(3) if N(A, A) = dim P(_s,1)(A), then
N(A,A1 @ A3) = N(A, A1) + N4, Ay). (3.4)

In our case, we have four natural operators T*(Xp) and YT*(Xeo), ® = D, N.
Notice that
Hy (Xo) @ Wy (Xoo) C H (X),

and that, for ¢ € C°(Xo), ¥ € C°(Xoo).
0P (Xo)(¢. ) + 0P (Xoo) (. ¥) = Q(H)(9,9) + Q(H) (Y, V).
On the other hand, if ¢ € 2 (X),
¢lx, € ﬁé(xo) and ¢|x, € «7_5(1)(Xoo),

this means that ) .
3 (Xo) C Foo(X) @ Ho(Xeo),

and, for ¢ € #; (X),
0" (X0)(¢.9) + O (Xoo) (9. 9) = Q(H)(9. ).

If A and B are self-adjoint operators defined on a Hilbert space &£ and Q(A) and
Q(B) are their corresponding quadratic forms with domains D (Q(A4)) and D(Q(B)),

Q(A)(@.¢) = Mllp|. ¢ € D(Q(A))

and
OB)W.y) = M|y, ¢ € D(Q(B)).
we say that

A= B if D(Q(B)) C D(Q(A))and Q(A)(¢.¢) = Q(B)(9.9). ¢ € D(Q(B)).

This translates into the following.
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Proposition 3.1. Let Xo, Xoo, #P (Xo) and HN (X,), ® =0, 00, be defined as above,
then
TV erN<H<YP a2

It follows from (3.4) that if £ > 0,
Ne(YY) + Ne(YX) < Ne(H) < Ng(Y§) + Ne(T2). (3.5)

Since Té) and Tév are Schrodinger operators with C* potentials on compact
manifolds with boundary, their spectra satisfy (1.16) and so they have finitely many
eigenvalues less than zero and do not contribute to the asymptotic behavior of the
counting function Ng (H) in case there are infinitely many eigenvalues. We will show
that the point spectra of Y2 and T are jointly either finite or infinite. In the latter
case, we will show that both have the same asymptotic behavior as E goes to zero, and
so the asymptotic behavior of Ng(H) as E — 0 is determined by that of Ng(Y,),
e=D N.

3.1. Model operators on X,

Our analysis in this section will be restricted to a small-enough collar neighborhood
of 0X = {x = 0} where (1.2) holds and so A, is given by (1.6). Since h(x) isa C*®
one-parameter family of tensors on dX, we may write, in local coordinates,

h(x) =) hj(x.y)dy;dye,  hjx(x.y) € C® (3.6a)
Jk=1
and
hie(x,y) = hjx(0,¥) + xhjx(x, ), hjx(x,y) € C*®. (3.6b)

and so the corresponding quadratic forms for H on X, with Dirichlet or Neumann
boundary conditions defined in (3.3) may be written as

0" (X)) = [ [ (I0s0l? + 32 e, 3)xdy, 0)(x0,9)

2
n 2\ V [h(x)]
+ <V— ; )|¢| ) S dydsx. (3.7)

with

c peWi(Xoo)ife=D,

« ¢ eHy(Xeo).if® =N, and
o (%) = (hj)™h
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We want to show that the quadratic forms Q°®(X~), ® = D, N, can be bounded
from above and below by quadratic forms associated with the product metric where
h(x) is replaced by h(0) and V(x, y) is replaced by potentials which depend on
x only. If |h(x)| = | deth;i(x, y)| is the volume element of the metric /(x) and
(h7* (x, ¥)(hjk(x,y))~! is the inverse of the matrix (/1jx(x, y)), we deduce from
(3.6) that there exists y > 0 and xo small such that for x € (0, xo), (1 —yx) > 1/2
and for all £ € R”,

A —y0)2Y W50, 088 < Y W 0)EE

J.k=1 Jk=1

< (L+y0)"2 Y h*0. y)g &k (3.82)
J.k=1

and

(1= y) 2V/1h(0)] = VIh@)] < (1 + yx)V2/[h(0)]. (3.8b)

Recall that Theorems 1.1, 1.2, and 1.4 require that, if x = e™®, the potential
V(x, y) satisfies

—TVo(p) —aVi(p) < V(x,y) < —Vo(p) +aVi(p), wherea > 0 is a constant,

and Vy(p) and V1 (p) satisfy, for p € (pg, 00), one of the following three assumptions:

Vo(p) = cp™ ™4,

Vi(p) = p 2 (logp)™*, & >0, 3o
in Theorem 1.1;
Vo(p) = cxij, . (3.9b)
Vi(p) = p“(logp)~®, &>0,
in Theorem 1.2; and
1, 1Y
Vo(p) = yLa Zgj (p) +cnEn(p), (3.90)

j=1
Vi(p) = Gn(p)(logp)~®, &>0,

with gy (p) defined by (1.13), in Theorem 1.4.
We will prove the following result.
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Proposition 3.2. Let 0*(X), ® = N, D be as in (3.7). Then, for xo small enough
and y given by (3.8),

Q% (Xo0)(90,9) < 0°(Xeo) (@, 9) < Q% (Xoo)(9, 9), (3.10)
where Q% (X o) are the quadratic forms defined by

Q% (Xoo) (9. 9)

X0

n
~ _\ VIR(0)]
= [ [z (intapl + 310000, 00 )) Y dydx
0 ax Jk=1
X0
+ n\ o
+ (—Vo(—logx):I:aVl(—logx)—I—xW (x)—z)l(p|
0 0X
+1V11(0)]
x (1 1 Y2 dyds,
with
© ¢ e Wy(Xeo), ife =D,
* @€ J_f(l,(Xoo), ife=N, and
© (W*0) = (hj(0) 7,
where
n2
WE(x) = (—Vo(— logx) £ aVi(—logx) — T )Fi(x),
1/ (1+yx)!/?
F. =—(——F——
(%) X ((1 + yx)ntl )
Moreover, Q% (X ) are respectively associated with the operators
2
My = Ag, —Vo(=logx) +aVi(—logx) + xWE(x) — % , (3.11)
where 52
_ 2 (4 hO)
g+ = (1% yx) 1(74‘7)

with @ = D, N, for Dirichlet or Neumann boundary conditions.
Proof. We observe that because of (3.8),
(1 — yx)(Ixdxp[> + h7%(0, y)(xdy, ) (x0,, ) V|1 (0)]
< (Ix9x0* + h7* (x, ) (x0y,0) (xy, §)) V|1 (x)]
< (14 yx)(Ix9x0* + 17%(0, y)(xdy, 0)(xy, §)) V|1 (0)].
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and
2

2
(Ve =5 )=y 2 VIO = (Vi) = 5 ) Vin@)]

2
= (Ve = 5 ) +y0) VIO

We may write
(1 £ yx)'? = (1 £ yx)" M (1 + xFr(x)).

where L/ £ y)ll?
Fi(x) = ;(W - 1),
and so
(Ve - %2)(1 - 702 = Vi) (1 %x)"ﬂa F xFi(x)).
Therefore,

(~Vollog ) — aVi(~log x))(1 = xF-(x)(1 + y2)" ' [h(O)]
2
< (Ve = 5 ) VRG]
= (~Vollogx) + aVi(~log x)) (1 + xF () (1 + y2)" ' VI O)].

This proves (3.10). Notice that for g+ as in (3.11),

(1 + yx)(n-i-l)/(n—l)
gzl = =21 VIhO)|

and

xn 1 (£yx) ,
A = — Ox vV |h(0)|a
- (1 £ yx)"+1/Jh(0)] ( xntl o )

x"tl (1 £ yx) _—
_ JIh h%(0)9
(1% yx)ntl Ih(O)I ( xnt ok © yk)

and so, the quadratic forms associated with g1 define the operators M$ , as claimed.
This ends the proof of the proposition. |

We have shown that
* the domains of (Qi (Xoo) and OP (Xo) are the same and equal to W (Xoo);

* the domains of @Z(Xoo) and OV (X) are the same and equal to J_f(l)(Xoo);
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e and, moreover,

QP (Xo0)(9,90) < 0P (Xoo) (9, 9) < Q2 (Xo0) (@, 0), @ € Wo(Xoo),

N N v _ (3.12)
Q% (Xoo) (9. 90) < 07 (Xoo)(9.9) = Q% (Xeo) (9. 9), @ € Hy(Xoo).

Notice that the L2(X,) spaces defined with respect to g or g are the same, but are
equipped with different, but equivalent norms, and there are constants C ji, j=12

such that
Crllelzz <lelze < Csliglz -

(3.13)
Cl—‘r”(p||L§,+ =< llellz2 = CJII¢||L§+-
If we put together (3.12) and (3.13), we obtain
1 @Px D(x 1 @2x ,
Fé‘l_( )@, ¢) _ 07 (Xoo) (9. 9) < L + (Xoo)lg. ¢) 0 € W (Xoo),
2 e, (0-9),, C; (¢,¢>L§+
1 @V , Nx , 1 @Y , _
1 = Xeo)(g,9) _ 97 (Xeo)(#,9) <L + Xoo) (g <p), 0 € oL (Xuo).
Cy {e9)y (0.0),, (oh (w,w)L§+

We will use M;E to indicate the operator M1 with e = D, N. We also remark that
one may extend the metrics g4 to the manifold X, so that it becomes an AHM, and
as a consequence of Theorem 2.2, we obtain

Oess(M%) = [0,00), o= D,N. (3.14)

We now appeal to the following characterization of the eigenvalues of a self-
adjoint operator, see for example [8, p. 1543] or [28, Theorem 3].

