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The wave kernel
on asymptotically complex hyperbolic manifolds

Hadrian Quan

Abstract. We study the behavior of the wave kernel of the Laplacian on asymptotically com-
plex hyperbolic manifolds for finite times. We show that the wave kernel on such manifolds
belongs to an appropriate class of Fourier integral operators and analyze its trace. This con-
struction proves that the singularities of its trace are contained in the set of lengths of closed
geodesics and we obtain an asymptotic expansion for the trace at time zero.

1. Introduction

The focus of this work is an analysis of the behavior of the solutions of the wave
equation for finite times in the setting of asymptotically complex hyperbolic mani-
folds. These spaces were first introduced by Epstein, Mendoza, and Melrose [8], and
more recently have been investigated extensively by [10, 16, 16, 18, 19, 24, 25]. This
class of manifolds includes certain quotients of complex hyperbolic space by discrete
groups, as well as strictly pseudoconvex domains in Stein manifolds equipped with
Kähler metrics of Bergman type. In this work, we extend major results which study
the wave kernel of asymptotically real hyperbolic manifolds to this complex setting.
Joshi and Sá Barreto [23] studied the wave kernel of such manifolds by exhibiting this
operator as an element of a certain algebra of Fourier integral operators which have
been adapted to the geometry at infinity of this class of real asymptotically hyperbolic
manifolds.

We say a non-compact Riemannian manifold .X; g/, of complex dimension
.nC 1/, is an asymptotically complex hyperbolic manifold (hereafter ACH manifold)
if the following holds. We assumeX compactifies to a C1 manifold xX , compact with
boundary, equipped with a choice of boundary defining function r (hereafter, a bdf).
This is a smooth nonnegative function on xX which such that

xX D ¹r D 0º; dr j@ xX ¤ 0:
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We further assume the boundary admits: (1) a contact form � 2 �1.@ xX/ defined
as satisfying � ^ .d�/n ¤ 0; (2) an almost complex structure J WKer � ! Ker � ; such
that d�.�; J �/ is a symmetric, positive-definite bilinear form on Ker � . Then, we say
that .X;g/ is an ACH manifold if there is a tubular neighborhoodˆWU ! @ xX � Œ0; "/r

of the boundary @ xX such that

g � ˆ�g� as r ! 0; g� D
�4dr2
r2
C
d�.�; J �/

r2
C
�2

r4

�
D
4dr2 C g0.r/

r2
:

(1.1)
In particular, for another choice of boundary defining function, Qr , we observe that
r4gj@ xX D e

4f � , for some f 2 C1. xX/. Denoting the conformal class of our contact
structure by Œ� �, we can consider the boundary as being endowed with the structure of
a conformal pseudohermitian manifold .@ xX; Œ��; J /.

Before continuing, we require an additional hypothesis, which is that g is an even
metric; i.e., the dual metric g�1 defined on T � xX has only even powers of r in a
Taylor expansion at r D 0. This is automatic in the case of HnC1

C , and necessary for
the existence of a meromorphic continuation of the resolvent of�g to all of C (in fact,
the failure of this hypothesis implies the existence of at least one essential singularity
in the continuation of the resolvent, see [15, 16]).

In the case that the metric of .X; g/ is even in the above sense, we can replace the
smooth structure on this manifold with its even smooth structure, denoted Xeven. In
this case, the smooth structure on X has been modified by declaring that only func-
tions which are even in r are smooth with respect to Xeven. This change of the smooth
structure permits us to define a square root of our original defining function, and
guarantee that it is an element of C1.Xeven/. Equivalently, the even smooth structure
can be defined by declaring Xeven is a smooth manifold with boundary, with bdf r2.
Throughout, we shall denote the square root of our bdf � D r2.

Now, we state our main results on the behavior of solutions to the wave equa-
tion for small times. This question can be approached by a study of the fundamental
solution to the wave equation, as in the work of Joshi and Sá Barreto [23] who stud-
ied the wave operator cos.t

p
�g � .nC 1/2=4/ in the setting of real asymptotically

hyperbolic manifolds. This operator has Schwartz kernel U.t; p; p0/ satisfying8<:
�
@2t C�g �

.nC 1/2

4

�
U.t; p; p0/ D 0;

U.0; p; p0/ D ı.p; p0/; @tU.0; p; p
0/ D 0;

and they prove that cos.t
p
�g � .nC 1/2=4/ resides in an algebra of Fourier integral

operators. Having shown this, they use the results of [7, 20, 21] to study its (regular-
ized) trace.

This construction of the wave group U.t; p; p0/ as a Fourier integral operator
was motivated by the analysis of the resolvent of a real asymptotically hyperbolic
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manifold initiated in [26]. Mazzeo and Melrose obtained their results by exhibiting
the resolvent as an element of the “large” calculus of zero pseudodifferential operators
‰�0 .M/; i.e., those pseudodifferential operators with Schwartz kernels constructed as
distributions on the blown-up space xM �0 xM , obtained by blowing up the intersection
of the corner @ xM � @ xM with the diagonal xMdiag ,! xM � xM in xM � xM . The new
boundary hypersurface resulting from this blow up is called the front face. (For an
extended treatment on such blow ups, see [26, Section 3] and [14, 27].)

Along such lines, [23] construct a class of zero Fourier integral operators as those
operators whose Schwartz kernels, when lifted to xM �0 xM , have support away from
the left and right boundary faces (i.e., the lifts of @ xM � xM and xM � @ xM respectively).
This greatly simplifies the construction of this class of operators, as typically the cor-
ners formed by the intersections of the left face (resp. right) with the front face would
need to be incorporated into the definition of the operators; requiring the support of
the Schwartz kernels avoid such corners allows their contributions to be neglected. In
particular, due to the finite speed of propagation for the wave equation, a distribution
which is initially supported only on the front face (such as U.t; p; p0/) will remain
supported in the interior of the front face for all finite time. Thus, [23] can construct
a small time parametrix for the wave group while remaining entirely in this restricted
calculus of zero Fourier integral operators.

Following this strategy, we begin with the notion of the ‚-stretched product,
xX �‚ xX , which is the analogous blow up of the double space xX � xX defining the

class of ‚-pseudodifferential operators ‰�‚.X/ used in the study of the resolvent ini-
tiated by [8]. With the appropriate definition of ‚-Fourier integral operators, we can
quickly conclude as follows.

Theorem 1.1. Let G be the length functional on T �X (i.e., the dual metric). For
each t 2 R, the graph of the time-t flow-out of the diagonal in T �X � T �X by the
Hamilton vector field HG is a canonical relation, denoted C . Furthermore, the wave
group U.t/ is a ‚-FIO with respect to this canonical relation.

Once we know the wave group is a ‚-Fourier integral operator, it is straightfor-
ward to use the results of [7, 21] to analyze the trace of U.t; p; p0/. One subtlety is
that the trace needs to replaced with a regularized trace, defined using a Hadamard
regularization procedure using our choice of bdf �. Defining the cut-off wave trace,

T".t/ D

Z
¹�>"º

U.t; p; p/;

we obtain the following.

Proposition 1.2. There exists "0 > 0 such that for all " < "0, the singular support of
T" is contained in the set of periods of closed geodesics of X .
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With this result in hand, after choosing a smooth cutoff �.t/ 2 C10 .R/ supported
away from the lengths of all non-zero periods of closed geodesics, and, using the
results of [20], we obtain a Duistermaat–Guillemin-type result for the inverse Fourier
transform cutoff wave trace.

Theorem 1.3. There exists ¹!kºk2N0 �R such that the renormalized trace R TrU.t/
satisfies, Z

R

R TrU.t/�.t/eit�dt �
1

.2�/2nC2

1X
kD0

!k�
2nC2�2k;

as �! 0 and is rapidly decaying as �! �1. The leading term, !0 D R Volg.X/,
is called the renormalized volume, and can be computed as

R Volg.X/ D lim
"!0

� Z
¹�>"º

d Volg �
�1X

jD�2n�2

Cj "
j
� C0 log

�1
"

��
; (1.2)

where Cj are the unique real numbers such that this limit exists.

