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On the number of bound states for fractional Schrodinger
operators with critical and super-critical exponent

Sébastien Breteaux, Jérémy Faupin, and Viviana Grasselli

Abstract. We study the number N<o(Hy) of negative eigenvalues, counting multiplicities, of
the fractional Schrodinger operator Hy = (—A)S — V(x) on L2(R¥), for any d > 1 and 5 >
d /2. We prove a bound on N<o(H) which depends on s — d/2 being either an integer or
not, the critical case s = d/2 requiring a further analysis. Our proof relies on a splitting of
the Birman—Schwinger operator associated to this spectral problem into low- and high-energies
parts, a projection of the low-energies part onto a suitable subspace, and, in the critical case
s = d /2, a Cwikel-type estimate in the weak trace ideal £2°°° to handle the high-energies part.

1. Introduction

Estimating the number of bound states of the two-body Schrodinger operator
H:=-A-V(x)

on L2(R?) constitutes a rich problem that has attracted a large amount of atten-
tion in the mathematical literature. Classical textbook references include [30, Chap-
ter XIII.3], [37, Chapter 7], [10, Chapter XI], and [25, Chapter 4], see also [19, 36]
for review articles and [16, Chapter 4] for a more recent exposition.

Roughly speaking, the question raised is as follows. Consider a real-valued mea-
surable function V: R4 — R such that H identifies with a self-adjoint operator on
Lz(Rd), with essential spectrum [0, co) (see e.g., [29] or [16] for sufficient condi-
tions on V' implying these properties, see also Hypothesis B.1 and Remark B.2 below
for the conditions considered in this paper, in the setting of the fractional Schrodinger
operator). The bound states of H are defined as the normalized eigenvectors corre-
sponding to negative eigenvalues. One then aims at estimating N<o(H ), the number
of negative eigenvalues of H counting multiplicities.
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Note that, decomposing V = V; — V_ with V3 > 0, we have H > —A — V (x)
in the sense of quadratic forms, which implies that

Noo(H) < Noo(—A = V4 (x)).

Therefore, to obtain a bound on the number of negative eigenvalues of H, it suffices
to consider the case where V' = V. > 0. Throughout the paper, to simplify the expo-
sition, we thus assume that

V >0.

Among the various bounds obtained in the literature, we mention the following
ones. The celebrated Cwikel-Lieb—Rozenblum (CLR) bounds state that

N<o(H)sd/V‘”2, d>3, (1.1
Rd

for any V in L4/2. Throughout this paper, a < y1,...y, D means that there exists a

.....

constant C),, . > 0 depending only on the parameters yi, ..., y, such that a <

.....

,,,,, y, b, and this constant may change from one line to the other.

Estimates (1.1) enjoy the important property that they are consistent with Weyl’s
semi-classical asymptotics. Namely, for sufficiently regular and fast-decaying V,

AN _o(~A = AV) = Ly / verz. L= oo,
R4

for some positive constant L; (see e.g., [25, Section 4.1.1] or [16, Theorem 4.28]).
The CLR bounds were proven independently by Cwikel [9], Lieb [24], and Rozen-
blum [31]. They are the crucial endpoint case of a more general family of bounds on
the moments of the negative eigenvalues of H, the Lieb—Thirring inequalities [27],
that in turn have important consequences for the stability of matter [25,26]. Estimat-
ing the best constant in the CLR bound (1.1) therefore remains a well-studied open
problem. We refer to [8, 15,20] for important recent progress regarding this question
and to [14, 16,20, 32] for detailed discussions concerning the history, applications,
recent developments and open problems related to the Lieb—Thirring inequalities.

Note that the CLR bound (1.1) implies in particular that if ||V a/2 is small
enough, in dimension > 3, then H has no bound states. The situation is different
in dimension one or two. In these cases, it is well known that H has at least one
bound state for any V' > 0 in C3° which is not identically zero (see e.g., [30, Theo-
rem XIII.11], see also the recent work [ 18] for similar results for Schrodinger opera-
tors with general kinetic energies). In one-dimension, the estimate

Noo(H) —1 §/|x|V(x)dx, d =1, (1.2)
R



Number of bound states for fractional Schrédinger operators 613

was obtained in [5, 21], as a consequence of Bargmann’s bound [1]. See also [30,
Theorem XII1.9] for other related bounds for central potentials in 3-dimension.

The two-dimensional case is the most subtle one. In this case, it is known that no
estimate of the form

NoolH) 5 14 [0tV ar.
RZ

can hold, provided that w is bounded in a neighborhood of at least one point [17].
Several papers have been devoted to estimating the number of bound states of
2-dimensional Schrodinger operators in the recent years [3,7,17,22,23,34,38]. In par-
ticular, conditions on V' ensuring the semi-classical growth N<o(—A — AV) = O(A)
as A — oo are derived in [22,23]. Among the various bounds obtained in 2-dimension,
we mention the following ones:

Noo(H)—-125 /(1 + In{x))V(x) dx —/(ln [xDV*(|xDdx, d =2, (1.3)
R2

[x|<1

where, for x € R?, (x) := /1 + |x|2, and

Neo(H) =1 % / A+ DV + [Vieoer, d=2.  (14)

R2

In (1.3), V* stands for the decreasing rearrangement of V' defined, for all ¢ € [0, 00),
by
V*(@) := inf{s € [0,00) | uy (s) < ¢},

where py (s) := [{x € R? | [V(x)| > s}|. In (1.4), ||| L 10g z stands for the norm in the
Orlicz space L log L defined by

I/ llLogL :=inf{/< >0 ‘ /CI>(|f|//c) < 1},
R2

with ®(s) = s1n(2 + s) forall s € [0, 00). Estimates (1.3) and (1.4) are proven in [34];
previously, estimate (1.3) was proven in the case where V' is radial, and conjec-
tured in the general case, in [7]; estimate (1.4) relies on previous important results
obtained in [38]. We refer to [34] for further (and stronger) inequalities obtained in
the two-dimensional case.

For 0 < s < d/2, one can similarly study the fractional Schrodinger operator

Hy = (A — V(x) (1.5)



S. Breteaux, J. Faupin, and V. Grasselli 614
on L2(R?). The proof of the CLR bounds (1.1) extends to this case, leading to

N<o(Hy) Sa.s / vazs 4 >1,0<s < %
R4

We refer to the review [13] and references therein for bounds on the number of nega-
tive eigenvalues and Lieb—Thirring inequalities for Hg with s < d /2.

In this paper, we consider the fractional Schrodinger operator (1.5) in the case s >
d /2. This includes in particular the critical case s = d/2, as well as “polyharmonic
Schrodinger operators,” namely the fractional Schrodinger operators Hg with integer
exponent s € N. For polyharmonic Schrodinger operators with N 3 s > d/2, it was
proven in [11,12] that

Neo(Hs) — 5 Ssgq /IXI“""lV(x)q dx, d=1,seN,g>1, (1.6)
R

in one-dimension, and

N<0(Hs) - (d * ”l)

d
/ x99V (x)4 dx, dodd,s € N,g > 1,
R4
sd,s,q
/(1 + [In|x|)29 7 x99 V(x)?dx, deven,s € N,q> 1,
R4
(1.7)

in any dimension, where n = |s — d/2]. Still, for s > d/2, s an integer, the Lieb—
Thirring inequalities for moments of the negative eigenvalues of H, of order p >
1 — d/2s have been obtained in [28]; moreover the asymptotics of N<o((—A)* —AV)
as A — oo has been studied in [3,4], giving in particular sufficient conditions on V,
for d odd, to ensure the usual semi-classical behavior at large coupling.

