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Longtime dynamics for the Landau Hamiltonian with
a time dependent magnetic field

Dario Bambusi, Benoit Grébert, Alberto Maspero, Didier Robert, and
Carlos Villegas-Blas

Abstract. We consider a modulated magnetic field, B() = By + &f(wt), perpendicular to a fixed
plane, where By is constant, ¢ > 0 and f a periodic function on the torus T". Our aim is to study
classical and quantum dynamics for the corresponding Landau Hamiltonian. It turns out that the
results depend strongly on the chosen gauge. For the Landau gauge the position observable is
unbounded for “almost all” non-resonant frequencies w. On the contrary, for the symmetric gauge
we obtain that, for “almost all” non-resonant frequencies w, the Landau Hamiltonian is reducible
to a two-dimensional harmonic oscillator and thus gives rise to bounded dynamics. The proofs
use KAM algorithms for the classical dynamics. Quantum applications are given. In particular, the
Floquet spectrum is absolutely continuous in the Landau gauge while it is discrete, of finite multi-
plicity, in symmetric gauge.

Thank you, Thomas, for sharing your enthusiasm
and your joy of playing with mathematics.

1. Introduction and main results

In this paper, we study the dynamics of time dependent perturbations of the Schrodinger
equation

10, = Hpe ()Y + V(0)Y, (1.1)

where H 4#(t) is the magnetic Schrodinger operator in L2(R3):

1<j=<3

with A*(¢, x) = (4% (¢, x), A5(t. x), A%(z, x)) a time dependent vector potential, and finally
V(t, x) is a time dependent scalar potential. We recall that the electric field is given by
E(z,x) = —aa—f(t,x) — V, V(t, x) and the magnetic field by E(t,x) =V, A A¥(t,x). We
shall assume that the magnetic field has a fixed direction orthogonal to the plane {e;, e>}.
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Choosing A%(z, x) = 0, then A%(z, x) and A%(z, x) depend only on (7, x1, x2) and
it is enough to consider the two-dimensional magnetic Hamiltonian, with a new simpler

notation,
2 2
Hys(t) = (Dx, — A5(1,x))" + (Dx, — A4(1,x))

as an operator in L?(R?). An important particular case is the constant (in position) mag-
netic field B(¢) = (0,0, —B(t)), for which

B(t) = 0y, A — 0, A"

This is usually studied using either the symmetric gauge or the Landau gauge, namely
the symmetric gauge: A%(t,x) = (B(1)/2)x2, A4(t,x) = (—B(1)/2)x1;
the Landau gauge: A%(t,x) = B(t)xa, AL(t,x) = 0.

In this paper, we consider the case when B slightly fluctuates around a fix value By > O:
B(1) = Bo + ¢f (w1),

where w € R” is a frequency vector, f is a periodic function real analytic on the torus T"
and ¢ > 0 is a small parameter.

Mathematically, the source of most of the interesting features of the Landau Hamilton-
ian rests in the fact that when ¢ = 0 the Hamiltonian is degenerate, in the sense that it is
equivalent (unitary equivalent in the quantum case, canonically equivalent in the classical
case) to the Hamiltonian of a one-dimensional harmonic oscillator. As a result the quantum
spectrum of the system is composed just by essential spectrum and coincides with the set

{Aj =2Bo(j +1/2):j € N}.

The case ¢ # 0 will be discussed in the two different gauges:
(i) the Landau gauge Hy (1) = (Dx, — B(t)x2)*> + D2 ;

X2

(ii) the symmetric gauge Hyy (1) = (Dx, — B(t)x2/2)? + (Dx, + B(t)x1/2)?.
Notice that, for e = 0, B(t) = Bg hence Hy, and Hyy, are gauge equivalent, but for ¢ # 0
this equivalence is broken.

It turns out that both the main part of the Hamiltonian and the time dependent per-
turbation are quadratic polynomials in the position and the momentum variables, and this
allows to study the problems (both classical and quantum) using the ideas of [3], namely
by using classical KAM theory to conjugate the Hamiltonian to a suitable normal form
whose dynamics is easy to study. The results depend drastically of the choice of the gauge:

In case (i), provided w is non-resonant, a condition which is fulfilled in a set of asymp-
totically full measure, we get that for & # 0 the position observable is unbounded as ¢ — oo
as well for the classical motion and the quantum motion. It may be surprising that for a
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dynamical system a non-resonance condition generates an instability." As a consequence,
in the quantum side, we prove that the Floquet spectrum is absolutely continuous.

In case (ii), we prove that for @ in a set of asymptotically full measure, the dynamics
is reducible to a harmonic oscillator with two degrees of freedom, hence with bounded
dynamics. As a consequence, in the quantum side, we prove that the Floquet spectrum is
discrete with finite multiplicity.

Notice that Hy,(¢) and Hyp (¢) are gauge equivalent modulo a quadratic scalar potential
(see Section 1.3). Therefore, the two models are not physically equivalent: in the two cases
we have the same magnetic field but not the same electric field.

1.1. Main result in the Landau gauge
We consider first the Landau gauge, namely,

Hp(t) = (Dx, — B(t)x2)” + D2, B(1) > 0, (1.2)

X2’

with B(t) := By + ¢f (wt), f is real analytic on the torus T”, f(O) =0, and w €
[0,27)" := D. Here and below, we denote by f (k) the k-th Fourier coefficients of f:

Fk) = @rn)™ / F(0)e k9 qp.
’]I‘n
We decompose the Hamiltonian Hp (¢) in (1.2) as
Hp(t) = HL + Ry (o1),
where

Hp, = (Dy, — Box2)*> + D3

X2

Rp(wt) = =2&f (01)x2(Dyx, — Boxz) + & f(wt)*x3.
We denote by /iy (¢) the corresponding classical Hamiltonian
2
ho(t,x,p) = (pr— B(t)x2)” + p3 = hp(x, p) + re(wt. x, p). (1.3)

We introduce now complex coordinates in which the classical Hamiltonian 47, has the
form of a degenerate two-dimensional Harmonic oscillator. First, introduce the symplectic
variables

—1
01 = —(p1— Boxz), P = ps,
By

—1
02 = —(p2— Box1), P> = p1.
By

IBut the phenomenon is similar to that encoded in [3, Theorem 3.3], in which the non-resonance
condition is used to eliminate from the Hamiltonian as many terms as possible, so that one remains only
with the terms actually generating the instability.
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In these variables, we have
hy = B2Q? + P2

Then we introduce the complex variables

BoQ1+iP1 BOQ2+iP2
=7 ="
ZBO 24BO
fulfilling idz; A dz; = dQ; AdP;,i = 1,2. In these variables

hi = 2Bo|z1|*.

