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Sharp semiclassical spectral asymptotics
for Schrodinger operators with non-smooth potentials

Sagren Mikkelsen

Abstract. We consider semiclassical Schrodinger operators acting in L2(R¢) with d > 3. For
these operators, we establish sharp spectral asymptotics without full regularity. For the counting
function, we assume the potential is locally integrable and that the negative part of the potential
minus a constant is once differentiable, with its derivative being Holder continuous with param-
eter u > 1/2. Moreover, we also consider sharp Riesz means of order y with y € (0, 1]. Here, we
assume the potential is locally integrable and that the negative part of the potential minus a con-
stant is twice differentiable, with its second derivative being Holder continuous with parameter
J that depends on y.

1. Introduction
Consider a semiclassical Schrodinger operator Hy, = —h2A + V acting in L2(R%),
where —A is the positive Laplacian and V is the potential. For the Schrédinger oper-

ator Hy, the Weyl law states that

Tr[1(—c0,01(H#)] =

Qrh)d / L—oo,0)(P? + V(X)) dpdx +o(h™%),  (L1)
de

where 1q(¢) is the characteristic function of the set 2. Recently, Frank [6] proved
that (1.1) holds under the conditions d >3,V € L} (R9),and V_ € L4/2(R¢), where
V_ = max(0, —V). These conditions are the minimal requirements ensuring that both
sides of the equality are well-defined and finite. For a brief historical overview of the
development of (1.1) under minimal assumptions, see the introduction of [6].

Under additional assumptions on the potential V', Helffer and Robert established
in [7] that

Tr{1(—oo,01(Hp)] = Ty / Lcoo0)(P? + V(X)) dpdx + OR'™), (1.2)
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for all # € (0, o], where % is sufficiently small. They proved this result under the
conditions that V' € C*®°(R?), satisfies certain regularity conditions at infinity, and
V(x) > ¢ > 0 for all x € Q°, where 2 C R¥ is some open bounded set. Moreover,
they assumed a non-critical condition on the energy surface {(x, p) € R?? | p% +
V(x) = 0}, which was later removed; see [22]. The error estimate in (1.2) is the
best generic error bound one can obtain. As an example, consider the operator Hp =
—h?A + x? — A, for some A > 0. For this operator, all eigenvalues can be explicitly
computed, and one can verify by direct calculation that (1.2) holds with an explicit
error term of order ' 4.

When comparing the two results in dimensions d > 3, it does raise the question: is
formula (1.2) valid under less smoothness? Could it even be valid for all V' satisfying
the assumptions of the result by Frank? The last part of the question currently seems
beyond reach for a positive answer, and to the author’s knowledge, no counterexample
exists yet. However, for the first part of the question we will give positive answers.

We will in fact not just consider the Weyl law but also Riesz means. That is, for
y € [0, 1], we will consider traces of the form

Tr(gy (Hp)]. (1.3)
where the function g, is given by
1—0,00(t), v =0,
gy(t) = (o0 0]
Qe y € (0.1].

Frank also considered traces of the form (1.3) in [6]. Helffer and Robert only consid-
ered Weyl asymptotics in [7], but proved the sharp estimate for Riesz means in [8]. For
future reference and comparison, we recall the exact statement of the results obtained
by Frank in [6].

Theorem 1.1. Lety > 1/2ifd =1,y >0ifd =2, andy > 0ifd > 3. Let @ C R?
be an open set and let V € LY () with V_ € LYt4/2(Q). Then,

loc

Tolgy () = s [ 0% + V() dx dp +0h~)

R2d

ash — 0, where Hy, = —h% A + V(x) is considered in L*(2) with Dirichlet boundary
conditions.

One thing to observe here is that this theorem is also valid when we are on bounded
domains. We will only discuss the case where the domain is the whole space R,
d > 3. For results on sharp Weyl laws without full regularity and on bounded domains,
we refer the reader to the works by Ivrii [11-16].
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1.1. Sharp asymptotics

We will set up some notation and recall a definition before we give the assumptions
for our main theorem and state it.

Definition 1.2. Let f: R4 — R be a measurable function. For each v € R, we define
the set
Q. r = {x e RY| f(x) <v}.

Definition 1.3. For k in N and y in [0, 1] and © C R open, we denote by CK#(Q)
the subspace of C¥ (L) defined by
Ch(Q) = {f € C*(Q) | there exists C > 0 such that
0% f(x) = 9% f ()] = Clx — y|*
for all @ € N¢ with |a| = k and for all x, y € Q).

These definitions are here to clarify the notation. We are now ready to state our
assumptions on the potential V.

Assumption 14. Let V € LIIOC(Rd ) be a real function. Suppose that there exist
v >0, k € Ny, and p € [0, 1] such that the set Q4,1 is open and bounded and
Ve Chr(Qup).

With our assumptions on the potential V' in place, we can now state the main
theorem.

Theorem 1.5. Let Hy = —h2A + V be a Schrodinger operator acting in L2(R?)
and let y € [0,1]. If y = 0, we assume d > 3, and if y € (0, 1], we assume d > 4.
Suppose that V satisfies Assumption 1.4 withv >0andk =1, u > 1/2ify =0, and
k=2, u>max(3y/2—1/2,0) if y > 0. Then, it holds that

Tr[gy (Hp)] —

(2n1h)d [gy(pz +V(x))dxdp| < CA"Y4 (1.4)

R2d
for all h sufficiently small. The constant C depends on v and the potential V.

When comparing the assumptions for our main theorem and Theorem 1.1, we
have that in both we assume the potential to be in Llloc (R%). But in Theorem 1.1 the
additional assumptions on the potential are on the negative part of V', whereas we need
to assume regularity for the negative part of V' — 4v for some v > 0. One could have
hoped to only have an assumption on the negative part of V. However, this does not
seem obtainable with the methods we use here. Firstly, the way we prove the theorem

requires us to have control of the potential just outside the classical allowed region
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({x € R4 | V(x) < 0}). Secondly, we have that the constant in (1.4) will diverge to
infinity as v tends to zero. Hence, we cannot hope to do an approximation argument.

The assumptions on dimensions are needed to ensure the integrability of some
integrals. In the case of Theorem 1.1, there are counter examples to the Weyl asymp-
totics for V' € Ld/z(Rd) for d = 1, 2; for details see [1, 19].

