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Magnetic Dirac operator in strips
submitted to strong magnetic fields

Loic Le Treust, Nicolas Raymond, and Julien Royer

Abstract. We consider the magnetic Dirac operator on a curved strip whose boundary carries
the infinite mass boundary condition. When the magnetic field is large, we provide the reader
with accurate estimates of the essential and discrete spectra. In particular, we give sufficient
conditions ensuring that the discrete spectrum is non-empty.

1. Motivations and main results

1.1. The magnetic Dirac operator on a strip
We perform the spectral analysis of magnetic Dirac operators on bidimensional strips.

1.1.1. The strips. The strips under consideration in this article are built from a
smooth curve without self-intersections y: R — R? (with |y’| = 1) and from the appli-
cation

O:Q¢ 3 (s5,1) = p(s) + tn(s),

where n = y’* is chosen so that (y’, n) forms a direct orthonormal basis and ¢ =
R x (=6, 8) is a straight strip of width § > 0 so small that © is injective. The curvature
k of y is characterized by

y"(s) = k(s)n(s)

for all s € R. To simplify the analysis, we only consider the case when the curvature
has compact support. Then, the strip is = ®(£2¢), which, for § small enough, is a
smooth curved strip about the base curve y (see Figure 1).
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Figure 1. Typical waveguide profile

1.1.2. The choice of magnetic gauge. In order to define the Dirac operator with con-
stant magnetic field B = 1, we need an associated vector potential A: Q — R? (that
is, a function such that 9, A, — d,4; = 1). Note that any two associated vector poten-
tials yield unitarily equivalent operators, given that €2 is simply connected. In such a
geometric context, there is a rather natural choice, whose nice properties lighten the
presentation.

For the straight strip, consider the bounded function ¢o on €24 given by

12 — §2

¢0(S’t) = ) s

which satisfies curlAg = 1, with Ay = V¢d‘ = (—t, 0). In particular, note that Ag
is bounded. To get a smooth and bounded magnetic vector potentiel for the curved
strip €2, we use the following proposition, established in [6, Proposition 1.2].

Proposition 1.1. Let ¢y = ¢o 0 O € C®(Q). There exists a unique ¢ € C°(Q)
such that A¢ =1, ¢plaq = 0, and ¢ — ¢o € S(Q). Moreover, there exists ¢ > 0 such
that ON¢ > co on 02, N being the outward pointing normal to the boundary.

Thanks to the function ¢ given in Proposition 1.1, we get the existence of a smooth
and bounded vector potential A = V¢ on Q.

1.1.3. The magnetic Dirac operators. For # > 0, we consider the magnetic Dirac
operators

_ _ 0 dh,A
m=o-m-n= (0 )

0 —2ihd; — A1 +iA4;
—2ihd; — A} —iA, 0 ’
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where p = —ihV, 0, = @, 0z = @, and the Pauli matrices are given by
) e o)
10 N 0 1
and |
Pro= ool = (—ihas fhat +e T _ohat " Z),

with respective domains

Dom(Dy,) = {y € HY(Q,C?) : —io3(c - N)y = ¥ on dQ2},
Dom(Dp) = {¥ € H'(R0.C?) : —io3(0 - N)y = ¢ on 0y},

where N is the outward pointing normal to the boundary 2 (N = £n). The boundary
conditions are the so-called infinite mass boundary conditions.

Remark 1.2. To establish that Dy, o and Dj, are well defined on H 1. and that they
are self-adjoint, we rely on the boundedness of Ay and A, as well as on the properties
of the nonmagnetic Dirac operators and the analysis presented in [1]. Introducing
a gauge-equivalent unbounded vector potential would complicate the definition of
the domain and the proof of self-adjointness. Moreover, the boundedness of these
potentials is not the only reason for our choice of gauge. The functions ¢ and ¢ play
a central role in the main results of this paper, as they encode the “magnetic geometry”
of the problem.

Remark 1.3. Note that the boundary condition can also be written as ¥, = £iny,
where n = n; + iny, (n1,n,) being the coordinates of n. This boundary condition,
commonly known as the infinite mass or MIT bag model boundary condition, orig-
inates from the study of relativistic quantum particles. It was first introduced in 3D
by Bogoliubov [5] in the context of the Bogoliubov bag model, and later extended by
Chodos et al. in the MIT bag model to describe quark confinement [11]. In 2D, Berry
and Mondragon [4] applied the infinite mass boundary condition to neutrino billiards,
marking its introduction in two dimensions. They also explored other local boundary
conditions. The infinite mass boundary condition has since been adopted in the study
of graphene quantum dots and nanoribbons, where it ensures the confinement of elec-
trons and the presence of a spectral gap, in contrast to other boundary conditions such
as zigzag, which allow zero-energy states [9]. We refer to the introduction of [3] for an
extended description of the various boundary conditions, and to [3, Section 1.3] for a
detailed exploration of the relationship between Dirac operators with zigzag boundary
conditions and the square root of the Dirichlet Pauli operators.
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1.2. Main results

The aim of the article is to study the spectra of the operators Dy, ¢ and Dy, in the
limit 4 — O (which is equivalent to the large magnetic field limit, with a magnetic
field of strength ~~1). Our first result describes their essential spectra by providing
the reader with asymptotic estimates of the negative and positive thresholds of the
essential spectrum.

Theorem 1.4. Forall h > 0,
Spess(ﬁh) = sp(Dh,O) = Spess(Dh,O)-

Moreover, for all h > 0, there exist AX.(h) > 0 such that

sp(Dpyo) = R\ (—A5(h). AL ().

and we have
[h
AL (h) =24/ = /(1 +0(1)) and A (h) = apVh + O(h™).
T

for some ag € (0, v/2).

As expected, the essential spectra of Dj, and Dy, o coincide, since 2 looks like 2¢
at infinity. The constant a¢ is the one appearing in [3, Theorem 1.15]: it represents
the spectral gap of the Dirac operator with magnetic field equal to 1 when 7 = 1 on a
half-plane.

Remark 1.5. Note that one could relax our assumption that the curvature has compact
support by assuming that « goes to 0 at infinity sufficiently fast.

Let us now discuss the existence of the discrete spectrum for Dj. To ensure its
existence, we will work under the following assumption.

Assumption 1.6. We assume the following two conditions.
(a) The function ¢ has a unique minimum attained at a point Xy, (€ €2), which

is non-degenerate. Moreover, we have

. . 82
Gmin = Ming < min¢y = ——,
Q Qo 2

lim 11’1f¢(X) = nyn ¢0 > ¢min-
|x]—o00 Qo
x€Q

(b) There exists a biholomorphism f: Q2 — Q¢ with £/, (f ™) € L®(Q).
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It is known from [6, Proposition 1.3] and from Proposition 1.1 above ([6, Propo-
sition 1.2]) that Assumption 1.6 (a) is satisfied when the strip is straight away from a
compact set, thin enough, and when the square of the curvature « of its base curve y
has a unique maximum, which is non-degenerate. Point (b) also holds when the strip
is sufficiently thin, as shown in Proposition A.3.

Remark 1.7. In this paper, we do not consider the thin waveguide limit § — 0.
Instead, we fix § > 0, assuming that Assumption 1.6 holds. The constants in our esti-
mates may depend on §.

In order to formulate our main theorem, one will need the Segal-Bargmann space
B2(C) = {u € O(C) : Ng(u) < +00},

where

1/2
Ng(u) = ( /|u(y1 + l-yz)|26—Hessxmin¢(y=J’)dy) )
R2

One will also need the Hardy space {2(2) on €2, which is essentially made of holo-
morphic functions on € having a trace on 92 that is L2(92). The Hardy space is
equipped with || - [|.2(3)- More details about the Hardy space and its norm are given
in Appendix A, see also the discussion in Section 1.3. The distances associated with
the above norms are denoted by dist and distgy.

For k € N*, we set (we will write z,;, instead of x,;, when € is considered as a
subset of C)

Xie = {u € 3C(Q) forall j € {0,k =2} uD (zmin) = 0, u™ (zin) = 1},
Vi = {u € C[X].degu = k — 1L.u®"D(0) = 1.

Then we set d;‘c = distye2(q) (0, X¢) and dk = distp2(q) (0, Yi).
Here comes our main theorem.

Theorem 1.8. Suppose that Assumption 1.6 holds.
(i) Letk > 1. Consider

hllull3
AT(h) = inf sup —— 0%
k W32 (Q) wew\ (o} e~/ Mul?
dim W=k

Then,

)Liff(h) 5t k62¢mm/h<d_3kf> (1 4 op—0(1)).
B
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(ii) Consider N € N*. There exists hg > 0 such that for all h € (0, ho) the
operator Dy, has at least N positive discrete eigenvalues (counted with mul-
tiplicities). Denoting the first N eigenvalues by ()L]—: (h)kequ,...,N}» we have
forallk € {1,...,N}

A (h) oo AST(h).

Remark 1.9. (1) Theorem 1.8 establishes the non-emptyness of the discrete spectrum
when 4 is small enough. A similar question has recently been considered for the
Dirichlet—Pauli operator in [6] with some of the ideas from [2]: it solved an open
problem by P. Duclos and P. Exner (see [14] and the non-exhaustive literature [12,
15,17,21] about waveguides, sometimes with magnetic fields). In the present article,
we also provide the reader with the one-term asymptotics of the smallest positive
eigenvalues and not only upper bounds.

(2) Theorem 1.8 is an extension of [3, Theorem 1.12] to unbounded and non-con-
vex domains. We underline that some of the geometric quantities are related to the
Hardy space on the curved strip 7(?(£2) and that the polynomials do not belong to this
space, contrary to the case when €2 is bounded. This is the reason why the constants
attached to the Hardy space are written in a way slightly different from [3, Theorem
1.12]. This absence of the polynomials in the Hardy space has important consequences
on the proof, see Section 1.3 below.

(3) The case of magnetic Dirac operators on annuli has been considered in [18,19].

(4) When y is analytic and « tends to zero at infinity, we can show that The-
orem 1.4 remains valid, ensuring that the essential spectrum of the Dirac operator
coincides with that of the Dirac operator on the straight strip (see Remark 1.5). Then,
similarly to [3, Theorem 1.22], where analyticity plays a key role, we can prove that
the smallest (in absolute value) negative eigenvalue, denoted by —A7 (k) < 0, lies
inside the spectral gap when 4 is sufficiently small.

