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Spectral decomposition and Siegel-Veech transforms
for strata: the case of marked tori

Jayadev S. Athreya, Jean Lagacé, Martin Moller, and Martin Raum

Abstract. Generalizing the well-known construction of Eisenstein series on the modular curves,
Siegel-Veech transforms provide a natural construction of square-integrable functions on strata
of differentials on Riemann surfaces. This space carries actions of the foliated Laplacian derived
from the SL> (R)-action as well as various differential operators related to relative period trans-
lations.

In the paper we give spectral decompositions for the stratum of tori with two marked points.
This is a homogeneous space for a special affine group, which is not reductive and thus does not
fall into well-studied cases of the Langlands program, but still allows to employ techniques from
representation theory and global analysis. Even for this simple stratum, exhibiting all Siegel-
Veech transforms requires novel configurations of saddle connections. We also show that the
continuous spectrum of the foliated Laplacian is much larger than the space of Siegel-Veech
transforms, as opposed to the case of the modular curve. This defect can be remedied by using
instead a compound Laplacian involving relative period translations.
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1. Introduction

For the modular surface, or, more generally, for quotients of the upper-half plane by
a cofinite Fuchsian group I, the space L?(I"\H) is well known to decompose into
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the cuspidal part, the space of Eisenstein transforms, and the residual spectrum. The
Laplace operator acts with discrete spectrum on the cuspidal part, while Eisenstein
series provide the continuous spectrum. The fine structure of the cuspidal part, the
size of the spectral gap and the description of the residual spectrum is the context of
various open conjectures. There is a similar decomposition of L?(I"\ SL,(R)), after
first decomposing the space into K-types, where K = SO(2) is the standard maximal
compact subgroup of SL;(R).

There are two natural generalizations of this decomposition problem. First, we
may replace SL(R) by any Lie group G of higher rank or even p-adic and study the
decomposition of L?(I"\G). Second, we may replace I'\ SL,(R) by a stratum J (o)
of area one flat surfaces with zeros of order @ = («q, ..., a,) with the Masur—Veech
measure vyy. For instance, the stratum J (0) of area one tori with one marked point
can be identified with the unit tangent bundle SL,(Z)\ SL,(R) to the modular surface
SL,(Z)\H. The first generalization has been studied intensively for semi-simple Lie
groups, in particular in connection with the Langlands program, for example [2, 32,
33]. For the second generalization, that is for the spaces L2(# (r)) := L2(# (@): vmv)»
the existence of a spectral gap for the foliated Laplacian corresponding to the
SL;(RR)-action has been established in work of Avila and Gouézel [6]. (Their work
includes even more generally so-called linear submanifolds of # («).) However, their
work explicitly avoids a decomposition of the spectrum as above (“since the geo-
metry at infinity is very complicated”). Given recent progress towards understanding
the boundary of strata [7], we aim to shed light on how the boundary relates with the
continuous spectrum for strata.

In this paper, we focus on the first non-classical case, namely the stratum # (0, 0)
of area one tori with two marked points. At the same time, this is an instance of a
space L2(I"\ G) for a non-reductive group G, namely the quotient of the special affine
group SAffy(R) = SL,(R) x R? by its integral lattice SAff,(Z) = SL,(Z) x Z?
minus the zero section, which is identified with SL,(Z)\ SL,(R). Since the Masur—
Veech measure vyy extends over this locus, we may and will use the identification

L2(SAff,(Z)\ SAff,(R)) = L2(H#(0,0))

throughout. We will rely on tools from representation theory, explain why simple-
minded generalizations from the modular surface case might fail, and how these
failures can be bridged.

The perspective of Siegel-Veech transforms. The Siegel-Veech transform is a
method to construct functions in L2 (J# («); vmv) based on the analogy between lattice
vectors for homogeneous spaces and saddle connections on strata. It takes as input a
function f on R?2, often supposed smooth and compactly supported, and a configur-
ation and returns the function SV( f') associating with the flat surface (X, ) the sum
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over f(v) for all saddle connections vectors v that stem from the given configuration
(see Section 6 for the precise definition). For the special case of the modular surface,
i.e., the case of J(0), there is a unique configuration, which yields all primitive lattice
vectors and the Siegel-Veech transform of the spherical function f(v) = |v|?* is just
the usual (non-holomorphic) Eisenstein series. In general, the range of Siegel-Veech
transforms on the modular surface yields the spectral projection on the continuous
spectrum of the Laplace operator. For general strata, examples of configurations are
given by all saddle connections joining a simple zero to a triple zero or by all core
curves of cylinders. The modular surface model case triggers the following questions.

(Q1) What is a complete set of configurations in the sense that their Siegel-Veech
transforms account for all possible Siegel-Veech transforms?

(Q2) Are Siegel-Veech transforms responsible for all of the continuous spectrum
of the foliated Laplacian —A™! (as defined below)?

(Q3) Is there a notion of cusp forms so that Siegel-Veech transforms are precisely
the orthogonal complement of cusp forms? Is this notion of cusp forms
related to boundary divisors in the multi-scale compactification from [7],
as they do in the case of the modular surface?

We will answer these questions for J (0, 0) at the end of the introduction. For each of
the questions, the answer is not quite the one we expected initially. For general # («),
all three of them seem completely open.

The perspective of differential operators. The action of SL,(R) on strata #(«)
gives rise to a Casimir element acting as a operator D™ on L2(#(«)). It is this
operator or the corresponding Laplace operator —AZ’I acting on weight-k modular
forms on the projectivised stratum #(«)/ SO, (R) that we are mainly interested in.
See Section 2 for details.

Since we work in a homogeneous space for the group SAff,(R), we have more
differential operators at our disposal, which will also be the case for strata H(0F)
of tori with more than just one marked point. Even though SAff,(R) is not reduct-
ive, we show in Proposition 2.1 that the centre of the universal enveloping algebra
is a polynomial ring generated by a degree three ‘Casimir’ element, which acts as
an operator that we call the roral Casimir D™". Again, we define the corresponding
Laplace operators —A}é’t on the projectivised strata.

Another option is to incorporate the translation along torus fibers, i.e., the relative
period foliation, into a degree two differential operator A¥*". The compound oper-
ator Azmp(s) = Afk"l —+ eAY*" operator is elliptic if and only if & > 0, invariant under
SAff, (IR)-translations, but, contrary to A}, does not commute with most other cov-
ariant differential operators. We return to this operator at the end of the introduction
in connection with (Q2).
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The perspective of representation theory. Pullback via the map #(0,0) — J(0)
forgetting the last point gives an inclusion L?(# (0)) < L2(H# (0, 0)). We call its
orthogonal complement the genuine part

L2(H#(0,0))" = L2(#(0))*.

From now on, we focus on this genuine part and discard the pullbacks of SL, (R)-rep-
resentations. The irreducible representations of SAff,(R) are classified by Mackey

theory. As we recall in Theorem 3.7, they are pullbacks of SL;(R)-representations,

which we discarded, and representations >4 induced from characters of a fixed

SATf SAfF
ni,mi and anz S22

if nym? = nym3. As a first step towards answering our main questions, we exhibit
the decomposition of L2(F# (0, 0))&",

Heisenberg subgroup of SAff,(R), with & isomorphic if and only

Theorem 1.1. The genuine part of the L?-space of the stratum H(0,0) admits a
decomposition

L2(J(0,0))%" = L?(SAffy(Z)\ SAff,(R))*" = P P n5i.

n,m
m=1nezZ

SAff

n,m

the lifts of Eisenstein series Ej.;, g for n = 0 and Poincaré series Py, m g forn # 0

for any integrable function B: R — C, as defined in (4.7) and (4.6).

Explicitly, the representation is the SAff, (R)-invariant subspace generated by

A main tool in the proof of Theorem 1.1 are Fourier expansions. The Fourier
expansions along the translation subgroup R? of SAff,(R) plays only a minor role.
More important is the Fourier expansion along a subgroup isomorphic to R? inside a
Heisenberg subgroup but with non-trivial intersection with SL,(R). We name these
the Fourier—Heisenberg coefficients cH( -,n,r;v,v/y), since we decompose the coef-
ficient r = 0 even further, along a Heisenberg group, see Section 4. Here (z,z) =
(x +iy,u + iv) are the standard coordinates on the Jacobi half-space H x C, which
allow us to specify

CH(¢;n,r;y, %) = / /qb(x +iy,u +iv)e(—nx — ru) dx du.

Z\R Z\R

Next, we aim for the decomposition of the space L2(J (0, 0))&" into irreducible
SL;(R)-representations. In general, the problem of decomposing the restriction of
representations into irreducible ones is known as the branching problem and discussed
in many instances (e.g., [20,30] and the references therein). Our case might be known,
but since we were not able to locate a proof in the literature we give the details of the
following result, see Proposition 3.9 for the full statement including the case n = 0.
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Proposition 1.2. For any m € Z* and n € Z \ {0}, one has that the restrictions of
the SAff, (R)-representations decompose as a direct integral

SAff2 (R) __SAff SL
Resg Ry Tum = sgn(n)kEB /( B @ 1%, dr, (1.1)

SL
where the discrete series Dsgn(n)

defined along with Theorem 3.4.

In particular, the complementary series does not occur in the decompostion of
L2(H# (0, 0))ee",

¢ and the prmctpal series representation 13- 1 are

The decomposition into irreducible SAff, (R)-representations in Theorem 1.1 is
fully discrete. This corresponds to the fact that there are square-integrable Eisenstein
and Poincaré series that contribute to individual constituents nﬁﬁ,flf. It contrasts, the
classical situation for SL, (R) in which Eisenstein series contribute to the continuous
spectrum and cannot be square-integrable and eigenfunctions for the Laplacian sim-
ultaneously. Proposition 1.2 recovers the classical situation in parts: there are some
square-integrable Eisenstein series for SAff, (IR) that are eigenfunctions of the foli-
ated Laplacian, but there are also others that behave like Eisenstein series for SL, (R).

In the next result, we clarify which Eisenstein and Poincaré series are generating
the discrete and continuous pieces in which the representation breaks up according
to Proposition 1.2. In the sequel, we thus consider nSAff as a subrepresentation of
L2 (SAff5(Z)\ SAff,(R))&" via the isomorphism of Theorem 1.1. The I'-factor in the
next result and the Whittaker function W, ,,(y) are defined along with the complete

statement of this result in Theorem 5.6. It also includes the corresponding statement

SAff

for the representations 7", .

Theorem 1.3. Fork € Z \ {0, %1} and n € Z withnk > 0, the representation D"
in (1.1) is generated by the Poincaré series for

e B=e2""Vifk > 1 and
o B =y ke 2wy ifk < —1.

Associating ton € 7\ {0} and to a function € L2(R™, dt) the lifts of the Poincaré
series Pr., ., BY, of the Whittaker transform

sgn(n)k

1 Y (1) _
W ._ k/2 _
Brcny () = 4n|n|3/2/(FW(t)FW(—z))1/2y Wign(myk/2,ie (47 |n|y) de

teRt+

gives rise to isometric embeddings

PY: @PL*RT, dr) > myal. PY: PLXRY. di) — myhl

n,m>’ n,m°’
ke2Z kel+27Z

whose images are fR o 13, drand fR . 135, de respectively, in (1.1).
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The proof has of course similarities with the way the Eisenstein transform identi-
fies the continuous spectrum of the modular surface, see, e.g., [10, Section 4.2.5] for a

textbook version. Note however that the principal series appear with infinite multipli-

SAff
nm*

to the classical case, Poincar€ series associated with Whittaker functions contribute to

city which we accomodate by first restricting to individual 7 Further, as opposed

the continuous spectrum, which requires a more delicate estimate.

The main results. In view of the next theorem, we define the space of cusp forms
to be the subspace of modular-invariant functions on projectivised strata where the
Fourier coefficient ¢H(-,0,0; v, v/y) vanishes. In light of the definition of this Four-
ier coefficient as an integeral over a subgroup R? in SAff,(R), this notion of cusp
forms generalises the usual concept of cusp forms defined via integrals along cer-
tain unipotent groups. We use the same terminology for the lifts of these functions to
L2 (SAff,(Z)\ SAff,(R))&". Similarly, we focus on this genuine subspace by consid-
ering only Siegel—Veech transforms of mean-zero functions from now on.

Theorem 1.4. Siegel-Veech transforms of smooth compactly supported mean-zero
functions are contained in the subspace of L*(SAff,(Z)\ SAffy(IR))E™ which is anni-
hilated by D', which is the subspace @,,_, Jrg,énff. This space is the orthogonal
complement of the space of cusp forms.

In the case # (0, 0) there are two obvious configurations, using the ‘absolute peri-
ods’, i.e., lattice vectors, and using ‘relative periods’ joining one marked point to
the other. We denote the corresponding Siegel-Veech transforms by SVs( - ) and
SViei( - ) respectively. The absolute Siegel—Veech transforms only contribute to the
well-studied non-genuine part of the L?-space and will be disregarded in the sequel.

However, the above is not a complete list of configurations! In fact, for a point
(A,z) € #(0,0) and any M € N the set z + A /M of translates of the relative period
by a 1/M -th lattice vector also satisfies all properties of a ‘configuration’, and The-
orem 1.4 also includes these. We denote the corresponding Siegel-Veech transform
by SV e, and let

$Veemt = Span{SViem (f) : f € CZ(R?)},

where Cgf’o denotes smooth compactly supported mean zero functions. Together with
Theorem 1.4, the following result shows that we have found all configurations, thus
answering (Q1).

Theorem 1.5. There is an orthogonal decomposition

L?(H(0.0))" = L*(H(0.0))%5 & Span ( U Svrel,M)-
M=1
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It also implies, together with Proposition 1.2 and Theorem 1.1, that Siegel-Veech
transforms do not account for the full continuous spectrum of D™ on # (0, 0), since
every 7y
This answers (Q2) negatively for this stratum. Finally, we observe that Theorem 1.5
is a positive answer to the first part of (Q3). Note, however, that vanishing of a single

Fourier coefficient of an RZ-action is a codimension two condition rather than a

regardless of whether n = 0 or not contributes to its continuous spectrum.

divisorial condition.
While (Q2) was answered negatively, it makes sense to modify it as follows.

(Q2’) Is there an operator for which the Siegel-Veech transforms are responsible
for all its continuous spectrum, and if so what is it?

The answer to (Q2’) is that there is such an operator, and it is the compound Laplacian
introduced earlier. With the given definition of cusp forms, the behaviour of this oper-
ator parallels the usual Laplacian on the modular surface, and as ¢ N\ O its discrete
spectrum converges to the part of the continuous spectrum of the foliated Laplacian
missed by the Siegel-Veech transforms.

Theorem 1.6. The compound Laplacian —A;mp © has discrete spectrum on the space
of genuine cusp forms of K-type k. As ¢ \ 0, the spectrum of —Affl is comprised of

limit points from the spectra of —Alccmp(g). This remains true of the restriction of these
operators to cusp forms or their orthogonal complement.

All the differential operators considered here, AL AR and AP alg0 exist
for strata and linear manifolds therein provided they have a non-trivial relative period
foliation. Among those, linear manifolds of rank one are the natural scope to extend
the main results of this paper. We plan to explore this in a follow-up paper.

