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Transformation of the Gibbs measure of the cubic NLS
and fractional NLS under an approximated
Birkhoff map

Giuseppe Genovese, Renato Luca, and Riccardo Montalto

Abstract. We study the Gibbs measure associated to the periodic cubic nonlinear Schrédinger equa-
tion. We establish a change of variable formula for this measure under the first step of the Birkhoff
normal form reduction. We also consider the case of fractional dispersion.

Dedicated to the memory of Thomas Kappeler

1. Introduction

We study the cubic non-linear Schrédinger equation with fractional dispersion « > 0
u = i(|Dx**u + olul*u), xeT:=R/Q2nZ), (1.1)

where 0 = %1, depending on the defocusing or focusing character of the equation: for
o = 1, equation (1.1) is defocusing, whereas for 0 = —1, it is focusing. The operator
| D |% is the Fourier multiplier defined by | D |*(e'™) = |n|*¢™, n € Z. One is typically
interested in the regime % < o < 1, with @ = 1 being the usual cubic NLS equation and
o= % the cubic half wave equation. The main results of this paper are for o € [, 1],
where o 1= %ﬁ ~0.9.

As « varies, equation (1.1) describes a Hamiltonian (for ¢ = 1 in fact integrable) PDE
with energy

H@ ) :=[ ||Dx|°‘u|2+g/ lu|*dx. (1.2)
T 2 Jr

To these energies one associates infinite dimensional Gibbs measures p, absolutely con-
tinuous with respect to the Gaussian measures ¥, (du) restricted to some L2-ball:

po(du) := e~ 2 L4, (du):; (1.3)

see (1.6) below and the surrounding discussion for the definition of y4(du). These are
central objects in this note. The construction of p; was achieved in the seminal papers of
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Lebowitz—Rose—Speer [26] and Bourgain [8]. For fractional o, one can follow the same
procedure, the only delicate point being the integrability of the term ezl Iz with respect
to Yo in the focusing case. This is achieved in the subsequent Proposition 5.8.

The aim of this paper is to study how the measures p,, transform under the action of a
given canonical transformation which removes the non-resonant part of the Hamiltonian
(1.2) up to terms of order |u|®. We call the reduced Hamiltonian Birkhoff normal form and
the reducing transformation approximate Birkhoff map. For general Hamiltonian systems
a classical theorem of Birkhoff establishes the existence of a canonical transformations
putting the Hamiltonian in normal form up to a remainder of a given arbitrary order (see,
for instance, [25, Theorem G.1]). The construction of such maps has been exploited in
infinite dimension for many Hamiltonian PDEs in different contexts, starting from the
pioneering papers [1,4,9]. Without trying to be exhaustive, we also mention several more
recent extensions to PDEs in higher space dimension and to quasi-linear PDEs, see [2, 3,
5-7,11-13,15,23,28].

One nice feature of the approximate Birkhoff map is that it can be expressed as a
Hamiltonian flow. Let us introduce it. Consider

oV Ey - Ey, Ey:= Span{eijx il = N}

defined by the system of ODEs

d
S (@ @) =
—0 N . N N AN NN
il mzu (PP e ey T UDPE U (00
1h1721731=

) j1+.12—j3=n
L1 12+ j2 2= j3 |2 —|n |2 #0

We are interested in the Birkhoff map/flow @, := ®¢° and, more specifically, in the 1-time
shift ®;, that we abbreviate to ® in order to simplify the notations. Clearly, the Birkhoff
map also depends on «, but for notational simplicity, we will not keep track of that in the
manuscript. This transformation acts on the Hamiltonian as follows:

o
H@[ou] = ||| Dx[*ull}> + Ellull}fz + R ul,

with R@[u] = O(|u|®) being a remainder which has a zero of order six at u = 0. This
identity can be easily justified for sufficiently regular functions, for instance, for u € H*,
s > 1/2, see, e.g., [4].

