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The H *°-functional calculus for bisectorial Clifford operators

Francesco Mantovani and Peter Schlosser

Abstract. The aim of this article is to introduce the H °°-functional calculus for unboun-
ded bisectorial operators in a Clifford module over the algebra R,,. This work is based on
the universality property of the S-functional calculus, which shows its applicability to fully
Clifford operators. While recent studies have focused on bounded operators or unbounded
paravector operators, we now investigate unbounded fully Clifford operators and define poly-
nomially growing functions of them. We first generate the w-functional calculus for functions
that exhibit an appropriate decay at zero and at infinity. We then extend to functions with a
finite value at zero and at infinity. Finally, using a subsequent regularization procedure, we can
define the H °°- functional calculus for the class of regularizable functions, which in particular
include functions with polynomial growth at infinity and, if 7" is injective, also functions with
polynomial growth at zero.

1. Introduction

In complex Banach spaces, the H ®°-functional calculus is an extension of the Riesz—
Dunford functional calculus [29], also called holomorphic functional calculus,

F) =5 [ (2 - T)" f2)dz, (L)
U

to functions which do not decay fast enough for the integral (1.1) to converge.
The idea of the corresponding regularization procedure has been introduced by
A. Mclntosh in [42] and further explored in various studies as [5-7,30]. It is extens-
ively used in the investigation of evolution equations, particularly in maximal regu-
larity and fractional powers of differential operators. Additionally, there exists a close
relation to Kato’s square root problem and pseudo-differential operators. For a com-
prehensive exposition of this calculus, see the books [35, 37, 38] and the references
therein.
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For quaternionic and Clifford-paravector operators on the other hand, the
H°-functional calculus has already been considered in works such as [2, 13], with
additional discussions in [32, 33]. These operators are relevant in various scientific
and technological contexts.

A significant motivation for our investigation is to extend this functional calculus
on the one hand to unbounded fully Clifford operators, as suggested in [17], and on
the other hand to bisectorial operators in order to allow spectrum also on the negative
real axis. One particular application is the gradient operator, considered as a scalar
Clifford operator. While the quaternionic case corresponds to the three-dimensional

problem
ad 0 ad
V=it j— 4k,
Yax Ty TRG:

the Clifford case allows the generalization to n dimensions

0
v:ela_xl-i_“.-i_e"axn'

See also [19], where this gradient operator is investigated with different boundary con-
ditions on bounded and unbounded domains. Also, the spectral theorem has recently
been extended from quaternionic operators in [1] to fully Clifford operators in [18].

The H °°-functional calculi also have a broader context in the recently introduced
fine structures on the S-spectrum. These are function spaces of nonholomorphic func-
tions derived from the Fueter—Sce extension theorem, which connects slice hyperholo-
morphic and axially monogenic functions, the two main notions of holomorphicity in
the Clifford setting. The connection is established through powers of the Laplace oper-
ator in a higher dimension, see [31,43,45] and also the translation [23]. These function
spaces and the related functional calculi are introduced and studied in the recent
works [11,12,25,26] and the respective H *°-version are investigated in [20,27].

Unlike complex holomorphic function theory, the noncommutative setting of the
Clifford algebra allows multiple notions of hyperholomorphicity for vector fields.
Consequently, different spectral theories emerge, each based on the concept of spec-
trum that relies on distinct Cauchy kernels. The spectral theory based on the S-spec-
trum was inspired by quaternionic quantum mechanics (see [9]), is associated with
slice hyperholomorphicity, and began its development in 2006. A comprehensive
introduction can be found in [16], with further explorations done in [3,4,22]. Applic-
ations on fractional powers of operators are investigated in [13—15] and some results
from classical interpolation theory, see [8, 10, 41, 46], have been recently extended
into this setting [24]. In order to fully appreciate the spectral theory on the S-spec-
trum, we recall that it applies to sets of noncommuting operators, for example with the
identification (71, ..., Ton) <> T = )4 Tyey, it can be seen as a theory for several
operators.
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At this point, we also want to mention the spectral theory on the monogenic spec-
trum initiated in [40]. It is based on monogenic functions (functions in the kernel of
the Dirac operator) and their associated Cauchy formula (see [28]). This theory is well
developed in the books [39,44], where the H °°-functional calculus in the monogenic
setting is extensively considered.

The major difference between classical complex spectral theory and spectral the-
ory on the S-spectrum is that, for bounded linear operators 7:V — V acting in a
Clifford module V, the series expansion of the resolvent operator is expressed as

o0
DT = (T2 =2s50T +IsP)TIG=T). IsI> T (12)
n=0

where s = 59 + s1e1 + -+ + Spe, is a paravector. It is important to point out that the
sum of the series (1.2) is independent of the fact that the operators T4y in 7 =), Tyeq
commute among themselves. The reason why the value of the series (1.2) does not
simplify to the classical resolvent operator (s — T)~!, is due to the noncommut-
ativity sT # T's. The explicit value of the sum (1.2) now motivates that, even for
unbounded 7', the spectrum has to be associated with the invertibility of the operator
T? —2soT + |s|. This leads us to the definition of the S-spectrum o5 (7T’) and the
S-resolvent set ps(7') in Definition 2.7, see [16, 22] for the original definition. For
every s € ps(T), we then define the left S-resolvent operator

S;(s, T) := (T? —2s0T + |s|*) 715 — T(T* — 250T + |s|>) 7",

where, compared to (1.2), the operator 7 is shifted to the left of (T2 — 2597 + |s|?)~!
in order for §; (s, T) to be everywhere defined. As a generalization of (1.1), for
bounded linear Clifford operators 7" and for left slice hyperholomorphic functions f,
the S-functional calculus is then defined as

f(T) = % /S;l(s,T)ds,f(s). (1.3)

aUNCy

Here, J € S is an arbitrary imaginary unit from (2.2) and U is an open set such that
it contains the S-spectrum of 7 and f is holomorphic in a neighbourhood of U.
Moreover, the path integral is understood in the sense (2.5). A similar definition holds
for right slice hyperholomorphic functions, involving the right S-resolvent operator

Sgl(s,T) = G —T)(T? —250T + |s[*)~".

Although all the results of the Sections 3 and 4 can be extended to right slice hyperho-
lomorphic functions, it is still unclear how to generalise the H °°-functional calculus
in Section 5 to right slice hyperholomorphic functions, see also Remark 5.4. For this
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reason, we avoid considering right slice hyperholomorphic functions in this article at
all, to make the presentation of the results clearer.

The aim of this article is now to develop a functional calculus for unbounded
bisectorial operators of angle w, see Definition 2.11, based on the integral formula
(1.3). Roughly speaking, these are closed operators for which the S-spectrum is con-
tained in the double sector of angle w and where the S-resolvent operator behaves
as [|S; (s, T)|| < 1/]s| at zero and at infinity. This extension is a delicate issue and
requires a three step procedure.

In Section 3, a version of the S-functional calculus (1.3), the so called w-func-
tional calculus, is used to generate f(7') for functions that suitably decay at zero and
at infinity, i.e., all left slice hyperholomorphic functions in a double sector Dy for
which

i d
[ 1ae % <o,
0

forevery J € S and every angle ¢ € (—6,60) U (x — 6, w + 6). Although the original
operator 7 is unbounded, the decay of the function f is responsible for the result-
ing operator f(T) in Definition 3.5 again being everywhere defined and bounded.
Moreover, in Theorem 3.11, the important product rule is proven, i.e., that for a left
hyperholomorphic function f and an intrinsic function g, we have

(&/NNT) = g(T) f(T).

An essential result, which makes this functional calculus a good choice, is that if we
apply polynomials p (or rational functions p/q), we get the expected result. More
precisely, Corollary 3.14, Proposition 3.15 and Theorem 3.16 prove that

(pog)T) = plg(T)],
(pf)NT) = p[T]f(T),

() = plTlalr) .

where the square brackets p[7T'] is understood as formally replacing the variable s in
the polynomial p(s) by the operator 7', see also Definition 3.12. In the final part of
this section, in Theorem 3.17 and Corollary 3.18, the problem of the commutation of
g(T) with other operators is investigated.

In Section 4, the w-functional calculus is extended to functions which admit finite
limits at zero and at infinity, i.e., to functions of the form

F(5) = foo+ (L4357 (fo = foo) + f(5).
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where fo, foo € R, and f is a function which satisfies the assumptions of the w-func-
tional calculus in Section 3. The extended w-functional calculus is then defined as the
bounded operator

F(T) = foo + L+ T2 (fo — foo) + £(T).

All the above-mentioned results of the w-functional calculus in Section 3 are, in an
adequate way, also proven for this extended functional calculus. Moreover, the very
important spectral mapping theorem, Theorem 4.15, gives a close connection between
0s(g(T)) and g(os(T)). While for bounded operators T € B(V), this connection is
simply os(g(T)) = g(os(T)), see [16, Theorem 4.2.1], the limit points of g at 0 and
at oo do not fit into this elegant equality in the case of bisectorial operators.

In Section 5, the extended w-functional calculus is finally generalised to the
H *°-functional calculus of regularizable functions. These are all left slice hyperholo-
morphic functions f, for which there exists an intrinsic function e which decays fast
enough at 0 and at oo, such that for e and for ef, the extended w-functional calculus
of Definition 4.3 is applicable. Moreover, e(T) is assumed to be injective. For those
functions, the H °°-functional calculus is defined as

F(T) = e(T)" ef )(T),

and clearly gives an unbounded operator because e(7)~! is not everywhere defined.
In particular, functions which are polynomially growing at infinity are regularizable,
and if T is injective also polynomial growth at zero is allowed, see Proposition 5.2.
Also, here the basic properties like product rule in Theorem 5.7, the connection to the
polynomial functional calculus in Corollary 5.8, Theorem 5.9, and Proposition 5.10,
as well as the commutation relations in Corollary 5.11 are proven for the H *°-func-
tional calculus. Note that many identities which hold with equality for the w- and the
extended functional calculus, are only operator inclusions for the H °°-functional cal-
culus. This is due to the fact that f(7T") is unbounded here, and the operator domain
sometimes shrink under certain manipulations. A big missing part is the extension
of the spectral mapping theorem to H °°-functional calculus, where it is not known
whether this is possible.

2. Preliminaries on Clifford algebras and Clifford modules

In this section we will fix the algebraic and functional analytic setting of this paper. In
Section 2.1 we introduce the notion of slice hyperholomorphic functions with values
in the Clifford algebra R,. This algebra will also be the foundation on which the
Banach modules and the S-spectrum will be build on in Section 2.2.
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2.1. Slice hyperholomorphic functions

Let R, be the real Clifford algebra over n imaginary units ey, ..., e,, which satisfy
the relations
e?=—1 and eje; =—eje;, i#jefl,...,n}

1

More precisely, R;, is given by

R, = {AXE;ASAeA ‘ s4 €R, A€ A},

using the index set

A={(1,....i;) | ref{0,....,n}, 1 <iy <---<i, <n},

and the basis vectors e4 := e;, ...e;,. Note that for A = @, the empty product of
imaginary units is the real number ey := 1. Furthermore, we define for every Clifford
number s € R, its conjugate and its absolute value by

5= Z(—l)‘AmAlH)/ZsAeA and [s|*:= ZSi. (2.1
AEA A€A

An important subset of the Clifford numbers are the so called paravectors
R" = {59 + s1€1 4+ -+ + Spen | 50.51,...,5, € R}.

For any paravector s € R”*!, we define Im(s) := sye; + - - - + spen, and the conjugate
and the modulus in (2.1) reduce to

5=s59—s1€1 —--—spe, and |s|? :sg +s% +---+s,21.
The sphere of purely imaginary paravectors with modulus 1 is defined by
S:={seR"! |5=0,|s] =1} (2.2)
Any element J € S satisfies J2 = —1 and hence the corresponding hyperplane
Cyj:={x+Jy|x,yeR}

is an isomorphic copy of the complex numbers. Moreover, for every s € R* ™1, we
consider the corresponding (n — 1)—sphere

[s] :={x0 + J|Im(s)| | J € S}.

A subset U C R"*1 is called axially symmetric if [s] C U for every s € U.
Next, we introduce the notion of slice hyperholomorphic functions f: U — R,,
defined on an axially symmetric open set U € R**1,
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Definition 2.1 (Slice hyperholomorphic functions). Let U C R”*! be open, axially
symmetric and consider

U:={(x,y)eR? | x+Sy CU).

A function f:U — Ry, is called left (resp. right) slice hyperholomorphic if there exist
continuously differentiable functions

Jo. fi: U = Ry,

such that for every (x, y) € U, the following statements hold true.

(i)  The function f admits for every J € S the representation
Sx+Jy) = folx.y) + Jfi(x,y) (2.3)

(resp. f(x +Jy) = fo(x.y) + fi(x, y)J).
(i) The functions fy and f; satisfy the compatibility conditions

fo(x,—y) = fo(x,y) and fi(x,—y)=—fi(x,y). (24

(iii) The functions fp and f; satisfy the Cauchy-Riemann equations

0 0 0 d
P Jo(x,y) = — fix,y) and — fo(x,y) = —= f1(x,y).
X dy dy ax

The class of left (resp. right) slice hyperholomorphic functions on U is denoted
by SH 1 (U) (resp. SH gr(U)). In the special case that f and f; are real valued, we
call f intrinsic and the space of intrinsic functions is denoted by N (U).

Remark 2.2. A slightly different definition of slice hyperholomorphic functions
(equivalent if U N R # 0), also referred to as slice monogenic functions, is presented
in [22], along with the Cauchy formula and its associated properties. From a histor-
ical perspective, the quaternionic function theory was originally developed for slice
monogenic functions. However, the definition used in this article is the one from [16]
and is inspired by the Fueter—Sce mapping theorem. It has in particular proven to be
very useful in relation to operator theory.

