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Phase transition in the integrated density of states of the
Anderson model arising from a supersymmetric sigma model

Margherita Disertori, Valentin Rapenne, Constanza Rojas-Molina, and
Xiaolin Zeng

Abstract. We study the integrated density of states (IDS) of the random Schrodinger operator
appearing in the study of certain reinforced random processes in connection with a supersym-
metric sigma-model. We rely on previous results on the supersymmetric sigma-model to obtain
lower and upper bounds on the asymptotic behavior of the IDS near the bottom of the spectrum
in all dimension. We show a phase transition for the IDS between weak and strong disorder
regime in dimension larger or equal to three, that follows from a phase transition in the cor-
responding random process and supersymmetric sigma-model. In particular, we show that the
IDS does not exhibit Lifshitz tails in the strong disorder regime, confirming a recent conjecture.
This is in stark contrast with other disordered systems, like the Anderson model. A Wegner-type
estimate is also derived, giving an upper bound on the IDS and showing the regularity of the
function.

1. Introduction and main results

Transport phenomena in disordered materials can be described at the quantum
mechanical level via random Schodinger operators. On the lattice Z4, d > 1, they
generally take the form of an infinite random matrix H, = —A + AV,, € Rszyfnxzd
where —A is the negative discrete Laplacian and V,, is a diagonal matrix with random
entries.

In this paper, we consider a random Schrodinger operator Hg (defined in (1.1)
below) arising from the supersymmetric hyperbolic sigma model H 212 introduced
by Zirnbauer in the context of quantum diffusion [13, 35]. This can be seen as a
statistical mechanics spin model, where the spins take values on a supersymmetric

extension of the hyperbolic plane H 2. This model is expected to qualitatively reflect
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the phenomenon of Anderson localization and delocalization for real symmetric band
matrices (see [12, Section 3]) and exhibits a dimension-dependent phase transition
between a disordered phase [11] and an ordered phase with spontaneous symmetry
breaking [12].

In recent years, H 212 attracted a growing interest from the mathematics com-
munity due to the discovery in [32-34] of surprising connections with two linearly
reinforced random processes: the edge reinforced random walk introduced by Diaco-
nis in 1986, and the vertex reinforced jump process conceived by Werner around 2000.
A first spectacular application of this connection was the proof of a phase transition in
the reinforced processes between a recurrent and a transient phase that follows from
the disorder/order transition in the H2> model [4, 10, 32].

In [33,34], Sabot, Tarres, and Zeng show that a key ingredient in proving many
properties of the reinforced processes is the connection with the random Schrodinger
operator Hg (1.1), which is the main object of study in the present paper. The spec-
trum of this random operator is deterministic (see [1, Theorem 3.10] and [30,
Chapter 4]) and the existence/non-existence of an eigenvalue in O is related to tran-
sience/recurrence properties of the stochastic processes [33,34]. At large disorder the
spectrum is pure point [7].

In this paper, we pursue the study of spectral properties of this operator. Our aim
is to study the asymptotics of the so-called integrated density of states (IDS) of the
operator Hg for energies near the bottom of the spectrum. The IDS is a function
on the spectrum of the operator that computes the average number of eigenvalues per
unit volume. In disordered systems like the Anderson model with independent random
variables, the IDS exhibits an exponential decay near the spectral edges at arbitrary
dimension, known as Lifshitz tails. This is in stark contrast with the behavior of the
IDS in periodic systems. The Lifshitz behavior of the IDS is a key ingredient to prove
localization for random operators, although it is not a necessary condition (see, e.g.,
Delone—Anderson models for which the IDS might not even exist but localization
still holds [14,31]). The connection between the IDS behavior at the bottom of the
spectrum and localization explains the important role played by the IDS in the spectral
and dynamical study of random Schrédinger operators.

In [34], the authors conjecture that the asymptotic behavior of the IDS of the
random Schrddinger operator Hg appearing in connection to reinforced random pro-
cesses does not exhibit Lifshitz tails. This is due to dependencies in the random
variables, that imply that the bottom of the spectrum is not attained by extreme values
of the random variables, but can be attained by several configurations of the potential.

In this article, we show that the IDS N(E, Hg) of the operator Hg does not
exhibit Lifshitz tails, and undergoes a phase transition in its behavior as a function
of E, depending on the dimension and the strength of the disorder. This follows from
a phase transition in the associated reinforced random process and supersymmetric
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sigma-model. Namely, we prove that in dimension one, for any value of the disor-
der strength, the IDS behaves roughly as +/E as E |, 0, while in dimension two and
above, this behavior holds for large disorder. On the contrary, in dimension three and
above the decay rate is bounded above by E at weak disorder.

To the best of our knowledge, the operator Hg is the first Anderson-type model
for which the IDS is known to undergo a phase transition, whose dependence on
the disorder strength and dimension is similar to the one in the metal-insulator tran-
sition conjectured for the Anderson model. Note that the transitions appearing in
the literature for the IDS of Anderson-type models (the so-called classical-quantum
transitions) are transitions in the exponents of the Lifshitz tails depending on the
decay of the single site potential [16,23]. A phase transition which does not involve
Lifshitz tails has been observed in the IDS for certain random spin models [15]. As
far as we know, the operator Hg provides a first physically motivated example where
Lifshitz tails break down, even in presence of pure point spectrum. The latter con-
tributes to the family of very specific models for which the violation of Lifshitz tails
is known [6, 20,21, 26, 28].

We proceed to define the random Schrédinger operator Hg on 72 appearing in
connection with the hyperbolic H 22 sigma-model and reinforced random processes.
Let Z< be the undirected square lattice, with vertex set V(Z%) and edge set E(Z%).
By abuse of notation, we will often identify the set in Z¢ with its vertex set and, in
particular, write Z¢ instead of V(Z?). The operator H p is defined as follows. Let
We = W;,; > 0 be the edge weight of e = {i, j} on 74, and P" be the associated
adjacency operator of 74, or equivalently, P" is the operator on 02(Z?) defined by

PY (i)=Y Wi, f(j) forall fe*(Z%),
Jij~i
where j ~ i means that {i, j } is an edge of the lattice 74 . We consider Hp € RZ? XZd,
the infinite symmetric matrix defined by

Hp =28 —P", (1.1)

where B is a diagonal matrix whose diagonal entries (f;);cz« form a family of posi-
tive random variables defined as follows (cf. [33, Theorem 1] and [34, Proposition 1]):
foralli € Z4, Bi > 0 a.s., and for all sub lattice A C 74 finite, the Laplace transform
of (Bi)iea equals

EW(e—(/\,ﬁ)A)

— e~ Zijeni~i Wi (JAFA)A+A)-"D=ien jgn.i~j Wij(V1+4i=1) ;
ieA
(1.2)
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The law of this random field S is characterized by the above Laplace transform. This
Laplace transform is a particular case of the general version, given in equation (2.1),
with 8 = 1. By means of the Laplace transform (1.2), one can see that if / and j are
not related by an edge in Z<, then ; and B ; are independent. We say that the field B
is 1-dependent. The infinite-volume distribution of (B;);cz« Will be denoted by v
and the associated expectation is denoted by E" . The operator # g defined by

Jp (i) =28 f()) =Y Wi f(j) foralli eZ?,

Jjij~i

maps D — (2(Z?) almost surely, where D C £2(Z?) is the set of sequences with
finite support, which is dense.

In this paper, we will set all W; ; equal, and, in an abuse of notation, denote this
common value W too (as it will not cause any ambiguity in the sequel). This condition
ensures that the operator g is ergodic with respect to the translations in 74. Ergod-
icity is a key ingredient to prove the existence of the IDS and the deterministic nature
of the spectrum of #g using standard arguments. In this case, the spectrum is given
by o(#g) = [0, 4+00) (see [34, Theorem 2.(i)] and [30]). At times, we still write W ;
to specify the vertex i that we are considering or to emphasize the generality of the
probability measures.

By [33, Proposition 1] or [34, Lemma 4], any finite marginal (8;);ea (i.e., A C 74
is a finite subset) has the following explicit probability density with respect to the
product Lebesgue measure dff = [[;cp dBi:

VA ’ (d,B)
(1,7 1)+ (n¥,H ! n%)—2(1,n")) 1 —_ |2|
sIJLB A ILBA > ( ) dﬂ (13)

1
= 1}( e_f(
p.0>0 JdetHg p N7

The corresponding average will be denoted by ]EK/’"w. Here, " is a vector denoting
a wired boundary condition on A, defined by

V(i) =ny) =Y Wy, forieA, (1.4)
JEN,j~i

and
Hgp = (2B — P")|n = 1aHg1a

is the operator g restricted on the set A with simple boundary condition, i.e., a finite
matrix defined by

Hp.a f() =28 f(i) =D Wi; f(j). forall feRA.

jEAj~i
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Here, 1, is the projection operator on A. Note that, even if we replace n* by an
arbitrary n € R‘Z\O, (1.3) is still a probability density. In this case, the probability will
be denoted by vK/’" and the expectation by EK’", to stress the n dependence. A more
general finite volume density is given in Theorem 4 below.

Sometimes, we will write # g A ‘= JHp A to insist on the type of boundary con-
ditions considered, that we call simple boundary condition. We will also consider the
operator with Dirichlet boundary condition, which will be denoted by # é? A and is
defined by

HP =@ — PYV)p+ WMy = Hp.n + WMaa_p.

where M,4_, is the multiplicative operator by 2d — n acting on £2(Z¢), where for
everyi € A,n; :=deg(i)in A,ie,n; = ZjeA, i 1

In the usual Anderson model, the random Schroédinger operator H = —A + AV
with a bounded potential, the edge weight equals 1 (in the discrete Laplacian A,
entries are O or 1), and the disorder parameter A > 0 modulating the intensity of the
random potential allows for two well-defined regimes, that of strong disorder (A > 1)
and that of weak disorder (small A). In #g, however, the edge weight equals W, and
the law of the random potential depends also on W, hence the disorder parameter
does not appear as a coupling constant but is encoded in the law of 8. To have an
expression that resembles the Anderson model, we consider the rescaled operator Hg

defined by

1 28 28
Hp:= o0 = 5o — P = (=8) + (W —2d), Pyi=liey.
The corresponding finite volume operator with Dirichlet boundary condition is then
D ._ 1 J(D _ Zﬁ —
HPy o= 500y = (57 = P)  + Mg = Hpn + Maa—ye (13)

where Hg A = H g A 1s the operator with simple boundary condition.