Here, we aim at proving a bound on N.o(Hy) in any dimension d and for any
real s > d/2, comparable to the bounds of the form (1.2) or (1.6) (with ¢ = 1) in
dimension one, or (1.3)—(1.4) in dimension two.

1.1. Statement of the main result

Before stating our main results, Theorems 1.1 and 1.5, we recall and introduce some
notations.

The symbol N denotes the set of integers larger than or equal to 1, and Ny :=
N U {0}. We recall the notation (x) := /1 + |x|2 for x € R¢.For 1 < p < o0, L?
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denotes the usual Lebesgue space of functions on R?, while the corresponding norm
is denoted by || f||lL» for f € LP. We recall that for 1 < p < oo, the Schatten ideals
£7? (or trace ideals) and the weak trace ideals £7°°° are defined, respectively, as the
spaces of compact operators A such that the following quantities are finite:

1/p
lller = (3 A" P2) 7 Al = sup(j + DY [2; (4% ),

j=0 j=z0

where A; (A* A) is the sequence of the eigenvalues of A* A sorted in decreasing order.
The star in the notation |||’} ,.cc is a reminder that it is a quasinorm but not neces-
sarily a norm. (See, e.g., [35] for more information on the weak trace ideals £7°°°.)
Similarly, the space of bounded operators on L? is denoted by £°°.

Our main results are the following.

Theorem 1.1 (“Super-critical case”, s > d/2). Letd > 1,s >d/2,n = |s —d /2]
and set v 1= V1/2, Then,

d

=201 7 if s — > ¢ No,

d+n
N<O(Hs) - ( d ) Sd,s

d
1) =42 /T + In(x)v||2, if s — 5 €N,

for all v such that the right-hand side is finite.
We have the following accompanying remarks. As usual, for o € Ng and x € RY,
we use the notations x* = ]_[;l=1 x;lj and |a| = Zjlzl o).

Remark 1.2. The constant (d;r”) can be replaced by the possibly smaller constant
Cqg.n(v) 1= dim(span{x®v | @ € Ng, || < m})

(it is not difficult to see that the maximal dimension of the vector space span{x®v | o €
Ng | < n}is (dj”), see the proof of Theorem 1.1 below). On the other hand, the
constant ¢4 ,(v) cannot be removed from the estimate of Theorem 1.1, in the sense
that there are potentials V' in Cg° (R%) such that Hy has at least ¢4 »(v) bound states.
More precisely, we will prove that for all V € Cg° (Rd ), V > 0, the operator H; has at
least ¢4 , (v) negative eigenvalues counting multiplicities. See Proposition 4.1 below.

Remark 1.3. In the endpoint case s = d/2, the bound stated in Theorem 1.1 does
not hold. Indeed, if it were true, then it would imply that, for d = 2,

Neo(=A = V(x)) = 1 5 IV1 +In{x) v| 7.,

which cannot hold, as discussed in the introduction and proven in [17].
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Remark 1.4. Since the operators Hy and (—A)* — V(x + x¢) are unitarily equiva-
lent, for any xo € R¥, the weights |x|*~4/2 and (x)*~4/2,/1 + In(x) in the estimate

of Theorem 1.1 can be replaced by |x — xo|*~%/2 and (x — x0)*~4/2 /T + In{x — xo),
respectively.

We also note that, for d = 1 and s = 1, Theorem 1.1 gives, for the usual Schro-
dinger operator H = —A — V(x),

Noo(H)—1 §/|x|V(x)dx, d=1.
R

The Bargmann estimate (1.2), which follows from the explicit expression of Green’s
operator in one-dimension, is of course stronger, since it gives the same estimate but
with a constant equal to 1 in front of the integral in the right-hand side (instead of the
implicit constant we obtain). Likewise, ford = 1 and s € N, Theorem 1.1 gives

Noo(Hs) —s <y / |x[*"'V(x)dx, d=1,5s€N,
R

which is (1.6) in the particular case where ¢ = 1. Our result therefore shows how (1.2),
and (1.6) with ¢ = 1, can be generalized to any dimension for the fractional Schro-
dinger operator Hy, with any real s > d /2.

For d oddand N > s > d /2, our result also corresponds to the endpoint case g = 1
in the family of estimates (1.7) proven by Egorov and Kondratiev [11]. Note that the
endpoint case ¢ = 1 was left open in [11]. Note also that our proof is very different
from that in [11], see Section 1.2 for a description of the strategy followed in this
paper. In the case where d is even, and with s > d /2, our result corresponds again to
q = 11in (1.7), except for the local behavior of V, in that our bound requires that V' is
L' near the origin, while (1.7) with ¢ = 1 would only require that (In |x|)|x|?*~¢ V(x)
is L! near 0.

Our result in the critical case s = d/2 is stated in terms of the harmonic oscillator

h:=cy(—A + x?),

where the constant ¢ is chosen, for technical convenience, as ¢y := e¢/d (so that
h > e¢). We then have the following result.

Theorem 1.5 (“Critical case”, s =d /2). Letd >1,s =d /2, ¢ > 0and setv :=V'/2,
Then,
N<o(Hs) =1 Sae [[(inh)/2(InInh)"/2* ey2,

for all v such that the right-hand side is finite.
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Theorem 1.5 should be compared with the bounds (1.3)—(1.4) for H = —A — V(x)
in dimension 2. In particular, in the same way as (1.3)—(1.4), our estimate requires
both a logarithmic decay and a “logarithmic regularity” of v, encoded here in the
condition that v belongs to the domain of (Inh)!/2. The slightly stronger requirement
that v belongs to the (smaller) domain of (Inh)!/2(InInh)!/2%¢ may be an artifact of
our proof.

1.2. Elements of the proof and auxiliary results

Our proof of Theorems 1.1 and 1.5 starts with a usual application of the Birman—
Schwinger principle [2,33]. In our context, it states that, for all £ < 0,

N<g(Hg) = N>1(KE), (1.8)

where N<g (A) (respectively Nx g (A)) denote the number of eigenvalues less than or
equal to E (respectively larger than or equal to E) of a self-adjoint operator A, and
the Birman—Schwinger operator K g is defined by

Kg :=v(x)((-A)* — E) lv(x), E <O.

Recall that we have set
vi= V12

For the convenience of the reader, a proof of the Birman—Schwinger principle (1.8)
under our assumptions is recalled in Appendix B.
Next, recalling that n = |s — d /2], we introduce the finite-dimensional vector
space
Fy = span{x“v | a € Ng, la| <n} C L>. (1.9)

The Birman—Schwinger operator is then split into its “low- and high-frequencies”
parts. More precisely, we set

Kg <1 :=v(x)(=A) — E) "Livi<iv(x), Kg =g Kg Mg, (1.10)
Kg 1= v(@)((—A) — E) 'jyp1v(x), Kg o= g Kg 1Tz, (1.11)

where HJj;n denotes the orthogonal projection onto .’Fnl.
The variational principle (which we recall in Appendix A) then yields

N=1(Kg) < dim(%,) + No1(KE).

where K = K]i:’<1 + KIJ::,>1. It is not difficult to verify that

dim(%F,) < (d :;”)
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(see eq. (4.3) in the proof of Theorem 1.1). Now, the splitting into high- and low-
frequencies comes into play, as we can write

N>1(Kg) S 2IKE 215100 + 21KE <1 15100 < 21KE 115100 + 21KE <1 ll21-

Note that we have estimated ||I(1JE">1 I41.00 < 1KE>1l%1.00, Nnamely we do not use
the orthogonal projection Hj,;n for the high-frequencies part. On the other hand, to
bound the low-frequencies part, the orthogonal projection HJJ,;n plays a crucial role,
but it suffices to estimate the trace norm of K ;5_,<1 instead of the more complicated
quasinorm in £1:%°.