Notes and references. For a given hyperbolic surface I'\ SL,(R)/K, the interpreta-
tion of the Siegel-Veech transform as Eisenstein series has been used in a number of
papers, starting with [43]. See in particular [15] and the references there, for example
for applications to counting problems of lattice vectors in star-shaped regions.

The compound differential operator and its spectral decomposition for the spe-
cial case of Maass forms of weight zero appear in an unpublished manuscript of
Balslev [8] in the equivalent guise of Jacobi forms of weight and index 0. After adjust-
ing to his set of coordinates, one checks that his Laplacian equals our —Af,mp(4). The
Fourier expansions (Section 4) are also discussed in [8] aiming to decompose the
L2-space into eigenspaces of his Laplacian. The first statement of Thereom 1.6 is also
claimed without proof in [8]. Balslev moreover computes explicitly a Weyl’s law for
the spectrum of his Laplacian (in weight 0) and briefly addresses the same question
for the covering space given by replacing SAff,(Z) with a subgroup of small finite
index.
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The reader might also view this paper as a complement to the book of Berndt and
Schmidt [11], where representations of the Jacobi group are discussed from a per-
spective inspired by automorphic representation theory. They, however, restrict very
early in their treatment to central character zero, which rules out precisely the case
that we consider in the present work. The prominent role played by the Schrédinger—
Weil representation in their setting reduces them to representations of the metaplectic
group, which were intensively studied for instance by Waldspurger in prior work.
Plenty of representation theoretic subtleties in the present work can only occur
because of the lack of such a tight connection to any (covering of) a classical group.

The Siegel(—Veech) transform for affine lattices has been used for effective
equidistribution results in [21]; see also [42].

There is a long history using Ratner’s theory on the space # (0, 0) to study saddle
connection, notably their gap distributions, see, e.g., [19, 38,40].

The analog of Selberg’s conjecture (the size of the spectral gap or the non-exist-
ence of complementary series) for strata or its congruence covers is a question of
Yoccoz. See [36,37] for progress in this direction.

Organization of the paper. Section 2 sets the table by defining the various Casimir
and Laplace differential operators relevant to our analysis from all perspectives.
Section 3 is dedicated to the representation theory, building a decomposition of
L2(G'(Z)\G'(R)) via Mackey theory. In order to study the spectral decomposition
of L2(#(0, 0)) or the role of the Siegel-Veech transforms, we introduce the Fourier
and Fourier—Heisenberg expansions in Section 4. We provide the spectral decompos-
ition in Section 5. There, we note that Theorems 5.1 and 5.6 are refinements rather
than restatements of Theorems 1.1 and 1.3 respectively. This is also where cusp forms
are introduced. While they do not correspond to the discrete part of the spectrum for
the foliated Laplacian, we show that they do for the compound Laplacian. Finally,
in Section 6 we introduce the Siegel-Veech transform and show that they cover the
complement of the cusp forms, giving a final decomposition and interpretation of
L2(J(0,0)).

2. Differential operators for the special affine group

Each stratum J¢ (o) admits an action by G(R) = SL,(R). For an introduction to strata
and the dynamics of the SL,(R)-action, see for example, [5]. Up to measure zero, the
stratum # (0, 0) agrees with SAff,(Z)\ SAff,(R) and is, contrary to other strata in
higher genus, a homogeneous space. There are several interesting differential oper-
ators acting on this space. First, the Casimir element C of SL,(R) induces a second
order ‘foliated” differential operator D™ that involves only the derivatives along the
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leaves of the foliation by SL;(IR)-orbits. Second, we show in Proposition 2.1 that
the group G'(R) = SAff,(R), despite not being reductive, has a universal envelop-
ing algebra, whose centre is a polynomial ring in one variable. We call a generator
of this polynomial ring a Casimir element C’. It induces an order three differential
operator D',

Just as in the classical case of the modular curve, we may pass between func-
tions on # (0, 0) of a given K-type and modular-invariant functions on the quotient
J(0,0)/K, which is the quotient of the Jacobi half plane H' by SAff,(Z). We state
this correspondence in Section 2.3. Under this correspondence, the fotal and foliated
differential operators D and D™ correspond to Laplace operators —A" and —A!,

To complete the picture, we observe that besides these two operators there is a
vertical Laplace operator —AY*™ which is G’(R)-invariant. We call any linear com-
bination —A™PE) = _ Al _ g AVert with ¢ > 0 a compound Laplace operator, whose
basic properties we discuss in Section 2.4.

We will write elements in G'(R) = SL,(R) x R? as (g, w), where w = (w1, w»)
is a row vector with composition law (g, w) - (g, W) = (gg, wg + w). We need the
compact subgroup K := SO,(R) € G(R) C G'(R). The Poincaré upper-half plane
and its affine extension, called the Jacobi upper-half space in [18], are

H = {r € C : Im(7r) > 0} = G(R)/K,
H =HxC = {(r,z) € C? : Im(z) > 0} = G'(R)/K.

Following the conventions for Jacobi forms, we use the coordinates
T=x+iy and z=u+4iv=pr+gq. 2.1)

The group G'(R) acts on H' by

b ' _(at+b z+wit + wy
((Cd)’wl’wz) (T’Z)_(cr-i-d’ ct+d )

extending the action of G(R) on H by Mébius transformations. Let g and g’ be the
complexified Lie algebras of G(R) and G'(R) respectively. Given the elements of g

F=(50) H=(;1). and G=(77).

we use as a basis of g
Z=—i(F-G), and Xi=1(H=%i(F+G)).
Considering additionally the elements of g’

P=((32)-1.0) and Q=((58).0.1)
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we use as a basis for g’ the set
(Z,0,0), (X4,0,0), and Yy = %(P +iQ). 2.2)

In the sequel, we abuse notation and denote Z = (Z,0,0) and X+ = (X4, 0,0) when
it is clear that we are considering them as elements of ¢’.

2.1. A Casimir element for the special linear group

By the general theory of reductive groups, a Casimir element C for g = sl, is any
generator of the centre 3 of the universal enveloping algebra U(g). Such an element is
given by C =) y XXV, where X runs through a basis of the Lie algebra and X is
the dual of X with respect to the Killing form. Explicitly,

_ ! 1y2 1
C= X4 X + 37+ X Xy

_1 1,2 1
= X4 X_+ 327 - Z, (2.3)

and we define a foliated differential operator as the left action
Dl f=2Cf

of the Casimir element, matching normalization used e.g., in the theory of elliptic
modular forms.

2.2. A Casimir element for the special affine group

Since G'(R) = SAff,(R) is not reductive, we determine the centre of U(g’) in an ad
hoc way. We nevertheless refer to C’ below as a Casimir element. Similar computa-
tions of Casimir elements (that are also degree three) have appeared for the Jacobi
group in [12] and [16]. The following proposition complements these computations
(and also those in [11]) which were always restricted to representations of the Jacobi
group with non-trivial central character.

Proposition 2.1. The centre 3’ of the universal enveloping algebra U(q’) is a polyno-
mial ring

3 =C[C'] with generator C' = ZY Y_ — X;Y? + X_Y1. (2.4)

Before proving the proposition, we observe that it gives rise to a differential oper-
ator via the left action

thOtf = 2C/f
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Proof. Let A = grU(g’) be the associated graded algebra and

o: A —Ua"), my---my Zmn(l)---mﬂ(n), m; € g forl <i <n,

TESy

be the linear symmetrization map (which is not an algebra homomorphism).

The leading term of any element of 3 yields a central element of L. Conversely,
since commutators in the associative algebra U(g’) strictly lower the degree filtration
and by induction on the degree (cf. [23, Theorem 10] and the lemmas used in its
proof), we see that the symmetrization map yields a bijection

ker(g" O A) — 3.

In particular, 2 is commutative, but carries a non-trivial, degree preserving represent-
ation of g’. To determine the kernel of the g’-action on 2[, we record that

Y. Z"X P X" = —mZ™ XX 4 Zm X X
[Y_, Z" X\ X =] = mz" XX a2 x0T X

We conclude that any homogeneous element of 2 that vanishes under [V, -] is of
the form

Y ZY- A+ X Yy ph(Xy. Yy Yo,

m

and any homogeneous element of 2 that vanishes under [Y_, -] is of the form

2 (ZY e = X Y )" (X Yy Y0),
m

for suitable polynomials p,ﬂn:. By induction on the degree in Z, we conclude that an
element that is annihilated by both [Y, -] and [Y_, -] is of the form

D ZY Y =X Y24+ X YD) g (Y1, Yo)
m

for suitable polynomials gy,.
We next argue that every g, is constant. To this end, note that ¢, must vanish
under the Lie action of q’, since ZY,Y_ — X, Y2 4+ X_ Yf does. We have

X, Y Y =] = —n Y2y =71 and  [X_, YIHY ] = —ny vty
By induction on the degree in Y, we find that

ker(g' O A) = C[ZY4 V- — X4 V2 + X_Y2].
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The image of the generator on the right-hand side under the symmetrization map
equals

(ZY Y-+ ZY Yy + Y4 ZY_+ Y ZYL + Y Y Z + Y Y. Z)
—2(X4 Y2+ Yo X Yo+ Y2X ) + 2(X_YE + Yo XYy + Y2XO).

Using the commutator of Z and Y4, we calculate that the expression in the first pair
of parentheses simplifies to 6Z Y Y_. For the two other expressions, we obtain

QX Y24+ Y X Y 4+ Y2X,) =2(X4 Y2 +2Y X, Y. +Y_Yy)
=203X, Y242V, Y_4+Y_Yy)
=2(3X4Y2 +3Y, V),

and similarly,

2X_YZ+Y XYy +Y2X_) =2(X_YZ +2Y  X_Y4 + YL X_Y)
=203X_YZ +2Y_Yi + YY)
=2(3X_Y} +3Y,Y.).

Since the contributions of Y, Y_ for these terms cancel each other, we recover 6C’
and finish the proof. ]

2.3. Affine modular-invariant functions

It will be convenient to pass back and forth between functions on G’(R) and functions
on the Jacobi upper-half plane H' = G'(R)/ SO, (R). For this, we define the slash
action on functions on H' parameterised by k € Z by

at + b z+w1r+w2>

(25w w2))(2.2) = (e + @y ¥ (0 IS

extending the usual slash action on the upper-half plane H. We say that ¢: H' — C is
an affine modular-invariant function of weight k if

¢l (v, w) =¢ forall (y,w) € G'(Z) = SAff»(Z).

The first half of the correspondence is the [/ift of affine modular-invariant functions to
functions on G’(R) by

$(g) = (91}.8)(i.0) = ¥ y*/2¢ (1, 2) (2.5)

for forms of weight k, where for the second expression © = x + iy, z = u + iv,
and g = (x, y,u, v, 0) as in the Iwasawa decomposition in (3.6) below. Note that the
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notation ¢ suppresses the weight k. We generalise the standard raising and lowering
operators and define the operators Ly, Ry, LE, and RE on affine modular invariant
functions via the lifts

Cip = X_, Rep:=Xsf, L=V Rigp:=Yih (26
From
Xaf = 5 W2 (2(0.9) + 20(0u) F 20 (0y9)
F 2iv(dyp) Fikp —ike),

. i . .
Y = 4o e EEVyEED2((0,0) Fi(009)).

we read off that the weight of the functions L, Rx ¢, LE¢, and R} ¢ in (2.6) is k —2,
k + 2,k —1,and k + 1 respectively. Explicit calculations show

Ly = =2iy*(z + vy~ '0z), Rp =2i (0 + vy '92) +ky™",
L;I = —iyaz’ RE = iaz,
and yield the following lemma.

Lemma 2.2. There are differential operators, —Afk"l and —A};" which we call the
foliated Laplacian and total Laplacian of weight k, respectively, with the property that

—_—

AP'¢ = D"'¢ and AP'¢p = D¢ @2.7)
for any affine modular-invariant function ¢ of weight k. In (x, y,u, v) coordinates,

A;?t = kRE—lLIl;I - Rk—ZLE—lLIl;I + L1<+2RE+1R;I
= y(kdz + 2iv0,03)(0z + 9;) + 2iy*(3:0% + 3,02)

. . .
= 290y +i0,) + %yzax(ag —82) 4 iy20,9udy + %yvau(ai + 92,
and

AP — Ry L,
= 492007 + 4yv(0:05 + 0:0;) + 4v20,0; — 2ik(y0;: + vd3)
= Y202 + 93) + 2yv(dx0y + 0ydy) + V(93 + 03)
—iky(0x +1i0y) —ikv(dy +10y). (2.8)

Furthermore, in (x, y, p,q) coordinates,

Affl = yz(ai + 35) —iky(0x +10y).
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Note that there is no dependence on p, g in the definition of Afk"l. The converse of
the correspondence (2.5) is stated for fixed K-type. Here, a vector v in a representa-
tion p of K is said to be of K-type k € Z, if

p(( CQSG sin@))v — eikev'

—sin6 cos 6

In particular, a function on G’(R) transforming in this way under right shifts by K is
said to be of K-type k.

Lemma 2.3. Given an affine modular-invariant function ¢, the function ¢~) defined
in (2.5) is a G'(Z)-left-invariant function.
Conversely, if f is G'(Z)-left-invariant and of K-type k, then

yl/2 —1/2 /

o(x +iy,u+iv)= f(( o xyy—l/z ),uy_1 2 _1/2)

, VY
is an affine modular-invariant function of weight k with (;S = f.

Proof. The modular invariance of ¢ implies that for y € G(Z) and g € G'(R),
$(rg) = @lire)(i.0) = (@l;£)(.0) = §(g).

That is, we can view ¢ as a function on G'(Z)\G'(R).

To determine the action of K by right-shifts on ¢ in (2.5) we consider (¢ —¢) € K

withd = cos 6, ¢ = —sinf, and g € G'(R) and compute
$(e(4 7)) = (#lg(d )60 = (ci +d)*(Pl,£)(.0)
= (ci +d)*¢(g) = ¢*$(g).

In particular, ¢ is K-finite. The converse is a direct computation, see also the Iwasawa
decomposition in (3.6). ]

Under this correspondence, the usual L2-scalar product on G'(Z)\G'(R) corres-
ponds to the scalar product

dx dy du dv
e i= [ =g
I/\H'
xdydpd
= / V1 (2. 2) ¥ (. z)w. 2.9)
I/\H'
We write the corresponding norm as || - ||m/ x or | - ||m, suppressing the k-depend-

ence. It follows from the definition that the measure on G'(Z)\G'(R)/K induced by
this scalar product is the (push-forward to the K-quotient of the) Masur—Veech meas-
ure vymy.
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2.4. Invariant differential operators

We define the vertical Laplace operator in analogy with the formula A" = Rg_,Lg
in (2.8) for the foliated one as

A" = RHL" = y9,0;.

Note that it does not depend on the weight. The vertical Laplace operator does not
play a distinguished role by itself, but it is the foundation to define a one parameter
family of compound Laplace operators perturbing the foliated one. For ¢ > 0, we set

_Aimp(s) = —A]ch] — gAvert.