Note that, by the explicit Laplace transform (1.2) (cf. [7, Theorem C]), we have
forevery j € 72 and for every A > 0,

e—2dW(/1+2-1)
VI+A

Therefore, the one point marginal of the random potential is known to be a reciprocal

EY[e*#] =

inverse Gaussian distribution.

It follows that the mean of 28; is 2d W + 1, and its variance is 2d W + 2. The
corresponding rescaled potential V; := 28; /W — 2d has mean EW [V;] = 1/ W and
variance Var[V;] = 2d /W + 2/ W 2. Therefore, analogously to the case of the Ander-
son model, for Hg we can identify two regimes: W small corresponds to a strong
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disorder regime and W large, to a weak disorder regime. Indeed, for large W we have
EY[Vi] = 1/W ~ 0, and Var[V;] = O(1/W) ~ 0, hence Hyg is a small perturba-
tion of 2d — P = —A. On the contrary, for small W both mean and variance are
large, EW [V;] = 1/ W, and Var[V;] ~ 1/ W2, hence Hpg is dominated by the diagonal
disorder.

Our main object of study is the integrated density of states (IDS)

N(E) = N(E, Hp)
for Hg at an energy E € R, defined by

N(E, Hp) = lim EY, [Na, (E, H 5, )], (1.6)

where Ay is a box in Z? of side 2L + 1 centered at zero and Na, (E, Hg AL) is the
finite volume IDS on Ay, defined by

1
# .
Na (E.Hf o)) = A Y1
AEU(H;AL)H(—OO,E]

= 2 e (H ) 17)
Here, # € {D, S} indicates if we have Dirichlet (see (1.5)) or simple boundary con-
ditions. Note that the usual definition of the IDS (see e.g., [1, Corollary 3.16]) does
not contain the expectation in the right-hand side of the equation (1.6). However, the
equivalence between these two definitions follows from, e.g., [1, Lemma 4.12]. Also,
the limiting function N does not depend on the boundary conditions in the finite-
volume restriction of Hg to the box, so we can replace the simple boundary conditions
with Dirichlet boundary conditions and the result still holds [1, Lemma 4.12].

We are interested in the asymptotics of N(E) for E | 0, that is, at the bottom of
the spectrum of Hg. For a random Schrédinger operator with i.i.d. random potential,
the Lifshitz tails estimate (e.g., [22]) claims that, near the bottom of the spectrum
(assuming it is 0), the integrated density of states behaves like

N(E) = ce~E 270 (1.8)
in d dimensions. This is in stark contrast with the case of the free laplacian which
exhibits Van Hove asymptotics, that is, N(E) =< E%/? (see [5, Theorem 3]). The expo-
nential decay in (1.8) appears since, by the i.i.d. nature of the potential, configurations
near the bottom of the spectrum are highly unlikely. Lifshitz tails also appear in mod-
els exhibiting correlations in the potential, for example in potentials given by a linear
combination of i.i.d. random variables [19]. This behavior may be violated for exam-
ple when the operator is not monotonous in the random variables [6,20,21,28], or the



IDS for the Anderson model arising from a supersymmetric sigma model 493

lattice is replaced by a random graph. In particular, the random Laplacian of the per-
colation subgraph of bond-percolation with parameter p on Z¢, exhibits a transition
between Van Hove and Lifshitz behavior depending of the percolation parameter p,
see [26,27].

For our Hpg operator, the 1-dependence of the B variables entails that the number
of realizations of the potential favoring low energy states is large and hence Lifshitz
tails do not occur. Precisely, we will prove the following three results.

Theorem 1 (Lower bound on the IDS). We define
Wer = Wer(d) := max{W, W/}, (1.9)

where W, > 0 (resp., W/ > 0) is the (dimensional dependent) parameter introduced
in Theorem 6 (resp., Theorem 8). In particular, W, = oo for d = 1. Then, for each
0 < W < W, there exist constants ¢ = ¢(W,d) > 0and Eg = Eq(W,d,c) > 0 such
that

N(E,Hgp) > c(~log EY*VE, forall0<E < E.

Actually, we will show in Lemma 10 below that W/(d) > W(d) for all d > 2.
Equation (2.12) yields W/(d) < 0.1.

The next result concerns the regularity of the finite volume IDS with simple/Di-
richlet boundary condition defined in (1.7) above.

Theorem 2 (Wegner-type estimate). For all W > 0, we have that the finite volume
IDS Ny, (E, Hg AL ), with # € {D, S}, satisfies the bound

v [w
ET’L" [NaA,(E+& H 5, )—Na (E—e Hp ) )] <4 E*/E (1.10)

uniformly in A, E € R and ¢ > 0.
Moreover, for d > 3, we define

Wy = Wy(d) := max{W], 48},

where Wy = Wy(d) > 1 is the parameter introduced in Theorem 27. Then, for all
W > W, the following improved estimate holds:

IEj\V;nw[NAL(E +e Hj ) —Na(E—e Hf )\ ) <CVWe (1.11)

uniformly in A, E € R and ¢ > 0, where C > 0 is some constant.

Theorem 3 (Upper bound and regularity for the IDS). For all W > 0, the func-
tion E +— N(E, Hg) is Holder continuous with exponent 1/2 and Holder seminorm
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[N] o1 <2/W/m. In particular, it satisfies the bound

Cch2

W
N(E,Hg) <2y —~E forall E > 0.
g

Moreover, for d > 3 and W > W, the function E + N(E) is Lipschitz continuous
with Lipschitz constant Lip(N) < C~/W /2, where C is the constant introduced in
Theorem 2. In addition, it satisfies the bound

N(E,Hg) <C'E forall E > 0, (1.12)
for some constant C' > 0 independent of W .
Discussion on the results and open questions

Behavior of the IDS near E = 0. Theorems 1 and 3 imply, in the strong disorder
regime W < W, and for all dimension d,

—VE < N(E)<2\/7\/_

as E N\ 0. In particular, our results indicate that, for such a model, that is ergodic and

“Tin Eld

features a 1-dependent random potential, Lifshitz tails do not emerge. Note that it is
conjectured in [34] that, in the case of constant weights, the asymptotic behavior of
the IDS of the operator Hg is VE. Therefore, we prove this conjecture in the strong
disorder regime up to a logarithmic correction. We anticipate that this result will also
apply to non-constant weights, provided they do not vary excessively and the relevant
quantities can be defined.

Note that, for strong disorder W <« 1, the random variables § are approximately
iid with Gamma distribution (cf. the explicit Laplace transform in (1.2)). Therefore,
one expects that

N(E,Hg) = N(EW, #g) ~ P(2Bo < EW) x VEW

for EW < 1, which is indeed what we obtained.

For weak disorder W >> 1, the random variables approach the constant value 2d,
hence one expects convergence to the IDS of 2d — P = —A as W — oo which is
proportional to E4/2. Note that the improved bound (1.12) is compatible with this
expectation and moreover shows the IDS undergoes a phase transition at d > 3.
A more precise comparison with —A would require also a lower bound for N(E, Hg)
at weak disorder, which is still missing. This leads to the following open question.

Open question 1. What is the exact asymptotics of the IDS at the bottom of the spec-
trum at weak disorder W >> 1, depending on the dimension? Does it approach the
IDS of the Laplacian?
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Critical value of the disorder strength W. For dimension d > 3, we have proved
a phase transition for the IDS in the following sense: for E near zero N(E) ~ vE
when W < W/(d) < 0.1 and N(E) < C'E <« ~E when W > Wy > 1. A natural
question is whether this phase transition is unique. This would require to know the
behaviour of N(E) for intermediate values of W, which is at the moment out of reach
for our techniques. This unicity is known in the case of the vertex reinforced jump
process: in [29], Poudevigne-Auboiron proved that there is a unique transition point
W*(d) between recurrence and transience for the vertex reinforced jump process
with constant weights W on Z¢ when d > 3. The proof uses a monotonicity property
concerning ﬂﬂ_l that follows from a clever coupling (see also Theorem 24 in the
appendix) and the 0-1 law in [34, Proposition 3]. As the operator Jg is crucial to
define the random environment of the vertex reinforced jump process, the following
question arises.

Open question 2. Is the phase transition for the density of states of Hg = Hg/W
unique and does it occur at the same value W*(d)?

The strong disorder behavior N(E) ~ +/ E corresponds to the recurrence region
in the vertex reinforced jump process. A sufficient condition to obtain this behavior is

EX"" (195, 0.0)] < ™!

for some s € (0, 1) uniformly in A. At the moment, we only have this bound for
W < W/(d) <0.1.

On the other hand, a sufficient condition to obtain the weak disorder behavior
N(E) < C'E, which corresponds to the transience region in the vertex reinforced
jump process, is to prove the L2-integrability of the martingale (V7,)7en, defined in
Section 6. For W > Wy(d) and d > 3, this bound follows from Lemma 28. Note that,
if L2-integrability was equivalent to transience on 74, then the bound N(E) < Cw E,
for some constant Cy, would hold for all W > W*(d). In the case of trees, this equiv-
alence was proved in [30]. However, on Z¢ only uniform integrability of (/7 )zen for
W > W*(d) has been proven so far (see [30]). This result suggests another possible
scenario, with an intermediate phase where the vertex reinforced jump process is tran-
sient but (Y7 )Len is not bounded in L? and may correspond to an intermediate phase
for the behaviour of the density of states of Hg too. This could also be consistent
with the presence of a phase where Hg exhibits singular continuous spectrum. The
existence of singular continuous spectrum for certain random Schrédinger operators
is conjectured to be true in high dimension by a growing community of physicists (see
for example [2]).