Theorems 1.1 and 1.5 are then consequences of the following two theorems.

Theorem 1.6 (Low-frequencies estimate). Letd > 1, s > d/2 and E < 0. Then,

d
X [y VT In(x)vll7, ifs — 5 € No,
Kg <1llgr Sa.s (1.12)
k] > 4 ' d
)% w2, if's — 5 # No,

for all v such that the right-hand side is finite.

Theorem 1.7 (High-frequencies estimate). Letd > 1, s > d/2, ¢ > 0and E < 0.
Then,

Sdae [(nh)2(ninh) /2 ey )2, ifs = —,

||KE,>1||}1,00

Sas I0lI72 ifs > —,

ST

for all v such that the right-hand side is finite.

The main ideas of the proof of Theorem 1.6 are as follows. We first use that

dg

IKg <iller = [ 115, e 072 mr—r 2s < [Img, e )7,
L Iél —E~ LY ]

E1<1 El<1

(see Lemma 2.1 for the equality and use that £ < O for the inequality). For s > d /2,
the function & > |§[721¢<; is not integrable. We decompose the region || < 1
into annuli e %=1 < |€| < e~¥ for k € Ny, which we combine with a splitting of v
in each annuli, of the form v = v + v, with v7 (x) = 1}k v(x) and v (x) =
1|5k v(x). For the terms with v;”, we can use the decay of v at infinity to ‘gain’
powers of £ since

-2 2k 2
IEI™ Te—k—1 <jgj<e—* L jxjzer VL2 S € jymer vl < [T 0]l 2.
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A refined estimate shows that the decay conditions imposed in the right-hand side
of (1.12) are enough to have summability with respect to k. To estimate the terms
with v, we use that Hé.n x%v = 0 for all || < n. Expanding the exponential ¢'**¢
into a series then allows us again to gain powers of £ and reach integrability.

In the case where s > d /2, the proof of Theorem 1.7 is straightforward (using that
the function & > |£|7251}¢)> is integrable). In the critical case where s = d /2, The-
orem 1.7 is a corollary of the following Cwikel-type estimate (Theorem 1.8). Before
stating it we recall a few notations.

For 1 < p < oo, the weak spaces L?**° are defined as the sets of all measurable
functions f : R¢ — C such that the quasinorm

”f”zpoo = fg}gk({|f| > f})l/p[

is finite (here A stands for the Lebesgue measure). For 1 < p, g < oo, the spaces
€9 (LP) are defined as follows. For any m € Z¢, let 1o, be the characteristic function
of the unit hypercube Qm of R¢ with center m and, for all function f:R? — C, let
Jm :=1g,, f. The space £9(L?) is the set of measurable functions f R4 — C such
that (|| fm|lL»)m € £4, equipped with the norm

/
1 leswn = ( Yl fmlts) " (113

meZ4

Likewise, £7°>(Z4) are the spaces of families of complex numbers u = (1 )z« such
that the quasinorm

ul7p.0o = sup(j + 1)1/17”;5
i=0 -

is finite, where (u;) jeN, 1s the sequence of the |1y | sorted in decreasing order. The
space £9°°°(L?) is defined analogously to the space £9(L?) in (1.13). The Fourier
transform on R¢ is denoted by

F(IE) = f&) = @n) > / e f(x) dx.
R4

For f:R? — R a measurable function, f(—iV) denotes the operator defined by
f=iVyg = F7H(f9).
Theorem 1.8 (Cwikel-type estimate in £2°®). Letd > 1, § > 0 and & > 0. Then,
£ ()8 (=i V) g2.00

Sd,S,e ”(ln h)l/z(ln In h)1/2+8f“L2 sup inf \/”gp”LP-O"“gp’”ep’.oo(LZ)

8p-8p’

2<p=<2+46
1/p+1/p'=18>=gpgy

forany f and g such that the right-hand side is finite.
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Remark 1.9. One can state a slightly stronger estimate, involving the norm of g
in a suitably defined vector space, as follows. Given &, and &, two quasinormed
subspaces of the measurable functions from R¢ to R, endowed with quasinorms ||-| &
and |-||¢,, consider the vector space

J
€6 =1y ‘ 3 €N.3(.b) € & x €].9> =3 a;by}
j=1

endowed with the quasinorm

J
J €N, (a,b)c&/ xé’zj,(pZEZajbj}.

Jj=1

J
101 2= i | Sl e sl

Jj=1
Then, the following holds: foralld > 1,8 > 0, and ¢ > 0,

£ () g (=i V) %000
<ase l(tnh)2(ninh)/27 £ sup

*
S SN )

1/p+1/p'=1
for any f and g such that the right-hand side is finite.

Theorem 1.8 is obtained by first decomposing f as

k
F=) "mf m=1aph<Ars Mii= e,
keN

and then using Holder’s inequality in weak trace ideals in each spectral region:

(I /() (=i V) [ 52.00)
< N Gric ) 8o (=i V) p.00 | e S)(X)&p (=i V) g 0

with 1/p + 1/p’ = 1. Applying the usual Cwikel estimate [9] and an estimate due
to Simon [37, Theorem 4.6], we are then able to obtain Theorem 1.8 by suitably
choosing p (depending on k).

1.3. Organization of the paper

Our paper is essentially self-contained. It is organized as follows. Sections 2 and 3 are
devoted to the proofs of Theorems 1.6 and 1.7 respectively. In Section 4, we combine
Theorems 1.6 and 1.7 to deduce our main results, Theorem 1.1 and Theorem 1.5. In
Appendices A and B we recall respectively the proof of the variational principle and
of the Birman—Schwinger principle, while in Appendix C we remind the proofs of
Cwikel’s estimate [9] and Simon’s theorem [35, Theorem 4.6].
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2. Low-frequencies estimate

In this section we prove Theorem 1.6. We will use the following notations. For ¢ > 0,
let o, := e~'. We decompose v into

V(%) 1= Ijyj<erv(x)  and 07 (x) i= 1y zer V(). 2.1)

Before we turn to the proof of Theorem 1.6, we prove the following easy lemma
which gives a convenient formula for the trace of H;n KE <1 H;ﬂ (recall that Kg <3
has been defined in (1.10) and ¥, has been defined in (1.9)). Note that taking B = Id
in the next lemma, we obtain the well-known formula for the Hilbert—Schmidt norm
of an operator of the form g(—i V) f(x).