The link with the initial coordinates (x, p) € R* is given by (z1, z2) = 19(x, p), where 7o
is the linear symplectic transformation 7o: R* — C? such that

By [ Boxz — pi . D2
1 = +1 )
2B\ B 3B,

By ([ Boxi—p2 . D1
Zy = +1 .
»,/ZB() BO 2BO

In order to state the first result, we need to define a constant ¢, which is only defined
for w fulfilling a non-resonance condition. To this end, we preliminary restrict the set of
the allowed frequencies.

Definition 1.1. The set Dy C [0, 27]" is the set of the frequencies @ such that there exist
positive y, T such that

14
-k +2By| > ———, VkelZ",
lw -k +2Bo| > 1+ k|7

v

|- k| =
k[

Vk € Z" \ {0}.
Remark that such a set has full measure in [0, 277]". We now introduce

Co ::/ 8w () d0, (1.4)
']I‘n

where the function

g0(0) == — f ke,

1
V2B, Z k + 2B,

is well defined for w € Dy (recall that f is real analytic). Furthermore, in the following,
we will say that two polynomials are O(e) close to each other, if their coefficients are
O(ée) close to each other.
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Our first result is the following.

Theorem 1.2. There exists g9 > 0 such that for |e| < &, there exist

* an asymptotically full measure set of frequencies €, C Dy satisfying
lim meas(Dg \ €;) = 0;
e—0

* a linear, symplectic change of variable t, depending on w, t, &, which is close to the
identity, namely Tt = 1 + O(e) uniform in the other parameters,

such that, for w € €, the time quasiperiodic Hamiltonian hy (¢, x, p) in (1.3) is conjugated
to the constant coefficient quadratic Hamiltonian

(he()o5') 0T = b(e)z1]? + c(e)(z2 — 2)°, (1.5)

where
b(e) = 2By + O(£%), c(e) = coe® + 0(sY) (1.6)

and cy, is given by (1.4).

In the new coordinates (z1, z;) the motion is easily computed:

z1(1) = P21 (0),
Iz5(t) = J22(0),  Nza(t) = —4c(e)Iz2(0)t + RNz2(0).

Let us come back to the original coordinates (x, p). First we remark that the Hamiltonian
on the right-hand side of (1.5) takes the form
e ) + (o)}

with iy, the original Landau Hamiltonian and @ # 0 a numerical constant. As a conse-
quence, the corresponding dynamics is just given by the standard circular motion of a
particle in a magnetic field with a slightly different frequency and with superimposed a
uniform motion in the direction of x;. This uniform motion is the new effect which gives
rise to the growth of the solution. Actually this description holds in the system of coor-
dinates introduced by the KAM procedure. In the true original coordinates this motion is
slightly deformed, so that it has superimposed a small oscillation. Precisely the motion for
the quadratic Hamiltonian Ay (¢) is a linear flow ®p(¢), where we have

x(t )) x(0)
= dp(1) ( ,
(P (t) p(0)
where ®p(¢) is a real 4 x 4 symplectic matrix (it is the classical Hamiltonian flow of the
classical Hamiltonian /iy (¢)). Then we have the following corollary.
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Corollary 1.3. For w € €, with o # 0, we have

(1) = x1(0) + ac(e) pr O}t + ﬁ(pz(t) — pa(0)

+ @ew(t) - X(0) + be o (7) - p(0),
where |ag,(t)| + |bew ()| = O() for0 <e < landt € R. 5
Moreover, modulo an error term of the form E 7(t) = a(t) - x(0) + b(t) - p(0), such
that uniformly fort € R, w € €, we have
@] +1b(1)] = 0(e).

and

P2(t) = V2Bo3(z1(1)),  z1(1) = e 21(0),

0 2B2?
p1(t) = p1(0), X(1) = pl;((t)) * i(lfz

In particular, if both ¢, and p;(0) are not zero, then the classical flow is not bounded
as soon as & # 0 is small enough.

Rz1 (7).

Remark 1.4. Clearly, in view of (1.4), ¢,, # 0 holds for w in a set of asymptotically
full measure and for f in a set of codimension 1 (e.g. in L?). For instance, by a simple
calculus one has that if f(0) = sin(0) (and thus n = 1) then ¢,, 7 0 as soon as w # 2By.

From the result on the classical evolution of x(¢), we get a direct application to the
large time evolution of the quantum position observable X (¢). Let us explicit our nota-
tions: we denote by X; and p;, j = 1,2, the position and momentum operator

- ~ 1d
By ) =x59x), Py =5V ¥EHe
J
x = (x1,x2), p = (p1, p2).
For r > 0, #].

Hy = p? + 3%

is the weighted Sobolev space associated with the harmonic oscillator

Hye = (¥ € L2(®) : Hy?y € L&)},
endowed with the norm |||, = || H, / 2w|| L2(R2)- Recall that we are working here with
polynomials classical Hamiltonians of degree at most 2, so the correspondence classical-

quantum is exact. This means that

@)\ _ X
(ﬁ(t)) =P80 (p) ’

where (X(¢), p(t)) is the solution of the Heisenberg equation.

Our first quantum corollary regards the existence of solutions of the quantum Landau
Hamiltonian undergoing unbounded growth of Sobolev norms. Computing ®p(¢) and
using Corollary 1.3, we get the following.
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Corollary 1.5. Let w € €,. Then
R1(t) = X1 + acwe®t pr+ (1 + e*1)(Aew(t) - X + Bew(t) - D),

where o # 0 and ¢y, is given by (1.4), and |A¢.o(t)| + |Be,w (t)| = O(1). In particular, if
Co # 0, there exists K > 0 such that for any ¥ € J}

s We have

11O llo = acote?| Dy, ¥llo — K(1 + &)1

In particular, if ¢ is sufficiently small, then | X1 (t)¥]lo /" +ocast /' +oo. We also have

a lower bound for the quantum average of the time evolution of the position observable,
1/2

for ¥ € Hoge -

(Y. 21 (O)W)| = acot (Y, Dxy )| = K(1+&*D) ¥ [11/2-

Our second corollary regards the Floquet spectrum of the time quasiperiodic Hamilton-
ian Hp (¢).

Corollary 1.6. The quantum dynamics U 4, (t,0) of Hr(t) is conjugated to the quantum

dynamics e Hi oo of the stationary Hamiltonian
Hy e0o = b(e)(DZ + X2 D2
L,s,00 - ()( X1 +x1) +c(e) %"

Moreover, as far as b(¢) > 0 and c(g) > 0, the spectrum o (HL, ¢,00) ofI:IL,s,oo is absolutely
continuous, with thresholds at the Landau levels,

0(HLs00) = | [P()(j + 1/2). +00.