For slice hyperholomorphic functions, we now introduce path integrals. Since it
is sufficient to consider paths embedded in only one complex plane C j, the idea is to
reduce it to a classical complex path integral.

Definition 2.3. Let U € R”™! be open and axially symmetric and let g € SH gr(U),
fes8H(U).ForJ €S and a continuously differentiable curve y : (a,b) - U NCy,
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we define the integral

y' (1)
J

b
/ g(s)dss f(s) = / s e, @.5)

Y a

In the case that a, b are oo or y(a), v(b) lie on the boundary dU N C, the functions
g, f need to satisfy certain decay properties in order for the integral to exist.

Let us now consider for every s, p € R**! with s ¢ [p], the left and the right
Cauchy kernel

Sz, p) = 0s(p)TIG—p) and SR'(s,p):=G-p)Os(p),  (26)
with the polynomial function Qg(p) := p? — 2s0p + |s|2. Then, it turns out that
s S (s, p) is right slice hyperholomorphic in s and left slice hyperholomorphic
in p;
«  Sx!(s, p) is left slice hyperholomorphic is s and right slice hyperholomorphic
in p.
With these functions, we now recall from [16, Lemma 2.1.27 and Theorem 2.1.32]
the following version of the Cauchy integral formula in the Clifford algebra setting.

Theorem 2.4 (Cauchy integral formula). Let U € R"*! be open, axially symmetric
and f € SH(U), resp. f € SHRr(U). Then, for every p € U, we have

1
o) =5 [ SP'epdsif). .7
au’'nCy
resp.,
1
o) =5 [ f©dssS 6. @.7b)
au’'NCy

In these integrals, J € S is arbitrary and U’ is any subset with U’ € U and where
the boundary 0U' N C j consists of finitely many continuously differentiable curves.

2.2. Clifford modules

For a real Banach space Vg with norm | - ||g, we define the corresponding Clifford
module

V:z{ZvA(X)eA’vAGVR,AEA},
AeA
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and equip it with the norm

2. 2
1ol =" Jual. veV.
AeA

For any vector v =) 4., v4 ® e4 € V and Clifford number s = ) ., spep € Ry,
we establish the left and the right scalar multiplication

SV = Z(stA) ® (epeyq) (left-multiplication),
A,BeA

VS = Z(UASB) ® (eqep) (right-multiplication).
A,BeA

From [19, Lemma 2.1], we recall the well-known properties of these products
Isv] < 2"2|s[llv]l and Jus|| < 2"/?|s|||v]| ifs € Ry, (2.8a)
lsv]l = [lvs|| = |s|l|v]| if s e R**1, (2.8b)
Let us now introduce operators between Clifford modules, starting with closed oper-
ators.

Definition 2.5 (Closed operators). Let V' be a Clifford module. A right-linear oper-
ator T : dom(7T) — V with right-linear domain dom(7") C V is called closed, if for
every sequence (v, )neN € dom(7') and any v, w € V, we have

if lim v, =vand lim Tv, = w, thenv € dom(7) and Tv = w.
n—>oo n—>oo

We will denote the set of closed right-linear operators by K (V).
For closed operators T € K (V') and Clifford numbers s € R,,, we define
(sT)(v) :=s(Tv), vedom(sT) :=dom(T), (2.9a)
(Ts)(v) :=T(sv), vedom(Ts):={veV |svedom(T)}. (2.9b)

Next we consider bounded operators, a particular subclass of closed operators.

Definition 2.6 (Bounded operators). Let V be a Clifford module. An everywhere-
defined right-linear operator B: V — V is called bounded if its operator norm

[ Bv]
— <00

IBIl :=
ovev V]l

is finite. We will denote the set of all bounded right-linear operators by B(V).
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Due to (2.8a) and (2.8b), the operator norms of the products (2.9a) and (2.9b),
satisfy

IsBIl < 2"2Is[[B] and ||Bs| <2"|s||B] ifs € Ry,
IsB|l = [|Bsll = Is|l| B ifs e R7L.

We recall the notion of operator inclusion: for T, S € K(V) we say T C § if and
only if
dom(T) € dom(S) and Tv = Sv, vedom(T). (2.10)

In complex Banach spaces, the spectrum is connected to the bounded invertibility of
the operator A — A. However, in the noncommutative Clifford setting it is due to the
explicit value of the series expansion (1.2), and the discussion afterwords, that it is
natural to connect the spectrum with the bounded invertibility of the operator

Qs[T]:=T?—2s50T + |s[>, with dom(Q,[T]) = dom(T?).

This suggests the following definition of the S-spectrum.

Definition 2.7 (S-spectrum). Forevery T' € K (V'), we define the S-resolvent set and
the S-spectrum by

ps(T) :={s e R" | Qy[T]™" € B(V)} and os(T):=R"\ ps(T).

Motivated by (2.6), we define, for every s € ps(T), the left and the right S-resolvent
operator

S7Ns, T) := Qs[TI7 'S — TQs[T]™" and SR'(s,T):= G —T)Qs[T]™".
(2.11)

In the same way as in the quaternionic setting, one proves also here that pg(7)
is axially symmetric open, and os(7) is axially symmetric closed, see [15, The-
orem 3.1.6].

Remark 2.8. Note that, although 7 is a closed operator, this in general does not imply
that Q4[T] is closed as well. However, for every s € ps(T), we have Q4[T]™! e
B(V), which implies that Q4[T]~! and consequently Q[T] is closed. This means
that all s € R"*! for which Q[T] is not closed, are necessarily contained in og (7).

Remark 2.9. In (2.6), itis clear that Q5(p) ™! p = pQs(p)~!. However, if we replace
p — T, the operators Qs[T]™'T and TQ4[T]~! are no longer the same, since the left-
hand side is defined on dom(7") and the right-hand side on all of V. Hence, in order to
have SL_1 (s, T) everywhere defined, we interchange Q(p)~! and p in (2.6) before
we replace p — T.
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Remark 2.10. The main differences between classical spectral theory and the .S -spec-
trum in terms of holomorphicity is that the mapping ps(T) 3 s — Og[T]! is not
slice hyperholomorphic in the sense of Definition 2.1. This operator Q[T] is only
used for the definition of the S-spectrum. The S-resolvent operators SL_1 (s, T) and
SEI (s, T) in (2.11) are then the ones which are holomorphic and can be used for the
S -functional calculus, see (1.3).

The advantage of the bounded §-functional calculus (1.3) is that the integration
path U N C is compact and there are no problems regarding the convergence of the
integral. However, for unbounded operators 7" € K (1), the respective S-spectrum
is potentially unbounded as well. So, integration paths which surround os(7") are
not compact any more, and we have to ensure the convergence of the integral by a
certain decay of the integrand. As a result, this cannot be done for any unbounded
operator, but requires additional assumptions, on the one hand, on the location of the
spectrum (to allow certain integration paths), but also on the decay of the resolvent
operator (to make the integral converge). In this article, we will focus on the class
of bisectorial operators, which will be defined below. For every w € (0, 7/2), we
consider the double sector

Dy = {s € R"T1\ {0} | Arg(s) € I}, (2.12)
using the union of intervals
Iy = (—w,0)U (1T —w, 7 + w).

Here, Arg(s) is the usual argument of s treated as a complex number in Cj. (See

B | gl

Figure 1. Double sector D, from equation (2.12).

Figure 1.)

Definition 2.11 (Bisectorial operators). An operator 7' € K (V) is called bisectorial
of angle w € (0, /2) if its S-spectrum is contained in the closed double sector

os(T) € Dy,

and, for every ¢ € (w, r/2), there exists C, > 0 such that the left S-resolvent (2.11)
satisfies

C
IS (5. )| < ﬁ s € R"T1\ (D, U {0}). (2.13)
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We will now show that the estimate (2.13) on the left S-resolvent operator implies
a similar estimate on the right S-resolvent operator.

Lemma 2.12. Let T € K (V) be bisectorial of angle w € (0, 7w/2). Then for every
¢ € (w,/2), and with the constant Cy, from (2.13), it holds

2C,
ISR (s. T)| < |T|"’ s € R"1\ (D, U{0}), (2.14)

Proof. For every s € R"™1\ (D, U {0}), let us choose J € S such that s € C;.
Then, we can decompose the right S-resolvent in terms of the left S-resolvent in the
following way:
SR'(s.T) = (5= T)Q[TT™!
R §—35
= O[T ' ——

-1 -1
= TQ[TT = JOSITT™ —
— %(QS[T]_I(S +5) —2TQ,[TT)

FIQTT G =) + (T = T)O,ITI )5

= S T+ ST + IS 6. T) - ST T

where in the second equation we used that (s + §)/2, (s — §)/2J € R are real and
hence commute with Q4[T]7!. In this form, we can estimate

1/C C 1/C C 2C
SN T < (=2 _«)) Z(Ze L Ze) 2 te
Isette D =505+ )+ 3 (5 + ) = 5

3. The @-functional calculus

The aim of this section is to generalise the bounded functional calculus (1.3) to the
unbounded bisectorial operators T from Definition 2.11. Since we have to integrate
around the unbounded S-spectrum of 7', we need certain decay assumptions on the
involved function f in order to make the integral converge.

Definition 3.1. Forevery 6 € (0,7/2), let Dg be the double sector from (2.12). Then,
we define the function spaces

) SHY (Dg) = { f € 8#1(Dg) bounded

/|f(te“’)|? <oo,J €S, pe 19},
0
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(ii) NO(Dy) := {g € N (Dy) bounded ‘
T d
t
/|g(lej¢)|7 <oo,J €S, ¢p€ 19}.
0
The next lemma proves how functions in the space S# 2 (Dg) behave at zero and

at infinity. The basic idea is taken from [34, Lemma 9.4].

Lemma 3.2. Let 0 € (0,7/2) and f € S#% (Dg). Then, for every ¢ € (0,0), one

has
lim sup |f(te’®)| =0 and lim sup |f(re’?)| = 0. (3.1)
1—>0t jes 1700 jes
¢ely, ¢el,

Proof. Note that since p > e” is intrinsic on R”*1, the function s > f(e®) is left
slice hyperholomorphic for s € R**! with | Im(s)| < 6. Choosing now ¥ € (¢, 0),
the Cauchy integral formula (2.7a) provides for any t > 0, ¢ € (—¢,¢),and J € S,
the representation

fte??) = f("OT?) = % / S (s, In@) + J@)dss f(ef),  (3.2)
V4 Ok By D4

where the path integral is in a complex plane Cy, I € S, along the curves
y+(x):=—x+ 1y, xe€(—R,R),
y_(x) =x—-1vy, x € (—R, R),
ki() =R+ 1o, aec(=y,¥),
K_(a) :=—R—-1Ia, oe(—y,¥).

(See Figure 2.)

Figure 2
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Since f is bounded, the integrals along the paths x4 vanish as R — oo due to

ngxloo’ / S; (s, In(2) + Jp)dsy f(e®)
kt

R—00

v
= lim ’/SL_I(iRiIoz,ln(l)+J¢)f(eiRﬂ°‘)da
—v

2y (| In(t) + Jo| + |R + Ta)

< 1 =0,
= e (|In(z) + Jo| — |R + Ta|)? 1/ lloo

where we used that for every s € Cy, p € Cy, the S-resolvent can be estimated by

ISz, ) = 1(p? = 2s50p + 1517 G = p)

- o=l (3.32)
lp—ssllp—357]

o Ipl+sl Gb)
lp—ssllp =357l
Ipl =+ |s|

B N (3.3¢)
(Ipl—Is])?

where s € [s] N Cy is the rotation of s into the plane C ;. Hence, in the limit R — oo,
(3.2) reduces to

f(zeJ¢)=L lim / S7 (s, In(t) + Jp)dsy f(e®)

27T R—o00
Y+ @y—

R
= i lim Z / SL_l(:Fx + Iy, In(f) + J¢)(_1)f(e¢xilw)dx
= R

27T R—o00

27T R—o0

~ ' im Xi: / SL_I(ln(r):I:I\//,ln(t)+J¢)(—I)f(teiw)?,

(3.4)

where in the last line we substituted T = e 7~ Using again (3.3a), we can also estimate
the S-resolvent operator of this integrand by

1S (In(z) £ Ty, In(t) + J )|
. |In(t) + J¢ — In(z) F 1|
"~ |In(t) + J¢p —In(x) F Jy||In(t) + Jp —In(z) + J |
5 [In(2)] + ¢l + v _ @) +e+y
T () +I@F W)+ TG EW] T |in(d) + Iy —9)|*
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where in the last line we used —¢ < ¢ < ¢ < . This allows us to estimate (3.4) by

A

Fte’®)] < - fim Z/ ()| +o+9 2If(reﬂ:"”)lﬁ
B |1n T

27w R—o0 ie ( )+J(W )|
1 ek In(4)|+ ¢+ v v T
B ZRh—mo / n(;) (- )2(|f(T€ )i + | f(ze )|)7

_ |ln |-I-(,0+W Iy Iy ﬁ
_2”0/ i e R F

Since the right-hand side of this inequality is independent of J € S and ¢ € (—¢, p), it
also holds for the respective supremum. Moreover, since the first part of this integrand
admits the 7-independent upper bound

)|ty 1 ey
L)+ @ -2 200—9) Y —9)?

t >0,

and since the function f € S#9 (Dy) satisfies the integrability conditions of Defini-
tion 3.1, we can use the dominated convergence theorem to carry the limits ¢ — 0
and t — oo inside the integral, and get

lim  sup |f(re’?)]
t—0+ Jes
d€(—0,0)

1 i n(f)|+o+v

5 RN
2r J t—>0t 1n(;) + (¥ — )2

d
(/@) + 1) =0

as well as

lim sup |f(te’?)]

t—00 Jjes

oe(— ww)
1 ln +o+ Y _
<5 [ lim Iin | 7w+ e )
0 In($)” + (¥ —¢)?

