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On localisation of eigenfunctions of the Laplace operator
Michiel van den Berg and Dorin Bucur

Abstract. We prove (i) a simple sufficient geometric condition for localisation of a sequence of first
Dirichlet eigenfunctions provided the corresponding Dirichlet Laplacians satisfy a uniform Hardy
inequality and (ii) localisation of a sequence of first Dirichlet eigenfunctions for a wide class of
elongating horn-shaped domains. We give examples of sequences of simply connected, planar, poly-
gonal domains for which the corresponding sequence of first eigenfunctions with either Dirichlet or
Neumann boundary conditions «-localise in L2.

Dedicated to the memory of our friend and colleague
Thomas Kappeler

1. Introduction

In this paper, we study the phenomenon of localisation for eigenfunctions of the Laplace
operator for domains in Euclidean space. Let €2 be a non-empty open, bounded, and con-
nected set in R™ with Lebesgue measure |©2|. The spectrum of the Dirichlet Laplacian
acting in L?(Q2) is discrete and consists of eigenvalues {1;(Q) < A,(Q) < ---} accu-
mulating at infinity only. We denote a corresponding orthonormal sequence of Dirichlet
eigenfunctions by {u; o, j € N}. Throughout, we denote the L” norm, 1 < p < oo, by
[l - llp- Since €2 is connected, the first eigenvalue is simple, and the corresponding eigen-
space is one-dimensional. The corresponding eigenfunction is determined up to a sign and
we choose u1, > 0 and write uq := u1,q. The question of localisation is the following.
Does there exist, given a small ¢ € (0, 1), a measurable set A, C 2 with

A
|4e| <e, / ub >1-—e. (1.1)
2] A,
If (1.1) holds, then
1—e < |lugl|Ael < elluglZl12. (1.2)

We recall that (see [25, equation (26)])

e m/4
luglloo < (%) (@)™, (13)
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By (1.2) and (1.3), we have that

M) >

2”_’”(1_8)2/'", (1.4)

e
and the first eigenvalue is, for small ¢, large compared with the Faber—Krahn lower bound.

The latter states that
A (Q)QP/™ = 11(By)| By 2™,

where Bj is an open ball with radius 1.
The torsion function for an open set 2, 0 < || < oo is the unique solution of

—Av=1, veH; ),

and is denoted by vgq. The torsion function is non-negative, bounded, and monotone under
set inclusion. A much studied quantity is the torsional rigidity, defined by

T(Q) = /Q va,

see, for example, [7] and some of the references therein. It turns out that the localisation
question for the torsion function stated below in L! is closely related to the localisation
question for the first Dirichlet eigenfunction in L? (see the paragraph above (1.14)). Does
there exist, given a small ¢ € (0, 1), a measurable set A, C Q2 with

A vQ
4| <, a, >1—c¢ (1.5)
|Q| fg vQ
If there exists A, satisfying (1.5), then
VQ _ _
1-ex [ e <T@ Ialeldd <T@ ealelle. (16
By [28, Theorem 1], we have
lvalles < (4 + 3mlog2)A1(R)7", (1.7)

and by the Kohler—Jobin inequality (see [21,22]), we have
T @A ()2 = T(B)A (B2, (1.8)

We find that

1—8)2/”1, (1.9)

MEIQP™ = Kn(
where K,, > 0 can be read-off from (1.6), (1.7), and (1.8). Again, we see that if there
exists A satisfying (1.5), then the first eigenvalue is, for small ¢, large compared with the
Faber—Krahn lower bound.
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To simplify the discussion, we define localisation for sequences. Let p € [1, co0) be
fixed, and let (£2,) be a sequence of open sets in R™ with 0 < |Q2,| < co,n € N. For
neN,let f, € LP(2,),0 < | fullp < oco. Define the following collection of sequences:

A((R2y,)) = {(An) :(Vn e N)(4, C 25, A, measurable), lim 4] = 0},

n—oo |Qn|

and let

_ { : I fnla, |l
& = sup { limsup ———=—=—
n—00 ”fn”p

where 14, is the indicator function. Note that 0 <« < 1.
We write ( f,) for the sequence of functions f, : 2, — R,n € N in the following
definition (see [32]).

(A € %t((szn»}, (1.10)

Definition 1. We say that

(i)  the sequence ( f;) k-localises in L? if 0 <k < 1,

(i1)  the sequence ( f,) localises in L? ifx = 1,

(iii) the sequence ( f,,) does not localise in L? if k = 0.

We see that, using Cantor’s diagonalisation procedure, the supremum in (1.10) is
achieved by a maximising sequence. Let (4,) be such a sequence. This sequence is not
unique since modification by sets of measure 0 does not change «.