Lemma 2.4. The foliated Laplace operator, the vertical Laplace operator and con-
sequently the family of compound Laplace operators are equivariant with respect to
the action of the special affine group, i.e.,

(AF'P)eg = AL @lg). (A "P)lrg = A" (¢ig)
ATD)eg = AT @ls)-
forall g € G'(R).
Proof. One directly computes the covariance properties
Lid) 28 =Le(Pl8). Rid)lii28 = Ri(Pi8).
LEP)i—18 = LE@1g).  RYD)y18 = Ri(@[8).

for any ¢: H' — C, any k € Z, and any g € G'(R), see also [13, Section 2.1] for the
first two equalities. (This goes back to the general setup considered by Helgason [23],
or also [16].) The claimed equivariance follows directly from this. [

The following proposition tells us that it is the compound Laplacian that has better
chances to have a good spectral decomposition for L2 (H’).

Proposition 2.5. For every k € N and ¢ > 0, the compound Laplace operator

—Azmp © s a self-adjoint elliptic operator on L2(H'), and the foliated Laplacian

—Af{ol is hypoelliptic. Furthermore, the symmetric bilinear form on L*(#(0,0), vmy)

associated with the compound Laplacian —A;mp © js

0@ = [ Vurp Vervardydpag
I/\H’
+/ikyk—lax¢&dxdy dp dg
T/\H'
+8/yk_2Vu,v¢~VuT/fdx dy du dv.

I\H



J. S. Athreya, J. Lagacé, M. Moller, and M. Raum 910

Remark 2.6. Note that the terms in the bilinear form are not all given in terms of the
same coordinates. While unconventional, this greatly simplifies the proof that A°™P(®)
has compact resolvent when restricted to cusp forms.

Proof. We first observe that i kydy is self-adjoint as the product of commuting self-
adjoint operators, and that the second term in the bilinear form is simply (i kydx¢, ).
We turn our attention to the rest of the foliated Laplacian, and use indices in differen-
tial operator to represent the variables they are acting on

_ —dxdydpdqg
(=y*Axy —kydy)p.¥) = /yz((_Ax,y —ky 1ay)cb)t/fyz—_k
I"\H'
- / (=D — ky~13,)p)Ty* dx dy dp dg
I'\H’
= [ Viy® - Vi, (0¥9) dx dy dp dg
I'\H'
—k / dy¢ - ¥y ' dxdydpdg
I"\H’
= / V¥V ¢ - Ve ¥ dxdy dp dg,
I\H’

which we recognise as the first term in the bilinear form. Finally, for the vertical
Laplacian we compute in (x, y, u, v) coordinates:

(A" ) = ¢ / (— M) Ty* dx dy du dv
T\H'

= S/yk_zvu,v¢ . vu,uw dx dy du dv.

I/\H

Self-adjointness is now a consequence of the fact that the Laplacian is represented by
a symmetric bilinear form.
For ellipticity, we express the vertical Laplacian also in (x, y, p, q) coordinates as

& _
—eAV = —Zy(aj + y72(3p — x04)?).
Viewing derivatives as tangent vectors, consider the following local coordinates:

T*H ={(x.£&,y.10,p.8.q.0) : ¥y > 0,(§,0x) = (n,0y) = (£, 9p) = (w,094) = 1}.
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for the cotangent bundle, where we use (-, -) to denote the pairing between the tan-
gent and cotangent bundle. We can now read off the expression of the foliated and
compound Laplacian in coordinates that their principal symbols are given by

symb(=AY) = (€% + %)
and
symb(—AY") = %(a)2 + 972 — xw)?).

Note that these principal symbols do not depend on k, and that an operator P is
hypoelliptic if symb(P) does not change sign and elliptic if symb(P) = 0 implies that
§ =n=1{ = w = 0. Hypoellipticity of the foliated Laplacian is directly observed.
Since symb(—A;Cmp(g) ) = symb(—AP") + symb(—eA¥") and y > 0, it is easy to see
that symb(—Aimp(e)) > 0 whenever (£,n, w) # (0,0, 0). On the other hand, if v = 0,

then any ¢ # 0 ensures the same thing, so that the operator is elliptic. ]

3. The special affine group and its representation theory

The first goal of this section, achieved in Theorem 3.7, is to recall an application of
Mackey theory and to classify the genuine representations of G’'(R) = SAff,(R) up
to isomorphism. These are the representations ﬂsfnfg defined in (3.7). The second goal
of this section is to compute the restrictions of these representations as representations
of G(R) = SL,(R).

3.1. The goal: decomposing the L2-space

The Haar measure on G’(R) gives rise to a right-invariant measure on G'(Z)\G’'(R).
We are interested in the space of square-integrable functions on this quotient,
L2(G/'(Z)\G'(R)). This is the same as understanding the space L2(# (0, 0), vpy)
of square-integrable functions on the space of tori with two marked points, equipped
with the Masur—Veech measure, as J (0, 0) and G'(Z)\G'(R) differ by a set of meas-
ure zero.

By [17, Théoreme 1], the group G'(R) is of type L. In particular, by [9, The-
orem 6.D.7], we have a direct integral decomposition

&)
L2(G/(Z)\G'(R)) = / 7 dugy (). 3.1

6/
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where G’ is the unitary dual of G’(R). Restricting to G (R)-representations gives us

another direct integral decomposition

57]
Resd() LG @N\G®) = [ 7 dug(a). 32)

G

There is an embedding
L*(G(Z)\G(R)) = L*(G'(2)\G'(R)).

Its range consists in functions invariant under the action of the translation subgroup R?
of G'(R).

Definition 3.1. We call
L*(G'(Z)\G' (R))*" := L*(G(Z)\G(R))*
the genuine part of L?>(G'(Z)\G'(R)), so that
L*(G'(Z)\G'(R)) = LX(G(Z)\G(R)) & L*(G'(Z)\G' (R))*".  (3.3)

Since our goal is an explicit determination of the right-hand side of the decom-
positions (3.1) and (3.2), we may of course restrict attention to the genuine subspace.
Integration along the torus fibers of the projection # (0, 0) — # (0) defines an aver-
aging map av: L2(#(0, 0)) — L?(#(0)). Disintegrating the Haar measure of G'(R)
along the torus fibers shows

L2(G'(Z2)\G'(R))&" = ker(av). (3.4)

Standard subgroups of G’(R) and coordinates. We fix notation for the standard
subgroups of SL,(RR) (left) and the special affine group (right), noting that we abuse
notation and write again g = (g, 0, 0) for the image of an element of G in G/,

A(R) := A'R) = {(2 %) :aeR"},
NR):={(§2):peR}, N®R) :={((}2) wi.w2):b,wy, wp €R},
H'(R) := {(((1) ?),wl,wz) twi,wy € R},

which gives rise to the Iwasawa decomposition
G'(R) = N'(R)A'(R)K, (3.5)
as well as two further decompositions

G (R) = G(R)H'(R) = H' (R)G(R).
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We denote the parabolic subgroups in the Iwasawa decomposition by
P(R) = N(R)A(R) = A(R)N(R),
P'(R) =N'(R)A'(R) = A’'(R)N'(R).

Given (z,z) € H" asin (2.1), we leta = \/y, b = x, w; = v/y, and wy = u.
Then for all 6§ € R, the Iwasawa decomposition corresponds to the identity

(@2) = ((55) wiw2) (§ 20) (2G5 (i,0)
= ((a2), wia, waa™")(i, 0). (3.6)

0 a!

Alternatively, if we leta = ,/y, b = x, w; = p and wy = g, then emphasizing the
coordinates z = pt + ¢ for all 8 € R, we have

((o 1) wrow2) (5 1) (5 21 (506 ) (5 0) = (z.2).

The relation between these sets of coordinates is givenby p=v/y and g=u —vx/y.
In the coordinates of (3.6), the Haar measures on the groups N'(R), A’(R), K,
and N’(R)A’(R)K are given respectively by
da do d dédbdwidwyda

dbdw;dw,, —, —,
wrdia a 2 an 2ma3

Notation for L2-induction of representations. We only consider the case of a loc-
ally compact group G = HL for two subgroups H and L such that G/H is isomorphic
to L as a measure space. Our notation is consistent with [45, Sections 1.5 and 5.2]
and [11, Section 2.1], which in turn follows [27].

Given a representation o of H on a Hilbert space V (o), its L?-induction to G is
given by right shifts on

V(Ind§ o) := { f:G— V(o) : f measurable, f square integrable on L,
_ [dulh)
f(hg) = SG(h)o(h)f(g) forallh e H,g € G},

where Ag and Ay are the modular functions on G and H.

3.2. Representation theory of the upper triangular subgroup P(R)

Consider the representations of P(R) that factor through the quotient by N(RR)

a b

155 (5 1) = la 6a

|* and XE,S:(Oa,l)i—)sgn(aﬂaP, seC,

and abbreviate

P._ P
sgn” 1= y_,.
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Further, through the paper, we set

e(x) 1= e?™x,

Proposition 3.2. The irreducible representations that are trivial on N(R) are given
by )(li’s and )(is’. They are unitary if and only if s € iR.

The irreducible unitary representations which are not trivial on N(R) are given,
up to unitary equivalence, by

P(R
7l = IndN((R)) ((§2) > e(£h)) and sgn”ml.
Proof. For the first statement, we observe that those representations factor through

the quotient A(R) =~ R* and are thus characters. For the second statement, consider
the map

(520 = (%),

which is surjective with central kernel £1 onto the connected component of the iden-
tity SAff; (R)? of the one-dimensional affine group SAff; (R); see [9, Remark 3.C.6].
We can thus apply the classification given there and append the central character sgn®
to obtain the desired statement. |

Proposition 3.3. The regular representation of P(R) decomposes as
L2(P(R)) = Ro(ni ® 7’ @ sgn’ nfr @ sgn’ b)),

where the right-hand side denotes a countably infinite direct sum of the representation
in the brackets.

Proof. Let P(R)? C P(R) be the connected component of the identity. We use induc-
tion by steps and first decompose the regular representation of N(R):

P(R) 1 - P(R) P(R)? N(R)
L*(P(R)) = Ind, I = Indy o Indygy Ind ™ I

Now, by Fourier analysis, we have
©
L2(N(R)) = IndY® 1 ~ /(((1) b) > e(nb)) dn.
R

Using Fubini and the definition of induced representations, we see that

D 57

Indg((]i))o /((é ll’) > e(nb))dn = /Ind;((ﬂé))o ((é ll’) > e(nb)) dn.
R R
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Proceeding as in the proof of Proposition 3.2, we recognise the inductions on the
right-hand side. They are isomorphic to the restriction of ﬂ;n(n) to P(R)? if n # 0,
while if n = 0 it is the regular representation of P(R)?/N(R). Since {0} C R has
measure zero, we can discard its contribution to the direct integral. We conclude that

D
R (0]
/Indil((R)) ((§2) = e(nb))dn
R
P(R P(R
>~ / ResPER;O 7l dn @ / ResPER;O 7t dn.

R+ R—

The direct integrals on the right-hand side have constant integrand. The direct integ-
ral over R¥ yields countably infinite multiplicity by the isomorphism of Hilbert
spaces L2(R) = L?(Zxy), so that we arrive at

&

R)© R R
/Ind;((R)) ((¢ ) > e(nb)) dn = &O(ReSgERio 7t @ Res?ER;O 7P).
R

Finally, induction to P(R) introduces the sign character sgn® confirming the proposi-
tion. ]

3.3. Representation theory of SL2(R): a brief summary

The following results are standard and appear in many text books, e.g., [28,45]. We
set

155 = Indf) Ll 155 = Indg) sen(a)lal*+.

Note that the shift s 4- 1 in the exponents is chosen in such a way that purely imagin-
ary s correspond to unitary representation. We have a duality between 15} and I35
via intertwining operators explained in [45, Section 5.3]. If k € Z~¢, then [ E,Lk—1 is
reducible with two infinite-dimensional constituents D_§ELk which are discrete series

if k > 1 and limits of discrete series if k = 1.
Theorem 3.4 (Bargmann). The irreducible unitary representations of SL,(R) are
given up to unitary equivalence by
(a) the principal series IES]; o Iss,];s fore =4 ands €iRore=—ands €
iR\ {0},
(b) the complementary series Ii%s fors e R, 0 < |s| <1,
(¢) the (limits of) discrete series representations DiL fork € Z \ {0}, and

(d) the trivial representation.
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[45, Section 5.6.4] also provides a list of which of these representations are square-
integrable or tempered, which allows us to deduce the Plancherel measure of regular
representations of SL,(R).

Theorem 3.5. Among the representations in Theorem 3.4, the ones contained in the
regular representation L?>(SL,(R)) are

(a) the discrete series representations D,EL fork € Z\{0,+£1}.
Beyond those, the ones that are weakly contained in L?>(SL,(R)) are

(b) the principal series IES]; = ISLS fore =+ ands € iR ore = —ands €
iR\ {0},

(¢c) the limits of discrete series representations D,EL fork € {£1}.

3.4. Representation theory of SAff;(R): Mackey theory

We summarise the general Mackey theory for representations of semidirect products
in our special case of G'(R) = SAff,(R). As a prerequisite we need to understand
representations of N’(R).

Proposition 3.6. The irreducible unitary representations with non-trivial central
character of N'(R) are given up to unitary equivalence by

IndE/Eﬁi (wi, wr) = e(rwy)), reR™,

The unitary irreducible representations of N'(R) with trivial central character are
the characters

)(nm (((1)117) wi, wp) > e(nb +mwy), n,meR.

Proof. This is an instance of the Stone—von Neumann theorem, see for example [14,
Exercise 32.5] or [47, Example 7.3.3]. ]

We can now state the result for the special affine group.

Theorem 3.7. The unitary dual of G'(R) is exhausted by the pullback of SL»(R)-rep-
resentations and by, for any fixed m € R*, the representations

SAff .__ G'(R)
Tym = Indy g) Xn me N ER.
SAff SAff . .
The two umtary representations 1, . and Ty m, Are isomorphic if and only

ifnim? = nyms.
We fix representatives of the isomorphism classes as the representations

SAff . _ nyAff (37)

T . s,1
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with a single index. The proof of Theorem 3.7 requires the next statement, which we
will also need independently.

SA

Proposition 3.8. The total Casimir operator acts on the representation ;) wtth

eigenvalue —4mw3nm?>.

Proof. We observe that the correspondence in (2.5) allows us to view K-isotypical
elements of V(r;%F) as functions on H', and then calculate with the total Laplace
operator via (2.7). The K-spherical element of V(nSAff) that is constant on A’(R)
corresponds to e(nx + mv/y). We have

—A}fte(nx + m%) = 4n3nm2e(nx + m%) (3.8)

by a straightforward calculation using the formula for the total Laplace operator in
Lemma 2.2, once we observe that the given expression is independent of u. ]

Proof of Theorem 3.7. The first statement is a reformulation of [11, Theorem 2.4.2].
More precisely, the representations in part i) of loc. cit. theorem are pullbacks from
SL,(R). The representations in part ii) are the representations in our theorem. The
character ¥ in the notation of [11] is non-trivial and thus corresponds to x — e(mx)
for an arbitrary but fixed m € R*. The character

(((1) ?)’wlva) = W(b% + w1) =e(nb + mwy)

is genuine for any n € R. Conversely, every genuine character of N’(R) is of this form
by Proposition 3.6. See also e.g., [47, Example 7.3.4].