Hence, we have proven the limits where the supremum is taken over ¢ € (—¢, ¢). Ana-
logously, one proves the convergence where the supremum is taken over ¢ € (7 — ¢,
T+ ),

lim sup | f(te?®)| =0

t—0+ JeS
PE(T—@,m+9)
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and
lim sup | f(te??)| = 0.
t—00 JeS
pe(r—9,m+9)
Combining these results then gives the stated convergences (3.1). |

Lemma 3.3. Let 0 € (0,7/2) and [ € S%g(Dg). Consider some open interval I C
I C Iy, and a right slice hyperholomorphic function

g:{s e R"T1\ {0} | Arg(s) € I} — R,,.
Moreover, for every r > 0, consider the curve
or(p) :=rel?, pel.

Then, the following two statements hold:

@ i
sup |g(re’?)| = (9(1) asr — 0t
ol r
then
lim [ g(s)dsy f(s) =0;
r—0+t o
Qi) if
sup |g(re’?)| = (9(l> asr — oo,
pel r
then

Jfim [ g6)dss 1) =0,

Proof. (i) By assumption, there exists C¢ > 0 and ro > 0 such that

C
sup |g(re’®)| < =%, r <r,.
pel

Hence, from Lemma 3.2 we conclude the convergence

‘ / (s)dss f(s)| =

‘ / re™) Y (reT)ag

< 2"/2|I| r sup|f(rej¢)| —> 0.
el

(ii) By assumption, there exists C; > 0 and r¢ > 0 such that

C
sup |g(re’®)| < =%, r >r,.
pel
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Hence, from Lemma 3.2, we conclude the convergence

Jé
[ eriss 16| = | [ewer L perra
ar 1

Cc -
<2"2|[| =& sup | f(re’?)| Z=0. [
r gerl

The next result ensures that the functional calculus in Definition 3.5 is well defined
for the classes of functions in Definition 3.1.

Theorem 3.4. Let T € K (V) be bisectorial of angle w € (0, w/2). Then, for every
f e 8#%(Dg), 0 € (w,7/2), the integral

/ S; (s, T)dsy f(s) (3.5)

aD,NC

defines a bounded Clifford operator and it neither depends on the angle ¢ € (v, 6),
nor on the imaginary unit J € S.

Proof. From the estimate (2.13) and the definition of the space SH g(Sg) in Defini-
tion 3.1, for every J € S and ¢ € (w, ), it follows the absolute convergence of the
integral

/HSL_I(teJ“’, T)eTf(te"“’)Hdt <m/2c, / “1fte)ldr < oc.
0 0

Since the integral (3.5) consists of four such integrals, one with ¢ and three with ¢
replaced by —¢, m — ¢, and 7 4+ @, respectively, this shows that (3.5) leads to an
everywhere defined bounded operator with operator norm

| [sienasso|<eie [l

dD,NCy pelo,—p.1—0,m+0}

For the p-independence, let ¢; < @2 € (w, 8). For every 0 < ¢ < R, we consider the

paths
o(p) = ce’?, @€ ly\ Iy,
(p) == Re’?, 0 €Iy \ Iy,
Ve () = £|t]e™ 0 OI% e (=R, R) \ [-¢.¢],
Yk ‘= Yk, + D V- k e{1,2}.

(See Figure 3.)
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Figure 3

Since there is no spectrum in the interior of the path y, © 0 © y; @ 7, the follow-
ing integrand is holomorphic and it vanishes the integral

/SZI(S, T)dsy f(s) =0,
Y2000y 0T

where the symbol @ (resp. ©) means the sum (resp. difference) of integrals along the
respective paths. However, since

_ C
IS . Dl < ﬁ

by Definition 2.11, the integrals along o and 7 vanish in the limits ¢ — 0" and R — oo
by Lemma 3.3. Hence, we end up with

. . _1 _
“31_1)1})14r Rll_I)Iloo /SL (s, T)dsy f(s) =0,
Y20Vv1

which can be rewritten as the independence of the angle

[S;l(s,T)dst(s) = /S;l(s, T)dsy f(s).

Dy, NC Dy, NC
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For the independence of the imaginary unit, let /, J € S and ¢1 < ¢2 < @3 € (w, 0).
For every ¢ > 0, we define the paths
o(p) = ee'®. 9 €lp\ Iy,
yrLe(t) = E|tle™ O e R\ [—¢. 6],
Var(t) i= £|t]e™ " OIe2 1 e R\ [—e, ¢],
y3.x(t) == £|te™ O 1 e R\ [—¢. 6],
yk = Vk,-i— @ Vk,—v k € {17 273}

Note that o, y1, y3 are curves in Cj, while y; is in C. (See Figure 4.)

Figure 4

Then the Cauchy integral formula (2.7a) gives

s) = / S7 (p.5)dpr f(p). s € ran(y2). (3.6)

¥30600Y1

Note that the integral which closes the path at infinity vanishes because of the estimate

_ Ip| + |s]
IS (p.9) < ——
o (Ipl—Is)?

from (3.3c) and the convergence in Lemma 3.3 (ii). Next, we additionally consider the
curves

& 3T _
r(p) = e, o€ (-n/2. 2 )\ I,
2 2
ce(t) = £ e 1 e (<0 \[-£.5],
22
K=Ky ©Kk_.

(See Figure 5.)



F. Mantovani and P. Schlosser 770

v 2+
V3.+

Figure 5

If we use the fact that SL_1 (-, T) is aright slice hyperholomorphic in R”*1 \ D,,,
the Cauchy integral formula (2.7b) gives

_ 1 _ _
ST =5 [ SEE TS SR 6. p)
©y20k0T
1 _ _
=5 /SLI(S,T)dS_]SLl(p,S), p € ran(ys), 3.7
V20k®T
where in the second equation we used the relation S, L(p.s) = —SEl (s, p) between

the left and the right Cauchy kernels. Note that the integral, which closes the path at
infinity, vanishes due to the asymptotics behaviour of the integrand

— — Co, Ipl+ 15 1
STl s, DS Y(p.s)| <=2 TP _ 9 — ,
ISz (s. DIINSL (p.s)| = 5| (gl = IsD2 (|s|2) as |s| > oo

which follows from the estimates (2.13) and (3.3c). Analogously, we obtain the for-
mula :

0= - /SZI(S, T)dSJSL_l(p,s), p € ran(y;), 3.8)
V2K DT

where the difference with respect to (3.7) is that the left-hand side vanishes, since
every p € ran(y;) is outside the integration path y, @ x @ t. Analogously to (3.6), it
also holds

0= /SL_I(p,s)def(p), s €ran(k @ 1), 3.9
Y3©00Y1

where the left-hand side is zero instead of f(s), since every s € ran(x @ 7) is outside
the integration path y3 © o © y;. In the upcoming calculation, let us now use (3.6) in
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the first equation, (3.7) and (3.8) in the third equation, and (3.9) in the fifth equation.
Doing so, this gives the formula

[ st s o)
Y2

= %/S;l(s, T)ds,( /S;‘(p,S)dpzf(p))
Y2

¥3000Y1

1

- ( / s;l(s,T)dsjszl(p,s))dmﬂp)

Y3000y V2

-/ (SL_l(p, n-s [ s;l(s,T)dsJSL—l(p,s))dplf(p)

Kk®T

Y3
+%f ( /SL_I(S, T)ds,S;‘(p,s))dpzf(p)

Y1 [45>24

( [ st T)dsJSzl(p,s))dpzf(p).

o V2

1
27

Recombining the integration paths, the right-hand side further reduces to

[ st s s

V2

= [sit o ndps o+ 5 [ site s ([ siesdn o)

3 kDT Y19v3
1
— o [ ([ st modsssit .0 )i 1o
o V2
1
zfxﬂnmmﬂm—gf(uﬁﬁmnm&ﬂnﬂ@M@-
73 o KDTDYy>2

(3.10)

In the above computations, we were allowed to interchange the order of integration,
since it is easy to check that all the double integrals are absolute convergent. To con-
clude the proof, it remains to show that the last integral in (3.10) vanishes in the limit
e — 0. To do so, we use (2.13) and (3.3b) to estimate the integrand by

- _ Coy (Il + 15])
ISZ s, DISE (ps) < ——2 .
Is|ls — pslls — Pyl
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With this inequality, we can now estimate all three parts of the paths k @ 7 @ y, in
the double integral separately. For the t-part, we get

”/(/SL_I(S,T)dSJSZI(P»S))dPIf(P)”

e[ [ s Genn)lse (e 5e)

Io\or (=7/2,37/2)\] 0, 2
o " X |f(ee!)| S-dgdg

< on/2-1,2 Co, (% + 8)
- E[5e7® — oe?|[5e7% — e 7]
IW3\171 (_7[/2;3”/2)\172 x |f(sel¢’)|d¢d(p
1
n/2—1
<2 3Cy, / / |%61¢ _ ew”%em _ e—Jw’d¢d90
Ips\lp, (=7/2,37/2)\1¢, X sup | f(se!®)]
e—>0t #eles
— 0,

where this upper bound converges to zero because of Lemma 3.2 and since the double
integral is finite because it does not admit any singularities. On the other hand, also
using (2.13) and (3.3b), the k @ y,-part of the double integral in (3.10) can be estim-
ated by

H / ( / S7Gs, T)dSJSL_l(p,S))dPIf(P) H

=2y [ [isitce o)

I(p3\1w1 R\[-&/2,¢/2]
x |S; (ge!?, £|t|e™ e DI02)|| f(ce!?)|edtdy

2"/28 Z Cy, (¢ + |1])
|l‘||8€"¢’ F |t|e sgn(t)J<p2||ge—J¢; F |[|e—sgn(t)J(p2|
1w3\1w1 R\[—&/2,¢/2] » |f(8€1w)|dtd§0
Co, (e + [t])
— Hn/2 ?1
=2 EZ / / |[||8e-/<p_te:l:J(oQHEe—J(p_te:l:j(pzl
Iw3\1(ﬂ1 R\[—¢/2,¢/2] X |f(8€lw)|dld§0
1+ |z]
n/2
=2 Z / / |r||eJ‘P—reiJ<02||e—Jw_Tei1<p2|drd‘p
1@2\1(17] R\[ 8/2 6/2] X Sup |f(8€1(p)|

pely
e—0t 3
— 0,
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where this upper bound converges to zero because of Lemma 3.2 and since the double
integral is finite because the only singularities are located at 7 = 1 and ¢ = £¢,, and
are of order one which is integrable in the two-dimensional integral. Hence, perform-
ing the limit ¢ — 07 in (3.10) gives the independence of the imaginary unit

[sitenasiso = [ si' o ro

Dy, NC D y;NC;

= /sgl(p, T)dpr f(p).

3D«;2 NnCy

where in the second equation we replaced ¢3 by ¢,, which is allowed by the already
proven independence of the angle. ]

Theorem 3.4 now proves the well-definedness of the following w-functional cal-
culus.

Definition 3.5 (w-functional calculus). Let 7 € K (V') be bisectorial of angle w €
(0, /2). Then, for every f € SHK 2 (Dg), we define the w-functional calculus

)= 5 [ st s 1), G.11)
0D,NC

where ¢ € (w,0) and J € S are arbitrary. (See Figure 6.)
By Theorem 3.4, f(T) is independent of the chosen ¢ and J and leads to a
bounded operator f(T) € B(V).

Cy

Figure 6

For every f,g € SH#Y(Dy) and a € Ry, it clearly holds

(f +(T) = f(T)+g(T) and (fa)(T)= f(T)a. (3.12)
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Remark 3.6. In the special case that 0 € ps(T'), then U, (0) € ps(T') for some 7 > 0.

Then the estimate ||S; ! (s, T)|| < C,/|s| and Lemma 3.3 allow to rewrite the -func-
tional calculus (3.11) for every p € (0,r) as

f(T) = % /S;l(s, T)dsy f(s). (3.13)

(D \Up(0))NC

(See Figure 7.)

Cy

.

Figure 7

However, the functional calculus (3.13) is defined for a larger class of functions,
namely for every bounded f € $J€1 (Dg) such that, for some R > 0, we have

o0
/|f(teJ¢)|$ <oo, JES, ¢el,. (3.14)
R

All the stated results of this section are also valid for this functional calculus accord-
ingly.

The next proposition shows that for intrinsic functions g € & °(Dy), the functional
calculus (3.11) can also be defined using the right S-resolvent operator (2.11).

Proposition 3.7. Let T € K (V) be bisectorial of angle @ € (0, w/2). Then for g €
N(Dy), 0 € (w, 7/2), the functional calculus g(T) in (3.11) can be written as
1 _
(1) = -~ /g(s)dsJSRl(s, T), (3.15)
aD,NCy
where ¢ € (w,0) and J € S are arbitrary.

Proof. First, we decompose the paths y(f) := +|t|e™€"/¢ t ¢ R, which para-
metrises the boundary 8D(,J N Cy, into

y+(t) = £|t|cos(p) Frsin(p) J = x(@) + y(@)J, teER,
~———— ———

=:x(t) =:y(1)
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where we keep in mind that x(¢) and y(¢) depend on the choice of the sign . With
these functions, we can now write the left S-resolvent operator (2.11) as

St (). T) = Oy, [T1 ' y£() = TQy, [T17"
=(x()=T)0y, T =)0y, T " J
=:A4(1) =:B1 (1)
= A+(t) + B+(1)J. (3.16)

Moreover, we can also decompose the function g according to (2.3) into

Vi](t)g(yi(,)) — M(go(x(t),y(t)) + Jg1(x (1), y(1)))

=x'(Og1(x(@), y()) + ¥ (t)go(x (1), y(2))
=iy ()
+ 7 (' (g1 (x (@), y(1)) — X' (1) go(x(2). y(1)))
=:B4(?)
= aL(r) + JB= (). (3.17)

With the two decompositions (3.16) and (3.17), we can now write

o) = 5= 3 [ 57 020. D2 graonar
+ R

1
= — Y | (Ax@®) + B+(0)J ) (ax(t) + JB=(1))dt
2”iR[ + + (j: + )

- %Z/(Ai(t)“i(t) — B (t)B+(1))dt, (3.18)
£ 0

where in the last line we used the properties A+ (—t) = A4 (¢) and B1(—t) = —B4(¢),
but also ¢4 (—t) = a+ (¢) and B+ (—t) = —B+(¢), which is a consequence of the com-
patibility condition (2.4). Next, with the same operators A+ (¢) and B (), we can also
write the right S-resolvent operator (2.11) in the form

S (y£(@).T) = (y£() = T) Qy, [T1"
= (x£() = Jy£(t) = T)Qy, »[T]™"
= A+(t) + JBL(?).