Jj=0

Proof. Denote by hy ¢ := b(g)|21|? + c(g)(z2 — Z2)? the stationary classical Hamilton-
ian to which Ay (¢) is conjugated, see (1.5). In the real coordinates (x, p), we have

b(e)

c(e) 5
> > (x1— p2)”.

hL,s,oo(x’ p) = (P§ + x2)2 +

By the symplectic change of coordinates X1 = X1 — p2, 1 = p1, X2 = X2 — p1, P2 = P2,
we have
hi 6,00 (X, P) = b(e)(P3 + %2)* + c(e) Pt

The first part of the corollary follows.
For the second part notice that we have the following family of generalized eigenfunc-
tions:
Wy (x1,X2) = 9 (x1)e™t

such that we have
Hy o0oWje = (b(e)(J + 1/2) + c(e)E7) V.

Hence, we get a description of the spectrum of H L.,00- ]
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1.2. Main result in the symmetric gauge

We still consider a magnetic Schrodinger operator with a time-quasiperiodic magnetic
field, i.e. B(t) = Bo + ¢f (wt) with f real analytic on the torus T” and f(0) = 0, but
now in the symmetric gauge, namely

Ho )= (Dy, — 5B0%) + (Do, +5B00m) (17

and the frequency vector w in the set of non-resonant frequencies D¢ of Definition 1.1.
We can write
HsL(t) = Hyp + RsL(a)t)v

where

1 2 1 2
Hyp = (s = 5Box2) + (Dx + 5 Box1)

Ryp(or) = ef(wt)(xl (Do + 52m1) = 22Dy %xz)) 1220 + ).

We denote by &gy (1) the corresponding classical Hamiltonian

n) = (= 220) 4 (2 + Z00) = b+ rnn. )

We introduce the symplectic variables

1 / !/ /
Pr=%X1, Xp=X2, Xy =-—D1, Pp= D2,

and in these variables &gy reads

B 2 B 2
hsp, = (x{ + 70)6’2) + (p’z + 701)’1) )

Then in the new symplectic variables (y1, y2, 1, 12) defined by

1= 1 Xy + BOXé, m = Bop’l + Lp’z,
VB 2 2 VB

vo= = 0 = Y-,
BO 2 BO

we obtain that /&y, is the degenerate two-dimensional Harmonic oscillator
2 2 2
hsL = Bo(y7 + n7) = 2Bol|z1]",

where z; = (y; + in1)/~/2, and similarly z, = (y, + in2)/~/2. We denote by 7q the
linear symplectic transformation from R* to C? defined by (21, z3) = 7o(x, p). We note
that in the complex variables the symplectic form reads:

dyi Andny +dyy Adny =i(dzy AdzZy + dza AdZp).



Longtime dynamics for the Landau Hamiltonian with a time dependent magnetic field 163

In order to state the next result we introduce
dy =/ h(6)* de, (1.9)
Tn

where
1 Zw-k+2iBo
\/ZBO k20 w-k +ZB()

h(0) = Fk)elk?.

Remark 1.7. The number d,, is well defined and real for w € Dy.

Our next result shows that, in the symmetric gauge, the perturbed classical Hamilton-
ian hgp (¢) in (1.8) is conjugated to a two-dimensional Harmonic oscillator which is non-
degenerate provided the constant d,, # 0.

Theorem 1.8. There exists g9 > 0 such that for |e| < &y, there exist
* an asymptotically full measure set of frequencies €, € Dy satisfying

lim meas(Dy \ €;) = 0;
e—0

* a linear, symplectic change of variable t, depending on w,t, &, which is close to the
identity, namely T = 1 + O(e) uniform in the other parameters,

such that, for w € €, and provided d,, in (1.9) does not vanish,
(hs() o tg ') 0T = b(e)|z1]* + d(e)|22|? (1.10)
with
b(e) = 2By + O(e?), d(e) = dpe* + O(e*),
and d,, is given by (1.9) and does not vanish for w € €.

In the new coordinates, the motion of (1.10) is easily computed:
71(t) = e 2@ 2 (0),  z,(r) = e 9O 2,(0).

In particular, in the symmetric gauge, provided the constant d,, in (1.9) does not vanish,
all the trajectories are bounded, contrary to what happens in the Landau gauge.

Also in this case we are able to describe the quantum flow, which in this case is uni-
formly bounded in any Sobolev space H .. Let U (. s) be the quantum propagator
defined by the Hamiltonian Hy (¢) in (1.7). So we have

iatus,w(t» S) = HSL(t)ue,w(ta s), ua,w(s’s) =1

Corollary 1.9. There exists €9 > 0 such that for |e| < &g, for any r > 0, there exist 0 <
¢r < Cy such that if w € €, for any Yo € H'

r» We have

Cr”WO”r = ”u«S,w(t»O)l/fO”r = Cr”‘/fO”r Vi e R. (L.11)
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Proof. We follow the proof given in [3, Corollary 1.3]. We shall give here only the main
steps. For simpler notation, we assume that By = 1. Let

b)), . . N dlie) , . . N
Hl e00 = T((Pl — %)% + P%) + T((Pz —X1)* + P%)
and
Zy=(p1—%)*+ 5. Za=(p2—%1)’+ i
Notice that Z; = ’Z\;(’Z\j. Moreover, [Z1, Z2] = 0,50 [HsL .00, Z1 + Z2] =0.But Z, + Z,
is a non-degenerate harmonic oscillator, hence e "#sL.e.00 v satisfies the estimates (1.11).
Then as in [3], from the classical KAM construction there exists

Xs,w(ta x,p) = (;) : Se,w(t) (;) ,

where S; ,,(¢) is a symmetric matrix with uniformly bounded entries.
Let U o (1) = %50 @ we have

us,w (t,0) = U;:w (t)e_itHa’oo Ue,w (0).
Using [3, Theorem 2.7], uniformly in (¢, &, ), we have

vl < U2, 0¥ < Crllvllr
and we get (1.11). [

Corollary 1.10. The symmetric Landau Hamiltonian Hgy (t) is reducible to a stationary
Hamiltonian Hp ¢ oo with a discrete spectrum with all eigenvalues of finite multiplicities
as far b(e) > 0,d(e) # 0. Moreover, up to a linear symplectic transformation, Hsy, ¢ 00 is
a combination of two one-dimensional harmonic oscillators

Hl o0 = b(e)(D2 + x7) + d(e)(D2, + x3).