This is not the first work considering sharp Weyl laws without full regularity.
The first results in a semiclassical setting were obtained by Ivrii in [10], where he
also considered higher order differential operators acting in L2(M), where M is a
compact manifold without boundary. In this work, the coefficients are assumed to be
differentiable and with a Holder continuous first derivative. This was a generalization
of works by Zielinski who previously had obtained sharp Weyl laws in high energy
asymptotics in [23-26]. The results by Ivrii were generalized by Bronstein and Ivrii
in [2], where they reduced the assumptions further by assuming the first derivative
to have a modulus of continuity @(|log(x — y)|™'), and then again by Ivrii in [11]
to also include boundaries and removing the non-critical condition. The non-critical
condition, used in cases without full regularity, for a semiclassical pseudo-differential
operator Opy'(a) is

|Vya(x, p)| > ¢ >0 forall (x,p) € a ' ({0}). (1.5)

In [27], Zielinski considers the semiclassical setting with differential operators acting
in L2(R?) and proves an optimal Weyl Law under the assumption that all coeffi-
cients are one-time differentiable with a Holder continuous derivative. Moreover, it is
assumed that the coefficients and the derivatives are bounded. In [27], it is remarked
that it should be possible to consider unbounded coefficients in a framework of tem-
pered variation models. This was generalized by the author in [17] to allow for the
coefficients to be unbounded. Moreover, more general operators were also considered
in [17]. Both of these works assumed a non-critical condition (1.5). This assumption
makes the results of [17,27] not valid for Schrodinger operators. Since the assumption
is equivalent to assuming that

IV(x)|>¢ >0 forallx € RY,

Zielinski managed to establish sharp Weyl laws without assuming a non-critical con-
dition in [28] for Schrédinger operators with a bounded potential of class C 2#(R9)
for 4 > 0 and d > 3. This result does not use the multiscale approach as we do
here, but requires an additional geometric condition. Zielinski’s approach seems to be
favorable if higher-order differential operators are considered.

The author recently established sharp spectral asymptotics for operators that
locally behave like a magnetic Schrédinger operators in [18]. The techniques used to
establish those will be crucial for the results obtained here. It should be remarked that
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the assumptions we make on regularity here are “lower” than the regularity assump-
tions made in [18].

The results obtained by Bronstein and Ivrii [2] and Ivrii [10, 11] do assume less
regularity than we do in the present work. However, the techniques used in these
works do not seem to translate well to a non-compact setting.

1.2. Non-sharp asymptotics

The methods we use to establish Theorem 1.5 can also be used in cases where we
have less regularity than we assume in the statement of the theorem. However, if we
assume less regularity, we cannot obtain sharp remainder estimates. The results we
can obtain are in the following two theorems.

Theorem 1.6. Let Hj, = —h>A + V be a Schridinger operator acting in L*(R9)
with d > 3. Suppose that V satisfies Assumption 1.4 withv >0,k =1, and0 < pu < 1.
Then, it holds that
1
Trlgo(Hp)] — ——— 2+ V(x))dxdp| < Ch*?
o)~ G [ 000 + Vi) d dp) =

R2d

for all h sufficiently small, where k = min[2(1 + w)/3, 1]. The constant C depends
on v and the potential V.

One can see that, for u© > 1/2, we are in the setting of Theorem 1.5 and recover the
sharp estimate. For the cases u < 1/2, we cannot currently get the optimal error. How-
ever, the “worst” error we can obtain is #2/3~¢  This is still a significant improvement
of the estimate =% . Moreover, since a global Lipschitz function is almost everywhere
differentiable, with these methods we obtain the error #2/3~¢ when the potential V'
satisfies Assumption 1.4 with v > 0, k = 0, and u = 1. The author believes that this
case should also have sharp estimates.

Theorem 1.7. Let Hj, = —h2A + V be a Schridinger operator acting in L*(R%)
with d > 4 and let y € (0, 1]. Suppose that V satisfies Assumption 1.4 with v > 0,
k =2,and 0 < u < 1. Then, it holds that

Trlgy (Hp)] — (Zﬂ‘h)d [ 507 + vy dxdp| < et

R2d

Sfor all h sufficiently small where k = min[2(2 4+ @)/3,1 4 y]. The constant C depends
on v and the potential V.

Again, we have that for 4 > min(3y/2 — 1/2,0) we again recover the sharp esti-
mates from Theorem 1.5. Considering the result obtained here, we find that for the
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case y = 1 and p = 1, the error terms are sharp. Even under a C? assumption, we
obtain an error of the form #*/3~4,

We can also obtain results for d = 2 for the counting function and d = 2 and
d = 3 for the Riesz means. These will also not be sharp. The following two theorems

establish them.

Theorem 1.8. Let Hy = —h?>A + V be a Schridinger operator acting in L*(R?).
Suppose that V satisfies Assumption 1.4 withv > 0, k = 1, and 0 < u < 1. Then, it
holds that

Trlgo(Hy)] — (Zn#h)d f go(p? + V(x) dx dp| < Ch<2

RrR2d

Sfor all h sufficiently small, where k = min[(1 + 2u)/3,2/3]. The constant C depends
on v and the potential V.

Theorem 1.9. Let Hy = —h*A + V be a Schridinger operator acting in L*>(R%)
withd =2 ord = 3 andlet y € (0, 1]. Suppose that V satisfies Assumption 1.4 with
v>0k=2 and0 < pu < 1. Then, it holds that
1
Trlg, (Hp)] — = 2+ V(x))dx dp| < Ch?
ey ()] = g [ (0 + V) dxdp| =

R24d

for all % sufficiently small, where k = min[(1 +2u +d — y)/3, (d + 2y)/3]. The
constant C depends on v and the potential V.

1.3. Organisation of the paper

This paper is structured as follows. In Section 2, we specify our notation and construct
approximating and framing operators. Inspired by these framing operators, we define
operators that locally behave like rough Schrédinger operators in Section 3. For these
operators, we establish a sharp Weyl law at the end of the section. This result relies
heavily on the findings of [18]. In Section 4, we first establish a result concerning trace
localizations and a comparison of phase-space integrals. We conclude the section with
a proof of the main theorems.