Moreover, since g is intrinsic, the functions gg, g; in (3.17) are real, which means
that o, B are real valued as well. This allows us to write

YL ()
J

g(y=()) =ax(t) + B(0)J.
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Thus, in the same way as in (3.18), we also get

1 _
e | ewasisgie)
aD,NC

= %Z/g(Vi(t))yi(t)SEl()/i(t),T)df
£ R

J

o
1
=53 [PROFROEY NOLRO)I (3.19)
T )
Since the right-hand sides of (3.18) and (3.19) coincide, the representation (3.11) is
proven. [

The next proposition shows that for certain subclasses of functions, the w-func-
tional calculus (3.11) coincides with the well-established functional calculus for
unbounded operators, see e.g., [ 15, Definition 3.4.2] or [21, Theorem 4.12].

Proposition 3.8. Let T € K (V) be bisectorial of angle w € (0, w/2) and let f €
SH 1 (R**1\ K) for some axially symmetric compact set K C R"*1\ D,,. Moreover,
we assume that f(0) = 0 andlims_, o f(s) = 0. Then, there exists 0 € (w,m/2) such
that f € SJ(’g (Dg), and the w-functional calculus (3.11) can be written as

f(T) = ;—; / Syt (s, T)dsy £(s), (3.20)

aUNCy

where J € S is arbitrary and U is some axially symmetric open set with K C U C
U C ps(T).

Proof. Since the compact set K is located outside the closed double sector D_a, , there
exists @ € (w, /2) such that K € R"*1\ Dgy. This means that f can be restricted
to a function f € $H# 1 (Dg). Moreover, since f(0) = 0 and f is holomorphic in a
neighbourhood around zero, also f(s)/s is holomorphic at zero and hence f(s) =
O(s) as s — 0. Analogously, since lims| f(s) = 0 and f is holomorphic outside
a sufficient large ball, s f(s) is holomorphic at infinity and hence f(s) = O(1/]s|) as
s — 00. With the above considerations we conclude that f is bounded on Dy and that

o0
/|f(te’¢)|% <oo, JES, ¢ely,
0



The H °°-functional calculus for bisectorial Clifford operators 777

which means that f € S#9 (Dg). In order to show the equality (3.20), we write f(T')
as

| : —
A R
14
I . -
= 5 my fim [ L6 Thdss £9)
o®yor

Choosing ¢ € (w, w/2) close enough to w, & > 0 small enough, and R > 0 large
enough, then the path o0 @ y & t surrounds the compact set K in the negative sense:

3 _
(¢) := Re’?, e (—% 7”) \ Iy,
3 _
o () = se”?, ve(-3.5)\ 1o
ya(t) = x|t|le™e®I% e (=R, R)\ [-&,¢].

Y=y @ y-.

(See Figure 8.)

Figure 8

Since the integrand is slice hyperholomorphic on R**1 \ (D, U K), we can
change the integration path 0 @ y © t to the (negative oriented) boundary of U N C.
Changing also the orientation, then gives the stated

f0 =0 st s 0 = -5 [siendsse. .

edUuNnCy aUuNnCy
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Proposition 3.9. Let T € K (V) be bisectorial of angle w € (0,7/2), g € N°(Dy),

0 € (w,/2). Then, we have
ker(T) < ker(g(T)).

Proof. Letv € ker(T). Then, for every s € ps(T) \ {0}, we have

Os[TTv = [s[*v;
consequently,
O[T v = ! v
S - |S|2 ’
and hence
S, Tyv=G-T)0,[T] v = i(g —T)v = iv
R ’ s s

Thus, the representation (3.15) becomes

g(Tyv = L /%S)dsjv.

2
dD,NC
Using the curves
o(p) :=ee’?, ¢ €ly,,
7(¢) := Re’?, ¢ € Iy,
y(r) == £t 1 e (R R)\ [-e.e],

yi=r+©y-
(see Figure 9), we can now rewrite this integral as

o g(s)
Tyv=—1 1 =—d
g(Tv 2 s—l>r(§1+ Rl—rgo 57

Y

1
— lim lim [—g(S)dSJU,
K

27 ¢—0+ R—oo
yQodt

where in the second equation we used the fact that the integrals along ¢ and t vanish

in the limit ¢ — 0™ and R — oo due to Lemma 3.3. The only singularity s = 0 of the

integrand g(s)/s now lies outside the integration path y & o @ t, which means that

/&dwv =0
S
yO0dT

vanishes by the Cauchy theorem, and we conclude g(T)v = 0.
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Cy

A A
A

Figure 9

The next lemma is preparatory for the product rule in Theorem 3.11.

Lemma 3.10. Let g € N°(Dy), 6 € (0,/2) and B € B(V). Then for every ¢ €
(0,0)and J €8S,

Bg(p), p € Dy,

_ (3.21)
0, p € RPN\ D,

1
7 /g(S)dSJ(EB —Bp)Qs(p)~' = {
aD,NCy

Proof. Consider first the case p € Dy,. For any 0 < ¢ < |p| < R let us consider the
curves

y(t) = £|t|e 7O 1€ (=R, R) \ [-&. ],

o(p) :=ee’?, ¢ € l,,
7(¢) := Re’?, ¢el,,
Yy =Y+ Oy-.
(See Figure 10.)
Cy

a ¥

[p)—* GA\&
J\z/a \\/
T [ )

Y+

Figure 10

In this setting, we know by [16, Lemma 4.1.2] that

Bg(p) = 5 / ¢(s)dssGB — Bp)0s(p)". (3.22)

y®ooT
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Since the second part of the integrand behaves asymptotically as

_ _ (s| + DB
B—Bp)O,(p)7 || < — 10
(s P)0s(p) | < 0.(0)]

_ Usl+1pDIBI
(Isl=1pD?
_ O(ﬁ), as |s| — oo,
o), as|s|—0,
Lemma 3.3, which also holds for operator-valued functions, shows that the integrals

along the paths o and t vanish in the limit ¢ — 0% and R — oo, respectively. Hence,
(3.22) turns into

|
Bg(p) = lim lim — [ g(s)ds;(5B — Bp)Qs(p)~"
R—so00e—0+ 21
Y

ae [ #0dssGB = B
aD,NC

In the second case, p € R*T1\ D_w and the integral (3.22) becomes

1
0=+ [ ¢(5)dss B — Bp)Qs(p)~".

y®oOoT

because the point p lies outside the path y @ o & t. The same calculation as above
then gives

1 _ _
0= [ eedssGB - B .
aD,NC
One of the most important properties of the w-functional calculus, also in view of

the upcoming generalization to a H °°-functional calculus in Section 5, is the follow-
ing product rule.

Theorem 3.11. Let T € K (V) be bisectorial of angle w € (0, 7w/2). Then, for g €
NO(Dg)and f € SJL”%(D@), 0 e(w,m/2), wehave gf € 8%2(09) and we get the
product rule

(&/NHT) =g(T) f(T). (3.23)

Proof. Since g € N%(Dg) and f € SJ(% (Dg), we know that g f is left slice hyperho-
lomorphic and also bounded. Using the Holder inequality with respect to the measure
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dt/t, we obtain

[ 1gae) et
0

1/2 1/2
< ([1eeenrSt) ( [iraerep)
R R
i\ 12 i\ /2
5\/gmfmax( / |g<te’¢)|7t) ( / |f(ze’¢)|7’) < o0,
R R

where in the last line we used that

gmax 1= sup [g(te”?)| <00 and  frux = sup|f(1e’?)| < 00
>0 t>0
are finite by Lemma 3.2. This estimate shows that indeed g f € SJ(%(D@). For the
proof of the actual product rule (3.23), let ¢ < ¢1 € (w,0) and J € S. Since g €
NO(Dg), we can use the representation (3.15) for intrinsic functions, to write the
product as

eI =15 [ e@dsssge.T) [ 570 Thdps £(p)

0Dy, NCy D4, NCy
1 _ _ o
= [e0dss [(S8 6. Tp =S (0 Tp 5576 )
Do NCs 0D Ny +58. 1 (p. 1)) Os(p) ™ dps f(p),

(3.24)
where in the last line we used the S-resolvent identity [15, Theorem 5.1.7], namely
Sg' (. T)S. ' (p. T)
= (Sg' (. T)p =S, (p.T)p —5Sg (5. T) + 55, (p. T) Qs(p)™". (325

Since @1 > ¢, and s € 3D, N Cy, we know that p > pQs(p)~! and p — Qs(p)~!
are both intrinsic on D, . Hence, by the Cauchy formula, the integrals

/ pOs(p) " dps f(p) = 0

D4, NCy

and

/ 05(p)"dps f(p) = 0,
3D¢ﬂ2 NCy



F. Mantovani and P. Schlosser 782

vanish; the path which closes 0Dy, N C; at 0 and oo vanishes by Lemma 3.3 and the
asymptotics

1p0s(p) Pl _ {(9(;7)7 as |p| - oo,

< ——
(Ipl —Is])? O(lpl). as|p|— 0,

o1 [O(pp). aslpl oo,
|Qs(p) |§(|p|_|s|)2 {(9(1), as |p| — 0.

This reduces (3.24) to

g(TYf(T) = - / g(s)ds; / GST (. T) = ST (0. T)p) Qs (p) dps £ ().

472
ale NCy aDwanj
Since every p € dD,, N C; is inside the integration path dD,, N Cj, the integral
identity (3.21), with the bounded operator B = S; ! (p, T), further reduces this integ-
ral to

% / SL (. T)g(p)dps f(p)

3D(02 NnCy

% / ;' (p. T)dpsg(p) £(p) = (¢/)(T). .
3Dw2ﬂ(c_]

g(T) f(T)

Next, we want to introduce the so called polynomial functional calculus, a cal-
culus which simply replaces the argument s of a polynomial by some operator 7. In
Proposition 3.15, Theorem 3.16, and Corollary 3.14, we then show that this polyno-
mial functional calculus is well compatible with the w-functional calculus (3.11).

Definition 3.12 (Polynomial functional calculus). Let T € K (V) and consider a
polynomial p(s) = po + p1s + -+ + pns" with real coefficients pg,..., p, € R
and p, # 0. Then we define the polynomial functional calculus as the operator

plT] := po+ p1T + -+ p,T", with dom(p[T]) := dom(T"). (3.26)

Note that the w-functional calculus is indicated by round brackets f(7) and the
polynomial calculus by square brackets p|[T].

Remark 3.13. We point out the polynomials of type p(s) = po + p15 + -+ + pns”
are intrinsic functions when the variable s € R”t1isa paravector. So, in the definition
of the polynomial functional calculus (3.26), the natural replacement of s would be by
an operator 7' that is a paravector operator T = Ty + T1e; + -+ + T,e,. However,
in view of the universality property of the S-functional calculus , see [17], we can
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replace s by any fully Clifford operator T = ), T4e4 and still obtain the compatib-
ility with the w-functional calculus.

We start considering the polynomial functional calculus with some result which is
basically a corollary of the product rule in Theorem 3.11.

Corollary 3.14. Let T € K (V) be bisectorial of angle w € (0,7/2), g € N°(Dy),
0 € (w,7/2), and p an intrinsic polynomial with py = 0. Then, po g € S%g(Dg),
and

(pog)T) = plg(T)].

Proof. Since g € N°(Dy), also g*¥ € N°(Dy) for every k > 1 by Theorem 3.11, and
hence also

(pog)s) = p(g(s) = p1g(s) + -+ png(s)" € N°(Dp).
The product rule (3.23) and the linearity (3.12) then give
(pog)T)=(p1g+ -+ png"NT) = p1g(T) + -+ png(T)" = plg(T)]. m

Proposition 3.15. Let T € KX (V) be bisectorial of angle w € (0,7 /2), f € S%g (Dg),
6 € (w,7/2), and p an intrinsic polynomial of degree n € No. If pf € SH% (Dy),
then ran( f(T)) € dom(T™) and

(p/)IT) = p[T]A(T). (3.27)

Proof. 1t is enough to prove (3.27) for monomials p(s) = s”, the case of general
polynomials then follows by linearity. We will use induction with respect to n € Np.
Since the induction start n = 0 is trivial, we only have to prove the induction step
n — n + 1. First, since |s|" < C,(1 + |s|*™1), for some C,, > 0, it follows from f €
S,%g(Dg) and s" 1 f € SJ(%(D@), that also s” f(s) € SJ(%(D(;). This means, we
are allowed to use the induction assumption ran( f (7)) € dom(7") and (s" f)(T) =

T™ f(T). Next, using the S-resolvent identity
S;Ys, Tys = TSy (s, T) + 1, (3.28)

which is a direct consequence of the definition of SL_1 (s,T)in (2.11), we can rewrite
the w-functional calculus of (s”*! £)(T) as

N = o [ S Tdss A

aD,NC

% /(TSL_l(S, T) + Ddsys" f(s)
aD(pﬂ(C_]
_ b / TS; (s, T)dsys" f(s).