Moreover, for some c¢g > 0, we have

AT (h) = aov/h + h3cod + o(h?),

where the groundstate energy satisfies

. 2 K(s)? 2 K(s)?
A= m"‘(k‘(DS T 20— 5K)2)’A1(DS TR0+ 8/()2)) <0
(5) Non-magnetic Dirac operators on tubes with infinite mass boundary condition
have recently been considered in [7, 8, 16,24], especially in the thin width limit. Note
that this limit is not considered in the present paper, where the domain is fixed and the
constant & tends to 0. The asymptotic problems we encounter are fully bidimensional
(at least for positive eigenvalues). This contrasts with the thin tube limit, where the
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scales at which the normal and tangential operators naturally act differ, leading to
simpler one-dimensional models.

Remark 1.10. There are explicit expressions for the constants (d%)k and (d;‘C)k.
(1) The sequence of Nx-orthogonal monic polynomials (Pp,)m>0 With
m—1

Puiz—z"+ Zcm,nzn, meN,cpmn €C,

n=0

obtained after a Gram—Schmidt process over the family (z¥) k>0 satisfies, form > 0,
(dg ™) = N (Pm)/m!,

zm ifa =b,
Pyniz+— m/2
" ba;b“ Hem(z %) ifa # b,
and 5 \a + by"
am!(a
Ny (Pp)? = ——p,
(ab)m"l‘j

where a/2, b/2 are the eigenvalues of Hessy, . ¢ and He,, are the probabilist’s Her-
mite polynomials [20, Section 18.3],

Lm/2] 1
" _ > (=1)‘m! _
Hep:z > (—1)me? /272212 = ——_m2
" =D dzm —~ 2011 (m —21)!
Therefore, we have
Nz (Pr_1)? B(xmin))* !
(@ky = Mo P 7(B(Xnin)) b

[(k— D2 "~ 2k=1(k — 1)I(det Hessy, )3

The isotropic case a = b is straightforward: (Py)n>0 = (2")n>0. The anisotropic
case is a consequence of [25] with 4 = min(%, %), and a change of scale Z = |% |Z
(see also [10]). For a general presentation on orthogonal polynomials, see [13, Sec-
tion 2.3.4].

(2) Fork > 1,
k _ il M@ 2
dy, = 1nf{ |u(k_1)(zmm)|’u e H= (),
u (zin) = O forall j <k —2,u®D(z) # 0},

On the unit disk I, the sequence (zF~!) k>1 realizes the minima and their values are

((k—v_zf),) 4~ Notice then that the sequence (Az¥~1); realizes the minima on
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where A is the isometric isomorphism defined by

A:FH2(D) - H2(Q)
U [z = o' (2)u o p(2)],

¢ being a biholomorphism from the unit disk D to 2 such that ¢(0) = zp;,. Therefore,

we have
N2 1
dk = "(0)[F~2.
H (k_l)!|</’( )l

(3) We have, for k > 1,

1

(dg’ff)z _ 24[¢/(0)PF ! (det Hessy,, )<
dE) T k= DB

1.3. Organization and strategy

Section 2 is devoted to the proof of Theorem 1.4. In Section 2.1, we show that Dy,
and Dj, o have the same essential spectrum, see Proposition 2.2. To do so, we prove
that Dy, is unitarily equivalent to an operator on the straight strip ¢ and we use
the Weyl criterion. In Section 2.2, we study the spectrum of Dj ¢ be means of the
Fourier transform in the longitudinal variable. We get a family of one-dimensional
Dirac operators (Dj,0,¢)eer (Which have compact resolvent). For each &, the spectrum
of Dp,,¢ is made of positive eigenvalues (1,7 (£, 1))n>1 and of negative eigenvalues
(=, (€, h))n>1, which are even function of £ (see Lemma 2.4). Then, we focus on a
description of uf(é , h), which is characterized in Proposition 2.8. This characteriza-
tion implies an estimate of infeer /L]L (&, h), see Proposition 2.10, and of the threshold
At (h) = infger MT(S ,h), see Corollary 2.11. Section 2.5 is devoted to the estimate
of infger 7 (§,h) = A (h). In Section 3, we prove Theorem 1.8. Sections 3.1 (upper
bound) and 3.2 (lower bound) establish point (i). We emphasize that the polynomials
do not belong to the Hardy space on €2 and that Taylor expansions near X, have
to be replaced by a suitable “Taylor expansion” Tayly2 gy in the Hardy space. More
precisely, one has to approximate functions by functions in the Hardy space having
the same Taylor expansion at x,, see Notation 3.6 and Lemma 3.7. Up to this key
idea (which actually allows to deal with general unbounded domains), the proof fol-
lows then the same steps as in [3, Section 3]. Section 3.3 is devoted to the proof of
point (ii). We start by introducing some g (k) in (3.14). These numbers will turn to
be exactly the )L;: (h). To check that, one first must check that they do not belong to
the essential spectrum when / is small enough, see Proposition 3.11. The analysis of
the Fredholmness is the key to deal with the fact that Dy, does not have compact resol-
vent. A crucial point that allows the connection between the (i (/) and the )L,’: (h) is
Proposition 3.14 (iv), see Section 3.3.3.
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2. Estimate of the essential spectrum

2.1. The operators Dy, and Dy, o share the same essential spectrum

For (s,1) € Q¢ we set
m(s,t) =1—tk(s).

Then we consider on L2(Q¢; C) the operator ®j, defined by

O = %(;n—l(hDs - ’27") + (hDs oo %)m—l) +02(h D).

on the domain
Dom(®Dy) = {¢ € H'(Q0;C?) : ¢a(s, £8) = Fo, (s, £8) forall s € R}.

The following lemma follows from standard arguments (see for instance [24, The-
orem 2.1]).

Lemma 2.1. The operator Dy, is unitarily equivalent to Dy,.

Proof. Let us describe the action of Dy, in the tubular coordinates (s, ) given by
x =0(s,t) = y(s) + tn(s). Sincen = y’* and y” = kn we can write Jac O (s, 1)1 =
(m~1y/(s),n(s)), and, by the chain rule,

O*V,(©*) ! = y'm™ 19, + no,.

Let us also consider the new vector potential

:& — Jac @(S, [)T(A ° @) _ (m((/l;looe)@)).'ny/)v

which satisfies curl A = 1 — ¢« (s). We obtain

O Dp(O*) ™' = 0% - (p—A)(O")!
=m0 - y)(=ihds — A5) + (0 -n)(=ihd, — Ay).

This is an equality between unbounded operators on the weighted space L?(2,

1/2

mdsdt). After conjugation by m'/~, we obtain that Dy, is unitarily equivalent to the

following operator on L2(Q2¢, mdsdt):

m~ Yo -y (—=im"2hdgm™V? — Ag) 4 (0 - n)(—im"2hd,m™V? — 4)),

_ . ~ ithk'
=m (o y')(—zhas — A — 3

>+(0-n)<—ih8,—A,—.2— .

m
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Let us recall that the Dirac equation is covariant. In particular, if y’(s) = %, then

61030/20_ . y/e—to39/2 =0, eta30/20, . ne—ta36/2 = 0y,

and
hkos

2 El

19392 (i hds)e 19392 = (—ihdy) —
so that a conjugation by the rotor e1939/2 Jeads to

~  ihtk’
m~ oy (—ihas — Ag — i
2m

) +o2(=ihd, — A1)
which can be rewritten in an explicitly symmetric form as
%(m_l(—ihas — A + (—ihdy — A)ym™Y) + oa(—ihd, — A,).

Note also that, by the covariance of the Dirac operator, this operator is equipped with
the infinite mass boundary condition on £2¢. Indeed, we have

¢'939/2(_igy0 - m)e 9392 = _ig30, = 0y

and @, (s, £8) = F¢1(s, £6). Finally, we have
_t 4 Lk ~
curl( t_g 2 ) =1—tk =m = curld,

and that Qg is simply connected. Hence, there exists a change of gauge so that Dy, is
unitarily equivalent to
o 1%k t2k
—1<m_1<—ih8s +r-5)+ (—ihas +1— o )mT) o (—ihd). m
2 2 2
Proposition 2.2. We have

SPess (Dh) = SPess (Dh,O) .

Proof. Thanks to Lemma 2.1, we may focus on ®j. We have
Op = Dpo + Pa.

where Dp0 = Dpo = 01(hDs + 1) + 02D, and Ry, = Vi, + 2 (Wyh Dy + hDWy)

with
2

_ 1“k _
thal((m 1—l)t—%), Wy, = o1(m™ ' —1).

Since « is compactly supported, so are V;, and Wj,. Let us explain why (Dp, +i)~! —
(Dp,o + i)~ ! is compact. In virtue of the Weyl criterion, this will imply that one has
SPess (Oh) = SPess (Dh,0) and thus the conclusion.
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We use the resolvent formula to get

On+) " = Ono+i)" = ®no+i1)  (Dno—Dn)(®Dp+i)~"
= —(Dno+ )7 ' Pu(Dn + )7

Since Dy, and Dy, o are self-adjoint, both hD;(Dy, £ i)' and hD(Dpo £ i)~!
are bounded from L2(2¢, C?) to L?(S2o, C?). Their adjoints (D, £ i)~ 'h Dy and
(Dp,0 i) 1hDy can be extended to become bounded operators from L?(2g, C?)
to L?(S29, C?). Moreover, by the Rellich-Kondrachovp theorem, (®; £ i)~! and
(Dpo £i)7! are compact from L?(Qo, C?) to L (20, C?). Since, V; and W,
are bounded and compactly supported, we get that W, (Dy, + i)~ !, V4(D, £i)7!,
Wi(Dpo £i)7L, Vi(Dpo £ i)7! as well as their adjoints are compact operators

from L2(R29, C?) to L?(R29, C?). Therefore, we obtain that
(Dno + 1) hDsWi(Dp + i)' = (Do + 1) hDS)[Wa(Dn +1) 7],
(Dno + 1) Wih Ds(Dp + i)™ = [(Dno + 1) WallhDs(Dp + 1)1,
(Ono + 1) WVi(Op + )7 = (Do + )1V (On + )71,

are compact from L?($29, C?) to L?(S29, C?). Therefore, (D +i) 1 —(Dpo+i)!
is compact and the Weyl criterion gives the equality of the essential spectra. ]

2.2. A fibered family of Dirac operators

By using the semiclassical Fourier transform, we see that

@
Dpyo = [@h,o,gdé,

with
Dhpos = (E+ 0 —hd; + ¢
hoge=(E+1)or +02D = ( 3 t )’

€+ ho, +1t 0

with domain

Dom(Dp06) = {¥ = (Y1, ¥2) € H' (1.C?), 1 (£8) = Fa(£8)},

where I = (-6, 6).