Finally, we remark on the appearance of the renormalized volume in Theorem 1.3.
In the real hyperbolic setting, it is known that the renormalized volume is, in certain
dimensions, independent on the choice of representative of the conformal infinity.
Namely, for .M nC1; g/ a real asymptotically hyperbolic manifold, one can simi-
larly define the renormalized volume as the finite part of the in the expansion of
Volg.¹x � "º/ as " ! 0, given a choice of bdf x. For n odd, the real hyperbolic
renormalized volume is independent of h0, the choice of conformal representative.
On the other hand, for n even, we suddenly have the dependence of the renormal-
ized volume on this choice of representative of Œh�. This is result is the so-called
holographic anomaly (see [17]) and motivates much of the interest of asymptoti-
cally hyperbolic manifolds in mathematical physics, for their connection with the
anti-de Sitter/conformal field theory (AdS/CFT) correspondence.

More concretely, the volume expansion of .M nC1; g/ of an Einstein asymptoti-
cally hyperbolic metric, for n even, is given by

Volg.¹x � "º/ D V�n"�n C V�nC2"�nC2 C � � � C V�2"�2

C V0 log.1="/C R Volg.M/C o.1/;

and [13] first made the connection of V0 to Branson’s Q-curvature [4],

V0 D 2cn=2

Z
@M

Q;

for cn=2 a dimensional constant. In the ACH setting, the renormalized volume was
first studied at this level of generality by Matsumoto in [24]. Our construction of the
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renormalized wave trace thus provides an alternate proof of Matsumoto’s result, via
formula (1.2). For a general ACH metric, [24] generalizes this result for an analogue
of Bransons Q-curvature. From his result, we obtain as a corollary that the constant
d0 in our Theorem 1.3 is given by

d0 D
2.�1/nC1

nŠ2.nC 1/Š

Z
@X

Q
g

�
� ^ .d�/n:

This quantity is a global CR invariant of the boundary, thus leading to a pseudo-
conformal analogue of the holographic anomaly. Given these results, there is strong
connection between the renormalized volume of an ACH manifold and its spectrum.
On the mathematical physics side, there seems to be relatively scarce work on this
complex analogue of the AdS/CFT correspondence.

Background and related work. There is a long-standing research program investi-
gating the spectral and scattering theory of real asymptotically hyperbolic manifolds,
see e.g., [1–3, 5, 9, 12, 13, 22, 28] and references contained therein, for a small sample
of the surrounding work. A non-compact Riemannian manifold .M;g/ of real dimen-
sion .nC 1/ is called asymptotically hyperbolic if it compactifies to a C1 manifold
xM with compact boundary @ xM , equipped with a boundary defining function �, and

such that �2g is a C1 metric which is non-degenerate up to the boundary, and more-
over that jd�j2

�2g
� 1 at @ xM .

As proven in [22], these geometric hypotheses are equivalent to the existence of a
product-type decomposition (cf. with (1.1)) of the metric at infinityM � Œ0;"/� � @M ,
such that

g D
d�2 C g0.�/

�2
;

where g0.�/ is a C1 1-parameter family of C1 metrics on @ xM . In this model, the
boundary @ xM represents the geometric infinity of xM , analogous to the role played
by the Sn at infinity in HnC1

R . In particular, the metric �2gj@M fixes a conformal
representative of a metric on @ xM . This should be contrasted with the conformal pseu-
dohermitian structure induced by an ACH metric.

The spectrum of the Laplacian of such manifolds was first studied by [26];
they determined that it is comprised of finitely many L2-eigenvalues �pp.�g/ �

.0; .nC 1/2=4/ and the absolutely continuous spectrum �ac.�g/ D Œ.nC 1/
2=4;1/.

These results followed by proving that the resolvent of �g � �.nC 1 � �/ could be
constructed within an exotic pseudodifferential operator calculus. The results of [23]
built on this argument by extending this class of operators to a calculus of certain
Fourier integral operators, which they called 0-Fourier integral operators. By exhibit-
ing the wave kernel as an element in this class of 0-FIOs, this construction allowed
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them to argue as in [7] to conclude versions of our main results in the asymptotically
hyperbolic setting.

2. The geometry of asymptotically complex hyperbolic manifolds

Because the construction of our adapted FIO-calculus entails a finer understanding of
the geometry of an asymptotically complex hyperbolic manifold, we briefly recall the
geometry of the Bergman-type metric our manifold is endowed with.

Let .X; @X/ be a non-compact manifold with closed boundary. We assume the
boundary admits a contact form � and an almost complex structure J W Ker.�/ !
Ker.�/ (i.e., an endomorphism satisfying J ı J D �IdKer.�/) such that d�.�; J �/ is
symmetric positive definite on Ker.�/. We consider a metric gACH of the following
form: there is a boundary defining function �,

@X D ¹� D 0º; d�j@X ¤ 0;

such that in a collar neighborhood 'W Œ0; 1/� � @X!;z ! U it takes the form

'�gACH D
d�2

�2
C
d�.�; J �/

�2
C
� ˝ �

�4
C �Q� D

d�2 C h.�; !; z; d!; dz/

�2
; (2.1)

where .DH
� /
�Q� is a smooth section of S2.T �X/\Ker.�@�/. Here, DH

� denotes the
anisotropic dilation map

Tq@X D Hq ˚ Vq 3 .vH ; vV /
DH
�

7��! .�vH ; �
2vV / 2 Hq ˚ Vq D Tq@X;

with splitting induced by the choice of contact structure .@X; �/ (i.e., H D Ker � ).
We observe that for any other choice of defining function Q� we have

Q�4gj@X D e
4!0� ˝ �; for some !0 2 C1.X/;

thus it is more natural to associate to gACH a conformal class of 1-forms Œ‚�.
The boundary manifold equipped with the data of .@X; �; J / is a closed pseudohermi-
tian manifold. The corresponding conformal pseudohermitian structure .Œ‚�; J / was
called a ‚-structure in [8].

This Riemannian metric structure describes a non-compact incomplete manifold
whose metric is asymptotic to complex hyperbolic space HnC1

C . A useful model of
complex hyperbolic space HnC1

C is given by

HnC1
C D ¹� 2 CnC1

W Q.�; �/ > 0º; where Q.�; �0/ D �
i

2
.�1 � �

0
1/ �

1

2

X
j>1

�j N�j
0;
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with boundary sphere equal to a compactification of the .2nC 1/-dimensional Heisen-
berg group,

Hn´ ¹� 2 CnC1
W Q.�; �/ D 0º D

°
.�1; w/ 2 CnC1

W
1

2
jwj2 D =.�1/

±
' Cn

�R:

This model of complex hyperbolic space realizes HnC1
C ' RC �Hn with the coordi-

nates
�.�/ D Q.�; �/1=2; w 2 Cn; z D <.�1/;

foliating HnC1
C by a family of Hn-hypersurfaces. Writing

w D x C iy

in these coordinates, we can also write the contact form at the boundary as

�0 D dz C

nX
jD1

yjdx
j
� xjdy

j ;

and the metric on complex hyperbolic is the Bergman metric,

gBerg D
4d�2 C 2jdwj2

�2
C
�20
�4
:

Finally, we discuss the complexified hyperbolic space as a semi-direct product:
there is parabolic dilation on Hn (consistent with the bracket relations of the Lie
algebra h) given by Dı.x; y; z/ D .ıx; ıy; ı2z/. The group law on the semidirect
product HnC1

C ' RC ÌDı Hn is expressed as

.�;W / �HC .�
0; W 0/ D .��0; W �H D�.W

0//: (2.2)

The geometric picture described above of complex hyperbolic space being foliated
by a family of Heisenberg groups as level-set hypersurfaces of � is compatible with
this group law: an open set in ¹� D cº ' Hn is related to the corresponding set in
¹� D c C "º by pullback along M". We highlight also that this dilation structure is
crucial for the definition of resolution of the product space X �X (see (3.2)).