For p = 2 and f, = ugq,, Definition 1 (ii) is equivalent to the following. There exist
sequences (&,,) with lim,, o &, = 0, and (4,) € A((2,)) such that

A
14l < &, / uh >1—e,. (1.11)
|Qn| A "

Similarly, for p = 1 and f;, = vq,, Definition 1 (ii) is equivalent to the following. There
exist sequences (g,) with lim, o &, = 0 and (4,) € A((2,)) such that

A vQ,
Anl Jas >1—eg,. (1.12)
|25 | fgn v,

We conclude that if either (ug,) localises in L? or (vg, ) localises in L1, then, by (1.11)
and (1.4), or (1.12) and (1.9),

lim A1(2,)|2, ™" = +oo. (1.13)
n—>oo

We arrive at the same conclusion in the case of k-localisation by replacing 1 — & by x(1 —
¢) in the lines above. On the other hand, by considering a sequence of rectangles (Rj),
R, = (0,1) x (0,n) € R?, we see that (1.13) is clearly not sufficient for localisation of
(ug,) or of (va,)-

It was shown in [27, Theorem 4] that if (vg,) either localises or k-localises in LY,
then the corresponding sequence of eigenfunctions (ug, ) localises in L2. It was pointed
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out below [27, Theorem 4] that the torsion function does not localise for sequences of
convex sets, while it was shown in [30] that there is a wide class of open, bounded, convex,
elongating sequences of sets in R for which the sequence of first Dirichlet eigenfunctions
localises. See [30, Examples 8, 9, 10]. In [30, Example 10], it was shown that the sequence
(ugq,,) localises in L2, where

Qo= {(xl,x’) eR™: 27n < x; <27n, @n 7YX )% + |x]* < 1}, neN,
(1.14)
where o € [1, 00) is fixed. The following localisation lemma (see [30, Lemma 3]) plays a
crucial role in the proof of Theorem 5 below.

Lemma 1. For n € N, let f,, € L?(Qy,) with || full2 > 0, and || < oo. Then, (fy)
localises in L? if and only if

U /a2
1m )
=00 [Qnl | full3

Lemma | shows that a vanishing L!-L? participation ratio is equivalent to localisation.

Definition 1 above was motivated by (1.1) and (1.5). We note that the very general
definition of localisation above, or alternatively vanishing L!-L? participation ratio in
case p = 2, does not provide any information on where these sequences localise. How-
ever, in some concrete examples, such as in Example 4 below, it is possible to obtain this
information.

Other ratios have been defined in [14, equations (7.1)—(7.3)]. We define the L?-L14
with p <g participation ratio of a function u € L? (2) N L4(2) as the number |2| 7 %
It was shown in [6] that for 2 € R™ convex, there exist constants k,, < oo depending on
m only such that

=0.

p(R) Ve
—_— Q)2 : 1.15
Gam(y) PO lualz (1.15)
where p(£2) denotes the inradius of € and diam(£2) its diameter. It follows by (1.15) that
the L2-L* ratio is bounded from below by

1 lual2 >k_1<diam(9))1/6p(9)’"/2
Q12 luglle — ™\ p(2) ||/

In order to get an upper bound for || in terms of diam(£2) and p(2), we use John’s
ellipsoid theorem [20]. The latter asserts that if 2 C R4 is convex, then there exists an
ellipsoid E(a) with semi-axes (a1, dz, ..., dy) such that E(a) C Q C E(ma), where
E(ma) is a homothety of E(a) with respect to its centre by a factor m. The ellipsoid E (a)
is of maximal measure. We may assume, by relabelling the axes, that ay > ap > --+ > a,.
Hence, a,,, < p() < may,, and 2a; < diam(Q2) < 2ma;. It follows that

luglloo < ki

(1.16)

Q] < wmm™araz---am, < wmmma'{’_lam

wym™

- om—1

diam(Q)™ ! p(Q). (1.17)
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By (1.16) and (1.17), there exists k, such that

1 uella _ - ( p(2) )“m—‘”/ﬁ (1.18)

>
1212 Jluglloo ~ 7 \diam(£2)

If (ug, ) localises in L2, then, for & € (0, 1) and all n sufficiently large, we have by (1.11)
that

l—e= / ug, < Anllug, 13 < elQulllue, |12 (1.19)
4,

If moreover €2,, are convex, then by (1.18) and (1.19), we have for all n sufficiently large,

p(2n) <L ( € )6/(3m—4)
diam(Q2,) = "\l —¢

for some finite m-dependent constant L,,. This quantifies the elongation referred to in
(1.4) and (1.9).

The rich interplay between localisation and the inverse of the torsion function has been
studied in [2, 9] and references therein.

The main results of this paper are the following. In Section 2, we construct a sequence
of simply connected, planar, polygonal domains for which the corresponding sequence of
first Dirichlet eigenfunctions «-localises in L2 (see as well [23] for a recent analysis of
the eigenfunction localisation on dumbbell domains). In Section 3, we prove a simple suf-
ficient geometric condition for localisation of a sequence of first Dirichlet eigenfunctions
provided the corresponding Dirichlet Laplacians satisfy a uniform strong Hardy inequal-
ity. In Section 4, we prove localisation for a wide class of elongating horn-shaped domains.
In the case of symmetric two-sided horn-shaped domains, we give a sufficient condition
for localisation of the second Dirichlet eigenfunction. The results in that section vastly
improve those presented in Theorem 6 and the various examples in [30]. In particular, no
convexity hypotheses are made in Theorem 5 below. In Section 5, we construct a sequence
of simply connected, planar, polygonal domains for which the first non-trivial Neumann
eigenfunction k-localises in L2.

2. Example of «-localisation for Dirichlet eigenfunctions

In this section, we construct a sequence of simply connected, planar, polygonal domains
for which the corresponding sequence of first Dirichlet eigenfunctions «-localises in L2.
Let e € (0,1),8 > 0 and let 8 € (0, §). Define the following planar open sets. The
rectangle
R, = (—e,&) x (—e L&Y

so that
n? 2 -2
A(Re) = vy (e +¢&).



M. van den Berg and D. Bucur 6

Ty

Figure 1. Q.95 = R U Ty U S;.

The thin rectangle
Ty = (0,2) x (—0,0).