In this section, we outline the standard spectral properties of the family of opera-
tors (Dp 0,¢)e. We provide only a brief proof of their invertibility and the symmetries
of the associated dispersion curves, the latter being a consequence of the symmetries
of Q¢. The proofs of the other stated properties are omitted, as they are very close to
the existing literature (see for instance [3, Proposition 4.2]).

The associated dispersion curves are illustrated in Figure 2.
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Figure 2. Dispersion curves for 1 = 0.05.

Proposition 2.3. Let h > 0. The following holds.

(i) For & € R, the operator Dy, g ¢ is neither bounded from below nor from
above, it is self-adjoint, inversible and has compact resolvent. Its eigenval-
ues are simple and denoted by

oS —py (G h) < —pp(E ) <0< pfEh) S pg(Eh) <
(i) Fork € N\ {0}, the map & — ;L]‘C—L (&, h) is analytic and even.

2.2.1. Proof of the symmetry of the dispersion curves. To prove that the dispersion
curves are even, note that ¢ is left stable by the point symmetry around 0. The
covariance of the Dirac operator is expressed on the fibered operators in the following
lemma (i o3 being the rotor associated with the symmetry).

Lemma 2.4. Considering the unitary transformation S: ¥ + iozy (—), we have, for
allé e R, SDom(Dh,O,g) = Dom(Dh,O,g) and

S*Dh,o’gS = @h,o’_g.

In particular, we have

WiE(E ) = uE (. h).
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Remark 2.5. Note that the charge conjugation for the bidimensional Dirac operator
is C: ¥ + o,V For the fibered ones, it reduces to a multiplication by o7 and to a
change of sign for &. This leaves the domain Dom(Dy, ¢ ¢) stable. The operator Dy, o ¢
is transformed into —((§ — ¢)o1 + 02 D) (the magnetic field has opposite sign).

2.2.2. Proof of the invertibility of the operators. Since the spectrum is discrete, it
is sufficient to consider the equation Dy, o ¢y = 0. Let ¢ € ker(Dy,0.¢). We have

(E—hd +1)Y2=0, (§+hd +0)yY1=0.

Then,
(G —hdr + )2, Y1) =0,

and, by integration by parts,
(€ —hd; + )92, Y1) = —h(Y2(5)Y1(8) — Y2(=8)¥1(=5)) = 0,

so that, using the boundary condition, ¥1(£68) = ¥2(£8) = 0. Thus, ¥; and V¥,
vanish at the boundary and solve first order linear ordinary differential equations,
therefore i = 0.

2.3. A characterization of the eigenvalues

The next sections will focus on a more detailed and quantitative analysis of the disper-
sion curves. The key tool for this analysis is the nonlinear min-max characterization
developed in [3], adapted to our specific context (see [3] for references on min-max
characterizations for eigenvalues of Dirac operator in domains without boundaries).
This theory was primarily established in [3, Section 2] for two-dimensional magnetic
Dirac operators on bounded domains. In the simpler setting of the one-dimensional
magnetic Dirac operator on the half-line [3, Section 4], similar results were obtained
using the same arguments. These arguments can also be applied to Dirac operators on
a bounded interval. Note also that Section 3.3 is dedicated to similar characterization
arguments in the two-dimensional case of the strip, where the presence of essential
spectrum complicates the proof.

The results for this setting are summarized in the following proposition. To sim-
plify the statement of the proposition, let us introduce the following notations.

Notation 2.6. Lets > 0,1 > 0,and £ € R.
(a) Fory € H'(I), we define

e n (W) 1= I(Ehd: + &+ Oy + AnY I, = 22|y,

and e:ll:(k’ ga h) = inf’([/GHl(I) Qi:agsh (w)
lvl=1
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(b) Fory € H'(I)\ {0}, we define

hlv iz, + \/h2||1/f||3, + Y2 I(xhd: + 1 + EY 2
2[ly |12 '

Pgih(l//) =

Remark 2.7. Leth > 0,1 > 0,and § € R.

(1) The operator associated to ij £h is of compact resolvent and Eli(/\, &, h) rep-
resents the corresponding lowest eigenvalue.

(2) Fory € H'(I) \ {0}, the mapping A > Qjﬁ £h (1) is a quadratic polynomial
with two roots: one that is non-positive and another one, denoted by péth (),
which is positive.

Proposition 2.8. The following two characterizations of ,ufc (&, h) hold.

(i)  We have

piEh) = min  pr,(¥).
veH(I)\{0}

(ii) /Lli(é , h) is the unique positive solution )\ of
CE(AL &, h) = 0.

Moreover;, £ (A, &, h) > 0 for all A € (0, Wi (€, h)) and £ (A, &, h) < 0 for
all & € (1 (€, h), +00).

In addition, we have, for A > 0,
[F (AL E.h)] = Al (E.h) — Al 2.1)

Remark 2.9. The previous proposition guarantees that the following two procedures
yield the same constant, which corresponds to the Dirac eigenvalue ,uli (&, h).

(1) First, minimize Qj{t g.n OVer normalized H'! function to get Zf(k, &, h), and
then find the positive root A > 0 of £ (A, £, h).

(2) First, find the root p;fh () of th £ () for any normalized ¥ € H'(I), and
then find the infimum A of the roots.

Proof. Firstly, note that, since we are considering a compact set, all infima are attained
as minima.

(1) Let us begin by proving that the two procedures of Remark 2.9 yield the same
constant. We have that Zf (0,&, h) = 0, the function A — KT (A, &, h) is concave, and

lim supﬁit()t,é,h) <limsup(—A% + inf |[(£hd; + £+ )Y |*) = —o0.
A—>+00 A—+00 veHl )

¥ l=1
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Moreover, the constant

viEEh) == min p, (y),
yeH(I)\{0}

is positive. By definition, for any normalized 1 € H!, we have vit (£, /) < pgfh (¥) so
that the quadratic polynomial A > th £ (¥) is positive on the interval (0, vit (€, h)) C
(0, pgth (¥)). Therefore, for all A € (0, vli(fg‘, h)), we have

GGam = il Ofe,())>0.
l¥l=1

The inequality is strict because the infimum is attained as a minimum. Now, let ¢ €
H'! be a normalized minimizer of vfc(g, h). The quadratic polynomial A +— Qit,s,h W)
is negative on (v (&, h), +00), so that, for all A > v (&, h),

GFOLE ) < QF () <0.
This proves that vljE (&, h) is the unique positive root to the equation
GELEh) =0.
(i) Let 0 < A; < A2 and ¥ € H! be a normalized function. We have

ATQE e h(¥) —2519F ¢, (1)

do— A

= S @R+ E+ VI + (e = )Y P
142

= (2 = 20|V,

so that A\T1E(A1, €, h) — A;0E (A2, €, 1) > Ao — A1. Let A > 0. Taking
(1. 22) = AV ER) and (1.d2) = 0F (E. ). A)
in the previous inequality implies that
[GEDLE )| = AvEE h) — AL

(iii) Let us prove now that vfr (&, h) is also the lowest positive eigenvalue of the
Dirac operator. The same arguments apply for the first negative eigenvalue. Let ¢ =
(91, 92) € Dom(Dy .¢) be an eigenfunction of the operator Dy, o ¢ associated with
the smallest positive eigenvalue A := u; (£, h). Then, we have

(E+1t+hd)e1 = Agy,
(E+1t—hd)ps = Aer.
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Additionally, by integrating by parts, we obtain

(& + 1 4+ hd)e1]*> = ((E+1 + hd)er, Aa) 21y

= A1, (€ + 1 —hd)e2) 2y + hAl{e1. 92) %
= 211> — hAllo1 13-

For the last equality, the boundary condition was used. This shows that
gi"‘(/’\” E? h) S QI’S’h((pl) = 07

so that v1+ Eh)<A= /JL]L(S , h). The conclusion follows once we prove that v1+ &,h)
is an eigenvalue of the Dirac operator. To proceed, let A = v1+ (&,h)andlet g, € H(I)
be a normalized minimizer of ET(A, &, h) = 0. The function ¢, satisfies

(—h20; + (E+1)2—h—A%)g; =0 onl,
A7V(hd; + & + 1)1 (£8) = Foi1(£8) ondl.

Let us remark that ¢; € H2(I) and that ¢ := (¢, A~ (hd; + & + t)¢) is an eigen-
function of the Dirac operator associated with the eigenvalue A. This concludes the
proof. ]

2.4. Study of p7 (&, h)

The following proposition presents some properties of the first positive dispersion
curve.

Proposition 2.10. The followivng statements hold.
()  Forall & we have i (£,h) < vi(&, h), with

_ =82 _(E+6)2
+e h

(e h) = )

ff g e~ 02 hd;

(i) infeer vi (1) = v1(0. ) = 2/ 2% (1 + 040(1)).
(iii) Forall |E] > 6,
h
TE > -6 — —.
i ) 2 18] =6 = e

(iv)  For all & such that i (€, h) < 2vhe 11 e have

i (E.h) = viE h) (1 + op—so(1))

with oy (1) uniform in &.
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Proposition 2.10 gathers the ingredient to characterize the positive part of the spec-
trum of Dy, ¢ as stated in Theorem 1.4.

Corollary 2.11. We have
sp(D,0) N [0, +-o00[ = [AL(h), +oo] .

with AL (h) := infger 1 (€, h) = 24/ Ze™/1(1 4 0j,0(1).
Proof of Corollary 2.11. Let h > 0. By [22, Theorems XIII.85], we have
{1 (€. 1), & € R} C sp(Di0) N [0, +o0[,

and
Einlg ,u,;r(é, h) = infsp(Dp ) N [0, +o00[ . 2.2)
(S

By Proposition 2.10 (iii), § MT(S, h) is coercive:

lim i (& h) = +oo.
|§]—>~+o0

Therefore, there exists &, such that infgeg wi Enyh) = ui (&, h) and
i Eh).E eRYy = [Sig]}g 111 (8, h), +00[ C sp(Dy,0) N [0, +-00].
This, together with (2.2), implies that

Linf wi (& h), +ool = sp(Dp,) N [0, +o00[.