Proof. Keeping the notations of the proof of Corollary 1.9, since Z; 4+ Z, has compact
inverse, it has pure point spectrum and there exists a basis of eigenfunctions, which since
[Z1,Z5] = 0, can be chosen in such a way that they are also eigenfunctions of both Z;
and Z,. Thus, if one denotes by

1
>

the eigenvalues of Z;, one has that Hy ¢ o is diagonal in the same basis, with eigenvalues

Aij=J+ j €N

1)y j» (8) = b(e)(h + %) + d(e)(jz + %)

So the symmetric Landau Hamiltonian H,y (¢) is reducible to a stationary Hamiltonian
H1 ¢.00 With a discrete spectrum with all eigenvalues of finite multiplicities as far as
b(e) > 0,d(e) # 0. |
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1.3. About the change of gauge

The fact that one has a completely different behavior in the case of the Landau gauge and
in the case of the symmetric gauge could seem surprising at first sight, however we remark
that they correspond to different physical situations. Indeed, the electric and the magnetic
field are given by

04
B=V,xA(x,t) and E = _E(X’l) — V. V(x,1).

Thus, in the time dependent case, they differ for the case of the Landau gauge and the
case of the symmetric gauge. As is well known, there exists a gauge transformation which
allows to pass from one gauge to the other by keeping the same electromagnetic fields.
For example, the electric and magnetic fields can be chosen as

V(x,t) =0, A(x,t) = B(t)(x2,0,0),

or as B 3
t t
( )xlxz, A(x,t) := %(xz,—xl,O).

The first corresponds to the Landau gauge, while the second corresponds to the symmetric
gauge plus a scalar potential.

Vix,t) =—

1.4. Related literature

Most of the literature about the Landau Hamiltonian regards the asymptotic behavior of
the perturbed spectrum under time independent perturbations, for example scalar poten-
tials in different classes. These works ensure conditions on the perturbation so that the per-
turbed spectrum is asymptotically localized around the Landau levels {2Bo(j +1/2)};eN.
a fact which is not trivial due to the infinite multiplicity of these. We mention, for example,
the works [15,20,21,29-31] and references therein.

The case of time dependent perturbations, such as (1.1), is less studied. We men-
tion [8, 34,35], which prove the existence of the quantum flow, and [4,22,26] giving time
upper bounds on the dynamics. The present paper aims to prove finer properties about the
quantum dynamics, and in particular investigates the dichotomy of “existence of solutions
with unbounded trajectories” vs “all trajectories are bounded”. This question has received,
in the last decade, a lot of attention.

In case of linear, time dependent Schrodinger equations, such as (1.1), the first result
about existence of solutions with unbounded paths is due to Bourgain [6] on the torus.
Recently, several works have considered non-degenerate Harmonic oscillators on R¢ and
constructed time dependent perturbations in the form of pseudodifferential operators [9,
23], polynomial functions [3, 17-19], or classical potentials [11,32], that create solutions
with unbounded trajectories. We also cite the recent results [24, 25] which prove that
generic, time periodic, pseudodifferential perturbations provoke instability phenomena.
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On the opposite side, many works prove that, when the perturbation is small in size
and quasiperiodic in time with a non-resonant frequency w, all trajectories are bounded in
Sobolev spaces. There results are based on KAM reducibility methods ensuring that the
linear propagator has operatorial norm (in Sobolev spaces) bounded uniformly in time,
in the same spirit of our Corollary 1.9. This is the case, in great generality, for systems
in one-spatial dimensions: limiting ourselves to results considering perturbations of the
Harmonic oscillator on R, we cite [1,2,7, 14,33]. In a higher-dimensional setting, such as
the one of equation (1.1), there are few KAM reducibility results. We cite [10, 28] for the
Schrodinger on T, [3, 13] for the Harmonic oscillators on R4, [27] for the wave on Td,
and [5, 12] for transport equations on T¢.

2. Proofs of main theorems

2.1. Proof of Theorem 1.2

We prefer to work in the extended phase space in which we add the angles 6 € T" as new
variables and their conjugated momenta / € R”. So our phase space is now

T" xR" x C* 3 (0, 1,21, 22),

with C? considered to be a real vector space. The symplectic formis d1 A d +idz AdZ
and the Hamiltonian equations of a Hamiltonian function (0, I, z1, z,) are
. oh . 0h oh oh

96 orr ! 7T @D
In this framework, the Hamiltonian equation associated with the classical time-dependent
Hamiltonian function /7 in (1.3) is equivalent to the autonomous Hamiltonian system
in (2.1) with

h = ]’10 +ri+nr

and
ho =w -1 +2Bgy|z1|?. (2.2)
ry =e(z; + 31)(21 +2z; —i(zp — 22))f(9), 2.3)
2
ra = z%o(zl + 71— —2)) S (0)% 2.4)

The proof of Theorem 1.2 follows a KAM strategy: we want to eliminate the angles in &
by canonical changes of variables. This canonical change of variables will be constructed
as time-1 flows, QD)I(, of some Hamiltonian y. We begin by computing explicitly the first
two KAM steps and then we will be in position to apply a KAM theorem with symmetry,
namely Theorem 3.4. First, we construct the first change of variables and we begin by
solving a so-called homological equation.
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Lemma 2.1. Let
~ . z2 z2 Z1Z1
xi=ie Y f(k)e‘k"’( L + ! +2 )
kemmio) w-k+4By w-k—4By w-k
te(=%) Y f(k)eik'e( A, & )
2— 212 ,
kezmiio) w-k+2By w-k—2By
then x1 solves the following homological equation:
{x1.ho} +r1 =0. (2.5)

Proof. First recall that

o~ OF 3G _ OF 3G
— 00, 91;  31; 99;

j=

OF 0G 3G OF
{F.G}:= +i) —m
j=12

gjafj B aZj 83,- )

Then we introduce

Nezy= 3 f(k)ei"'g( cL B )

kezZm {0} w-k + 2B0 w-k— 2B0

M@.z)= Y Foe? R SR L
U e w-k+4By  w-k—4By -k

in such a way, we have
X1 =1eM + e(z; —Z2)N.
So, since kg in (2.2) does not depend on z;, we get

{x1,ho} = 1ie{M, ho} + €(z2 — Z2){N, ho}.
Then we compute

N, ho} = i k) f ke [ —1 d
{ o} lkeZXnE(o}( ) fk)e (a)~k+230 +a)'k—230
. ~ 7 2B()Z] —23031
k ik-6
+1keZ2n\:{0}f( e (w~k+230 + a)~k—2Bo)
=i(z1 +Z1) f(0),
and
2 =2 =
M. ho} =i k- o) f (k)elko [ —1 ol el
{ o} lkeZZt\:{o}( ) f ke (a)-k+4Bo+a)-k—4Bo+ w-k
. A 4Byz? —4Byz?
k ik-0 1 1
+1keZ;\{o}f( e (a)-k + 4By + w -k —4By
=i(z1 +Z1)* f(0).
from which (2.5) follows.
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Then since

{x1.ho} +r1 =0, {x1.{x1.ho}} = —{x1.11}.

we get

1
ho®, =h+{i.h}+ E{le{)(l»ho}} + 0(&?)