The square
Ss =(2—-8,246) x(=6.98)
so that
72
A1(Ss) = 52

The values of 8, 8 and & will be chosen such that 11(Ss) ~ A;(R;) and 0 < e.
Let
Qeos =R UThUSs.

See Figure 1.
Since €2, 9,5 is connected, A1 (£24,6,5) is simple. Let ugq_, , be the corresponding pos-
itive, L2-normalised eigenfunction.

Theorem 2. Let k € (0, 1) be fixed. There exists a sequence of sets of the form Qg s for
which the first Dirichlet eigenfunction k-localises.

Proof. Step 1. Fix ¢ > 0, and choose

2
53=L. 2.1
V14 et
Then,
M(S5) = M(Re) = o = (62 1 6
188—15—2862—4 .

Step 2. Forn € N, n > %, 8 €[be — %,88 + %], and 0 € (0, %), we define

F(@,S):/ g
TyUSs ™
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Since 2, 4,5 is simply connected, the perturbation of the parameters 6, § is y-continuous
(see, for instance, [8, Chapter 4]). Hence, F is continuous on

(0,8:/4) x [8 —n™ 8 +n7"].

Moreover, we observe that
limF(A,8, —n"1) =0
640

and
lim F(0,8, +n~ 1) = 1.
6l0
Setting
1 . {1 88} 1
= ‘= —minq—, —p = —,
LR R PR P
we define the curve Cy, : [0, 7] — R? by
1 2t
Cp(t) = (nsint,&3 - — 4+ —) 0<t<m.
n  7n

The function F is continuous along C;, and takes the value O at# = O and 1 at# = 7. By
continuity, there exists t* € (0, ) such that

F(C, @*) = «.
Let C,,(t*) = (On,e.0n,6)-
Step 3. In this step, we keep ¢ constant, and let n — +o00. We have that
Qaaen,easn,a l) RE U Sse

y-converges. We get
72
lim A1(R6,6,,.5,.) = A1(Re U Ss,) = — (% + 7).
n—00 R 4

Moreover, ug,, _, = converges in H'(R?) to an eigenfunction u € Hg (R, U S5,) cor-
responding to the first eigenvalue of R, U Ss,. By our choice of t*, we get

/ u? =«, f u? =1-—«. (2.2)
SSg Re

We now keep track of the L°°-norm of ug on R,, and claim that

&,0n,¢.0n,¢

lim |ug
—>+o00

etmeine L2 (R = llUllLoo(Ry)- (2.3)

By the a.e. pointwise convergence, we have that

[ullLoo(r,) < lim inf lu, 4, , 500 LR
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In order to prove the converse inequality, we follow a classical strategy (see, for instance,
[17, Theorem 2.2] or [27] and references therein). From the eigenvalue monotonicity with
respect to inclusions, we obtain by (1.3)

= /\?/2(55,,,5/4) =M, inD'(R?).

€,0n,5,5n,s -

—Aug
Then, for every point x,, € R?, we get

_A(ugs,en,sm + MS#) <0 inD'(R?).
So, by subharmonicity,

_ 2
(xn) < Jpens) 4% (U20,,5,, (¥) + M =)
&,Un,e.0n,¢ n - .
,9’ 8’ |B(xnap)|

UuQ

’

where B(p;r) ={x e R" : |p — x| < r}for p €e R™ r > 0. Let x, € R, be such that

1
lue oo (R — — =g (xn).

£,0n,6,0n.¢ £,0n,6,0n.¢

Taking the limit n — 400, and assuming without loss of generality that x,, — x¢o, we get

2
dx (u(x) + M, =Xl
limsup lug, , ... l2=(r) < o) 9% ( e o)

n—>+o0 | B(xo: p)|
02
= llullzoeqrey) + Mo~
Taking the limit p | 0, we obtain (2.3).

Since u is a first eigenfunction on R,, we have that % =2,
IRe|2

||u||Loo(Rs) =241 —«k.

Step 4. Now, let ¢ | 0. For every such g, we pick up from Step 3 some n = n, such that

Consequently, from

(2.2), we get

||ug€,9n£!8ns lLor,) <241 —k +e&. 2.4)
This sequence «-localises on Ty, , U Ss, .. [

The data in Figure 2 have been obtained with the MATLAB PDE toolbox and illustrate
the mass distribution of the first eigenfunction.

We make the following observation. Given ¢ > 0, and assume that § is chosen slightly
higher than the critical value in equation (2.1). In this case, the first eigenfunction will be
(almost) supported by the square, while the second by the rectangle, provided the con-
necting tube is thin enough. In such a way we can construct a sequence of domains for
which the first eigenfunctions localise (on the squares) while the second eigenfunctions
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25 Lambda(1) =15.5839 Color: u 25 Lambda(1) =15.5889 Color: u 25 Lambda(lflﬂi@oﬂ:: 5 Lambda(1) =15.5869 Color: u
2 2 2
15 1.5 1.5
1 1 1
0.5 0.5 0.5
0 0 0
—0.5 —0.5 —0.5
-1 -1 -1
-1.5 -1.5 -1.5
-2 -2 -2

—2.5 2.5 —2.5 —2.5
—0.5 0 051 152 25 —0.5 0 051 152 2.5 —0.5 0 051 152 25 —0.5 0051 15225

Figure 2. The mass distribution of #; when perturbing the size of the square on the right: ¢ = 0.4,

60=02:§= j{% — ¢, for ¢ = 0.00281, ¢ = 0.00286, ¢ = 0.00287, ¢ = 0.00292, respectively.

