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Fluid Mechanics. — Remarks on a comparison principle for a doubly singular quasilin-
ear anisotropic problem, by Luigt MonTORO and BERARDINO Scrunzi, communicated
on 14 February 2025.

ABsTRACT. — In these notes, using some arguments of Montoro, Sciunzi, and Trombetta (2025),
we prove a new general version of a comparison principle for sub-supersolutions to a singular
quasilinear problem driven by the anisotropic operator. As a consequence, we deduce a uniqueness
result for weak solutions to the problem

- )
_All,{u :9;0”()(),, + u]—y + f(x,u) in,

() u>0 in ,
u=20 on 092,

and then we analyze, in the anisotropic setting, the question of the existence of solutions to a
subdiffusive problem in the whole RV .
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the doubly singular quasilinear anisotropic problem

—1 .
—Afuz@é‘(ix)p—ku%%—f(x,u) in Q,
(&) u>0 in Q,

u=~0 on %2,

where @ C R¥ is a bounded C2 domain, 0 € Q, 1 < p<N,0>0,y>0,H° f
are suitable functions defined here below and —Alf’ u is the anisotropic p-Laplace
operator, which for suitable smooth functions is given by

(1.1 —Afu = —div(H?~ (Vu)VH (Vu)).

The anisotropic function H in (1.1) is a Finsler norm that satisfies the following set of
assumptions:
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(hgr) ) H e CZP RN \ {0}) and such that H(£) > 0 V& € RN \ {0};
(i) H(sE) = |s|H(E) VE e RV \ {0}, Vs e R;
(iii) H is uniformly elliptic, which means set Bf := {¢ e RN : H(¢) < 1} is
uniformly convex, i.e.,

(12) 3A >0: (D*H(E)v.v)> Alv|*> VE€dB{, Yve VH(E)" .
The function H® : RY — [0, +-00) in (?) is the dual norm of H defined as

H°(x) = sup (&, x).
H(¢)=<1

In all the paper, we assume that the nonlinearity f satisfies the following hypothesis

(denoted by (hpy) in the sequel):

(hpr) f 2 x(0,00) = RS’ is a measurable function such that f(x,7) < a(x) +
b(x)t?" for some nonnegative functions a, b € L>().

Note that hypothesis (hpy) is required when considering Wléc’p -solutions to state
problem (); see Definition 1.1 below. In the case 6 = 0, if the solution u is a pri-
ori bounded, this assumption can be removed, e.g., in the case of locally Lipschitz
continuous nonlinearities.

DeriniTiON 1.1. We say that u € Wlsc’p (R2) is a weak supersolution (subsolution) to

up—1

(1.3) —Aflu =6 w7

1
+ — + f(x,u),
u?’
if
i) Vo eQdcy:u>cy>0inwand
.. _ —1
(i) o HPTHVU)(VH(Vu), Vo) dx = [o (04507 + i + f(x.w)g dx,
<
forall p € C°(2),¢ > 0. ©

Finally, we say thatu € W, ;ép (€2) is a weak solution to (1.3) if u is both a supersolution
and a subsolution to (1.3).

REMARK 1.2. We observe that since (hpy) holds and since 1 < p < N (and by Hardy
inequality, e.g., see [9, Proposition 7.5]), the right-hand side of (1.3) is well defined.

Because the solutions to (/) generally are not in Wol’p (R2), the Dirichlet datum
has to be understood in a generalized meaning.

DEeFINITION 1.3. We say that u < 0 on 92 if (u — 8)* € Wol’p(SZ) for every § > 0.
Finally, ¥ = 0 on 02 if u is nonnegative and ¥ < 0 on 9€2.
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We point out that in the study of quasilinear problems involving singular nonlin-
earities such as the case of ¥~ in (), we have to face the loss of regularity at the
boundary; that is, the problem is singular at the boundary. Moreover, due to the singular-
ity introduced by the presence of the Hardy potential in the critical term u?~!/H?(x)?,
in all the paper, we assume the following natural assumption:

(1.4) u € WhP(Q) N L°(Q\ {0}).

loc

First of all, we recall some behavior at the boundary and at zero for sub-supersolutions
to () that we need in the proof of Theorem 1.5. These results follow mainly exploiting
[8, Theorem 1.4] and [4, Proposition 3.4, Theorem 1.1]. Let d : RY — R be the distance
function for Q2. Moreover, in our case, d is C? in 1,(9%2), namely, a neighborhood
of a2 with the unique nearest point property (see [6]) (recall that by assumption 92
is C?).