The Anderson transition. Sabot and Zeng conjecture in [34] that the phase transi-
tion in linearly reinforced random processes between recurrent and transient regimes
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is related to the dynamical localization and delocalization transition of Hg. This pro-
vides an additional motivation for the study of this random operator, since the local-
ization-delocalization transition for random Schrodinger operators is a long-standing
open problem in the theory of disordered systems, going back to the seminal work
of P. W. Anderson [3]. As in the standard Anderson model, the operator Hg exhibits
dynamical localization for strong disorder W < W’(d), see [7]. This motivates the
following question.

Open question 3. Does dynamical localization for Hg hold at spectral band edges
for any fixed disorder parameter W > 0, in particular at weak disorder?

This is so far out of reach, since the stardard proof relies on the Liftschitz tails of
the IDS, which are absent in our case.

Theorem 1: Strategy of the proof. We argue in three steps.

Step 1. By standard arguments (see Section 3.1), we have, for all L > 1,
w 1 w 1
w, D w, D -
N(E.Hg) = E" [Na, (E, Hgy )] = vaL” ((H,g,AL) 1(0,0) > E>’

where H/?AL was defined in (1.5) and Ny, (E, Hé)AL) is the finite volume IDS with
Dirichlet boundary condition defined in (1.7).

Step 2. We have no direct information on the probability density of (H é) AL)_1 (0,0),
but we do have detailed information on the distribution of

(Hp 5,)7'(0.0) = Hg}, (0.0).

In Section 3.2, we show that, for E < 1/2, W < W, and L > 1 large enough, we
have

(07 0.0 > ) = [P, )7 0.0 > 5

on a configuration set Qo of probability close to one, precisely 1 — e L, for some
positive constant ¥ > 0. Hence,

1 e _1 1
N(E. Hp) = 7o)l (Qloc n {Hﬂ,AL (0,0) > ﬁ})
Step 3. The conditional density of y := 1/#5", (0,0) = W/Hy} (0,0), knowing
Boc = (Bj)jen,\(0}, is denoted by dp,, and explicitly given in (4.2). All dependence
on Boc is contained in the parameter ag, defined in (4.3), which contains the two-point
Green’s function of the ground state of Hg_a\{oy. Therefore,

wW,nw wW,p®
Ex, [191%1{}1,;_1“(0,0)3%}] =E, [/ 1910cl{ySZEW}dpao(ﬁoc)(y)]-
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A subtle point is to show that we can choose 2j,. as intersection of two events
Qioc = Qoc,0 N Rioe,1, Where 2,00 is measurable with respect to Boc and
Qioe1 = {y = e “EW} is measurable with respect to y. As a result, we can write

2WE
W,pW W,pw
EAL” |:/ 191001{y52WE}dpa0(ﬂ00)(y)] = IEAL” [lﬂloc,O/dpao(ﬂoc)(Y)]-

e KLy

—xL/2

The set Q2j,c,0 ensures that ag(Boc) < e for all Boc € Qjoc 0. Then, using the

explicit form of p, and the fact that €2, ¢ has probability close to one, we get
2WE
IEK/’L” [1910630 / dpao(ﬂoc)(y)} > (1 —ce ™) p,—cr2(e W <y <2WE).
e Ly

The result now follows from a direct analysis of the one-dimensional measure p,. The
details are explained in Section 4.

Theorem 2: Strategy of the proof. Note that Hg 5, & 2¢ = Hgi, A, . Following a
standard argument, we construct a sequence of potentials interpolating between 8 + &
and 8 — ¢, by switching € one site at the time. As a result, we obtain the following
estimate (cf. Lemma 17):

i
IEALU [NAL(E + &, HE,AL) — Np, (E —¢, HE,AL)]

4 W
= |ALl ;EAL (L0460, (@We)]  forall L > 1,
J

where £ Pa, denotes the Lévy concentration (defined in (5.2)) of the conditional mea-
sure pg, . Using the explicit formula for pg, we then show that £, (¢) < ¢ /€ for some

constant ¢ > 0 independent of a (cf. (5.3)), which gives the first result. For d > 3, we
bound the conditional density pointwise by

1 1 1
pa(y) < E(Z + %) forall y > 0.

The result now follows from the bound (cf. Lemma (19))
w 1 w C
w, w, — -1 d
E}” [E] = EN" e 095, 0.0)] < W
where Cy > 0 is a constant depending only on the dimension.

Theorem 3: Strategy of the proof. The regularity bounds follow directly from the
Wegner estimate and (1.6) by replacing E and € by E /2. On the contrary, the improved
upper bound (1.12) is proved in Proposition 21 using properties of the infinite volume
distribution of S.
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Organization of this paper. In Section 2, we review some definitions and known
results, and derive the modifications of these results that will be needed in the rest
of the paper. A few additional technical results that we will also use in this section
are summarized in Appendix A. Section 3 covers the first two steps in the proof of
Theorem 1. The final step is worked out in Section 4. Section 5 contains the proof
of Theorem 2. Some estimates on the field u associated to the H2/2-model (see (2.4)
below) which are necessary for the proof, but are also interesting in their own, are
collected in Appendix B. Note that all these proofs involve only properties of the
finite volume marginal distribution but some of the above results can be recovered by
exploiting properties of the infinite volume distribution. The main ideas are sketched
in Section 6, while the detailed construction can be found in [30]. This alternative
approach also provides the improved bound (1.12) in Theorem 3. All corresponding
details are given in Section 6.

2. Some previous results on the g operator

As mentioned in the introduction, the operator Jfﬂ has been studied in the literature
in connection with linearly reinforced random processes and the H 202 sigma-model.
In this section, we collect some tools and results that we will use in the next sections.
The following theorem can be found in [24,33, 34].

Theorem 4 (Multivariate inverse Gaussian distribution). Let § = (V, E) be a finite
graph. Forany W e RE, 0 e RY, and n € ng the following holds:

1
/e—£(<e,sfﬁ.ve>+<n,%5,‘vn)—zw,n» [T 91'_(2)2'”51,3 —1,

Vdet Hg y T

T
Jfﬁ,v>0

where Hg y :=2p — P W e RV*V . We denote by v;v’g’" the probability defined by the

above integral, in particular, 1);/ M= v;V 91 \yith 0 = 1. The associated expectations

are denoted by Eg/ 91 and the Laplace transform is given by

w.0, —
Eg n (e (A ,/3))

_ o~ Zisevin Wi (07420003 +2))=6:0)~Ticv ni(/67+2~6) o
i€V 4/ 9z2 + Ai

@2.1)
Moreover, if (Bi)icy is distributed according to V}I;V,G,o, and §' = (V', E') is the
subgraph obtained by taking V' C V and E' := {{i, j} € E| i, j € V'}, then the
marginal law of (B;)icy is vg/’e/’”, where W', 0" equal W, 0 restricted on A', and
n, is defined by n; = Zjev\v/ W;,j0;. Note that 1 is a generalization of 0y, defined
in (1.4).
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In the sequel of the paper, we will always assume that 8 = 1 and we will use the

notation v;V instead of le o

Remarks on various marginals. Note that (see, e.g., [7, Remark 3.5]), in the case
n=0,foranyi € V,

1
has density 1,~9——e"7, 2.2)

Neas

i.e., it is a Gamma random variable of parameter 1/2. This holds for any W and any

Y= oo
Z%ﬁ},(z,z)

finite graph §.
If we consider a box Ay, of side 2L + 1 in Zd, a Borel function f": RAL — R,
and Az C A’ cC Z?%, then

En M (£ (Bal = EVS [£(Ba)] = BV, [f(Ba)] = g™

[f(Ba)l.

(2.3)
where ny, .y, are given in (1.4), the graph Az U § has vertex set Az U {8} and edge
set E(AL) U{{i,8} |1 € AL}, and we defined W;s = n} (i), foralli € Az. Note
that 1 can be seen as the boundary condition of the law of the random potential. The
case = 0 is called zero boundary condition.

Connection with the H21? model. Let ¢ be the graph associated to a box A of
Z% and 5 € [0, c0)® with at least one strictly positive component. The following
expression defines a probability measure for u € RA (cf. [11]):

w,
1N n(“)
— o~ Xi~jijen Wijlcosh(ui—uj)=1) ;=3 jep nj(coshu;=1) [qa HB (). A ﬁdum
V2w
2.4)
where we defined
2Bi(u) = Z Wije" 7" + pje™ foralli € A. (2.5)

JEA

The corresponding average is denoted by ]EZV ;\7 Note that the measure ,LLK’"(M) is
also the effective bosonic field measure in [12, ySection 2.3], which is obtained as a
marginal of the H 212 measure after inserting horospherical coordinates.

The next lemma connects ,U,KI’" (u) with vK/’" (B) and can be found in [33, Propo-
sition 2 and Theorem 3].

Lemma 5 (Connection to H22). Let € be the graph associated to a box A of Z¢ and
1 € [0, 00)™ with at least one strictly positive component. It holds

EX"[f(Ba)] = EV L/ (Ba))] 2.6)

for any function f integrable with respect to the measure vK/’".
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. W,n . w,0
Moreover, remembering that v, corresponds to the marginal of v, s with

Wis = nj; forall j € A (cf. equation (2.3)), it holds

ol — ,3 AUS (i.9)

foralli € A,
,B AU8(8 8)

where the above fraction is independent of Bs. In particular, we have

EVTFu)] = EXSLF@B)] = EX 1 @(Ba))].

Note that, by the resolvent identity, we have, for all j € A,

T nus(-8) =0+ Y Hgy (k) WesHg y s (8. 6)

keA
= Hphus(8.8) D Hgh (. kyme = H5 )\ 05(8.8) (Hghm ().
keA
and hence -1 (.5)
4 L NSIAYA 1 .
e = = (Hp A (). Q2.7)
H5h0s(8.8) b.A
It follows 0 . ')
s AU
Exalf ™)) = X f (2 ) |
A [ <(J€5,1An)(1')>]

for any function f, as long as the left and right-hand side are well defined. In the
special case n; = nd;j, (pinning at one point), the formula simplifies to

Hg '\ (Js Jo) 3 Hy '\ Go. /)
ﬂik(jmjo) J(’i{i\(jo,jo).

euj “Uip =

(2.8)

With these notations, we can translate [11, Theorems 1 and 2] into the following.