Next, we shortly introduce . Let {g,}necz be a sequence of independent, identic-
ally distributed complex centred Gaussian random variables with unitary variance. We
consider the random Fourier series

I L (1.4)

5 (14 |n|29)2
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If & > 1/2, this defines a function on L2(T) for almost all realisations of the sequence
{gntnez. Thanks to separability and the isomorphism between C2¥+1 and

Ey := spanc{e™ : |n| < N}, (1.5)

the space L2(T) inherits the measurable-space structure by a standard limit procedure
and we will denote by B(L?(T)) the Borel o-algebra on L?(T). The Gaussian measure
on B(L?(T)) induced by (1.4) is denoted by y,. The triple (L?(T), B(L2(T)), yy) is a
Gaussian probability space satisfying the concentration properties:

R N ) =1 gureim) <o

1
s<a—5

The expectation value with respect to y, is always indicated by Ey.
Finally, we introduce the restriction of y, to a ball of L2(T) as

Va(A) := ya(AN{Jlull2 < R}), A€ B(LXT)) (1.6)

for some R > 0. The measure J, proves useful since the L2 norm is preserved by equa-
tion (1.1).
Now, we are ready to give our main theorem (recall (1.3)).

Theorem 1.1. Letr & := %ﬁ ~ 0.9, o € (&, 1]. The approximated Birkhoff map ®,
is well-posed for all t € [0, 1] for Yy-almost all initial data. Moreover, ® = ® leaves
quasi-invariant the Gibbs measure p,. More precisely, given s € (2 — 2o, ¢ — %) and
A C HS(T) such that A € B(L?*(T)), the quantity

' d
o | — L g@®
/Ae p( /O . H [<I>z(u)])df)pa(du) (1.7)

is well defined and equals py (P (A)).

The proof is based on the Tzvetkov argument for quasi-invariance [29] and the method
of [19] for the transported density (for other ways of determining the density, see [10,
17]). In particular, we exploit crucially that the approximated Birkhoff map is given by a
Hamiltonian flow, a property which is not enjoyed by the global Birkhoff map.

The restriction on « in Theorem 1.1 arises from the probabilistic analysis (see Propos-
ition 5.1), but it is necessary in order to justify the dynamics as well (see Proposition 6.3).
We do not assign any special meaning to this range (&, 1], @ := %ﬁ ~ 0.9.

The restriction s > 2 — 2« is used in order to prove local well-posedness in H* of
the truncated (over the Fourier modes) Birkhoff map with estimates that are uniform
with respect to the truncation (see Lemma 4.1). It is not unusual when dealing with
fractional dispersion: similar conditions appear in the case of the flow of the fractional
Schrodinger equation also in [14, 16—18]. This assumption plays no role in the first part
of our Theorem 1.1, where the flow is proved to be almost surely well-posed, as H* for
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2-2a<s<a-— % has full ¥, measure. However, it is relevant to determine the right
o-field we are allowed to use for quasi-invariance in the second part of Theorem 1.1. Our
result can be probably extended to include the case s = 2 — 2«. For simplicity, we do not
attempt that here, but remark that from our proof it follows that s > 0 if @ = 1.

We stress that if @ < 1, showing that the flow of the approximate Birkhoff map is
globally well defined is quite a non-trivial task. By a direct application of the Bourgain
probabilistic globalisation method [8], we prove here global well-posedness of the flow-
map for almost all data in H (@=1/2)" with respect to the Gibbs measure; however, it is not
clear to us how to do that deterministically, since we cannot prove local well-posedness
for data in L2 and the L? norm is the sole conserved quantity at our disposal when o < 1.

Equation (1.1) is completely integrable for « = 1. In the defocusing case, exploit-
ing the complete integrability it is possible to construct a map, so-called global Birkhoff
map, which trivialises equation (1.1) and transforms the energies into non-linear Sobolev
norms [22] (alternatively the method of the paper [27] can also be applied to this con-
text). Our approximate Birkhoff map can be though of as a local approximation of the
global Birkhoff map, which is accurate about the origin. Constructing the global Birkhoff
map for a Hamiltonian PDE is a very challenging task, which has been achieved only
in few cases, namely, by Kappeler and Poschel for the KAV equation [25], by Grebért
and Kappeler for the defocussing NLS equation [22], by Gérard, Kappeler, and Topalov
for the Benjamin—Ono equation [20, 21]. In the recent preprint [30], Tzvetkov exhibits
a large class of invariant measures with respect to the Benjamin—Ono flow (including
Gaussian-based measures), using the global Birkhoff map of Gérard, Kappeler and Topa-
lov. However, these measures are constructed on the image space of the map (that is, they
are given in terms of Birkhoff coordinates) and the author conjectures that the Birkhoff
map acts on Gibbs measure in a quasi-invariant way (see [30, Conjecture 3.1]). In the same
spirit, we conjecture that a change of variable formula similar to the one of Theorem 1.1
can be proved for map reducing the Hamiltonian in normal forms of any order. We plan to
further investigate this topic in future works.