2. Preliminaries
For an operator A4 acting in a Hilbert space J}, we denote the operator norm by || A||op

and the trace norm by || A||;. Moreover, in the following, we will use the convention
that N is the set of the strictly positive integers and Ny = N U {0}.
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Next, we will describe the operators we are working with. Under Assumption 1.4,
we can define the operator
Hp =-h*A+V

as the Friedrichs extension of the quadratic form is given by

d
blf gl = [ n% > 0y, f()0x,8(x) + V() f(x)g(x) dx.  f.g € D(B).

pa  i=1

where

D(B) = {f e L*(RY) ] / PRIAP)P dp < o0 and /|V<x)||f<x>|2 dx < oo}.
Rd ]Rd

In this set up, the Friedrichs extension will be unique and self-adjoint; see e.g., [20].
In our analysis, we will use the Helffer—Sjostrand formula. Before we state it, we will
recall a definition of an almost analytic extension.

Definition 2.1 (Almost analytic exstension). For f € Cg°(R), we call a function
J € Cs°(C) an almost analytic extension if it has the properties

13 £(2)| < Cu|Im(z)|" forall n € No,

f@) = f@) forall t € R,

where 8 = (dx + idy)/2.

For a construct of the almost analytic extension of a given f € C5°(R), see, e.g.,
[4,29]. The following theorem is a simplified version of a theorem in [3].

Theorem 2.2 (Helffer—Sjostrand formula). Let H be a self-adjoint operator acting
on a Hilbert space 3 and f be a function from Cg°(R). Then, the bounded operator
f(H) is given by the equation

pin) == [ 37 -y L)
C

where L(dz) = dx dy is the Lebesgue measure on C and f is an almost analytic
extension of f.

2.1. Construction of framing operators and auxiliary asymptotics

The crucial part in this construction is Proposition 2.3, for which a proof can be found
in either [2, Proposition 1.1] or [12, Proposition 4.A.2].
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Proposition 2.3. Let f be in CK*(R?) for a w in [0, 1]. Then, for every & > 0, there
exists a function fy in C®(R?) such that
0% fo(x) — 0% f(x)| < Coe* Tl | <k,

2.1
0% fo(x)| < Coe*trlel o) >k + 1,

where Cy is independent of e, but depends on f for all @ € Ng.

Lemma 24. Let Hy, = —h>A + V be a Schrédinger operator acting in L>(R%) and
suppose that V satisfies Assumption 1.4 with (v, k, (). Then, for all ¢ > 0, there exist
two framing operators Hfa such that

Hy . < Hj < H,;fa (2.2)
in the sense of quadratic forms. The operators Hgts are explicitly given by
+ 2 +
Hp = —-h"A+ V>,
where
VE@X) = Vix) 4+ V2(x) £ Cektr,

where the function V.2(x) is the smooth function from Proposition 2.3 associated to
VY =Voand V? = V(1 — ). The function ¢ is chosen such that ¢ € C(‘,’o(Rd) with
o(x) = 1forall x € Q3,,y and supp(¢) C Qay,y. Moreover, for all ¢ > 0 sufficiently
small, there exists a V > 0 such that

Q4§,VS+ N supp(Vz) =0 and Quy- N supp(Vz) = 0. 2.3)
Proof. Let ¢ be as in the statement of the lemma, and set
Vi=Vyp and V?=V(1-9).

By assumption, we have that V1 ¢ Céc #(R?). Hence, for all ¢ > 0, we get from
Proposition 2.3 the existence of Ve1 (x) such that (2.1) is satisfied with f replaced
by V1. We now let

Hyo = —H*A+V 4+ V2

This operator is well defined and self-adjoint since both potentials are in LlloC (R%).
Moreover, we have that Hy . and Hj will have the same domains. Let /' € D[Hp];
we then have that

{Hnf f) = (Hpe f. ) = KV =V LS
= ”Vl - VSIHLOO(]R‘J)”f”iZ(Rd)

< e | £ 172 gay- (2.4)
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By choosing a sufficiently large constant C, we obtain from (2.4) that, by defining
Hffs = —h2A + VE with VE(x) = V1 (x) + VZ(x) £ CekH~, equation (2.2) is
satisfied with this choice of operators.

What remains is to establish (2.3). By construction,

IV = VE| pooray < Ce* T,

Hence, if we choose ¥ < v/2 and ¢ is sufficiently small, we can ensure that £ syt C
Q3y,y and Q45,y- C Q3,,y. Since, by construction supp(V?) C qu,v’ it follows
that, with such a choice of ¥ and for ¢ sufficiently small, equation (2.3) holds true.
This concludes the proof. =

Definition 2.5 (Rough Schrodinger operator). In what follows, for ¢ > 0, we will call
a potential V; € Cg° (R?) a rough potential of regularity T > 0 if

sup [0%Ve(x)] < Coe™@=lel  forall o € Ng,
xeR4

where the constants C, are independent of e. Moreover, we call an operator Hy . a
rough Schrodinger operator of regularity T > 0 if it is an operator of the form

Hpe=—W?A+V +V,

where V e L1

loc

(R?) and V; is a rough potential of regularity <.

Remark 2.6. Assume we are in the setting of Lemma 2.2. It follows from Theo-
rem 1.1 that there exists a constant C > 0 such that

Trlg, (H,;,)] < Trlgy (Hp)) < Trlgy (H; )] < Ch™?

for i > 0, ¢ > 0 sufficiently small. The constant C depends only on the dimension, the
set 24y, and min(V). The first two inequalities follow from the min-max principle.
For the third inequality, we can choose a potential V™" such that

min(V) —1 ifx € Qqpp.

Vmin(x) — .
0 ifx ¢ Quy.

Then, when we consider the operator
Hfrlnin — _hZA + Vmin’
defined as a Friedrichs extension of the associated form, we have that

min -
H™ < Hy .
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in the sense of quadratic forms. Hence, using the min-max principle and Theorem 1.1,
we obtain that

Trlgy (Hy )] < Trlgy (Hy™)]

1 . -
< iy / gy (P2 + V™ (x))dxdp 4+ Ch™? <Ch ™,
RZd

where the constant C only depends on the dimension, the set 24,7, and min(}).

3. Auxiliary results and model problem

Inspired by the form of the framing operators, we make the following assumption,
which is essentially the same as the one in [22], but with a rough potential and no
magnetic field.

Assumption 3.1. Let #} . be an operator acting in L?(R%), where i, & > 0. Suppose
that
(1) e is self-adjoint and lower semi-bounded;
(ii)  there exists an open set @ C R¢ and a rough potential V, € Cs° (R?) of
regularity T > 0 such that C§°(2) C O(H) and
Hiep = Hpep forallp € C5o(92),
where Hy , = —h?A + V.