Lemma 2.1. Let f, g be two functions in L? and B be a bounded operator on L>.
Then,

18(=iV) f(x)B*||32 = (1)~ / g@P11Be™ f(x)]17, db.
R4

Proof. Let (¢;);jeN, be an orthonormal basis of L?.Forall j € Ny, we have

18(=i V) f(x)B*¢; 7 :/|g(¥)|2|$(f(x)3*¢j)(é)|2dg- (22)
R4

Now, for all £ € R4, we can rewrite
F(f(x)B*p)(€) = 2m)~ (™ f(x), B*¢)) 2
= @m)~2(Be™ f(x).j)13.
Summing (2.2) over j, we obtain
1(=iV) F(0) B2 = 21) ¢ Y / 18P {Be™ f(x). 0) 2 de.
jENO R4
which implies the statement of the lemma by Parseval’s equality. |
Now, we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. Applying Lemma 2.1 and using E < 0, we estimate the trace
of K _, as

ITTE v(x)(=A)° — E) M ivj<iv(x) %, g1
. dg i d§
= /”Hjﬁnemsv(x)ﬂigcmh—_ = /”HLnelxév(x)”i}c HER

E =
[€l<1 lE1<1
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Using the decompositions

Z (19?1 > (i 9?1

j=>n+1

and v = v, + v (see (2.1)), we obtain

d
[im, e vz, |§|is
|El<1
D3| (Al(k,s)+A2(k,s)+B(k,s»%,

keNo o 1\ <€ <o

where we have set

Ak §) 1= [T 507 ()2, Aak.f) —ZHHL B )]

L2’

and

(lx S)’

j>n+1

B(k,£) := ”Hl

The estimate of A1 (k, ) is straightforward:

A1k §) < e o 17, < gl < Y IEP Ix o7 I,

la|<n

The purpose of the last inequality is only to bound A; (k, £) and A, (k, &) by the same
term. To estimate A5 (k, £), using |§] < 1 and HJj_:nx"‘v = 0 for |a| < n, we write

Aotk §) = ZHHL i

Sds Z|s|2'“'||nﬂx“v;||iz Sd.s Z|5|2'“'||x“v;||§2.

le|<n lee|<n

Integrating over £ and summing over k yields

> [enes s aken o Ndsz( /mz‘f—imnx%;niz)

keNo “g, 1) <le|<oy

loe|<n

d—2s+2 2
Sas Yo P2,

kGNo
la|<n

keNo o, \ | <lg|<ox
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To bound this sum by an integral we isolate the term for k = 0, shift the indexes for
k > 1 and use that 0; .1 = e~ !0y to obtain

dg

> [es Ak o i

keNo o | <||<o

d—2s5+2
Sas 1002, + Y od T ez 2.,

keNg
lee|<n

d—2s+2|a| .

Now, since k > oy is non-decreasing (given that s — d/2 > n > |«|) and

k = [lxv |l 22 is decreasing, we can estimate

k+1
d—2s+2 d—2s+2
ol g 2, = Y [ e 2, a
kGNO kENOk
k+1
< >0 [ ol I de
kGNOk
o0
=/0td_2s+2|a/|x“v(x)|2dxdt.
0 |x|>e’

By Fubini’s theorem, this gives

dé
) /(Alac,s) + Aok, )
keNo ok +1=|€|<ok
In|x|
Sas I1(x)"vl72 + Z /Ix"‘v(x)|2/o,d_25+2|“|dt dx
la|<n lx|>1 0
d
X2+ Indx)v|?,  ifs - 5 €No.
Zd.s g (2.3)
1{x)*~42v]2, if s — — ¢ No.

2

where we used that 0; = e’ in the last inequality.
It remains to estimate B(k, £). We write, using the Taylor-Lagrange formula,

2n+2 1 2
EP" 2" g N7

s < | ]

Jjzn+1

LZ NdS
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Integrating over £ and summing over k yields

> B(k,é)gés S X [P

keNo g | <|l<ox keNo o, | <le|<ox
d—2s+2n+2 n+1,. <2
Sds ) 0f [ * ™ og lI72-
keNg
Since
k O_]?'—2s+2n+2

is decreasing (as d — 2s + 2n + 2 > 0) and

ke (llx" g7
is increasing, we can estimate
d%_ k+1
d—2s+2n+2 1 2
> Bk 6) o Sas Y [ otz g a
keNo o 1\ <|gl<oy keeNo i
k+1
Sd,s Z O_;i—2s+2n+2”|x|n+1vt<”22 dr
kGN()k
o0
Sd,s /0;1_23+2”+2/|x|2n+2|v(x)|2dxdt.
0 |x|<e’

An application of Fubini’s theorem yields, as o, = e,

d 00
Z / B(k,E) S <d,s / /e—t(d—2S+2n+2) dr |X|2n+2|U(X)|2 dx

P e~
N0 gp 41 <lé| <ok R4 In|x|
§d,s / |x|—(d—2s+2n+2) |X|2n+2|U()C)|2 dx
R4

2s—d 2
sd,s/|x|s ()2 dx,
Rd

and therefore
d& _
> / Bk.§) s Sas 100)° 2|7, (2.4)
keNo ok +1=|€l<ox

Putting together (2.3) and (2.4), we obtain the statement of Theorem 1.6. ]
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3. High-frequencies estimate

This section is devoted to the proof of the Cwikel-type estimate in £2°*° given in
Theorem 1.8, as well as its consequence stated in Theorem 1.7. Before giving the
proof of Theorem 1.8, we show that it indeed implies Theorem 1.7.

Proof of Theorem 1.7 using Theorem 1.8. Recall that Kg -; has been defined in
(1.11). As x — 1/x is operator monotone, we have

IKE>1lg1.00 < 0 (=2) 7 T1vp>10() [ g1.00-

for all £ < 0, the operator (—A)™*1|_;v|>1 being bounded.
For s > d /2, the map & > |£|*1jg>1 belongs to L?. Hence, the statement of
Theorem 1.7 is straightforward since the trace norm dominates the ||-||; o,-norm and

W) (=A) T w10 g = 1(=8) 3 1ivp=10(0) 32

= I gz 7201172 = CsllvliZ--
For s = d /2, writing

() (=)l vv(x) = A4, A = v(@) (D) v,

together with the relation | A*A[|, o = (| A4[|%,.)% yields

o) (=) 219210 100 = (W) (=A) w1 [ 2.00)>-
Now, we apply Theorem 1.8 with
1
Sx)=vx), g@) = IEIT/Z]HS'Z]’

Setting
gp(€) == €7/ PLigz1.

we have g2 = g, g, forany p >2and 1 = 1/p + 1/ p’. We claim that the quasinorms

lgpliroe: 1815 cn)

are uniformly bounded with respect to p > 2. Indeed, an easy computation shows that

lgp 3 p.00 =supr(A({1 < J§] < (TPl < 41 3.1)
1>
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Similarly, for g/,

18071 e 12y = M om @221 e S 1m) =472,
= sup(j + D7 ((m)~/7);
Jj=0
Sasup(j+ DV TV <42, (3.2)
Jj=1
Hence, we can apply Theorem 1.8 with
sup inf  \Jlgpllirecllgy ooy Sal.
2<p<2+48  8p:8p’
1/p+1/p'=18%=¢gpg,
for any § > 0. This concludes the proof of Theorem 1.7. |

Now, we turn to the proof of Theorem 1.8. It is based on the following results.