The paper is organised as follows. The Birkhoff normal form reduction is given in
Section 2 along with a crucial estimate on the derivative along the Birkhoff flow of the
Hamiltonian at time zero. In Section 3, we give the necessary deterministic estimates on
the Birkhoff flow for « = 1, while the ones for fractional « are given in Section 4. In
Section 5, we give the necessary probabilistic estimates. Section 6 is devoted to the proof
of the quasi-invariance and here we also prove the probabilistic global well-posedness
of the Birkhoff flow for ¢ > o, o := %ﬁ ~ 0.9. We establish the formula for the
transported density in Section 7.

Notations

Given a function u : T — R, we denote by f(n) its Fourier coefficient

1 .
u(n) = —/ u(x)e""™dx, neZ.
2 T
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We define the Sobolev norms H* of f as

ellZzs =Y+ [n*)un)]>.

nez

We also define the Fourier—Lebesgue norm for any p > 1

1

ullos = (X luoni?)”

nezZ

A ball of radius R and centred in zero in the H* topology is denoted by Bs(R). We drop
the subscript for s = 0 (ball of L2). We write (-) := (1 + |- [*)"/2. We write X < Y if
there is a constant ¢ > O such that X <c¢Y and X ~ Y if Y < X < Y. We underscore
the dependency of ¢ on the additional parameter a writing X <, Y. C, ¢ always denote
constants that often vary from line to line within a calculation. A + B is the Minkowski
sum of the sets 4, B, namely, A + B :={x + y : x € A,y € B}. We denote by I1y the
standard orthogonal projection

My u) = Z u(n)e™, HJI(, = 1d— Iy,
In|<N

where u(n) is the nth Fourier coefficient of u € L2. Also, we denote the Littlewood—Paley
projector by Ag := Iy, Aj =TI, —IT,j-1, j € N.

We will use the well-known tail bounds for sequences of independent centred Gaussian
random variables X1, ..., X4 (see, for instance, [31]): the Hoeffding inequality

d 12
P(Z|Xi|zk)§Cexp(—c7) (1.8)

i=1

and the Bernstein inequality

d d AZ
P( Z|Xi|2—E[Z|X,-|2} > A) < Cexp(—cmin (1,7)). (1.9

i=1 i=1
2. The Birkhoff Normal form transformation

In this section, we introduce the finite dimensional approximated Birkhoff transformation
studied in this paper. To do so, we present some more notations.
Given the Hamiltonian function ¥ the associated Hamilton equations are written as

3:U =Xz (),
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where U := (u, i) € £*(T) := L?(T) x L?(T) and the Hamiltonian vector field X # is
given by
iVaF (U)

X (U) = (—ivu?(U)

) — IV FU),
@.1)

Vo) = OF .. 1= (0 ().
We also define, for any s > 0, #*(T) := H*(T) x H*(T). Given two Hamiltonian func-
tions 7,9 : £2(T) — R, we define the Poisson bracket

(F,8)(U) = Dy F (U)[JVEU)]. 2.2)

Given ¢ : £2(T) — R such that its Hamiltonian vector field X¢ : #5(T) — #°(T),
s > 0, we denote by <I>,j{7 its Hamiltonian flow, namely,

3, @7 (U) = X5 (®] (U)),
¥ (U)=U.

Given a function &, one has that
t
GodF =6 +1{8.FV+ R, R, := / t—0){g.F).FlodTde.  (23)
0

Given a Hamiltonian F : #°(T) — R, we define the truncated Hamiltonian ¥ := Fjg,,,
&N := Ey x E (recall (1.5)), and the truncated Hamiltonian vector field is given by

X_?,'N(U) = HNX}'(HNU). 2.4)
The truncated Hamiltonian flow <1>va : &y — Ep then solves

Fn _ Fn
{atq)t (U) = Xz (@7 (U)), Ueéty.

oIV W) = U,

Let us now define the Birkhoff map. We set

Fn =7,
(o) .
fN =

—0
2i(|n1 2% + |n2|2* — |my 2% — [ma|2*)

u(nu(nz)u(my)u(ma).
[n1l,ln2l,lmy|,|ma2|<N
ni+ny=mi+my
1 [2% 42| 2 #|my 2% 4 |ma |2

2.5)
The flow-map ®V := @f” : E§ — &y defined by the system of ODEs
d
27 (@7 @) ()
_O- . . — .
= > u(ju(j2)i(js) (2.6)

1l 205l j3l<N (L1 A+ 22 = s> — [n]>*)
Jitj2—j3=n
L7112 41722 # 3 2% + | 2
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is Hamiltonian with respect to ¥ (with canonical Poisson brackets). We call this finite
dimensional Birkhoff flow and we set

N = (&)1

Recall that we omit the dependence on « in the energy and in the Birkhoff flow map.
The following lemma is a classical fact.