By the first statement, if m; # m, for each n; there is exactly one n, such that
the two inductions are isomorphic. To determine this value we employ the eigenvalue
under the total Casimir operator as given in Proposition 3.8. ]

3.5. Restrictions of SAff; (R)-representations
Our goal is to prove the following branching of nSAff to SLy(R).

Proposition 3.9. For any m € R* and n € R, the restrictions of the SAff,(R)-rep-
resentations to SL, (R) decompose as direct integrals

)
Resg(]%) ﬂgénff = / 2(1 it @ IEL”) dt,
R+
G'(R) __SAff S .
ResG(]R) Tnom = sgn(n)k ® /( +,it &1 f‘zt) dr, lfn ?é 0.

k 2
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We prove this proposition at the end of the section. The proof features various
intermediate inductions and restrctions, which we exhibit separately. It will depend
on Lemmas 3.10-3.13, that we state and prove first.

Lemma 3.10. Given any m € R*, we have the decomposition into characters
D D
P(R N (R
Ind1\1((11e<)) ReSN(](R)) Xoum = / L@ xpde= / (1@ sgn”) x5 dr.
R R

Proof. We write A(R)? and P(R)? for the connected components of the identity
of A(R) and P(R) respectively, that is, the subgroups whose elements have positive
diagonal entries. Transitivity of induction yields
PR) p N®R) N  r PR) PR)? p  N'(R) N
IndN(R) ResN(R) Xom = IndP(R)O IndN(R) ResN(R) Xo.m-
Functions in the representation space of the inner induction are left invariant under

N(R). Since N(R) C P(R)? is normal, we can identify them with square-integrable
functions on

NR)\P(R)? =~ A(R)? = R*.

That is, we have to determine the decomposition of L2(R 1) as a representation of R,
We use the map R — R, a > log(a) and classical Fourier analysis to find

SY)
P(R) P(R)° N®) N . 1..PR) P
IndP(]R)0 IndN(R) ResN(R) Xo.m =Indp(]R)0 /X+,itdt
R

D
~ P(R)
=/IndP(R)0 )(ljr,,-tdt,
R

where for simplicity we identify Xi,it with its restrction to P(R)°. The remaining
. . o P P p.p

induction is central, contributing one copy of ., ;, and one of x_ ;, = sgn” 7, ;, as
desired. -

We now turn to the case n # 0.

Lemma 3.11. Given any m € R* and n # 0, we have the decomposition into irredu-
cible representations

P(R) N®) N .~ _P P_P
IndN(R) ResN(R) Xnm = Tgon(n) @ sgn T ion(n)-
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Proof. Inducing in steps to P(R)? as in the proof of Lemma 3.10, we can apply
Mackey’s irreducibility criterion ([9, Corollary 1.FE.5]; compare also Remark 3.C.6 of
op. cit.) to obtain the restriction of n;n(n) to P(R)°. The central induction from P(IR)®
to P(R) then yields two copies of it, one of which is twisted by the sign character. =

The proof of Lemma 3.13, the last auxiliary statement for the proof of Propos-
ition 3.9, requires us to determine the restrictions of principal and discrete series
of SL>(R) to N(R). The statements of the next lemma are given, for instance, in
Kobayashi’s notes [29, Proposition 3.3.2 and 3.3.3].

Lemma 3.12. Forallt € R, we have the decomposition

)
RSSE% 1%, = /(((1, b) > e(nb))dn.
R

Forall k € Z \ {0}, we have the decomposition

SY)
Resg%; Db ~ /(((1) b) > e(nb))dn.
ngn(k)

Lemma 3.13. The inductions from the upper triangular subgroup P(R) to G(R)
decompose as follows:

00 57
Indy) 75 = @ DY, @ / I35, dr,
o R*
00 S
Indg((ﬂﬂs)) sen’ ¥~ @ DL & / IE]’}, dr.
K odd R+

Proof. The strategy is to spell out Mackey’s version of Frobenius reciprocity [35] for
the inclusion of groups P(R) and G(R) and then apply the same technique as in Sec-
tion 7(b) of loc. cit. Namely, we determine the isomorphism class of all restrictions on
the right-hand side of equality (3.9) below, and consider this equation as representa-
tion of P(R) x 1 € P(R) x G(R). Since only finitely many, four in fact, isomorphism
classes of P(R) x 1-representations contribute, we thus derive an isomorphism of iso-
typical components for P(R) x 1 on the left and right-hand side as representations
of the commutator of P(R) x 1, thus of representations of the group 1 x G(R), as
desired.

The Frobenius reciprocity formula involves all the representations weakly con-
tained in the regular representations, which have been listed in Proposition 3.3 and
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Theorem 3.5 for the two groups under consideration. We deduce from Mackey’s the-
orem that

(77[1_7_ ® Indp(R) ﬂ_l:_) D (f[li ® Indp(R) JTE)
@ (5gn’7F, ® Indpw) Sg0° 1) @ (Sgn* 7° ® Indpr) SE0° 77)

I

GR), = GMR) 7
DresiE D & D @ [ Rt (3, © 13,40
kez\{0,£1} R
& / ResS®)(7%, @ 1%)dr, (39)
R

where the overline denotes the contragredient representation. These are easily com-
puted to be sgi” = sgn” and s} = x~,, hence the induction satisfies 7f, =~ 7. By a
similar argument, we find that for € R

rSL  ~ ySL __ ySL ~ JSL nSL __ SL
=t =18, =18, and DY = Df,

by inspection of K-types.

We next determine the multiplicities of nf_L and sgn® ni in the restrictions on
the right-hand side. Since central characters are preserved by restriction, there are
multiplicities mp g+ and my + ;;;+, which are possibly infinite, such that

G(R) SL ~ P\k P P
Resppy Dy~ = (sgn')" (mp ;4714 @ mp g;—77),

GR) rSL P P
Respmy 140 = (M1 4470y @Myt i-70),

R
Resg((R)) IEI:” =~ sgn® (mi— 47k & my_i,—nl).
To find these multiplicities, we restrict both sides to N(R) and note that
D

G(R) ~ G(R) ~
Resyg) nt > Resy(g) sgn’ 7t =~ / ((88) P> e(nb))dn.
RE
Comparing this with Lemma 3.12 below implies that

Mp ksentk) = 1, Mpgsen(—k) =0, and my+ 4 =myri— =1. (3.10)

Coming back to (3.9), viewed as a representation of P(R) x 1, and using the multipli-
cities in (3.10), we deduce our statement. ]

Proof of Proposition 3.9. Comparing the decompositions

G'(R) = N(R)A(R)K, G(R) = N(R)A(R)K, and N/(R) = H (R)N(R),
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we claim that there is an isomorphism

G'(R) __SAff G'(R) G'(R) ~ T JOR) N(R)
ResG(R) ﬂnﬁ,; = ResG(R) IndN,(R) )(g,m ~ IndN(R) ResN(R) )(,If,m. (3.1D

In fact, the left-hand side of (3.11) consists of functions that transform like
fGig) = xy m(@) f(g) foralli e N'(R) = NR)H'(R) and g € G'(R). (3.12)

In particular, such f is uniquely defined by its restriction to G(R) =~ G'(R)/H’'(R),
and this restriction satisfies again (3.12), now for all 7 € N(R) and g € G(R).
Moreover, by the left covariance with respect to H'(R), the function f is measurable
if and only if its restriction to G(R) is so. Square integrability on A(R)K C G(R) is
preserved by the restriction to G(R).

We can perform the induction on the right hand of (3.11) side in steps, that is,

G(R) N®R) N G(R) P(R) N'[R) N
IndN(R) ResN(R) Xnm = IndP(R) IndN(R) ResN(R) Xn.m-

In the case of n = 0, Lemma 3.10 implies that
@
G(R) N'(R) ~ G(R)
IndN(R) Resy g )((I;"m s IndP(R) /(ler,s @ )(is)ds.
iR

To obtain the result, it suffices to note that induction and direct integral decomposition
intertwine by Fubini’s theorem, and to use that /5%, =~ 13- . .
In the case n # 0, the statement now follows directly by combining Lemma 3.11

and Lemma 3.13. n

4. Fourier expansions and Poincaré series

The first goal of this section is to examine and relate to each other two Fourier expan-
sions of affine modular forms. One of them along the torus fiber is merely compatible
with the action of SL;(R), but exhibits better compatibility with the action of the foli-
ated Laplace operator and with the corresponding notion of Eisenstein and Poincaré
series. The other one arises from the Heisenberg subgroup N’(R) € G’(R) and is com-
patible with the description of G’(R)-representations that appears in Theorem 3.7. In
particular, we give in Proposition 4.4 a criterion in terms of Fourier coefficients that

SAIL appears in the L2-representation ;> (¢) gen-

ensures that some representation 7

erated by a modular form ¢.

In Section 4.4, we construct affine group versions of Eisenstein and Poincaré
series. We compute their Fourier coefficients and show in Proposition 4.13 that they
generate the representation 5 for all values n € Z.
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Parts of the Fourier expansion along the torus fiber for affine modular-invariant
functions of K-type 0 and, expressed differently, the related construction of Eisenstein
and Poincaré series has appeared in unpublished work of Balslev [8].

4.1. Fourier expansions on the torus fibers

The subgroup of translations is an abelian subgroup isomorphic to R? in SAff,(R),
whose dual yields a Fourier expansion of continuous affine modular-invariant func-
tion ¢ of weight k:

p(r.2)= Y (gim.rive(mp +rq) (2= pr+q). @.1)

r,meZ

The Fourier coefficients are of course given by
c'(gim.ri7) = / /¢(r, pt+q)e(—=mp —rq)dpdg. (4.2)
Z\R Z\R

The superscript T indicates that this is the Fourier expansion along the torus fibers
of the projection # (0, 0) — H(0).

Lemma 4.1. The Fourier coefficients have the equivariance property
M (lyim.rit) =c'(@im P D)y, (R F) = (m.r) "y,
for a continous affine modular-invariant function ¢ of weight k and y € SL,(Z).

Proof. We apply y to ¢ and eventually compare coefficients, using the uniqueness of
the Fourier series. We get

Y cl(gim. riv)e(mp +rq) = ¢(x.2) = ($l;¥)(7.2)

r.meZ
= Y (ct+d)y* (@i Fryr)e(p + 7).
m,reZ
where (§,G) = (p.q)y ' andy = (9 %), since
cd

=p(yr)+q¢ with(p.q) = (p.q)y "

ct+d
Now, to compare coefficients, we need to determine the (72, 7') for which mp + rg =
mp + 7q. This yields the equality
(p-q) (m.r) =mp +rq = Mj +7g
= (5.9 () = (p.q)y™ (. F)
= (p.q)"((@.7)Ty™h),

which yields desired relation between (m, r) and (m, 7). ]
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Proposition 4.2. Let ¢ be an affine modular-invariant function of weight k such that
the Fourier coefficients c'(¢;m, 0; t) vanish for all m € Z. Then, ¢ = 0.

Proof. By modular invariance under SL,(Z) and Lemma 4.1, every ¢' with index
(m, 0)y for some y and some m vanishes. This exhausts all terms in the Fourier
expansion (4.1), implying ¢ = 0. |

4.2. Fourier series along the Heisenberg group

We now study a Fourier expansion of affine modular function that is compatible with
the induction of characters that appear in Theorem 3.7. Specifically, for given m €
Z \ {0}, n € Z we show that the non-vanishing of specific Fourier coefficients implies

that the SAff, (R)-representation of the representation generated by an affine modular-
SAff
nm2°

The dual of the abelian group

invariant function contains 7

(((12),0,w) € G'(R)) = R2 D Z/(R) := {((19),0,w5), ws € R}

yields the second Fourier expansion.
On the constant term with respect to the ws-action, i.e., on functions that are
Z'(R)-invariant, the factor group

N'®R)/Z'R) = {(({5). wi.R)} = R?

acts. Using this time the coordinates T = x 4 iy and z = u 4 iv, this yields another
two-variable expansion, that we call Fourier—Heisenberg expansion

P(r.2) = ZCH(dm, ry, E)e(nx + ru), 4.3)
n,r€z y
and we refine this further by writing for any n € Z
(g 003, 2) = D7 MO in,mi yye(m=).
u mezZ Y

The Fourier—Heisenberg coefficients are again given by

cH(¢;n,r;y, g) = / /¢(x+iy,u+iv)e(—nx—ru)dxdu (4.4)
Z\R Z\R
and

M(pin,m;y) = % /CH(¢;n,0;y, %)e(—m2> dv. 4.5)

yZ\R
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Lemma 4.3. The r = 0-part of the torus Fourier expansions coincides with the
r = 0-part in the Fourier—Heisenberg expansion. That is, for any continuous affine
modular-invariant function ¢,

c'(¢:m,0;7) = Z cMO(p:n, m; y)e(nx).

nez

In particular, if for an affine modular-invariant function ¢ all the Fourier—Heisenberg
coefficients cH%(¢p;n, m; y) vanish for n,m € Z, then ¢ = 0.

Proof. Comparing the coefficient expressions (4.2), (4.4), and (4.5), we see

¢T(sm, 0;7) = / / $(r.qv + ple(—mp)d pdg,

Z\R Z\R
1
ZcHO(dun,m;y)e(nx) = — / /gb(t,u + iv)e(—mz) dudv.
€Z Y Y
n yZ\R Z\R

The claim then follows from the change of variables u 4+ iv = pt + ¢, which gives
du +idv =1tdp + dg, thatis, du = xdp + dg and dv = y dp. |

The following proposition gives us a criterion in terms of Fourier—Heisenberg
expansions to show that the representations 7> occur in L2(# (0,0)). It will be used
in the proof of Theorem 5.1. Recall that 7; 2 (¢) denotes the smallest G’ (R)-invariant
subspace of L2(# (0, 0)) that contains ¢.

Proposition 4.4. Given a continuous square-integrable affine modular function @,
assume that the Fourier coefficient c°(¢p;n, m; y) in (4.3) does not vanish for some
n,m € Z, m # 0. Then, averaging over the subgroup N’ (R) defines a surjective homo-
morphism

ma(@) - M f (g B / f(hg)zﬁ,,n(h)dh).
N(Z)\N'(R)

Proof. Since 7 2(¢p) consists of functions that are left invariant with respect to G'(Z),
hence with respect to N’(Z), and since N’(Z)\N’(R) is compact, the integral is well
defined. Given & € N'(R), we have

f Fh) TN by dh = 1) / F(hig) 7Y, () d.
N (Z)\N'(R) N'(Z)\N'(R)

Since the integral is taken with respect to the right Haar measure, we can replace hh
in the integrand by /4. Thus, the image of the map in Proposition 4.4 is contained
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SAff
m

in the representation space V' (x;) St

)- Since 7", is irreducible by Theorem 3.7, the
statement follows once we establish that the integral does not vanish for some f €

V(i2(4)).