1
=ho + E{)(1,r1}+r2+ 0(e%). (2.6)

Next we wish to compute explicitly {1, r1}. In view of the expressions of y; and ry, we
first compute
(M, (z1 +71)%) = 2(z1 + Z){M, 21 + T1),
(M. (21 +Z1)(22 = 22)} = (22 = 22){M, 21 + 21},

M, 7} = 2j Ak ik-0 Z1 _ Z Z1— 21
{M,z1 + 71} IZ f (ke (a)~k—|—4BO oy

kezm\{0}
. Ao ik z Z
=-8iBy » f(ke™* 9( + )
kezmio) w-k(w-k+4By) - -k(w-k—4By)
and
{N,(z1 +71)*} = 2(z1 + Z){N, 21 + 71},
{N,(z1 + Z1)(z22 — Z22)} = (22 = 22){N, z1 + 71},
_ ) ]?\(k)eikﬂ
{N,ZI+ZI}=—4IB() Z T ap2”
keZmio} (w-k)> —4B;
Therefore,

{x1.r1} = {ieM + e(z2 — 22)N, e(z1 + Z1) (21 + 21 — i(z2 — 22)) f(0) }
=2i” f(0)(z1 + ZI{M. (21 + Z1)} + €2 (22 — T2) f(O{M. (z1 + 71)}
+ 26 f(0)(z2 — 22)(z1 + TN, 21 + 21} —ie*(z2 — 22)* f(O){N. z1 + 71}
=&” f(0)(2i(z1 + Z1) + (22 = D)){M. (z1 + 1)}
—ie? f(0)(z2 — 22)(2i(z1 + Z1) + (22 — 22)){N. 21 + 21}
=& f(0)(2i(z1 + 71) + (22 — 22)) ({M. (z1 + Z1)} —i(z2 — 2){N., 21 + 71})
= —4ie? Bo f(0)(2i(z1 + 1) + (22 — 22))
S ke 2zy 2zZ3 . Iz—1I2
Xkez;{o}f(k)ekg(w-k(w-k +4By) @ k(@ k—4By) (@ k) —433)'
2.7
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At the next KAM step we remove from %{ X1.71} + 72 all the & terms except resonant
monomials, i.e. in our case, |z; |2 and (zp — 32)2. In view of the expressions (2.7), (2.4),
we thus obtain

hy=ho®, o®, =ho+aue®lzi]’ + coe®(22 = 2)* + O(), (2.8

where

w== ¥ 00 ) - 35

keZmio} (w-k)? —4B3 By
I 2B, |
= O f(—iof —=20 4~
keZm\{0} o )((‘” -k)? —4B§ +230)
1 A a (w - k)?
= Y R fhy—
2Bo \ iy Tt )(“’ k) — 48B3

as stated in (1.4), while

~ ~ 1 1
“w=88 ) J0F (_k)(<w-k)(<w-k)+430)+(w-k>((w-k>—430))

kezm\{0}
1 2
+ B_o(f )
B . 16B, 1
B keZZ,\:{O}f(k)f( k)((a) K2 1682 Bo)
1 P (@ k)
- N AL N
Bo keZX"\:{O} T )(w -k)? — 16B]

To end the proof of Theorem 1.2, we just have to iterate this KAM step and to prove
the convergence of such a process. In particular, we will check that we only remain with
resonant monomials, i.e. in our case, |z1|? and (z2 — Z»)2.

Concretely, Theorem 1.2 is obtained by applying Theorem 3.4 to the Hamiltonian (2.8)
taking vy := 2By + a,&?, co 1= cwe?, and &g := &3. We stress that the difference between
the estimate (3.6) in Theorem 3.4 and the estimate (1.6) in Theorem 1.2 is due to the
specific form of 7 in (2.3) and the fact that £ (0) = 0.

2.2. Proof of Theorem 1.8

We still work in the same framework as in Section 2.1, i.e. in the extended phase space in
which we add the angles 6 € T" as new variables and their conjugated momenta I € R”.
So our phase space is still T” x R"” x C?> (0,1,z1,23) (see (2.1)).

In this framework the Hamiltonian equation associated with the classical time depen-
dent Hamiltonian function (1.8) kg (¢) is equivalent to the autonomous Hamiltonian sys-
tem (2.1) with h = ho + r, where

hoza)'1+2Bo|Zl|2 and r = rgr(0).
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To compute explicitly this term, in the coordinates introduced in Section 1.2, recall that

1 1
X :x/ = — = Z E —(Z E .
2 2 m()ﬁ ¥2) m( 1+Z21— (22 + 2))
1 1
, _ _
= + —\(21— 21 + (22 — 22)),
X1 =p; = F(”Il n2) = 230( 1 — 21 + (22— 22))

B B B
P1— 70)62 =—x]— —Oxﬁ = —+v/Boy1 = — ﬁo

(z1 +21),

B B VB
P2+70x1 =P2—70€1 vV Bom = 1ﬁ(21_21)
Therefore, r(6) reads
2
€
r(0) =ef(0)(yi(y1 —y2) + m@n + m2)) + 4—Bof(9)2((J’1 =2+ (m + m)?)
e _ _ _ _ — —
= Ef(e)((zl + 21)(21 +Z1— (22 + 22)) —(z1 - 21)(21 —Z1+ (22 — Zz)))
& 2 — — \\2 — — \\2
+ gf(e) (z14+ 21— (22 +22) — (21 =71 + (22— 22))")
0
=¢r; + 827’2.
We follow the same strategy than in the previous section and we are interested by the
quadratic terms in z, z, after the second KAM step. At the first step (at order ¢), we do

not have such terms (in ), and thus we eliminate all the terms of order ¢ by a symplectic
change of variables ®! ,» Where y is the solution to the homological equation

X1, hsp} = —r1.

Since
r1 = —ef(0)(z1z2 + Z122) + quadratic terms in zq, Zj,

we take (with v = 2By)

L= —ie Y Fett? 271 4 2271 ) | quadratic terms in zy, 7.
= k-ot+v k-wo-v

Then, using (2.6), the quadratic terms in z5, Z, after the second KAM step come from the
quadratic terms in z5, Z in %{Xl ,r1} and in r,. From r;, we get

2 f(6)?