Lemma 2.1. Let @ € (1/2,1]. The Hamiltonian ¥y satisfies
o
{NDx*Mnullzz, Fn ()} + EHHN“”?A = o||Tyul7.. 2.7
Proof. A direct computation gives

o o
1D+ * Ty ullzs. Fn} + E”HNMH}‘}

0 . . —_ . —_ .
=3 E u(jou(2)u(jz)u(js). (2.8)
[J1lsesljal<N
Jit+j2=j3+ja

17112412 2 =] j3 |2+ | ja >

For @ = 1, we note that under the constraint j; + j, = j3 + Jj4, one obtains that
JE U3 =3 = Ji =203 = j2) Ui = Js).

Therefore, if j& + j§ — j# — j? = 0, then either j, = j3 or j; = j3. If j» = j3, then
J1+ j2 — j3 — ja = 0 gives j; = ja. Similarly, if j; = j3, then j, = js. The same
extends to fractional o € (1/2, 1] thanks to [16, Lemma 2.4]. Indeed, this lemma implies
that if j; + j» — j3 — ja = 0, one has the lower bound

7P + L2l = sl = 1jal*]
o—2

> Clj1 — jallj2 = jalj2%72,  jmax := max{|j1l. /2l /3], | jal}

for some constant C > 0. This latter bound implies that if |j;|?* + |j2|?* — |j3]?®

|j4]?® = 0, then {1, jo} = {j3. j4}. Therefore, the right-hand side of (2.8) takes the form

o > [u(HPuGH? = ol Tyuli.. =
7Ll 1=N

3. The flow of the Birkhoff map for the cubic NLS

Here, we analyse the well-posedness of the Birkhoff flow. The case o« = 1 is easier to
deal with and will be presented first. We first provide some estimates on the Hamiltonian
vector field X, .
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Lemma 3.1. Leta = 1 and N € N U {o0}.
(1) For any o > 0 and for any u € H°(T), it is

1 X gy ) llme < llullZzllullae. (3.D
(ii) For any o0 > 0 and for any u,v € H°(T), itis
1 X7y ) = Xgy W)l < e = vllme (lullze + [0]1F0)-
Proof. The Hamiltonian vector field is
Xy = (VaFn,—iVy,Fn)

and one computes, by recalling formula (2.5), that

ol . o
aﬁ(n)ff?N(u)_ Z (2+ 2 2 z)u(]l)u(]z)u(]3)
li1l,1 72,1 731<N JiTJy—J3—n
Jitj2—Jj3=n
11+1227é13+n
o
= 2 u(jou(j2)a(js).

lrbliahlsl<N 2(j3 — j2)(J1 — J3)

J1+Jj2—Jj3=n

Then, in order to deduce the desired estimates in (i)—(ii), it is enough to prove that the
trilinear form 7 defined by

T u,v,¢] Zjn[u v, gle™,

nez

> oi (3.2)
Tnlu, v, 9] = Voo
L1l 2l ljsl <N 2(j3 = J2)(J1 = J3)

Jitj2—j3=n

is continuous on H? (T) and satisfies
1T [ v, @lllze So lullaelvliczlleliez + llull2llvllze el
+ llullzzllvli2llellae Yu,v,9 € HO(T). (3.3)

One has

1T e v, @)ll3e = Y ()7 |Tnlu, v, @]

nez

o 2
(¥ DIl )

nez Mpllaiplen 13 T 2l gl
J1tj2—Jj3=n
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By using that n = j; + j» — j3, one gets that (n)? <o (j1)% + (j2)? + (j3)?, implying
that

1T [, v, 0)5e <o T1 + T2 + Ts,

1 . . . Y

T, :=Z( > |</1>”|u<m||v</z)||¢(;3>|) ,
neZ Njillphlsl<n /3 T 21T 3
J1t+j2—Jj3=n

1 . . 4\

=Y (X e GGGl )
neZ N jilljalsl<n /3 T /21T
J1tj2—j3=n

2
T = Z( . |u<jl)||v(j2)|<j3>”|<p(ja)|) .

922 Ll l<N lj3 = J2llj1 — J3l
J1tj2—j3=n

The estimate of 77, T, 75 is similar, hence, we concentrate on the estimate for 7. By
using the Cauchy—Schwarz inequality, one obtains that, for any n € Z,