LemMmA 1.4. Let us assume that (hpy) holds, let 1 € ngc’p(Q) NC(Q\ {0}) be a
subsolution to (P) and let i € W];C’p (Q) N C(Q \ {0}) be a supersolution to (1.3).
Then, the following hold:

(1)  Ify > 1, then there exist two positive constants ¢, ¢, and there exists ¢ sufficiently
small such that

)2

(1.5) 0> edvirT, i(x) <dVErT Vx e I,(0Q).

(1)) If0 < y <1, then there exist two positive constants ¢, ¢, and there exists €

sufficiently small such that
(1.6) 0> eéd, di(x) <id7ET Vx e 1,(3Q).

(iii) There exist constants ¢,¢, R > 0,0 < u < (N — p)/ p such that
(L7 4z eH @), a(x) < HX)]* Yx e BE(0),
where Bgo(O) ={x eRN: H°(x) < R).

All the numerical constants depend on 1 and .

The following theorem is a comparison principle for sub-supersolutions to (5°) with
a singular-type right-hand side.

TueoreM 1.5 (Comparison principle). Let u € Wl;c’p (Q) N C(Q\ {0}) be a subso-
lution to (P), and let v € WP () N C(Q \ {0}) be a supersolution to (1.3). Let us

loc

assume u < v on 082, that (hpy) holds and that
fx.1)
P

t— =)

is (strictly) decreasing for a.e. x € Q.
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Then,
u<v inQ.

The proof relies on the one of Theorem 1.5 in [7], also correcting an inaccuracy in
the choice of the test functions. An immediate consequence of Theorem 1.5 in a more
regular context is the following uniqueness result.

COROLLARY 1.6. Let0 < g < p— 1 and 0 < h(x) € L*°(2). The problem
H _ .
—Aju=h(x)u? inQ,

(1.8) u>0 in 2,
u=2~0 on 02

has at most one positive weak solution u € C'(Q).

Finally, we shall use Theorem 1.5 for the study of some subdiffusive problems
in R¥ . In particular, let us consider the following problem:
—AMu =h(x)in O'RY), u>0inRY,
u € Wi RV),

loc

(1)

with i € LIOOOC(]RN ), h > 0. Let us define also the following second problem:

H, _ : N . N
—Aju = h(x)u?in D'(RY), g<p-1,u>0inRY,
u e WhPRN),

loc

(P2)
Our result in this context is the Brezis—Kamin result [2, Theorem 1] in the anisotropic
framework.

THeEOREM 1.7. Problem (1) has a bounded solution if and only if ($») has a bounded
solution.

In the next section, we prove Theorems 1.5 and 1.7.

2. Proor oF THEOREMS 1.5 AND 1.7
We start with the proof of Theorem 1.5.
ProoFr oF THEOREM 1.5. For § > 0, let us define vs = (v + §) and

— (y? — P
ws = (u vy ).
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Since v > 0 a.e. in €2, then, by continuity,
P _ P\t Q.
supp(u” — v Pt ¢

Therefore, recalling Definition 1.1, using (iii) of Lemma 1.4, we deduce that

+ +
w w

8_1 and ps_l
u?P v8

are good test functions for (/) and (1.3). Therefore,

+
@.1) /Hp 1(Vu)<VH(W) v( s )>dx

w—I—
—/ HP—I(vv)<VH(vv),v( pil)>dx
Q v

)

up1 Pl
</ — wy dx
~ Ja \H(x)Pur~! Ho(x)f”vg’_1 8

1 Loy frw) fe)\
+/Q(u1’u1’—1 —vyvs_l)wa dx+/ﬂ( Iy 5 wy dx.

8

We start evaluating the left-hand side of (2.1). We observe that
Vw(;F = puP 'Vu — vé’_le))({uzvs},

where x>y} denotes the characteristic function of the set {x € Q : u > v}:
(2.2)

/Hp—l(W)<VH(Vu),V( )>dx
w+
/HP 1(Vv)<VH(Vv) v( p51)>
+
8

Vw — DuP2Vuw;
_ / HP~1(Vu)(VH(Vu), (Z’Z UL RN
Q u2(-1

+
—[ HP=\ (Vo) (VH(Vo), 8
Q

vé’_l —(p— 1)U§_2Vl)w;_

2(p—1)
Us
p—l P

/ H?(Vu)—pH?” Wu) —(VH(Vu), Vog)+(p— 1)H”(Vu)Z_8pdx

ydx

p—1 P
+/ H”(va)—pHp_l(va)up_l (VH(Vuy), Vu)—i—(p—l)Hp(va)u—p dx
Q U8 v5
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-1 D
> | HP(Vvs)—pHP 1 (Vu) Y ’ VH(Vu), Vug +(p—1)Hp(Vu)v—8 dx
Q u ub

u\P! u?
+/ Hp(Vu)—pHp_l(Vv,g)(—) (VH(Vvs), Vu)+(p—1)H? (Vvs)—5 dx
Q vs Ug

:=/ Al(x)dx—i—/ Az(x)dx = 0,
Q Q

where we used the fact that A;(x), A2(x) > 0 a.e. in Q. This follows, using a density
argument, by the fact that