Recall that the function in V(52 (¢)) corresponding to ¢ is given by
f(hg) = (l;hg) (. 0).
We apply the Iwasawa decomposition to g and £, that is,
g = (s wwa)(* ) (2520) h= (). T1.2)
and when inserting this into f, we obtain
f(hg) = e*Pakp @i + b+ b, (wy + B1)a?i + (wy + @2 + biby))
= eikeak< Zcﬂo(qb;n,m;az)e(n(b + b) + m(wy + 1))

n,mez
+ > M@in.ria® wy + )
nrel x e(n(b + b) + r(ws + T, +bw1))).

We next insert this into the expression defining the map in the proposition. We replace
n and m in the character )(y,m to distinguish them from the indices of the Fourier—
Heisenberg expansion. Using the expression

Tn m(h) = e(iib + i)™,

we obtain
| 1oz zman
N(Z)\N'(R) . -
_ pikb k < ZcHO(zp;n,m;az)e(n(b +(b~);;+ m~(li)1)+ W1))
e(nb + mwy

3 n,meZ
(R/Z) JH . .2 ~
c(¢p;n,r;a”, wy + W)

nreL e+ b) + r(wy + Wy + bity))

e(iib + i, )

)dw2 db div;.

We can interchange the summation over n, m, r and the integral over the compact
set Z/(R)/Z/(Z), which is parameterised by wW,. This allows us to discard all contri-
butions from the second part of the Fourier—Heisenberg series. We are then left with
the integral

k0 gk ZcHo(qb;n, m;a?) / e(nb + (n — )b + mwy + (m — )i, ) db dib,
n,mez (R/Z)?

= %0k 0 i1, s a®)e (b + mwy).
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By the assumptions of the proposition, the right-hand side does not vanish for some
choice of i1, m, a. n

4.3. Towards an L2-isometry

In this section we give an expression of the scalar product of affine modular-invariant
functions in terms of Fourier—Heisenberg coefficients. It will be used for several
orthogonality statements. It generalises the classical ‘unfolding’ construction on the
modular surface. To generalise the content of this paper to general strata one of the
main challenges will be to find a replacement of this lemma.

Lemma 4.5. The scalar product of two continuous affine modular-invariant functions
¢; can be expressed in Fourier—Heisenberg coefficients as

HO ;. ) HO (- —_ 4

(pr.d2) = D | "(prin.miy)e (fain.m:y) 537

n,mez R+

Proof. Starting with (2.9) and abbreviating X = G(Z)\G(R)/K, we find

—— _dxdydpdgq
(1. ) = / hi(x.pr+ e pr F
G (Z)\G'(R)/K
T - dxdy
= > D @um-(d.—c)it) T (ppim-(d.—c)i1)——
m>0 c¢,deZ Y
gcd(e,d)=1
dy

Yo D @ (m0): D)y - cT(¢po: (m. 0): Dy

x 20 yerd\c(z)

= Z [c (p1;m,0;T)cT(p2;m, O; ‘E)

20 L\ GR)/K

dx dy

Here we used the orthogonality of the exponential terms e(£p + rq) on L?(Z?\R?),
and writing m = ged(r, £), we used Lemma 4.3. We then combined the X-integral
and the summation over ['J\G(Z) to the integral over the strip I'J\G(R)/K. The
identity is then obtained by rewriting the ¢'-coefficients in terms of ¢H0-coefficients
using Lemma 4.3 and performing the x-integration. Using orthogonality of exponen-
tial terms, only the diagonal terms remain, which gives the claimed formula. |

The following statement will help to prove injectivity in Theorem 5.1, compare
with the disintegration of the Haar measure along the torus fibers in (3.4). It comple-
ments the vanishing statements in Proposition 4.2 and Lemma 4.3.
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Lemma 4.6. For a non-genuine affine-invariant modular function ¢ of weight k, we
have

c'(¢;m,r;t) =0 forall (m,r) # (0,0).
An affine-invariant modular function ¢ is genuine if and only if ¢"(¢;0,0; ) = 0.

Proof. Non-genuine modular functions are pullbacks from H to H', i.e., they are
constant in z. In particular, the only Fourier coefficient with respect to p and ¢ that
appears in (4.1) is the one of index (0, 0).

A genuine modular function ¢ of weight k by (3.3) is orthogonal with respect
to the inner product (2.9) to all non-genuine ones of the same weight. The second
statement thus follows from the first and Lemma 4.5. |

We get an immediate corollary, useful in proving discreteness of the spectrum of
the compound Laplacian on cusp forms.

Proposition 4.7. Let f be a genuine affine-invariant modular form of weight k. For
all n € 7, the Fourier—Heisenberg coefficients

cHO(f;n,O;y) = 0.

Proof. Genuine affine-invariant modular forms have ¢"(f; 0, 0; ) = 0. It follows
from Lemma 4.3 that

0=1[c"(f:0.0:)> = Y |c"(fin.0: ),
nez

which is only possible if every term in this sum vanishes. ]

4.4. Eisenstein and Poincaré series

We now define the series that provides generators for the constituents of the space
L2 (SAff,(Z)\ SAff,(R)). Given n,m € Z \ {0} and moreover a function 8: R+t — C
with |B(y)| < y'7%/2%¢ a5 y — 0, we define the affine Poincaré series

_ vy |
Picnmp(r.2) 1= 2711237 B()e (nx + m;) K2 (4.6)
yerL\SL2(Z)

where ' = (( (1) })) The case n = 0 in this description is what we call the affine

FEisenstein series

Eimp(r.2) =272 3 p0e(m )] @7

yelr &\ SL2(2)



J. S. Athreya, J. Lagacé, M. Moller, and M. Raum 928

Lemma 4.8. The right-hand sides of (4.6) and (4.7) are absolutely and locally uni-
formly convergent.

Proof. The summations in (4.6) and (4.7) are well defined thanks to the periodicity
of e(+).

We identify a coset y € I'}\ SL»(Z) with the entries ¢, d € Z, ged(c,d) = 1
in the bottom row of the matrix. To show convergence, we need an estimate for the
right-hand side of

| X0l m)ly| = Yler +dHpamGo)

F+ SL-(Z C,dEZ
€T\ SL2(Z) gcd(e,d)=1

both for n = 0 and n # 0. Using the bound B(y) < y'7¥/2*¢ a5y — 0, we obtain
the estimate

> ler +d[TFpAmyo)| =y Y T Im(y0)*2|Am(y )|

c,deZ c,deZ
ged(e,d)=1 gcd(c,d)=1
<L y72Y Iyt
c,deZ
gcd(c,d)=1
which converges absolutely and locally uniformly as required. |

We determine the Fourier—Heisenberg expansions of affine Eisenstein and Poin-
caré series. This allows us to examine the SAff,(R) representations that those series
generate. It is also an important ingredient in the proof of the SAff, (R) decomposition
in Theorem 5.1.

Lemma 4.9. The Fourier—Heisenberg coefficients of the affine Eisenstein and Poin-
caré series atr = 0 are

o 27128(y) ifii = 0and i = +m,
M (Egmp(r.2)i0, 00 y) = .
0 otherwise;
27Y2B(y) ifii =nand i = +m,

M (Pryum p(T.2)i 0,00 y) = ,
0 otherwise.

In particular, if y*=D/28(y) in (4.6) and (4.7) is square-integrable, then

= Iy D282,

2
| Ex.pm i = I Pr.gmn
where on the right-hand side the L?-norm is with respect to the Haar measure on R™.

Note that these Fourier coefficients are independent of k.
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Proof. By definition, the coefficients ¢t are the 0-th Fourier coefficient with respect
to u. We observe that e(n Re(7)) will not contribute any dependency on u and neither
will (¢t + d)~*. We thus have to examine only the contribution of e(mv/y). We have

/ z(ct+d)—ZzZ(ct+d)|ct+d|*? v
b\ _ _
o(gd) = e T dl? ’ = ;(cx+d)—cu.

In particular, the only contributions to the 0-th Fourier coefficient with respect to u
arise from ¢ = 0, which is the term of the identity matrix.
The second statement follows from the first and Lemma 4.5. |

The Fourier—Heisenberg expansion also allows us to determine the L?-norm of
Eisenstein and Poincaré series. We will show in Proposition 4.13 that they also cor-
respond to irreducible representations of the special affine group. This stands in stark
contrast to the case of Maall forms for SL,(Z), where Maal} Eisenstein series are
not square-integrable in general, Maal} Poincaré series have comparably inaccessible
formulae for their Fourier expansion, and incomplete Eisenstein series correspond to
reducible representations of SL;(R).

4.5. Representations generated by Eisenstein and Poincaré series

The main concern of this section is to determine the isomorphism class of the rep-
resentations generated by lifts of the Eisenstein and Poincaré series, which we will
achieve in Proposition 4.13. To prepare its proof, we first identify the pullback of
Eisenstein and Poincaré series to G'(R) as the images of partially defined maps from

SAff AT (allowing n = 0 to include the case of Eisenstein series) to the space

nm? M
L?(G'(Z)\G'(R)). Second, we show that these maps are isometries on their range and

N
~
T, = T,

equivariant with respect to SAff; (R). In the proof of Proposition 4.13, this allows us

SAff
n,m:-*

Recall that ﬂ,fﬁ,if is an induction from N’ (R) to G’(R). The Iwasawa decompos-
ition in (3.5) shows that f € V(n,fﬁ,ﬁf) of K-type k is uniquely defined by its values
on A’(R)/(A’(R) N K). To make the connection to the function 8 in (4.7) and (4.6),
we identify this quotient with R via the section

to extend them to all of 7

R* > A'(R)/(A'(R)NK), ar (% ,-1).

The functions a(a) in this section correspond to B(y) = a(,/y) in (4.7) and (4.6).
Given a function @: Rt — C and k € Z, we use the pullback construction in (2.5),
which implicitly depends on k, to define the function

ar(g) = ((a(ﬁ)e(nx + mg))‘;g) i, 0), (4.8)

where we suppress #n and m from our notation.
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Lemma 4.10. If a € L2 (RT, a%*73da), then 4y € V(x34). More precisely, given
the K-type decomposition

SAff) — @ V(nSAff)k,

keZ

we have
V(3 = span{dy : @ € L2 (RY,a%* 73 da)). 4.9)

This provides an L? norm on n 351,

Proof. The coordinates for the decomposition G'(R) = N'(R)A’(R)K given in (3.6)
yield

(M) wiw2) (9 g-1) (G sinf)) = e*0aka(a)e(nb + mwy).

—sin 6 cosf

From this, we directly read off that @, satisfies the transformation properties required
for elements of V(JTSAff) namely

Qr(hg) = xp m(Max(g) forallh € N'(R).

To verify that @ € V(41 it remains to verify that it is square integrable on A’(R)K,
which follows from
. o snoyy290da [ ks 2 da
Jlax( et NP o = [ at@p St

2ras
A (R)K R+

Notice that the correspondence between o and @&y, is one-to-one.

In order to confirm the given K-type decomposition, note that by the Peter—Weyl
theorem for the compact group K, any f € V(nSAff) can be decomposed as a square-
summable series ) , fx, where f; is square-integrable and of K-type k. By the
previous argument and for fixed k, we find f = &y for some o € L2(RT, a2¢—3 da)
as desired. ]

Consider f € V(m;50). We associate to f a SAff;(Z)-left-invariant function
on SAff,(R) via

E(f):= (g Y f(r9). geSAM®R), (4.10)

yeld\SLa(Z)

provided absolute convergence of the series.
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Lemma 4.11. Suppose f € V(n,f’jj,ﬁf) has a finite decomposition Y Qy for func-
tions a € L2(RT, a3 da), k € Z according to (4.9). Assume that

}&k((l lf), wy, wz) (¢ afl)(_i?ﬁg Csér;g)’ L a¥*e asa —o.

Then, E(f.-) converges absolutely and locally uniformly and || f ||*> = 2| E(f. -)||*

Proof. Since K is compact, every @ in the decomposition f = ) @y satisfies the
same growth condition as f. Therefore, it suffices to demonstrate convergence of
E (G, g) with @ as in (4.8). Further, since we average over '\ SL,(Z) from the
left and K-types are defined via right-shifts, the K-type of each summand in the defin-
ition (4.10) of E(ay, g) is k as well. It thus suffices to consider g € N'(R)A’(R).
Using (2.5), this allows us to perform the proof for functions on H’ instead of G'(R).

Recall the expression e’k?akay (a)e(nb + mw;) from the proof of Lemma 4.10.
Under the map in (2.5), using the coordinates of (3.6) (so in particular a = ,/y), we

have to show the absolute and locally uniform convergence of
. . v
Z e~ ik0 ) =k/2 k0 ﬁkak(ﬁ)e(nx + m—)
veld\sL2(2) g

= Zak(ﬁ)e(nx—km%)

yel&\SLa(Z)

’
R

!
ky'

Since by assumption Bi(y) 1= ax (/¥ ) < ﬁz_k+8 = yl=k/2+6/2 e can apply
Lemma 4.8 to finish the proof of convergence.
To show the isometry property, we notice that we have the K-type decomposition

E(f.-) =) E@x -),

keZ

and that the summands on the right-hand side are mutually orthogonal,

IECS OIP =D NE@k. HI* =D Iy* V28I

keZ keZ
k—1 2 2
=Y la* e @I? = [ £1-
keZ

We employed the identification in (4.11) and then Lemma 4.9 to express the resulting
norms in terms of the norms of first 8 and then o . In particular, we have shown that
if we let a(a) = B(a?), then

E@x. )= Exmp. iftn=0, and E(x, )= Pimp. Otherwise.
(4.11)
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Lemma 4.12. Given a function f subject to the conditions of Lemma 4.11, the func-
tion f(g) := f(gh) for h € SAff,(R) also satisfies the conditions of Lemma 4.11

and E(f, gh) = E(fy, g).

Proof. The first statement is clear when applying the N’(R)A’(R)K-decomposition
to g = nak and khk=! = fiak and multiplying out the result as gh = nandakk. Now,
the second claim follows from the observation that E( f, g) is defined by a sum over
left-shifts, while 4 acts via right-shifts. ]

We can now state the first main result of this section.

Proposition 4.13. The Eisenstein series and Poincaré series generate all the genuine
unitary irreducible representations of G'(R) in the following sense. For k € Z, and
B:RT — C with |B(y)| < y' /2 as y — 0,

_ SAtf SAfF o SAtt SAf
T2 (Ekm,g) = Ty = o and 11 2(Prynm,p) = Ty = 70,005

Proof. We recall from the proof of Lemma 4.11 that if we let a(a) = B(a?), then
E@x. )= Exmp. iftn=0, and E(x. )= Pimp. oOtherwise.