3. The wave kernel on asymptotically complex hyperbolic manifolds

In this section, we begin the construction of a Fourier integral operator calculus, which
is adapted to the asymptotic geometry of the metric (2.1). Such a calculus will be
comprised of operators whose Schwartz kernels have prescribed asymptotics on a
manifold with corners, the ‚-stretched product X �‚ X of [8].
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Analogously to the 0-blow up, Epstein, Mendoza, and Melrose defined the
‚-blow up of an ACH manifold; this will be very similar to the 0-blow up of an AH
manifold. The biggest distinction being the blow up at the front face is non-isotropic,
reflecting the different asymptotics in � of boundary vector fields (namely those vector
fields whose gACH-duals span d�.�; J �/ vs � ˝ � ).

Following [8], we next explain how we will modify the product X � X to con-
struct our algebra of Fourier integral operators. We begin with the notion of the
‚-vector fields V‚:

V 2 V‚ () V 2 � � C1.X ITX/; Q�.V / 2 �2 � C1.X ITX/;

where Q� 2 C1.X I TX/ is any smooth extension of � to all of X . It is shown in [8,
Section 1] that this definition is dependent only on the choice of conformal class of Œ� �.
This is partly because a representative of Œ� � determines a local frame by requiring

¹X1; : : : ; Xn; Y1; : : : ; Ynº is an orthonormal frame of d�.�; J �/; (3.1a)

�.Z/ D 1; (3.1b)

�.@�/ D 0; (3.1c)

in which we can express

V‚ D spanC1¹�@�; �X1; : : : ; �Xn; �Y1; : : : ; �Yn; �
2Zº;

and a different choice of bdf �0 produces a frame as in (3.1) associated to a contact
form � 0 conformal to � .

Given this C1.X/-module, we can define the ‚-tangent bundle ‚TX . This is a
vector bundle over X , with a bundle map �‚W‚TX ! TX , which is an isomorphism
over X n @X such that

C1.X I‚TX/ D ��‚.V‚/:

Next, we construct the ‚-stretched product of [8, Section 8]. Notice first that in the
product X �X , the boundary of the diagonal @Xdiag ' @X is an embedded submani-
fold,

@Xdiag ,! @X � @X ,! X �X

and is a clean submanifold in the sense of [7], since it is an embedded submanifold
of the corner, and thus all differentials of bdfs vanish at @Xdiag. The 1-form � on X
defines a line subbundle

H� � N �X�X .@Xdiag/

spanned by
��L� � �

�
R�;
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Figure 1. The blow-down map ˇ of the ‚-stretched product space X �‚ X .

with �.�/WX � X ! X denoting the projection onto the left and right factors respec-
tively. With this trivialization of the conormal bundle, we define the ‚-blow up of
the corner as the H�-parabolic blow up (defined using the dilation structure on fibers
given in (2.2)) of the boundary diagonal:

X �‚ X D ŒX �X I @Xdiag;H
��´ .X �X n @Xdiag/ t SNH;C.@Xdiag/

SNH;C.@Xdiag/ D .NX�X@Xdiag/=R
C
�

DH

(see Figure 1), where the equivalence on fibers DH is defined using the decomposi-
tion N.@Xdiag/C D H˚H?, with H D Ann.H�/,

.W;Z/ �DH
ı
.W 0; Z0/ () 9ı > 0; .W;Z/ D .ıW 0; ı2Z0/:

This real unoriented blow up replaces the submanifold @Xdiag with its inward-pointing
parabolic-sphere bundle. This blow-up procedure furnishes a blow-down map

ˇWX �‚ X ! X �X;

which is the identity on X � X n @Xdiag, and given by the bundle projection map of
the parabolic-sphere bundle on SNH;C.@Xdiag/. This is a manifold with corners, and
has three new boundary faces:

BF D ˇ
�1.@Xdiag/ D SNH;C.@Xdiag/;

BL D ˇ�1¹.X � @X/ n @Xdiagº;

BR D ˇ�1¹.@X �X/ n @Xdiagº:

By construction, the front face BF is a fiber bundle over @Xdiag with fiber a projective
quotient of the inward pointing normal bundle NX�X .@Xdiag/C; the front face has
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fiber over p 2 @X given by

BF jp D ŒNX�X .@Xdiag/C n @Xdiag�= �DH
ı
: (3.2)

For more details and the proof of diffeomorphism invariance of this construction, see
[8, Sections 5–7].

3.1. The ‚-symplectic structure on ‚T �X

Similarly to [23], associated to the Lie algebra V‚, we can define the notion of a
‚-Fourier integral operator, which will be operators whose Schwartz kernels have
prescribed asymptotics on a resolution of the productX �X , the‚-stretched product
X �‚ X . A standard Fourier integral operator is characterized by its Schwartz kernel
having singular support conormal to a Lagrangian inside .T �X n o/ � .T �X n o/; to
generalize this notion we must first understand the symplectic structure of ‚T �X .

In a neighborhood of the boundary U , if we use coordinates

.x; �/ D ..�; w; z/I .�; �H ; �V // 2
‚T �X

which satisfy both that � is a boundary defining function and that

� jU\¹�D0º D dz �
1

2

nX
jD1

wxj dwyj � wyj dwxj ;

then the induced map on dual bundles can be expressed in these coordinates by

N�‚WT
�X ! ‚T �X;

..�; w; z/I .�; �H ; �V // 7! ..�; w; z/I .��; ��H ; �
2�V //µ ..�; w; z/I .�; u; t//:

In these coordinates, the canonical 1-form

˛ D �d�C �H � dw C �V dz

pulls back to the 1-form

N�‚˛ D
‚˛ D

�

�
d�C

u

�
dw C

t

�2
dz;

and hence we have a symplectic form

‚! D d.‚˛/ D
1

�
d� ^ d�C

1

�
du ^ d! C

1

�2
.dt ^ dz � d� ^ .ud!//

�
2

�3
d� ^ .tdz/: (3.3)
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With this symplectic structure on ‚T �X , we can define as usual the familiar notions
of symplectic geometry such as Hamiltonian flows, Lagrangians, etc.

The next subtlety is that because we want our putative‚-Fourier integral operators
to generalize the existing notion of ‚-pseudodifferential operators, we should define
our ‚-FIOs as those operators whose Schwartz kernels are Lagrangian distributions
of T �.X �‚ X/, rather than of ‚T �X � ‚T �X . This is because ‚-pseudodiffer-
ential operators are defined as having Schwartz kernels conormal to the diagonal in
X �‚X . So, we seek also to define Lagrangians of T �.X �‚X/. Given the canonical
identification of T �M � T �M ' T �.M �M/, forM closed, this distinction is only
an issue in the category of manifolds with corners; in our case, such an identification
will hold only over the interior of X �X (cf. (3.5)).

Unlike ‚T �X , the symplectic structure on T �.X �‚ X/ will be the usual one,
arising from the canonical 1-form of the (non-rescaled) cotangent bundle of X �‚ X .
In this case, Lagrangians are defined as usual, so we investigate those Lagrangians
of T �.X �‚ X/ which could be induced by relations on ‚T �X � ‚T �X . Follow-
ing [23], we can define extendible Lagrangians. Set

.X �‚ X/d D X �‚ X
G
BF

X �‚ X;

the double of the ‚-stretched product across the front face. We say that a smooth
conic closed Lagrangian submanifold ƒ � T �.X �‚ X/ is extendible if it intersects
T �.X �‚ X/jBF transversely. This implies there exists a smooth conic Lagrangian
ƒext � T

�.X �‚ X/d such that

ƒ D ƒext \ T
�.X �‚ X/; ƒ‚ WD ƒ t T �.X �‚ X/jBF :

One reason for the interest in extendible Lagrangians is that their intersection with
the cotangent bundle over the front face BF is again a Lagrangian submanifold.