do not localise. Assume now that § is chosen slightly smaller than the critical value in
equation (2.1). In this case, the second eigenfunction will be (almost) supported by the
square, while the first one by the rectangle, provided the connecting tube is thin enough.
In such a way, we construct a sequence of domains for which the second eigenfunctions
localise (on the squares) while the first eigenfunctions do not localise. We conclude that
there is no direct relationship between localisations of the first and second eigenfunctions,
respectively. It is also possible to construct a sequence of domains for which both the first
and the second Dirichlet eigenfunctions localise in L2. Let Q, be a rhombus with four
sides of length n and one diagonal of length 1, with n — +400. The corresponding first
eigenfunctions localise in L2 (see [15,16, 18] or Theorem 5 in this paper). The nodal line
of the second eigenfunction is the shortest diagonal, so the second eigenfunction is a first
eigenfunction on an elongating triangle and localises in L2 as well.

3. Localisation of the first Dirichlet eigenfunction and Hardy’s
inequality

The results in this section are obtained under the hypothesis that the Dirichlet Laplacian
satisfies the strong Hardy inequality. The mechanism for localisation is that the distance
function is small on a very large set. The Hardy inequality implies that the boundary of
this set is not thin, in terms of potential theory (see [1]). This in turn implies that the
eigenfunction is small on this large set and has most of its L2 mass on the complement.

Definition 2. The Dirichlet Laplacian —A acting in L?(2) satisfies the strong Hardy
inequality, with constant cq € (0, 00), if

2 1 w2 o]
Vwl|z > —CQ ; 7 Yw e C (), 3.1
Q
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where dg is the distance to the boundary function,
do(x) =inf{|x —y|:y eR"\ Q}, xeQ.

Both the validity and applications of inequalities like (3.1) to spectral theory and par-
tial differential equations have been investigated in depth. See, for example, [1, 10—13].
In particular, it was shown in [1, page 208], that for any proper simply connected open
subset © in R2, inequality (3.1) holds with cq = 16. The following was proved in [32].

Let (2,,) be a sequence of open sets in R™ with 0 < |Q2,| < co,n € N, which satisfy
(3.1) with strong Hardy constants cg,,. Suppose

¢ =sup{cq, :n € N} < oo. (3.2)

(1) If (n,) is a sequence of strictly positive real numbers such that

d >
lim Hda, = na}l _ 0 (3.3)
n—o00 |Qn|
and )
Q
lim — T8l _ (3.4)

2
nmee ‘/‘{dﬂn >} dQn

then (vg, ) localises along the sequence (A4,), where A, = {x € Q, : dg, > N}
(ii) If any sequence (A,) of measurable sets, A4, C Q,, n € N, with

nl _

n—oo |Q,|

satisfies

then (vg,) does not localise.

In [27, Theorem 4], it was shown that if (vg, ) localises in L', then (ug,) localises
in L2. This, together with the assertion under (i) above, implies localisation of (ugq,)
provided (3.3) and (3.4) hold. The following result asserts localisation of (u#g,) under
weaker assumptions.

Theorem 3. Let (2,) be a sequence of open sets in R™ with 0 < |2, | < oo,n € N, which
satisfies (3.2). If there exists a sequence (Ay) of measurable sets, A, C Qp,n € N, with

lim 4l _ 1, (3.3)
n—»00 |Qn|
and which satisfies
supy d
SUP4, 420 _ 0, (3.6)

n—oo maxq, dq,

then, for every k € N, (ug.q,) localises in L%, where uy g, is an L*>-normalised eigen-
Sfunction corresponding to the kth eigenvalue on Q.
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Proof. For an open set with finite measure €2 and with a Hardy constant cgq, let ug o be
a kth Dirichlet eigenfunction normalised in L2(Q2). By Cauchy—Schwarz and (2.4), we
have, for any measurable set A C €2,

A
—_
w
[=1
o
QA
~

A
)
e}
—_
[72)
=1
o
N
Q0
~
N
{0\
<
<
=
0

- CQ)Lk(Q)(sgp dg)’. (3.7)

Since 2 contains a ball of radius % supg dq, we have by monotonicity of Dirichlet
eigenvalues that
-2
Ak () < 4/\k(31)(3?2p da) . (3.8)

By (3.7) and (3.8), we have

sup4 do 2
supg da /)

/Aui,g < 4Cszkk(Bl)(

This implies the assertion in Theorem 3, since lim; f 4, ui,gn =0, and so,
. 2 _
nlggo Szn\An Mk’Q" - 1'
By (3.5), limp—00 |22 \ An|/|Q2x| = 0. Hence, (ux g, ) localises in L2. |

Below, we show that the hypotheses (3.3)—(3.4) imply those of Theorem 3. Let A, =
{x € Q, : dg, < nn}. Hence, (3.3) implies (3.5). Furthermore,

773|Qn| 775|Qn|
f{dgnznn}dsgzn B f{dnnznn}supﬂn dg,
772
> n
~ supg, dén

2
- ( SYP4, dg, .
~ \supg, dg,

Hence, (3.4) implies (3.6).

To prove that the hypotheses in Theorem 3 are strictly weaker than (3.3), (3.4), we
have the following.
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Figure 3. 2, , 4 with n — 1 parallel vertical line segments at distance n~1! of length 1 —dn~% in
the open unit square Q.