The automorphic Eisenstein series £( -, -) in (4.10) yields by Lemma 4.11 and
Lemma 4.12 a map from a dense subspace of V(7r;5") to L*(SAff,(Z)\ SAff,(R))
which is SAff,(R)-equivariant. As it is an isometry by Lemma 4.11, this map does
not vanish and is a homomorphism of Hilbert space representations from nSAff to
L2 (SAff,(Z)\ SAff5(R)). Since 73AN ~ JTSAff is irreducible by the cla551ﬁcat10n in

n.m =

Theorem 3.7, the image of the map E( -, ) in (4.11) is equal to the image of
E: it — L?(SAff,(Z)\ SAff,(R))

as claimed in the proposition. ]

5. Decomposition of the L2-space

5.1. Decomposition as G’ (R)-representations
We restate and refine Theorem 1.1 from the introduction.

Theorem 5.1. The genuine part of the L?-space of the stratum ¥ (0, 0) admits the
abstract decomposition

L2(G/(Z)\G/(R))ge” ~ @ @ nSAft (5.1

m=1neZ
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into irreducible G'(R)-representations. More precisely, it can be decomposed as
o0
L2(G/(Z)\G/(R))gen — @ (7TL2 (Ek,m,,B) @ @ an(Pk;n,m,ﬂ))’
m=1 neZ\{0}

and the map E from (4.10) defines an isometry of G'(R)-representations

SAff I SAff ~ 5
Tom = m2(Ek;m,g) and Tym = 12 (Prnm,g)

forany k € Z and 0 # B € L2 (R, y¥=2 dy), if the left-hand side is provided with
the L2-norms from Lemma 4.10. Furthermore, for B; € L2(R*, yki=2dy),i = 1,2,

2 (Ekyimy 1) = T2 (Ekyims, o) for all my and m,
and

—_— —_ . . 2 2
72 (Pyinymy 1) = T2 (Prying,mo,py)  if and only if nymy = namy.

Proof. The isomorphisms stated in the second part are a consequence of Theorem 3.7.
Note that the weights k; and k, do not appear in these statements and hence do not
distinguish representations.

By Proposition 4.13, Eisenstein and Poincaré series yield isomorphisms

momt = m2(Egm.p) S L2(G(Z)\G'(R))="
and
T = T 2 (Penmpg) € L2(G (Z)\G' (R))E"  forn # 0.

Taking the direct sum, we obtain a map

@@nsm AT g @ D AT > LG @\G R (5.2)

m=1neZ m=1 m=1nezZ\{0}

The Fourier—Heisenberg expansions provide us by Proposition 4.4 with a map

L*(G'(Z)\G'(R))*" N C(G'(Z)\G'(R)) - D EP . (5.3)
m=1nezZ

By Lemma 4.8, Eisenstein and Poincaré series associated with continuous functions
that satsify the growth condition B(y) < y!'=k/2+e

Let V C @,,50 Prez Tnom be the dense subspace consisting in finite sums of
continuous functions that satlsfy the assumptions given in Lemma 4.11. We notice

as y — 0 are continuous.
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that, by Lemma 4.9, the composition of the restriction of (5.2) to V and (5.3) is the

multiplication by 271/2 map. Since V is a dense subspace, this shows that there is an
injection
oo oo
PP =PDnk o @@ . G4
m=1neZ m=1neZ

We next investigate the kernel of (5.3). Lemma 4.3 shows that it consists of
functions whose K-isotypical components, say ¢y, satisfy ¢ (¢x:m,0; ) = 0 for
all positive m. By Lemma 4.1 with y equal the negative identity, this implies that
we have ¢"(¢pr:m,0; 1) = 0 for all m # 0. Since ¢y is genuine, we also have that
¢"(¢x:0,0;7) = 0 by Lemma 4.6. This allows us to apply Proposition 4.2 to deduce
that the kernel of (5.3) is trivial. Hence, (5.4) is an isomorphism, finishing the proof.

]

5.2. Cusp forms

Consider an affine modular-invariant function f of weight k. We call f a cusp form
if the r = n = 0 Fourier—Heisenberg coefficients vanish, i.e., cH(£;0,0;y,v/y) = 0.
By definition of the Fourier—Heisenberg expansion, this is equivalent to

cHO(f;O,m;y) =0 forallm € Z.

We denote by L?(H#(0, 0))zusp the closure of the space of the lifts of genuine cusp
forms. (Recall Lemma 4.6 for a characterization of these in terms of Fourier coeffi-
cients.)

Proposition 5.2. In terms of the decomposition (5.1), the space of cusp forms in the

SAff

genuine part coincides with @,_, Drto T In particular, genuine cusp forms

for SAff,(Z) exist.

Proof. Proposition 3.8 implies that €, _, ng,AWff is precisely the subspace where the

total Casimir acts with eigenvalue zero. Combining (3.8) with (4.4) and (4.5), this is
equivalent to the vanishing of ¢H%( f;n, m; y) whenever n # 0, and by Lemma 4.5
we see that this is precisely the Fourier coefficients involved in the orthocomplement
of the space of cusp forms. ]

5.3. Spectral decomposition of the foliated Laplacian

SAff
n,m

The idea is that the spectral data of the foliated Laplacian —Afc"l suffices to distin-
guish almost all unitary representations of SL,(R), in particular, those that appear

This section prepares for the explicit description of 7 in Theorem 5.6 below.
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in the continuous and discrete part of nﬁﬁ,ﬁf
here the solutions of the differential equations for functions of the form (4.8) that are
generalised eigenfunctions of —Afc"l. Since we already know the abstract decompos-

per Proposition 3.9. We thus compute

ition of these representations thanks to Proposition 3.9, we only solve the general-
ised eigenvalue equation for the Casimir eigenvalues of the representations appear-
ing there. Recall that the Casimir eigenvalue of the discrete series DIEL is equal to
(lk]/2)(Jk|/2 — 1) and for the complementary series I_?_]’“s it is equal to s — 1/4.

Recall, e.g., from [39, Section 13.14], that the Whittaker differential equation

d? f 1 « %—/Lz
- —_— — =0
dy2+( Tty )

has two solutions, traditionally called the Whittaker functions My, and Wy ., except
if2u € Z<o.

We have computed in (3.8) the action of A" on the summands of the Poincaré
series aiming for the computation of A'*'-eigenvalues. Using Lemma 2.7, we similarly

find (with an auxiliary factor y_k/ 2 that simplifies the equation) the following.

Lemma 5.3. A smooth function B(y):R* — C is mapped under the foliated Laplace
operator to

v
— Affl(y_k/zﬂ(y)e(nx + m;))
- v
=y HA2B () + 4xPn ) = 2mknyB()e (nx + ).
We apply the preceding lemma to search for the eigenfunctions and generalised
eigenfunctions we expect according to Proposition 3.9.

Lemma 5.4. For fixed k € 7 \ {0, £1} and n # 0, consider the differential equation
v v
—Al;;ﬂﬂ(y)e(nx + m;) — 1 ,B(y)e(nx + m;). (5.5)

For A = (|k|/2)(1 — |k|/2), it has a basis of solutions consisting of

—2m|n|y

e and y_k/2M|k|/2,|k\—1/z(47T|n|J’)

ifk,n >0, and

y ke 2 and  y TR 2Mygy 0. k1-1/2 (4] y)

ifk,n <O.
For fixed k € Z, n # 0 and A = t* + 1/4, the differential equation (5.5) has a
basis of solutions consisting of

Y P Wgnuk 2,0 (@ |nly)  and Yy Mynyk/2,ic (A lnly).  (5.6)
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Finally, for n = 0 and A = t> + 1/4, the differential equation (5.5) has a basis of
solutions

yU=R/2+iE g (k)2 (5.7)
Proof. Forn = 0, the function B(y) = y¥/2B(y) is a solution of the differential equa-
tion B”(y) = Ay~2B(y), whose solutions are directly seen to yield (5.7).

For n # 0, the solutions in (5.6) follow from the observation that y*/28(y/(47|n|))
satisfies the Whittaker differential equation with parameters sgn(n)k /2 and iz.

In the special case that |k | > 1 is an integer with the same sign as 7, the exponential

solutions are equal to the W-Whittaker solutions in (5.6) by [39, equation 13.14.9]. =

We will need the following asyptotics estimates in the next section to verify integ-

rability. We define
r'Qit)

r(lmemmk )

Lemma 5.5. The Whittaker functions W, (y) decay exponentially as y — oo. More-

@) =

over, the asymptotics of y — 0 is

(47[ |n |y)_k/2ngn(n)k/2,it (477 |I’l |y)
= TV () (@dr|n|y) 07270 4 TV (—p)(drr|n|y)TTR/2HE L 9(yGRI2),
(5.8)

Proof. This follows from [39, equations 13.14.21 and 13.14.16]. |

5.4. Decomposition as SL; (R)-representations

We now state and prove Theorem 1.3 in the complete version, including the case
n = 0. Recall that we gave in Lemma 4.10 an explicit L2-structure on the representa-

tions 7,5

Theorem 5.6. For k € 7\ {0, =1} and n € Z with sgn(nk) = 1, the representa-

tion DEL in Proposition 3.9 is generated by the Poincaré series for p = e~ 271l
sgn(n)k

ifk>1land B =y *e 27y jf k < —1.
Associating for fixed n € 7.\ {0} with y € L>(R™, dt), the lifts of the Poincaré
series Pr., ., BY, of the Whittaker transform

w o V()
Binuw ) = ER / (TW()TW (=1))1/2
teR+

YW gy 2.0 (4 || ) dt
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gives isometric embeddings

PXLV: @LZ(RJr, dt) — 7S pW. EBLZ(]R“L, dr) — 7 SAf

n,m> n,m
ke2Z kel4+27Z

whose images are fﬂg I-?-Lit dt and fﬂgi IELit dt respectively, in the decomposition of
Proposition 3.9.
Associating with ¥ € L2(R™, dt), the lifts of the Eisenstein series E,.. pet of
P noyw

the y-power transform

B i= [ wURr g i g
teRt

gives isometric embeddings

Ej_i: @Lz(RJr, dt) — ng’Angf, ESt: @LZ(RJr, dt) — ngj*,,ff

ke2Z kel+2Z
whose images are one of the two summands f]lgi 1 _?_Ll ,dt and fﬂg 1 ELI , dt respectively,
in the decomposition of Proposition 3.9. Moreover, the images of E°i+ and ES are

orthogonal.

Proof. We start with the discrete series and observe that we have y(k_l)/ 2B(y) €
L2(R*, dy/y). Therefore, the Poincaré series in the first statement is defined as
an L2-limit of the series in Lemma 4.8. Recall that the representation generated
by Pg.n m,p is isomorphic by Theorem 5.1 to the one generated by B, defined as the lift
of B(y)e(nx + mv/y). This function is smooth and square-integrable on SAft;(R).
In particular, we can compute the action D™ pointwise. Furthermore, the definition
of D via A in Lemma 2.2 allows us to compute it on H’. Now, the first statement
of Lemma 5.4 confirms the existence of the eigenspaces. (Note that the M-Whittaker
function given as the second solution in that lemma has exponential growth as y — 0o
and will not give an L2-function.)

Our argument for the principal series follows the argument for the modular surface
(e.g., [10, Section 4.2.5]) with one major difference in Lemma 5.7. Because we cannot
evaluate exactly the inner products of truncated W-Whittaker functions that we define
in the proof, we need to estimate some of their contribution via asymptotic remainder
terms.

Suppose n # 0. Thanks to Lemma 5.5, partial integration with respect to ¢ in the
defining equation for B, shows that yk=1/ 2B () is square-integrable with
respect to the Haar measure on R™. Using Lemma 5.7 below and Lemma 4.11, we
conclude that assigning with 1 the Poincaré series is an isometry as claimed. To finish
the proof in this case, we apply Weyl’s criterion for essential spectrum membership
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toany 7o € R.Let D = —Afk"l — (12 + 1/4) and ¥, (¢) a sequence of bump functions
limiting to ¢y with ||, || = 1. Then, G(R)-invariance of the Laplacian, abolute con-
vergence and isometry of the E-operator (by Lemma 4.8 and Lemma 4.9), and the
eigenvalue property of the Whittaker function from Lemma 5.4 imply

1D gy,
= |E(D@BY,,, expn - +m). )| = D@L, , expln-+m))]

YO —15) i
4n|n|3/2/ OV () TV (—1))72” Wign(myk/2.i (47t |n|y) dt | — 0,

teRt
since on the support of V¥, the factor (2 — t2) becomes small. This shows that
2 + 1/4 is an approximative eigenvalue and since the discrete spectrum is associ-
ate with positive eigenvalues, our knowledge about the total spectral decomposition
from Proposition 3.9 shows that we have covered everything.

The case n = 0 is similar. By partial integration, we see that y =1/ 2,8;% (y) is
square-integrable. Now, Lemma 5.8 below and Lemma 4.11 show the isometry claim.
To show the orthogonality one proceeds as in Lemma 5.8, but now the first and last
term cancel and we get zero as ¢ — 0. The spectral conclusion is similar to the above
using Wey!’s criterion, Lemma 5.4, and Proposition 3.9, arguing separately for each
of the two orthogonal summands. |

Lemma 5.7. The Whittaker transform vy +— ﬂzvn v is an isometry
L2(R*, df) — L2(R™T, y*¥2dy).

Proof. We first verify the claim for smooth compactly supported functions. To this
end, we introduce for ¢ > 0 the truncated W-Whittaker functions

W“g“(")k/Z i1 (47 |n|y) .= Wgnmk/2,ir (4|nly)
— L0,y TV (1) (@dr|n|y) />~
+ TV (1) (4x|n|y) /2 i)

and denote by ﬂ,‘?’ft v (y) the Whittaker transform with respect to the truncated Whit-
taker functions. Using partial integration with respect to z, we see that

&

||y(k—1)/2(/3]\?fn’w(y) ngnw(y))”2 <</ 5 dy <log(e)™ g
0

0g(y)
Combining this estimate with the Cauchy—Schwarz inequality, we conclude that

Iy ®D28% ()2 = [y ®ED2E¥e ()2 + Oog(e) 7).
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We next expand the defining integral for the L?-norm and interchange the integ-

ration with respect to y, t;, and f,, which is justified because all integrands are
non-negative:

Iy®=D72gYe (I

= () / PTG ()T )TV (1) T (1)) 12
11,12€R+

X / Wign(n)k/Z,itl (4r|n |y)W;’ggn(n)k/z,_it2 (4r|n|y)y~2dy dt, dt,.
R+

Using the asymptotic expansion of the Whittaker function in (5.8), we can determine

the leading asymptotic with respect to ¢ of the inner integral. For ¢; > &, > 0, we
have

& & -2
/ ngzn(n)k/Z,itl (4”|”|y)wsg2n(n)k/2,—it2 (4m|nly)y=—"dy
R+

& & -2
- / ngln(n)k/z,itl (4n|n|y)wsgln(n)k/2,—it2 (4m|nly)y~"dy
R+

&

- / (T (0) ()21 1 TV (<) (4[] y) Y2 H)
2 x (DY (=) @m|n|y)V2H2 L TV (1)) (4 |n|y)/2712)y =2 dy
+ O(e1 —€2)

—it]+ity _ —it1+ity
= IV ()T (—ta) (4 ]y 047221 =

—it1 + ity
) ) 8+it1+it2 _ git1+is2
+ FW(—tl)FW(—tz)(47r|n|)1+”‘+”2 1 2

it +ity
—it1—ity —it1—ity

+ TV )TV (t) (4 |n ) i1~ &

—it; — ity

] ) 8+it1—it2 _gitl—il‘z
+FW(—ll)Fw(lz)(4.T[|I’l|)1+”1_”2 1 2

it1 —ity
+ 0O(e1 — &2).