Theorem 3.1 (Cwikel [9]). Let d > 1. Then,

1f )i V) ipoe Sa (P =272 f ILrllgll; oo
forall p € (2,00), f € LP(R?) and g € LP>®°(R?).
Lemma 3.2 (Sobolev embedding). Letd > 1, § > 0. Then,
IfllLe Sas If lae
forallp € [2,2+8],t >d(1/2—1/p)and | € H".
Theorem 3.3 (Simon [37]). Letd > 1,0 < 8’ < 1. Then,
1/ )00 Sasr @ = PP S e 2y 1815 oo 12

forall p' € [2—8',2), f € P (L2(RY)) and g € (7" (L%(R?)).
Lemma 3.4 (Embedding of L2({x)?" dx) into £Z'(L?)). Letd > 1. Then,

1
rq—d

1/q
1 ey Sa (14 =——) 1) £l
foralll < p’ <2andr > 0 such that rq > d with 1/qg = 1/p' —1/2, and [ €
L2((x)2" dx).

Lemma 3.2 is the usual Sobolev embedding. In Appendix C, for the convenience
of the reader, we reproduce the proofs of [9] and [37, Theorem 4.6], carefully fol-
lowing the dependence on p in both cases in order to attain the statements of Theo-
rems 3.1 and 3.3. We also prove Lemma 3.4 in Appendix C.
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We recall from the introduction the definition of the harmonic oscillator
h:=cg(=A + x?),
where the constant ¢4 is chosen such that h > e®.

Proof of Theorem 1.8. If the result holds for 0 < § < 1, then the result also holds for
8 > 1 since the sup increases when ¢ increases. Hence, we assume that 0 < § < 1
without loss of generality. Let Ay := ", We will use the following decomposition:

f=Y mf
keN

where 73 stands for the spectral projection
T = ﬂAk§h<Ak+l .

Using that ||‘||i*_<€2'oo is equivalent to a certain norm ||| 2.0 (see e.g., [6, Chapter 5.4]),
we can write

1 £ g =iV om0 S 1/ (N)g(=i V)| 2,00
< Y 6w @) (=i V) 200

keN
S Y N @i Vs 00 (3.3)

keN

Letpe(2,24+6],1/p+1/p’=1,andlet g, € LP*, g, € €7 (L2) be such
that g> = g, g, Thanks to the relation (|| 4[|, .)> = [ A* A, o for any operator
Ain £2°° we have, forall k € N,

(1Grk ) () g (=i V) 2.00)
= lg(=i V) (xS (x)*g (=i V) [ g1 .00
= |7tk f ()& (=i V)7t f () g1 oo
= |7 f(x)gp (=i V) (i f (X)gp (=i V) [ 100
< M7 f () gp (=i V) g ool f () 8p (=i V) g pr oo (34)
for any p € (2,2 + 4], thanks to Holder’s inequality in weak trace ideals ([35, Theo-

rem 2.1]).
Since p > 2, the usual Cwikel estimate, Theorem 3.1, yields

170k () €p(—iV) I %p.c0 Sa (P =2 VP lmi fllerllgplfpoe (35

On the other hand, since p’ < 2, Simon’s result, Theorem 3.3, implies

It S )& (i Do S @ = D)7 i f oo 12y 1807 1o 2y B6)
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It follows from (3.4)—(3.6) that, for all p > 2,
(1Grx )(x) (=i V) [ g2.00)

Sas (p=27VP@ = )P i flleollme f Nl 12

. * *
X g;flgfp/ (”gP”LP.OO ”gp/”gp’.oo(Lz))' 3.7)

g2=gpg,

We now give bounds on the 7y f terms. Choosing p € (2,2 + §] in such a way
that 1, := d(1/2 — 1/p) < 2, the usual Sobolev embedding, Lemma 3.2, together
with the quadratic form inequality (—i V) < (h)%/2 give

. tp/2
I fllLe Sas 16—iV)?mefllz Sas AL T f 2.

At this point, we take

11 8
p 2 dlnAgy,
sothat p € (2,2 + 8] and ¢, = §/In Ag4;, which in turn gives A;fﬁg = e%/2,

To treat the contribution of |[7x f'||;»’ (1.2), We use the embedding
L2({x)?" dx) < £P'(L?)

for any r > d(1/p’ — 1/2), see Lemma 3.4. With our choice of p, we have
1 1 8

P’ _§+dln/\k+1'

r/2

Hence, we can choose r = 26/ In Ag 4 < 2 yielding (x)" < (h)"/~ and

1
rq—d

1/q 5
b f e iy Sa (14 ——) 1) 7 £l Sa A7 e f s

r/2 _

as (14 1/(rq —d))"4 < (1 + 1/d)% @ Just as previously, we observe that AL =

3. Hence, our previous estimates imply

e f oo Nk f o 12y Sas i £ 125 (39)

Next, using the relations

46 , 46
p—2=——"10, I 2 e e e————
dlnAk+1—28 dlnAk+1+28
yields the bound
[(p—2)2—p)I™Y? Sas In Mgy, (3.9)
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Putting together (3.7), (3.8), and (3.9) gives
I Gie £)(x) g (=i V) [ g2.00

/
1/2 :
Sas M) Plmef (s inf gl llgp i mgz) -
2<p<2+8 8pr-8p’

1/p+1/p'=18>=gpgy

Since In Ag4; = eln Ag, the k-dependent part of the right-hand side can then be
summed over k as follows:

D A ) Plmic fllez S llme((nh)2 £l 2

keN keN

Sde Y kT2 me((nh)2(Ininh) 2+ 1) 2
keN

<de |(nh)2(nInh)/2¥e £ 5,

where we used that 0 < ¢ and the Cauchy—Schwarz inequality in the last inequality.
This along with (3.3) implies the statement of Theorem 1.8. |

4. Proof of Theorems 1.1 and 1.5

In this section, we prove Theorem 1.1 using the Birman—Schwinger principle, the
variational principle, Theorem 1.6 and Theorem 1.7.

Proof of Theorems 1.1 and 1.5. Let E < 0. To estimate N<fg (Hy) we use the Birman—
Schwinger principle (see Proposition B.3) which shows that

N<g(Hs) = N>1(KE), .1
where we recall that the Birman—Schwinger operator K g is given by
Kg = v(x)((=A)° — E)" v (x),
with v(x) = \/m We recall also that n = |s — d /2] and
F = span{x“v | a € Ng, la| < n}, 4.2)

where || = Zleaj and x* = ]_[;i=1 x;-xj.Note that, with S7 1= {« € Ng | || <n},

dim(%,) < |S)| = (d ;”). (4.3)
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Indeed, set S :=={X €{0,1,2,...,1,d + n—1} | |X| = d}. Then,

S12a{k—-14a1+--+o |1 <k<d}esS;

and
S22{f1 < <Bat—>Br.p2—P1—1,....a—Pa-1—1) €5
are inverse functions of each other and hence bijections. It follows that |S;| = |S2| =
d+n
(“a"):

By the variational principle recalled in Proposition A.1, if HJj;n denotes the orthog-
onal projection onto ?nl, we have

d+n

N:1(KEg) < ( J

) + Nay (K), (4)

with Kz = Mg Kg Mg .
Let
Jmax 1= max{j = 0| &;(Kg) = 1}.