Example 4. Let Q be the open unit square in R? with vertices (0, 0), (1, 0), (1, 1) and
(0,1).Let0 < < 1,0 < d < 0o, and let n € N be such that dn~® < 1. For a, b € R?,
we denote by L, the closed line segment with endpoints a and b, respectively. For
i=1,....,n—1Lleta; = (£,0),b; = (:,1—dn™*). The set

n—1
Qn,ot,d\ U Lai ,b;
i=1

is open, simply connected with |2, 4 4| = 1. See Figure 3. Hardy’s inequality holds with
C=CQu4a = 16. It was shown in [32] that (vgn’%d) localises in L! for 0 < o < %, and
% < a < 1. The proof that (vg”’%’d) k-localises with k = Ii% is
quite involved (see [32]). To prove that (ug, , ,) localises in L> for all 0 < o < 1, we
choose 4, = {x € Q4.4 : do < %}. Then, sup,, dQn,zx,d < %, and

does not localise for

n,a,d

max dg

n,a,d

|
nad > Edi’l Ot.
Hence, (3.6) is satisfied. Also, |4,| > 1 — dn™%, which implies (3.5). This implies loc-
alisation by Theorem 3. We see that localisation takes place in a neighbourhood of the
rectangle Q, o g N {x2 > 1 —dn™*}.

4. Localisation of the first Dirichlet eigenfunction for elongated
horn-shaped regions

Below, we obtain localisation results for sequences of sets in R” which satisfy a monoton-
icity property in the x;-direction along which elongation takes place. This monotonicity
property is known in the literature as horn-shaped. The Dirichlet spectrum and eigenfunc-
tions of horn-shaped open sets have been studied extensively in the non-compact setting
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in, for example, [5,24,29] and references there in. In [30], it was used to prove localisation
for various examples such as (1.14) mentioned above. We recall the setup and notation.

Definition 3. Points in R™ are denoted by a Cartesian pair (x1, x’) with x; € R, x’ €
R™ 1 If Q is an open set in R™, then we define its cross-section at x; by Q(x;) =
{x" € R™1: (x1,x") € Q). A set @ C R™ is horn-shaped if it is non-empty, open, and
connected, x; > x, > 0 implies Q2(x;) C Q(x32), and x; < xp < 0implies Q2(x1) C Q(x3).

Let Q’ be an open set in R”~!. Its first (m — 1)-dimensional Dirichlet eigenvalue is
denoted by ('), and its (m — 1)-dimensional Lebesgue measure is denoted by |2/ |;;—1.
For a > 0, we let a2’ be the homothety of Q' by a factor a with respect to that origin.

Let —oo < c— <0 < ¢4+ < 00. We consider the following class of monotone functions.

&= { f :[c—,cq] — [0, 1], non-increasing, and right-continuous on [0, c],

non-decreasing, and left-continuous on [c—, 0], f(0) = 1, f(xy) < 1 for x; # O}.
Given [ € %, let

S ilne—ney] = 0.1], fulxi) = f(x1/n),

let Q' ¢ R™~! be a non-empty, open, bounded, and convex set containing the origin, and
let
Q.0 ={(x1.x") eR™:con < xy <cqn,x' € f(x1/n)Q'}.

Theorem 5. (i) If f and Q' satisfy the hypotheses above, then (ug fn’Q,) localises in L.
() Ifm =2, if f € § is concave such that —c— = c4, f(x1) = f(—x1),0 <x1 <cy,
and if Q' is an interval of length 1 containing the origin, then (u2,9, o) localises in L2

The proof requires some lemmas which are given below.
The following is a generalisation of a two-dimensional bound. See [26, Theorem 2].

Lemma 6. Let Q' be a non-empty open, bounded, and convex set in R™~1 which contains
the origin, let f € &, and let

N*=min{neN:nZ1,f(c+n_1/2)22_1}. 4.1)
Ifn > N*, then
1 n? I —1/2
A(Qf, ) < w(Q) + 2, +6u(Q)(1 = fleqn™"'7)). (4.2)
+

The proof is similar in spirit to the one in [31, page 2095] and runs as follows.
Proof. Consider the cylinder Cy, 5 with base f,(5)Q" and height § with § < c;n. By
separation of variables,
7-[2 -2 /
M(Cr0) = T3+ (n6) (@),
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By monotonicity of Dirichlet eigenvalues under inclusion,
A(Rf,,2) = A1(Cx, 5)

j'[2
=+ 6/ @)

1+ f(§/n)

Feomyr M-

2
= (@) + 55 + (1= f6/n)

Choose § = n'/2¢. so that

72 1+ flegn='?)

MQpe) 2w+ 5=+ s

/ Zn " (flesn 1))

Since f is right-continuous at 0, N* < oco. Furthermore, since f is non-increasing on
[0,c4]and (1 + f) f 2 is non-decreasing for f > 0, we have by (4.1) that

1 —1/2
M <6,n> N*. n
(f(c4n=1/2))2

The Dirichlet heat kernel for an open set €2 is denoted by pqa(x, y;t),x € Q,y €

Q,t > 0. If |2] < oo, then the spectrum of the Dirichlet Laplacian is discrete, and the
corresponding Dirichlet heat kernel has an L2-eigenfunction expansion given by

(1= flesn ).

o0
pax,yit) =Y e Py, o (x)u; ().
j=1

Recall that
we(x;t) = / dy pa(x,y;1)
Q

is the solution of the heat equation

sz—, XGQ,I>07
dt

with Dirichlet boundary condition
w(;1) € Ho (1)

and initial condition
w(x;0) =1, xe€Q.