To evaluate the integral with respect to #,, we can perform the same steps as in
[10, Proposition 4.15] towards the end of his proof. Since #1,7, € R™, the second and
third term in the inner integral are regular with respect to #; and ¢, and thus yield
contributions of order log(g) ™! after partial integration with respect to either of them.
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It remains to consider the first and fourth term, which yield

Iy D28, 01 = dala)'™ [ )T an + Olog(e) ™).
1 iRt
This establishes the claimed isometry, when letting ¢ tend to 0. It also guarantees that
the assigment from v to 8 extends to a map on the L2-spaces as claimed. |
By similar arguments, we show the following result.

+
LY

L2(R*, df) — L2(R™, y*¥ 2 dy).

Lemma 5.8. The y-power transform ¥ + B} is an isometry

Proof. The main difference to the previous lemma is that we need to truncate both
towards 0 and co. We thus define

By () = [ V(L)) (O £ YO 41,
teR+

Similar calculations to the above yield

Iy =D gee ()2

1/e
- [ ()T / (N &y Iy (T i) L dy dry d.
t1,t2€]R+ €

The inner integral equals
1/e
/(y+it1 + y—itl)(y—itz + y+it2)y—1 dy
€
1/e
— /(y+it1—it2 :ty—itl—itz :I:y+it1+it2 +y—it]+it2)y—l dy
&

8zt2—1t1 _ 8zt1—1t2 81t1+zt2 _ 8—zt1—lt2

it —ity —it; — ity

8—1t1—1t2 _ 81t1+1t2 81t1—1t2 _ 81t2—1t1

- - + ; ;
ith +itp —ify + it
The second and third term, which agree, contribute (log(s)™!) to the final expres-

sion. From the first and fourth term, which are also equal, we obtain

Iy DI2geke ()2 = 4x / YT dn + Ofog(e)™)
t1eRt

and the claim follows taking the limit & — 0. |
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5.5. The compound operator

The goal of this section is to understand the spectral decomposition of — Acmp(e) nd

prove Theorem 1.6. This decomposition is closer in nature to that of the Laplaman on
the modular surface. The following theorem is claimed without proof for £k = 0 and
e =4in[8].

Theorem 5.9. For every k € N and ¢ > 0, the K-type k cusp forms are an invariant

cmp(e)
Ak

subspace of the compound Laplacian — on which it has discrete spectrum.

Proof. That cusp forms are an invariant subspace can be seen by computing the com-
pound Laplacian term by term in the Fourier expansion. We first consider the principal
self-adjoint part of the compound Laplacian, that is the operator L = —A;mp(a) —
ikydy and prove that L has compact resolvent. We can read from Proposition 2.5 that

the quadratic form associated with L is

0L(9) = / VIV, b dxdydpdg + ¢ / VE2 |V, 02 dx dy du do

F/\H/ /\H/
= X ( / (MO (pisgps i M + MO (v i, m: y>|2
n,meZ\{0}

d
+s/ |cH°(au¢;n,m;y)|2+|cH°(av¢:n,m;y)|2y2—fk),
R+

where the second equality follows from the Parseval identity for the Fourier—Heisen-
berg series, Lemma 4.5. To prove discreteness of the spectrum, we need to prove that
the set

A={g e L2HO0.0)E : 0L(d) < 1}

is compact in the L? topology. We adapt the proof strategy in [34, Lemma 8.7]. Note
that for any a, b > 0, in the compact region of I'"\H’ where ¢ < y < b, the quadratic
form defines a norm equivalent to the standard Sobolev norm on W1-2(I'"\H'); since
genuine affine-invariant modular form have mean zero, the Rellich—-Kondrachov the-
orem [ 1, Theorem 6.3] tells us that the set of genuine cusp forms in A supported on
a <y < b is compact in the L? topology (note that the theorem is usually stated in
Euclidean space, but is a purely local statement and so holds in the bulk of I""\H').
Using Lemma 4.5, to prove compactness it suffices to prove that cusp forms in A
satisfy uniformly

0= hm/ Z|CH0(¢ n,m; y)|2 5.9)

o m.n€Z\{0}
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and

(5.10)

= Jim [ Yl
b

m,neZ\{0}

By definition of cusp forms, they have no n = 0 terms in their Fourier—Heisenberg
series. As such, we can study (5.10) as in the case of the modular surface; using that

|cH(psn,m; y) 12 < dwn®|cPO(psn,m;y) 12 = y 2|0 (yaxpin, m; y)|?,

we deduce
/ Sl i )P <67 [ 5Dl sdpin )P 3
m,n#0 p mnF0
_ 91 )‘
=3

For (5.9), we use this time the derivative in the v direction. It follows from Corol-
lary 4.7 that there are no m = 0 terms in the Fourier expansion of a genuine cusp
form; we can use

y 2 (pin,my) P < drm?y 72| (pin, m: y))?
= |c"@y¢p;n,m; y)|?

to deduce
a
/ 31O m )P xS /y"‘zzlc‘*"(au«p;n,m;wlzdy
om0 0 m,n#0
a2
= ?QL(¢)-

All in all, this implies that A is compact, so that the L restricted to cusp forms has
compact resolvent and therefore discrete spectrum with finite multiplicity.

Recall now that we defined — Acmp ©_r + ikyd,, and we now aim to show that
ikydy is relatively compact with respect to L. From [26, Theorem 1V.5.35], we know
that a relatively compact perturbation does not change the essential spectrum, and
the essential spectrum of L is empty. To show that i kyd, is relatively compact with
respect to L, it is sufficient to show that for some A € C, ikyd,(L — A)~! is compact.
We just proved that if z is not an eigenvalue of L then (L — A)~! is compact, so
that by the functional calculus (L — )k)_l/ 2 also is. It also follows from its definition

that L has the same principal symbol as —Ackmp(s) and as such is also a second order
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elliptic operator, therefore (L — 1)~1/2 is a pseudodifferential operator of order —1
[41, Theorem 2], so that i kyd, (L — )L)_l/ 2 is a pseudodifferential operator of order 0,
and therefore bounded by the Calder6n—Vaillancourt theorem [25, Theorem 18.1.11].

Through this discussion, we obtain that
ikydx(L — 1) = (ikydx(L — 1) "2 (L —1)71/2

is the composition of a bounded and compact operator, and as such compact. There-

fore, —A;mp ) also has compact resolvent when restricted to cusp forms, and as such
discrete spectrum. ]

Proposition 5.10. Forevery A € C \ R, one has that (Azmp(e) + )T AR+ )
in the strong operator topology as € — 0.

Remark 5.11. Because cusp forms are an invariant subspace for both A;mp © and
Ag’l, it also means that the restriction of the resolvents to cusp forms or to their ortho-
gonal complement also converge appropriately in the strong operator topology.

Proof. Recall that the strong operator topology is induced by pointwise convergence.
Let f € L2(#(0,0)); we need to show (Aimp(g) + )7 — (AP + )7 f. Since

I(=AF" + )71 < dist(d, spec(—AF™ )7t < [Tm()] 7,

the family (—Aimp © + A)~! is uniformly bounded; therefore it is sufficient to verify
this pointwise convergence of (—A;mp(s) +A)7! = (AR 4+ 2)~! on a dense subset
of L2(#(0, 0)), and in particular to verify it on functions of Schwartz class in y,
which we now assume f to be. From the second resolvent identity, we have that

A+ )7 = AP+ 7 S
— 3(—A2mp(8) + A)—lAvert(_Aiol + k)—lf'
Since —AZ" + A is hypoelliptic, its inverse is a pseudodifferential operator [24], in
particular the Schwartz class of functions is stable under A" (_AZ)I + A)~!. Further-
more, the Schwartz class embeds boundedly in L2 (# (0, 0)), and we have previously

indicated that the family (—Aimp © 4 A)~1 is uniformly bounded as operators on L2.
Consequently, for any Schwartz function f,

le(=A™ + )7 A AR + 1) [l = 0C),
and we deduce the strong convergence of the resolvents. ]

As a corollary, we get that the family {—Aimp (8)} is spectrally inclusive, mean-
ing that the spectrum of {—Ai"l} is comprised of limit points from the spectra of
{_ A;cmp(E) }
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Corollary 5.12. For every A € spec(—AY), there is a family {A, € spec(—A;mp(g))}
such that Ay — A. Furthermore, for every bounded continuous function f:R — R,
f (—A;mp(s)) — f(=AY") in the strong operator topology.

Proof. The second statement is a consequence of strong convergence of the resolvent
and [46, Theorem 9.17]. Suppose that A € spec (—AZ") is not a limit point of the spec-

tra of —Aimp(s), and take f to be a function supported near A and so that supp( f) N
spec(—Azmp(E)) = @ for all sufficiently small e. Then, it would be impossible for
f (—Ackmp(e)) to converge to f(—Af"), in the strong topology, proving the corol-
lary. |

Remark 5.13. Let us make a few remarks about Proposition 5.10 and Corollary 5.12.
First, since cusp forms are an invariant subspace of A;{Ol and A;mp(s), the statements
apply mutatis mutandis to the restriction of those operators to cusp forms or their
orthogonal complement. Second, the resolvents do not converge in the operator norm
topology, to see this it suffices to compare their action on a sequence f(t)e(|le~!|q)
for a fixed f. Finally, the convergence of f(—A}"™ ©y . f (—AR") in the strong
operator topology is a bit weaker than convergence of the spectral projections, but for
most intents and purposes can be used the same way. Note that by monotonicity of the
involved operators (—A};"l < —A;mp(s) for all & > 0), the condition on the continuity
of f can be relaxed to right-continuity.

6. Siegel-Veech transforms

In this section we briefly recall basic properties of the Siegel—Veech transforms for any
configuration on any stratum. We then specialise to our case of the stratum # (0, 0)
and prove the main results, Theorem 1.4 and Theorem 1.5, in particular showing that
Siegel—Veech transforms exhaust the complement of cusp forms. The main technical
step is the computation of Fourier coefficients of Siegel-Veech transforms in Propos-
ition 6.8. We complement this in Section 6.6 by computing adjoints and kernels of
Siegel-Veech transforms.

6.1. Basic properties

A flat surface (X, w) € #(«), where X is a compact Riemann surface and w a holo-
morphic one-form on X, determines a singular flat metric, with cone points of angle
27 (a; + 1) where w has a zero of order «;. A saddle connection y is a geodesic in the
flat metric connecting two zeros, with none in its interior. We denote the set of saddle
connections by SC(w). To each saddle connection y, we associate the holonomy vec-
tor hol(y) = [, w € C.
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A configuration € is a choice of subset €(w) C SC(w) such that if we set
Ag = {hol(y) : y € E()},

then the assignment
W+ AS

is SL;(R)-equivariant. Examples of configurations include the set of saddle connec-
tions joining two specified zeros, two zeros of specified orders, saddle connections
that sit at the boundary of cylinders in a fixed homotopy class, etc. Given any con-
figuration € and a function f:R? — C, we define the Siegel-Veech transform with
respect to € as

SVe(f): #(@) > C. (X.0)—> Y f(v).

veAl

By definition, SVe(g - f) = g - SVe(f) for any g € SLo(R).

If the function f is of K-type k, then the Siegel-Veech transform is the lift (in
the sense of (2.5)) of an affine modular-invariant function of weight £ on H’. We
indicate that we work with this function by writing a pair of variable SVe (f)(z, 2)
with (t,z) € H’ as the argument of the Siegel-Veech transform.

We now specialise to the stratum #(0,0) we are mainly interested in. In this
case, there are two obvious configurations. The first consists of absolute periods, the
configurations of saddle connections joining (say) the first marked point to itself. If
the second marked point is not a rational point with respect to the period lattice based
at the first marked point, then A% = AP™ consists of the primitive lattice vectors
in the period lattice underlying (X, w). Since we consider Siegel-Veech transforms
as L2-functions, we may ignore the measure zero complementary set. By definition,
SV.aus( f) factors through the projection to #(0), i.e., contributes to the non-genuine
part of L2(#(0,0)). It in fact orthogonal to cusp forms and covers their orthogonal
complement, i.e., the space of Eisenstein transforms in any weight k, since

_ (ct + d)* Im(z) \
Ep(t]y) = ( §22 P x/f(|ct h d|2) = SVans(f)(Ar) ©.1)

ged(e,d)=1

for f(1) = (A% /|A[*)y(1/[A]?) and A(7) = (z/ /7, 1/ /7). Here, we consider A C

R? =~ C when taking powers of elements in A.

The second case consists of relative periods, the configurations of saddle connec-
tions A™' joining (say) the first zero to the second zero. We denote the corresponding
Siegel-Veech transform by SV ¢ ( f). Having decompositions of L2-spaces in mind,
we may ignore the flat surfaces where the relative period is a real multiple of an abso-
lute period, since this is a measure zero set. Consequently, the definition of AZ‘}I does
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not involve any primitivity condition on lattice vectors. However, these two cases do
not exhaust all configurations.

Lemma 6.1. For any M € N assigning to (A,z) € #(0,0), the set €py =z + A/M
of translates of the relative period by a 1/ M -th lattice vector is a configuration.

Proof. Both independence of the choice of the relative period and G(R)-equivariance
are obvious. |

We let SV, pm := SVe,, be the corresponding Siegel-Veech transformation. That

is,
SV (f)(A.2) = Y f(w).
we‘éM

Remark 6.2. In this homogeneous space setting, the relative Siegel-Veech transform
can also be stated as follows. Let S'(R) C G’(R) be the stabiliser of (1,0) with respect
to the right action and S'(Z) = S'(R) N G'(Z). Then, S'(R)\G'(R) = R? \ {0} as
G'(R) spaces, and we may set, for any f:R? — R,

fM(gJUl,wz) = f((%o) : (g,wl,wz)) = f((%,o)g + (wl,w2)>-

This function is left-invariant under S’(R), which contains the lower triangular
subgoup L(R) C G(R). Since the G’(Z)-orbit of (1/M, 0) is obviously Z2/M, we
conclude that

S 7 (1 w2) + - (mab) 4 nie.d))

mnez

= ZfM(y'(gawl»wZ))’ g:(gg)

y€S'(2\G'(Z)

S\/rel,M (f)(g9 Wi, w2)

Proposition 6.3. For any configuration € and any compactly supported function f,
the Siegel-Veech transform SVe(f) € L2(H (a)).