Lemma 3.1. If ƒ � T �.X �‚ X/ is extendible, then ƒ‚ D ƒ \ T �.X �‚ X/jBF
is a Lagrangian submanifold of T �BF

Proof. Fix coordinates .�; w1; : : : ; w2n; z/ of X �‚ X valid near BF D ¹� D 0º,
and with dual variables .�; �1H ; : : : ; �

2n
H ; �V /. Then, .�; w; zI �; �H ; �V / give local

coordinates for T �.X �‚ X/ near BF . By transversality, d�jƒ ¤ 0, thus � and some
subset of .w; zI �; �H ; �V / must give local coordinates for ƒ. Since ƒ is Lagrangian,
the canonical 2-form

!T �.X�‚X/ D d� ^ d� C

2nX
jD1

dwj ^ d�
j
H C dz ^ d�V
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must vanish onƒ; hence, it vanishes onƒ‚ as well. From the overall vanishing of this
symplectic form, and the non-vanishing of d� on ƒ, we must have that d� restricted
to Tƒjƒ‚ is a multiple of d�. This implies existence of a function �.�;w; zI�jH ; �V /
satisfying

ƒ � ¹� D ��.�;w; zI �
j
H ; �V /º:

In particular, �jƒ‚ D 0 and
P
dwj ^ d�

j
H C dz ^ d�V D 0 on Tƒ‚.

Having introduced extendible Lagrangians, we immediately explain their rela-
tion to our the class of distributions we will ultimately be concerned with. We define
a Lagrangian distribution associated to an extendible Lagrangian (either ƒ �
T �.X �‚ X/ or ƒ � T �R � T �.X �‚ X/) to be the restriction to X �‚ X of a
distribution which is Lagrangian with respect to an extension ƒext of ƒ across BF .
As usual, we denote the set of orderm distributions which are Lagrangian with respect
to ƒ by Im.X �‚ X Iƒ;‚�1=2/ (resp. Im.R �X �‚ X Iƒ;‚�1=2/).

Now that we have introduced Lagrangians in this setting, we can see some ways
they arise naturally. If X; Y are two ACH manifolds, a ‚-canonical relation between
them is a C1-map

�W� � ‚T �X ! ‚T �Y

defined on an open conic subset � � ‚T �X such that ��.‚˛Y / D ‚˛X . Certain
‚-canonical relations will define Lagrangian submanifolds in T �.X �‚ X/, by asso-
ciating to � its graph relation

�W‚T �X ! ‚T �X ! Gr.�/ � ‚T �X � ‚T �X;

and we denote such Lagrangians by ƒ�. Particularly relevant Lagrangians will arise
from liftable canonical transformations; these are homogeneous canonical transfor-
mations �W‚T �X ! ‚T �X , whose projections to the base is the identity over @X .

Using the left and right projections, we can define a symplectic form on ‚T �X �
‚T �X by

! D ��1!‚ � �
�
2!‚: (3.4)

Further, the dual to the differential of the blow-down map ˇWX �‚ X ! X � X

induces a smooth map

T �X � T �X ' T �.X �X/! T �.X �‚ X/ (3.5)

which is an isomorphism over Int.X � X/ between ! and the standard symplectic
form on T �X � T �X .
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Lemma 3.2 (Liftable canonical transformations inducing extendible Lagrangians).
Let �W‚T �X ! ‚T �X be a liftable canonical transformation. The map (3.5), com-
bined with the identification (over Int.X � X/) T �X � T �X � ‚T �X � ‚T �X ,
gives a smooth map

'‚W
‚T �X � ‚T �X

'
�! T �.X �‚ X/ over Int.X �X/ (3.6)

which, restricted to the graph of �, extends by continuity to the boundary and embeds
into it as a smooth Lagrangian of T �.X �‚ X/, denoted ƒ�. Further, ƒ� intersects
the boundary of T �.X �‚ X/ only over T �BF .X �‚ X/, it is extendible across the
front face, and this intersection

ƒ�‚ ´ ƒ� \ T
�
BF
.X �‚ X/

defines a Lagrangian submanifold of T �BF .

Proof. On the two copies of X in the product X �X , we consider respectively coor-
dinates .�;w; z/ and .�0; w0; z0/ valid near the boundary. These induce corresponding
local coordinates on the cotangent bundles, which we denote by

.�; w; zI �; �H ; �V / and .�0; w0; z0I � 0; �0H ; �
0
V / corresponding to T �X;

and

.�; w; zI�; u; t/ and .�0; w0; z0I�0; u0; t 0/ corresponding to ‚T �X; (3.7)

on the left and right copies of the respective cotangent bundles. We fix

V D
�

�0
W D

w � w0

�0
; Z D

z � z0

.�0/2

as coordinates valid near the front face BF , away from ˇ#.¹�0 D 0º/. The map (3.6)
gives an identification between the 1-forms

�

�
d� �

�0

�0
d�0 C

u

�
dw �

u0

�0
dw0 C

t

�2
dz �

t 0

.�0/2
dz0;

and
˛dV C Q�d�0 C ˇdW C Q�dw0 C 
dZ C Q�dz0;

defined on ‚T �X � ‚T �X and T �.X �‚ X/, respectively. We will first determine
how the coefficients of these 1-forms are related under the map (3.6), in this neigh-
borhood of BF . Since � D V�0, w D w0 C �0W , and z D z0 C .�0/2Z, we have

d� D Vd�0 C �0dV;

dw D dw0 C �0dW CWd�0;

dz D dz0 C 2�0Zd�0 C .�0/2dZ;
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and so the canonical 1-form in T �.X �‚ X/ is given by��
�
V �

�0

�0
C
u

�
W C

2t�0

�2
Z
�
d�0 C

��0

�
dV

C

�u
�
�
u0

�0

�
dw0 C

u�0

�
dW C

� t
�2
�

t 0

.�0/2

�
dz0 C

t .�0/2

�2
dZ

D ˛dV C Q�d�0 C ˇdW C Q�dw0 C 
dZ C Q�dz0;

where

˛ D �
�0

�
; ˇ D u

�0

�
; 
 D t

��0
�

�2
;

Q� D
�

�0
�
�0

�0
C
u

�0
w � w0

�
C
2t

�0
z � z0

�2
; Q� D

u

�
�
u0

�0
; Q� D

t

�2
�

t 0

.�0/2
:

Next, we shall leverage the fact that � is a ‚-canonical relation (and thus that
‚˛X � �

�.‚˛X / D 0), and the fact that � restricts to the identity over @X , in order to
determine Gr.�/ in the coordinates (3.7). First, observe that � and �0 are both bdfs on
X and thus conformal: �0 D f�. Further, we have that �X W‚T �X ! X and

.0; w0; z0/´ .�X ı �/j@X .x; �/ D .0; w; z/;

hence w0 D w C �A, z0 D z C �2B for some smooth functions A; B on ‚T �X .
Finally, we use the relation between the fundamental 1-forms to observe that

�
d�

�
C u

dw

�
C t

dz

�2

D ��
�
�0
d�0

�0
C u0

dw0

�0
C t 0

dz0

.�0/2

�
D �0

�d�
�
C
df

f

�
C
u0

a

�dw
�
C dAC A

d�

�

�
C
t 0

a2

�dz
�2
C 2B

d�

�
C dB

�
D

�
�0 C

u0

f
AC

2t 0

f 2

�d�
�
C
u0

f

dw

�
C
2t 0

f 2
dz

�2
C

��0
f
df C

u0

f
dAC

t 0

f 2
dB
�
:

The final bracketed term will only contribute terms which are O.�/ or O.�2/ after
computing their‚-differential (e.g., df D �@�fd�=�C �@wfdw=�C �2@zfdz=�2);
thus, after grouping such terms, we obtain

�
d�

�
C u

dw

�
C t

dz

�2

D

�
�0 C

u0

f
AC

2t 0

f 2
C �C

�d�
�
C

�u0
f
C �D

�dw
�
C

�2t 0
f 2
C �2E

�dz
�2
;
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where f > 0; A; B; C;D are smooth functions of .�; w; z; �; u; t/. Taken together,
these computations imply that its graph is of the form

Gr.�/ D ¹..�; w; z; �; u; t/; .�0; w0; z0; �0; u0; t 0// j

�0 D f�; w0 D w C �A; z0 D z C �2B; �0 D � � uA � 2tB C �C;

u0 D f uC �D; t 0 D f 2t C �2Eº:

From this, we can see that

˛ D ef �; ˇ D ef u; 
 D e2f t; Q� D�e�f C; Q� D�e�fD; Q�D�e�2fE:

Since ef D �0=� is smooth and positive onƒ�, the map (3.6) (defined over the interior
Int.X � X/), extends by continuity to the boundary when restricted to Gr.�/, thus
identifying ƒ� and Gr.�/,

Gr.�/ ' ƒ� ,! T �.X �‚ X/

as the image of Gr.�/ under the map (3.6). Further, this shows that ƒ� intersects the
boundary of T �.X �‚ X/ only over BF D ¹�

0 D 0º and does so transversely. Thus, it
is an extendible Lagrangian, and we have by the previous lemma that this intersection
ƒ�‚ is a Lagrangian submanifold of T �BF .

This lemma elucidates the name liftable canonical transformation as they provide
examples of canonical transformation with “good” lifts to T �.X �‚ X/ as the asso-
ciated Lagrangian meets the diagonal only in the front face BF .

Given p 2 C1.‚T �X/, we define its ‚-Hamiltonian vector field by the relation
‚!.�;‚Hp/ D dp. In local coordinates in which ‚! is given by (3.3), ‚Hp is given
by

‚Hp D �
@p

@�
@� �

�
�
@p

@�
C wj

@p

@wj
C 2t

@p

@t

�
@�

C

2nX
jD1

�
�
@p

@uj

�
@wj �

�
�
@p

@wj
� uj

@p

@�

�
@uj C �

2 @p

@t
@z

�

�
�2
@p

@z
� 2t

@p

@�

�
@t :

Observe that this vector field has the special property that the projection of the vector
field to the base vanishes when restricted to @X .

Because our focus is the wave equation, we are most interested in the Hamiltonian
associated to our ACH metric. Since our metric satisfies

gACH D
d�2 C h‚.w; z; dw; dz/C �Q.�;w; z; dw; dz/

�2
;
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we can conclude its dual metric on T �X has the form

G D .��/2 C �2h‚.w; z; �H ; �V /C �
3Q.�;w; z; �H ; �V /

or, in the coordinates .�; w; z; �; u; t/ on ‚T �X , our dual metric is given by

G D �2 C h‚.w; z; u; t/C �Q.�;w; z; u; t/: (3.8)

This function on ‚T �X will be the Hamiltonian of interest in our study of the wave
equation.

Lemma 3.3 (‚-canonical flowouts). LetG 2 C1.‚T �X/ be the dual metric associ-
ated to the metric gACH and let ‚HG be its‚-Hamilton vector field. For all s > 0, the
canonical transformation �sW‚T �X ! ‚T �X , given as the flow-out of the Hamilto-
nian

�s.q/ WD exp.s‚HG/.q/

is a liftable canonical transformation. Thus, we have that the graph of �s defines a
smooth extendible Lagrangian submanifold of T �.X �‚ X/. Further, the intersection

ƒBF .s/ WD ƒs \ T
�.X �‚ X/jBF

is a smooth Lagrangian submanifold of T �BF given by

exp.sHG‚/.T
�BF jD‚\BF / D ƒBF .s/;

where G‚ D zGjBF , the restriction to the front face of the lift of G to T �.X �‚ X/.

Proof. Since the flow-out of a Hamilton vector field is always a canonical transfor-
mation, the first claim follows from the fact that only the projection onto the base
vanishes. Thus, we only to check the claim regarding ƒBF .s/. We can study the
graph of �s after viewing G 2 C1.‚T �X � ‚T �X/ as a function depending only
on the second copy of ‚T �X .

On this space, we can write our canonical 1-form in the coordinates

��1 .
‚˛/ � ��2 .

‚˛/ WD
�

�
d� �

�0

�0
d�0 C

u

�
dw �

u0

�0
dw0 C

t

�2
dz �

t 0

.�0/2
dz0I (3.9)

thus, we can write the Hamilton vector field of a function on this space with respect
to this 1-form, with the same formula as we calculated above. In this case, �s is the
flow-out of the diagonal in ‚T �X � ‚T �X along the vector field ‚HG . In these
coordinates, our length function is given by

G D .�0/2 C h‚.w
0; z0; u0; t 0/C �0Q.�0; w0; z0; u0; t 0/
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and we can consider local coordinates near the front face, projective with respect to
the left face,

V D
�0

�
; W D

w0 � w

�
; Z D

z0 � z

�2
;

with blow-down map

ˇWX �‚ X ! X �X;

.�;w; z; V;W;Z/ 7! .�; w; z; �0; w0; z0/ D .�; w; z; �V;w C �W; z C �2Z/:

The pullback of (3.9) by ˇ is

ad�C af dV C bdw C bf dW C cdz C cf dZ;

and in these coordinates we have that BF D ¹� D 0º and the interior lift of the diag-
onal D‚ is given by D‚ D ¹V D 1;W D Z D 0º. The lift of p to T �.X �‚ X/ is
given by

Qp D .af V /
2
C h0.w C �W; z C �

2Z;�Vbf ;�V
2cf /

C �VQ.�V;w C �W; z C �2Z;�Vbf ;�V
2cf /

D .af V /
2
C V 2h0.w C �W; z C �

2W; bf ; cf /

C �V 3Q.�V;w C �W; z C �2Z; bf ; cf /;

where the functions h0;Q are DH
� -homogeneous of order 2 in the fiber variables.

Now, we lift our symplectic form (3.4) to T �.X �‚ X/, and denote it by Q!; ‚HG
lifts to H zG . In the coordinates

Œ.�; w; z; V;W;Z/I .a; b; c; af ; bf ; cf /� 2 T
�.X �‚ X/;

our lifted Hamilton vector field has the form

H zG D
�@ zG
@a
@� �

@ zG

@�
@a

�
C

� @ zG
@af

@V �
@ zG

@V
@af

�
C

2nX
jD1

� @ zG
@bj

@wj �
@ zG

@wj
@bj

�
C

2nX
jD1

� @ zG
@b
j

f

@Wj �
@ zG

@W j
@.bf /j

�
C

�@ zG
@c
@z �

@ zG

@z
@c

�
C

� @ zG
@cf

@Z �
@ zG

@Z
@cf

�
D 2af V

2@V � 2V Œa
2
f C h‚�@af � V

2
X
j

Wj
@ zG

@wj
@a � V

2
X
j

@h‚

@wj
@bj

C V 2
X
j

@h‚

@b
j

f

@Wj C V
2 @h‚

@cf
@Z CO.�/;
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thus H Qp is smooth all the way down to BF D ¹� D 0º. Further, with respect to our
coordinate transformation on T �.X �‚ X/ induced by the blow-down map ˇ, we
have that the diagonal

¹� D �0; w D w0; z D z0; � D �0; u D u0; t D t 0º D .‚T �X/diag �
‚T �X � ‚T �X

lifts to

zD‚ D ¹V D 1;W D Z D a D b D c D 0º � T
�.X �‚ X/:

Thus, zD‚ transversely intersects T �.X �‚ X/jBF at ¹� D 0; V D 1;W D Z D a D
b D c D 0º. Finally, we see that H Qp projects down to T �BF as

2af V
2@V � 2V.a

2
f C h‚.w; z; bf ; cf //@af

C 2V 2
X
i;j

h
ij
‚.w; z/ � b

.j /

f

@

@b
.j /

f

C 2V 2h
0;0
‚ .w; z/ � cf

@

@cf

which is precisely the Hamilton vector field of a2
f
V 2 C V 2h‚.w; z; bf ; cf /.