For these operators, we will establish our model problem. The first auxiliary result
we will need was established in [18, Lemma 4.6]. It is almost the full model problem,
except that we consider only the operator H} . and not the general operator #y, .

Lemma 3.2. Lety € [0,1] and Hy . = —h*A + V, be a rough Schrédinger operator
acting in L>(R9) of regularity t > 1 if y = 0, and regularity t > 2 if y > 0, with
h € (0, ho), ho sufficiently small. Assume that V, € Cg° (R?) and there exists § € (0, 1]
such that ¢ > k=8, Suppose there is an open set Q C supp(V;) and a ¢ > 0 such that

Ve(x)| + 423 > ¢ forallx € Q.

Then, for ¢ € C5°(K2), it holds that

1
Trlpgy (Hne)] — @iy / gy (p” + Ve(0))p(x) dx dp| < Ch' 74,

RrR2d

where C is a constants that depends only on the dimension and y, ||0%¢ || oo (ra), and
g min(0,7—la)}| gor VellLoo (@), forall o € N(ji.
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In order to prove our model problem, it remains to establish that Tr[pg, (H3 )]
and Tr[pgy (#4.¢)] are close. To do this, we will need some additional notation and
results.

Remark 3.3. In order to prove Lemma 3.2 as done in [18], one needs to understand
the Schrodinger propagator e tH e associated to Hj, .. Under the assumptions of
the lemma, we can find an operator with an explicit kernel that locally approximates
¢! 'tHn.e in a suitable sense. This local construction is only valid for times of order
h178/2_ But if we locally have a non-critical condition, the approximation can be
extended to a small time interval [—Tj, Ty], where Tj is independent of %. For further

details, see [17]. In the following, we will reference back to this remark and Ty.

Remark 3.4. Let T be defined as in Remark 3.3 and 77 as in Lemma 3.9. Let T €
(0, min(7Ty, T1)] and ¥ € C§°((—T. T)) be a real valued function such that y(s) =
x(—=s)and y(s) = 1 forall t € (—T/2,T/2). Define

1 s is
00 =5 [ 7()e ds.
T

R

We assume that y;(z) > 0 for all # € R and there exist 7, € (0, T) and ¢ > 0 such
that y;(¢) > c forall t € [-T5, T»]. We can guarantee these assumptions by replacing
y with y = y if necessary. We will denote by y(¢) the function

0 =200 (5):

1

ioc R), we will use the notation

Moreover, for any function g € L

g () = g xa(t) = /g(sm(t —5).
R
Before we proceed, we recall the following classes of functions. These were first

introduced in [21].

Definition 3.5. A function g € C*®°(R \ {0}) is said to belong to the class C *°Y (R),
y € [0,1],if g € C(R) for y > 0 and if there exist constants C > 0 and r > 0 such
that the following holds:

gt)=0 forallz > C,
|07 g (1) < Cplt|” forallm € Ngandt < —C,

C ify =0,1,
[07'g(t)] < { " Y forallm € Nandt € [-C,C] \ {0}.

Cplt|¥™™ ify € (0, 1),

A function g is said to belong to " (R) if g € C*” (R) and g has compact support.
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With this notation established, we recall the following Tauberian-type result. This
result can be found in [22, Proposition 2.8].

Proposition 3.6. Ler A be a self-adjoint operator acting in a Hilbert space H and g €
Co 7 (R). Let 1 be defined as in Remark 3.4. If for a Hilbert-Schmidt operator B,

sup |[|B* (A —1)B|1 < Z(h),
tedD(S)

(where D(8) = {t € R | dist(supp(g)),t) < 8}, Z(B) is some positive function, and
8 is strictly positive), then it holds that

I B*(g(A) — g™ (A)B|l; < Ch'™ Z(h) + Cyh™ |B*B||; forall N € N,

where the constants C and C’ only depend on § and the functions g and y1.

Lemma 3.7. Let Hj, be an operator acting in L2(R%) which satisfies Assump-
tion 3.1 with the open set Q and let Hy , = —h%A + V be the associated rough
Schridinger operator of regularity Tt > 1. Assume that h € (0, ko), with ho sufficiently
small. Then, for f € C§°(R) and ¢ € C§°(2), we have for any N € Ny that

lolf (Hne) — f(Hp ol < CyhY, 3.1
N+45L4oN—d
ol = H0.)™ = ¢ = Ha) Ml = O E e zeCAR G2)
and
lof (Fene)llh < CH4, (3.3)

The constant C depends on supp(f), N, and ||0% f||Loow) and ||0%@|| oo ray, for
all « € N¢.

Proof. Estimates (3.1) and (3.2) follow as in the proof of [18, Lemma 4.3], while
estimate (3.3) follows similarly to [18, (4.8)]. ]

Lemma 3.8. Let Hy, = —h2A + V, be a rough Schrodinger operator acting in
L?(R?) of regularity T > 1 with h € (0, hol, ho sufficiently small. Assume that V, €
Cy° (R?) and there exists § € (0,1] such that ¢ > h'~%. Suppose there is an open set
Q C supp(Ve) and ¢ > 0 such that

[Ve(x)| + 823 > ¢ forall x € Q.

Let yy(t) be the function from Remark 3.4, f € C§°(R) and ¢ € C§°(R2), then it
holds for s € R that

l@f (Hpe) xn(Hpe — 5) f(Hpe)olls < Ch™9.
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The constant C depends only on the dimension, supp(f), || f||Loo )
forall @ € N&, and ¢~ ™n(0.7=lel)| o VellLoo() for alla € N(‘f.

%@l Loor)

Proof. The proof is analogous to that of [18, Lemma 4.5]. Note that in the proof
of [18, Lemma 4.5] it is assumed the operator is of regularity r > 2. However, it
suffices to assume that the operator is of regularity t > 1, without changing the proof.

]

The next lemma is a result on the propagation of singularities, which we will need
to obtain certain estimates later. We will not give the full proof of the lemma here as
it is almost identical to the proof of [18, Lemma 4.7]. There is also a version of this
result in [21, Lemma 5.1]. This result is stated and proven for semiclassical pseudo-
differential operators.