By Proposition 2.10 (i) and (ii), we also have that

inf € ) < inf i€ h) = vi(0.h) < z\ﬁ eIt opno(1). (23)

b4
To get the lower bound, note that (2.3) and Proposition 2.10 (iv) ensure
ggﬂg wi (€. h) = puf Ennh) = vilEn. (A + ono(1))

> (1+ 0h—>0(1))§h€1ﬂg vi(§.h) = (1 + 0p—o(1))v1(0, 7).

The conclusion follows from Proposition 2.10 (ii). ]
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2.4.1. Proof of Proposition 2.10 (i) and (ii). By considering the function ug(f) =
(s+t)2
e , Proposition 2.8 implies point (i).

To prove (ii), remark that
268/h 4,288/

vi(Eh) = he M
1(5 ) f e—2$t/he—t2/hd,

and
8
—~82/h
devi(E.h) = 2e [(ezgsm B e—2§8/h)/Se—zf,?t/he—tz/hdt
(fis =26t/ he=12/hdp)?
8
T (28Ih 4 o268/ hy / te—zft/he—tz/hdt:|_
-8
The quantity between the brackets equals
8 8
/(l + 8)6(5_’)5/he_’2/hdt + /(t — S)e_(‘s”)é/he_’z/hdl,
_8 -8
and also (by using ¢ — —f in the second integral)
8 8
/ (t + 8)e@—DE/he=1?/hgy _ / (t + 8)e~ =08/ hg=?/hgy
-8 -8
—1
- 2/(l + 8) sin )5) >/ hgy,
Thus,
4e=82/h B —0E\ 2/
Devi(6.h) = — 2 / (t + &) sinn( 5 Yo ha,
(05 e~2Et/he—t /hd, h

which is positive when & > 0. Therefore, the function & — v (&, h) is even, increasing
on R4 and point (ii) follows.

2.4.2. Proof of Proposition 2.10 (iii). We consider the case £ > §. Let us use Propo-
sition 2.8 and consider KT(A, £, h) withA =& —§ > 0. We have

QF ¢y (W) = R30I + & + OV 12 + 20908, & +0)9) + ARl I3, — A2 1%,
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and, by integration by parts,
Qe n @) = 113 1* + 1€ + D)y || = hlly|?
+hE+OWE)? —hE =YD + Ay 5, — A2l
Since £ > §, we have ||(§ + 1)y ||? > A2||¥ 2. We deduce that

Qf h (W) = —h|y|?,

so that
CF(E—8.6.h) = —h.

If ¢ (& — 8, £ h) > 0, Proposition 2.8 ensures that A — £ (1, &, h) is positive on
(0, — §) and that its unique positive root ;17 (£, 1) satisfies uj (£, h) > & — 6.
If(;r(s —38,&,h) <0, we get |€T($ —38,&,h)| < hand by (2.1) (Proposition 2.8),

E =G —E=l <h

We observe that the symmetry (&, ¢) + (—§&, —t) ensures KT(A, £ h) = KT(/\, —£,h)
for all £, &, and A. Consequently, the case £ < —§ follows.

2.4.3. Proof of Proposition 2.10 (iv). Let us turn to lower bounds for the eigenvalue
MT(-, h). By points (i) and (ii), there is sy > 0 such that for i € (0, hy),

2
En =146 > 0: uf(Eh) <2vVhe T} £ 0.
Notation 2.12. We consider on L?([I) the operator
dpg =—ho; +§+1t

with domain
Dom(dp¢) = Hy ().
Its adjoint is
with domain
Dom(dy, ) = H'(I).
We denote by T1¢ the orthogonal projection on Ker(d; E)’ which is spanned by ¢ +—
e~ E+D?/2h

Notation 2.13. Let § € R. By Proposition 2.8, we consider ¢ € H'(I) such that
[¥¢ll = 1 and

h 1
i€ = SIVeld; + 5 2 Ivelly + 4100, + 1+ )y
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Lemma 2.14. There exist hg > 0 and C > 0 such that, for all h € (0,hy) and & € By,

_3 _52
e — TeWell iy < Ch™2e 0 /M,

Proof. Forall £ € By, we have

* * —ﬁ
ldjr e (e — Ty | = lldjf Vel < i (€. ) < 2vhe™

Since dp ¢ has closed range, we have Y — Igye € Ker(d}fs)L = Ran(dp¢). Let
@e € H*(I) N Hy (I) be such that dj gz = Y& — Ige. We consider the operator

Lie=dyedng = —h*9 + (E+1)> +h,

2
with domain H2(1) N Hg (I). We have ||£;" el < 2hEe~ .
Note that, since ¢ satisfies the Dirichlet boundary condition, we have

1<, g(pénz 12207 0e 1> + 11§ 4+ 0)%0ell® + hee||* + 2h° [0, ¢ |1
+ 20||(€ + 1)z ||* + 2R (—h202ge, (€ + 1) ).

Moreover,
2R(—R> 07 g (€ + 1)*0e) = 20 R(D, 0. 0, [(§ + 1) z])

and

202N (0,0, 0,[(5 + 1)*0e]) = 21| (& + )0, e |* + 41> R (D @g. (5 + 1))
= 2h%||(€ + 1)dr s[> — 2h* g |1

Therefore,
£, 5‘95”2 1B207 @I + 11§ + 1)>@ell” + P lloe > + 2h° [|0; ||
+ 2h|(§ + )@l + 207 || (€ + )3, ¢¢l|* — 257l pe |1*.
Thus,
1<, g‘pSHZ 172070e 1> + 11§ + 0)%0ell® + 1 lloe
+ 217 ||(€ + )0l + 2hI(hD, + £ + D>, (2.4)

and in particular
2
B 1020¢ 12 + h2|lgell* < (2h'/2e= )2,
Since gz € H*(1) N H} (1), we get

282

3 _7
”(/)5”1_12(1) <Ch™ .
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Then, we have

ldnepellmray = 1(=hd: + &+ Deellgr
< Chll 9@l + 1G5 + Degll )
< Cllleell g2y + 166 + Deell + 166 + )9kl
< Chievm
where we used (2.4) and the Cauchy—Schwarz inequality. ]

Now, we can prove point (iv). We have

wi & h) = hllyell3,.

By Lemma 2.14 and a usual trace theorem, considering & small enough and § € By,

we get ,
_3 _ g2
lve — eyl + Ve — Mevellar < Ch™2e707/7,

" I Tevel2
Héwé 9

1Vell3; = T2 (1 4 0po(1)).
ST T gy 2

Finally,
(| T e |2 Y

and the conclusion follows.

2.5. Study of n(§,h)
In this section, we continue the proof of Theorem 1.4 by establishing the estimate of
A (h).
Proposition 2.15. The following facts hold.

(i)  There exist C and hy > 0 such that, for all h € (0, ho] and all |&| > 6,

C
py (€. h) > [§] =8 — =5
(ii) Forany N € N, there exists C > 0 such that for all &, and all h > 0,

uy (& h) > agv'h— ChV.

with C independent of €, h.

(iii) We have
w1 (8 — Vhao, h) < agVh + O(h*™).
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This Proposition 2.15 allows us to study the negative part of the spectrum of Dy, o
as stated in Theorem 1.4.

Corollary 2.16. We have
p(Dp,0)N ] —00,0] = (—00, =A ()],
with A (h) = infger 7 (€. h) = Vhao + O(h™).

2.5.1. Proof of Proposition 2.15 (i). As in Section 2.4.2, we consider the case £ > §
and take A = £ — §. We have, for all v € H'(I),

QG en @) = 131> + 116 + W11 + hllyl? = h(E + )|y ()
+h(E =)y (=0 + Ahlly 5, — A2y
Since £ > §, for t € (-8, 8) we have (§ + 1)2 > (§ — §)% = A2. Moreover,

—h(E+ VG + h(E =Y (=6 + Al I3,
= —2h8|y (O + 21§ — 8)ly (=),

so that
Qren@) = Wy (1> + Ry (> — 2h8]y (8) .
By the Sobolev embedding, we recall that there exists C > 0 such that, for all € > 0,
1V 12y < eldew I + Ce .
Thus, with & = 7(28)~!, we deduce that
Qz,g,h(W) > —4C§* |y
Therefore, by the min-max theorem,
Li(AE h) > —4C 682,

By Proposition 2.8, if £ (A, £, 1) > 0, then A — £ (1, £, h) is positive on (0, A) and
uy(E h) = A =§—8.1f 7 (A, €. h) <0, then |€] (A, £, h)| < 4C82. Thus, by (2.1)
(Proposition 2.8),

py(Eh) = E—8—4C8(E—-8)7".

2.5.2. Proof of Proposition 2.15 (ii). Foru € {ve H'(R),tv(¢) € L?(R)}, we define
Qer@) = (=0, + &+ t)u||iz(R) - Az”“”iz(R),
and, foru € {v e H'(Ry),tv(t) € L>(Ry)},

Q7 g, () = (=B + &+ ulag, ) + AuOP — 2[ul22g, .
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Remark 2.17. As in Proposition 2.8, the quadratic forms Q3 £R and Q5 ER, arise in
the analysis of the negative spectrum of the magnetic Dirac operator on the domains
R? and R x R+, with an infinite mass boundary condition and a magnetic field of
strength 1 (after fibration). The notation in [3, Notation 10] compares with ours as
follows: for u# in the form domain,

Qi er, (W) =g 5 ) = A%[Ju?,
QG er() = qg () = A2|lu?.

The bottom of the spectrum of the operator associated to QL@R equals the Landau
level 2 — A2 ([3, Theorem 4.3]). In the study of QZ,S,I[LL’ the constant ag plays a
special role. By [3, Propositions 4.12, 4.15], the map £ > inf, ¢ WQ;(),E,RJF (v) is
non-negative and has a unique non-degenerate minimum at § = —ag, which is zero.

Let (x1, x2, x3) be a partition of the unity of [—§, §] such that
s supp(x1) C [-6,—d/3],
* supp(y2) C [-28/3,25/3],
* supp(x3) C [6/3.4],
s G+ro+rB=1
o 0x1l® 19 x2* + 19, 131> = C.