Theorem 6 (Decay of the ground state Green’s function (1)). Let A be a finite box
of side 2L + 1 in 72, and n €0, 00)™ with at least one strictly positive component.
We define

o0
dt
Iw = W / o~ Wieoshi—1)
V21
—0Q
and W, > 0 as the unique solution of IWCeW"(Zd_Z)Qd — 1) = 1. Then, for all

0<W < W, Iye"?4=2(2d —1) < 1, and for d = 1, we have W, = +oc. Finally,
set Co = Co(W) 1= 22" (1 — Iy eW4=2 (24 — 1))~
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The following holds.
(1) Foralli,j € A suchthatn; > 0, n; > 0, we have

By Hg, )]
< CoeXkere M (! 4 D[ we VP4 d — 1)L (29)

where |i — j| is the graph distance between i, j on 7.9.

(ii)  Assume there is only one pinning at jo € A, i.e. nj = nd;j,. Then, for all
JEAL

1 . .
M} < Co(Iwe" @42 (2d — 1))/ =0l (2.10)
Jgﬂ,AL (Jo Jo)

How the results above follow from [11]. Note that in [11] 7 is called ¢ and it
is assumed that ZkeA ex < 1. This implies that the term eXkeA €k in [11, equa-
tion (2.24)] is bounded by e!, which is absorbed by the global constant C¢ in [11,
equation (1.18)]. Also, although in [11] the global constant Cy is not given explicitely,
it follows directly from the second line of [11, equation (2.20)], so we have given its
precise value here.

Note that statement (ii) above is slightly different from the one in [1 1, Theorem 2].
Namely, in [11] the pinning point is set to jo = 0 and the observable is ¢1/2%/  while,
by (2.8), the observable in (2.10) is /2@ =%jo) "Since the two observables differ
only by a function of u, (the variable at the pinning point), the proof for this modified
observable is identical to the one in [11] up to the final line in [11, equation (3.5)],
where the integral I, is replaced by

80/(27T)/d[e—(l/Z)te—aj()(cosht—l) -1
R

As a consequence, the bound in (2.10) is written in terms of the same constant Cy
used in (2.9) and is independent from the pinning stregth ¢, while the bound in [11]
does depend on &, via the function /¢, .

Remark. The function W + Iy is monotone increasing (cf. [11, Remark 1 after
Theorem 1]). Therefore, the function W +— Fy (W) := Iye"?4=2(2d — 1) is also
monotone increasing and W, is well defined.

In this article, we will use the following extension of Theorem 6.

Theorem 7 (Decay with wired bc (1)). Let Ap be a finite box of side 2L + 1 in
74 . We consider (Bi)iea, ~ VK/L)? , where r;XL is the wired boundary condition
introduced in (1.4). Let W, be as in Theorem 6 above.
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Forall0 < W < W,, j, jo € A, we have

ﬁAL(Jo 7

< Coe *li—Jol 2.11)
ﬂ,AL (Jo jo)

where
kK =k(W,d) = —log(Iwe"?¥=22d — 1)) > 0,

and Cy = Co(W) is the constant introduced in Theorem 6. In particular, in d = 1,
we have W, = oo, hence the bound holds for all W > 0.

Proof. By (2.3), we have

Hg ', Gos J) _gWo Hg'n, Uos J)
Hy 'y, (o, Jo) A\ gy Gosdo) |

By a random walk representation (cf. [34, Proposition 6 and notations therein]),

(Jo. J)
ﬁAL
ﬂAL(jO ]O) Z (2:8)_

where {/_’;(}]4 is the set of nearest neighbor paths from jj to j in Ay, that visit jo only
once. Moreover, for every path o,

lo]—1 lo|—1
Wo = [] Wororsr and 28); = [ ] 2Ba)-
k=0 k=

It follows, for all j, jo € Ar,

Hyh, God) _ Hgh, o J)
Hea, Gojo) — Hygy, . o jo)

since in the term in the right-hand side contains more paths. Hence,

—1 . . B -1 . .
IEW’"w Jfﬁ,AL(jO’J) :EW’O ‘%ﬂ,AL(JO’J)
LY gk, Godo) | T M L g, Gondo)
r 1 ..
Vo Hg ap i UoJ)
= AL+1 i '}gﬂ_,kL_"_l(jOij)
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By the monotonicity result [29, Theorem 6] (cf. Corollary 25 in Appendix A), we
have, setting n; = Wdjj, forall j € Ap4q,

]EW’O e%/3,AL+1(J0’J) <EW’” ‘%ﬂ,ALH(]O,J)
Azt ‘%ﬁ_,kurl(jo’jf’) = FAr4 J(;ﬂ—’kurl(jo’jo)

=E"T Ve o] < Coe I TI0l,

u,Ap 41

with k = —log(Iwe"?4=2(2d — 1)) > 0, and Cy = 2¢2% . In the last step, we used
Lemma 5 and Theorem 6 (ii). ]

Another useful result on the decay of the ground state Green’s function is [7,
equation (5.4) in Theorem 2.1]. We state this result for our applications.

Theorem 8 (Decay of the ground state Green’s function (2)). Let Ay be a finite box
of side 2L + 1 in Z2, and define

9

W! = W/(d) =

I(

Let (Bi)ien, ~ VA  Then, forall0 < W < W/, there are constants k' = «'(d, W)
and C{(d, W) such that, forany i, j € Ap,

Y 2.12)

Bl=

w, — RN § il li— 7
EX O[5 (. j)3] < Che i1,
In this paper, we will use the following corollary of the above result.

Corollary 9 (Decay with wired b.c. (2)). Let A, be a finite box of side 2L + 1 in 74,

and let (Bi)ien; ~ VK/’" where 77111\)1, is the wired boundary condition introduced

in (1.4). Remember the definition of W/ in (2.12).
Forall 0 < W < W/, there are constants k' = «'(W,d) > 0 and C{(W,d) > 0
such that, forany i, j € Ay,

X134, G, )] = Che™ i\ 2.13)

In an abuse of notation, in the rest of the paper we will write Cy for the constant
in both decay results in Theorem 6(ii) and Theorem 8.

Proof of Corollary 9. By (2.3), we have
w,nw — JEN § w, _ RN §
ExT [Hyh, G DT =ERS [Hgh, ()]
By random walk representation (cf. [34, Proposition 6 and notations therein]),

Hpi ) = Z (2;9)0
EJ

g



M. Disertori, V. Rapenne, C. Rojas-Molina, and X. Zeng 504

where !Pl.;\L is the set of nearest neighbor paths from jj to j in Ay . It follows, for all
i,j €eAL,
Han, (. J) = Hgp, , G]) (2.14)

since in the second term we have more paths. Therefore,

W, _ o1 w, _ AN |
Ex [Hp, (oD =EQ° Ky, ()]

w.0 -1 N | ' kli—j|
f IEAL—O—l [Jgﬂ,AL_i_l(l’ 1)4] S C()e s

where in the last step we applied Theorem 8. ]

Comparing W, and W/. In Section 3.2, we will construct two sets of measure close
to one €2 (resp €2,) using Theorem 7 (resp., Corollary 9). Both sets can be used to
construct the same lower bound on the IDS (cf. Section 4), which will be valid for all
W < We = We(d) (resp., forall W < W/ = W/(d)), if we use Q2 (resp., 2»).

It is then reasonable to ask which result works for a larger set of parameters W,
i.e., which of the two critical values is larger. While we have an explicit numeric
expression for W/(d), W,(d) is only indirectly determined as the unique solution of
F;(W) = Iwe"?4=2(24 — 1) = 1 (cf. the remark before Theorem 7). The next
lemma shows that W.(d) < W/(d) forall d > 2.

Lemma 10. Ford =1, Wc(1) = oo > W/(1). Ford > 2, W.(d) < W/(d).

Proof. Recalling the definition of modified Bessel function of the second kind

o0

Ky (x) := /Cosh(at)e_““h’dt,
0
we have
Iy = 2eW\/YK0(W)
2
and

Fy(W) = ‘/¥K0(W)eW(2d_1)(2d —1).

Note that, from (2.12), W/(d) = C/d, where C is a constant independent of d, and
hence f(d) := Fs(W/(d)) = F4(C/d). Moreover,

o Fa) = (535 + @ = 1= ) Fatw),
g Fg(W) = <2W + 5 1)Fd(W).
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It follows

ridy = —Sowka(5) +oaka(5)

O\ 2d 41 C c Ki(%)
- d( )[zd(zd—l) d? Ko(S)

which proves that f is monotone increasing.

We compute numerically F>(W/(2)) ~ 2.908, hence W,(2) < W/(2). As f is
increasing, we have Fy (W/(d)) > F»(W/(2)) > 2.9, which implies W/(d) > W,(d)
forall d > 2. [ ]

Before going to the proof of the lower bound, we list an additional useful corollary
on the probability distribution of # (O 0).

Corollary 11. Let Ay be a finite box of side 2L + 1 in Z2, and let (Bidiea, ~ VK/Z’w,
where n’f\L is the wired boundary condition introduced in (1.4).
Then, for any § > 0, we have

1/(28)

w 1
v (Jgh (0,0) > §) < Sevdy.

Proof. We argue
UK/Z? (Hgp, (0,0) > 8) = UAL+1(J€13 4, (0.0) > §).
By (2.14), ]fﬁ_k ((0,0) > J57,  (0,0), and hence
J(’ﬂ_,kL(O, 0)>6§ = J(EAHI(O,O) > ‘%ﬂ_i\L (0,0) > 8.
It follows

1)AL-irl(“%ﬂ Ar (0,0)>9) = VAL+1(J€/3 AL+1(O 0) > 4)
1/(2

W0 ( 1 /
YAz 297, ., 0.0) 28
0

e 7dy,

where in the last step we used that 1/[2H¢ 5 A - (0,0)] is Gamma distributed (cf.
equation (2.2)). [ ]
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3. Preliminary results

3.1. Connection between N(E) and the Green’s function with Dirichlet b.c.

To obtain a lower bound on N(E, Hg), we use the following classical argument (see,
e.g., [18])

Lemma 12. For any finite box Ap of side 2L + 1, we have
W’ w
N(E,Hp) = B [Na, (E, HE 5 )],

where Np, (E, Hé)AL) is the finite volume IDS with Dirichlet boundary condition

w
defined in (1.7), IEII/\VL" denotes the expectation with respect to the finite marginal

vzv\V;"w of (Bi)ien, given in (1.3), and n*¥ = r]XL are the wired boundary condition

given in (1.4).