2
aD,NC
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Note that in the last line we used that due to the slice hyperholomorphicity of s” f on
Dy, the integral
/ ldsys™ f(s) = 0.
aD,NC
vanishes. Since T € K (V) is a closed operator, then from Hille’s theorem [36], it
follows that

ran((s” f)(T)) = ran ( / S7 s, T)dsjs”f(s)) C dom(T),

aD,NC

as well as

N = 5 T [ S, T)dsss” £5) = T (D).

3(DyNC.y)

Combining this identity with the two induction assumptions ran( f (7)) € dom(T")
and (s" f)(T) = T" f(T) then gives that ran( f(T')) € dom(7"*!) and

"TUT) = TT" f(T) = T" f(T). L

Theorem 3.16. Let T € K (V) be bisectorial of angle o € (0, /2) and p,q two
intrinsic polynomials, such that

()  deg(g) = deg(p) + 1;
(1)  p admits a zero at the origin;
(iii)) g does not admit any zeros in D

Then, q[T] is bijective, there exists 0 € (w, ) such that p/q € N°(Dg), and we
have

(5)@) = plTlalr) .

Proof. Tt is already proven in [27, Lemma 3.11], that the operator ¢[T] is bijective
and that for any bounded, open, axially symmetric U C pg(T), containing all zeros
of g, one has
1 1
! = —— ST (s, T)dsy —.
AT = =5 [ s s —
aUNCy
Moreover, it can be seen in the proof of [27, Lemma 3.11] that ran(¢[7]~!) € dom(T)
and
s

Tq[T]! = _ fs;l(s,T)ds,q(s).

21
aUNCy

(3.29)
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Let us now choose a particular set U, namely the one where dU N C is parametrised
by

y+(t) := £|t|e7 O e (=R, R)\ [-&. €],

3 —
(¢) 1= Re’?, ¢ € (_z’ _”) \ Lo,
22
3n —
= ge’? (—z —) I
o(¢) :=ee’?, A \ o,
Yy =Y+ Oy-.
(See Figure 11.)
Cs
t R
U
Y— VAR
o
os(T) Zw\?
o
y— Y+
w
Figure 11

Note that it is possible to choose ¢ € (w,7/2) and 0 < ¢ < R such that U contains
all the zeros of g. With this particular set U, the integral (3.29) becomes

—1 K}
Tg[T]™ ' = — s, T i
drrt =2 [ site s

TOy00

Since g does not have any zeros at the origin, we obtain the asymptotics

s _ | O(gm@er) aslsl— oo,
q(s) | O(s)) as |s| — O

This in particular means that s/q(s) € N°(D,). When we now perform the limits
& — 07 and R — oo, the respective integrals along o and T vanish by Lemma 3.3, due
to the estimate || S7 ! (s, T)|| < Cy/|s| from (2.13). Hence, we obtain the w-functional

calculus

1 ) S

Tq[T]™' = —— lim i Sy, T)dsy— = (= )(T). 3.30

qlT] 2 8—1>I(I)1+er>rc1>o L6 T) SJq(s) (q)( ) ( )
oy
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Finally, since p admits a zero at s = 0, we can write it as p(s) = sp(s) for another
polynomial p(s). By the assumptions on p and ¢, we now know that

p(s) —

s pls) _ [OUsh asls| - 0%,
q(s) — q(s)

O(ﬁ) as |s| — oo,

which in particular means that p s/¢ € N°(Dy). From Proposition 3.15, then it fol-
lows that ran((s/q)(T)) < dom(Tdeg(ﬁ)) — dom(Tdeg(P)—l), and

p - ~ S
(5) = (5 ) = 71 ).
Using also (3.30), this gives
ran(Tq[T]™") € dom(T9eP~1),

i.e.,
ran(¢[T]™") € dom(T ()

and

(£)@) = AITITGIT)™ = pITIglT) . .

In the final part of this section, we want to investigate under which circumstances
operators commute with the w-functional calculus (3.11). At this point we recall the
notion of operator inclusion in (2.10).

Theorem 3.17. Let T € K (V) be bisectorial of angle w € (0,7/2) and A € K (V),
such that

AOQGTI™ 2 O[T YA and ATQ[T]™! 2 TQ,[T] ' A4, (3.31)

for every s € R"*1\ D,,. Then for every g € N°(Dg), 0 € (w,m/2), we have the
commutation
Ag(T) 2 g(T)A. (3.32)

Proof. According to (3.18), we can write
1 [e.e]
o) = =3 [(Usaz) - BP0,
+ 0

using the real-valued functions o, B+ from (3.17) and the operators (3.16)

Ax(t) = (xx() = T) 0y, »[T]™" and Bi(t) = —y+(t) Q). »[T]™"
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Due to the assumption (3.31), we get the commutations relations
AAL(t) D Ax(t)A and AB4i(t) 2 BL(t)A, t>0.

Using these relations in (3.32), we obtain
o0
1
gAY [ AUeasn) - BaOpe0)dr.
T )
Since A is closed, Hille’s theorem gives
o0
ran ([ (4200 = B 011 )< dom)
0

and

gmAc > 0/ (Axas) — BeOP)d = Ag(D).

Corollary 3.18. Let T € K (V) be bisectorial of angle w € (0,7/2), g € N°(Dy),
0 € (w,n/2).

(i) Forevery B e B(V)withTB 2 BT, we have
Bg(T) = g(T)B. (3.33)
(i)  For every intrinsic polynomial p, we get
p[T1g(T) 2 g(T)p[T].
(iii) Forevery f € N°(Dy), we obtain
g(M) f(T) = f(T)g(T).
Proof. (i) For every s € R"*1\ D, we have the commutation relation
Os[T1B = (T* = 250T + Is|)B 2 B(T* = 250T + |s|*) = BO,[T].
Using also Q4[T]7'Q4[T] € 1 and Q4[T]0s[T]! =1, we get

BO,[T]™' 2 Q[T Q,[T1BO[T] ™!
D O[T 'BOITIO[T] ™! = O,[T]7'B.

Moreover, since TB 2 BT implies TB = BT on dom(7T), and since ran(Q S[T]_l) C
dom(T), we get the additional commutation relation

BTQ[T|™" = TBQ[T]™' 2 TQ[T]™'B. (3.34)
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Hence, the assumptions (3.31) of Theorem 3.17 are satisfied, and we get Bg(T) 2
g(T)B. However, since the right-hand side of (3.34) is everywhere defined, we get
the equality (3.33).

(i) For every s € R*™1, we have TQ,[T] = Q[T]T. Using also the fact that
Os[T]7'O4[T] € 1 and Q[T]O4[T]™! = 1, we obtain the commutation relation

TQ(T)™ 2 QulT) ™ Qs[TITQs[T] ™" = Q4[] TQ[T]Qs[T]™
= Q,[T]"'T.
Consequently, we also get
TTQs[TI™' 2 TQ[T]™'T,
and hence the assumptions of Theorem 3.17 are satisfied for A = T and we conclude
Tg(T) 2 g(T)T.

The commutation p[T]g(T) 2 g(T)p|[T] then follows inductively.
(iii) In (ii) we have already shown that Tg(7T') 2 g(T)T . Since g(T') is a bounded
operator, it then follows from (i) that g(T") f(T) = g(T) f(T). ]

4. Extended w-functional calculus

One main purpose of the w-functional calculus in Section 3 is to serve as a functional
calculus for the regularisers in the H °°-functional calculus in Section 5. However,
since SH 2 (Dg) only includes functions which vanish at zero and at infinity, this class
is too small, in particular for non-injective operators 7'. This is why in this section we
will also give meaning to f(7) for functions which have finite values at zero and
at infinity, see Definition 4.1. Another reason why the extended w-functional makes
sense is that it gives a larger class of functions for which the operator f(7') is still
bounded. See also [13], where this method was already used.

Definition 4.1. For every 6 € (0,7/2), let Dg be the double sector from (2.12). Then,
we define the function spaces

() SHP(Do):= {16) = foo + 173 (o= foo) + (9) |
fo. foo € R, [ € SH2(D)},
i) N(Dg) = {g(6) = o0 + (80— 8o0) + 206) |

g()v gOO € R’ g € ‘A[O(De)}
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Note that for every f € S.%E“d(Dg), the components fy, foso € Ry, f € SJ(’%(D@)
are unique. Moreover, by Lemma 3.2, the function f clearly admits for every ¢ €
(0, 0) the limits

lim sup | f(te’®) — fo| =0
t—)()+ JeS
¢ely
and
lim sup | f(te’?) — foo| = 0.
=30 jes
ey

The next lemma gives a characterization of the spaces S 'Zld(Dg) and N"(Dy).

Lemma 4.2. Let 6 € (0,7/2) and f € SH 1 (Dg) (resp. f € N(Dg)) be bounded.
Then, [ € SJflind(Dg) (resp. f € N°™(Dy)) if and only if there exist 0 < r < R and
fo, foo € Ry (resp. fo, foo € R) such that for every J € S and ¢ € Iy we have

[1rae® - i <o ana [0 -l <o @
0 R

Proof. For the first implication, assume that f € SH lZ’d(Dg), i.e., we can write

f(5) = foo + fo— foo) + £(5),

1+sz(

for some fy, f» € R, and f € SH 2(D9). Rewriting this equation, gives

2 ~
F6) = fo = T o= fo) + 7) (4.20)
and
f6) = foo = 723 o = foo) + 1(9), (4.2b)

Since f € SJ(’%(DQ), we know that
i d
~ t
[ 17ae) % <o,
0

and hence the representations (4.2) show that also the integrals (4.1) are finite.
For the inverse implication, we assume that there exist fy, foo € R,, such that the
integrals (4.1) are finite. Let us define

1
1+ z2

f@) = f(2) = foo— (fo — foo)-
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This function then satisfies

d
/ e’ = / 6™~ 71+ 1o oo / s LD
/ e <.
d
flf(te"”)l— /|f(re’¢>—foo|—+|fo foolfm T
which means that f € SH 2(D9). Hence, we can write
1 -
@)= foot 7o = foo) + £(2)
for fo, foo € R, and f € SJ(’L(DQ) which means that f € S%b“d(Dg). [

Definition 4.3 (Extended w-functional calculus). Let T € K (V) be bisectorial of
angle w € (0,7/2). Then, for every f € SH b“d(Dg), we define the extended w-func-
tional calculus

f(T) = foo+ (L+ T2 (fo — foo) + £(T), 4.3)

where fo, foo €R;, f esSH g(Dg) are the coefficients from Definition 4.1. Moreover,
f (T) is understood as the w-functional calculus in Definition 3.5, and the inverse
(1+ 7?7 ! € B(V) is bounded since Q;[T] = T? + 1 is boundedly invertible
because S C ps(T') by Definition 2.11.

Forevery f,g € SH"(Dg) anda € R,
(f+)(T) = f(T)+g(T) and (fa)(T)= f(T)a.

Remark 4.4. In the special case that 0 € ps(7'), we already mentioned in Remark 3.6
that we are able to extend the w-functional calculus to functions where only the
integrability at co matters. Consequently, if 0 € ps(T'), we can also extend the exten-
ded w-functional calculus to functions f for which there exists f» € R, such that
f (s) := f(s) — fxo satisfies the integrability condition (3.14). Then, f (T) is under-
stood as in (3.13), and we can define

f(T) = foo + f(T). (4.4)

The next proposition shows that for certain subclasses of functions, the exten-
ded w-functional calculus coincides with the well-established functional calculus for
unbounded operators, see e.g., [ 15, Definition 3.4.2] or [21, Theorem 4.12].
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Proposition 4.5. Let T € K (V) be bisectorial of angle w € (0, /2) and let f €
SH 1 (R*1\ K) for some axially symmetric compact K € R**1\ D,,. Moreover,
assume that lims| o f(5) = foo, for some foo € Ry, Then, there exists 0 € (w,7/2)
such that f € SHK li“cl(Dg) and the extended w-functional calculus (4.3) can be written
as

ST = foo= 5o / S7(s. T)dss £(5), @.5)
aUNC

where J € S is arbitrary and U is some axially symmetric open set with K C U C
U C ps(T).

Proof. Since the compact set K is located outside the closed double sector D,,, there
exists @ € (w, /2) such that K € R"*1\ Dy. This means that f can be restricted to
afunction f € 8# 1 (Dg). Since f is slice hyperholomorphic on R”*!\ K, the value
fo := f(0) exists. Let us now define the set K := K U [J], as well as the function

1
1+ 52

f(s)i= f(8) = foo — (fo— foo)s s eR"™I\K. (4.6)

Then f € $#,(R"*!\ K) with values £(0) = 0 and limjo f(s) = 0. In the
same way as in Proposition 3.8, we conclude that f € SJ(’%(D@). Consequently,
f e SJfli“d(Dg). According to Definition 4.3 and Proposition 3.8, the extended w
functional calculus for f is given by

f(T) = foo + (1 +TH 7N (fo— foo) — % /SL_I(S, T)dsy f(s),  (47)
Bl7r1<CJ

where U is some axially symmetric open set with KcUcUCc ps(T). Moreover,
it follows from, the hyperholomorphicity of the constant function 1, that

[S;l(s, T)dsy =0,
auNC,

and, from [27, equation (54)], that

1 1
—— | s{Ys.T)d —(1+T%"
27 / L )Sjl—l—sz ( )

3(70@_1

These two identities, together with the definition of f in (4.6), reduce (4.7) to

) = foo = 5= / S7(s. T)dss ().

auNnC;
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Finally, since f is slice hyperholomorphic on R”*! \ K, we can replace the set U,
which is a superset of K=KU [J], by any axially symmetric open set U with K C
U C U C ps(T). So we have proven the formula (4.5). [

Proposition 4.6. Let T € K (V) be bisectorial of angle w € (0, w/2) and let g €
N(Dy), 0 € (w,/2). Then, with g¢g € R from Definition 4.1, we get

ker(T) C ker(g(T) — go).