From the localization formula, we have

3
I(=hde + &+ Y17 = D (I(=hd; + & + D (IP = 1A @)V 1)

=1
’ 3
> —CRYI” + D I(=hd; + &+ 0G|
j=1
so that X
Qe n(W) = —CR Y7 + D Q5 n (i),
i=1

‘We introduce

vis € Ry = (1) (svVh =),

vais €R > (29)(svh),

vsis € Ry > (39) (8 —svh),
so that

e

Qe alny) = k207, o (v1),
AEh ﬁ SRy

4
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e nr2v) =297, ¢ L (v),
vhn’

Q5 ¢ n(ray) = K29~ (v3).
e T R

. . Q; £ R ()
Now, fix A = ag~/h. By [3, Propositions 4.12, 4.15], the map & > inf, o —2~5F—

vl
is non-negative and has a unique non-degenerate minimum at § = —ay, which is zero.

By [3, Theorem 4.3], the map & — inf, ¢ WQ (v) is constant equal to 2 — a?.

;075 R
Therefore, there exists ¢y > 0 such that

3
_ : £§—96 2 £E496 2 »
> 95 enltiv) = B 2comin(1, 2= + ao| . [-Z= +ao| ) I¥|I%
(2 vl )
‘We obtain then that

2| 6456 2 2

,(— = +ao‘ )—Ch . @5)
By Proposition 2.8, if El_(«/ﬁao, &, h) >0, then A — £ (A, &, h) is positive on
(0, vhao) and py (€, h) > vhao. If £7(V'hao, £, h) <0, then A > €7 (A, £, h) is
negative on (v/hag, +00), vhag — uy (€, h) >0, and, by (2.1),

Zl_(«/ﬁao, £.h) > h3/%¢q min(l, ‘% + ap

Vhao(Vhao — ui (8, ) < |€7 (Vhao, £, h)| < Ch?,

SO
uy (€. h) > Vhag — Ch>2,

Note that (2.5) suggests that the minima of £ — 7 (§, h) occur near § = § — Vhay
and § = —8 + v/hay (see Figure 2). However, we leave the investigation of a more
precise determination of location of the minima as an open question. We now prove
that the control term C/3/2 can, in fact, be replaced by O(h°°) using Agmon-type
estimates. For any ¥ # 0 and & such that

3/22_a(2) 2 -
h TlWH > Q5 en(¥),

an Agmon-type estimate ensures that

3
D IR@xNY I = 0GRy |12,

Jj=1
which leads to
2 ) £+34

2
e ao| Iy - 0kl

-6
Qen) = h*2cq min(l, )% +ao
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Therefore, if such ¢ and £ exist, then
07 (Vhao.§.h) = O(h),
and the arguments provided above ensure that
1y (& h) = Vhag + O(h*).

This, along with Proposition 2.15 (iii), concludes the proof.

2.5.3. Proof of Proposition 2.15 (iii). Let us focus on the upper bounds on ] . Fol-
lowing the notations of [3, Section 4.4], we denote by u4,,—q, the normalized ground
state of Qt:o,—ao,R+‘ Its energy is 0. Let v:t € (—6,8) — gy, —a, (%) Since Uqy,—aq
belongs to the Schwartz class, the rescaling performed in the previous section ensures

that
D and—viagn® = 17 o, (ag—a0) + O(h*) = O(h),

so that
€7 (Vhao,8 — Vhag. h) < O(h™).

By Proposition 2.8, if Zl_(«/%ao, § — Vhag, h) > 0, then ny (6 — Vhay, h) > Vhag
and by (2.1),

Vhao(u7 (8 — Vhao, h) — vhao) < 7 (Vhao,§ — vhao. h) < O(h*),

so that
17 (8 — Vhao, h) < vhag + O(h™).

If £ (vhao, 8 — v/hag, h) < 0, then 7 (8 — v'hao, h) < vhay.

3. Estimates of the discrete spectrum

3.1. Upper bound of Theorem 1.8 (i)

The key to understanding the asymptotics of the quotients appearing in (i) lies in
applying Laplace’s method to ||e~%/"y|| for fixed u. This asymptotic behavior is pri-
marily determined by the value of ¢ at its minimum, the Hessian matrix of ¢ at Zy;y,
and the germ of u at z,;,. Specifically, to obtain the lowest mode, we choose a func-
tion u such that u(zy;,) = 1, in order to maximize the asymptotic behavior of the
denominator ||e~%/%u|| in the quotient. To minimize the numerator, we then select
the unique function u that minimizes the Hilbert norm || - ||so among all Hardy func-
tions u satisfying u(zyuin) = 1. To obtain the first excited mode, it is useful to follow
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the same strategy, with Hardy functions for which z, is a non-degenerate root. The
technical challenge of the proof then lies in handling the orthogonality properties of
these “natural” test functions.

Let k € N* be fixed in this section.

Notation 3.1. (a) We denote by {vo, ..., vx— 1} C i}CZ(Q) a k-dimensional family of
Hardy functions satisfying for j,[ € {0 — 1}, vl (zmm) = §j1, §j; being the
Kronecker delta. We assume moreover that Vk—1 is the unique minimizer of dX. =
distge2(q) (0, Xx), where Xy is defined before Theorem 1.8.

(b) The familly (P,),en is the Ng-orthogonal family obtained after a Gram—
Schmidt process on (1, Z, ..., Z",...) and normalized by P,f")(O) =byy,=1in
Py(Z) =37 b’;"!j zJ.

(c)Forn € {0, ...,k — 1}, we define w, = 27=0 bn,jh%v

(d) Tayl(w) is the polynomial part of the Taylor expansion of degree k — 1 of the
function w at zy;,:

k=1 W, .
Tayl(w)(z) = Z W(Z — Zmin)'.
1=0 ’

Lemma 3.2. We have, forn € {0, ...,k — 1},
Tayl(wn) (Zmin + Vhz) = h2 Py(2).

Proof. Letl,n €{0,...,k — 1}. We have

wmm-mezv@W—me "8y = bugh"T

Jj=0 Jj=0
and
k—1 w(l)(z ) .,
Tayl(wn) (Zmin + Vhz) =) %(ﬁz)l = h3 P,(z). .
=0 )
Lemma 3.3. Letcg,...,cp—1 € Cand w = Zﬁ;}) cpWy. We have, as h — 0,
k—1
/‘chw ( 20—/ B > (14 o(1)h Y 1" cnl Nas (Pa)>
Q n=0

Proof. Letn € (1/3,1/2). By Taylor’s formula, there exists C > 0 such that for x €
D (Xmin, ™)

1
$ (%) = Pmin = SHesSmind (¥ = Xmin, X = Xmin) + w3 e
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and, with
X = Xmin + ﬁy,
we get

/ |w |ze_2(¢_¢min)/hdx
Q

> / |w|2e=2@—bum)/

B (Xmin,h")
> e_2Ch3n_1 | w |Ze_HeSSmin¢(x_xmin:x_xmin)/ hdx
B(xmin,h")

> (] + 0(1)) / |w|ze_HeSSmin¢(x_xnlinsx_xmin)/hdx

B(xmin:hn)

> (1+o(1)h / W (min + VA y)[2eHessmin®@:3) gy,

B(0,h"—1/2)
By Lemma 3.2, we have for y € D(0,h"~Y/2), n € {0, ... .k —1},
|wn (min + Vhy) =12 Py()] < C(VRIyDF.
Thus, we have
W (xmin + Vhy) = Tayl(w) Ceuin + Vhy) + Rpe (7).

with

. k-1 N
R = ClyVAF( Y leal?)
n=0
By Young’s inequality, for e = h'/4 > 0, & = (&,)n = (h"%cp)n, we have

h/ |w (Xmin + \/Ey)|ze_ﬂessmin¢(y,y)dy
D(0,h7—1/2)
z (1 B S)h/ |Tay1(w)(xmin + \/Ey)lze_HeSSmin‘P(y,y)dy
D(0,h"—1/2)
=& [ IRy (et 0y

D(0,h"—1/2)

873
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= (-om [ chP ()| ety — e

D.n-1/2) "0

k—1
= (1 + 0N ( Y e Pa()) + oI
n=0

By the orthogonality of the (P,), family, we get

k—1 2 k—1
N3 ( ZEnPn(y)) = Z |5n|2NB(Pn)2
n=0 n=0
and the equivalence of the norms in finite dimensions ensures
k—1
h / | (Ximin + Vy)|PeHeEmn O dy > (14 0(1)h Y >Ny (Pa)?.

DO,A1—1/2) n=0

Lemma 3.4. Letcg,...,cp—1 € Cand w = Zﬁ;}) CpWy. We have, as h — 0,

k—1

lwlse@) < 0+ 0(1) D leallvallac -
n=0

where 0(1) is independent of (co, .. ., Ck—1).
Proof. By the triangle inequality and the definition of (w,), we have

k—1

lwliseigy < 3 leallwnllse )
n=0

k—1 n
n—j
= Z lenl Z |bn,j1h 2 ([vjll3c2(@)

n—1

< Z lenlllvnllse2@) + \/_Z lenl D 1, 1110 13c2c0)

n=1 j=0

< (1+ VhC) Z lenlllvnll3c2 ()
n=0
where C = max{Y_720 [bm. 11V 32/ 1vmll3c2 ()i 1 <m <k —1}.
Lemma 3.5. We have

- (Z |CJ vy ||.'J-C2(Q))
ceCk\foy h Y K24 |hi12¢; 2N (P))>2

= (14 o(1)h0~ k)(f; )2.

874
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Proof. Considering ¢ = (0,...,0, 1) we obtain

k— 2 1-k 2
R(ZEZS 16110 e ) >h( Mvk-113 2

sup — - =
ceCi\(0) h 3124 [hi/2¢; PN (P;)? N (Pie-1)?

Conversely, for ¢ = (cg,...,cx—1) € C \ {0} we have
k—1
21':0 lcjlllvj ||}c2(52)
I 1012 2Ny (P )2
k—2
er—alllvi—illse @) + 2520 leillvillse @)
k_ .
VIS 212N (P2

(1-k) 2 k—2
3 \/h lilow | own o Simlollvlbes
= Ng(Pr_1)? - k—2 '
»(Pr—1) ceCk—1 \/Zj=0|cj|2N3(Pj)2

Note now that [[vk—1l32(q) = dé‘{ and N (Pr—1) = d%. The result follows. ]

The upper bound in Theorem 1.8 (i) follow from Lemmas 3.3, 3.4, and 3.5.