Proof. Recalling the definition of the integrated density of states N, by (1.6) we have

. Wy
N(E) = fim 7o oo, (Hp )],

1
Akl
where Ak is a finite box of side 2K + 1. We split the large box A into a tiling of
smaller boxes of side 2L + 1 with L < K, Agx = UjV:Kl Ar,j. Using (v; — vj)2 <
2(v} + v7) (Dirichlet-Neumann bracketing), we obtain

Nk

D
Hpax = @ Hﬂ:AL,j’
j=1

as a quadratic form. Note that, by the min-max principle, if A > B, then A4,; > A3, ;,
where A4, j are ordered eigenvalues of A. This, together with translation invariance,
the relation |Ar|Ng = |Ak|, and (2.3) yields

Nk

1 Wy 1 Wy
Epr Koo, 51 (Hpa D = Y Tl A M (L oo, E1(H )]
j=1

|Ak|

Nk w
1 Wy .
=3 g, e, )
j=1

w

Nk _Wn
= MEAL Moo, £1(H 5, )]

w

W.n
=E,, "“[Na,(E.HP ).

for any finite box Ay, in the family {Az ; }j.v:Kl. Taking the limit K — oo keeping L
fixed gives the desired result. |
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As we are looking for a lower bound of N(E, Hg), we can consider any finite
box Az (usually a larger L gives a better bound). We will fix Ay = [-L, L]¢ N z4
in the sequel. At the end, we will choose L depending on the energy E.

Lemma 13. Let A; = [-L, L)% N Z%. It holds
w 1
ER WAL (B BN 2 (o od (120,700 2 )

Proof. H é) AL is a self adjoint finite random matrix, and by definition it is a.s. positive
definite. As a consequence, its smallest eigenvalue A satisfies

1 _
A1 >0 and /\—1 = ”(HﬂD,AL) 1||0p’

where || - |lop stands for the operator norm. It follows that

w 1
E}; [NAL(EvH,feAL)]ZmEWW [tr(1 o0, E1(HE 5, )]

= AL |"AL " (oo m)(HEy,) 2 D)

1
= |A |VA’n (A1 < E)

~ AL |VAL (”(HﬁAL) ||0p_E).

Note that

ICHL A, op = sup [I(HZ )™ Y
vy =1

> [(HR ) " eoll = I(H A, )7H(0,0) = (HZ 5 )~ (0,0),

\Y

where eg = (J;0) iezd- In the last step, we used that, since the matrix is a.s. an
M-matrix, the entries of its Green’s function are all positive. Therefore,

w 1 1
w,
B INAL (B P T = |vAL (||<Hﬂ 2 oo = )

>

This concludes the proof of the lemma. |

3.2. From Dirichlet to simple boundary conditions

Lemma 14 (Dirichlet versus simple bc (1)). Let Ay be the finite box in 74 of side
2L + 1 centered at 0. We consider (B;)ien, ~ VK/;" , where 0% is the wired boundary
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condition introduced in (1.4). Define Q21 = 21,0 N 21,1, with

B.As 0,1) el

QI,O = m <e 2 foralli € aAL (3.1a)
AL

Qi1 = {Hg}, (0,0) < e}, (3.1b)

where K is the constant introduced in Theorem 7, and remember that
Jfﬁ,AL = WHp A, -

Let W, be as in Theorem 6.
There are constants Ly = Lo(W,d) > 1 and C; = C1(d, W) such that, for all
L>Loand0 < W < W,, we have

v Q1) = 1= Cre Y for j=0.1, (3.2)

and hence vK/;"w (Q1) = 1—2Cy e *L/* Moreover, on the set Q4, for any E > 0, it
holds

(g 100> 1} = {0280, 00> 2]

In particular, when d = 1, this result holds for all W > 0, since W, = oo.

Note that the set 21,9 is measurable with respect to {B;};ea\{0}, While 11 is
measurable with respect to (Hg A, )~'(0,0). This fact will be important in the proof
of the lower bound for the IDS.

Proof of Lemma 14. The decay estimate (2.11), together with the Markov inequality,
entails that, forall 0 < W < W,

0,7) ;

Wt W, ﬂA ( — kil

UALn (Qi,o) = Z VALn (( —L(O O)) >e 2 )
i€dA ﬂAL

_1 _1
< ColdALle 2L < Cre~ 3L

for some constants Cy, and for L large enough depending on W and d. Corollary 11
with § = e¥L/2/ W gives
W,nw
VALH (9 )—vA n® (HﬂAL(O 0) > <L)
kL

w, - e _1
= vy (Hh, (0.0) > W) < Cre#L,

Therefore, (3.2) holds.
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Assume now we are in £21. By the resolvent identity, we have
(Hj 5,)7'(0.0) = (HZ )7 (0.0)

S (HS )TN0 ) @d — ) (HP )T 0). (33)
jEBAL

By random walk representation, we have, setting !PjIO\Lj = the set of nearest neighbor
paths from jg to j in A, (cf. [34, Proposition 6] and notations therein),

-1 N Wy D aelsm -
o 00 = Z (2/8)0 Z OB WOy, ~ Hea) 00

ge

(3.4)
Therefore, on the set 1, we have
(H‘[QAL)_l(OvO) _1 _ 1 ( ﬂDAL)_l(O’O)
(HE’AL)_I(Ovo) ( ﬂAL) 1(050)
(HP, )7 (j.0)
= Y (Hi ) N0, /)@d —nj)—F~———
JEIAL - (H AL )~1(0,0)
. 5 5,710, ) (5 )7 (.0)
= (Hga ) 70,00 ) i 2 —nj) s s
LR (S5 )7N0,0) (5 ,,)71(0.0)
< eKLZd Ze—2K|j| < 2d|8AL|€+KL€_2KL < e—%KL < l,
- ) - - -2
jEBAL
for L > Lg, where Ly depends on W, d. Thus, on 1, it holds
(HP,,)(0.0)
(HP )71(0.0) = (HS )7 0.0)| 1= (1= =LA "~
pA pA - <H§,AL)—1(0,0>)]
1 _
> S (Hp 0)7'(0,0),
and hence
_ 1 _ 1
(Hj A,) 1(0,0)>_ = (HP) 1(o,o)zﬁ. .

Lemma 15 (Dirichlet versus simple bc (2)). Let A \L be the finite box in 7.4 of side
2L + 1 centered at 0. We consider (B;)ien,; ~ \)K/ , where 0¥ is the wired boundary

condition introduced in (1.4).
Define Q, = Qz’o N 92,1, with

-1 .o _3¢'L
Q20 —{leaf}\laxl O(Jeﬂ,AL\{O}(ZvJ))Se 260, (3.52)

Q.1 1= {Hgy, 0.0) < e}, (3.5b)
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where k' is the constant introduced in Theorem 8, and remember that
‘%ﬁ,AL = WHp A, -

Let W/ be as in Theorem 8.
There is Lo(W, d) > 1 such that, for all L > Lo and 0 < W < W/, we have
k'L > 1, and there is a constant C{ = C{(W,d) > 0 such that

v (Qa) = 1= CleE for j =0,1, (3.6)

and hence UK/I"nw (2)>1- 2C1’e_"/L/4. Moreover, on the set Q25 it holds

1

(07 0.0 ) = [P, )7 0.0 > 5

forall energy 0 < E < 1/2.

Note that also here the set 2, o is measurable with respect to {8, };eca\{0}» While
23,1 is measurable with respect to (Hg s L)_1 (0,0). This fact will be important in the
proof of the lower bound on the IDS.

Proof of Lemma 15. Using the random path representation, as in (2.14), we obtain
‘%ﬁ_j\L\{o}(i’ Jj) < ‘%ﬂ_i\L (i, j). Then, the decay estimate (2.13) together with the
Markov inequality entails, forall 0 < W < W/,

W WV qp—1 . —3k'L
va, (@50) = D ovA" g\ g) > e )
j€EIAL i~0
3 L Wn¥ -1 RN &
< Z€8K EALH [(%ﬂ,AL\{O}(lJ))“]
j€EIAL ,i~0
3 1
< Zegk’LEK/,LT]w[(%ﬂ_,kL(i’j))Z]
jEIAL i~0
< Coze%K’Le—K’li—j\ < C0|8AL|6—%K’L < Clle—%x’L
JjEIAL ,i~0

for some constant C{ = C{(W, d). The bound for €, ; works exactly as the one for
21,1 in Lemma 14. Therefore, (3.6) holds.
Assume now we are on 2,. We have, for all j € dAp,

K, 0.)) =3 Hzh 0.OWHgY 0. J).
i~0

ﬂ A Zde ! e 23 "L 1,7
J€ R (07]) < W k'L K < We 4K' L.
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By (3.3) and (3.4),

((HP 5, )71 (0.0) = (Hj ,,)7'(0.0)]

> (HF )70, ) @d —np)(HP, )TH(.0)
jEIAL

< Y (HF )TN0, )Q2d —nj)(H 4,)7' (). 0)
JEIAL

_ 1.7 N
< W2?|dA2de 2L < ek L

for L large enough, depending on W and d. It follows that if £ < 1/2, then

_ 1
(H§ A,)71(0,0) > —

E
D -1 S -1 _tep 1 Ll 1
= (HBaAL) (0,0) > (Hﬂ,AL) (0,0) —e ak > E — e 4k > ﬁ
for L > Lo = Lo(W,d). [

4. Lower bound on the IDS

We are now ready to prove Theorem |. By Lemma 12 and Lemma 13 in Section 3.1,
we have

N(E,Hg) >

Remember the definition of W, in (1.9) and the conﬁguratlon sets 21,0, 21,1, 22,0,
25,1 introduced in (3.1) and (3.5). We define, for j = 0, 1,

@ W=,
T Qyy W= WL

and Qioc 1= Qoc,0 N Rioc,1. Note that the constants k, Co, Cy, k', Cj, C{ appearing

in the definition of the sets £21 ;, 2,,; and the results of Lemma 14 and 15 play the

same role. To alleviate the notation, in the following we will not distinguish them.
By Lemma 14 and 15, we have

1 W w
N(E,Hﬂ) > mE [ Qloc {H_ (0,0)Eﬁ}] (41)

forall0 < W < W, E < 1/2and L large. Remember that Hg p, = Hg A, /W, and
set 0° = A \ {0}. By Schur decomposition,

1 1 1

—H;Y (0,00 =H#;L (0,0) = =:—.
[ NVASE [ NVASE

w - - 2Bo Pooﬂ%ﬁk \{O}POCO y
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Lemma 16. The conditional density of the variable y := 2y — Po 0c Jfﬁ i\L\{o} POVE/O,
given Boc = (B;)icoc, is

ao 1
dpan () = a1y = b0+ Ly g, 42)
N 27 VY
where
A, (0.)
ao = ao(Boc) = L(OO) Y= W Heh o)t (43)
JEOAL /3 AL i~0,j€0A

The corresponding average will be denoted by E40.