Theorem 3.3. Let H be a separable Hilbert space with inner product (u,v) and let
A be a self-adjoint operator corresponding to a semi-bounded quadratic form Q with
domain D(Q). Suppose that the essential spectrum of A satisfies 0ess(A) = [0, 00)
and that its point spectrum satisfies

app(A) = {Al <A < }

Foru e D(Q), u #0, let R(u) = Q(u,u)/{u,u) denote the Rayleigh quotient, and
forn € N, let

W = inf{max{R(u),u € B such that B C D(Q) is a subspace with dim B = n}}.

Then, p, < 0. If 4, = 0, then A has at most n — 1 eigenvalues A i <0, counted
with multiplicity. If u, < 0, then , = Ay is the n-th eigenvalue of A counted with
multiplicity.
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The important aspect of this characterization is that there is no orthogonality
required, as would be the case if we switched the order of max and min. As a con-
sequence of Theorem 2.2 and Theorem 3.3 and (3.14), we arrive at the following.

Proposition 3.4. Let 1;(Y2) and A; (eMi) ) denote the eigenvalues of the operat-
ors Yoo and M*, with Dirichlet boundary conditions. Similarly, let wi (YY) and
Wj (Mﬁ ) denote the eigenvalues of these operators with Neumann boundary condi-
tions. If M2 has finitely many eigenvalues, so do MY and Y5, ¢ = D, N. If MY has
infinitely many eigenvalues, so do M* and Y3, ¢ = D, N and iijlL, j =12 are
as defined in (3.13), then, for all j,

1
D D D
C_)L (MZ) =2 (YY) < Cl+)\.j(e/%4_),

) = () = oA

In particular, in the case there exist infinitely many eigenvalues, then for all E < 0,
Nesp(M2) = Np(T3) < Nesg(M5), o= DN, (3.15)

where Ng (T) is the counting function of negative eigenvalues defined in (1.5).

4. The asymptotic behavior of Ng(M3),® = D, N as E — 0

We will show that under the hypotheses of either one of Theorems 1.1, 1.2 or 1.4,
and if pp = —log x¢ is large enough, we have two possibilities: either both Mﬁz and
M 1 have no negative eigenvalues, or both have infinitely many. In the latter case, the
iterated logarithms of the counting functions Ng (M3 ), ¢ = D, N, defined in (1.5),
have the same asymptotic behavior E — 0, according to the asymptotic behavior
of the potential as in Theorems 1.1, 1.2, and 1.4. More precisely, we will prove the
following.

Proposition 4.1. Let M%, ¢ = D, N, be defined as above and let Ng (M3.) denote
the corresponding counting function of eigenvalues.

(T.1) Suppose that Vo (p) and Vy(p) satisfy (1.8). If pg is large enough and § <0,
then MY has no negative eigenvalues, but if § € (0, 2), then Ng (M%) sat-
isfies (1 .9).

(T.2) Suppose that Vy(p) and Vi(p) satisfy (1.10). If po is large enough and
¢ <1/4, then M%_ has no negative eigenvalues, but if c > 1/4, then Ng (M?)
satisfies (1.11).
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(T.3) Suppose that Vy(p) and Vi(p) satisfy (1.13). If po is large enough and
cy < 1/4, then M3 has no negative eigenvalues, but if cy > 1/4 then
NEg (M3) satisfies (1.14).

These results, together with equations (3.15), (3.5), and (1.16) respectively prove
Theorems 1.1, 1.2, and 1.4.

We will consider the Dirichlet and Neumann eigenvalue problems in Xo, = {x <
xo} for the operators M$ , ¢ = D, N defined above. We will drop the + sub-indices
and work with y,a € R. We will assume that x¢ is small enough so that x|y| < 1/2
for x € (0, x¢). We will work with the metric
2 (dx2 h(O))

gz(l—i—)/X)”*l 74‘7 .

We find that
Ag — _xn-i-lf—(n-i-l)ax(fn—lxl—nax) + xzf_zAh(O)’
where
[ =1+ yx)l/0mD,

To get rid of the factor n2/4 in M., we observe that

n2

x_n/2<Ag _ Z )xn/Z — _f—(n+1)xax(fn—1xax) + xzf_lAh(o) — xA(x),
where

2
A) = =5 /D@0 (" 0) + (2 = .

So, we study the eigenvalue problems corresponding to the operators x /2 M x"/2,

which are of the form
(=D 00,02 + X2 f T2 Aoy + U(x) + xW(x) + E)u® = 0,
with £ > 0,e = D, N,
uP(x0.y) =0 or 3u"(xp.y) =0,
where
U(x) = Vo(—logx) + aVi(—logx)

and
2

W(x) = (U(x) . % )F(x) —A(x), FeC™.
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We multiply the equation by f”*1!, and use that for x small
/M@ =1+ xf)., fec™
and we arrive at

(—(f"'x0:)% + 32 f" 7 Apoy + U(xX) + xW(x) + E)u® =0, E>0,e=D.N,
“.1)
with
u® (xo, y)=0 or 8xuN(x0,y) =0

and
W=W+ f(U+xW+E), feC®

Noice that 'VV(x) has a term of the form Ex f (x), f € C°. So, one should keep in
mind that it depends on E, but it will not affect the estimates below because this term
goes to zero if £ — 0.

Since f"~! =1+ yx, we define r to be such that

dr dx

r x(1+yx)

r=0 ifx =0,
and, therefore,

X
r =
14+ yx
and so
X = _n r+r2X(r), X e C%([0,ro]), ro small enough.

1 —yr
Therefore, after the change of variables, equation (4.1) becomes
(—=(rd,)% + r2(1 + rE(r)Angy + U(x(r)) + x(r)W(x(r)) + E)u® =0, (4.2)

with
uP(ro.y) =0 or duN(ro.y) =0,
where £ > 0, = D, N, and F € C*°(][0, ro]).
We will need the following fact.

Lemma 4.2. Suppose that x = x(r) = r + r2X(r), with X(r) € C*([0, r¢]) and ro
is small enough. Let p = —log x and let §(;y(p) be as defined in (1.13); then,

logj,(x(r) ") = 1og(j)(r—1)(1 'r,-(r)), (4.32)

r
+
(logr)(log;y r=1)
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with 7;(r) € C*®((0, ro]) N C°([0, ro]) and, for o € R,

(loggj) (x (M) ™) = (log( () (1 +

(logr=)(log ;) r=1) Ty (r))’ (4.3b)

with Tj o € C%((0,70]) N C°([0, ro)).
As a consequence, we find that if §(;y is given by (1.13), then

50 (10g(x(r) ™) = 8(;) (ogr ™) (1 +

r T
Togriozgyr ") @9

where T; € C*°((0,ro]) N L*°([0, ro]). If Vo(p) and Vi(p), p = —logx, are given by
one of the alternatives of (3.9), and o = —logr, then

Vo(p) = Volo) + e ?Vo(p), Vo € C*([00,00)) N L>([00, 0)),

Vi(p) = Vi(0) + e ?Vi(e). Vi € C%®([0o.00) N L ([0, 00)).

Proof. The point is that since for ¢ small, log(1 + ) = ¢f(¢), f € C*, and we find
that

4.5)

log x(r) = log(r(1 + rX(r))) = logr + log(1 + rX(r))

= logr + rX(r) f(rX(r)) = (logr)(1 + @T(r)),

where T'(r) = X(r) f(rX(r)) € C*°([0, r¢)).
Similarly if & € R, we have that (1 +1)* = 1 4+ ¢ f(¢), fo € C, and so
(—logx(r))* = (—log r)“(l + @T(r))a = (—log r)"‘(l + @TA;’)),

rT(r)
logr

T = T() fu(5>) € C(O.70]) 0 L([0.7o)).

Using the same ideas, we obtain

log(z)(x(r)_l) = log(log(r_l)(l + @T(r)))

_ r
= log)(r D+ log(l + @T(r)>

= (log@y(r™)(1+ Ti(r).

(logr)(logyy r=1)
where T7 € C*°((0, ro]) N L°([0, ro]). Using induction, we find that

i Ti0)

-1y __ -1
log(j)(x(r)™") = (log;(r ))(1+(10gr)(1°g(1)

where T; € C*°((0, ro]) N L*°([0, o)), and this proves the first equation in (4.3). The
second equation in (4.3) and the equations (4.4) and (4.5) follow directly from (4.3).
[
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If we replace r = €72, o € [0g,00) in (4.2) (we have used p = —log x before, and
here we are using o = —logr, and these are not the same) and to simplify the notation
we use X (0) = W(x(e™?)) and B(o) = F(e™?), then equation (4.1) becomes

Mu® = —Eu®, = D,N, uP(0o,y) =0ord,u"(0o,y) =0, (4.6)
where
M =—0; + q(0)e 2 Ap) + U(e™®) +e7?X(0). ¢(0) =1+ ¢ 2B(o).