The heat content for an open set 2 C R with finite Lebesgue measure at ¢ is given by
Q) = / [ dxdy pa(x. y;t).
QJo

We denote by Q' an open set in R”~!, Its heat content (in dimension m — 1) is also
denoted by Qq/(t).
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Lemma 7. If|Q2| < oo, then

Oql(t) < M @|Q (4.3)
and
1 (/ 2 ()
—( | ua) = —=—0q(). (4.4)
12\ /o ) 12
If | |m=1 < o0, then
Qa (1) < e ™E\Q/|, ;. (4.5)

Proof. 1t follows from Parseval’s identity that
2 2
001 = X0 [ uga) 2@ 3 ([a) el w
jeN @ jeN V&

This proves (4.3). The first equality in (4.6) implies (4.4). Inequality (4.5) is the (m — 1)-
dimensional version of (4.3). [ ]

Let (B(s),s > 0; Py, x € R™) be Brownian motion on R” with generator A. For
x € 2, we denote the first exit time of Brownian motion by

Tq = inf{s >0:B(s) ¢ Q}

It is a standard fact that
wa(x;t) = Py[Tq > t]. 4.7

1 2 pth()

The lemma below extends [29, Theorem 5.3] to two-sided, horn-shaped regions.

So, this gives

Lemma 8. Let Q be horn-shaped in R™, and let both |Q2] < oo, and | |—1 < co. If
t > 0, then

t\1/2
0a)= [ dni Qauwn®+4(%) Q. (48)
le—scy] 4
Proof. 1t is convenient to define for horn-shaped sets,
Q" =QU{(x.x)eR":x; =0,x" € Q'} 4.9)

and
Qt = QU{(xl,x’) eR™: x; ZO,x'eQ'}.

For x € ©,x; > 0, we have by (4.9)

PX[TQ > t] < PX[TQ— > [].
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Let (B1(s), s > 0) be 1-dimensional Brownian motion in the x;-direction, and let (B’(s),
s > 0) be an independent (m — 1)-dimensional Brownian motion in the x’-plane. Then,
B = (B;, B’). By solving the heat equation on (—o0, £) X (0, 00) with § > 0, we have by
(4.7) and the preceding lines,

_ 2
Po[T-oo > 1] = /( dn(t) /2=,

s

Hence, the density of the random variable maxo<s<; B1(s) with B;(0) = 0 is given by

p(&;t) = (mr) V2 E1@0 () (8),

with a similar expression for ming<s<; B1(s). For x € Q,x; > 0,
IPD)c[TSZ_ > t]

< [ depoPalTa g > 1
= [ dgpEnPlTaip > A+ [ dEpEnPyITaiog > 1
(0,x1)

(x1,00)

- / dE p(&: )Py [Toge,—e) > 1] + / dE p(&: )Py [Tey > 1].
(0,x1) x

(x1,00)

‘We obtain that

/ dx wq(x;t)
QN{0<x1=<c+}
<[ an | ax [ agp@oPolTan-p =1
[0,c4] Q(x1) (0,x1)

+/ dx; / d&p(é;t)[ dx' Py [Tq > t]. (4.10)
[0,c4] (x1,00) Qf

By Tonelli’s theorem, we obtain that the first term on the right-hand side of (4.10) equals
[ axi [ dgen [ av ol >
[0,c4] (0,x1) Q(x1)

<[ an | agpn dx' PolTage—t > 1
[0,c4] (0,x1) Q(x1—-§)

— [ an [ depEnQac-o0)
[0,c4] (0,x1)

— [ dan0auy. @.11)
[0,c4]

where we have used in the last equality that the integral of a convolution is the product of
the integrals, and that the integral of a probability density equals 1. For the second term
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on the right-hand side of (4.10), we obtain by an integration by parts that

/ dxq / dép(é;l)/ dx' Py [Tq > t]
[0,c4] (x1,00) Q

5/ dxl/ dgp(g;z)/ dx' Py[Tor > 1]

[0,00) (xx1,00) Q@
4\ /2

= (—t) 0a (). (4.12)
T

By (4.11) and (4.12), we have

41\ /2
/ dx we(x;t) S/ dx1Qq@)(t) + (—) Qq(1). (4.13)
QN{0<x;<c+} [0,c4] 4

Similarly,

41\ /2
/ dxwg(x;t) < / dx1 0 () + (—) Qa(1). 4.14)
QN{c_<x1<0} [c—,0] T

Adding the contributions from (4.13) and (4.14) gives (4.8). Note that the hypotheses on
|2] and |Q2'|,—1 guarantee that the right-hand side of (4.8) is finite for all ¢ > 0. (]

Proof of Theorem 5. (i) Since f € &, and Q' is convex containing the origin, Q¢ is
horn-shaped. By Lemma 7 applied to the (m — 1)-dimensional set fy,(x1)€’, we have

00, oo (t) = Qrxy/me (1)
< (f(xl/n))m—l|Q'|m_le—m(§2/)(f(X1/n))’2
< |Q/|m71e_tM(Q/)(f(xl/n))72_ (4.15)
Furthermore,
|an’9/| =n|QﬁQ/| (416)
By (4.4), (4.8), and (4.16), we have

1 2
uQ, o
€27, .21 (/szfn,n, I )

oM@ )

£\1/2
= el dx1 Qg o)1) + 4(— QQ,([))
n|QﬁQ/| (/[nc_,nc+] .0 (X1) 7'[)