Lemma 3.9. Let Hy, = —h% A + V be a rough Schridinger operator of regularity
t > 1 acting in L>(R?). Let 6 € Cy° (R%?) and 6, € B>°(R??) such that

dist{supp(61), supp(62)} > ¢ > 0,

and let f € C§°(R). Then, there exists Ty > 0 sufficiently small such that, for any
N e N, it holds that

10p} (62)e™™ ™ Hiwe £ (Hy ) Op} (61)[lop < CHY,

uniformly fort € [—Ty, T1]. The constant C depends on supp( f), the dimension, N,
0% f |l oo rays 10011 oo ray, 10%62| oo (may for all o € N¢, and the constant c.

Proof. The proof follows the argument in [18, Lemma 4.7]. The main difference
between the two cases is that here we consider an operator that is already a rough
pseudo-differential operator. Hence, the step where we exchange operators in the
proof of [18, Lemma 4.7] can be omitted. This omission applies from [18, equation
(4.27)] up to the first full stop after [18, equation (4.28)]. Once this step is removed,
the remaining changes involve choosing the constants large enough to ensure that an
error of order #% is obtained, rather than just 317 ]

Lemma 3.10. Let H#}, o be an operator acting in L2(R?) satisfying Assumption 3.1
with the open set Q and let Hy , = —h*>A + V. be the associated rough Schrodinger
operator of regularity v > 1. Assume that h € (0, ho], with hg sufficiently small,
and that there exists § € (0, 1] such that ¢ > h'~% Let y3(t) be the function from
Remark 3.4, f € C§°(R), and ¢ € C§°(R2). Fors € Rand N € N, it holds that

.S (Hn,e) X1 (Hne = ) (Hne )@ — @ f (Hae) tn(Hpe — 8) f(Hae)gpl < Cai™.
(3.4)
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Moreover, suppose there exists ¢ > 0 such that
[Ve(x)| + 123 > ¢ forall x € Q.
Then,
|0 f (Hne) x5 (Hne =) [ (Hne)plls < Ch™4. (3.5)

The constants Cn and C depend on the dimension and ||0% f || oo w), [10%@||Loo(R).
and g~ mn©@.7=la]) || g VellLoo() for all a € N(‘)i.

Proof. We start by considering the left-hand side of (3.4). We have that
e f (Hne) X1 (Hne — ) f(Hne)o — @f (Hpe) xn(Hpe — 5) f (Hp,e)@llt
< g/ (Hn.e) xn(Hne — ) S (Hne)p — 0f (Hne) x1(Hpe — 5) f(Hne)@ln
+ Ch M of (Hne) — of (Hpo)llt + CH7Y f (K)o — f(Hpe)elh

< Nef (Hne) xn(Hae — ) f(Hpe)p — 0f (Hne) xn(Hpe — 5) f(Hpe)ellh
+ ChV, (3.6)

where in the first inequality we have added and subtracted the two terms

@f (Hne) xn(Hpe — ) f(Hpe)p  and @ f (Hp.e) xn(Hne —5) [ (He)e.

used the triangle inequality and that the function y7(¢) is bounded by C#~! uniformly
in ¢. In the second inequality, we have used Lemma 3.7. We observe that, using how
we defined the function yj(z — s), we have that

_ 1 i1z
11z =9 = 570G -9 = 5o [0 an
R

Using this expression and the fundamental theorem of calculus, we get that
Xh(f%h,a - S) — Xk (Hh,s - S)

1 . L
= /(ezh N ne=) _ oih TV HR=) (1) dt
R

= 2ah?

t
; o o L
/e_lh ]”X(l)/e’h l";f”’s(J(’h,e—Hh,a)e’h N0 Hie g1y,
R 0

3.7
Letting f € C5°(R) such that

f(f)f(l) = f(t) forallt e R
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and using the identity obtained in (3.7), we get that

l@f (Hn.e) xn(Hne — ) f(Hpe)o — @f (Hpe) xn(Hpe — ) f(Hpe)ell1

=

t
1 o -
=y / x(0) f lof (Fn.o)e ™™ e Fi (In o) (Hn.c — Hie)
R 0 X f(Hyo)e™ D e f(Hy )olly drdi.  (3.8)

Welet 6,0 € C(Q x B(0, K 4 1)) such that

supp(¢) N supp(1 — 0) N supp( £ (a’y)) = 0
and )
dist(supp(8), supp(1 — 9)) > c,

where ¢ > 0 is some positive constant. With these functions and by using standard
pseudo-differential techniques, we have for any N € N that

lof (Fn.e)e™ e Fy (Fh o) (Hn.e — Hpe) [(Hp o)™ D Hne £(Hy ol
< Ch || i (Hn.e)(Hne — Hpe) f(Hpe) OPY (0)|op
+ 0py (1 — B)e™™ =D Hie £(Hy ) OpY ()¢ lop) + CatY, (3.9)

where the constants C and Cy depend on the variables as stated in the Lemma. Using
the assumptions on our operators and standard pseudo-differential techniques, we
have for any N € N that

| f1(Hn.e)(Hne — Hpe) f(Hpe) Opy (D) ]lop < ChAY,

where again the constant Cy depends on the variables as stated in the Lemma. We can
also bound the last term on the right-hand side of (3.9). This follows from Lemma 3.9.
Hence, we have for any N € N that

lof (Fn.e)e™™ e Fy (e, o) (Hne — Hig) [(Hpo)e™ e f(Hy ol
< CyhY, (3.10)

where again the constant Cy depends on the variables as stated in the lemma. Com-
bining estimates (3.6), (3.8), and (3.10), we have established estimate (3.4). Combin-
ing this estimate with Lemma 3.8 gives us (3.5). This concludes the proof. |

Lemma 3.11. Let y € [0, 1] and 4, . be an operator acting in L2(R?). Suppose
Hy, o satisfies Assumption 3.1 with the open set Q and let Hy o = —h*A + V, be the
associated rough Schrodinger operator of regularity t > 1 if y =0and t > 2 ify > 0.
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Assume that h € (0, ko], with ho sufficiently small, and that there exists § € (0, 1] such
that ¢ > h'=8. Suppose that there exists ¢ > 0 such that

Ve(x)| + 723 > ¢ forallx € Q
Then, for ¢ € C5°(R2), it holds that
| Trlpgy (93.0)] = Trlpgy (Hyo)ll < CH'H7 =+ Cyun.

The constants C and Cy; depend on the dimension, as well as on the parameters y,
10%@ || Loo ), and e~ ™nO@T=1eD |39V, ||} oo (@) for all & € N.