B, X € L>([eo,00)) N C*([go. 20)).
We decompose u°* (o, y) in Fourier series with respect to the eigenfunctions of the
Laplacian Ay gy on 0X:

u*(0,7) = Y U5 @V (), uj@) = U@ ) Vi) 205 non:
j=0

where
Apo)¥j =G¥j. 0=l <fi <l ={3=<-.
Let
Y, = the eigenspace corresponding to {; (4.7a)
and define
m(¢;) = dim¥Y; = the multiplicity of ;, (4.7b)
and so we have that
o0 o
L*(Xoo) = (DY and M*=(DM;. e=D.N. 4.8)
J=1 j=1

where

d
My = =(55) + €008 + UE) + X o).

Foreach j, M7, e = D, N, are self-adjoint operators and oess (M) = [0, 00), see for
example [10]. We prove in Appendix A, for the convenience of the reader, that they
have no eigenvalues in [0, 00), so they have only negative eigenvalues which only
possibly accumulate at zero. It also follows from (4.8) that if £ > 0,

o0
dim P(_oo—g)(M*) = Y m(§;) dim P_oo—g)(M]). ®=D.N.
Jj=1
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or in other words,

Ng(M®) =Y m()Neg(M), o= D.N, (4.9)

j=1
where as above, Ng (T') denotes the counting function (1.5).
The eigenfunctions ¢J? (0, E), e = D, N, with eigenvalue — E satisfy
(M + E)g; =0,
¢/ (0. E) = 0. 96 (0. E) =1 or ¢} (00. E) = 1. 3o¢, (00. E) = 0:
just notice that by dividing the equation by a constant, we can always assume either

the function or its derivative is equal to one at gg. For £ > 0, we will consider the
Cauchy problems

(M; + E)uj(0,E) =0, e=D,N, on(go,00), (4.10a)
with boundary conditions
u? (0o, E) =0, dou (0. E) =1 or uf (0o, E) =131} (¢o. E) =0, (4.10b)

which have unique solutions in Xoo. Even though u} (o, E) exist for every E, for
0 € (0o, 00), they are not necessarily eigenfunctions because they may not be in L2.
In fact, it follows from Theorem A.2 that a solution u'(Q, E) of (4.10) is an eigen-
function if and only if u3 (¢, E) ~ Ce —oVE a4 © — o0. The key point of the proof
Proposition 4.1 is the following.

Proposition 4.3. Let uj' (0, E), = D, N be the unique solutions of the corresponding
Cauchy problems in (4.10). Let Z7(E) denote the number of its zeros, which are
different from 9 = g in the case ¢ = D. If E < 0, then

Ng(M}) = ZJ(E), = D,N, (4.11)

and, as a consequence of (4.9), we have

o0
Ne(M®) =) m()Z;(E). e=D.N. (4.12)
j=1
This result is somewhat well known and its proof is essentially, but not quite, the

same as the proof of [26, Theorem XIII.8]. For the convenience of the reader, we
provide the details in Appendix B.
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4.1. The set up of the problems

Now, we have to count the zeros of solutions of (4.10). We set up the general type of
problem for U(e™?) = —Vy(0) + aVi(o) with V;(0), j = 0, 1, satisfying one of the
alternatives in (3.9). The arguments we use do not depend on the boundary condition,
so we work with the Dirichlet problem in (4.10). We consider the problem

2

(=g~ Yo(@ + ¢ 720+ B )i+ E +aVi(@) + ¢ X (o) Ju =0,
(4.13a)
with £ > 0,
u(go) =0, douleo) =1, (4.13b)

where B(0), X (0) € C*([00,20)) N L*°([0g, c0)). We will denote
R@) =aVi(o)+e2X(0) and P(0) = e 2(1+¢°2B(o)) + E, (4.14)

and (4.13) is reduced to
2

(-7 ~ Y@+ 2@+ R@)u=0. E>0.

u(oo) = 0.

We will deal with each one of the cases (1.8), (1.10), and, in general, (1.13) sep-
arately.

(4.15)

4.2. Proof of item (T.1) of Proposition 4.1
In this case,
Volo) = co™2*® and  Vi(0) = a0 > (logo)~*.

We multiply equation (4.15) by Q2_8, and notice that

—a- _s d? _ s d\2 1 82\ _
o 8/2)/2(Q2 8_>Q(1 §/2)/2 _ (Ql 8/2_) _ (1__)Q 8

do? do 4 4

So if u(p) = 0('=8/2/2y(p), then (4.15) becomes

(o) e 31 F)e reo=o

w(0o) =0,

(4.16)

where

(o) = 0* (P (o) + R(0)).
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R(0) = a0 > (logo)™® +e7°X(0), >0,
P(0) = pe °(1 4+ e °B(0) + E.

Set
(= e,
|6]
and in this case (4.16) becomes
2 2 _
e (L L P N
w(te) = 0.

4.17)

The case 6 < 0. Since X (o) € L, it follows from the assumptions on the decay of
Vo(o) and V; (o) that 0> ¥ R(0) — 0 as ¢ — oo. Since P (o) > 0 for o large, there
exists 7o > 0 independent of E and p such that for t < £y,

vy = -1+ %8(0(1)) - %(1 - f)( 18| )‘2

ACN
> 1t Lo R + (1 %(%)‘2 -0,

and so w(t) is a solution of a differential equation
d?w .
w(ty) = 0.

We have three possibilities for w’(fg): w'(tp) = 0, w'(tg) > 0, or w'(z) < 0. If
w’(ty) = 0, then by uniqueness, w(t) = 0 for ¢ < ty. If w'(¢p) > 0, since w(r) is
C, there exists t; < to such that w'(z) > 0 for t; <t < o and so w(z) < 0 for
t1 <t <ty and therefore, w”(¢t) < 0 for t; <t < tg, and so, w'(¢t) < w'(ty) < 0 for
t1 <t <tgand w(t) < Ofort; <t < ty. Repeating this argument, we conclude that
w(t) < 0 for all ¢ < to. If w'(29) < 0, since —w(z) also solves the equation, then
w(t) > 0 for all ¢t < ty. Therefore, we conclude that either w(z) = O for all # > ¢ or
w(t) has no zeros for t > t,.
In this case, we conclude from (4.12) that for this choice of gy,

Ng(M®) =0, e=N,D. (4.19)

The case 0 < § < 2. In this case, in view of the discussion above, the set of zeros of
the solution w is contained in the set

{Q >g0:—1+ %Sl(g(t)) < 0}
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where

€1() = 0*° (!P(Q) + R(0) + %(1 _ %)Q—z).

We want to obtain upper and lower bounds on the number of zeros of the solution
w(t) of (4.17) and consequently upper bounds on the number of eigenvalues of M®,
e = N, D. We begin by taking g large enough, and independently of i and E, such
that 52

1 1 !
‘—QZ_SQ(Q) + <1 — _)0—8‘ < — forall o > go. (4.20)
c 4dc 4 2

Next, we obtain upper bounds for the number of zeros of w(p(t)), in t € [ty, 00)
where ¢y corresponds to pg. Notice that, for this choice of gg, since E is small,

{Q >00:—1+ %81(90)) < 0}

C {QZQOI—I 5%&(@)5%}

2—8

< {Q > 001 &—(E + pe (1 + B(g)e™)) < 2}’

c
and one may yet taken g¢ larger if necessary, such that 1 + e 2 B(p) > 1/2, and so

2—§

{ez00: T—(E + e+ Bo)e™) <2}
2—48
. 1 —20
oz 2 (B4 Loy <2) @2
Also, if gy is large,
2—8

{Q > 00 (E + %,ue_zg) < 2} = [oL. oul.

and this is because if F(0) = 0>~ (E + pe22/2); then,
F'(0) + F"(0)
1
= 2=8)07 (B + sue™) (0 + 1 8) +4ue' e (0202~ ) > 0.

and therefore, if F'(9) = 0, then F”(p) > 0, so if F(p) has a critical point, it is a
local minimum. We then observe that

Q2—8 1
{Q > 00 : —(E + Eue”@) < 2}
C

E
= oL, 0v] C {Q > 0o ?QH < 2} N {Q > 00 %92_‘36—2" < 2}.



A. Sa Barreto and Y. Wang 704

If we take g, such that
E

_Qistg =2,
SO
2¢\ 1/2-98)
Qus = (E) ,

then oy < ou; and we will get an upper bound on the number of zeros of w(o(?)) in
the interval [fo, t,5], where 0o = 0(to) and 0u; = 0(tuz). This gives an upper bound
on the zeros of w(t) in [tg, 00).

Since Q2_8 is an increasing function, then

E
?Q2_8 <2 foro =< Qus,

but in view of (4.21) if 0 < gy, and 0¥ S(E + pe22/2)/c < 2, only if u satisfies

4c 4c
s 5—5e®? < ——e

2§ 2 20u5 — QEe2e/E)V/CTY &
0> 0%,

8.U”>

then . 3
581(9) =3 provided ¢ € [00, ous] and 1 < g, -
As usual, see for example [5, Chapter 8], to count the zeros of w(z) for ¢ < t,,; =
2(\/2/8)Qi{32, one sets
w(t)
w’'(?)

The number of zeros of w in the interval [to, #,;], coincides with the number of times
0(t) = ko, for some k € N. It follows from (4.17) that

o (w)?—w'w w?
T s 81(¢(Q))(w) (4.22)

0(t) = tan_l( ) where w(t) satisfies (4.17).

and since —1 < §1(t(9))/c < 3/2, it follows that |d0/dt| < 3, and so

24/c¢
O(tu.s) — O(to) < 3(tus — to) < 3tug, tuy = ngiéz.