1R, o) |0
il |m—1([ dxle—m(sz')(f(xl/n))2+4e—m(sz')<i)”2)
}’Z|Qf’g/| [ne_,ncq] b4

(o)
@), / drge @y L@ (L)) g
270 le—.c] " g




M. van den Berg and D. Bucur 18

where we have used (4.15) and (4.5) in the third line above. By (4.2) and (4.17), we have

r(ﬁ%um/)a—ﬂn*/zcm)

1 (/ ‘o )2<e |2 |1
Q,.01\Ja, o %) ~ 1270/

% (/ dx M@= | i(i)l/z)‘ (4.18)
[e—,c4] n\m

To complete the proof, we choose

2 —1
f =ty = (”—2 o) (1 — f(n—1/2c+))) . (4.19)
nc+

Substituting this into (4.18) gives

1 2
FP=— UQ, o
|an,Q’| (/Szfnyg/ In2 )

1/2
< &l / dxy @)=y | (166 77 (4.20)
1l \ e eyl n?

The integrand in the first term on the right-hand side of (4.20) side is bounded by 1,
and is integrable on [c—, c4]. This term goes to 0 as n — oo by Lebesgue’s dominated
convergence theorem since #, — oo and 1 — (f(x;))™2 < 0 for all x; # 0. The second
term is O(n_l/ 2) by (4.19). Localisation in L? follows by Lemma 1. This proves (i).

(ii) Under the hypotheses of (ii), the sets 27, o/ are convex and symmetric with respect
to the vertical axis. Following the results of Jerison [18, Theorem B], and Grieser and Jer-
ison [15, Theorem 1], the second eigenfunction has to be odd in the x variable, hence to
have the nodal line on the vertical axis. Indeed, assume there is a second eigenfunction
Uy, which is not odd in the x variable. Then, v(x, y) = Uz »(x,y) + Uz n(—x,y) is a
non trivial second eigenfunction which is even in the x variable, thus having a nodal line
symmetric about the vertical axis. Following [15, Theorem 1], the nodal line is contained
in a vertical strip of width of order % There are two possibilities: (i) the nodal line inter-
sects the upper and lower boundary and, from symmetry, we get more than two nodal
domains, thus ending up with a contradiction, (ii) the nodal line intersects only one of the
boundaries enclosing a nodal domain with first eigenvalue of order n2 contradicting that
the eigenvalues do converge to 2. ]

5. Example of k-localisation for Neumann eigenfunctions

In this section, we construct a sequence of simply connected, planar, polygonal domains
for which the corresponding sequence of first Neumann eigenfunctions «-localises in L2.

Localisation of the first Neumann eigenfunction has been implicitly noted in [4, The-
orem 4.1] based on the following (Courant—Hilbert) example, with the geometry similar
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Figure4. S U R; g.

to Figure 1. Let > 0 and define for ¢ > 0 small

R=(-1,0) x (—1,1),
Ten =[0,8] x (=&, &™),
Se = (&,2¢) x (—¢,¢)

and
Qe =RUT,, US,.

Consider the Neumann eigenvalue problem in €., and denote by w1(€2,) the first
non-zero Neumann eigenvalue of the Laplace operator. Let u, be a first L2-normalised
corresponding eigenfunction. The following result was proved in [4, Theorem 4.1] (see
also [3]): let n > 3 and ¢ — 0, then 1 (2,) — 0 and fssugdx — 1. In other words, the
sequence of the first Neumann eigenfunctions localises.

We introduce the following geometry. For every small 8 > 0 and § in a neighbourhood
of 0, we define the following sets. The open rectangle

S =(—1,0)x (—1,1) c R?,
with 1 (S) = ”Tz simple, and the rectangle
Rso =1[0,1+6) x (—6,0).

Note that the first eigenvalue of the segment of length 1 and with Dirichlet boundary
conditions at one vertex and Neumann boundary conditions at the opposite vertex is equal
2 . .
to ”T, and is also simple.
Let
Qs =S5URsy,

and let ué o be a first eigenfunction. See Figure 4.

Theorem 9. Let k € (0, 1) be fixed. There exists a sequence of sets of the form Qs ¢ for
which the first Neumann eigenfunction k-localises.
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Following Jimbo [19] and Arrieta [3], when § # 0 is fixed and 6 — 0, the eigenvalues
of the Neumann Laplacian on £25 ¢ converge to the union of eigenvalues of the segment
of length 1 + § and mixed Dirichlet-Neumann boundary conditions and the Neumann
spectrum of S.

The idea is to identify suitable pairs (,, 6,) — (0, 0) either with double first non-
zero eigenvalue or with a simple first non-zero eigenvalue having an eigenfunction with
balanced mass between S and Rg, ¢, . Both situations will lead to x-localisation.

In Lemma 10 below, we give some information of the behaviour of a sequence of
eigenfunctions on 25 g when (8, 8) — (0, 0). For further details concerning the spectrum
on these kinds of geometries, we refer to [3].

Lemma 10. Let (8, 6,) — (0,0) and (u,, bn) be an eigenpair on Q, := Qs g, such
that an u2 =1 andlimsup,_, too Mn < +00. Then, there exist 1 > 0 and a subsequence
(still denoted with the same index) such that the following hold.

() unls — u, weakly in H'(S), strongly in L*(S) with [qudx =0, and
{—Au =puu inS,

g—z=0 on d8S.