Proof. Since both operators are lower semi-bounded, we may assume that g is com-
pactly supported. Let f € C5°(R) such that f(1)g, () = g, (¢) forall € R and let
@1 € Cg°(82) such that ¢(x)@q(x) = ¢(x) forall x € R¥ . Moreover, let y1(t) be the
function from Remark 3.4 and set g)(,h)(t) = gy * x#(t). With this notation, we have
that

| Trlpgy (Hp,e)] — Trlpgy (Hpe)]|
< loo1 f(H.e)(gy (Hne) — 8 (H3.0)) f (Hne)er |11
+ llo@1 f(Hpe)(gy (Hpe) — €5 (He)) f (Hpe)e1 1
gl @) / 7(5) ds supllgn (.0 11 —5) (o

R - (plf(Hh,a)Xh(Hh,s - s)f(Hh,s)(pl ”1
G.11)

Lemma 3.8 and Lemma 3.10 give us that the assumptions of Proposition 3.6 are ful-
filled with B equal to ¢ f(Hp) and ¢, f(Hjp,¢) respectively. Hence, we have that

lo@1 f(Hne) gy (Hae) — g0 (Hne)) f(Hn o1l < Ch'TY 4 (3.12)

and

lo@1 f(Hpne)(gy (Hpe) — 8% (Hpe)) f (Hpe)e1lly < CHM T4, (3.13)

By applying Lemma 3.10, we get for all N € N that

Sulgllwl S () i (Hy, — 5) f(Hp) o1 — o1 f (Hpe) xn(Hpe — ) f(Hp )11

< Cyh". (3.14)
Finally, by combining estimates (3.11)—(3.14), we obtain the desired estimate. ]

For operators that satisfy Assumption 3.1, we can establish the following model
theorem. The proof of the theorem is similar to the proof of [18, Theorem 5.2].
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Theorem 3.12. Let y € [0, 1] and ¥}y . be an operator acting in L?(R%). Suppose
that Hy, ¢ satisfies Assumption 3.1 with the open set Q2 and let Hy , = —h2A + V, be
the associated rough Schrodinger operator of regularity t > 1 ify =0, and t > 2 if
y > 0. Assume that h € (0, o], with ho sufficiently small and there exists § € (0, 1]
such that ¢ > h175. Suppose there exists ¢ > 0 such that

[Ve(x)| + 7?3 > ¢ forall x € SQ. (3.15)

Then, for any ¢ € C§°(S2), it holds that

1
Trlpgy (Hn.e)] — Qi) / gy (p? + Ve(x))o(x) dx dp| < Ch' 774,

R24d

where the constant C depends only on the dimension, as well as on ||0%¢||cora)
and g~ mnO.7=la]) || jo VellLoo() forall a € N(”)l.

Proof. Firstly, observe that, under the assumptions of this theorem, #% , and Hj .
satisfy the assumptions of Lemma 3.11. Furthermore, Hj . satisfies the assumptions
of Lemma 3.2. Thus, applying Lemma 3.11 and Lemma 3.2, we conclude that

Trlpgy (Hn,e)] —

G | &0+ Ve ax
RrR2d
<| Tr[(/)gy (%h’g)] — gy (Hh,g)|

1
Trlpgy (Hp )] — @y / gy (p* + Va(x)p(x) dx dp‘
R2d

+

< Ch1+y_d.

This concludes the proof. u

4. Towards a proof of the main theorem

At the end of this section, we will prove our main theorem. Before that, we introduce
some lemmas needed for the proof. The first lemma allows us to localize the trace we
consider, while the second provides a comparison of phase space integrals.

4.1. Localization of traces and comparison of phase-space integrals

Before we state the lemma on localization of the trace, we recall the following Agmon-
type estimate from [5, Lemma A.1].
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Lemma 4.1. Let Hy, = —h2A + V be a Schrédinger operator acting in L*(R?),
where V is in L}

ioc (R?) and suppose that there exist v > 0 and an open bounded set
U such that

V(x) >v whenx € US. 4.1
Let d(x) = dist(x, Ug), where
U, = {x € R¢| dist(x, U) < a}
and let r be a normalized solution to the equation
Hpy = Ev,
with E < v/4. Then, there exists C > 0 such that
1e®" ™ 4y L2 ey < C,

for 8§ = \/v/8. The constant C depends on a and is uniform in V, v, and U satisfy-
ing (4.1).

In the formulation of the lemma presented here, we consider U, for a > 0, rather
than just U; as in [5]. There are no differences in the proof. However, one point to
remark is that the constant C diverges to infinity as a tends to 0. Moreover, in the
statement, we highlight the uniformity of the constant with respect to the potential
V', v, and the set U. That this constant is indeed uniform in these parameters follows
directly from the proof given in [5].

Lemma 4.2. Let y € [0, 1] and Hy, = —h>A + V be a Schridinger operator acting
in L2(R%), where V is in L} (R?) and suppose that there exist an v > 0 and a open

loc

bounded sets U such that V(x)1y (x) € LYt4/2(R4) and

V(x)>v whenx e U°. 4.2)
Fixa > 0andlet ¢ € C0°°(Rd) such that ¢(x) = 1 for all x € U,, where

U, = {x € R?| dist(x, U) < a}.
Then for every N € N, it holds that
Trlg, (Hp)] = Trlgy (Hp)g] + CnAY,

where the constant is Cn depends on a and is uniform in V, v, and U satisfying (4.2).
Proof. Using the linearity of the trace, we have that

Trlgy (Hp)] = Tr[gy (Hp)e] + Tr[gy (Hz)(1 — ¢)]. (4.3)
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For the second term on the right-hand side of (4.3), we calculate the trace in a nor-
malized basis of eigenfunctions for Hy, denoted ,,, with eigenvalue E,;:

Trlgy (Hi) (1 — )] = > (gy (H)(1 — ). ¥in)

E,<0
= Y G EIIVI = 9¥nl}2gay (4.4)
E;<0

To estimate the L2-norms, we let d(x) = dist(x, U,/2). For all x € supp(l — ¢), we
have that d(x) > 0, since ¢(x) = 1 for all x € U,. By Lemma 4.1, there exists a
constant C, depending on a, such that, for all normalised eigenfunctions v, with
eigenvalue less than v/4, we have the estimate

Sx—1
le® 4yl L2 may < C.
where § = 4/v/8 and C is uniformin V, v, and U satisfying (4.2). Using this estimate
and the observations made for d(x), we get, for all norms in (4.4) and all N € N, the
estimate

_sz—1 sz—1
” Vv 1 _(anHiZ(Rd) = ” \Y 1 —pe 5# d”ioo(]Rd)”eSh dwrl”iZ(Rd)
AN (8d\N 51,2
=c|Vi=e(s,) (5) <"

ﬁ Lo (R4)
< Cyh?V. 4.5)

Combining (4.4) with the estimate obtained in (4.5), we get, for all N € N, that

Trlgy (Hp)(1 — @)] < Cyi®N Y g, (En) = Cy1*N Tilg, (Hy)]
E;<0

< Cyh2N—4, (4.6)

where, in the last estimate, we have used Theorem 1.1. Combining (4.3) and (4.6), we
obtain the desired estimate. ]

Remark 4.3. When applying the above lemma, we must ensure that the constant
remains the same for both cases under consideration. To achieve this, we use Theo-
rem 1.1, as explained in Remark 2.6 at the end of the proof.