Therefore, if Z(w) denotes the number of zeros of w(¢), then

3t 6./c (2¢\8/02— 8))
Z(w) = = = 22 ()

So, we conclude that for £ small,

6 8§/(2(2-8))
f( ) for all j.

Z (E) < =3
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In view of (4.7) and (4.12), as E — 0, we have fore = D, N,

2 \8/(2(2-6))
NeM) < SmienziEy =c( ) Yomi)
;jfl"f(g_U ij/lf,g.U

2 \8/(2(2—-8))
(E) Nuy o, (An):

where N, (Ap(o)) is the number of eigenvalues of Aj(g) which are less than or equal
to k counted with multiplicity. Weyl’s Law, see for example [14, Corollary 17.5.8],
says that

Ne(An)) = Cuk™ + O(k" 1), (4.23)

and this implies that
2 \8/(2(2-6)) 2 \8/(2(2—-6)) 1/(2—8)
N (M®) < C(—) noo_ C(—) Eo@/cE) ",
EM) = 0 W, =05 (Ee )
and we find that

1
log E™' +0(1), asE —0,

log1 °) <
oglog Ng(M°) = -—

which is the upper bound of (1.9).
To obtain a similar lower bound, we will find o1 = 01(E) < 02(E) = 02, such
that 01 (E) > 0o, for E small enough with g¢ as in (4.20), and j5, 7, such that

QZ—S

1 1
—(E+ Eue_zg) = foro€lonelandp < pusp

and this implies that 1 /c&1(0) < 3/4 and so

1
[01,02] C {Q > po:—€1(0) < 1},
C

and therefore the number of zeros of w(¢) in this interval is less than or equal to the
number of zeros of w(t) in [gg, 00). We deduce from (4.22) that

1)~ (1) = (6~ 1),

and so

2/c¢ 512 .
== =12

1
Z:(E) > E(tz —t),
Notice that, since E02~? is an increasing function and 1102~%e~2€ is an decreasing
function, we choose g, such that

3

E 2-8§ 1 0 :( C )1/(2_8)

FRCEEE 8E
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and for o1 = 02/2, we only pick u such that

el
2¢

’

Q%_S e—ZQl <

0O | m—

this implies that

n =< 1 - eZQl < 4c—_8€2Q2 — 2Ee(c/(85))1/(2—5) déf
03 02

8.L°

Therefore, for this choice of g1 and @3, and u < p, , it follows that

I , /1 —20 1 .7l
c 2 E) =3 |:_ ’ i|.
CQ (2Me + =3 n 202 02
Therefore,
1 2J¢ 52 s
Z3(E)> —(tr — 1) = — -
]( )_471(2 1) 8 (o) 01'")

B () = ()

It follows from (4.7) and (4.12) that as £ — 0,

. . c \1/2-8)
NeM™) = Y mi@)Zi(E) = C ()
CjSMS’L
C \8/2=8) mn _n(c/BE)V/ 2=
> C(— E i
(58) ¢

(s..)"

and this shows that

loglog Ng (M®) > logE™' +0(1) asE — 0.

2-94

This ends the proof of item (T.1) of Proposition 4.1 and together with equations (3.15),
(3.5), and (1.16) it also ends the proof of Theorem 1.1.

4.3. Proof of item (T.2) of Proposition 4.1
In this case

Volo) =co™? and Vi(o) = 0 *(logo) ™",
so if R, &P are defined by (4.14), equation (4.15) becomes

d? )
(__2 —co "+ R(o) + 3’(9))% =0, E>0, (4.24)

do
u(0o) = 0.
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Next, we multiply the equation by 02, set u = o'/?w, and notice that

Q—l/z(gzdig)zgl/z _ (Qdig)2 _ %; (4.25)

then, (4.24) becomes

(—(ed%)z —(c—3) +E@)w =0. €)= (R() + P(0)).

4 (4.26)
w(0o) = 0.
Set s = log o, and (4.26) becomes
d? 1
(‘W - (C - Z) + 8(9(3)))“} =0, 4.27)

w(sp) = 0, where so = log(oo)-

The case ¢ < 1/4. Since £ (o) > 0 and 0>R(0) — 0 as o — oo, there exists R > 0
independent of i and E such that

() + 6@ = (;—¢) +&*Rie) > 0. foree > R.

Therefore, we have an equation as (4.18), with U(s) = (1/4 —¢) 4+ &(o(s)) > 0 and
so w has no zeros, and again we conclude from (4.12) that for this choice of gg, (4.19)
holds.

The case ¢ > 1/4. Wesett = As, A = (c — 1/4)Y/? and (4.27) becomes

d? 1
(_W -1+ A—ZS(Q(I)))w =0,

w(tp) =0, wherety = Alog(oo).

(4.28)

The argument used above shows that the zeros of the solution w of (4.27) lie on
the set

{z > 10 %8(@(1)) < 1}

and as in the first case, we prove upper and lower bounds for the number of zeros of
the solution w(¢) of (4.28) and we start by picking oq large so that |0?R(0)| < 1/2,
for o > g¢. In this case,

1 2 3
{e>e0:56@ <1} c{e=00: LR +P) = 5}

.Q2 1 —20
C{ngo.ﬁ<E+§ue )52}.

We have the following result.
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Lemma 4.4. Let f(0) > 0 be a C* function such that f"(0) > 0and f(0) > f'(0)
for 0 > 0o. Then, the function F(0) = f(0)(E + je™29) is convex and therefore the
set

1
Q(Ea u, C) = {[ > 1o : f(Q)(E + 5Me—29> < C}
is either empty or is equal to an interval [a, b] with a > Q.

Proof. We find that

F'(0) = 1"(@)(E + 5ue7) + 4u(f(@) — /(@)™ > 0. .
Therefore,
[a,b] = {Q > 00 i—z E + %ue_zg) < 2}
- {Q > 00 é@z = 2} n {Q > 00 2‘;—2@%‘29 < 2}. (4.29)

If we take o, to satisfy

then b < o, and (E/A3)0? <2, for 0 < 0,. We count the zeros of w(?) in the interval
[to, t] and as above one sets

w(t)
w'(r)

and then (4.22) holds, and since —1 < &(o(¢)) < 2, it follows that |d0/do| < 3 and
SO

0(t) = tan_1< ) where w(t) satisfies (4.28)

0(ty) — 0(to) < 3ty.

Therefore, if Z(w) denotes the number of zeros of w(g(?)) in an interval [z, t,,], we

have

3ty
o

Z(w) = 2(6() ~ 601)) <

So, we conclude that for £ small,

A 22
Z3(E) < ;mg(,/f) <ClogE™"? asE -0

On the other hand, according to (4.29), we must also have

2 2
n< ﬂeze < ﬂezeu — 2E2V/EE

— 2 u’

0? o2
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and so
2

1
%(E + 56_2‘[")#) <2 on the interval [0g, 04]

and u < py, and in view of (4.7) and (4.12), as E — 0, we have
Ne(M®) < Y mi(¢)Z;(E)
< Clog E7Y2 "m;(g;) = Clog E™2 Ny, (Ano).
§isny
and, because of (4.23), this implies that

Ng(M®) < Cpllog E"V2,

It follows from the definition of p,, that
1
loglog Ng (M®) < ) log E + O(1),

which gives the upper bound in (1.11).
To prove a similar lower bound for Ng (M*®), we will find 01 = 01(E) < 02(E) =
02 and uy, such that oo < 01(E) for E small enough and
o? 1 5 1
ﬁ(E +me” 9) =3 for o € [01,02] and pu < pu,

and so €(p)/A? < 3/4 for ¢ € [01, 02], and this implies that

1
[01,02] C {P > po: A—ZS(Q) < 1}.

It then follows from (4.22) that for t € [tg, t1], d6/dt > 1/4 and so 0(t;) — 6(t1) >
(t —t1)/4 and

1
Z(w) > 4—(t2—z1), t; = Alogo;, j =1,2.
T

Since Ep? is increasing, we pick o such that

E, 1
e

and so Ep?/A? < 1/8, for 0 < 0,. Pick oy such that o1 = 02/M, with M to be
chosen; we want

Lo
Sp01e % <

1
2A2 8’
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thus

A2 2 A2 2 24/A2/(8E) def
w< e e < 202" @2 = QE2VA/BE) Z (4.30)
1 2

Since t; = Alogo; and £, = A log p,, we can choose M, independently of E and p,
such that

A 02 A
Z(w) = —(lz —1) > 4—10g(Q1) = ElogM > 1.

Again, we conclude from (4.7) and (4.12) that for p, asin (4.30),
Ne(M®) = Y mj(u)Z](E) = C Y mi(u;) = Cu’.
This gives that
1
loglog Ng (M*®) > —3 log E + O(1),

which is the lower bound in (1.11) and proves item (T.2) of Proposition 4.1 and
together with equations (3.15), (3.5), and (1.16) it also ends the proof of Theorem 1.2.

4.4. Proof of item (T.3) of Proposition 4.1

We first consider the case N = 1 in (1.13) and we have equation (4.15) with
o l -2 -2 -0\ _ —2 -2 —&
Vo(e™®) = 70~ >+ c107%(logo)™ and Vi(e7?) = o *(loge) *(logo) ",

and R, P given by (4.14). We multiply the equation by o2, set u = Ql/ 2w, and
use (4.25), and we obtain

(—(000)* — c1(logo) > + 0*€(0))w =0, €(0) = R(0) + P(0).