For any non-empty configuration € there is a non-zero constant, the Siegel-Veech
constant ce, depending on the stratum # («), such that

/ SVe(f)du = ce f £(x.y)dxdy
F () R2

Sfor any compactly supported f. In particular, SVee is a bounded linear operator.
For the stratum # (0, 0), the equivariance

SVrel(g/ : f) = g, . SVrel(f) (62)

holds for any g’ € G'(R), where g’ acts on R? affine-linearly.
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Proof. The first statement is the main result of [4], but can be proven for # (0, 0)
directly. The second result is the main result of Veech in [44]. The third follows from
direct computation or from Remark 6.2, observing that the Siegel-Veech transform is
a sum over left cosets and that g’ € G'(R) acts on function on the left by acting on the
variable on the right. |

6.2. Casimir elements acting on the Euclidean plane
The continuity and G’(R)-equivariance (6.2) imply that for any X € g’ the Lie deriv-
ative of the action functions f on R?
1
Xf :=lim —('* f — f)
t—0 ¢

has the property that X SVe(f) = SVe(Xf). We compute this action explicity for
the Casimir operators. We work on R? with coordinates (w;, w,) and use the differ-
ential operators D,; = w;d/0w;.

Lemma 6.4. The differential operators

8D = D2 + Dy, Du, + Duw, D, + D} + 2Dy, + 2Dy, and Doy =0

eucl — euc

on R? have the property that
SVe(Diuf) = D®'SVe f and  SVe(Dyyf) = D SVe f
for any smooth compactly supported f:R? — C and any configuration €.

Proof. Direct computations give the Lie derivative action of the standard generators
(see Section 2) on such functions, namely

9 d
Pf=g,-f Of =5~ 1Y = (wighy + v2is)

(F+G)f = (wag + w5 )0 (F=G)f = (-wag +wiz )/,

3w1 8w1 8w2

The claim follows by combining (2.2), (2.3), and (2.4) for C and C’ in these generat-
ors. [

6.3. The representation generated by Siegel-Veech transforms

Theorem 1.4 is a consequence of the following proposition together with Proposi-
tion 5.2.
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Proposition 6.5. For the relative period Siegel-Veech transforms of a mean-zero
compactly supported function f # 0, there is a multiplicity m € Z>o U {Ro} (depend-
ing on M ) such that the representation it generates is

712 (SVrem (f)) 2= maght € L2(H(0,0)),

where ngAff is the representation from (3.7) with index n = 0.

Proof. By Lemma 6.4, the Casimir element of G'(R) acts trivially on the represent-
ation 7 2 (SVyer,ar (f)). The classification of representations of G'(R) shows that we
have a direct sum decomposition

w2(SVeam (f)) = mngAff & %

for a non-negative integer m and the pullback 7 of a G(R) representation. Consider
the averaging map av: L2(G'(Z)\G'(R)) — L?(G(Z)\G(R)), given by the integral
along the torus H'(Z)\H'(R). When applied to the right-hand side, the averaging
yields 79. When applied to a Siegel-Veech transform, we combine the summation
over the period lattice with the integral over a fundamental parallelogram to obtain

G

the R2-integral of f, which is zero by hypothesis. Hence 79 is zero. ]

6.4. Fourier—Heisenberg coefficients

We determine some Fourier—Heisenberg coefficients of Siegel-Veech transforms as
preparation for Theorem 1.5. Suppose f = fo(r) exp(ik6) is of K-type k. Then
using Lemma 2.3, we may view the Siegel-Veech transform as a function on H’,
writing abusively SV (f) (7, 2) to indicate this, which is affine modular-invariant
of weight k and whose lift (2.5) is the honest Siegel-Veech transform SV, s (f)
on #(0,0).

The first statement will be used to conclude that they are orthogonal to cusp forms.

Proposition 6.6. Let f:R?> — C be a K-isotypical Schwartz function of K-type k.
Then, for any M € N, the c"-Fourier coefficients of the M -relative Siegel-Veech
transforms vanish, i.e.,

CHO(SVrel,M(f);n, m7y) =0
foranym € Z and any n € 7\ {0}, where T = x + iy as usual.

Proof. From Lemma 4.3, we want to show that the constant term in the Fourier expan-
sion with respect to u (which gives the sum of the ¢H%-terms) is independent of x, so
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that only the constant term remains. We may view the Siegel—Veech transform of a
function as an affine modular-invariant function of weight k on H'. Explicitly,

a(x +iy) +b>>

Ve (@)= 3 fl( =i+ =

a,be’Z

so that, unfolding in b,

1

[ sV (.2 a0 = / Z%f( (u+iv+ DD ) qu 63)

0 a€Z b=1

Now, it is clear that for any fixed v and y translating x does not change this integral.
]

The second proposition will later help us to show that enough Fourier-Heisenberg
coefficients can be controlled by Siegel-Veech transforms, and that they thus span the
space of Eisenstein series. Before stating the proposition, we require a few definitions.
One of the many ways to define Bessel functions for integer index k is via the Hansen—
Bessel integral formula [22, formula 8.411.1]:

1 T
Ji(z) := o / exp(—ikf +izsin6)dé6.

Definition 6.7. The Hankel transform of order k € Z. is the integral operator defined
on functions fo: RT — C as

(i fo) () = f Fo) i (sryrdr, s = 0.
0

While we would denote F; any realisation of the Hankel transform from one
function space to another, we make the observation that ¢ is an isometric involution
onL2(R*,rdr), in the sense that it is norm preserving and that # a 1 = J. This can
be deduced immediately from the orthogonality relation enjoyed by Bessel functions
[22, formula 6.512.8]:

/ Je(sr)J(tr)rdr = s 18(s — 1),
0

where § is the Dirac delta distribution.
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For j € Z \ {0}, define the isometry T;: L>(R*,rdr) — L*(R*,y3d y) and
its inverse S; by

2 2 )
Tjh(y)zyh(%) and th(r)z(zyrrj)zh( 73 )

Proposition 6.8. Foreverym € Z\ {0}, k € Z, M € N, and fo e L>(R*,rdr), the
function f = fo(r)exp(ik0) of K-type k has Fourier coefficients

HO(SViatpr (£):0.mM: y) = (mM)* (T e fo) (25 ) € LAR* .y d ).

and every other Fourier coefficient vanishes.

Conversely, given h € L2(R*, y=3d y), the M-relative Siegel-Veech transform
of the function f = M~2(H; Sy h) exp(ik ) of K-type k has h as its Fourier coeffi-
cients, that is

HO £y cv) — 2 -2
c (SVrel,M(f)voamM7y) =m h(m J’)

Proof. Let m € Z \ {0}. We compute, starting with (6.3), that the coefficient ¢z =
CHO(SVrel,M(f); 0, ’71; Y) equals

i (u—i—zv a(x+iy)+b)dudx
eZ b=1

1/2 Y

R 9€ v
xe(—m—) dv

y

r Mo i(Mv4ay) uM +b

. i(Mv + ay u
(x-invariance) = / / Z f ( : + )du
/2 172
0 R acZ b=1 Y M Y M

X exp<—2nin~1§) dv
(unfolding in @) = % // y~12 u+l(v+—)+ )) ( n"ig)dudv
ab=1g R Y
:M%e //f(u+lv)e( mﬁ)ydudv

a=1

where we set i = (u +b/M)/./y and ¥ = (v + ay/M)/,/y. At this point, we
see that the integrals are independent of @ and the sum vanishes whenever m & M Z,
otherwise the sum is equal to M. We therefore continue, assuming that m = mM €
M 7. and changing to polar coordinates to obtain

MO(SVyermr (£); 0,mM; y)

oo T )
rsinf

:yMZ//fO(r)exp(ikG—ZnimM Nii

0 —m

)d@rdr
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o0
(Hansen—Bessel formula) = yM? / fo(r)Jy (27rmMy_1/2r)r dr
0

= (mM)*(Tu Hy fo)(m™2y) e LX(R*, y~*d y).

For the converse statement, given & € L2(R™*, s~ d s) apply the previous reasoning
to fo = M2H Syh € L2(RT,rdr) and f = fyexp(ik®) to obtain the desired
identity in the end. u

6.5. Orthogonality to cusp forms

Recall from the introduction that we want to prove that the closure

)
S'Vrel,oo = 51371 ( U Svrel,M)
M=1

of the union of the spaces
Svrel,M = Span{SVreI,M (f) : f € C??O Rz)}
fills the orthogonal complement of cusp forms.

Proof of Theorem 1.5. To show orthogonality, it suffices to show orthogonality to all
Siegel-Veech transforms of fixed K-type k. We may thus decompose the cusp form
also in K-types and it suffices to show orthogonality of the component of type k. We
may thus work on I'"\H' by the correspondence in Lemma 2.3. There we use the
expression for the scalar product in Lemma 4.5. Each of these summands under the
integral vanishes, either by Proposition 6.6 or by definition of a cusp form.

Let now ¢ L L2(H#(0, 0))eusp D SVrel,00; We need to show that ¢ = 0. Without
loss of generality, we assume by density that ¢ is smooth and has compact support in
the y variable. Then again, Lemma 4.5 shows by Proposition 6.6 that, for every M
and every f € C(R?) of K-type k,

d
0= / ZCHO(SVrel,M(f);Oa&Y)CHO((P;Ov&Y)z_i)k
R+ 21 y

By Proposition 6.8, this implies that, for every M € N and any 4: (0, c0) — C smooth
and compactly supported,

d
0= [ D ChEy)e™g:0.6M: )2 (6.4)
y
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In particular, since ¢ and & are compactly supported in the y variable, this is a finite
sum and we do not have to worry about convergence, let L be the largest index in the
sum.
Towards a contradiction, suppose there were some M € N and some 7 € L2(R™,
s73ds) so that
HO( . O
075 h(y)c (¢707M7y)ﬂ7
y
R+
without loss of generality assume that it is equal to 1. But then, it follows from (6.4)
that

—1= / Zﬁzh(ﬁ 230 (0: 0,4 M:; y) - k (6.5)

However, using again (6.4) with 2M replacing M, and h replaced with h(y) =
4h(y/4), we have that

LL/2]
0= / Zzzh(z 21)cH0 (0,20 M:; y) - k
= [ DY _ChE?y)c"p:0.M: y) = k,
R+ 2<2€|17L

so that (6.5) can be rewritten as

1= [ Y e e o o)
<£<

and the other, finitely many, arithmetic progressions can all be sieved out in the same
way so that the right-hand side in (6.5) is necessarily 0, a contradiction.

By density, we therefore have that necessarily ¢%(p;0, M;y) =0forall M € N,
making ¢ a cusp form; yet, we also supposed that ¢ was orthogonal to cusp forms so
that ¢ = 0. |

6.6. Kernels, adjoints, and norms of Siegel-Veech transforms

Understanding the Siegel-Veech transform as a linear operator between L2-spaces
comprises determining its range (as we did in the previous section), its adjoint, and its
kernel. We address the last two items here. The type of answers differs even between
the cases #(0) and # (0, 0), leaving a coherent picture for general strata as an inter-
esting future problem.
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Adjoints. Formal adjoints to the Siegel-Veech transform can be computed using a
standard integration trick based on Fubini’s theorem. This is classical for # (0), see
e.g., [31, p. 242], and can be adapted to # (0, 0) as follows.

Proposition 6.9. The formal adjoint of the relative Siegel-Veech transform is given
by assigning with h € L?(G'(Z)\G'(R)) the function

VL) = [ hsg)av).
S"(Z)\S'(R)
on S'(R)\G'(R) = R?\ {0}.
Proof. We abbreviate I'' = G’(Z) and disintegrate the Haar measure of G'(R) as
di = dv(s)dji(g")

into the Haar measure on S'(R) and the measure & on S'(R)\G'(R). Now,

(SViat (). hyrno @) = > Fvghh(g) du(g’)
["\G'(R) yeS (Z)\T’

(I"-invariance of h) = / F(g)h(g) du(g))
S"(Z)\G' (R)

(S'(R)-invariance of f) = /f(g/) /ﬁ(sg’) dv(s)di(g")
S'RI\G'(R) S (Z)\S'(R)
=(/, SV:el(h)>L2(R2)

verifies the claim. [

Kernels and norms. On # (0) = G(Z?)\G(R?), the Siegel-Veech transform is not
an L2-isometry, since it has obviously a non-trivial kernel consisting of odd functions.
However, the functional equation for Eisenstein series provides more.

Proposition 6.10. The kernel of the absolute Siegel-Veech transform on J(0) strictly
contains the odd functions.

Proof. Working formally, putting k = 0, ¥ (#) = u® in (6.1), we obtain the classical
Eisenstein series

E(z,5) = SV (hs)(Ar),
where hg(x) = ||x||~2%. Following, for example, Bergeron [10, Section 4.1], we put

E*(z,s) = n°T(5)¢(25)E(x, 5).
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Then, the functional equation states
E*(z,s) = E*(t,1—5).
Formally, then, putting h*(x) = 75T (s)¢(2s) x|/ =2, this implies
SVavs(hy — hi_s)=0.

To resolve the obvious integrability and convergence issues, we perform a standard
trick. We define —2s = —1 4+ it, sothats = 1/2 —it/2and 1 —s = 1/2 4+ it /2.
For a smooth function 7 of compact support on R™, we write x in polar coordinates
as (r, ) and obtain the desired kernel elements as

f0 = [ 00k = o d = [ e ar
R+ Rt
is construction can be generalised to functions of other K-types by definin
(Thi i be g lised to fi i f other K-types by defining
fk,n(r’ 0) — eike/ 77(l‘)(r—l-i-it _ r—l—it) dr
Rt
for non-zero integers k.) u
This is in contrast to the stratum # (0, 0):

Proposition 6.11. The M -relative Siegel-Veech transform is M times an isometry on
the space of mean zero functions, i.e.,

I SVrerm (F)llz = M| £

for f € C.(R?) of mean zero. More precisely, for f € C.(R?), we have

[ sVan(ran = [ ronas
F(0,0) R2
and
2
[ sVemtrian =t [ rwas) + 2 [ reorax
H(0,0) R2 R2
Proof. By the equivariance (6.2), the map

f = /Svrel,M(f) d/'L
#€(0,0)
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is a G’(R?)-invariant functional on C,(IR?), and so we must have

/ SVt (f) dji = en / F() dx.
R2

J(0,0)

since the only G’ (R?)-invariant measure on R? is Lebesgue measure. To find the con-
stant cpr, note that if we take f = yp(o,r) to be the indicator function of the ball of
radius R, with R sufficiently large, the Siegel-Veech transform SV, s (f) will be
approximately constant, with value M2 R?, so cpy = M?. For the L? computation,
we consider the configuration €7, C R? x R?, and for h € C.(R? x R?), we define
(by abuse of notation) SV e as (%) as the sum over ‘61%,1. By the same proof as for M =1
(see [3] for further details), SV, ar (1) € L (#(0,0)). Consequently, by the equivari-
ance (6.2), the map

h s [ SViewr () dpt
#(0,0)

is a G’(R?)-invariant functional on C.(R? x R?), and so we must have

/SVrel,M(h) du = aM/h(x,y) dxdy +bM/h(x,x) dx,
3(0,0) R2xR2 R?

since the only G’(R?)-invariant measures on R? x R? are Lebesgue measure and
the measure supported on the diagonal A. A similar argument to the above shows
that with h(x, y) = xB.R)(X) XB0.R)(Y), for R > 1, that apy = M*, and that
by = M?. n
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