2272
4By ’

and from 3{x1,71}, we get

—%szf(e)Zf(k)eik'e(k‘zzzz DI )

o w+v k-w—v
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Now the second KAM step will eliminate all eik'ezzfz for k # 0, and therefore, like
in (2.8), we obtain

hy=ho®, o® =w-I+ 2By +ae’)|z1]* + doe’|z2|* + O(&), (2.9)

where

do = }jfwn16)+§jfwv16)

%0 ) 432
(¢-w)> + 4B2
= ¢ H——s—-2,
g;f()f( V€ op 482

as stated in (1.9). Then, if d, # 0, h, appears as a perturbation of the non-degenerate
Hamiltonian (2B + a&?)|z1|? + dwe?|z2|?, and we can apply Theorem 3.5.

3. Proofs of the two reducibility theorems

In this section, we prove the two reducibility theorems that we need to conclude the proofs
of Theorem 1.2 and Theorem 1.8.

First, it is useful to change the notation in order to make clear that the variable Z is
not necessarily the complex conjugate of z: we only have to define the concept of real
submanifold of the phase space and it depends on the variables we use (see Definition 3.1
and Remark 3.3 below for more details).

So, first of all we define

& =z;, nj:=z;, j=12. (3.1
Definition 3.1. For (£, ) € C*4, define the involution

&) e 160 = (7. 6),
the states (&, n) such that (¢, n) = I (&, n) will be said to be real.
Remark 3.2. The Hamiltonians we are dealing with are real when (&, 1) is real.

In order to deal with the Hamiltonian (2.8) whose expansion up to order &2 only
depends on z1, z; and z, — Z, it is useful to introduce the following canonical change
of variables

5; =8 — 2, 77/2 =1n2. (3.2)

In these variables (and omitting primes) (2.8) reads

hy = -1 + (2Bo + awe®)€1n + coe®Es + O(82).
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Remark 3.3. In these variables, the involution I takes the form (omitting the primes)

(&1, 11, E2,m2) V> T(E1, 1, E2,m2) = (M1, 61, 82,82 — 12) (3.3)

and the real submanifold reads: 7, = £}, &, is real and 20 (12) = &,.

In all the situations we will encounter the Hamiltonian is independent of 7,, therefore the
fact that the reality condition becomes more complicate will be completely irrelevant. Of
course, in the following a Hamiltonian expressed in the variables (3.2) will be said to be
real if it takes real values for real (&, n), i.e. for (¢, ) which are fixed points with respect
to the involution (3.3).

The first theorem we will prove concerns quasiperiodic in time Hamiltonians of the
form

heo(1.£,m) = viE1ni+co€s + goq(wt.E1,11.62), (34)

where ¢ is a polynomial in (£1, 11, £2) homogeneous of degree 2 with coefficients that
depend quasiperiodically on time. The important point is that g does not depend on 7.
In the following, for o > 0, we denote T? := {x +iy :x € T", y e R?, |y| < o}.

Theorem 3.4. Assume that vi > 0 and that T" x C* 3 (0,£) — q(6,£) € C is a poly-
nomial in (§1, 11, &) homogeneous of degree 2, independent of 1,, with coefficients real
analytic in 0 € T] for some o > 0 (i.e. real when (§,n) is real and 6 € T"). Then there

exists £ > 0 and C > 0, such that for |gg| < &,

» there exists a set &g, C (0,2m]" with meas((0,2]" \ &) < Ce(l)/g;

* forany w € &, there exists an analytic map 6 +— A, (0) € sp(2), such that the change

of coordinates
(. n) = et @(En) (3.5)
conjugates the Hamiltonian equations of (3.4) to the Hamiltonian equations of a hom-
ogeneous polynomial
hoo E.1) = vie)§imi + c(e0)E3
with
[vi(g0) —vi| < Ceo, |c(€0) — co| < €o. (3.6)

Finally, A, is o-close to zero and e ©@?) leaves invariant the space of real states.

The second reducibility theorem deals with Hamiltonians of the form (in the original
variables (3.1))

he(t,6,1) = vigim + vabana + &g (w1, 61,11, &2, m2) (3.7
in which one has that the frequencies depend on @ € D and ¢ and fulfill

c <) £C, ce® < ()] < Ce |dpvi],|0pv2] < Ce?, (3.8)
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with some positive ¢, C. So it is designed to deal with Hamiltonian (2.9). The difference
with the standard KAM context is that the second frequency is of order £? while the pertur-
bation is of order &3. The following theorem says that the standard conclusion still holds
true, i.e. that the inhomogeneous Hamiltonian system associated with (3.7) is reducible
for almost all values of w:

Theorem 3.5. Assume (3.8) and that T" x C* > (,£,n) — q(6,£.7) € C is a polynomial
in (§1, 11, &2, n2) homogeneous of degree 2, with coefficients analytic in 8 € T} for some
o > 0 and taking real values when 6 € T" and 1 is the complex conjugate of €. Then there
exists £x > 0 and C > 0, such that for || < ex,

e there exists a set & C (0,27]" with meas((0,27]" \ &) < Ce'/?;

* forany w € &, there exists an analytic map 0 — A, (0) € sp(2) such that the change
of coordinates

(&, 1) = M@ (£, n)

conjugates the Hamiltonian equations of (3.4) to the Hamiltonian equations of a hom-
ogeneous polynomial

hoo(§,1) = Vi(e)€1m1 + V2(e)E2m2

with
IVi(e) —v;| < Ce*, j=1,2.

Finally, A, is e-close to zero.

In the remainder of this section, we give the details of the proof of Theorem 3.4 while
we only point out the small changes needed to prove Theorem 3.5.

In fact, the proof of Theorem 3.4 is very standard, but since we are dealing with a
degenerate Hamiltonian /¢, we have to be a little careful. The fact that the perturbation ¢
is independent of 7, is crucial here. If not, the Poisson bracket {#, y} could generate new
quadratic terms in (&3, 172) and the iteration could diverge.

3.1. General strategy

The canonical change of variables is constructed by applying a KAM strategy to the fol-
lowing Hamiltonian:

h(y,0.6.n) =w-y +vo€im + eq(wt,§1.101,82)

in the extended phase space R” x T" x C? endowed with the standard symplectic form
dy N dO +id& A dn. We will say that the Hamiltonian £ is in normal form if it reads

h(y,0,6,n) =w-y +akim +c&3 =w-y + N(), (3.9)

where a and ¢ are real constants (independent of 8).
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Let ¢ = g4 be a polynomial Hamiltonian homogeneous of degree 2. We write
q0.6.0) = qap®)E 7’ (3.10)
B

where the coefficients go g(0) are analytic functions of 6 € TZ, we used the standard

notation

gg_zxnﬁ = 1111 1231277/?17]527

and according to the independence on 7, and the fact that this must be a quadratic poly-
nomial, one has the restrictions

P2=0. la|+[B]=2. (3.11)

The size of such polynomial function depending analytically on 6 € T and C! on
w €D C (0,2n]" will be controlled by the norm

[4lop == sup Dlai,qa,ﬂ((?)l,

and we denote by @ (o, D) the corresponding class of Hamiltonians of the form (3.10)—
(3.11), whose norm []5,p is finite.