3.2. Lower bound of Theorem 1.8 (i)

3.2.1. Preliminaries. The key point in the proof of the lower bound is to construct
an orthogonal projection in H{?(£2) onto a space similar to the one used for the upper
bound and to obtain estimates for the remaining terms. The proof of the lower bound
closely follows that presented in [3, Section 3.1.2]. A notable difference is that the
polynomials do not belong to the Hardy space H?(2). This is addressed through
the introduction of the Hardy-Taylor expansion described below. Note that in [3]
the authors adhered to the classical Taylor expansion and overlooked the elegant and
natural projection properties of the Hardy—Taylor expansion (see Lemma 3.7). This
distinction is a noteworthy difference between the two proofs, offering new insight
into the arguments presented.
Let k € N* be fixed in this section.

Notation 3.6. (a) For/ € {0,...,k — 1}, we define
Xps = {u € HA(Q) :forall j €{0,....k — 1}, u () = 81}

Then we denote by v; € Xg; C H?(2) the minimizer of distge2(q) (0, Xg 7). Note
that Xy x—1 = Xy as defined in Theorem 1.8 (i), ensuring that the notation for vy is
consistent with that introduced in Notation 3.1.
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(b) We denote by Tayly2(q)(w) the Hardy-Taylor expansion of degree k — 1 of
the function w € H?(Q) at Zyin:

k—1

Taylye> () (w) = ) w® (zmin)vr € H(RQ).
=0

(c) We denote by Wy (h) C H?(S2) a subspace such that dim Wy (h) = k and

hllwl

2
H2(Q) eff

sup ————= < AT (W)(1 4+ o(1)). 3.1
wew, \(oy le=®/Pw |2 = 7k

Let us clarify the relationship between the Taylor expansion and the Hardy—Taylor
expansion as defined in Notations 3.1 and 3.6 and prove a notable property of the map

Taylgfz(g)
Lemma 3.7. The following assertions hold.

(i)  The operator
Taylye2 (g): H* () - H*(Q)

is the H?(Q)-orthogonal projection onto the orthogonal of
Xia1 = {u € HA(Q) :forall j €{0,....k — 1}, u (zpmn) = O}.
(i) Forany w € H?(Q), the following identity holds:
Tayl(w — Tayly2(q)(w)) = 0.

Proof. Let us begin with point (ii):

k—1 k—1 %) )
w Zmlrl
Tayl(Taylycz @ ()(2) = Y 0 i) Tl o) @) = 30 2 (o)
=0 =0 ’

= Tayl(w)(z).

We now prove point (i). Note that, by the Cauchy formula estimation from Propo-
sition A.12 (iii), Xkﬂ and (X ;)o<i<k—1 are (non-empty) closed subspaces so that
the orthogonal projection is indeed well defined. Let 0 </ <k — 1 and u € §§k+1;
then u + v; € Xy ;. Since v; is the orthogonal projection of 0 onto Xy ;, we get

0= (v, (u +v1) —vr)s2e) = (Vi U)5e2(Q)s
and v; € (§~§k+1)l. This proves that

span(vo, ..., vg—1) C X))t
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Assume now that u € (§§k+1)l N (span(vo, . .., Vk—1))*. Then, u — Tayly2(q)(u) €
Xk_l'_l so that
0 = (u,u — Tayly2(q) ()32 () = ||u||§{2(9)-
We proved that
span(vg, ..., Vg—1) = (Xk+1)l. 3.2)

Finally, note that

v if v € span(vg, ..., Vg—1),

0 ifveXgi.

We conclude from (3.2) and (3.3) that Taylye2 gy is the orthogonal projection onto
(XkH)J- and point (i) follows.

Remark that, by the Cauchy formula estimation from Proposition A.12 (iii), we
recover the boundedness of Taylye2(q):

k—1

| Taylye2 () (W) [l 52(0) < Z [w® i)V ll32() < Clwllsee)- n
=0

The next two lemmas provide a priori bounds on the functions in Wy (h).
Lemma 3.8. There exist constants C and hy > 0 such that, for any v € Wy (h) and

h in the range (0, hy), the following inequality holds:

lvl|* < Ch_ke2¢mi"/h[e_2¢/h|v|2dx.
Q

Proof. From the continuous embedding H?(Q2) < L2(2) of Proposition A.12 (ii)
and the upper bound of Theorem 1.8 (i), there exist ¢, C, hy > 0 such that, for all
h € (0, hg) and all v € Wi (h),

chlo]l? < hlv)2agq, < (1 + o)A (h) / 29y dx
Q

< Chl_kew"'i“/h/e_z‘/’/hlv|2 dx. ]
Q

The following lemma comes from [3, Lemma 3.9].
Lemma 3.9. Let o € (1/3,1/2). Then,

fD(xmm he) e 20/ 1 |y(x)|? dx
Jo €72/ Mu(x)|?> dx B

lim sup
h=0 yew; (h)\{0}
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Proof. Assume that @ € (5. 3). Forall x € D(xXpin, h*), we find that

11
3’2

1
¢(.X?) = ¢min + EHessxmin¢(x — Xmin, X — xmin) + O(h3a)'

According to the maximum principle,

h2a
min Xx) = min X) > Pmin + —— minsp(Hessy . ) + O(h>%).
2D oy (x) xCIDl 4y ¢ (X) > Pmin ) p( Xomin) (7™)
Then, for any v € Wi (h), we have by Lemma 3.8
fQ\D(xmm,h“) e—2¢/h |U(X)|2 dx - ||v ||Ze_2¢min/he—hz"‘_1 min sp(Hessxmi“)+O(h3°‘_l)
Joe @ oD - C vl e=20marh |

and the conclusion follows. [

3.2.2. Proof of the lower bound. We are now well positioned to analyze the lower
bound.
Leta € (1/3,1/2) and v € Wy (h). With Lemma 3.9,

he*®mn[[u]12 5y (1 + 0(1))

< /\sz(h) I e—ﬁ Hess.x i, @ (X—Xmin, X —Xmin) ;, ”iZ(D(xmin,ha)) ] (3.4)

In the following, we divide the proof into several parts. First, we replace v with its
Taylor expansion of order k — 1 at x.,;, in the right-hand side (RHS) of (3.4). Second,
we substitute the Hardy—Taylor expansion into the left-hand side (LHS) of the same
equation.

(i) By the Cauchy formula estimation from Proposition A.12 (iii), there exist con-
stants C > 0 and /o > 0 such that for all 4 € (0, h), for every v € H?(R2), for all
29 € D(Xmin, %), and for each n € {0, ..., k},

[v®™ (z0)| < Cvll5e2(g)- (3.5)

Let us define, for all v € H?(Q),

1 . -
Ni(v) 1= |72 smn Ot =5mndy |2 -

By the Taylor formula, we can express
v = Tayl(v) + R(v),

where Tayl(v) is the (k — 1)-th degree polynomial Taylor approximation of v at zy;,,
as defined in Notation 3.1. Additionally, for all zg € D(zpn, h%),

|[R()(z0)| < Clzo — Zainl*  sup [0,
D (Zmin,h%)
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With (3.5) and after rescaling, the Taylor remainder satisfies
k+1
Np(R(v)) = Ch = ||v]l502(g)-
Thus, by the triangle inequality,
k+1
|Np(v) — Np(Tayl(v))| < Ch 2 [[v]l502(q)-
Therefore, with (3.4), we obtain
(1 + o(D)e?™ */h|vll3c2 )

< /2 (h)) N, (Tayl C Aty *

< AL n(Tayl(v)) + % (h) [vllsc2),
and so, according to the upper bound in Theorem 1.8 (i),

(1 + o(1)e? " /h|[v]|3c2 )

< AL () Ni(Tayl(v)) < /AL () Ny (Tayl(v)),

where

Np(w) = ”e—ﬁHess;cmind)(x—xmm,x—xmm)w”Lz(Rz).

By (3.6) and Lemma 3.7, we also have
k+1
| Ni(Tayly2 gy (v) — Np(Tayl(v))| < Ch 2 [[vlg2(q)s
s0, according to the upper bound in Theorem 1.8 (i), and (3.7),
(14 o(1))e? "/ ||v]lge2 () < /AT (h) Ni(Taylyez g (v))

< /AT (h) Njy(Tayly o gy ().

879

(3.6)

3.7

(3.8)

Inequalities (3.7) and (3.8) show that Tayl and Tayl,2 gy are injective on Wy (h) and

dim Tayl W (h) = dim Taylye2 ) Wi (h) = k.
(i) By Lemma 3.7 and (3.7), we obtain
11200y = I Taylaez ey )22 gy + 10 = Taylae @) () 200
< (1 + o(1))e™28min/ B =13t (1) N, (Tayl(v))2.
Inequality (3.10) ensures that

sup

) < (1 4 o(1))e 20/ =1 )My,
Wi (im\{0} Np(Tayl(w))?

weTayl}CZ(sn

3.9)

(3.10)

(3.11)
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(iii) We define u = Taylge2 (g (v) — v* =D (z1,)vr_1. By the triangle inequality,
we have
k—2
ull g2y < Z 0 i) 1Vn l52(02)

n=0

k—2
k=2 n
<h7 2 D 3™ i) lvallse o)

n=0
k—1

_k=2 n
<h7 7 Y R ™ o) llvn 32

n=0
—2

< Ch "2 ™2 Nj(Tayl(v)), (3.12)

where we used the rescaling property

ﬁh(kz_l en(z = Zmn)") = hiﬁl(kf enh? (2 = Zmn)").
n=0 n=0

and the equivalence of the norms in finite dimension: there exists C > 0 such that, for
alld e Ck,

k—1 k—1 k—1
_ ~ d,
Y ldallvallaca = 8 (30 2~ z) = € Y dallvn sy
n=0 n=0 """ n=0

Using again the triangle inequality with inequalities (3.11), (3.12), and the upper
bound of Theorem 1.8 (i),

&0 )5y = 10 Cain)ve-1llse @)
< lullge2(@) + | Taylgez () (V) l5¢2(q)
< «jh_Kggh_% + (1 + o(1))emn/ Bp=1/2  [2¢(h)) Nj, (Tayl(v)).
Remark now that a rescaling ensures that

|p(k_1) (Zmin)| 1
sup - = .
peCri X0y Na(p) hk/2df

By (3.9), TaylWy (h) = Cr_1[X], and

d—:zch_k/z(l + 0(1)) < e_¢mm/hh 1/2 ,)thf(h).

B

The lower bound follows.