4.31
UJ(Q()) = 0’ ( )

Now, we set £ = log o, multiply (4.31) by 2 and set w = £'/2v, use (4.25) and
we obtain

(~(e55) (1= ) + @re@)r =0 &1(0) = (0P e o)
o(60) = 0.

As before, if ¢; < 1/4, v has no zeros for £ > &, and so it follows from (4.12) that
M?*, e = N, D have no eigenvalues.
Ifc; > 1/4, weset A} = (c; — 1/4)"/2 and = A, log £, and we obtain

( P2 —1+ F&(f(@)))v =0. t=Alogpe.
v(t0) = 0.
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As before, we assume that g is so large that

12 1
(— 0*(log0)*R(0)| < =, foro > oo,
A 2

and for this choice of gg, we have
1

{Q >00: A%é‘l(@) < 1}

1
C {Q 2 001 33 (elog0)*P(o) = 2}
1
E 2 /’L 2 ,—20
- {Q Z Qo 55 (elogo)” = 2} N {Q Z Qo 5(eloge)e™™ = 2}. (4.32)
1 1
Since f(0) = 0?(log 0)? satisfies the hypothesis of Lemma 4.4, we deduce that

{Q > 00" )%(Q logQ)Z(E + %ue‘zg) < 2} = a, D],

but then we must have £
P(b logh)? <2
1

and, in particular, if we take

= A wh A = =1
ere y
Ou 1 1 | 1 1 E

then, for £ small, and independently of pu,

log2 1
logA; log A;

Ou, log oy, = 2A1(1 + log(logAl)) > Ay,

and so b < gy, and therefore for o < gy, in view of (4.32), we must have

4h7 5

4= 020 < 422 200, def
(ologo)? (oulogou,)?

= (4.33)

Since T = A loglog o, we obtain for small E,

0(tu;) — 0(v0) < 3(tu; — 70) < 37y, = 341 loglogoy,
<3 loglogo,, < CAyloglog E7!,

and for ., as in (4.33),

NEg(M®) < CA;loglog E—ldvaX,hO(MUl) < CAq log(log E‘l)(,uUl )"
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It follows that
logi3) Ne(H) < - log(z) E'+0(),

and this gives the upper bound in (1.12).
To obtain the lower bound, we find 91 = 01(E) < 02(E) = 02 and uz, such that
00 < 01(E) for E small enough and

2Q1 21 1
w(—ue”g + E) < - foro€[o1,02]and u < pr,
A 2 4
and this can be achieved if we take o; and g5 such that

E 1 .
A_z(@ log02)? < 3 and o1 = Q;/ ,
1

with M large enough to be chosen independently of u and E. For instance, for E
small enough, take

M

8E’

02 = B1, where 81 =

log B1
and, therefore,

02log 0z =/31(1— 10g(2),31) < B1.

1
log B1
But we also want (i/(21%))0?(log 0)>¢~2¢ < 1/8, and so we need u to satisfy

- 1 Q201 &f
~ 16(01 10g91)2

Since T = A1 loglog o, we can choose M, independent of E and p, so that

logoa\ A
0(r2) — 0(t1) > —(Tz —-171) > El g(loggl) = El og(M) > 1.

This implies that, for u L, a8 above,
Ng(M®) = Noxng(py,) = Clpy )",
and we conclude that
log@z) NE(M*) = logy E~' + O(1),

which implies (1.12).
Next, we consider the case N = 2, which corresponds to

1 1
Volo) = 70 Ees 20 2(log0) ™ + 20 *(log @) "*(log(5) 0) 2,
Vi(e) = 0 2(logg) *(log(z 0) *(logo) ™.
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with R(0) and 5 (o) as in (4.14). This time, we set n = log3) ¢ in equation (4.15)
and set u = (o(log 0)(log() 0))"/?v, and we obtain

(~(5)" = (2= 3) + &xtetm)o =0,

&2(0) = 0°(log 0)*(loglog 0)*(R(0) + P(0)). v(no) = 0.

As before, if ¢ < 1/4, v has no zeros for i > (o, and so M* has no negative eigen-
values. If ¢, > 1/4, we set A, = (c2 — 1/4)"/? and © = A,7, and we obtain

(_(%)2 -1+ %%82('5(@)))1) =0,

v(to) =0,

where

We pick g¢ large such that

1 1
|z0% (100 (loglog )’ R(@)| < 5. if0 = g,
2

and for 9, = (0%(log 0)?(loglog 0)?)~!, it follows that
1

{Q > po: )%82(@) < 1}

1
A29,(0)

. l —20
Clo=00: E+2ue <2

< Z}H{Q > 00 : _ K < 2}.

C > : =
feza 22%(0) 2229,(0)

and since f(0) = 1/8(0) = 0%(log0)?(loglog p)? satisfies the hypothesis of Lemma
4.4, we find that

1
Aéﬁz (0)

and so for o € [a, b] we must have

E_ _5 andsoologo)(oglogo) < | 22 — 4
<2 andsog(logo)(loglogo) < | —=2 = Aj.
A36:(p) E ’

If we take

{Q >00: (E + %/w_zg) < 2} = [a, D],

3 24,
~ log A>(loglog A,)°

Qu»

then
Ou,(logou,)(loglog 0u,) = 242(1 +0(1)) > A5, as E — 0,
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and so b < oy, . Therefore, for 0 < g,,, we must have
1= 41392(0)% < 41392(0u,)e? = .
It follows from (4.12) that
Ng(M®) < C(log(s) 0u,) (hus)" s
which implies that
logy Ne(M®) <logpy E~' 4+ O(1) as E — 0, (4.34)

and this implies the upper bound of (1.14) when N = 2.
Again, to obtain the lower bound, we find 01 = 01(E) < 02(E) = 02 and ur,
such that o9 < 01(E) for E small enough and

1 1 3
E+5pe™) <7 foroclen du < pur.
)@92(@)( tape ) =5 fore [01,02] and p < pup

We pick g5 such that
E 1
— (02(log 02)(loglog 02))* < =.
A3 8

For instance, we can just take

1 12
92 = (og Bo)(loglog Ba) > WM P2 = \ 5

We then pick o, such that log o1 = (log 02)"/M, with M to be chosen, and we need

to restrict the values of u so that

A3 2
n=—%(0ne =p,,.

Since T = A, log(3) 0, we can choose M, independent of i and E, such that

Ch,

0(w2) — 0(71) = %(fz —T1) > s log(

log(log Qz)) o Cha log M > 1
log(logo1)/ = 4x '

This implies that for u L, a8 above

NE(M®) = Nox no(kr2) = C(p, )"

This implies that
10g(4) Ng(M®) > logz) E7' + 0(1),
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which is the lower bound (1.14) for the case N = 2. Because of the choice of p; we
get a weaker lower bound than (4.34).

The proof in the general case in (1.13) follows the same principle. We pick g
such that log(;y 0 > 1 for 0 > o, and for all j < N + 1. If §;)(0) is defined as
in (1.13), we have

N—-1

1, 1 , —

Volo) = ;e >+ n > 51yi@ + enSwn@).  Vi(e) = G (0)(logo) ™.
j=1

with R (o) and £ (p) defined in (4.14).
This time, we set n = log(y 1) 0 in (4.15) and u = (§n(0))

(~(5)" = (ew—3) + Entea)o =o
En(0) = (B (@) (R(0) + £(0)).
v(no) = 0.

_1/21}; we obtain

If cy < 1/4, then v has no zeros for n > 7o, if no is large, and so M*® has no
negative eigenvalues. If cy > 1/4, we set Ay = (cy — 1/4)1/2 and © = Ay7, and
we obtain

d \2 1
(_(E) -1+ ESN(Q(T)))U =0, 7=2An 10g(1v+1) o,
v(0o) =0,
Again, we follow the steps in the proof of the previous cases and pick g such that
_ .
97 (@ R(@) < 5 ifo = oo,

and so the zeros of v will be contained in the set

{QEQO : %81\'(9) < 1}
- {Q > 00 W(EJF %Me_zg) 52}
C{QZQ05M‘WSZ}H{QEQO;me—ngz}‘

and since 1/(8x (0))? satisfies the hypothesis of Lemma 4.4, we find that

o= v sy o) =2} =

1
Ay (9 (0))?
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Since
2

223,
= o(logo)(loglogo) ... (logxyy0) </ —F4—, © =0«

v (0) E

as before, if we define

24N 223,
QuN = ) AN = =)
log Ay (loglog An) .. .logyy AN E

1
gN(QuN)

and therefore, b < gy, . We must also have u such that

then
= QMN(IOgQuN) .. 1Og(N) Ouy > AN:

def
1< 403 (98 (0))7€*® = 48N (0uy )e™'N = [luy.
On the other hand,
3 3
0(r2) — 0(11) =< o 2 = EAN log(y 41) Quy

and therefore
NE(M®) < Clog(y 41y Qup ) (Huy )"

and this implies that

o 1
log Ni (M) = uy (2 + ——(log & (0uy) + 108(C 1og(y 1) uy) )

UnN

and so
log(z) NE(M®) =logou, (1 + O(1)) as E — 0.