Using that A; (K IJ::) is a decreasing sequence and actually coincides with the singular
values of K l% (as K f > 0), we have

N>1(KE) = Gmax + 1) < Umax + DA (KE) < 1KE100-  (45)

We now use the decomposition in low- and high-frequencies parts of K JJE- as defined
in (1.10)—(1.11), obtaining

IKE 100 < 20KE <5100 + 20KE 25100 < 21K <llgt + 21 KE > [ 31.00-
(4.6)
It follows from (4.1)—(4.6), Theorem 1.6, and Theorem 1.7 that
ey =2 )2 its— L ¢N
L2 ) 0,
d+n B . d
N<o(H;) — ( d ) Sds 3 1{x)* /2 1 +1n(x)v||i2 if s — 5 eN,
1h1/211h1/2+8 2 if _d
[an ) 2 n by V202, s = S

This proves Theorem 1.1 in the case where s — d/2 € N, as well as Theorem 1.5. In
the case where s — d /2 ¢ N, it remains to show that we can replace (x) by |x|. To this
end, we argue as follows.' By scaling, the operators Hy and R?$(—A)* — V(R 'x)

"We are grateful to R. Frank for pointing out this argument to us.
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are unitarily equivalent, for any R > 0. Hence,
N<o(Hs) = Noo((—A)° — R™>V(R™'x)).

Applying the previous estimate (for s — d /2 ¢ Ny), we obtain that

d + —2s s— -
N<0(Hs)—( J ”) Sas R7? / (x)* V(R x) dx
R4

= / (R72 + x?)*~92y(x) dx.
R4

Letting R — oo, using the monotone convergence theorem, we deduce that

d+n o—
Neottt) = (1 0") Sae [PV an
R4

which proves Theorem 1.1 in the case where s — d /2 ¢ Np. n

We conclude this section with a proposition showing that H; = (—A)* — V has
at least dim(¥;,) negative eigenvalues for smooth compactly supported V' (with %,
defined in (4.2)). Taking V such that dim(¥;,) is maximal, i.e., dim(¥;) = |[{« € Ng |
|a| < n}|, shows that the constant (d;") cannot be removed from the statement of
Theorem 1.1. The proof of Proposition 4.1 is a fairly direct generalization of that

given in [30, Theorem XIII.11].

Proposition 4.1. Letd > 1,s > d/2andn = |s —d/2]. Let V € Cgo(Rd) be such
that V > 0. Then, the operator Hy = (—A)* — V has at least dim(F,,) negative eigen-
values.

Proof. By the Birman—Schwinger principle (see Proposition B.3), it suffices to show
that N>1(Kg) > dim(¥F,) for E < 0, |E| small enough, where Kg is the Birman—
Schwinger operator defined as above, namely Kg = v(x)((—A)* — E)"lv(x).

Let ¢ € ¥,, ¢ # 0. Then ¢ € C3° (R?) and we claim that there exist £ > 0 and
¢ > 0 (which depends on V', ¢, n) such that, for all £ € R with €] <e,

[ve )| = cl§|”. 4.7
Indeed, if this property did not hold, then we would have that for all & € Ng such that
o] < n,
0= 0THO) = ()5 09 (0) = (D [ xu(xrpCe) dx,
R4

which contradicts the facts that ¢ € %, and ¢ # 0.
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Now, using (4.7), we write, for all ¢ € 7, ¢ # 0,

(0. KE ¢) = [ (6P — E) \|7p®)P dt = ¢ / EP (P — E)~ d.
]Rd

[€1<e

Since 2s — 2n > d, the previous integral tends to infinity as £ — 0. Hence, it follows
from the min-max principle (see Theorem A.2) that, for | E| small enough, Kg has at
least dim(¥;,) eigenvalues larger than 1. This concludes the proof. [

A. Variational principle

In this appendix, we recall how to estimate the number of eigenvalues larger than 1
of an operator, by the number of eigenvalues larger than 1 of the restriction of this
operator to the orthogonal of a linear subspace, up to the dimension of the subspace
itself. We refer to, e.g., [16, Section 1.2.3] for general versions of the variational
principle.

If ¥ is a closed linear subspace of a Hilbert space #, I1¢ denotes the orthogonal
projection onto ¥ .

Proposition A.1. Let K a compact self-adjoint non-negative operator on a Hilbert
space H. Then, for any linear subspace ¥ of K of finite dimension,

Ns1(K) < dim(F) + N1 (Mg KT g1). (A.1)

To prove this result, we use the following simple version of the min-max principle,
with eigenvalues in decreasing order. (See, e.g., [30] for a more general version.)

Theorem A.2. Let K a compact self-adjoint non-negative operator on a Hilbert
space K. Then, the sequence defined by

A;j(K)= min max (u,Ku), j>0

. _ . ueSt
W= =1
coincides with the non-increasing sequence either of the positive eigenvalues of K if
K is of infinite rank, or, otherwise, of all its eigenvalues. Here, the minimum is taken
over all linear subspaces S of # of dimension dim(S) = j.

Proof of Proposition A.1. Letus set D = dim(¥ ). By the min-max principle in The-
orem A.2,
Ap+k(K) = min max (u, Ku).

. _ ues+
dim(8)=D+k =1
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For any subspace V of * of dimension k, we have dim(F @ V) = D + k. As
u=TgiuforuefF,

Ap+ik(K) < max (u,Ku)= max (Hgriu, KIlg.iou)
ue(Fov)+ ueF Loyt
lull=1 lull=1

= max (u, [Tz KI5 1u),
uey-t
lufl=1

for any subspace 'V of ¥+ of dimension k. This implies

Ap+k(K) < min  max (u, g KMlgiu) = A (TlgL KTl g1).
dim(V)=k yeyL
veFL Jul=1
As the eigenvalues given by the min-max principle are sorted in non-increasing order,
we deduce that
N>1(K) =D = {k = 0 [ Ap4x(K) = 1}]
<k =>0] A,k(HflKHj,*L) > 1} = Nzl(Hf'lKHﬁL),

which yields (A.1). ]

B. Birman-Schwinger principle

In this section, for the convenience of the reader, we recall a proof of the Birman—
Schwinger principle for Hy = (—=A)* —v? and Kg := v((—A)* — E)~'v, under the
following assumption.

Hypothesis B.1. Letd > 1, s > d/2, and v measurable and real-valued, such that

o eitherv e L2 ifs > d/2,

« orve D((nh)"/2(nlnh)"/2+¢) ¢ L2 for some ¢ > 0 if s = d /2.

Here, we denote by £D(A) the domain of an operator A. We refer to, e.g., [16,
Section 1.2.8] for a proof of the Birman—Schwinger principle in a general abstract
setting.

Remark B.2. Hypothesis B.1 and £ < 0 ensure that the chain

(—A)'—E)”!
—————

L2 LV s (LX) HF HS < L®° 25 12,

holds for s > d /2. For s = d /2, we observe that, forall p >2and 1/p + 1/p’ =1,
we have the decomposition

(g7 = By = (&I — Ey~7 (gt — ByI7,
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where
11§ = EY VPl poo Sa 1 and  ((E7 = E) VP70 g2y Sa 1

uniformly in p € (2,2 + §] for any § > O (this follows from a similar calculation
as in (3.1)=(3.2)). Theorem 1.8 then shows that ((—A)?/2 — E)~1/2y(x) belongs to
£2:% and hence is bounded. Its adjoint is then also bounded. This shows that the
operator of multiplication by v is bounded from H%/2 to L2 and from L2 to H 4/,
Therefore, the chain
12 g-di2 (»)2-E)"! H2YS 2

holds. In particular, K g is a bounded operator on L2,

Moreover, K g is also compact. For s > d /2, it is Hilbert—Schmidt, since its inte-
gral kernel is given by the L? function

1
[E> —E

For s = d /2, this follows again from Theorem 1[.8.