Proof. The result follows from the factorization in [34, equation (5.14)] with U =
A\ {0} and U¢ = {0}.
Alternatively, one may insert the following relations in (1.3):

(1. 7g.a, 1) =2Bo + (Loc. Hp a,\oyloc) =2 ) W =y + F(Boe).
i~0
2

— — _ a
(" Hy 0" = (0" Hy o) + 43K b, 0.0) = G(Boe) + .
det}fﬂ,AL =Yy dete%ﬂ,AL\{O},

where F, G are functions of Boc and in second line we combined 1y = 0 and the
resolvent identity

ATV =B 4B B-A)B + B '(B—A)A"(B—A)B~
with
A= Jfﬁ,AL and B = 2/3() ) %ﬁ,AL\{O}'

This yields
1 a1
—20+5 )—ﬁ y>0-

To determine the normalizing constant ¢, note that

Pao(y) = Cqpe

e 2

_1,4 %,y 1 V2T _
/e s+ dy = o e~ E[G(ao,a(z))[y] = V2me 0,
0

where E 1G(ag.a) denotes the expectation with respect to the probability distribution

of the inverse Gaussian /G (ao, a3). ]
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Using these results, the average in (4.1) can be reformulated as follows:

w,n¥ _ mWav
EAL [IQIUCI{HEE\L(O,O)Zﬁ}]_EAL []'Qlocl{%Hﬂ_}\L(OO)>ﬁ}]

=E"""|1 1o, 1 e ~io+% 5 1
- YAL Qioc,0 Qioc, 1 WyS2EW e

ors VY

= EX" Mg E%llg,,  1y<pw]]

W c
= EALn [IQIOC,O EaO(ﬂO )[IWE_KLSySZEW] ]7

y>0dyi|

where we used that Q)0 o is measurable with respect to Soc and

Qe = (Hyh, (0.0) < e} = {7 > e},

We have, for L large enough, for all Boc € Q21,0,

©./)
ao(Boc) = Z ﬁAL— ny <2dWI[dALle” L < we~ 3L
jEdAL ﬁAL(O 0)

and, for all Boc € 22,0,

_ .. _3 _1
ao(Boc) = WZJ(’ﬂ,kL\{O}(l,])r]j <2dW|dAL|e 2¢L < wem2¢L,
i~0,j€0A

Setting agp := We *L/2 and remarking that ag > 0, we argue

=2 —2
(ag(Bge )? (ag(Bge »? ag _
90 Boc) =2, — >e7 2y >e 2 = ¢%0eT Zye —a0
hence
—a
Pao(Boe) (V) = pag(y)e“°  forall Boc € Quoc,1-

Therefore, we obtain

W,nW c
]EALn []-Ql Ea()(ﬁ() )[IW _KL<y<2WE]]
> e " (Quoe.0) pag(We ™5 < y < 2WE)
> (1 — Cpe~ %L pa,(We™ L <y <2WE)

—«L/2
—We™rL/2

for some constant C,, where we used (3.2), (3.6), and the bound e %0 = ¢
(1 — ce*L/*) for some constant ¢ > 0.
It remains to extract a lower bound on pz,(We™ L < y < 2WE). Set
1.1

L=Lg:=—-In—.
E KnE
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For E small, L is large enough for all our results to hold. Then 2WE = 2We L

and hence We %L < 2WE < a,. Moreover,
= N2
o —y)° < W forall y such that We™F < y < 2We L
y
It follows
2WE
a e = —_— e -
Pao =r= Vo N
Weka
2WE
> eV —dy =ce W w
— ﬁ «/—
We—«L
for some constant ¢ > 0 independent of E, «, L, W. Putting all these results together,
we obtain
1
N(E, Hp) = —— |A . o ((HP,, )7 0.0) 2 —)
1—Che™ TeLE ce 2WV x/_ —x/E
= - G i) log £

for some constant ¢’ > 0 depending on W, d, k. This concludes the proof of the lower
bound.

5. Wegner estimate

In this section, we prove Theorem 2. We work out in detail the proof only for the case
of simple boundary conditions. The proof in the case of Dirichlet boundary conditions
works exactly in the same way.

Proof of Theorem 2. Note that, since H = J /W, we have

1
Na, (E.Hgp,) = Na, (WE, Hpp,) = A L(—oo,01(Hp,a, — WE).
We start with a regularity bound on
1
Npa, (E+¢e Hgp,)—Npa, (E—¢e Hgyp,) = mtrl[_s,e](e%ﬂ’l\l‘ — WE).

We smooth out the discontinuous function 1j_, .1(x) as follows. Let p be a smooth
non-decreasing function p satisfying p = 0 on (—oo, —¢) and p = 1 on (g, 00). Then,

1_¢q(x) < p(x +2¢) — p(x —2¢) forall x € R.
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Setting
SL(E.€) :=E\ " [tr(p(Hp,a, — E + 2¢) — p(Hp.a, — E —2¢))].
we have

0 <EN"[Na, (E +e Hpn,)— Na,(E—e. Hgp,)l < Ao VE.We).

Remember that the conditional measure for 23; — Pj e Hy 5. kL\ { ]}P ., given Bjc =

(Bj)iea,\{j}» 18 pa; defined in (4.2), where, for general j € Ay,

ZkGBAL ﬂ_i\L(‘] k)n;g
Hg'y, UsJ)

aj =aj(Bre)=nj + WY Hgh, (k) =
i~jkeAL\{j}
5.1)

(cf. [34, equation (5.14)]). We also recall that the Lévy concentration of a measure u
on R is defined by
L(e) = sup pu([x, x + ¢)). (5.2)
X

By Lemma 17 below, we have
En"" [Na,(E + e Hga,) — Na,(E —¢. Hpa,)l

1
< —35.(WE,We
< IALI L( )

|AL| Z Paj(Bjc)(4W8)]'

JEAL

Now, (1.10) and (1.11) follow by inserting the bounds (5.3) and (5.4), stated below.
This concludes the proof of Theorem 2. ]

Lemma 17. Forall E > 0and 0 < ¢ < E, it holds

SL(E.e)< Y EY [Lpa @0 (40)].
JEAL

Proof. Note that
Hon, £2e=28+¢e)— PV = Hpicy,.
Order the vertices in Az as {1,2,...,|Ar|}. Foreach 1 <k < |AL|, we define
Be =Br(e):=B1+e.....0cc1+&Br—&....0 A — )

and
’3|/AL|+1 = ﬂ|/AL|+1(5) =B +e,,.. "ﬂ|AL| + ¢).
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With this convention, we have
Hpap G 7)) = Hpr a, (0 J) + Lizj=rde.

Expanding in a telescopic sum, we get

[ALl
SL(E.e) = Y BN [u(p(Hg;, .a, — E) = p(Hp; a, — ED].
k=1

We concentrate now on the k-th term in the sum. For a fixed configuration Bic, we

define yy := 28, — P,ZCC Jf‘;kL\{k}PkIf,k. Note that B; = B (Vk. Brc) is a function

of yr and Brc. We consider the function yg + Fi(yg) :=tr p(‘}gﬁ/:»(YkaBk(')aAL —FE).
We can write

B [t(p(Hp,  a, — E) = p(Hp a, — E))]

—EV" [ [Fetok 40~ Ferpa (yk>dyk]

We take the following primitive of pg, :

y
61 i= [ pu 01t
0

This function is differentiable and satisfies G(c0) = 1 and G(0) = 0. Moreover, we
can write

o0

[ pur OFy +46) = By

0
M

= Jin_ [ pu OO + 40 = FuGoldy = Jim 1,
M —o0 M—o0
0

Performing integration by parts, we argue, using G (0) = 0,

M
15, = Gu(M)(Fe(M + 4¢) — Fi(M) — / Gr ) (FL(y + 4e) — FL(n)dy
M+4e M ’ M

/ G (M) FL(y)dy — / G0 FL(y + 4e)dy + f G () FL(»)dy.
M 0 0
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We write the second integral as

M M M +4¢
/ Gr(0) FL(y + 4e) = / Gi(y — 4e)FL(y)dy + / Gr(y — 4e) FL(y)dy
0 4¢e M

and the third integral as
M M 4s
[ Emay = [ GuE ey + [ GeorEmay.
0 4¢ 0
Putting everything together, we get
M+4e
= [ (Gut) = Gely — 4en Fi)dy
M

M 4e

4 / (G(y) — Gi(y — 46)) FL(»)dy + / G () FL()dy.
4¢e 0

Now, we argue

y

Gr(y) — Gr(y —4e) = /,oak (Hdt < Lpak (4e) forall y € [4e, M].
y—4e

The same bound holds for Gy (M) — Gy (y —4e) for y € [M, M + 4¢] and G (y) =
Gr(y) — G¢(0) for y € [0, 4¢]. Therefore,

M+4¢
1y = £, (40) [ L)Y = Ly, Ge)(F(M -+ 42) = Fi(0).
0

Finally, using a standard argument of rank-one perturbation (see, e.g., [18, Lemma
5.25]), we get (Fx(M + 4¢) — Fi(0)) < 1 uniformly in M. The result follows. =

Lemma 18. It holds, for all e > 0 and a > 0,

Lp,(e) < \E (5.3)
A

Moreover, for d > 3 and W > Wy (as defined in Theorem 2), the following improved
estimate holds for all ¢ > 0:

]EZV{’L'7 [Lpaj(ﬁjc)(s)] < J_IWE forall j € A, (5.4)

where Cy > 0 is a constant depending only on the dimension.
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Proof. Note that, for all y > 0, we have
)2 1 1

VY T N2my

o2y —a

pa(y) =

and, therefore,

x+e €
1 1 2¢e
Lo, () = sup pa([x,x +¢)) < su /—d :/ dy =/ —.
) = e e TR B T
X

This gives the first bound (5.3). To obtain the improved bound (5.4), note that, by (5.1),
a = a;(Bjc) > 0 almost surely; hence, the function y > p,(y) takes its maximum

value in .
w = 5(_1 + V1 + 44?).