Proof. Letv € ker(T). Then (1 + T?)v = v and hence (1 4+ 7?)"!'v = v. Moreover,
g(T)v = 0 by Proposition 3.9. Using this in the definition (4.3) of g(T'), gives

g(T)v=goov + (1 + T?) (g0 — goo)V + &(T)V = gooV + (g0 — goo)V = gov. ®

Next, we generalise the product rule of Theorem 3.11 to the extended w-functional
calculus.

Theorem 4.7. Let T € K (V) be bisectorial of angle w € (0, w/2). Then, for g €
N(Dg) and f e SH(Dy), 6 € (w,7/2), we have gf € SH(Dg) and we
have the product rule

(/' )NT) =g(T) f(T). (4.8)
Proof. Since g € Nf’“d(Dg) and f € SH(Dy), we have g¢, goo € R, § € N°(Dy)
and fo, foo € Ry, f € SHY (Dy) such that

80 — 80

1+ 52 T80

g(s) = goo +
and

f(5) = foo + (fo— foo) + f(5).

1+ 52
Hence, the product g f admits the decomposition

§6)S() = oo foo + 1580 o — g0 o)

+ 8o f(8) + 8(5) foo + &(5) £ (5)

L g(s)
2 /(80— 8e) + 5 (fo — feo)
S ~——
=) = (s)
S2
B 1+ s2)2 (80 — &o0)(fo — foo)- (4.9)
———

=:h3(s)
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Since § € N°(Dy) and f € SH? (Dy), we have that hy, hy, hs, §f € SH2(Dg)
by Theorem 3.11. Hence, the representation (4.9) shows that gf € SH tI’J“d(Dg), with
coefficients hg = go fo € Ry, oo = €oo foo € Ry, and

h=goof +&foo+&f +hi(g0— goo) + h2(fo — foo)
— h3(g0 — go0)(fo — foo) € SH2(Dg).

Hence, we can write the extended w-functional calculus of the product g f as

(@ NT) = goofoo + (1 + T2 (g0 fo — goo foo) + h(T). (4.10)

Let us now further investigate, how to rewrite h (T), ho(T) and ﬁ3(T). First, we
note that (1 + s2)h; = f € $H#? (Dg) and hence, by Proposition 3.15, ran(h(T))
dom(7?) and

(1 + T?hi(T) = (1 +sHh)(T) = f(T).

Since 1 + T2 is boundedly invertible, /;(T) = (1 + T2)~! £(T). Analogously,
we also get hz(T) = (14 T?%)~'g(T).Finally, by Theorem 3.16, we see that h3(T) =
T2(1 + T?)2. Plugging these three operators into (4.10), we obtain

g/ )(T) = goo foo + (1 + T (g0 fo — oo foo) + &oo F(T) + &(T) foo
+ @I+ hi(T)(go — goo) + h2(T)(fo — foo)
— h3(T) (g0 — §o0) (fo — fo)
= oo foo + (1 + T2) 7 (g0 fo — oo foo) + oo [ (T) + &(T) foo
+ &) f(T) + (1 + T f(T) (g0 — goo)
+ (1 + T T (fo— foo) = T2(1 + T 72(g0 — 8oo) (fo — foo)-
“4.11)

On the other hand, we also have

g(1) f(T) = (oo + (1 + T 7' (g0 — go0) + (7))
X (foo + (1+ T2 7 (fo = foo) + f(T)
= goofoo + (1 + T?) (g0 — goo) (fo — foo)
+ 800 f(T) + &(T) foo + §(T) J(T)
+ (14T (800 (fo = o) + (80 = 8o0) foo + (80— 00) /(T)
+&(T)(fo — fo0)). (4.12)
where in the second equation we used that g(7T') and (1 + 72)~! commute by Corol-

lary 3.18 (i). Since the right-hand sides of (4.11) and (4.12) coincide, we deduce the
product rule (4.8). ]
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Corollary 4.8. Let T € K (V) be bisectorial of angle » € (0,7/2), g € N"™(Dy),
0 € (w,m/2), and p an intrinsic polynomial. Then, p o g € N4 (Dy) and

(pog)T) = plg(T)].

Proof. The proof is the same as the one of Corollary 3.14, with the only difference
that here we also allow the constant term pg in the polynomial. However, this term is
clearly contained in the space N (D). ]

The next proposition shows the compatibility of the extended w-functional calcu-
lus (4.3) with the polynomial functional calculus.

Proposition 4.9. Let T € K (V) be bisectorial of angle w € (0, w/2), p an intrinsic
polynomial of degree n € Ny, and f € SH2(Dy), 0 € (w.7/2). If pf € SH (D),
then ran( f(T')) € dom(T") and

(p/)(T) = p[T]A(T). (4.13)

Proof. Note that it is enough to prove (4.13) for monomials p(s) = s”. The case of
general polynomials then follows by linearity. We will prove this fact via induction
with respect to n € Ny. The induction start n = 0 is trivial. For the induction step
n—n+ 1, wehave f € SH(Dg) and s"T! f € $H#5(Dy), which means that
we can write

f(5) = foo + (fo— foo) + f(5) (4.142)

1+ s2
and

(80 — 8o0) + & (5). (4.14b)

1
n+1 _
SHE) = gt T

n+1

If we multiply the first equation with s and compare both equations, we obtain

S (foo + 5 (o= foo) + (9)) = oo + T3 (80 — g00) + B,

1+ s2

Since this equation has to be true for every s € Dy, we conclude go = 0 when we
take the limit |s| — 0. Moreover, in the limit |[s| — oo, we get

1
1+ 52

lim s”+1(foo +

|s|—>o00

(fo— foo) + [(5)) = goo-
The fact that this limit is finite, implies that

lim (foo +

|s|]—>o00

o= fe) + f9) =0
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i.e., foo = 0by Lemma 3.2. The two values g9 = foo = 0 now reduce equations (4.14)
to

FO) = —— fo+ f5) and SFUS) = goo— oo+ F(5). (4.15)

1—|—2 1+s

Hence, the corresponding extended w-functional calculi (4.3) are given by

f(T) =0 +TH fo+ f(T) (4.162)

and
" NT) = goo — (1 + T?) ' goo + &(T)
=T2(1+T*) go + 5(T). (4.16b)

Next, we will show that for
h(s) = sf(s) € 837" (De)
we have ran(f(7)) € dom(T) with
h(T) =Tf(T). (4.17)
If n = 0, we can use the two equations (4.15), to write

fo € 879 (Dg).

S = 1z 800) = 86) 73

Since also s
f(s) — T3 528 € 87 (Dy).

we have
ran(f(T) —T(1 4+ T?*) gs) € dom(T)

by Proposition 3.15 and
T(f(T) =T+ T ' geo) = §(T) — T + T o,

where in the second equation we used the identity

(1+ 2)(T) T(1+ 727!

from the rational functional calculus in Theorem 3.16. Hence, ran( f (T)) € dom(T),
and, using f(7) in (4.16), also ran( f(T)) € dom(T'), with

TAT)=TA+TH fo+ T (1) =&(T) +T>(1 + T ' geo
= (sf)T) = h(T).
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If n > 1, then we can use (4.15) to rewrite

1 52 - 1
h(s) = ;(mgoo + g(s)) = (9<W> as [s| — oo,
W) = [ fo+ 56 = Os). as Is| 0.

These asymptotics prove that 4 € SH g(Dg); therefore, by (4.15), also

S

e $3° (Dy).

sf(s) = h(s) -

Then, by Proposition 3.15, ran(f(T)) C dom(T); hence, ran( f(T)) € dom(T') by
the representation (4.16), and

WT)=Tf(T)+T(1+T»H" fo =TFT).

In both cases, we now have verified that ran( f(7')) € dom(7") and the identity (4.17).
Since we have also shown that i € SH(Dy) and s"h = s"+1 f € SHM(Dy), it
follows from the induction assumption that ran(2(7")) € dom(7") and T"h(T) =
(s™h)(T). From this, we finally conclude that ran( f(T)) € dom(7"*!) and

" f(T) = T"TA(T) = T"W(T) = (s"h)(T) = ("' f)(T). .

Theorem 4.10. Let T € K (V) be bisectorial of angle w € (0, /2) and p,q two
intrinsic polynomials, such that

(i)  deg(q) = deg(p),

(ii) g does not admit any zeros in D.,.

Then q[T)| is bijective, there exists 6 € (w, ) such that p/q € N®(Dyg), and
P _
(£)@) = piTIglTI ™"
q
Proof. If we write the polynomials p and g as
p(s) = po+---+ pus” and g(s) =qo+ -+ + qns”.

with n = deg(q) > deg(p), i.e., it is ¢, # 0, but possibly p, = 0. Since g does not
admit any zeros in D, it in particular does not admit a zero in s = 0, which means
that go 7 0. Hence, we can choose e¢g := po/qo and es := pn/qn, and rewrite the
rational function p(s)/q(s) as

& — e €0 — €oo p(s)(1 +s2)_q(s)(€oosz+eo)
gis) T 1452 q(s)(1 + s2)

€0 —ecxo | T(s)

1+s2 ' t(s)

=eoo+



The H °°-functional calculus for bisectorial Clifford operators 797

using the polynomials
r(s) i= p(s)(1 +5%) — q(s)(ecos® +€o) and 1(s) := q(s)(1 + s).
The 0-th and (n 4+ 2)-nd coefficient of the polynomial r are given by
ro = po—qoeo =0 and rpi2 = pp —gneco = 0.
Hence, these polynomials satisfy
deg(t) =n+2 and deg(r) <n+ 1.

Since r also admits a zero at the origin, we have r/t € N°(Dy), and, consequently,
p/q € NP(Dy). The extended w-functional calculus is then given by

_ r
(2)(T) = eao + (14 T2 (9 — ec0) + (5 ) (D).
q t
Using now also Theorem 3.16 to write (r/¢)(T) = r[T]¢t[T]~!, we finally get

(5)(7) = oo (14 T (e = eco) + T UITT

= eco + (1 + T?) ! (eo — exo)

+ (pITI(1 4+ T?) — q[T)(excT? + €0)) (1 + T*)'q[T]
= eoo + (1 + T%) 7' (e0 — e00) + p[T1q[T]™

— (e0oT? + e9)(1 + T?*)7!

= p[T1q[T]™". ]

Next, we investigate the commutation of operators with the extended w-functional
calculus. The operator inclusions are always understood in the sense (2.10).

Theorem 4.11. Let T € K (V) be bisectorial of angle w € (0,7/2) and A € K (V),
such that

AQTI™ 2 Q5[T7'A and  ATQ,[T]™" 2 TQs[T] ™" A, (4.18)
for every s € R**1\ D,,. Then, for every g € N (Dy), 6 € (0,7/2), we get
Ag(T) 2 g(T)A.
Proof. The extended w-functional calculus of g € N®9(Dy) is given by

g(T) = goo + (1 + T?) (g0 — goo) + &(T), (4.19)
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with values go, g0 € R and ¢ € N°(Dg). By Theorem 3.17, we have
Ag(T) 2 g(T)A. (4.20)
For some arbitrary J € S, we have J € R?*1\ D,,, and hence we get by (4.18)
AQ+TH V= 404[TI™ 2 04[T] 1A = (1 + T4, (4.21)
Altogether, by applying (4.20) and (4.21) in (4.19), we obtain Ag(T) 2 g(T)A. =

Corollary 4.12. Let T € K (V) be bisectorial of angle » € (0,7/2), g € N*™(Dy),
and 0 € (v, /2).

(i) Forevery B e B(V)withTB 2 BT, we have
Bg(T) = g(T)B.
(1)  For every intrinsic polynomial p, we get
p[T1g(T) 2 g(T)p[T].
(iii) Forevery f € N™(Dy) we obtain
g(M) f(T) = f(T)g(T).
Proof. The proof is the same as the one of Corollary 3.18. |

We conclude this section with the important spectral mapping theorem, The-
orem 4.15. To do so, we will need some preparatory lemmata. The first one helps
us to locate resolvent set inside the double sector D, .

Lemma 4.13. Let T € X (V) be bisectorial of angle € (0,7/2), and p € D, \ {0}.
If there exists g € N®(Dy), 0 € (w,/2) with g(p) = 0 and g(T) bijective, then
p € ps(T).
Proof. Let us distinguish the cases p ¢ R and p € R \ {0}.

If p ¢ R, let us consider the function

gls) g(s)

h(s) = = ., seD .
O = 000 T = 2pos T 12 e
Since g € N"(Dy), we can decompose & into
1 80 — 80 g(s)
h(s) = D
0 =g =t ) F gy TE P
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for some go, goo € R, § € N%(Dy). The term 1/Q,(s) now admits the asymptotics

1| a0, asls|— ot
Op(s) (9(#), as |s| — oo,
and consequently also
1 (g gO_goo) )&+ 0dsD. as|s| > 07,
Qp(s)\"F T 1452 (9(%) as |s| — oo.

From these two asymptotics, we then conclude that for any 0 < r < |p| < R, the
integrability

(e, 0)
/(h(z Jey_ £ 1 o and f|h(re1¢)|? < o0,
R

forevery J € S, ¢ € Iy. Moreover, since g(p) = 0 by assumption, and g is intrinsic,
we also have g(s) = 0 for every s € [p]. This means that & extends to an intrinsic
function on all of Dg (denoted again by /). From Lemma 4.2, it then follows that & €
NP4(Dy). This in particular means that 4(T') is defined via the extended w-functional
calculus and by Proposition 4.9 and the commutation relation in Corollary 4.12 (ii),
we obtain ran(h(T)) € dom(7?) and

8(T) = (Qph)(T) = Qp[T]H(T) 2 h(T)Qp[T].