Remark 3.4. Notice that, because

zGjBF D V
2.a2f C h‚.w; z; bf ; cf //µ G‚;

the projection of the Hamilton vector field of G to T �BF is precisely the Hamilton
vector field of the restriction ofG to BF , with respect to the induced symplectic form
on T �BF .

In other words, for the Hamiltonian given by our length functional (3.8), we have
that, for all s > 0, the twisted graph of exp.s‚HG/W ‚T �X ! ‚T �X defines a
Lagrangian submanifold ƒ.s/ � T �.X �‚ X/. Further, this Lagrangian intersects
the boundary only over BF , and it does so transversely. The transversal intersection
is itself a Lagrangian flow-out

ƒF .s/´ exp.sHG‚/.T
�BF jD‚\BF / � T

�BF ;

which is the flow-out by the Hamilton vector field of G‚ D �2.NBF .�//, the princi-
pal symbol of the normal operator at the front face.

3.2. ‚-FIOs and the wave kernel

Here, we construct the calculus of operators that our wave group cos.t
p
� � n2=4/

will lie in. These shall be restricted to the subclass of Lagrangian distributions whose
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support does not meet the left or right faces, ˇ�.@X � X/ and ˇ�.X � @X/, respec-
tively. Due to the finite speed of propagation, initial data U.t; p; p0/ supported in the
interior of BF which evolves according to the wave equation8<:

�
D2
t C�g �

n2

4

�
U.t; p; p0/ D 0

U.0; p; p0/ D ı.p; p0/; @tU.0; p; p
0/ D 0;

remain supported away from the left and right faces, BL;BR. In particular, when
considering our calculus of FIOs, we can ignore the complement of the front face in
the corner, and restrict ourselves to Lagrangians which meet the boundary only at BF .

Since the canonical relation C of the wave group will be a Lagrangian in T �R �
T �.X �‚ X/, we mildly extend our class of Lagrangians from the last section. The
canonical 1-form on T �R � ‚T �X � ‚T �X is given by

˛ D td� C
�

�
d� �

�0

�0
d�0 C

u

�
dw �

u0

�0
dw0 C

s

�2
dz �

s0

.�0/2
dz0:

With this 1-form, we can define a canonical relation

C D ¹.t; �; �1; �2/ j � C
p
G.�1; �1/ D 0; �2 D exp.t‚HG/.�1/º

� T �R � ‚T �X � ‚T �X;

and this canonical relation in turn defines a Lagrangian of T �R� T �.X �‚ X/ given
by

ƒC D ¹.t; �; �1; �2/ j � C

q
zG.�1; �2/ D 0; .�1; �2/ 2 ƒtº � T

�R � T �.X �‚ X/;

whereƒt is an extendible Lagrangian associated to the graph of the liftable canonical
transformation

�t ´ exp.t‚HG/.q/W‚T �X ! ‚T �X;

and zG is the lift of G from the second copy of ‚T �X . In particular, this Lagrangian
intersects the boundary only over the front face BF , and

ƒ‚C D ¹.t; �;
N�1; N�2/ j � C

q
G‚. N�1; N�2/ D 0; . N�1; N�2/ 2 ƒBF .t/º � T

�R � T �BF ;

where G‚ is the restriction of zG to BF .
Now, finally, we can give the definition of a ‚-FIO. Given a (liftable) canonical

transformation �W‚T �X ! ‚T �X , we know by Lemma 3.2, that its graph induces
an (extendible) Lagrangian ƒ� inside of T �.X �‚ X/. It is only with respect to such
Lagrangians that we shall define ‚-FIOs, namely as those operators whose Schwartz
kernels are conormal to Lagrangians obtained in this manner. More precisely, given a
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liftable canonical transformation �W‚T �X ! ‚T �X , we define our ‚-Fourier inte-
gral operators associated to � to be the linear operators LW E 0.X/! D 0.X/ whose
Schwartz kernels lie in the space of distributions

I
m;s
‚ .X I�;‚�1=2/´ ¹�sFKL jKL 2 I

m.X �‚ X Iƒ�;
‚�1=2/; �sFKL vanishes

in a neighborhood of @.X �‚ X/ nBF º;

where ƒ� is the extendible Lagrangian submanifold of T �.X �‚ X/ associated to
� by Lemma 3.2. Similarly, for the canonical relation C defined above, we say that
‚-Fourier integral operators associated toC are the linear operatorsBWE 0.R�X/!
D 0.X/ whose Schwartz kernels lie in the space of distributions

I
m;s
‚ .R �X;X IC;‚�1=2/

´ ¹�sFKB jKB 2 I
m.R �X �‚ X IƒC ;

‚�1=2/; �sFKB vanishes

in a neighborhood of @.R �X �‚ X/ n .R �BF /º:

In both cases, such operators are those whose Schwartz kernels are Lagrangian dis-
tributions with respect to ƒ� (ƒC resp.) and vanish to order s at the front face BF .
Such operators carry two different principal symbol mappings: one is the usual sym-
bol of a Lagrangian distribution, in the interior; the second operator is obtained by the
principal symbol of the normal operator KLjBF (resp. KB jR�BF ) associated to the
Lagrangian in T �BF (resp. T �R � T �BF ).

This second symbol is again the symbol of a Lagrangian distribution from the fact
that our Lagrangianƒ� (resp.ƒC ) has transversal intersection with T �.X �‚ X/jBF
(resp. T �R� T �.X �‚X/jBF ), thus the restriction of Lagrangian distribution to BF

is again a Lagrangian distribution with respect to ƒ� (resp. ƒC ).
We now take a moment again to highlight the normal operator. If KA 2 I

m;s
‚ ,

then Np.A/ D .��sF KA/jBF , and Np.A/ is a Lagrangian distribution with respect
to ƒ� (resp. ƒC ). Further, the normal operator satifies an analogue of the short exact
sequence for principal symbols of operators.

Proposition 3.5. The normal operator participates in a short exact sequence

0! I
m;1
‚ .R �X;X IC;‚�1=2/ ,! I

m;0
‚ .R �X;X IC;‚�1=2/

Np.�/
����! Im.R �BF Iƒ

‚
C ; �

1=2/! 0

such that for any ‚-differential operator P 2 Diffm‚.X/ and any ‚-Fourier integral
operator B 2 Im;s‚ .R �X;X IC;‚�1=2/ we have

Np..D
2
t � P / ı B/ D .D

2
t �Np.P // �Np.B/:
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Proof. This is an analogue of [26, Proposition 5.19] and [23, Proposition 3.1].
The injectivity portion of the statement of exactness is immediate from the defini-

tion, since we have thatN Op.�/ is C1 in Op 2 @X and defines an operator on C1.BF Op /

for each Op fixed. In particular, since the kernels of these operators are smooth up to
the front face, it makes sense to consider their Taylor series on BF Op . The surjectivity
of N Op.�/ thus arises from a version of Borel’s lemma for the Taylor series of N Op.�/
in local coordinates for BF Op .