Note that this also implies that H; is self-adjoint by the KLMN theorem [29,
Theorem X.17] and that the essential spectrum of Hj is equal to [0, co) thanks
to Weyl’s essential spectrum theorem [30, Theorem XIII.14] (see also [30, Section
XIIL.4, Example 7]).

o) [T

Recall that N<, (A) (respectively Nx,(A)) denotes the number of eigenvalues less
or equal (respectively larger or equal) than r of a self-adjoint operator A, counted with
multiplicity.

Proposition B.3 (Birman—Schwinger principle). Assume E < 0 and Hypothesis B.1
holds. Then,
N<g(Hs) = N>1(KE). (B.1)

The non-increasing sequence of eigenvalues (A;(K));>o is rigorously defined in
the statement of Theorem A.2. We prove Proposition B.3 following the arguments of
[25, Chapter 4.3], using properties of the maps E — A;(Kfg) that we collect in the
following lemma.

Lemma B.4. Assume Hypothesis B.1 holds. For any j > 0, the map E +— A;j(KEg) is
non-decreasing, continuous on (—oo, 0) and tends to 0 as E — —oo.

Proof. As x +— 1/x is operator monotone, the expression of A;(Kg) given in the
min-max principle (Theorem A.2) yields that E +— A;(Kg) is non-decreasing.
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To prove continuity, we use first the resolvent identity. Let £’ < E < 0. Then,

E—-F
_E’

Kg—Kpr = (E— EN((-0)° = ) ((-AY = E) v < K.

and hence, for all u € L2,

— E’
—FE

(Kpu,u) < (Kgru,u) + IKE |l 2o llul72

The min-max principle (Theorem A.2) and the previous inequality then yield

/

Aj(Kg) < max (Kgpu,u) < max (Kg u,u)+
uesS-t uesS-t
lull, 2=1 lull, 2 =1

— K.

for all subspace § of L2 of dimension j. Hence, taking the minimum over all such
spaces and using again the min-max principle, we obtain

!

Aj(Kg) < Aj(Kgr) + T

IKE | goe.

Together with A;(KEg/) < A;j(KEg), this gives the continuity with respect to E of
2 (Kr).

To prove that A;(Kg) — 0 as E — —oo, since A; (Kg) < | Kg | g, it suffices
to show that | Kg | ge = [|((—A) — E)_l/zv(x)||§coo — 0.

Suppose that s = d /2. Recall that v € D ((Inh)/2(Inlnh)!/2+#) by assumption.
Let ¢’ > 0 and let R, > 0 be such that

I1nsr, (Inh)/2(InInh)/?ey| > < &' (B.2)

Setting ver := lh<g,, v, we have v € L™ (as vy is a finite linear combination of
bound states of h) and therefore we can write

I(=A) = E)™2vu(x)| g0
< [((=A)* = E) Vv (x) || goe + [[((=A) — E) V2 (0(x) — ver (x)) || oo
< (—E) vy lLse + C|(Inh)2(nInh) /2 (v — vyr) | 2, (B.3)

for some C > 0, uniformly in £ < —1. In the second inequality, we used that
| Al|goo < || Al £2.00, for any operator A € £2:°°, together with Theorem 1.8 (applied
with g(&) = (|&]** — E)~"/2, so that g2 can be decomposed as g2(§) = g, (£)g, (§)
with p > 2, 1/p + 1/p’ = 1 and g,(§) = (|€|* — E)~/?; a similar calculation as
in (3.1)~(3.2) then shows that |[gp||r.o0, [|gp || ¢r".c0(12) are uniformly bounded in
p€2,2+ 6] and E < —1 for any § > 0). Combining (B.2) and (B.3) shows that
[((=A)* — E)™2p(x)| goo — 0as E — —oo.
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In the case where s > d /2, it suffices to write

|Kgllg = sup (u.Kpu)= sup / (6P — )~ [Tu(e) P de

lull; 2=1 Iulle—1

2 -1
<€ = E)~ Mg sup (|00 zoe.
lll, 2 =1
Now, we have
=12 =12 2 2
vl llee = [Vulzeo <a lullz2lviz2.

and the dominated convergence theorem shows that || (|€|?* — E)™||,1 — Oas E —
—0o0. This concludes the proof. ]

Now, we are ready to prove Proposition B.3.

Proof of Proposition B.3. Any eigenfunction { of Hj associated to an eigenvalue
E’ < 0is in particular in the domain of Hy (hence in H*, the form domain of Hy),
and satisfies

(—A) = ENy = vy
We set ¢ = vy € H™* (see Remark B.2). The resolvent ((—A)* — E’)~! applied to
the equality above yields
v =((-8)"—E)"vp € H",
which in turn implies that ¢ # 0. Multiplying by v then gives
¢ =v((=A) —E")"lvp € L2,

so that ¢ is an eigenvector of K g, corresponding to the eigenvalue 1.

Vice versa, for any eigenfunction ¢ € L? of K/ associated to the eigenvalue 1,
we set ¥ = ((—A)* — E')"lvgp € H® C L?. Multiplying by v yields vy = ¢ # 0,
so that ¥ # 0 and

(=AY — ENY =vp = v*((—A) — E") Tvg = vy

It follows that v is an eigenvector of Hy associated to the eigenvalue E’.

We have thus, for any E’ < 0, a bijection between the eigenfunctions ¢ of Kg-
corresponding to the eigenvalue 1, and the eigenfunctions { of H; corresponding
to E’. Hence,

N<p(H;) = ) dim(ker(Hy = E)) = Y |{j |4j(Ke) =1} (B4)

E'<E E'<E
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Now, for every j, the map E +— A;(Kg) takes at most once the value 1, because
otherwise the set of eigenvalues of Hg would contain an interval [Eq, E>] C (—00,0),
which is impossible. It follows that

WA (Ke) =13 =4 | IE' < E, 2, (Kg) = 1. (B.5)
E'<E
As, for any j, E' — A;j(KE) is continuous and A;(Kg/) — 0 as E' — —oo, we
deduce that

{j13E" < E.A;(Kg) = 1} = {j | 4i(Kg) = 1}] = N>1(KE). (B.6)

The bound (B.1) then follows from (B.4), (B.5), and (B.6). ]

C. Proofs of Theorem 3.1, Theorem 3.3 and Lemma 3.4

In this section we prove Theorem 3.1, Theorem 3.3, and Lemma 3.4 which were used
in the proof of Theorem 1.8. To obtain Theorem 3.1 and Theorem 3.3; we reproduce
the proofs in [9] and [37, Theorem 4.6], respectively, carefully following the depen-
dence on the parameter p and p’ in all the estimates.

To simplify notation, we set

wi(A) = A;(A*A4), j=0.