The proof gives some controls on the functions.
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Lemma 3.10. Let v = vy, be a function that realizes the maximum (3.1). There exists
C > 0 such that, for all h € (0, hy),

h”U - Taylﬂ-fz(ﬂ) (U)||§fz(9) + h”v(k_l)(zmin)vk—l - Taylj—fz(ﬂ) (v)”;p(gz)
< oL e™ 072 g

Proof. The first inequality comes from the fact that Tayls2 gy is an orthogonal pro-
jection (Lemma 3.7) and that v realizes the maximum. The last inequality is a refor-
mulation of (3.12). [ ]

3.3. Characterization of the positive eigenvalues and consequences

The two main results in this section are Propositions 3.11 and 3.12. Combining these
two propositions with Theorem 1.8 (i), we get Theorem 1.8 (ii).

3.3.1. Statement of the characterization. First, let us note the following identity:
e?hde™h = —ih(8, +i0y) = —2ih;. (3.13)

Consider the non-decreasing sequence of numbers

hlul3g + \/h2||u||39 + ldgull?Jul?

Wi (h) :=  inf sup

W CHA(R) yew\{o} 2ljul?
dim W=k

. hvllg + V&

= inf W, (3-14)
WCH (Q)+32(@) vew\{o} 2lle™? ]|
dim W=k
where

& = I?||vll§q + e~ M (=2ihdz)v|* e~ v|?

and hA (RQ) := HY(Q) + J{i(Q) with J{i(Q) = ¢~?/"H2(Q). The second equality
follows directly from (3.14).
Due to Lemma A.13, we also have

hllull3g + \/hzllull‘a‘g + lldgull?[lu]?

ur(h) = inf sup

WCH(Q) uew\{0} 2(Juf?
dim W=k

. hvl3g + V&

= inf sup W
WCHL(Q) vew\(oy 2lle=?/ v
dim W=k

Proposition 3.11. Let k > 1. Then, we have
px(h) = (1 + o(D))ALT(h). (3.15)

Moreover, for h small enough, Dy, — i (h) is a Fredholm operator with index 0.
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Sketch of the proof. By choosing test functions for ik (h) in the space 33 () and
using (3.13), we obtain 0 < ug(h) < Aiff(h). The lower bound of (3.15) is quite sim-
ilar to the one presented in [3, Section 3]. The key difference is that the domain is
unbounded. Nevertheless, the same arguments from [3, Section 3] apply: the test func-
tions can be projected onto the Hardy space to eliminate the term ||d{u||* in (3.14).
The necessary controls for this projection are obtained through elliptic estimates,
which are valid for both bounded domains as in [3] and unbounded domains with
sufficiently flat behavior at infinity, such as half-spaces, straight tubes, and small per-
turbations of these structures.

The second part of the statement follows from (3.15), Theorem 1.4, and Theo-
rem 1.8 (1). [

Let us now state the proposition that connects the low-lying positive discrete spec-
trum of Dy, to the g (h), when & is small.

Proposition 3.12. Let k > 1. There exists hg > 0 such that, for all h € (0, hy), the
k-th positive eigenvalue of Dy, exists and satisfies

AE () = ().

To prove Proposition 3.12, we revisit in the following the proof of [3, Proposition
3.2]. Here, we emphasize the differences caused by the unboundedness of our domain
Q compared to the bounded case considered in [3]. The key idea is that, although the
operators do not have compact resolvents, everything works similarly to the bounded
case as long as the considered eigenvalues are not embedded in the essential spectrum.

3.3.2. Characterization of the (/) and relation to Dj. Let A > 0. For all u €
ha (), we consider

qa(u) = [|dxul® + hAlull5q — A*ull>.
Lemma 3.13. The quadratic form q), is closed on its domain Hh A (2).

Sketch of the proof. The proof is similar to the case when Q2 is bounded, see [3,
Lemma 2.4 and Proposition 2.5 (i)], since the arguments do not use the boundedness.

Let us outline the proof. Consider a sequence (1) converging for ¢, . By project-
ing the sequence (u,) onto the orthogonal complement of the kernel of d;, we obtain
a sequence (v,) whose elements lie in the range of the adjoint of d. By elliptic
estimates, this sequence converges in the H!'-norm, as well as in || - ||3q. Conse-
quently, the sequence (e®/ (u, — v,)) C H?(Q) also converges in H>($2), and thus
in - . .
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We denote by £, the self-adjoint operator associated with g;. We denote by
(£x(1))r>1 the non-decreasing sequence of the Rayleigh quotients of g .
Let us explain the relations between £, and Dy, — A.

Proposition 3.14. For all u € Dom £, we let
Ja(u) = (u, A7 d3u).

Then, we have the following.

(i)  The application J,, sends Dom L) into Dom Dy, and, for all u € Dom L,
we have

(D —A)da() = (Lau,0).
(ii)  The application J), induces an isomorphism from Ker £, to ker(Djy, — A).
(iii) The application J), has closed range in Dom Dy,

@iv) If Dy — A is Fredholm with index 0, then so is L. In particular, if A €
SPais(Dn), then 0 € spy;(L1).

Proof. Take u € Dom £, C Domg,. Then, for all v = (v1, v2) € Dom Dy,

(3r(), (D, — A)v) = (u, —Avy + dava) + (A d{u, —Avy + dvy)
= A_lqk(r’hvl)v

where we used an integration by parts and the boundary condition satisfied by v. Since
u € Dom £, we get that

ga(u,vy) = (Lyu,vy).

This shows that J; (u) € Dom D} = Dom Dy, and point (i) follows.

Thanks to (i), we have only to check that J,:ker £; — ker(Dy — 1) is surjective
(since it is clearly injective). Take v € ker(Dj — ). We have dav, = Avy and d vy =
Avsy. Let us check that v € ker £ . For all w € §A (2) we have

CIA(Ulyw) = <d1>\<v1»d1;(w> + hk<vlv w)aﬂ - k2<v11 w)
= Mva, dxw) + hA{v1, w)sq — A*(v1, w) = 0,

where we used an integration by parts and the boundary condition. This proves (ii).

Point (iii) follows from the fact that the graph norm of Dy, is the H'-norm. In
particular, J, is a continuous isomorphism between Banach spaces, from Dom £
onto its closed range. Thus, J; is a Fredholm operator with index 0.

The identity in (i) implies (iv) because the product of Fredholm operators with
index O remains a Fredholm operator with index 0. Furthermore, A € spy(Dp) is
equivalent to stating that A belongs to the spectrum and that Dy — A is a Fredholm
operator with index 0. |
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Lemma 3.15. For h small enough, we have ju1(h) > 0. For all A € (0, uy(h)), we
have £1(A) > 0.

Proof. The first part follows from Proposition 3.11 and Theorem 1.8 (i). Then, we
take A € (0, 1 (h)). For all u € ha (2), we have

hllull3q + \/hzllullgg + lldgullful?

> p1(h) > 0.
2[u]?

p+ ) =
We have, for all u € ha (2) such that ||u| = 1,
qr(u) = —=(A = p+ (W)X — p—(u)).
with p_(u) < 0. We have p4 (u) — A > uq1(h) — A > 0 and
qr(u) = (u1(h) = A)A > 0.
The conclusion follows. |

The following lemma essentially comes from [3, Proposition 2.11] and makes the
bridge between the py (/) and the spectrum of Dy, through £ .

Lemma 3.16. Let k > 1. The equation £;(A) = 0 admits i (h) as unique positive
solution.

Proof. The proof of existence and uniqueness follows the same reasoning as in [3,
Lemma 2.10]. Let us recall some key elements. The existence is guaranteed by the
continuity of £, the fact that £z (1) is positive for small A, and that limy_, 4 oo £x (1) =
—00.

The uniqueness is based on [3, Identity (2.10)]: for 0 < A; < A,, we have

ATH (A1) > (A — A1) + A5 e (R).

Let us check that uy (k) solves the equation. Take & > 0 and consider W C ha (Q2)
with dim W = k such that

max u) < h €.
ueW\{O}m( ) < pr(h) +

In particular, for all u € W, we have p4 (1) < ux(h) + €. Then, we have

e (e (h)) = ”fr%”aﬁf} Qg () = uﬁaﬁf}(ﬂk(m = p- () (p+ () — px (1))

h) — p—(u)).
isuﬁn%aéo}(uk( ) — p—(u))
ul=1
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Taking the limit ¢ — 0, we get £ (g (h)) < 0. Conversely, for all W C ha (2) such
that dim W = k, there exists ux € W \ {0} and ||ug|| = 1 such that

h) < max u) = Ug),
P ( )_MGW\{O}P+( ) = p+(ug)

and then

max gy, () () = gy () = (e (h) — p—(ur)) (p+ (ur) — pr(h)) = 0.
ueWw\{0}
llull=1
We used here the fact that the second root p— (1 ) is non-positive. Taking the infimum

over W, we get £ (g (h)) > 0. n

3.3.3. Proof of Proposition 3.12. For all k > 1 and for 4 small enough, Dy, — ux (h)
is Fredholm with index 0. From Proposition 3.14, we get that £, () is Fredholm with
index 0 and with a non-empty kernel (of finite dimension) since £ (g (h)) = 0. We
get that g (h) € spgys(Dp). This shows that, for all k > 1,

Af(h) < pi(h). (3.16)

Let us explain this. Assume that p1(h) = --- = ug, (h) < pg,+1(h). This implies
that £1(p1(h)) = €k, (r1(h)) = 0 and £x, +1(p1(h)) > 0, so that, by the min-max
theorem, dimker £, (») = k1 and then dimker(Dj — 1 (h)) = k1. This shows (3.16)
fork =1,...,k;. By induction and similar considerations, we get (3.16).

Conversely, we notice that £ is Fredholm with index 0, with non-empty

V()
kernel so that, for some p, £, (A,’: (hk)) = 0. Thus, for some p, )L,':(h) = [p(h). More-
over, assume that A (%) has multiplicity m;. Thus, we have dim ker £ AFay =M
Therefore, there exists p € N such that EI,H(AT(h)) =...= Ep+ml(kf(h)) =0
and ﬂp()t—f—(h)) <0< €p+ml+1(k;’(h)). In particular, pup41(h) =+ = ppim, (h) =
AT (h). This shows that (k) < )t;:(h) for k = 1,...,my. By induction, we can
check that this inequality is true for k > 1.

A. Hardy space on the strip

A.1. Hardy space on the straight strip

Let us consider the strip 29 = R x (=6, §) and consider the following set of holo-
morphic functions:
H(Qo) = 0(R20) N LP((=5,8)y, L*(Rx))

={ue€0(Qo): Mu):= sup |u(+iy)li2mg) < -+oo}.
y€(=6.8)



L. Le Treust, N. Raymond, and J. Royer 886

Let us gather the well-known properties of the Hardy space 2 (2¢) (see, for instance,
[23, Chapter 19] dealing with the half-space).