Therefore, we have £, (¢) < p(y4)e. Now, using

1 _1+v1+4a2<2+2a_1<1 1)

2y, 442 = 4a2 " 2\a2 4
we obtain
1 _1we—a? 1 1 /1 1\3 1 /1 1
p(ya) = 2T s ——— (5 +-) = ——=(c+ ).
27y, 27ya T 2w \a a 2r\a  Ja
It follows

W,nw € w1 wael 1
IEAL [Lpaj(Bjc)(S)] = M(EAL I:Z:I + IEAL [\/C_l ])
J

= [ LT

J

The result now follows from Lemma 19 below setting Cy := /2Cy /7. |

Lemma 19. Ford > 3 and W > W, (as defined in Theorem 2), it holds

wr 1 Cs
£ [ ] <22 forallj e Ay, (5.5)
AL aj(ﬂjc) W

where C, > 0 is a constant depending only on the dimension.

Proof. In the case j € dAr, by (5.1), we have a; > 77}" > W a.s., and, hence, (5.5)
holds with C, = 1.
Assume now j € A \ dAr. Using (2.7) and (5.1), we have
 Ykean, g, (K e eY

Hg'n, o J) Hg'h, G J)
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therefore

wr 1 1
W’ —_— . . .
EAL" [E] = u AL [‘%ﬂ(u) VAL Y] = WEu AL [ Y. e,

where we used (2.5) and (2.6). The matrix D = D(u) := e" Hg(y),a, €* can be char-
acterized via the quadratic form

(V. D) = YT (Vipv)? + )i e g, (5.6)

ka/EAL kEAL

where we defined 7’ := 1’/ W and Vipv := v — vgr. To estimate the average
of D71(j, j)e*/, we use the same strategy as in [12, proof of Theorem 3]. We can
write D7L(j, j)e* = (f. D71 f), where fj := Skje"f/z = e”f/z(Sj)(k). Setting
Dy := D(0) = —A + ", we argue

(f.D7'f) = (DoDy' £.D7" f)
= (Vi Dy ) Vi D) 4 D i (D k(DT
k

k~k’

-y (Vk Dg'f) (ka/D_lf)JrZ””(D o ik (D7 i

S (uptugr) o= (g Fugs) 1 ]

k~k €2 x eztk T2k
(Vi Dyt f)? —w (Do lf)k Lol
= (kzk/ eWr+ugr) + ;77 e ) (f.D7f)2.

where in the last step we used the Cauchy—Schwarz inequality. It follows

Ve Dy (D5
fD lf Z(kk f) +Xk:nk (;ukk

(ug+ugr)
k' e\MkTUEK
= 3 (Ve DF18)? e e 43 (D)7 et
k~k’ .

where we used the explicit form of f. Therefore,

u AL [<f D~ 1f>] Z(ka/DO 18 )2 [ u,—(uk+uk/)]
K~k

~ - W,pWw -
+ Y (DG T BN [ M.
k

Note that

[e”f_(“k+“k’)] < 4IE [(cosh(u, —u))?2ZEY 1 [(coshup)?]2,

uAL

E, AL [e”’_”k] < 2Eu AL [cosh(u] —uy)l.
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The bounds (B.3) and (B 4) in Appendix B ensure E ,n [(cosh(uj —u))™] <2 for

all j,k € A, and E [(cosh ug)?] < 8forall j € AL Putting all these bounds
together, we obtain

EV [ D7 f)]

| /\

16( 3 (Viaw D5 '5)? % Y05 })

k~k’
= 16(8;, Dy '8;) = 16(— AAL+n)J, <Cs, (5.7)

for some constant C, independent of j and L, since we are in dimension d > 3. This
concludes the proof of the lemma. [

6. An alternative approach

Some of the above results can also be obtained by using the properties of the infi-
nite volume measure v" | defined in (1.2). This alternative approach also provides the
improved bound (1.12) in Theorem 3. In this section, we higlight the main differ-
ences with the finite volume approach and give the proof of (1.12). For more details,
see [30].

To explain the strategy, we need to introduce a few preliminary notions and results.
Recall that Ay = [~L, L]¢ N Z4. We define, for every i € Z¢ and L € N5,

] ifi ¢ AL,
VL= et Gk, (k) = e Ba0)ifi e A
kGaAL

The following result is an extract of [34, Theorem 1].

Proposition 20. The following facts hold true.

(1) Forevery(i,j) e Z49, (‘%ﬂ_i\L (i,J))LeNy, is increasing vW-a.s. Moreover, it
converges toward some almost surely finite random variable which is denoted
by G(i. ).

(2) Foreveryi € 74, (Y (1))LeN., is a positive martingale with respect to the
Sfiltration (0 (Bi,i € Ap), L € Nxy).

(3) Foreveryi € 79, the bracket of (Yr(i))LeNn., equals (Jr’f (1 i))LeNs -
In particular, (Y (i)? — ﬂ AL (i,i))LeN,, isa martzngalefor everyi € 7.

By [34, Theorem 2], G is the inverse of the infinite volume operator J{g in the fol-
lowing sense: G, J) = limgeo(Hg + &)71(, j), v"-a.s. Moreover, for every i, j,
&> (Hp + £)~1(i, j) is increasing vW -a.s. These facts are the key for the construc-
tion of the infinite volume environment of the related vertex reinforced jump process.
A first application is the improved bound (1.12).
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Proposition 21 (Upper bound on the IDS for large W). Ford > 3, there exists Wy > 1
such that, for all W > W, the function E +— N (E) satisfies the bound

N(E,Hg) < C'E forall E > 0,
for some constant C' > 0 independent of W .

Proof. Note that N(E, Hg) = N(WE, Hg) =: N(WE). In the rest of the proof, we
will work with N. By [1, Section 3.3], for every bounded continuous function f,

+o0
/ Fad Nu) = EY [ £(34)(0.0)]
0

where f(Hg) is an operator which is well defined because Hg is self adjoint. In
particular, for every ¢ > 0, it holds that

+o00

[ ! dNu) = EY[(Hg +£)71(0,0)]. (6.1)
U—+e

0

Furthermore, as remarked above,
(Hg +£)71(0,0) — G(0,0),
e—>

w

V" -a.s. and this convergence is increasing. Therefore, by monotone convergence the-

orem, for every ¢ > 0,

EY[(5 + )7 (0,0)] —> E¥[G(0,0)]

and
+o00 1 ~|-<>o1
dN —dN(u).
/u—i—s () e—>0 /u @)
0 0

Thus, if we make € go to 0 in (6.1), this implies that, vWias.,
+00
/ ldﬁ(u) =EY[G(0,0)].
) U
Using Fatou’s lemma, it yields
T
[ wafi =E1G0.0] < fiminf E¥ 1365}, 0.0)

0 1 w
= liminf -E /7" [D'(0,0)e™*]
e L -
= liminf 2B, (A D7),
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where the matrix D was defined in (5.6) and fi := §xoe¥° (instead of f := & e/ /2
in the proof of Lemma 19). Repeating the same arguments as in the proof of
Lemma 19, we obtain

ZVI(]L [(f D~ lf ] < Z (ka/ 6180)2 " AL [ezuo_(uk—Fuk/)]
k~k’

+ 3 (D) By [e2 07k,
k

where remember that Do := D(0) = —Aj, + 7% and 77} := 0’/ W. Note that

EV1Y [e2rom it < 4 BT [(cosh(uo — ug)) 1 EN Y [(cosh(uo — ug)?]2.

]EW’"w[eZ“O_“k] < 4IEZVI(’ [(cosh(ug — ug)) ]2IEW" [(cosh uo)z]%.

u,Ap, u,Ap,

Using (B.3) and Lemma 28, we obtain (cf. (5.7))
uAL “[(£. DT )] < 16(0. Dy '80) = 16(—An, +7*)71(0,0) < Ca.

where C, > 0 is the same constant we obtained in (5.7) and we used that we are in
dimension d > 3. Hence, f0+°° %dN(u) < Cp/ W. 1t follows

WE +00
N(E.Hg) = N(WE) = / gdﬁ(u) <WE / édﬁ(u) < GE.
0
This concludes the proof setting C’ := C». [

Remark. Note that (J(’ﬂ_kL (0,0))Len., is the quadratic variation of the martingale
(¥L(0))Len., (cf. Proposition 20 ). This observation gives the slightly weaker esti-
mate

+00

1~ .

~dN®w) =EY[G(0,0)] < liminf EY[#7L (0,0
/u (u) [G(0.0)] = liminf BT [ 4, (0.0)]
0

= liminf E¥ [y (0)?] < 16,
L—+o0
where in the last inequality we used Lemma 28 together with
EY [y (0] = B 7 [e?0] < 4E}1" [(coshuo)?] < 16.