Let us assume that [g],;p = O(g). We search for y = y, € @(0,D) with y = O(e)
such that its time-one flow ®, = <I>§(=1 transforms the Hamiltonian / + ¢ into

(h+q(0)) o @y = hy +41(6) Vo €Dy,

where iy = w - y + N4 (§) is a new normal form, e-close to /4, and the new perturbation
g+ € Q(o4, D) is of size” O(e3/2), and Dy C D is an open set £*-close to D for some
o > 0. As a consequence of the Hamiltonian structure we have that

(h+q(0)) o @y = h+ {h, x} + q(0) + O(¥?).
So to achieve the goal above we should solve the homological equation:
{th,x}=hy —h—q@)+ 0%, weDy.

Repeating iteratively the same procedure with 4 instead of /, we will construct a change
of variable ® such that

(h+q(0))oCI>=hoo, w € Do

with hoo = w - y + N(&, 1) in normal form and Do, a £*-close subset of D. Note that
we will be forced to solve the homological equation, not only for the original normal

2Formally we could expect ¢+ to be of size O(e?) but the small divisors and the change of analyticity
domain will led to O(3/2).
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form ho = @ - y + v&;ny, but for more general normal form Hamiltonians (3.9) with
N(&) = akim + c&Z close to Ng = vén;. To control this closeness we define a norm on
N = a&im + &2 as follows:

[N := max(|al. |c]).

The key remark is that Vg € @(o, D), one has {£>; ¢} = 0.

3.2. Homological equation

Proposition 3.6. LetD C Dy. Let D 5 w +— N(w) be a C! mapping that verifies

H - min(1, vg)
- 4

for j =0,1and w € D. Leth=w-y + N(§), ¢ € Q(0,D), « > 0and K > 1. Then
there exists an open subset D' = D'(k, K) C D, satisfying

[0 (N(w) — No) (3.12)

meas(D \ D) < 4d*K?*"«, (3.13)
and there exist y,1 € [ o<y <o @(0”, D) and N in normal form such that for all w € D',
oy +q=N+r

Furthermore, for all 0 < o' < o,

e—%(a—a’)K
[rlop =C W[Q]U,D, (3.14)
C
Xop < m[q]o,n, (3.15)
l0,N @)l < [glop  j =01, Yo € D. (3.16)

The constant C depends on n.

Proof. As usual we consider the “homological operator” £ := {h ;-} and decompose the
space €@ (o, D) on the basis of its eigenfunctions. Such a basis is given by the monomials

Sa nﬂ eik9 ,
where o and B are subject to the restrictions (3.11). The corresponding eigenvalues are
i(vi(ar — B1) + » - k), (3.17)

while Ker(£) = span{£3, £171}. So, decomposing ¢ as in (3.10), and expand the coeffi-
cients in Fourier series:

Gap () = > Gup(k)e*’,
keznr
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then one is led to define

_ Ga,p (k) iko
Yap(0) = EK i(vi(a; —B1) +w- k)e ’

where, for ¢ = (1,0), 8 = (1,0) and for @ = (0,0), 8 = (2, 0) the sum is restricted to
k # 0. We also define

N = @1’0’1,0(0)51?71 + 60,2,0,0(0)S§’
rEn.0) = Y GapEnfer?,

|k|> Ko,

so that the homological equation is satisfied. Still it remains to prove the estimates of the
various terms. We give explicitly the estimate of y. To this end, we have to control the
small denominators (3.17) under the restriction

lox = B1l + |k| #0, |k <K, a1 + 1 =2.
We define D’ to be the set for which the above small denominators are bigger than «. In
order to estimate its measure we recall the following classical lemma.

Lemma 3.7. Let f:[0,1] — R be a C'-map satisfying | f'(x)| > 8 for all x € [0, 1] and
let k > 0. Then
meas{x € [0,1] : | f(x)| <k} <

| &

Since |0y (k - w)(k/|k|)| = |k| > 1, using condition (3.12), we get

)a,,,(k-w+v1(a1 —ﬂl))(%)‘ > % (3.18)

Using (3.18) and Lemma 3.7, for any fixed k, we conclude that
k@ + vi(ay — B1)| > «,

outside a set Fy 4 g of measure < 2d 2 (the case k = 0 being evident), so that if F is the
union of Fy o g for |k| < K and as o and f vary, we have

meas(F) < 4K*"d?k.

Thus, defining D" = D'(x, K) =D \ F,forallw € D’,0 <0’ <o and 6 € T7,, we get

|Xot,f3 (9» w)| =< sup |Qa,ﬁ(6)|-

K(U - 0/)n |J0|<o

The estimates for the derivatives with respect to @ are obtained by differentiating the
definition of y (for more details see, for instance, [16]). [
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3.3. Iterative lemma

Theorem 3.4 is proved by an iterative KAM procedure. We begin with the initial Hamil-
tonian /g + qo, where

ho(p,0,6,1) = w -y + vok1n1+cok2,

and go = €9q € Q(09,Dy), Dg = [e, 2]". Then we construct iteratively the change of
variables ®,, , the normal form i, = w -y + viu§1m1 + cm&‘% and the perturbation g, €
Q (o, Dyy,) as follows: Assume that the construction is done up to step m > 0, then

(i) using Proposition 3.6 we construct y,,+1(w, 8), Np (0), rm+1(w,0) and Dy, C
D,, such that

{thm+l}=ﬁm_CIm+rm+l» ® €Dy, 0Ty

Om+1"
where 0 < 0,41 < 0, has to be chosen later;
(i) we define hyy41 = w -y + Ny by
Nm+l = Nm + Nm7

and
1
Gt = Fmt1 + / (= )it — hon + Fs1) + 1Gme gmi1 k0 @ dt.
0
(3.19)

For any regular Hamiltonian f, using the Taylor expansion of g(¢) = f o <D§(m ., between
t =0andt = 1, we have

1
L Y P ) NIED VPt M EL A
Therefore, for w € Dy,+1, we get
(hm + qm) © ¢Xm+1 =hmt1 + Gm+1-
Following the general scheme above, for all m > 0, we have
(ho + qo) 0 @y 00 D) =Ry + .