To prove the composition formula, we can use the structure of the Normal operator
at BF , and the fact that we are not blowing up in the t variable, so it commutes with
the normal operator.

We observe first that such a P 2 Diffm‚.X/ can be written with respect to our
frame ¹�@�; �Vwi ; �

2@zº for ‚TM :

P D
X

jCj˛jCk�m

aj˛k.�; w; z/.�@�/
j .�Vw/

˛.�2@z/
k

H) N Op.P / D
X

jCj˛jCk�m

aj˛k.0; w; z/.�@�/
j .�Vw/

˛.�2@z/
k :

As usual, we choose to identify this as acting on 1=2-densities: if we choose coordi-
nates .�;w; z/, these induce a trivialization of the square root of the‚-density bundle
�
1=2
‚ D �1=2


 D .�/�.2nC3/jd� dw dzj1=2

and P acts on f 2 C1.X I�
1=2
‚ / by Pf D P.f 
�1/
 . Of course, this is simply for

‚-differential operators. More generally, ‚-FIOs will act on 1=2-densities via their
normal operator: N Op.A/ D .��sF KA/jBF Op

,

.Bf /.�; w; z/ � 


D

Z
BFp

KB.0; w; zIV;W;Z/f
� �
V
;w �

�

V
W; z �

� �
V

�2
Z
�dVdWdZ

V
� 
:

In particular, this implies that the normal operator of P ı B satisfies

N Op.P ı B/

D

� X
jCj˛jCk�m

aj˛k.0; w; z/.�@�/
j .�Vw/

˛.�2@z/
k
ı .KB.0; w; zIV;W;Z//

�
� 
:

Having proven this lemma, we arrive at a short time parametrix for the wave
group.
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Proposition 3.6. For each t 2 R, for the canonical relation

C D ¹Œ.t; �/; .�; w; zI�; u; s/; .�0; w0; z0I�0; u0; s0/� W

� C
p
G.�;w; zI�; u; s/ D 0;

.�0; w0; z0I�0; u0; s0/ D exp.t‚HG/.�; w; zI�; u; s/º

the wave group U.t/ is ‚-Fourier integral operator of the class

U.t/ D cos.t
p
�g � n2=4/ 2 I

�1=4;0
‚ .R �X;X IC;‚�1=2/:

Proof. Given the normal sequence, the argument reduces to a purely local one: using
Proposition 3.5, and the fact that

N Op.Id/ D ı.V � 1/ı.W /ı.Z/
 D ı.0p/
;

we can take as ansatz U0.t; Op/ D N Op.U.t// the wave group in this fiber BF Op :8<:
�
D2
t CN Op.�g/ �

n2

4

�
U0.t; Op/ D 0;

U.0; Op/ D ı.0 Op/; @tU.0; Op/ D 0I

here 0 Op 2BF Op ' X Op corresponds to the identity element in the group. Note also that
the specific form of the model Laplacian

N Op.�g/ D �
1

4
.�@�/

2
C
nC 1

2
�@� C �

2�H . Op/ � �
4Z2. Op/

means we can also construct the model wave group, and study its asymptotics via
analyzing those of the wave group in HnC1

C .
Since 0 Op 2 Int.BF Op /, it does not meet the corners of BF Op . Similarly, ƒC does

not meet the corners in finite time, so we can follow the argument of Duistermaat and
Guillemin [7, Proposition 1.1] to conclude U0.t/ 2 I�1=4.R �BF Iƒ

‚
C ; �/.

Now, we iterate. Choose a u0 2 I
�1=4;0
‚ .X �R;X IC;‚�1=2/ such thatN Op.u0/D

U0.t/. Then,

ˇ�L.D
2
t C�g � n

2=4/.U.t/ � u0/ D r0 2 I
�1=4;1
‚ .X �R; X IC;‚�1=2/

and ��1r0 2 I�1=4;0, where � is a defining function for the left face. (This is well
defined, since r0 is supported away from the left face, as u0 was, and the wave operator
preserves this support due to the condition on wave front of U0, via [21, Theo-
rem 2.5.15].) Now, we solve the inhomogeneous wave equation to find a u1 2 I

�1=4;0
‚

solving 8<:
�
D2
t CN Op.�g/ �

n2

4

�
N Op.u1/ D N Op.�

�1r0/;

N Op.u1/jtD0 D N Op.�
�1r0/; @tN Op.u1/jtD0 D @tN Op.�

�1r0/jtD0;
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as before, we obtain such a u1. We now have

ˇ�L

�
D2
t C�g �

n2

4

�
.U.t/ � u0 � �u1/ D r1 2 I

�1=4;�2
‚ :

Proceeding iteratively, we obtain U1 �
P
j�0 �

juj such that ˇ�L.D
2
t C �g �

n2=4/U1 vanishes to infinite order at BF . The error term also has infinite order van-
ishing at BF in the Cauchy data from the construction. Finally, after extending this
error term to be identically zero across the front face, we can use Hörmander’s trans-
verse intersection calculus to remove this error term (see e.g., [21, Theorem 2.5.15]).

Unfortunately, this is a short time parametrix, as this construction is only valid
for finite t . If we allow t !1, our Lagrangian flow-out ƒ.t/ will meet the corners
of BF , which would require a more sophisticated composition formula.

4. Wave trace asymptotics

Now that we know the wave group is a ‚-Fourier integral operator, we can ask
whether its trace can be studied, as in the case of the wave trace on a compact man-
ifold without boundary. This presents some technical difficulties, since the operator
cos.t

p
�g � .nC 1/2=4/ is not trace class, so we need to introduce a regularization

of its trace.
Heuristically, our goal is to study the trace,

TrU.t/ D
Z
xXdiag

U.t; x; x/ dVolg D …���diagU (4.1)

using appropriate maps �diag and … to define this integral via pullback and pushfor-
ward. An analysis of the wavefront sets of these maps will permit an analysis of their
associated operators, and prove that the resulting object is a well-defined distribution
on R, with wavefront set to be determined.

First, notice that for all p; p0 62 @ xX , the restriction of U.t; p; p0/ to the diagonal
xXdiag is well defined. To see this, we proceed as in [7, Section 1] by introducing the

map
�diagWR � xXdiag ! R � xX � xX; .t; p/ 7! .t; p; p/

of the inclusion of the diagonal. The pullback along this map is a Fourier integral
operator of order .nC 1/=2, defined by the canonical relation

WF0.��diag/ D ¹...t; �/; .p; � C �
0//; ..t; �/; .p; �/; .p; �0///º

D N �¹�diag.t; p/ D .t; p; p
0/º:
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Now, using the fact that WF.U /DC (as defined in Proposition 3.6), assuming p;p0 62
@ xX , then, whenever ..t; �/; .p; �/; .p; �0// 2 WF0.U /, we have � ¤ 0; thus, we get
WF.U / \N�diag D ; at such points where

N�diag D ¹.�.t; p/; �; �; �
0/ 2 T �.R � xX � xX/ W D�|diag.�; �; �

0/ D 0º

is the set of normals of the map. Thus, we can apply [21, Theorem 2.5.110] to conclude
that ��diagU is a well-defined distribution on R � . xX n @ xX/ with wavefront set

WF0.��diagU/D ¹..t; �/; .p; � � �
0// W � C

p
G.p; �/D 0; .p; �/D exp.t‚HG/.p; �0/º:

Duistermaat and Guillemin next study the wavefront set of the projection…WR� xX!
R. In our case, we now introduce the regularization procedure. For " > 0, define
xX" D ¹� > "º for our bdf �. Consider the cutoff projection

…"WR � xX" ! R; .t; p/ 7! t;

for which integration over the range p is equal to the pushforward along …" (the
transpose of the operator …�). This map thus defines a Fourier integral operator of
order 1=2 � .nC 1/=2 given by the canonical relation

WF0.…�/ D ¹..t; �/; ..t; �/; .x; 0///º:

Again, applying Hörmander’s theorem [21, Theorem 2.5.110], we can conclude that
the cutoff wave trace

T".t/ D

Z
�>"

U.t; p; p/ D .…"/�.�
�
diagU.t//

is a well-defined distribution on R satisfying

WF.T".t// D ¹.t; �/ W � < 0 and

.p; �/ D exp.t‚HG/.p; �0/ for some .p; �/; �.p/ > "º:

We obtain, as a corollary, the following result.