From this operator inclusion and the assumption that g(7') is bijective, it then follows
that Q,[T] is bijective with inverse Q,[T]™! = h(T)g(T)~!. Moreover, since g(T)
is bounded and bijective, its inverse g(7)~! is closed and everywhere defined; hence,
g(T)~! € B(V) by the closed graph theorem. This means that also Q,[T]™! € B(V)
is bounded, i.e., p € ps(T).

If p € R\ {0}, let us consider the function

hs) = g(), s € Do\ {p}.

In a similar way as above, one shows that 2 extends to an intrinsic function on all
of Dg. By the product rule Proposition 4.9 and the commutation relation Corol-
lary 4.12 (ii), we obtain ran(h(7T")) € dom(7") and

g(T) = ((s = p))(T) = (T = p)h(T) 2 K(T)(T — p).

From this operator inclusion and the assumption that g(7') is bijective, it then follows
that T — p is bijective with inverse (T — p) ™' = h(T)g(T)~'. Since g(T') is bounded
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and bijective, its inverse g(7)~! is closed and everywhere defined, hence g(T)~! €
B(V) by the closed graph theorem. This means that also (T — p)~! € B(V) is
bounded. Consequently, Q,(T) = (T — p)? is bijective with bounded inverse, i.e.,

p € ps(T). .

Lemma 4.14. Let T € K (V) be bisectorial of angle w € (0, 7/2), with as(T) N
U, (0) = {0}, for some r > 0. Then, the operator

Eo:= — /S;l(s, T)dsy (4.22)
T
AU, (0)NC ;

is independent of the choice J € S, p € (0,r), and for every g € N°(Dy),
g(T)Eo = goEo, (4.23)
with gg € R from Definition 4.1.

Proof. The proof that Ey is independent of p € (0,7) and J € S follows the same idea
asin [21, Theorem 3.12]. Since g € N (Dy), there exist g9, goo € R, & € N°(Dy),

with
80 — 8

1+ 52
In the first step we will calculate the product of g(7T") Ey. To do so, let us consider the
curves

g2(s) = goo + + g(s), s € Dg.

y+(t) := £|r|e O, t R\ [-p.pl.
ki(t) := :|:|l|e_sg“(’)1‘”, t € (—p,p),
b AN
o(p) := pe’?, ¢E( 2,2)\1¢,
($) := pe’?, ¢ €Iy,
Yy i=y+Dy-,
K =Ky @ K_.

(See Figure 12.)
With the representation (3.15) and the resolvent identity (3.25), we get

1
§NE = [ 80dssSg 6.1 [ 57 Thaps

y Dk odt
1 - _ _
— o [ #0dss [SF 6P =570 T
v 70T _5SR'(s,T) + 35S N(p, 7)) Qs(p) tdpy.

(4.24)
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Figure 12

Since both values p,s € C; are in the same complex plane, we can use the classical
residue theorem to derive the explicit value of the integral

1 1 1 14
7 prs(p) dpy = 5 / (p_s)(p_g)dm
ot ot

_ {SSTS+§sTs if s € ran(x), {1 if s € ran(x),

0 if s € ran(y) o ifse ran(y).

(4.25)
In the same way, we also get

1
- / 0,(p)"\dps =

1 / 1 J
] G-—9p-5n"’
odt odt

1 1. .
{ﬁ + 5 ifseran(), {0 if s € ran(k),

0 if s € ran(y) o ifse ran(y).

(4.26)

Now, using the integrals (4.25) and (4.26) in (4.24), we obtain

BB = o / #(s)ds Sz (5. T)

[ e _ _
ti2 /g(s)dsj/(SSLl(va)_SLl(p’ T)p)Qs(p)~"dpy.
v @K o®r 4.27)
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Next, we note that the identity (3.21) with B = S; !(p, T') in our setting becomes

1
o [ E0ds 68T 0 ) = SE (0. D0
y @k
_ St D&y if p e ran(o).
0 if p e ran(o).

Applying this to (4.27) simplifies the right-hand side to

1 1
N E =5 [#0dssSg )+ o [ ST DEps. @29)
b/ 2

T

Since p € (0, R) is arbitrary and the left-hand side is independent of p, we can take
the limit p — 0 of the right-hand side. However, since ||S; ' (p, T)|| < Cy/|p| by
Definition 2.11, the second integral vanishes by Lemma 3.3 (i), used with the operator-
valued function S, L(p, T). Moreover, with the estimate (2.14), also the first integral
in (4.28) vanishes; namely,

p
J¢
e
= ¥ | [aeenSsgee rar
de{—p,0,m—@,m+0p} |

‘ / Z(5)dss S5 (s.T)

1
dt ot
< 2C, Y 8e?) = =0
oe{—9,0,m1—p,m+9} o

Altogether, we found that the right-hand side of (4.28) vanishes in the limit p — 0%,
1.€.,

§(T)Ey = 0. (4.29)

In the second step, we consider the product (1 + 72)"! Ey. Starting with T2 E, we
use the resolvent identity (3.28) to rewrite

/ 7 (p.T)p2dps = / (TS; (9. T) + D pdpy = / TS;(p. T)pdpy.
odt ot odPt

By Hille’s theorem, this means that

ran( /SL_l(p, T)pdpJ) C dom(T)

odt

and

/Sil(p, T)p*dp; = T/Sil(p, T)pdpy.
oPt ot
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The same computation applied once more shows
ran ( / SL_I(p, T)dpj) C dom(7?),
ot

and

f ST (p. TYp2dpy = T? / ST (p. TYdpy = T2E,.
odt odT

However, since 0 < p < r is arbitrary, and only the left-hand side depends on p, we
can take the limit p — 0T and obtain

2m 2n
C
IT2Eo|| = lim /S;l(pef¢,T)(pe’¢)2peJ¢d¢ < lim /—“’p3d¢:o.
p—>0t p—0t P
0 0

This proves that T?E, = 0, and since 1 + T2 is invertible, also
1+ T>»'Ey = E,. (4.30)
From the identities (4.29) and (4.30), we now conclude

g(T)Eo = gooEo + (80 — goo)(1 + T*) " Eg + &(T) Eg
= gooEo + (g0 — &0) Eo = goEo. n

Theorem 4.15 (Spectral mapping theorem). Let T € K (V') be bisectorial of angle
w € (0,7/2), and g € NP (Dy), 6 € (w, 7/2), with the values g¢, oo € R from
Definition 4.1. If we extend the function g with the value g(0) := go, then we have

0s(g(T)) 2 g(os(T)) and o0s(g(T)) < g(os(T)) U{geo}- (4.31)

Proof. For the first inclusion let ¢ € g(os(T)), i.e., we can write ¢ = g(p) for some
p € os(T). Let us distinguish three cases.

Case 1. If p # 0, then p € o5(T) \ {0} € D, \ {0} € Dy and consequently by
Corollary 4.8, Q. o g € N°™(Dy) and

(Qc o g)(T) = Qclg(T)].
Let us assume that ¢ € pg(g(T)). Then, (Q. o g)(T)~! € B(V), and since also
(Qc 0 g)(p) = g(p)* —2cog(p) + e =0,

because of ¢ = g(p), it follows from Lemma 4.13, that p € ps(T). This is a contra-
diction to the choice p € os(T), and we have proven ¢ € os(g(7)).
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Case 2. If p = 0 and there exists a sequence (p,)neN € 0s(T) with limy, o0 pp =0,
then we also have lim, .o g(pn) = go and hence,

¢ = g(0) = go € g(as(T) \{0}) S as5(g(T)) = 05(8(T)).

where we used the fact that the S-spectrum is closed and that g(os(T) \ {0}) C
0s(g(T)), which we have already proven above.

Case 3. If p =0 and U,(0) Nos(T) = {0} for some r > 0, let us assume that ¢ €
ps(g(T)), i.e., Q.[g(T)] is boundedly invertible. Using the spectral projection Eq
from (4.22), with the property g(T)Eo = go Eo from (4.23), we then get

Qclg(T)]Eo = (g(T)* = 2cog(T) + |c|*) Eo = (8§ — 2cogo + |c|*)Eo = 0,

where the last bracket vanishes because of ¢ = g(0) = go. However, since Q.[g(T)]
is bijective, this implies that £y = 0 is the zero operator, i.e., Vy := ran(Ey) = {0}
is the trivial vector space. Moreover, by [15, Theorem 3.7.8 (iii)], os(T'|v,) = {0}.
However, since V, = {0}, the restriction 7 |y, is the trivial operator which always has
empty spectrum o5 (7 |y,) = 9. Hence, our assumption ¢ € ps(g(7")) was wrong and
we conclude ¢ € o5(g(T)).

For the second inclusion in (4.31), let ¢ € o5(g(T)), and distinguish four cases.

Case 1. If ¢ = goo, then clearly ¢ € g(0s(T)) U {goo}-
Case?2. If c = g¢ # goo and 0 € o5(T'), we clearly have ¢ = go = g(0) € g(os(T)).

Case 3. If ¢ = g¢ # goo and 0 ¢ o5(T), we are in the situation of Remark 3.6 and
Remark 4.4, which allow us to define the w- and the extended w-functional calculus
for a larger class of functions. Let us consider

h(s) == (Qc 0 g)(s) = g(s)*> —2cog(s) + |c|*, s € Dy. (4.32)

By Theorem 4.7, h € N (Dg), with hg = (g0 — ¢)?> = 0and oo = (g0 — €)% # 0.
An interior zero of infinite order, or zeros which accumulate at an interior point,
would cause % to vanish identically on this connected component, but this is not pos-
sible since lims|—o0 /1(s) = (goo — ¢)* # 0. Hence, there exist finitely many points
P1s---»Pn € R\ {0} and q1,...,9m € Dg \ R such that the zeros of / are given by
P1s---s Pn-1q1l, - -, [gm]. Let us call the multiplicities of those zeros k1, ..., k, and
l1,..., L, respectively. Let us consider the function

o=TIGEE) I o e
i= Jj=
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It is clear that (s — p;)/(1 + 52), (Qg; (5))/(1 4+ 5%) € N (Dg), and hence also
r € N®(Dy). Therefore, by Lemma 4.2, the shifted functions

h(s) :=h(s) —heo and F(s):=r(s) —res, 5 € Do,
satisfy the integrability condition (3.14). For every
s € Do \ ({p1}. - AP} Ulga] U--- Ulgm)),

we can define

) = 73 = (oo 4 7060

1 k) )
hoo  hooh(s)
_ Teo | F(8) | rech(s)  F(s)h(s)

e T e hoh(s)  heoh(s)

=:l€(s)

The function k also satisfies the condition (3.14). Moreover, since r and & have the
same zeros with the same multiplicity, k extends to an intrinsic function on Dy. For
this extension, we can define the functional calculus k(7') as in (4.4), and get

r(T) = (hk)(T) = H(T)k(T) = (Qc 0 g)TIk(T) = Qc[g(T)]k(T),  (4.34)

where in the last equation we used Corollary 4.8.
Let us now assume that ¢ ¢ g(os(7T)). Since g is intrinsic and og(7") axially
symmetric, this means g(s) ¢ [c] for every s € os(T). However, since p1, ..., Pn,

[91].- ... k[gm] are zeros of Q. o g, we get g(p1).....&(pPn).&(q1). - --.&(qm) € [c],
from which we conclude that p1,..., pu.q1,...,.9m ¢ 0s(T). Hence, the operator

r(T) = [JUT = p) (1 + TH™H4 [](Qq, [T1(1 + T?)7HY,
i=1 j=1

is bijective and, by (4.34), also Q.[g(T)]k(T). Since Q. [g(T)k(T)=k(T)Q.[g(T)]
commute, the bijectivity of Q.[g(T')] follows. Since Q.[g(T)] is bounded, the inverse
Q.[g(T)]™! is bounded as well, and hence ¢ € ps(g(T)). This is a contradiction to
¢ € gs(g(T)), which means that the assumption ¢ ¢ g(os(7)) was wrong, and we
have proven ¢ € g(as(T)).

Case 4. If ¢ ¢ {go, goo}» We again consider the function A from equation (4.32) and r
from equation (4.33). Contrary to the above, here the values 1y = (go — ¢)? # 0 and
hoo = (800 — €)? # 0 are both nonzero. It is now straightforward to show that, in the
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decomposition of Definition 4.1, for s € Dg \ ({p1},....{Pn} U lq1] U--- U [gm]),
we can write the function

I
k(s) := )
as
ro li%(rooho — rohoo) + F(s)ho — roh(s)
KO =5 = hoh(s)
and
1 - ~
Foo _ Tis2 F0hoo = Tooho) 4 F()hoo — rooh(s)
K= = hooh () :

This form shows that there exist 0 < r < R such that the integrability conditions (4.1)
are satisfied. As above, the function k& extends to an intrinsic function on Dy and,
from Lemma 4.2, we then get k € N®(Dyg). This means that k(7T') is defined via the
extended w-functional calculus, and so

r(T) = (hk)(T) = H(T)k(T) = (Qc 0 g)T)k(T) = Qc[g(T)]k(T),

where in the last equation we used Corollary 4.8. Since this is the same formula as
in (4.34), we also conclude by the same argument that ¢ € g(os(7)). [

5. The H °°-functional calculus

Taking advantage of the extended w-functional calculus from Section 4, we will now
define the H °°-functional calculus for the so called class of regularizable functions.
In particular, functions with polynomial growth at infinity will be covered by this
calculus, and under the additional assumption that 7" is injective, also a polynomial
growth at zero is allowed.

Definition 5.1. For every 6 € (0, /2), let Dg be the double sector from (2.12). We
define the function spaces

) SH'TE(Dg) := {f € $H1(Dg) | there exists e € N (Djp) such that
ef € $HM(Dg), e(T) injective},

(ii) N™8(Dy) := {g € N (Dg) | there exists e € N ™ (Dy) such that
eg € N™(Dy), e(T) injective}.