But |
log 0y = (log E_l)(i + 0(1)) as E — 0,

and, therefore,
logy) Ng(M®) = (log E~H)(C +0())asE — 0,
and this implies that
log(sy Ng(M®) <logmy E~' + O(1), (4.35)

which is a better bound than (1.14).
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To establish the lower bound in (1.14), we need to find o1 = 01(E) < 02(E) = 02
and pz, such that og < 01 (E) for E small enough and

1 (1 —20 + E) < — fi c [ ] <
————\zMne or s s U UL .
A%vg ( ) ) = o 01,02 gy

We pick g, such that
E 1
2— S - b
ANgN (92) 8

and we can just take

02 = Pw where By = &
>~ (log Bn)(loglog Bw) ... (logay) Bn)’ \ sE"

and we pick g such that

log(y—_1y €1 = (logy_1y02)'™,

where M is large enough and chosen independently of ; and E. We only consider
the values of u such that

12
W< TNﬁN(Ql)ezg1 =My, -

Since T = An log (v41) @ We can choose M, independently of E and u, large enough
such that

AN
0(02) — 0(01) > E(log(N—H) 02 —log(y 41y 01)

A lo
AN ( E(N) Qz)

A
= =N log(M) > 1
4 log(N) 01

4
In view of (4.12) and (4.23), this implies that
NE(M®) = Cl, )"
Then, we have
log Ng(M®) = 2no1 +1og(C¥n(01)) = 01(2n + O(1)),

and so
logy) NE(M®) = logo1 + O(1),

and we deduce that

o 1
logy 41 NE(M®) =logyy o1 + O(1) = 27 108wy €2 + o(1),
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and so
logy 4o NE(M®) = log(y41)02 + O(1).
On the other hand,
1
log 02 = (log E_1)<§ + 0(1)),
and so

log(;y 02 = log(;) E~'+ o), j=2,

This implies the lower bound in (1.14) and ends the proof of item (T.3) of Proposi-
tion 4.1, and together with equations (3.15), (3.5), and (1.16) it also ends the proof of
Theorem 1.4. Notice that, as in the case N = 2, because of the choice of g, we get a
worse lower bound than (4.35).

A. The spectrum of M

We will show that if V(o) and V7 (o) satisfy the assumptions of either one of the
Theorems 1.1, 1.2, or 1.4, the operators M]' defined in (4.10) have no eigenvalues in
[0,00), j € N, @ = D, N. In particular, this implies that the operator M*® defined
in (4.6) with boundary conditions ¢ = D, N. has no eigenvalues E > 0. If it did, then
each M]' would have the same eigenvalue. We prove the following.

Proposition A.1. The operators M3, j € N, e =D, N, j € N, defined in (4.8) have
no eigenvalues in [0, 00).

Proof. If E is an eigenvalue of M?, then there exists { € L?((09, o)) such that

¥ (0) = (—E + Vo(e™@) +aVi(e™®) + e 72X (0)) ¥ (o),
with B
X(0) = X(0) + e °q(0)¢;.

Now, we appeal to [22, Theorems 2.1 and 2.4 from Section 6.2], which we state
in a single theorem.

Theorem A.2. In a given finite or infinite interval (a1, az), let f(x) be a positive,
twice continuously differentiable function, g(0) a continuous real or complex func-
tion, and

Flo) = [ 44 = g/ 1de.

Then, in this interval, the differential equations

u"(0) = (f(0) + g(0)u(o) (A.la)
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and
w”(0) = (= f(0) + g(@)w(o). (A.1b)

have twice continuously differentiable solutions which in the case (A.1a) are given by

ui(0) = £ V4(0)e! 7792 (1 + £, (0)),
us(x) = f7V40)e ™/ 792 (1 + £5(0)),

and in the case (A.1b) are given by

_ S or1)/2

wi(e) = /74 (@)e (1 + £1(0))

— — 1/2

wa(x) = [T 4™ T (1 + 6(0)),

such that the error terms € (0), j = 1,2, satisfy
le1(@)] = %o @2 — 1 and |es(o)] < e¥o2 P2 -1,

1 1
S/ ()] < e 1 and S fTV2()leb (x)] < e¥eea D2 -1,
provided Vy, o(F) < 0c. Here, Vy g (F) denotes the total variation of F on the inter-
val (a, B).

We first show that one cannot have an eigenvalue £ > 0. We will consider the case
of Theorem 1.1, Vo(e™) = cp~2+% and V;(p) = p~ 219 (log p) 4, the other cases are
very similar. We apply Theorem A.2 with

—f(p) = —E —cp 2" +¢1p7 2 (log p)~*

and
g(p) = e "V(p)

Then, on the interval [p;, 00), with p; large,

wi(p) = fTV4VTD (1 4 61(p)),  walp) = E-V4e VIO (1 1 g5(p)).

But
(FTIY = 2B =8)@=HE 27 (1 4 o(1))
and
lg(p)| < Ce™?,
and so

P 14
Voo F)0) = [1F©)lds = [(e™ + Mo 525 4)as
p1 P
< Ci(e ™ +e7P) 4+ CLE2(p3F8 4 p73F9),
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and so
e1(p) < eVero(F))/2 _ 1 < C(e™™ +e )+ E—3/2(p1—3+5 + p—3+5)), §>0,

and hence for p; large, 1 + &1(p) ~ ¢1 + c2p 2% and therefore wy & L2([p1, o0).
A similar analysis works to estimate &,. Since there are constants Cy and C; such that
V(E, p) = Ciwi(p) + Caws(p), it follows that ¥ & L2([p1,00)) and so ¥ cannot be
an eigenfunction.

When E = 0, and § > 0, we apply the same argument with — f = —cp~2+% and
we obtain

(fY8 VA = g p 17802,

and so we find that for p; large, 1 4 &;(p) ~ c1 + ¢2 p~%, and so there are no eigen-
functions with £ > 0.

The last case does not quite apply when § = 0 and we use an argument as in the
proof of Hardy’s inequality in [6]. We will prove the following.

Lemma A.3. Suppose u € L?([pg, 00)), h(p) is continuous and h(p) = o(1) as
p — oo and

1
" (p) =p—2(—z+h(p))u in(po.00). ¢ >0, (A2)

then u(p) = 0 on [pg, 00).

Proof of the lemma. Since u € L?([pg,0)), by using equation (A.2) and the Cauchy—
Schwarz inequality, we find that |u’(p)| < Cp~3/2 and hence |u(p)| < Cp~'/2, and
the equation gives |u”(p)| < Cp~>/2. Therefore, if « € (1,2), A = (@ — 1)/2 > 0 and
p1 > P,

oo oo

/ P (' (0))dp = / (M) — o~ w)dp
P1 P1
> 22 / P2 (p)2dp — A [ (P dp
P1 o1

and since A < 1/2, we deduce that for « € (1,2),

/ 2 () dp < / % (0))dp.
o1

o1

(@ —1)°
4
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We apply the same argument to the second derivative, and use that |u’(p)| < Cp~3/?;
then, for @ € (1,4),

oo oo

f 2w (0))dp < / P (" (p))2dp.

1 p1

(@ —1)°
4

We combine these two estimates and we obtain, for a € (3, 4),

oo o0

/ P u(p)2dp < / o2 (p)dp.

P1 P1

(@ —1)* (@ — 3)?
4 4

This equation implies that

o0 oo

[ ot wiodo < [ (~5 -+ 1) o ion? dp,

1 1

(@ —1)? (@ — 3)?
4 4

Pick p; large and o = 4 — ¢ with ¢ small and this implies that u(p) = 0 on [p1, 00).
Then, u = 0 on (pg, 00) by uniqueness. [

This ends the proof of Proposition A.1. ]

B. Proof of Proposition 4.3

We follow the arguments used in the proof of [26, Theorem XIII.8]. We have already
established that oess (M) = [0,00), = D, N and that there are no eigenvalues in the
essential spectrum. Then, one needs to prove three lemmas.

LemmaB.1. Let V(p) € C*°(I), I CR open, andlet E € R. Let u(p, E), not identic-
ally zero, satisfy
u"(p,E) = (V(p) — E)u(p.E) onl.

If ag = ag(Ey) € I is such that u(ag, Eo) = 0, then there exists § > 0 and a C*®
function a(E) defined for |E — Eqo| < & such that a(E¢) = ag and u(a(E), E) = 0.

Proof. We know from the existence and uniqueness and stability theorems for ordin-
ary differential equations that u(p, E) is a C* function and since u(p, E) is not
identically zero, if u(ao, Eo) = 0, then d,u(ao, Eo) # 0. The implicit function the-
orem then guarantees that there exists a C* function a(F) defined on an interval
|E — Eg| < 8 such thata(Eg) = ag and u(a(E), E) = 0. ]
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Lemma B.2. As above, let @ = D, N. Let M be the operators defined in (4.10). Let
Vo and V1 satisfy the hypotheses of either Theorem 1.1, 1.2, or 1.4. The following
statements about Z;(E ) hold true:

1) if —E <O, then Z]'(E) < 005

(2) if Z;(Eo) = m, there exists § > 0 so that Z7(E) = m for |E — Eo| < 6;

(3) —Eo < —E, then Z}(E) = Z}(Ey);

(4) if —Eg is an eigenvalue of M3, and —Eg < —E, then Z(E) = Z7(Eo) + 1;

(5) ifk > j and i > pj, then Z3(E) = Zp(E);

(6) ifk > j, —E is an eigenvalue, and py > |;, then Z]’(E) > Zp(E)+ L

Proof. We have already shown that item (1) is true. Lemma B.1 says that if p; <
02 <+ < Pm—1 < pm € (po,00) are such that uJ'-(pj, Eg) = 0, then there exist § > 0
and C® functions r;(E) defined in |E — Eo| < § such that rj(Eo) = p; and that
ui(rj(E), E) = 0, and therefore Z7(E) > m.