Proof of Theorem 3.1. Without losing generality, we can assume that ||g||7 p..o =1 =
| flLr. We have f(x)g(—iV) = 2m)~%/2As, F, where F is the Fourier transform
and Ay, is the operator with kernel Ay g (x,§) = e f(x)g(£). It is thus sufficient
to bound

1476 lzroe = sup(j + DY (Asg).

jz
Using Fan’s inequality pj1x(B + C) < u;j(B) + ux(C) for j,k > 0 (see e.g., [37,
Theorem 1.7]) with Ay, = B + C, we obtain

1
J+1

/ /
i (Ar) < 1 (B) + 10(€) = (= 3 um(B?) "+ C e
m=0

1
f.— B + C oo,
Sy 1Bl +C1e

Now, we choose a particular decomposition, setting

B(x.8) = ¢ f(0) g(6) Y 15, (1)1g, (€).

m+n>0

Cx.§ = Y (g, N)(x) 16, 8)E).

m+n<0
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with Fpy = {x | 2"R < | f(x)| = 2" R} and G, = {§ | 2" < |g(§)| = 2"*1}, for
some parameter R > 0 to be fixed later.

Using Y4 w50 1F, (X) 16, (§) < 1i(x.&)| 7(x)g(®)>R) and the layer cake represen-
tation yields

1B]2, = f|B(x,5)|2dxds
de
< [If(X)g(%‘)Iz1{(x,s)||f(x)g<s)|>R}dxdé

R2d

< 2/1({()@5) [ )gEix o)l Fr)g@ >Ry > 1)) 1 dt
0

R o)
52/A(ER)tdt +2/A(E,)tdz,
0 R

with E; :={(x, &) | | f(x)g(§)| > t}. The Lebesgue measure of E; can be estimated
as

M) = [ a(fe]1s@) > ) as

R4
f)\? o
< gl [ (1520) ar <71 =7,
R4
using that ||g||7 ».co = sup,»o A({& | g(§)| > 1})"/7 1 = 1and || fl» = 1. Therefore,

R

o0
2
||B||§32 52/R_ptdt+2/t_ptdt <R¥P 4 = R¥P P p2-p
p—2 p—2
0 R

Now, we estimate the £°°-norm of C. For all ¢, ¥ € L2, we have

wcnl=| ¥ [ 1,000 (e, nE dx i

m+n<0R2d

Sa Y Y NF T S @lzlgle, ¥ liz2
k<0 meZ

Sa Y. Y R g, 0225 g, , Ve
k<O meZ

Sa Rlelez ¥z,
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and hence |C ||g> <4 R. It follows that

1 [ p _
Mj(Af,g)SdW le p/2+R.

Choosing

1 p \Vp
R= (553)
(+DYrip=2
yields, as p'/? —— 1, for p > 2,
p—00

. p \Yr _
G+ DY) Sa (S55) 7 a0 =277,

which is the result. n

Proof of Theorem 3.3. Assume that || f ||, (2 = 1. Recall that O
stands for the unit hypercube of R4 with center m € Z¢ .. For all functions f: R? - C,
we set

_ *

v Sm ~ gm
Jmi=lonf fmi= . &m = :
" T e T lgmllze
and write
/= Zamfm’ am = | fml2. g = megm, bm = lgmllL2,
meZz4 meZzd

*

so that |[am||;» = [|bml| = 1. Asin [37, Theorem 4.6], for any n € Z, we define

(.0
fn = Zamfma 8n = megma
2m=l<gp <2 2=l <pp <2”
A= Y fi0)g(=iV), Byi= Y fi(x)gr(=iV),
l+k<n l+k>n

so that f(x)g(—iV) = A, + Bj,. Then, using Fan’s inequality [37, Theorem 1.7],

U (f(X)g(=iV)) < tms2+1/2(An) + mj2+1/2(By),  modd, (C.D
and
M (f(x)g(=iV)) < Wmja+1(An) + Wm/2(Bn)
< Um/2(An) + ms2(Bn), m even. (C2)

By estimating the norms ||A,||¢2 and || B, | ¢1, we obtain bounds on the singular
values of A, and B, which will allow us to conclude the proof. Since f; and f;» have
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disjoint supports for / # I’ and g and g+ have disjoint supports for k # k’, we first

obtain that
1400 = Te(Az A0 = Tr (D2 A Fr@gk(—iV)ge (V)

l+k<n
U'+k’<n

=Tr( Y eV e (=iV)).
l+k<n

This expression can be computed thanks to the formula

I f(x)g(=iV)llg2 = @)~ 2| £ 218l L2

which yields

2 . 2 2 2 212
[Anllg2 = /1) gk (=iV)llg2 = ca D) I fill;2M18kll72 = ca ) amby-
L
l+k<n I+k=<n l+k<n
2/l <gm<2!

2k—1 <pp, <2k

The number of by, in the interval (2¥~1, 2¥] is bounded by

{p:bp = 251y < 27 KD py||* < 2227K, (C.3)

Using this in the norm of A4, gives

doap2?* M1 sa Y ah Zzzk—kl”

2
[Anllg2 <a
I+k<n zk—1<bp§2k leZ k<n—I
2l <gp<2! 2/~ l<gp<2!
@2-pn @-pn
_ 2 S22 < 27"
1—2r'=2 S Y
leZ

20—l g <2!

where in the last inequality we have used the bound
m

leZ leZ
2(—1 <am 521 2l—1 <am 521

By [37, Theorem 4.5], we also have

IBullgr S > ambp.
l+k>n

2!—1 <am 521
2k—1 <pp <2k
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Using again (C.3), we have

k—kp’ 1-p)k
IBallgr S Y am2*™ = > am Y 207
l+k>n 1eZ k>n—1+1
201 <qm<2! 2=l cqm<2!
2(A=p)—1+1)  H(1=p')n
= <
2 m T iy S g
leZ
2/l <gm<2!

where we have used the following inequality

—n/ _ / e e (1— P _ i
Zamz(l pHa-0) _ Zalzilallnpz(l P I)SZaII;l:L
leZ leZ m
201 <qm<2! 201 <qm<2!

Going back to (C.1) and (C.2), it suffices to consider m even. By the definition of
the norms on the trace ideals £!, £2 and since the singular values are arranged in
decreasing order, we have

m/2

m
”Bn”:til > ZN,]'(Bn) > E,Uvm/z(Bn),
j=1

which implies

2 2=p)Hn 2(1=p")n
B,) < — < .

Analogously,
1 20=p'/2)n
Mm/z(An) < Z ﬁ’
and, hence, thanks to (C.2), we have
(g (i V) < m 2 2 e,
- J1—2r2

Optimizing with respect to n yields
o (f()g(=i V) < m= P (1 =2 2)UPL g =P @ = ph VP,
which proves the statement of the theorem. |

We end this appendix with the proof of Lemma 3.4.
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Proof of Lemma 3.4. Let g be defined by 1/g + 1/2 = 1/p’. We have

1/ ler 22y =1 Lom fllz2llgrr < 16m) ™" 1 Lgp /2 ((x)2r axyller

SIm)™ lea LSl L2 )2 ax)-

as r is such that r¢ > d, (m)™" indeed belongs to £9(Z%). By straightforward com-
putations, one obtains

(rq —d + 1)'/a

(rq —d)l/q ||f||L2((x)2"dx)

I/ ||eﬁ’(L2) Sd
which is the result. u
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