The next lemma is a result on comparing phase-space integrals. Similar estimates
are obtained with different methods in [17]. These are parts of larger proofs and not
an independent lemma. The following lemma is taken from [18, Lemma 5.1].

Lemma 4.4. Suppose that @ C R? is an open set and let ¢ € Cy°(R2). Let € > 0,
he (0,ho]land V,V, € Ll (R?) N C(). Suppose that

loc

IV = Vellpos(@y < ceH. 4.7
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Then, for y € [0, 1] and ¢ sufficiently small, it holds that

' /[gy(P2 + Ve(x) — gy (P + V(x)]p(x) dx dp| < ¥,

RrR2d

where the constant C depends on the dimension and y and c in (4.7).

4.2. Proof of main theorem

The proof of the main theorem relies on a multi-scale argument. Before using this
technique to establish the theorem, we first recall the following crucial lemma.

Lemma 4.5. Let Q C R? be an open set and let | be a function in C'(Q) such that
I > 00n Q, and assume that there exists p in (0, 1) such that

[Vil(x)| < p forall x in L.

The following statements hold true.

(i) There exists a sequence {xi }3>_, in 2 such that the open balls B(xy,[(xy))
form a covering of Q2. Furthermore, there exists a constant N,, depending
only on the constant p, such that the intersection of more than N, balls are

empty.
(i)  One can choose a sequence {@y }3=, such that g € C§°(B(xg, [(xy))) for
all k in N. Moreover, for all multiindices a and all k in N,

0%k (x)] < Col (xp) 71,

and
o0
Yoax) =1,
k=1

for all x in Q2.

This lemma is taken from [22, Lemma 5.4]. The proof is analogous to the proof
of [9, Theorem 1.4.10]. We are now ready to prove the main theorem.

Proof of Theorem 1.5. Let Hh_’ . and H; . be the two framing operators constructed in
Lemma 2.4, where we choose ¢ = A7, For y = 0, we choose § = /(1 + 1) and
if y > 0 we choose 6 = (1 + u — y)/(2 + ). Note that our assumptions on p will
in all cases ensure that § > 1/3. Moreover, we get that

gt =4, y =0,

2T =p1FY  y >0, (*8)
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Since we have that H e <Hyn<H ; . in the sense of quadratic forms, it follows from
the min-max theorem that

Trlgy (H,',)] < Trlgy (Hp)] < Trgy (Hy )] 4.9)

Our aim is now to obtain spectral asymptotics for Tr[g, (H,:" 2] and Trlg, (H, )].
Since the arguments will be analogous, we drop the superscript + for the operator
Hffg in what follows. Let ¢ € C(g’o(]Rd) with ¢(x) = 1 forall x € Qg y, and supp(¢) C
25,y . Then, applying Lemma 4.2, we obtain for all N € N that

Trlgy (He)] = Trlg, (Hpe)g] + Cyh™. (4.10)

For the terms Tr(g, (H3..)¢], we use a multiscale argument such that we can locally
apply Theorem 3.12. Recall that, by Lemma 2.4, we have

Ve(x) = V(x) + V2(x) £ Ce™,

where supp(V?) N Q5 v, = gand V! € C(;’O(Rd). We define ¢; € Cg"’(Rd) such
that ¢ (x) = 1 for all x € Q55 y, and supp(p1) C Q45,y,. With this function, we
obtain

P10V (x) = g1 () (V! (x) £ Ce™H).

Note that, under these assumptions on ¢;(x), we have ¢1(x)@(x) = ¢(x) for all
x € R?. This observation ensures that when we define our localization function (x)
below, it remains positive on the set supp(¢).

Before defining our localization functions, we remark that due to the continuity of
Ve on Q45,v,, there exists € > 0 such that

dist(supp(p). Q55 1) > €.

The parameter € is important for our localization functions. As we need to ensure the
supports are contained in the set 2,5y, , we let

[(x) = A7 Ve Va2 + 847 and - f(x) = Vi),

Where we choose A > 0 sufficiently large that

I(x) < and |VI(x)| <p< % 4.11)

o m

for all x € supp(¢). Note that, due to our assumptions on V, we can choose A inde-
pendent of # and uniformly for % € (0, #i9]. Moreover, we have that

lo1 (X)Ve(x)| < Al(x), forall x € RY. (4.12)
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By Lemma 4.5, with the set supp(¢) and the function /(x) there exists a sequence
{xx}2>, in supp(p) such that supp(¢) C Ugen B(xk./(xx)) and there exists a con-
stant Ny /g such that at most N g of the sets B(xg,/(xx)) can have a non-empty inter-
section. Moreover, there exists a sequence {¢ } 7> ; such that g € C5°(B(xg,l(xk))),

0% (x)| < Cal(xx)™® forall @ € Ny, (4.13)

and

[e.¢]
Z or(x) =1 for all supp(e).
k=1

We have that (_J; cny B(xk. [(xx)) is an open covering of supp(¢) and since this set is
compact, there exists a finite subset I’ C N such that

supp(p) C () BOxk. 1(xz)).
kel

In order to ensure that we have a finite partition of unity over the set supp(¢), we
define the set

I = Jtk € N | Bx.1(xx)) N B(xj. 1(x})) # @}

jer

We observe that I is still finite since at most Ny,g balls can have a non-empty inter-
section. Moreover, we have that

Zgok(x) =1 for all supp(¢).
kel

From this, we get the identity

Trlp1 (00,01 (Hne)] = Y _ Trloko1(—oo,0)(Hpe)].
kel

where we have used the linearity of the trace. For the remaining part of the proof, we
will use the following notation:

h
e =1(xk),  fo = f(xe), he=7—,
Ik fx
We notice that Ay is uniformly bounded from above, since
1(x) f(x) = A2l  (x)Ve(x)|> + 2*/3)3* > 47321 for all x.