At step m the Fourier series are truncated at order K, and the small divisors are controlled
by ;. Now we specify the choice of all the parameters for m > 0 in term of &,, which
will control [¢]D,,.0, -
First we define o0y = o, and for m > 1 we choose
Om—1 — Om =Cx0om ™2,

Km =2(0m-1—0m) '1n 5;;]—17

where (C.)™' =230, 1/j>.
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Lemma 3.8. There exists ¢« > 0 depending on d, n such that, for
leol <ex and em =5 m >0,

we have the following: For all m > 1, there exist an open set Dy, C Dy,—1, functions
Xm>qm € Q(Dy,, o) and Ny, in normal form such that

(i) the mapping
Py 0,0) =0, :C*—>C?> weDy, 6eT,,

is a linear isomorphism, C' in o € Dy, analytic in 0 € Tg, . linking the Hamil-
tonian at step m — 1 and the Hamiltonian at step m, i.e.

(hm—l +qm_1)0¢m =hm +qm, VC{) E[D)m,

(i) we have the estimates

meas(Dym—1 \ D) < £/, (3.20)
182 (N (@) = Np—1 (@))]| < em-1,  j = 0,1, @ € Dy, (3.21)
[4m)om.Dp < &m. (3.22)

1D (- @,0) —1d || gc2y < €)2, 6 €T! | weDy. (3.23)

n
om’
Proof. Atstep 1, hg = w - y + voé17n1 and thus hypothesis (3.12) is trivially satisfied and
we can apply Proposition 3.6 to construct yy, Ny, r; and D; such that for w € Dy,

{tho. x1} + g0 = N1 — No + 1.
Then, using (3.13), we have
meas(D \ D;) < CKIZ”IQ < 8(1)/9
for ¢ = g9 small enough. Using (3.15), for ¢¢ small enough, we have

1 1/2

ooy SC—H———¢€ ¢
[X ]01 1 Klz(o_o_o_l)n 0

Similarly, using (3.14) and (3.16), we have
N1 — Noll < ¢,

and 5
& 3/2

r <C—9% <g¢
il oy = (0o —o)" ~ °
for e = g9 small enough. In particular, we deduce ||®;(-, @, 0) —Id || ¢(c2) < 8(1)/2. Thus

using (3.19), for &9 small enough, we get

3/2
[g1]orpy <3 = &1.
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Now assume that we have verified Lemma 3.8 up to step m. We want to perform the
stepm + 1. We have h,, = w - y + N, and since

m—1
INm = Noll < [N = Nop—a[| -+ + [Ny = Noll £ > & < 2o,
j=0

hypothesis (3.12) is satisfied and we can apply Proposition 3.6 to construct Dy, 41, ¥m+1
and ¢, +1. Estimates (3.20)—(3.23) at step m + 1 are proved as we have proved the corre-
sponding estimates at step 1. ]

3.4. Transition to the limit and proof of Theorem 3.4

€ := () D

m=>0

Let

In view of (3.20), this is a Borel set satisfying

meas(D \ &) < Z s,ln/9 < 28(1)/9.

m>0

Let us denote Yy (-, w,0) = ®1(-,w,0) 0.0 Dy (-, w, 0). Due to (3.23), for M < N

and forw € &, 0 € T[’T’/Z, it satisfies

N
UN (0. 0) = U (oo D)z < Y elf? < 262,
m=M

Therefore, (W (-, w, 8)) y is a Cauchy sequence in £ (C?). Thus when N — oo the maps
Wy (-, w,0) converge to a limit mapping Weo (-, w, 8) € £(C?). Furthermore, since the
convergence is uniform on w € &, and 6 € T;’/Z, (w,0) > V! (-, w, 0) is analytic in 0
and lipschitzian in w. Moreover,

1
Woo (-, ., 8) —1d | (c2) < €.
By construction, the map W, (-, ®, wt) transforms the original Hamiltonian

he(t,6,m) = No(§.n) + eq(wt. &, n), No(§,1n) = vo&1m
into
Hy(t,6,m) = Nm(§. 1) + gm(wt, £, 7).

When m — oo, by (3.22) we get g, — 0, and by (3.21) we get N, — N, where

+o0

N =N@) =No+ ) Ny = v(@,)Eim + c(0,8)(E = 12).
k=1
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Further for all ® € &, using (3.21), we have
o0
IN@) —Noll = 3~ ¢™ < 2e.
m=0

Let us denote Woo(0) = WL (-, w, ). Denoting the limiting Hamiltonian A (£, ) =
Nso (€, 1), we have

he(0, Yoo (0)(E, ) = hoo(E,m), O €T, (£,1) € C*¢, w € Dy.

Finally, we show that the linear symplectomorphism W, can be written as (3.5). To begin
with, write each Hamiltonian y,, constructed in the KAM iteration as

Im (0.8, 1m) = % (i) - Ec Bin(0) (i) , Ec= |:(]) ;)1] )

where B, (0) is a skew-adjoint matrix of dimension 4 x 4 of size &,,. Then W, has the
form

W (0.5.1) = PO (g.m).
The following lemma is proved analogously to [3, Lemma 3.5].

Lemma 3.9. There exists a sequence of Hamiltonian matrices A;(6) such that
Voo W(@.6.) =et @y vEeC
Furthermore, there exists a Hamiltonian matrix A, (6) such that

lim e4® = gAx® sup  [[Au(0)| < Ce,
I—+o00 [Im0|<0/2

and for each 6 € T",
V(o.£n) = e @) VEeC

This concludes the proof of Theorem 3.4. ]

3.5. Changes for proving Theorem 3.5.

The main change needed for the proof of Theorem 3.5 rests in Proposition 3.6. Indeed one
has to assume the right-hand side of (3.12) to be smaller than a small constant times g2
the conclusion changes in the fact that at the denominator of the right-hand side of (3.15)
instead of k2, one gets

and

min{e?, k2}.

In the next lines we are going to prove this version of Proposition 3.6.
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Indeed, the proof of Proposition 3.6 goes exactly in the same way, except that now the
eigenvalue (3.17) are substituted by

i(vi(ar — B1) + va(a2 — B2) + w - k)
with the only selection rule
o — Bl + [k[ #0, [k| < K.
The estimates of the small divisors are obtained exactly in the same way as far as
|y — Bl + |k[ # 0,

however when such a quantity vanishes the modulus of the small divisor becomes

[2v5] > c&?
(remark that in this case the normal form contains span{&;7;}). Concerning contribution
of the terms with this denominator to the derivative with respect to w, remark that the
involved terms are ) )

£ _n

2i])2 ’ 2i1)2

(multiplied by a constant). Thus the derivative with respect to, say w; of the coefficient of
one of these terms gives, by (3.8),

1 81)2

)
<Ce~,
21)% dw;

which proves the claimed statement.
Then also the iterative lemma changes. Actually, only few first steps change, for which
one has at the first step
min{ez, K,%l} =2
it is easy to see that with the choices just before the statement of Lemma 3.8, after a finite
number of steps one has min{e2, k2 } = k2, and therefore after this step the iteration can
be repeated exactly in the same way as in the previous case. ]
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