The infinite volume measure approach also gives an alternative proof of the lower
bound for N(E). For this, we need some more definitions. Setting for i € 74, we

define :
B; := Bi — 8i.0——. (6.2)
ﬂl IBL lOZG(O, 0)

We have the following result.
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Proposition 22 ([17, Proposition 2.4]). Recall the definition of W in (1.9). Then, for
all W < W, 1/(2G(0,0)) has density 1,59 e~ / /my. Moreover, B and 1/(2G (0,0))
are independent random variables.

Note that this proposition works for any W such that the corresponding reinforced
jump process is recurrent. This is true in particular for W < W,,. The variable ,5,-
arises naturally as the jump rate of the vertex reinforced jump process at vertex i (see
[34, Theorem 1.(iii)]). In the following, we will consider Je g = ZB — PW and its
Dirichlet restriction on the finite box Ay, Je E AL (cf (1.5)).

Finally, recall that the graph Az, U § has vertex set Az U {§} and edge set E(Ar) U
{{i,8}| i € AL}, and we defined W; 5 = n}’ = Zj~i,j§éAL W for alli € Ap. Now,
consider an electrical network on A; U § with conductances

Wé(o,i)é(o,j)

c(i,j):= —~ foralli,j € A,
@ 7) 5(0.0)2 J L
G(0,1)G(0,j) G(0,i)?
ci.s) = Yw( ©.1)60.j) | G l)) foralli € Ag.
L G(0,0)2 G(0,0)2

J~i
JEAL

and let R, (0 <> §) be the effective resistance of the random walk associated with this
network. The following proposition is proved in [30].

Proposition 23. Let W < W,,. Then, for every L € N>,
(52,7 (0.0) = RL(O < 3).

Thanks to this result, we can use some tricks from the theory of electrical networks
(e.g., [25, Chapter 2]) to construct an alternative proof of Theorem 1. We sketch below
the argument.

Proof of Theorem 1 (II). As in the proof given in Section 4, we start from

1 1
N(E w D —1 —).

Note that

(s = 5= (G002 2)

A 1
<7 (60.0) - ()71 0.0 = )

+ vW((JegAL)—l(o,O) > %)
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Consequently,

N(E. Hp) = ﬁ[vw(m < %) — v (6(0.,0)~ (P, (0.0) = %)]

> ﬁ[cﬁ— v (6(0.0) = ()71 (0,0 = %)]

where C > 0 is some constant and we used that 1/ (2G(0,0)) isa I'(1 /2, 1) random
variable (cf. Proposition 22). We claim that, for £ small and L large enough,

~ 1
W (60,0~ (HP,,)7'(0.0) > E) < VE,

which implies the result. To prove this asymptotic domination, note that J /?, AL
H é) AL = —8ol/ G(O, 0) (cf. equation (6.2)). Therefore,

(5 x,)71(0,0)
(HB )1 0.0)
G(0,0)

(J55,)71(0.0) =
1+

and thus, using Proposition 23,

G0.02  G(0,00?

G0.0) — (P, )1(0.0) < — = )
(0,0) — ( ﬁ,AL) (0,0) (J@ngL)_I(O’O) R (0 < 6)

Therefore, we have

"W<G(0,0) — (Hpn,) ' (0.0) = %) < uW(—G(O’O)Z > ] )

RLO< 8 ~ E
+oo
e’ w 1 4y?
= > — d
/ ,/nyv (Q‘RL(O<—>8)_ E) v
0

(6.3)

where, in the last equality of (6.3), we used Proposition 22 and the measurability
of (H ﬂ.i AL)_I(O, 0) = R (0 < §) with respect to B Then, one can use classical a
result in electrical networks (the Nash—Williams inequality) to control the inverse of
R (0 <> §), using the local conductances on the boundary of Ay . Finally, we can
control these local conductances thanks to Corollary 9 if we choose a “good” L as a
function of E. |

A. Monotonicity

The following monotonicity result can be found in [29, Theorem 6].
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Theorem 24. Let V be a finite set, WH W~ ¢ RVXV two families of non-negative
weights satisfying W U =0forall j €V, and

Wi =W; <WF =W foralli# ]

Let E* (resp., E™) be the set of pairs with positive weight W+ > 0 (resp W > 0)
and denote by §* = (V, E*) the corresponding graphs.
Ifi, j € V are connected by §~, then it holds

_ JL (k) H L (J.K)
=l G g ) =5 TG

for any concave function f. Here, we write # B.V.WE instead of Hg y to emphasize
the dependence of W*.

In this paper, we use the following corollary.

Corollary 25. Let § = (V, E) be a connected finite graph and W € RE 2o a given set
of weights. Fix a vertex jo € V and set n; = néj;, with n > 0 (one pinning at jo). It

holds, forall j € V,
Hyy (os J)

ES| S | 2 Eg”°
g |: Jf)ﬂ_}/(Jo,Jo)} ‘

Proof. The measure v;/ is the marginal of s g 8 , where the graph €% has vertex set
V' U {8} and edge set E U {jo,d}, and we defined W}, s = n. Moreover, by resolvent
expansion, we have

Hg (o, J)
Hyy Gos jo) |

H vy Uos J) = Hgy (oo J) [+ 17 Hg y (o. jo) Hg yusy 8. O],
Jfﬁ_}/u{g}(jOJO) = %ﬂ_}/(j()vj()) [1 + 7723(/3_}/(1'0»jO)Jg,L}_,%/U{g}(S’S)]’

and hence

WO_ JgEj/(]O» .])
Eg& %_1 . .
L 5.v(Jo. jo)

- _1 . .
_gWo Jgﬂ’VU{g}(]O,J)
Jgﬂ_,%/u{g}(jOs JO)

Hgy (o J)
%‘3_’%/(].09].0)

Define V’f/;j = W;j foralli ~ j € V and I/’ff}og = 0. Then, W;; > V’f/;j foralli ~ j € §°
and the graph generated by W connects jo to j forall j € V. Since f(x) = /xisa
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concave function, by Theorem 24 we have

- -1
]EW,0|: Hg vuisy.w o J):| . Eﬁ,,0|: Ko om0 ]):|
g8

— gs —1
Hg v ugsyw Uos jo) Ho sy o Jo)

Since ﬁ@og =0and W =WonV, 285 is independent of the other random variables
and we have Jy 5, 7 = 285 ® Hp,v, where we abbreviated Hp,y = Hp v,w.
Therefore,

Koo /) = Hgy GouJ). KL g 5 UosJo) = Hgy (o jo)-

It follows

Hyy (os J) |
31?,3_}/(]0,]'0)_

-1 gs

]EVT/,o[ Ky VU{S}W(]O 1)} EW0
5
BV UL}, W(]o Jjo)

Iy (o J) ]
Hg v o jo) |

where in the last step we used that S5 is independent of the other variables. This
concludes the proof. m

B. Long range order estimates on the field u associated to the
H?12.model

Recall the definition of uf{/’”(u) and n¥ in (2.4) and (1.4), respectively.

Lemma 26. Forany W > 0,d > 1, j € A such that n; > 0 and m < n; /2, we have
1

- m
nj

E,I:Vf[(cosh u;)" < < 2. (B.1)

In particular, in the case A = A and n = n%, we have

EY: [(cosh u;j)" < <2 (B.2)

uAL —

14
forall j € 0Ap andm < W/2.
Proof. This inequality follows by a supersymmetric Ward identity analog to the one

in [12, Section 5.1]. See also in [9, Lemma 4.2]. We sketch here the argument. We
refer to the notation in [12], in particular,

1 )
Bj = coshu; + Es]ze“/
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where s; is a real variable. Denoting the supersymmetric mean by (-)susy, We have
— . w, m —_ ..
L= (B + 00" )™ gy = Eu,X[B;"(l - B—i,%ﬁj\L(],J))],

where 1/_/,', Y; are anti-commuting variables. The bound (B.1) now follows from
Bj >1and ‘%B_kL (j.J) =1/n;. The bound (B.2) is obtained observing that 7’ > W
forall j € dAL. n

The following result has been proved in [12, Theorem 1].

Theorem 27. Let d > 3. There exists Wy = Wy(d) > 1 such that, for all W > W,
we have

EV7 [(cosh(u; —ug))"| <2 forall j.k € Ap, m < WS, (B.3)
This bound holds for all 7.

Proof. Although the model considered in [12] has uniform pinning n; = ¢ > 0 for all
Jj € AL, the proof of Theorem | is completely independent from the pinning choice.
Also, while in [12] only d = 3 is considered, the same proof works for any d > 3.
Indeed, the key dimension-dependent result (Lemma 5) is proved for general dimen-
sion d > 3. The same strategy was used in [10] in the case when the edge weights W,
are independent Gamma distributed variables. For a related result on a one-dimen-
sional chain with non homogeneous weights, see [8]. ]

Lemma 28. Let d > 3 and Wy = Wy(d) > 1 be the parameter introduced in Theo-
rem 27 above. For all W > W, := max{Wj, 48}, we have

EY" [(coshug)?| <8 forallk € Ap. (B.4)

Proof. By Lemma 26, for any W > Wy, j € 0A, and m < W/2, we have

W, w
EM,XL [(coshu;)™] <

— <2. (B.5)

w
Fixnow k € Ay \ dA 1 andlet j be some vertex on dA . We have the bound coshu <

2 coshu; cosh(uy —u;), and hence

W, w W, w 1 W, w 1
E, y, [(coshug)?) < 4B, [(coshu;)*|2E,  [(cosh(u; —uz))*]z.

The constraint W > max{W;, 43} ensures 4 < W1/8 and 4 < W/2. The result now
follows from (B.3) and (B.5). ]
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Remark. Note thatin [12] the bound (B.4) is proved in Theorem 2 and requires quite
some work due to the presence of a uniform small pinning & ~ 1/|AL|'™5,0 <s < 1.
Here, the same bound follows easily from (B.3) and the fact that we have large pinning
at the boundary n’ = W > 1forall j € dAr.
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