By assumption, § > 1/3 and [, = sz; therefore we obtain that

e™! < et (4.14)
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We define the two unitary operators U; and T, by
U f(x) =192 f(Ix) and T, f(x)= f(x+z) for f e L>(R%).
Moreover, we set
Hepe = fi 2 (T Uy ) Hy(Te Uy ) = —hg A + Ve(x),

where V,(x) = fk_2 Ve(lxx + x1). We need to check that this rescaled operator sat-
isfies the assumptions of Theorem 3.12 with #g, e, and the set B(0, 8). To establish
this, we first observe that, by (4.11), we have

(1=8p)l <Il(x) < (1 +8p)y forall x € B(xg,8ly). (4.15)

We start by verifying that the operator H e,hy satisfies Assumption 3.1. It follows from
Lemma 2.4 that Hy p, is lower semi-bounded and self-adjoint. By our choice of ¢y,
we have that H, j, satisfies Assumption 3.1 (ii) with the set B(0, 8) and the potential

o1V e(x) = o1 (X + x) 72 Vel x + xz), (4.16)

where, by (4.16), we have that ggl\f/ ¢(x) € Cg° (R?). What remains to verify is that
we have obtained a non-critical condition (3.15). Using (4.12), for x € B(0, 8), we
have that

AL B o\2/3
Ve W23 = 720, Vel
lo1Ve(x)| + Ay, Ji o1 Ve(liex + xi)| + <fklk)
= lk_l(|§01 Vellpx + xx)| + h2/3)
> lk_lAl(lkx + xx) > (1 —8p)A.

Hence, we have obtained the non-critical condition on B(0, 8). So all assumptions of
Theorem 3.12 are fulfilled. But before applying it, we verify that the constant from
Theorem 3.12 are independent of k and #. Firstly, we have the norm estimate for the
potential

@1V ellLooBo.8)) = wp o1 (lex + xx) fi72Vellex + x)| < (1 + 8p) A4,
x€B(0,8

where we have used (4.12) and (4.15). When we consider the derivatives, for o € Ng
with || > 1, we have that

O D G e

< 8;min(O,r—|a|)fk—leLa\gmin(O,r—lal) sup Z (Ol) |(aa—ﬂ¢1)(aﬂ Vg)(lkx + xk)l

xeR4 ﬂSOC

S C(la
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where C,, is independent of k and #. In the estimate, we have used the definition
of ek, fr, (4.14) and Proposition 2.3. Hence, all these estimates are independent of
h and k. The last quantities we check are ||0%@x@|| 0o ray for all o € Ng, where
o9 = (Tx, Up, ok p(Tx, Uy, )*. Here, by construction of ¢y (4.13), for all o € N¢&,
we have

05 @x @l Looway = sup

xeR

3 2 (/3) (@ o) Tex + xi0) (05 P p) Uiex + xx)
B=a

< Co sup } ( )"k“’ﬂ 102 9)(lex + 1) < Ca.

xeR4 ﬁ<(x

With this, we have established that all the constant from Theorem 3.12 are indepen-
dent of 7 and k. By applying Theorem 3.12, we get that

1
Trlpgy (Hen)] — @y / gy (p® + V(x))ep(x) dx dp'
R2d
1 2
< I; Trlpkpgy (Hep)] — WR Zi gy (p” + V(x)grp(x) dx dp‘
~ o 1 ~ ~
< Z szy Tr[gy (He p, ) 0rc@] — Qi) / gy (p* + V(x)@ro(x) dx dp’
kel R2d
< Y £\ Telgy (Hen, ) x0)
kel
- [ & + o dx dp‘
(27Thk)d]R2d
+y ok (on h BT /[gy(p + @1 Ve(x) — gy (p* + V(x)]r(x) dx dp‘
kel

e

kel 'k

/ 8, (P + 17a(x)) — £, (p* + P ()]

R24 —
X Prp(x) dx de. (4.17)

To estimate the remaining integrals, we use Lemma 4.4. Combining this lemma with
(4.8), we obtain that

‘ f [gy (P* + 01 Ve () PRP(x) — gy (p* + V()] orp (x) dx dp‘
]RZd
<Ch'"r < Ch. (4.18)
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Hence, by combining (4.17) and (4.18), we obtain that

1
Tlog, (el = s [ (0% + V0p() dx dp
R24

<> 1 (4.19)
kel

By considering the sum over k on the right-hand side of (4.19) and by using (4.15),
we get

YoenFra =3 enttr / L FE U fi) ™17 dx
kel kel B(X 1 )
kstk

= Y anterd [praypasnr g,

kel B(x.lx)

<y Cnttr / [(x)43 2 gy < CchH'7=4, (4.20)

kel B(xx,lx)

where in the last inequality we have used that supp(¢) C Q55 y, and that Q55 y, is
assumed to be compact. This ensures that the constant obtained in the last inequality
is finite. By combining the estimates and identities in (4.9), (4.10), (4.19), and (4.20),
we obtain that
2 1-d
Tr[1(—00,0](Hpe)] — (271—h)d / 1(—o0,00(p” + Ve(x))dx dp| < Ch

RrR2d
for all # € (0, Aip]. This concludes the proof. ]

Proof of Theorem 1.6 and Theorem 1.7. The proofs are almost analogous to the one
just given for Theorem 1.5. The key difference here is that § is always chosen to be
1/3 when determining the scaling of the framing operators H f . Withe =7 =8 After
this choice, the remainder of the proof remains identical.

]

Proof of Theorem 1.8 and Theorem 1.9. The proofs are again almost analogous to the
one just given for Theorem 1.5, with the same differences as before. Specifically, we
always choose § = 1/3 when determining the scaling of the framing operators H,fe
with & = #2175, After this choice, the remainder of the proof is identical up to (4.20).

For the cases considered here, we have d — 3 — y < 0. Consequently, we obtain
a negative power of /(x) and must use the lower bound /(x) > C#?/3, rather than
relying on an upper bound for /(x). Using this bound and calculating the resulting
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power of the semiclassical parameter, we derive the errors stated in the theorems.
This concludes the proof. u
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