—1 p
HWVm)sz”WVW(%)p(VHWWLVWH%p—DHPWM%%

-1
H?(Vu) > PH”_I(W&)(UK)F (VH(Vvs), Vu) + (p — 1)H”(Vv5)z—p,
§ 8

in 2; see Proposition [8, Proposition 3.1]. Therefore, using (2.1), we get
up—l vp—l
/ ( 5 — = — ) w;’ dx
o \H%(x)Pu? HO(x)Pvf

1 1 fx,u)  f(x,v)
_ + _ +
+/Q (uy+(p—1) vyvép—l))wﬁ dx + /Q ( Pl vp_l Wg dx >0

s

and then, by the monotonicity of 1 — 1/¢* and that v < vg, it follows that

2.3 ur” v Fd
(2.3) L(HO(x)pup—l - Ho(x)pvg_l)ws X
Sx,u)  flx,v)
—I—/Q( = 51 )w;dx > 0.

8
We use dominated convergence in both terms of (2.3). Indeed, for the first term, we
have that
D

up~1 Pl
u)gr <2 €
HO(x)?

LY(Q).

HO(x)Pup=1 H‘)(x)l”vé’_1

For the second term, in the set {x € Q : u > v}, we deduce

o) fev) b few , f)

(24) Mp_l Ug_l 5 — up 1 Up 1
IOy T
up—1 X{u<1} X{u<1}
f(x ) f(x v)
X{u>1} + “p)({u>1}

< C(l + u”)({u>1}) eL! (Q).
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We point out that to get (2.4), we used the fact that by our assumptions (see (hpy))
f(x,t) <Cift <1, f(x,t)/t?P~ ! is decreasing (together with the fact that f(x,1) €
L°°(2)) and that u /v < C in some neighborhood of the boundary 92, thanks to (i)—(ii)
of Lemma 1.4. Passing to the limit in (2.3), we have

/ (f(x’ u _ S ”))(ul’ —vP)y*dx > 0.
Q

up—1 pp-1

This actually implies ( f(x, )/t~ is strictly decreasing) (u” — v?)* = 0 a.e. Hence,
u <vin Q. n

Proor oF THEOREM 1.7. We start proving that
Existence for (?;) = Existence for (/).
Let us consider the solution u g of the problem

—Afun = h(x)ul in B,(0),
(2.5) U, >0 in B,(0),
U, =0 on dB,(0).

Such a solution exists by minimization and belongs to Wol’p (B, (0)) N C'(B,(0));
see [1,3,5]. Moreover, u,, is unique by Corollary 1.6. The sequence u, is increasing
in n: indeed, if n’ > n, u), is a supersolution to (2.5). By using Theorem 1.5 in this
more regular context, we deduce that u, < u,.Let C be a positive constant such that
CP= 170> ||u| and u a solution to (1 ). Then, v=Cu is a supersolution to (/).
In fact,

q
L>®@RN)
—Afv = C”_lh(x) > h(x)v?, in RN,

Using the same comparison argument, we have that u, < v. Therefore,

u*:= lim wu,
n—-+o0o

since u, is increasing and consequently u* < v. Using the C 1 regularity results,
exploiting the Arzela—Ascoli theorem, we have

/ H”_l(Vu*)(VH(Vu*),th)dx=/ h(x)u*?pdx,
RN RN

for every ¢ € C2°(R™); namely, u* is a solution to (5,).
Finally, we show that

Existence for () = Existence for (/7).
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Assuming u a bounded solution to (%), by the classical regularity result, we deduce
that u € C'(RY). Let us define
p— 1 p—qu .

V= ———Uu »~—
p—q—1

Testing with ¢ € CX° (RY), we have
(2.6) / H(Vv)?~ (VH(Vv), Vg) dx
RN

— H(Vu)? Y (VH(Vu), V(u?¢)) dx + q/ u I H(Vu)P o dx
RN RN

> /]RN h(x)p dx.

Let u, € WHP(B,(0)) N C ¥ (B,(0)) the solution to

—Afu, = h(x) in B,(0).
2.7 Uy >0 in B, (0),
U, =0 on 08, (0).

Using (2.6) and (2.7), by the comparison principle, we deduce u, < v. Moreover, u,
increase as n — 400, again by the comparison principle. Passing to the limit, we get
that u := lim,_, 4o U, 1s a bounded solution to (#7). [ ]
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