For every function f € §H;*(Dg), the function e is called a regulariser of f. Note
that the operator e(7') is well defined via the extended w-functional calculus (4.3).
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Proposition 5.2. Let T € K (V) be bisectorial of angle w € (0, 7/2). Then, for every
0 € (w,m/2),

{f € 8HL(Dy) | fsatisfies (a) and (b)} C SH*(Dy),

where (a) and (b) are the following two properties:
(a) there existr > 0and fy € Ry, such that

,
dt

/If(te"”) % <o sespely

0

(b) there exist k € Ny and C > 0 such that
[f()] = CA+1s%). s € D
If T is injective, then
{f € 8H(Dyg) | fsatisfies (¢)} C S%rLeg(Dg).

where

(¢) there exists k € Ny, and C > 0 such that
1 k
)= C (g +sl). s € Do,
Proof. Let f € 8H# 1 (Dg), such that there exist » > 0, fo € R,, k € Ny, C > 0 with

1£()] < C(1 +|s]%)

and
,
) dt
|f(ze )—f0|7<00, J €S, ¢ el
0

Let us choose the regulariser

1
e(S) = m,

which is clearly an element e € N"4(Dy). According to Theorem 4.10, the corres-
ponding functional calculus is given by

e(T) = (1+T?H7*1,
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Since 1 + T2 is bijective due to J € ps(T), for every J € S, the operator e(T) is
injective. Moreover, we can write the product ef as

(16 = 5
I 1 k) s
= 1+szf0+ (1+52)k+1(f(s)_f0)_z(l)Wﬁ)'
I=1 S———

=:g0(s) =:21(s)

+ o Slz)kﬂ (f5) = (1 + 5 fo)

5.1)

In order to show that ef € N"(Dy), we have to verify that g; € N°(Dy) for every
[ €{0,...,k}. The function gy can be estimated in two ways; namely,

_ |f(s) — fol < ( 2 )UHI)/ZM
|1+ 52|+ = N1 4 cos(26) (1 + [s[2)k+1

<( 2 )<k+1>/2{|f(s)—fo|,

180 (s)]

C(1+]|s/*
1 + cos(26) —Elilljllz))’ﬂ{()l’

where we used that

sup =
S€Dg |1 + 52|

1+ s ( 2 )1/2
1 +cos(20)/

which can easily be verified. This estimate shows that the integral

[ dt
[ 1zoteen
0
i [ d
~ t - t
= [tz + [ 1aate )1
0 r

®k+1/2( [ dt [ C(+ |tk d
5(;) " 2(/|f(lej¢)—f0|7t+/ (-t )+|f0|_t)
0 r

1 + cos(26) (14 [z|2)k+1 ¢
< 00,
is finite, and hence go € N°(Dy). Next, the functions g;, [ € {1,...,k}, can be
estimated by
3 |s|?! 2 k+n/2 5|2
GO = = ( ) e
|1+ 52| 1 4 cos(20) (14 |s?)
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This estimate shows that g; € N°(Dyg). Altogether, we have proven that the product
ef in the representation (5.1) is an element e f € Sc%znd(Dg). This shows that e is a
regulariser of f according to Definition 5.1, and hence f € SK*(Dy).

Let us additionally assume that T is injective. For every f € S# 1 (Dg), which
satisfies the estimate

1601 = € (e + ).

we choose the regulariser

gk+1

e(s) := —————.
() (1 + s2)k+1

Then clearly e € N°(Dg) € N (Dy) and by Theorem 4.10, the corresponding func-
tional calculus is given by

e(T) — Tk+l(1 + T2)—k—l.

Since 1 4 T2 is bijective due to J € ps(T') forevery J € S, and since we also assumed
that T is injective, also e(T) is injective. Finally, we can estimate the product e f by

-c |S|k+1 ‘
le(s) f(s)] = W(W + Is] )
k+1)/2 2k+1
SC( 2 )(+)/ Is| + |s] '
1 + cos(20) (1 + |s]2)k+1

This estimate shows that e f € N°(Dg) € N"(Dy). Hence, e is a regulariser of f
according to Definition 5.1, and we conclude that f € N™8(Dy). ]

For those regularizable functions in Definition 5.1, we now define the H *°-func-
tional calculus.

Definition 5.3 (H °°-functional calculus). Let T € K (V') be bisectorial of angle w €
(0, w/2). For every f € SH*(Dy), 0 € (w, m/2), we define the H*°-functional
calculus

F(T) = e(T)~ (ef )(T), (52)
where e is a regulariser of f according to Definition 5.1.
Note that definition (5.2) is independent of the choice of the regulariser e. This

is because from the product rule (4.8) we obtain for any two regularisers ej, e, the
equality

er(T) er fUT) = ex(T) " ea(T) " ea(T) (e f)(T)

= (e2e1)(T) " (e2e1 f)(T)
= (e1e2)(T) " (erea f)(T)
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= ex(T)'er(T) " er(T)(e2/)(T)

= ex(T) ™ (e2 /)T).
Remark 5.4. Note that the natural choice of the H °°-functional calculus (5.2) for
right slice hyperholomorphic functions would be f(T) := (fe)(T)e(T)~!. However,
this is not a good definition since f(7') is defined on ran(e(7")) and hence depends on

the choice of the regulariser. It is an open problem how the H °°-functional calculus
for right slice hyperholomorphic functions has to be defined.

Let us now collect some basic properties of the H °°-functional calculus (5.2).
Lemma 5.5. Let T € K (V) be bisectorial of angle o € (0, 7/2), and let f, g €
SHE(Dyg), 0 € (w,7/2). The following statements hold true.

(i)  The operator f(T) € K (V) is right-linear and closed, with domain

dom(f(T)) ={v eV [(ef)(T)v € ran(e(T))}. (53)

where e € N®(Dy) is an arbitrary regulariser of f .

(ii) Foreverya € R, we have the linearity properties
(f+)(T) 2 f(T)+g(T) and (fa)(T)= f(T)a. (5:4)

Proof. (i) The operators e(7T') and (ef)(T) in the definition (5.2) are bounded, and
e(T)™!is closed as the inverse of a bounded operator. Hence, f(T) =e(T) " (ef)(T)
is closed as the product of a closed and a bounded operator. The explicit form of the
domain (5.3) is exactly the one of the product of unbounded operators.

(ii) If ey is a regulariser of f and e, a regulariser of g, then it is clear that the
product eje; is a regulariser for both functions f and g, as well as for their sum
f + g. Hence, we can write the H °°-functional calculus of the sum as

(f +8)(T) = (erex) ' (erea(f + g)(T)
= (e12) " ((ere2.f)(T) + (e1e28)(T))
2 (e1e2) ' (erea f)(T) + (e1e2) ' (e128)(T)
= f(T) + g(T),

where from the second to the third line we used the inclusion
A(B+C) 2 AB + AC

of unbounded operators.
For the second equation in (5.4), we note that the regulariser e; of f is also a
regulariser of fa. Hence, we can write the H *°-functional calculus (5.2) for fa as

(fa)(T) = ex(T) " (e1 fa)(T) = ex(T)(e1 f)(T)a = f(T)a. L
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Proposition 5.6. Let T € K (V) be bisectorial of angle w € (0, w/2). If T is not
injective, then for every f € SH' *(Dy) the limit

Jo=lim_f(s).

|s|—0t
exists. Moreover, if | € N™8(Dy) is intrinsic, we also have
ker(T) € ker(f(T) — fo)-

Proof. Since f € SJ{’rLeg(Dg), there exists e € N(Dg) such thatef € SJ('i“d(Dg)
and e(T) is injective. Then, by Proposition 4.6, we get the inclusion

ker(T) < ker(e(T) — egp). (5.5)

Since e(T') is injective and T is not, there must exist eg # 0, and consequently,
e(s) # 0 for sufficiently small |s|. Hence, the limit

lim f(s) =

li
|s|]—0t ot ( )

—(ef)(s) = —(ef)o

exists. Next, we observe that, for every v € ker(7T), we have e(T)v = egv by (5.5),
and hence v € dom(e(7T)~!) with

1
e(T) v = —v.
€0

Moreover, since f € N™8(Dy) is intrinsic, it also holds
(ef)(T)v = (ef)ov
by Proposition 4.6, and we obtain
- _ 1
(T =e(M) (e )T)v = e(T) ' (ef )ov = a(ef)ov = fov. u

Theorem 5.7. Let T € K (V) bisectorial of angle w € (0,7/2), g € N™(Dy), [ €
SJ(’fg(Dg), 0 € (w, /2). Then we get the product rule

(&) 2 g(T) S(T), (5.6)

and the domains of the both sides are connected by

dom(g(T) f(T)) = dom((gf)(T)) N dom(f(T)). (5.7)
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Proof. Let e1 be a regulariser of f and e a regulariser of g. It is clear that e1e; is a
regulariser of the product fg. Since g is intrinsic, we have the commutation relation

e1(T)(e28)(T) = (e28)(T)ex(T)

from Corollary 4.12 (iii). Consequently, we get

e1(T) M (e28)(T) 2 e1(T) (e28)(T)er(T)er (T) ™
= e1(T) ' e1(T)(e28)(T)er(T) "
= (e28)(T)er(T) ™" (5.8)

Hence, the H °°-functional calculus (5.2) of the product (g f)(T") can be written as
(8 NT) = (ere)(T) ™ (ere2g f)(T) = ex(T) ' ex(T) ™" (e28)(T)(er f)(T)
2 ex(T) ™ (e28)(T)er(T) " (er SUT) = g(T) f(T).

For the domain identity (5.7), let v € dom(g(7T') f(T')). Clearly, v € dom( f(T)), and,
by the already proven product rule (5.6), also v € dom((g f)(T)).

For the inverse inclusion in (5.7), let v € dom((gf)(7T")) N dom( f(T)). Clearly
v € dom(f(T)), and, from the commutation relation (5.8), the following identity
holds:

(e28)(T) f(T)v = (e28)(T)er (T) " (er f)(T)v
= e (T) " (e2)(T)(e1 f)(T)v
= e1(T) " (ere2gf )(T)v. (5.9

Since also v € dom((gf)(T)), we have (eje2gf)(T)v € ran((ejez)(T)), and hence
e1(T) Y(er1e2gf)(T)v € ran(ex(T)). (5.10)
Now, combining the identity (5.9) with (5.10), we obtain
(e28)(T) f(T)v € ran(e2(T)),
which implies that f(T') € dom(g(T')). Hence, v € dom(g(T) f(T)). o

Corollary 5.8. Let T € J (V') be bisectorial of angle w € (0,7/2), g € N™8(Dy),
0 € (w,7/2), and p an intrinsic polynomial. Then, p o g € N™8(Dy) and

(pog)T) 2 plg(T)].
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Proof. Note that, due to the linearity property (5.4), it is enough to consider monomi-
als p(s) = s”. Let e be a regulariser of g. It is clear that e” is a regulariser of g”.
Using the relations

(")(T) =e(T)" and (e"g")(T) = (eg)(T)",
which follow from the product rule (4.8), as well as the inclusion
e(T) ™! (eg)(T) 2 (eg)(T)e(T)™",
from (5.8), we can write the H *°-functional calculus of g” as

(&")(T) = (")(T) ' (e"g")(T) = e(T) " (eg)(T)" 2 (e(T) ™" (eg)(T))" = g(T)".
]

Theorem 5.9. Let T € K (V) be bisectorial of angle w € (0, 7/2) and p, q be two
intrinsic polynomials, such that q does not admit any zeros in D,. Then, q[T] is
bijective, there exists 0 € (w, ) such that p/q € N™8(Dgy), and we have

(£)@) = plTlalr) . (5.11)
Proof. If we denote n := deg(p), we choose the regulariser
1
O T

Then it is clear that e € N"(Dy). Since ¢ has no zero at s = 0, we obtain the
asymptotics

‘e =

which implies that es p/q € N®(Dy). Since, by Theorem 4.10, e(T) = (1 + T?)™"
is also injective, e is a regulariser of p/g. Using also Theorem 4.10, the H °°-func-

p(s) {(9(1), as |s| — 07,
(9(#) as |s| — oo,

tional calculus of p/q is then given by
P —1( P
()@ = e (2@
= (L+T?)"p[TI((1 +s*)"q)[T]™"
= (14+T*"p[T1(1 + T*)™"q[T]!
= p[T1(1 + T?)" (1 + T*)™"q[T]™" = p[TIq[T]". =

Proposition 5.10. Let T € K (V) be bisectorial of angle w € (0, /2), p an intrinsic
polynomial, and [ € SH*(Dg), 0 € (w,7/2). We have

(pf)(T) 2 pIT]f(T).
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Proof. If we use the product rule (5.6) and the rational functional calculus (5.11) with
q = 1, we immediately get

(pUT) 2 p(T) f(T) = pIT1/(T). u

Corollary 5.11. Let T € K (V) be bisectorial of angle w € (0,7/2), g € N™8(Dy),
0 € (w, /2). Then we have the following commutation relations:

(i) forevery B € B(V)withTB 2 BT,
Bg(T) < g(T)B:;
(i) forevery f € N°(Dy),
f(T)g(T) < g(T) f(T).

Proof. Let e be a regulariser of g.
(i) By Corollary 4.12 (i), we have B(eg)(T) = (eg)(T)B and Be(T) = e(T)B.
Hence,

e(T)Y 'B 2 e(T) 'Be(T)e(T)™! = e(T) 'e(T)Be(T)™ ! = Be(T)™ !,
from which we conclude
g(T)B = e(T)'(eg)(T)B = e(T) ™' Bleg)(T) 2 Be(T)™ ' (eg)(T) = Bg(T).
(ii) From the operator inclusion (5.8), we obtain

g(T) f(T) = e(T) " (eg)(T) f(T) = e(T)™! f(T)(eg)(T)
2 f(T)e(T) ' (eg)(T) = f(T)g(T). u
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