To prove item (3), we first consider the Dirichlet problem. This is the stand-
ard form of the Sturm oscillation theorem. Let pg < p; < -+ < p, be the zeros of
ujp (p, Ep). We claim that ujD (p, E) has a zero in each of the intervals (p;, pj+1). To
see that, suppose that u JD (p, E) does not have a zero in this interval. By possibly mul-
tiplying the functions by —1, we may assume that u]l.) (p, E) > 0 and u}) (p, Eg) >0
in (p;, pj+1). In this case, u}; (p;, Eo) > 0 and u;(pj+1, Eo) < 0. Therefore,

Pm+1

12 = [Ty 0. Eouf 6. ) = uP (. Ea)uP Y (0. ENdp
Pm
= (ujD)/(lOm-H’ EO)”;D (om+1, E) — (ujD)/(pm, EO)uJD (om, E) = 0.

On the other hand,

Pm+1
1P = / [P (p. Eo)uP (p. E) — uP (p. Eo)uP)" (p. E)ldp
Pm
Pm+1
— (o~ ) [ uP (o, EuiP (p.E) dp > 0.
Pm

If Ey is an eigenvalue, we claim that u ]D (p, E) also has a zero in (p,, 00). To see that,
we apply the same idea, but now one needs to justify the convergence of the integral
from p, to co. We appeal again to Theorem A.2. If we take f = Ey, and f = E, the
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solutions of (4.10) for p large are of the form

uP (p. Eo) = Eg/*(Cre™VEO (1 + £1(p)) + Cae?VEO (1 + £2(p))).
uP (p. E) = E7V/4(Cre™VE (1 + e1(p) + Coe?VE(1 + £2(p))).

Since Ej is an eigenvalue, ujD(p, Eo) € L?*((pg, 00)) and C, = 0. Since E¢ > E,

then integrals will involve terms of the type ePWE-VE0) O(1), which will converge
if Eg > E.

As for the Neumann problem, the same argument applies with the exception of
the interval (pg, p1). In this case, we know from the assumptions made in (4.10) that

W) (po. Eo) = () (po. E) =0, ul (po. Eo) = ul (po. E) = 1,

and we also know that ufv (p1, Eo) = 0. In this case, we would have ujl-v (p, E) >0
and uJN (p, Eo) > 01in (pg, p1), and so we would have

@N)(p1.Eo) <0 and ul(p1. E) =0

and, therefore,
P1
= /[(MJN)’(P, Eo)uj (p, E) —u} (p, Eo)u}") (p, E)]'dp
f0
= ) (p1. Eo)u (p1. E) < 0.

As above,

o1
1Y = (o~ E) [ 4} (0. B (p. ) dp > 0

PO

The same argument can be used to show that Z?(E) > Zy(E), provided j > k
and pg > pj. In this case, we suppose that p; < p < -+ < p, are the zeros of
uf(p, E) and we want to show that u; (o, D) has a zero in (o, pm+1). We assume
there are no zeros of u; (o, E) in (0, pm+1) and we may assume that u,?(p, E)>0
and ujD(p, E) > 0on py,, pm+1 and that

e (om. E) > 0, () (pm+1. E) <O,
and
ujD(vaE) >0, MjD(/Om+1,E) > 0.
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Then,
Pm—+1

12 = [Ty oy 6. )~ uP (. EXuP Y (0. ENdp
Pm
= WPY (o1, EVuP (o, E) — DY (o EWP (o, E) < 0.

On the other hand,

Pm+1
"= /(“" — wj)e Pug (p. Eyu? (p. E) dp > 0.
Pm
The same argument works for the Neumann problem and to prove item (6). |

Lemma B.3. Let —)L]'. ©
following facts hold.

@ The eigenvalues have multiplicity one.

M IfE=>=0,meN and Z;(E) > m, then —Aj,, < —E. In particular,

k =1,2,..., denote the eigenvalues ofM;, e =D N.The

NE(M) = Z}(E).
) Z5(s) =k —1.

Proof. The eigenvalues are simple by the uniqueness theorem for ordinary differential
equations. By dividing an eigenfunction 1 *(p) by a constant, one may assume it will
satisfy ¥ (po) = 0 and (¥”)'(po) = 1 or (¥) (po) = 0 .and ¥~ (po) = 1, and one
cannot have two different solutions with the same Cauchy data.

We will show that there exist at least m eigenvalues )t]'., « Which are less than —E'.
Let u]'-(,o, E) be the solution of (4.10) and let p; < p2 < -+ < py, M > m, and
po < p1, denote its zeros (not equal to pg in case « = D), and let

u]'.(p,E) ifpr <p<pps1,k=0,1,.... M —1,

0 otherwise.

Ve (p) = {

Obviously, (¢, ¥z) = 0, if i # k. Let U be the M -dimensional subspace spanned
by yp. If * = Z;":Ol ar Yz, one can check that

(M;W.’ W.) = —E(W.» W.),

it follows from the min-max principle, see [26, Theorem XIII.2], that —)LJ’.’ u =—F
and, in particular, )L;’m < —E. It follows from Lemma B.2 (2) that if ¢ > 0 is small
enough, Z;(E + &) > m, and we have shown that in fact —A,, (M]’.) <—-FE—-¢<—E.
This proves item (II).
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We have Z? (A7) = 0. Suppose that Z? ()LJ'. x—1) = k — 2. It follows from Lemma
B.2 (5) that Z]?(A/’.k) > Z;()L;. %—1) T 1=k — 1. On the other hand, notice that if
Z]?(/\;.’k) > k — 1, then by item (II), —=A;x < —A; k. So, Z;(—)L;.,k) < k — 1. This
proves item (III). [ ]

Now, we can prove (4.11). We know from Lemma B.3 (II) that Ng (M]‘.) > ZJ? (E).
Since Z7(E) < oo if —E < 0, suppose that Ng (M?) > Z7(E) = m; then, by defin-
ition, this implies that —/\;’m+1 < —FE, so Lemma B.2 (4) and Lemma B.3 (III) imply
that

ZNE)> Z; (A5 py) +1=m+ L

This proves (4.11).

Acknowledgements. We thank he referee for carefully reading the paper and making
numerous suggestions and corrections.

Funding. The first author is partly supported by the Simons Foundation grant 848410.
The second author is partly supported by National Science Foundation under grant
DMS-2205266.

References

[1] S. Agmon, Spectral theory of Schrodinger operators on Euclidean and on non-Euclidean
spaces. Comm. Pure Appl. Math. 39 (1986), supplement “Frontiers of the mathematical
sciences (New York, 1985)”, 3-16 Zbl 0601.47039 MR 0861480

[2] K. Akutagawa and H. Kumura, Geometric relative Hardy inequalities and the discrete
spectrum of Schrodinger operators on manifolds. Calc. Var. Partial Differential Equations
48 (2013), no. 1-2, 67-88 Zbl 1279.58014 MR 3090535

[3] D. Borthwick, Spectral theory—basic concepts and applications. Grad. Texts in Math.
284, Springer, Cham, 2020 MR 4180682

[4] J.-M. Bouclet, Absence of eigenvalue at the bottom of the continuous spectrum on asymp-
totically hyperbolic manifolds. Ann. Global Anal. Geom. 44 (2013), no. 2, 115-136
Zbl 1286.58019 MR 3073583

[5] E. A. Coddington and N. Levinson, Theory of ordinary differential equations. McGraw—
Hill, New York etc., 1955 Zbl 0064.33002 MR 0069338

[6] E.B. Davies, Spectral theory and differential operators. Cambridge Stud. Adv. Math. 42,
Cambridge University Press, Cambridge, 1995 Zbl 0893.47004 MR 1349825

[7] H. Donnelly and P. Li, Pure point spectrum and negative curvature for noncompact mani-
folds. Duke Math. J. 46 (1979), no. 3, 497-503 Zbl 0416.58025 MR 0544241

[8] N.Dunford and J. T. Schwartz, Linear operators. 11. Spectral theory. Self adjoint operators
in Hilbert space. Interscience, New York and London, 1963 Zbl 0128.34803
MR 0188745


https://doi.org/10.1002/cpa.3160390703
https://doi.org/10.1002/cpa.3160390703
https://zbmath.org/?q=an:0601.47039
https://mathscinet.ams.org/mathscinet-getitem?mr=0861480
https://doi.org/10.1007/s00526-012-0542-z
https://doi.org/10.1007/s00526-012-0542-z
https://zbmath.org/?q=an:1279.58014
https://mathscinet.ams.org/mathscinet-getitem?mr=3090535
https://doi.org/10.1007/978-3-030-38002-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4180682
https://doi.org/10.1007/s10455-012-9359-4
https://doi.org/10.1007/s10455-012-9359-4
https://zbmath.org/?q=an:1286.58019
https://mathscinet.ams.org/mathscinet-getitem?mr=3073583
https://zbmath.org/?q=an:0064.33002
https://mathscinet.ams.org/mathscinet-getitem?mr=0069338
https://doi.org/10.1017/CBO9780511623721
https://zbmath.org/?q=an:0893.47004
https://mathscinet.ams.org/mathscinet-getitem?mr=1349825
https://doi.org/10.1215/s0012-7094-79-04624-6
https://doi.org/10.1215/s0012-7094-79-04624-6
https://zbmath.org/?q=an:0416.58025
https://mathscinet.ams.org/mathscinet-getitem?mr=0544241
https://zbmath.org/?q=an:0128.34803
https://mathscinet.ams.org/mathscinet-getitem?mr=0188745