(i) Denoting va(x.y) = v/Ouun(—x~ + g 04y), § = (=1.1) x (=1, 1), we
have v, — v weakly in H'(S), strongly in L*(S), with v(x,y) = v(x) €
H'(-1,1) and

—v" =pv in(0,1),
v(0) =0,v'(1) = 0.

Note that u or v in the above may be the O-function.

Proof. For a subsequence, we can assume [, — y and u,|s — u, weakly in H 1(S). Let
¢ € H! (R?). Note that

loc
/unfp‘+‘/ Vuan)'
Ry Ry
1 1
2 2 2 2
snunnmn)( fR w) +||Vun||u(g,,)( /R |w|) ~o,

This implies, in particular, | s Un —> 0, and hence, /. g u = 0. Taking ¢|g, as a test function

in H'(Q2,), we get
/ Vu, Vo =un/ Un@.
n Qn

Splitting the sums over 2, = S U R,,, and using the weak convergence in H!(S), we get

/VuV(p:u/ ue.
S S

Since H} .(R?)|s coincides with H'(S), Lemma 10 part (i) is proved.
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To prove Lemma 10 part (ii), we note that

0V, \ 2 vy, \ 2
2 < 5,,,/ - 1+ 2[5, / - 1+ |8,])62.
Loz =il [(52) = a2 [(G2) =0 +16062

Then, for a subsequence, (v,), v, — v weakly in H1(§) with g—; =0in S. So, the
function v depends only on the variable x. Moreover, v is continuous and v = 0 on (—1,0].
This is a consequence of the trace theorem on (—1, 0) x {0} applied to u,, giving that
f_ol U, (x,0)%dx is bounded. This implies that /8,1, (-, 0) converges strongly to 0 on
(—1, 0). This also implies that the convergence is strong in L2(S).

Taking a test function ¢ € H (0, 1) with ¢(0) = 0, that we extend by zero on (-1, 0)
and constant in y on (—1, 1) in the equation satisfied by u,, we get

/ Vu, Ve =un/ Un@,
R, Ry

and in terms of v,

/ OxUn0x® = pn(l + 8n) Un @,
(0,1)x(~1,1) (0,1)x(=1,1)
that we pass to the limit to get the equation. ]

Proof. Fix k € (0,1). Let §; > 0. Following [3], we know that for 8 — 0
/4 2 w2
Pu = () =

w1(S25,,0) — 2128, p2(S25,.0) — 1

with convergence of eigenfunctions given by the preceding lemma. Hence,

1 42
/ (“51,0) — 1.
Rs, 0

At the same time,

2 7T2
) . m1(R25,0) — ik

T
@
n2(82-s,6) — 725,

Hence, fRS 9(”1—81 0> — 0.
1 ;
We choose 6 small enough such that

I+« K

(u5,9)* =z —— and (uls, 0) < 5

R 1, 2 R 1, 2
81,0 81,0

For this value of 6, denoted by 6, we vary § continuously from —8; to 8;. The spectrum of

the Neumann Laplacian varies continuously along this trajectory, and the eigenfunctions

corresponding to simple eigenvalues are continuous. In particular, if the first eigenvalue is
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Figure 5. The graph of ué g- from localisation to non localisation, when perturbing the length of
the thin rectangle: § = 0.02 and § = —0.039, § = —0.04491, § = —0.05, respectively.

always simple, then the mass of the corresponding eigenfunction varies continuously on
S (and its complement).

There are two situations: either the first eigenvalue is simple along the entire trajectory,
or not. In the latter case, we stop at the point when the eigenvalue becomes double.

We now repeat this procedure, taking §; = 6;/2, choosing 8, < #1/2, and so on. In
this way we find either a sequence of sets (£2,) either with simple first eigenvalues and
with balanced mass 1 — « on S and « on R,, or a sequence of sets (£2,,) with double first
eigenvalues.

If the first situation occurs, the sequence of eigenfunctions k-localises. Indeed, on S
the sequence converges to a first eigenfunction of S which has the mass 1 — k and no
localisation can occur on S. For 4, C S, we have

/ ui < |1An|L2|ui|L2 — 0,
from the continuous injection H1(S) € L*(S).

If the second situation occurs, let us denote u,l,, uﬁ two normalised Lz-orthogonal
eigenfunctions corresponding to the first (double) eigenvalue. We follow the masses of
the eigenfunctions: assume (for a subsequence) that

/S(u},)2dx —a, /S(uﬁ)zdx — b.
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If both @ # 0, b # 0, then we consider the weak H ! (S)-limits of u}|s and u2|s, denoted

u', u?, respectively. Both of them are non-zero eigenfunctions corresponding to the first

eigenvalue on S. This being simple, there exists A € R such that u' + Au? = 0. This
implies that the sequence given by u, = ﬁ(u L'+ Au2) is a sequence of normalised
first eigenfunctions converging to 0 on S. In other words, we can assume that a = 0 and
relabel u} = iiy,.

A similar argument applied to Rs, g, gives that b = 1. Indeed, if b # 1, then the
sequences v}, v2 constructed in Lemma 10 part (i) would converge to a non-zero first
eigenfunction on the segment (0, 1), so that the previous argument can be used again.

Since we know now that for suitable sequences of eigenfunctions we have ¢ = 0,b =
1, we consider the sequence ku)! + +/1 — ku?2 of normalised first eigenfunctions on 2,
which «-localises. ]

The data in Figure 5 have been obtained with the MATLAB PDE toolbox, and illus-
trate the mass distribution of the first eigenfunction.
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