Corollary 4.1. For " > 0, the singular support of T" 2 D 0.R/ is contained in the set
of periods of closed geodesics in xX". Moreover, there exists "0 > 0 such that all closed
geodesics of .X; g/ with period greater than zero are contained in xX"0 .

In particular, for all " < "0, the singular support of T" is contained in the set of
period of closed geodesics of X .

Proof. Only the claim regarding closed geodesics remaining in xX"0 remains to be
proven. This is a statement about strict convexity of the geodesic flow in a neighbor-
hood of infinity (see e.g., [23, Proposition 4.1] or [6, Lemma 4.1]). We show that if "
is sufficiently small, any geodesic 
 which intersects ¹� < "º cannot be closed.
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Next, we introduce coordinates .�; w; z/ with corresponding dual coordinates
.�; �H ; �V /, such that � is a boundary defining function for @ xX . In these coordinates,
we write the metric in a collar neighborhood of the boundary as

g D
4d�2 C Qg�

�2
; Qg� D hH C �

�2�2

and we write
G�.�; �/ D hH.�H ; �H /C �

2�2.�V ; �V /

for the bilinear form on T �X induced by the dual metric of Qg�. In these coordinates,
the geodesic Hamiltonian is given by

j�j2g D �
2
C xG.�;�/ D �2 C hH.�H ; �H /C �

2.�V ; �V /

where � D ��; �H D ��H ; �V D �2�V , and xG D �2G�. The Hamilton vector field
of this function is given by

H
j� j2g
D @� j�j

2@� � @�j�j
2@� C .@�H j�j

2/ � Y � .Y j�j2/ � @�H

C .@�V j�j
2/@z � .@zj�j

2/@�V ;

where ¹Yj º2njD1 is a local hH-orthonormal frame dual to ¹d�jH º
2n
jD1. Computing the

change in these vector fields with respect to the change of coordinates

.�; w; z; �; �H ; �V / 7! .�; w; z; �; �H ; �V /

gives
@� D �@� ; @�H D �@�H ; @�V D �

2@�V ;

@� D @� C �
�1�@� C �

�1.�H � @�H C 2�V @�V /; Y D Y; @z D @z :

Thus, the Hamilton vector field can be re-expressed as

Hj� j2 D .�@� j�j
2/.@� C �

�1RCC/ � .�@� CRCC/.j�j
2/@�

C �Œ.@�H j�j
2/ � Y � .Y j�j2/ � @�H �

C �2Œ.@�V j�j
2/@z � .@zj�j

2/@�V �

where we have defined RCC D �H � @�H C 2�V @�V , the infinitesimal generator of
the Heisenberg dilation action on T �@ xX . Using the facts that

@� j�j
2
D 2�; RCCj�j

2
D 2 xG.�;�/;

and writing the vector fieldH Qg� D Œ.@�H j�j
2/ �Y � .Y j�j2/ � @�H �C �Œ.@�V j�j

2/@z �

.@zj�j
2/@�V �, we can re-express this formula as

Hj� j2 D 2��@� C 2�RCC � .2 xG.�;�/C �@� xG/@� C � �H Qg� :
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Thus, along integral curves of the vector field Hj� j2 we have P� D 2��; P� D �.2 xG C
�@� xG/. Thus, at a critical point of � along the flow which is an interior point ofX , we
have

P� D 0 H) � D 0;

hence, at such points, we have

R� D 0C 2 P�� D �2�.2 xG C �@� xG/ D �4� xG � 2�
2@� xG:

Now, we use the fact that xGj�D0 is positive definite, thus for sufficiently small �
this quantity is negative. Thus, we have shown that for all geodesic curves 
 which
intersect ¹� � "º satisfy

P� ı 
 D 0 H) R� ı 
 < 0:

Now, assume, for the sake of contradiction, that 
 is closed. Then, there exists ı 2
.0; "/ such that 
 intersects ¹� D ıº in at least two points. Therefore, there exists a
s0 with � ı 
.s0/ > 0 where � ı 
 has a minimum. However, at such a minimum we
have P� ı 
.s0/ D 0 and R� ı 
.s0/ > 0, contradicting our convexity statement.

Using this corollary, we can now begin an analysis of the renormalized wave trace.
We denote by uj 2 I

�1=4;j
‚ .R � X;X IC;‚�1=2/ the operators defined in the proof

of Proposition 3.6. The same arguments used above can be used to show that the
distribution

Ij .t; "/ D

Z
�>"

�juj .t; p; p/

is well defined, with singular support satisfying the conclusions of corollary 4.1. Since
BF andƒC intersect transversally, only the density factor implicit in this operator can
obstruct the convergence of Ij .t; "/ as "! 0. Since this density, a trivialization of the
‚�1=2-bundle, diverges at the rate ��.2nC3/ at @ xX , the integrals Ij .t; "/ converges
for any j � 2nC 3. Applying Taylor’s theorem to uj .t; p; p/ as �! 0, we see that
there exists constants Cj such that the limit

R TrU.t/ D lim
"!0

� Z
¹�>"º

U.t; p; p/ �

�1X
jD�2n�2

Cj "
j
� C0 log

�1
"

��
exists. We call this integral the renormalized wave trace. By the construction of the
wave trace [7], these coefficients C" arise as integrals over ¹� > "º of universal poly-
nomials in the metric, curvature, and covariant derivative of the metric and curvature
(see also [11]). Thus, these specific constants are obtained from the particular choice
of metric for this ACH manifold. See also [11]. From Corollary 4.1, we immediately
obtain the following result.
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Proposition 4.2. The singular support of R TrU.t/ is contained in the set of periods
of closed geodesics of .X; g/.

Finally, we can begin our analysis of the renormalized wave trace as t ! 0 (in fact
its inverse Fourier transform). First, we choose a cutoff function � 2 C1c .R/, with the
appropriate support to study the transform of the cutoff wave trace. If we denote the
first non-zero period of a closed geodesic on .X; g/ as t0, then we choose � such that
�.t/ D 1 for jt j > t0=2 and �.t/ � 0 for jt j > 2t0=3.

Now, using the arguments of [20] (which are purely local, applying to any para-
compact manifold), or alternatively the proof of [7, Proposition 2.1], we immediately
obtain the following.

Proposition 4.3. There exist coefficients ¹wkºk2N0 � R such that the cutoff wave
trace T".t/ satisfiesZ

R

T".t/�.t/e
it�dt �

1

.2�/2nC2

1X
kD0

wk�
2nC2�2k;

as �! 0 and rapidly decaying as �! �1. The leading term of this expansion is
!0 D Volg. xX"/

Given this result for the asymtotics of the cutoff wave trace T".t/, we can then
conclude similarly for the full wave trace (4.1) that the following statement holds
true.

Theorem 4.4. There exist coefficients ¹!kºk2N0 �R such that the renormalized trace
R TrU.t/ satisfiesZ

R

R TrU.t/�.t/eit�dt �
1

.2�/2nC2

1X
kD0

!k�
2nC2�2k;

as �! 0 and rapidly decaying as �! �1. The leading term, !0 D R Volg.X/, is
called the renormalized volume, and can be computed as

R Volg.X/ D lim
"!0

� Z
¹�>"º

d Volg �
�1X

jD�2n�2

dj "
j
� d0 log

�1
"

��
;

where the dj are the unique real numbers such that this limit exists.
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