(91

(10]

(11]

[12]

[13]

(14]

[15]

[16]

(171

(18]

[19]

[20]

[21]

(22]

(23]

(24]

[25]

A. Sa Barreto and Y. Wang 726

C. Fefferman and C. R. Graham, Conformal invariants. Astérisque (1985), no. Numéro
Hors Série “The mathematical heritage of Elie Cartan (Lyon, 1984)”,95-116

Zbl 0602.53007 MR 0837196

G. M. L. Gladwell, Inverse problems in scattering. Solid Mech. Appl. 23, Kluwer,
Dordrecht, 1993 Zbl 0796.35170 MR 1265491

C. R. Graham, Volume and area renormalizations for conformally compact Einstein met-
rics. Rend. Circ. Mat. Palermo (2) 63 (2000), supplement “Geometry and Physics (Srni,
1999)”, 31-42 Zbl 0984.53020 MR 1758076

A. Hassell and S. Marshall, Eigenvalues of Schrodinger operators with potential asymptot-
ically homogeneous of degree —2. Trans. Amer. Math. Soc. 360 (2008), no. 8, 4145-4167
Zbl 1147.35066 MR 2395167

P. D. Hislop and I. M. Sigal, Introduction to spectral theory. Appl. Math. Sci. 113,
Springer, New York, 1996 Zbl 0855.47002 MR 1361167

L. Hormander, The analysis of linear partial differential operators. 111. Pseudo-differential
operators. Grundlehren Math. Wiss. 274, Springer, Berlin, 1985 Zbl 0601.35001

MR 0781536

M. S. Joshi and A. S4 Barreto, Inverse scattering on asymptotically hyperbolic manifolds.
Acta Math. 184 (2000), no. 1, 41-86 Zbl 1142.58309 MR 1756569

W. Kirsch and B. Simon, Corrections to the classical behavior of the number of bound
states of Schrodinger operators. Ann. Physics 183 (1988), no. 1, 122-130

Zbl 0646.35019 MR 0952875

R. Mazzeo, The Hodge cohomology of a conformally compact metric. J. Differential
Geom. 28 (1988), no. 2, 309-339 Zbl 0656.53042 MR 0961517

R. Mazzeo, Unique continuation at infinity and embedded eigenvalues for asymptotically
hyperbolic manifolds. Amer. J. Math. 113 (1991), no. 1, 25-45 Zbl 0725.58044

MR 1087800

R. Mazzeo and R. McOwen, Singular Sturm-Liouville theory on manifolds. J. Differential
Equations 176 (2001), no. 2, 387-444 Zbl 0995.58022 MR 1866281

R. R. Mazzeo and R. B. Melrose, Meromorphic extension of the resolvent on complete
spaces with asymptotically constant negative curvature. J. Funct. Anal. 75 (1987), no. 2,
260-310 Zbl 0636.58034 MR 0916753

R. B. Melrose, Geometric scattering theory. Stanford Lectures, Cambridge University
Press, Cambridge, 1995 Zbl 0849.58071 MR 1350074

F. W. I. Olver, Asymptotics and special functions. Comput. Sci. Appl. Math., Academic
Press, New York and London, 1974 Zbl 0303.41035 MR 0435697

P. A. Perry, The Laplace operator on a hyperbolic manifold. I. Spectral and scattering
theory. J. Funct. Anal. 75 (1987), no. 1, 161-187 Zbl 0631.58030 MR 0911204

P. A. Perry, The Laplace operator on a hyperbolic manifold. II. Eisenstein series and the
scattering matrix. J. Reine Angew. Math. 398 (1989), 67-91 Zbl 0677.58044

MR 0998472

M. Reed and B. Simon, Methods of modern mathematical physics. 1. Functional Analysis.
Academic Press, New York and London, 1972 Zbl 0401.47001 MR 0493419


https://zbmath.org/?q=an:0602.53007
https://mathscinet.ams.org/mathscinet-getitem?mr=0837196
https://doi.org/10.1007/978-94-011-2046-3
https://zbmath.org/?q=an:0796.35170
https://mathscinet.ams.org/mathscinet-getitem?mr=1265491
https://zbmath.org/?q=an:0984.53020
https://mathscinet.ams.org/mathscinet-getitem?mr=1758076
https://doi.org/10.1090/S0002-9947-08-04479-6
https://doi.org/10.1090/S0002-9947-08-04479-6
https://zbmath.org/?q=an:1147.35066
https://mathscinet.ams.org/mathscinet-getitem?mr=2395167
https://doi.org/10.1007/978-1-4612-0741-2
https://zbmath.org/?q=an:0855.47002
https://mathscinet.ams.org/mathscinet-getitem?mr=1361167
https://zbmath.org/?q=an:0601.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=0781536
https://doi.org/10.1007/BF02392781
https://zbmath.org/?q=an:1142.58309
https://mathscinet.ams.org/mathscinet-getitem?mr=1756569
https://doi.org/10.1016/0003-4916(88)90248-5
https://doi.org/10.1016/0003-4916(88)90248-5
https://zbmath.org/?q=an:0646.35019
https://mathscinet.ams.org/mathscinet-getitem?mr=0952875
https://doi.org/10.4310/jdg/1214442281
https://zbmath.org/?q=an:0656.53042
https://mathscinet.ams.org/mathscinet-getitem?mr=0961517
https://doi.org/10.2307/2374820
https://doi.org/10.2307/2374820
https://zbmath.org/?q=an:0725.58044
https://mathscinet.ams.org/mathscinet-getitem?mr=1087800
https://doi.org/10.1006/jdeq.2001.3986
https://zbmath.org/?q=an:0995.58022
https://mathscinet.ams.org/mathscinet-getitem?mr=1866281
https://doi.org/10.1016/0022-1236(87)90097-8
https://doi.org/10.1016/0022-1236(87)90097-8
https://zbmath.org/?q=an:0636.58034
https://mathscinet.ams.org/mathscinet-getitem?mr=0916753
https://zbmath.org/?q=an:0849.58071
https://mathscinet.ams.org/mathscinet-getitem?mr=1350074
https://zbmath.org/?q=an:0303.41035
https://mathscinet.ams.org/mathscinet-getitem?mr=0435697
https://doi.org/10.1016/0022-1236(87)90110-8
https://doi.org/10.1016/0022-1236(87)90110-8
https://zbmath.org/?q=an:0631.58030
https://mathscinet.ams.org/mathscinet-getitem?mr=0911204
https://doi.org/10.1515/crll.1989.398.67
https://doi.org/10.1515/crll.1989.398.67
https://zbmath.org/?q=an:0677.58044
https://mathscinet.ams.org/mathscinet-getitem?mr=0998472
https://zbmath.org/?q=an:0401.47001
https://mathscinet.ams.org/mathscinet-getitem?mr=0493419

Eigenvalues of Schrodinger operators on asymptotically hyperbolic manifolds 727

[26] M. Reed and B. Simon, Methods of modern mathematical physics. IV. Analysis of operat-
ors. Academic Press, New York and London, 1978 Zbl 0242.46001 MR 0493421

[27] A.Sa Barreto and M. Zworski, Distribution of resonances for spherical black holes. Math.
Res. Lett. 4 (1997), no. 1, 103—121 Zbl 0883.35120 MR 1432814

[28] W. Stenger, On the variational principles for eigenvalues for a class of unbounded operat-
ors. J. Math. Mech. 17 (1967/68), 641-648 Zbl 0157.21302 MR 0227800

Received 1 July 2024; revised 20 January 2025.

Antonio Sa Barreto
Department of Mathematics, Purdue University, 150 North University Street, West Lafayette,
IN 47907, USA; sabarre @purdue.edu

Yiran Wang
Department of Mathematics, Emory University, 400 Dowman Drive, Atlanta, GA 30322,
USA; yiran.wang @emory.edu


https://zbmath.org/?q=an:0242.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=0493421
https://doi.org/10.4310/MRL.1997.v4.n1.a10
https://zbmath.org/?q=an:0883.35120
https://mathscinet.ams.org/mathscinet-getitem?mr=1432814
https://doi.org/10.1512/iumj.1968.17.17040
https://doi.org/10.1512/iumj.1968.17.17040
https://zbmath.org/?q=an:0157.21302
https://mathscinet.ams.org/mathscinet-getitem?mr=0227800
mailto:sabarre@purdue.edu
mailto:yiran.wang@emory.edu

	1. Introduction
	1.1. The strategy of the proofs

	2. The spectrum of H
	3. Dirichlet–Neumann bracketing
	3.1. Model operators on X_∞

	4. The asymptotic behavior of N_E(ℳ_±•), •=D,N as E→0
	4.1.  The set up of the problems
	4.2. Proof of item (T.1) of Proposition 4.1
	4.3. Proof of item (T.2) of Proposition 4.1
	4.4. Proof of item (T.3) of Proposition 4.1

	A. The spectrum of ℳ_j
	B. Proof of Proposition 4.3
	References