Proposition A.1. The following holds.
(i)  The space H?*(Q) is a Banach space.
(i) Paley-Wiener. For all u € H?*(), the map

(=8,8) > y = u(- +iy) € L2 (R)

is continuous and can be extended by continuity to [—6, §]. This defines a
trace operator at the boundary:

T:u € H2(Q) — T(u) € L*(32).

(iii) The norms

w1 Tul 20 = 4G = i8) 2, + luC+i8) 2
and
u— M(u)

are equivalent. Moreover, the Hardy space H? (o) endowed with the norm
IT - | L2(ag2,) is @ Hilbert space and T becomes an isometry.

(iv) We have the continuous embedding H*(Q29) C L?(Q), with
lullz2i@g) < V8ITullL2000)-

forallu € H? ().
(v)  Foru € H?*(Q0), zo € Qo, and k € N, we have

2k)! . _2k+1
|u(k)(20)|§ mdmt(zo,ago) 2 ||TM||L2(aszo)-

Proof. L®((—$,8)y, L*>(Ry)) is a Banach space that is continuously embedded in
L} .(Q0). Therefore, the distribution theory ensures that H? () is a closed subset
and point (i) follows. To show point (ii), consider u € H?(2) and y € (=6, §). We
can consider the partial Fourier transform Fu(- 4+ iy) € L?(R) and check by Cauchy
formula that

Flu(- + iy)](E) = e 5 Fu)](E).
From the Parseval formula, it follows that, for all y € (=6, §),

/ eHTUONE) P = lu( +iy) | 2@y = M@)*.
R
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Thanks to the Fatou lemma (by sending y — +§), we see that

[ cosh(268)|Fu()](¢)PdE < M),

R

and in particular that

M) < / 21T ()](6) PdE < 2M ().
R

By using the dominated convergence theorem, it shows that the map (—6,6) > y —
u(- +iy) € L?(R) is continuous. This application has also limits in #-§. These limits
are 7! (e:F‘SEff[u (-)]). Point (iii) follows from point (ii). Let us turn to point (iv). Let
u € H?(p); we have

§
288 —2&8
. B i B 5/(€ e
lull}2qq) = / 1FuC + iyl dy = 8 / [Ful <—255 )ae
_§ R

tanh(x) H
LOO

2
< 8 Tulllg, | —

2
< 81 Tul3g,.

Let us now show point (v). Let u € H?(Qy) and zg = xo + iy € Q0. We have
(=) u® (z0) = (—)*0ku(z0) = T (E*F(u(: + iy0)))(xo)
= T (E* e Fu ()] (x0),

so that the Cauchy—Schwarz inequality ensures
1 -
1 Go)l = = e UL

1 k —(G—|
< e yoDI&| ) SELFTy (. )
m|||§| lL2ar) I O]z

ST |||$|ke_|£|”LZ(R)”T””Lz(BQ())‘ u

1
<
 V2r(—yol) 2

Lemma A.2. The space H'(Q20) N H?(Q) is dense in H?(Qy). More precisely, for
allu € H?(Qy), there exists (Ug)e=o C H'(Qo) N H2(Qo) such that

SEI—I&O ”T(ub‘ - u)”L2(3Q()) =0.
Proof. Letu € H?(Qp) and & > 0. We let

Us(x) = u((1 —e)x).
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The function u, is holomorphic on the strip of width 2§/(1 — ¢). In particular, u, €
©%°(Ss). We also see that u, € H?(Qo). In fact, u, € H' (). To see this, we notice
that

Flus(- +iy)) = e 5 Fwe) = (1 —e) e EF ) (1 - ) 7'§)

‘We have

/ealélfr"(ug(- +iy))PdE = (1 —¢)7! /eaée—Zy(l—a)glsr[qudg
R R
< —s)“/e(a—”s)léle%lél|§[u]|2dg_

R

‘We recall that
/wmwm%mmW@sMw?
R

Thus, by taking « = d¢, we get
feals”?(us(_ +iy)PdE <2(1 — )7 M(u)*.
R

Integrating then with respect to y, we infer that 9"u, € L*(Qo) for all n > 1. By
using the Cauchy—Riemann relation dxus + idyu, = 0, we get that u, € H Qo).
Let us now consider the approximation. We have

I =0l = [ (€2 + 21700, — P
R
which goes to 0 as € goes to 0 by the dominate convergence theorem. |

A.2. Biholomorphism

We would like to define the Hardy space (?(£2). Of course, by the Riemann mapping
theorem, we can transform €2 into €2¢ or even into the unit disk by means of a biholo-
morphism. As we can guess, the problem of defining the Hardy space is the behavior
of the biholomorphism near the boundary. The purpose of this section is to construct
a biholomorphism whose derivatives are well controlled up to the boundary.

Proposition A.3. There exist 59, C > 0 and, for all § € (0, &p), a biholomorphism
f:Q2 — Qg such that

1 (s, 0) = (s + i)l g1 gy < C8.
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The following propositions will allow the construction of the imaginary part of f.

Proposition A.4. There exists a unique function B: 2 — R such that ,5 (s,t)—t €
H{} (Q0) and satisfying
AB =0, Blpx =24
s
In fact, ,g(s, 1) —t € 8(Q) and in particular B € C®(RQ).

Proof. Define t: Q@ — R the transverse coordinate to y. Note that At € C2°(£2) since
k € C°(R). We are led to solve in H, (2) the Poisson problem Au = —At. The
unique solution is then 8 = u + ¢. For more details, one refers to [6]. ]

Following the same analysis as in [6, Section 3.2], we can prove that, when § is
small enough, f is approximated by ¢.

Proposition A.5. There exist 5o, C > 0 such that, for all § € (0, dy),
I1B(s. 1) —tller gy = C8.
In particular, V B is uniformly non-zero on Q.
We recall Poincaré’s lemma.
Lemma A.6. Let xo € y(R). Forall x € Q, we let
.=
a(x) = [ (VB)~-dE,
Vxg.x

where yx, x is a path of class C ! connecting x to x.
Then, the function a is well defined (it does not depend on the choice of path) and
it is a smooth function on S that satisfies

Va = (VB)* .

We let f = « + if8. Then, by construction, we see that f is holomorphic on 2.

[

X

Proposition A.7. There exist 8o, C > 0 such that, for all § € (0, §y),
||JF(S’[) —(s+ it)||(31(§0) < Cé.

It remains to show that f is a biholomorphism.

Lemma A.8. We have
f(Q) C Qo.
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Proof. By Proposition A.5, § is bounded. Let (s;, ,), be a maximizing sequence
for B. Either there is a bounded subsequence, in which case the limit is attained at the
boundary due to the maximum principle, or there is a subsequence such that |s,| —
+o00 and t, — ts € [0, 8]. Proposition A.5 ensures that 7o, = sup 8 € [-§, §], so
that sup 8 = §. The same holds for the infimum. ]

Lemma A.9. We have f(2) = Qo.

Proof. Since f is not constant, f(£2) is an open set (by the open mapping theorem),
which is also connected. Let us show that is it closed in €2¢. Consider a sequence
Xn € @ such that lim,— o0 f(xn) = £ € Q. If (x,,) is not bounded, we may assume
that s, — +o00, and thus ( f(x,)) is not bounded. Thus, (x,) is bounded and we
may assume that x, — Xoo € Q5. We have £ = f(xo) since f is continuous. We
cannot have xo, € Q2 since £ € Q. Therefore, xo € 2. By connectedness, we get
the result. |

Lemma A.10. There exists 8o > 0 such that, for all § € (0,68y), [ is injective.

Proof. Assume by contradiction that there is a sequence (§,) — 0 such that f5, is not
injective. There exist (x]), (x2) C Qg, such that x! # x2 and f5,(x}) = f5,(x2).
By the Taylor formula and Proposition A.7,

0= f5, 0D — fs, p)
1

=/dfsn(y,l+u(y3—y$))-(yﬁ—yi)dun ~  YE=

—+o0
0

where y,{ = F_l(x,{ ). This implies for n large enough, that y,% = y,} which is a
contradiction. |

A.3. Hardy space on a curved strip

Assume that there exists a biholomorphism f:Q — Qg with 7/, (f~!) € L®(Q).
We are now in good position to define ().

Definition A.11. We denote
H2(Q) = {u € O(Q),uo f e H*(Qo)).

Proposition A.12. The following holds.

(i)  The trace operator T:v € H*(Q) + [T(vo f~ Y] o f € L?(dQ) is well
defined and, moreover, H?(2) endowed with || T - I L2(ag) is a Hilbert space
and T becomes an isometry.
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(ii)  We have the continuous embedding H*(Q) C L*(RQ), and for all function

v in H2(Q),
Wiz = VI Lo 1TVl 20y

(iii) Fork € N, zg € Q, v € H?(RQ), we have

(k) (2k)! Il £/l oo . _ 2k+1
V™ (z0)| < \/22"“71 ||(f—1)/||i’gj1d18t(zo’ag2) 2 1Tl 200

Proof. The proposition follows from Proposition A.l. Let us develop some points.
Let v € H?(RQ) and define u = (f~!)vo f~1 € H?(Qp). By Proposition A.1 (iv),
we have

IvllL2@) = ullL2@q) = */g||T"||L2(aszO) < VOIS Y L 1Tvll200)-

Point (i1) follows.
Let zg, 21 € 2, 20 = f(20), Z1 = f(21), 7:[0, 1] = ¢ be a smooth path such
that 7(0) = Zp, (1) = Z;and y = f~! o . We have

1 1
dista(z0.21) < [ [Y'@ldt = [ |(f ™)) o707 (t)ld1
[row=]

1
< N [z / 70\t
0

Now, taking the infimum over all path in Qo between % and Z;, we get
distg (2. 21) < [|(f 1) || Lo disteq (Zo. 21).

so that
distg(zg, 02) < ||(f_1)’||Loodistg0 (Z0, 029),

and point (iii) follows. ]

We end by stating a useful density lemma, which follows from Lemma A.2.

Lemma A.13. The space H'(Q) N H?*(Q) is dense in H?*(). More precisely, for
all u € H*(Q), there exists (u,) C H'(Q) N H>*(Q) such that

im ([T = w)ll2ag) = 0-
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