> ﬁ(j1)°|u(j1)||v(j2)||go(j1 + j2 —n)

jrpez 1 =2

7 1 1
< - \20 N4 SN2 . . 2
”(Eez(h) GO PGPl + o n)|) (,,ZZ (jl—n)z(jz—n)z)

\20. . . z 1 2
s (jl,_%:ez(mz HGDPIGPIot + 2= (kl,kzzez o)

S( Z (12 GO Ple G +j2—n)|2)2.

J1,J2€Z

Thus, T; can be estimated as

TSy Y GG PvG) PleG + j2 —m)?

n€Z j1,j2€Z

<SG GDP Y OGP Y el + j2 —m)?
j]EZ j2€Z nez
J1+j2—n=k

S D UG G Y ek

J1€Z J2€Z keZ

2 2 2
S lullgo lvllzzllelz-

By similar arguments, one can show that

2 2 2 2 2 2
T2 < ulz2llvlzellelzz. T3 S lullzzlvlizzlelze
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implying the estimate (3.3). Hence, the items (i) and (ii) follow since Vi ¥y = T [u, u, u],
and thus,

VaFn ) — Vi Fn(v)

=T u,u,u] —T[v,v,0] =T [u—v,u,u]l +T[v,u—v,u]l+T[v,v,u—0v]. =

The foregoing lemma implies that the flow ®V = CIDfN is well defined in H (T) for
any o > 0. This follows by a standard Picard iteration. In particular, the following lemma
holds.

Lemma 3.2. Let N € N U {oo}. For any ug € L*(T), there exists a unique local solution
u € CY(R, L%(T)) which solves the Cauchy problem

8tu(t) = X.TN(u(t))’
u(O) = Uyp.

Thus, the flow @ﬁv : L2(T) — L2(T) is a well defined C' map. Moreover, for all o > 0,
ug € H°(T) and all T > 0 the H® norm is controlled as |u(t)|| e < CeT ||lug| go, we
have u € CY([~T, T], H° (T)) and the flow CDt},N : H°(T) — H°(T) is a well defined
C ' map for any t € [-T, T].

Proof. The local existence follows by a standard fixed point argument on the Volterra

integral operator
t

u) — Su)) :=ug +/0 Xz (u(r))dr
in the closed ball

fue CO=8,68, HO(T)) : lulligeme = sup_[u(®)lluo < R},

te[—8,8]

This fixed point argument requires that R is larger than |ug||ge and 6R? < 1. If u is a
fixed point for §, one also immediately gets that u € C'([—8,8], H°(T)). For L? initial
data, the argument to globalize the solution is standard. The exponential control of the H¢
norm up to arbitrary time 7' > 0 follows again looking at the Volterra integral operator and
using (3.1). Once we know that the H° norm does not blow-up in finite time we can also
extend the local H? flow to arbitrary times 7" > 0. ]

Lemma3.3. Lets>0,T >0, R>0, N € N U{oco}. Assume that |w™ || ;2. |[v¥ |2 < R.
Then, for |t| < T it holds

[N (v) — ©N (w) |5 SroT |V — Wlas. (3.4)

Proof. The argument easily follows using Lemma 3.2, the inequalities of Lemma 3.1 and
the Duhamel representation of truncated flows. By time reversibility, the same bound holds
for the inverse flow. This ends the proof. ]
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We now prove the convergence of the flow of the truncated vector field to the one of
the non-truncated vector field. The flow ®, = ®7 is the flow of the Hamiltonian vector
field X #, whereas the flow of CDﬁV = CID;FN is the flow associated to the Hamiltonian vector
field Xz, (recall (2.1)) where ¥ (u) = F (Ilyu).

Lemma 3.4. Letug € L2(T). It holds

sup || P (uo) — @iV(HNuo)HLz -0 as N - +oo. (3.5)
te[—1,1]

Moreover, if K C L?(T) is compact, then

sup  sup || D(ug) — CDiv(HNuo)HLz -0 as N - +oo. (3.6)
uoekK tel[—1,1]

Proof. Recalling (2.4) and by setting u ; := I1yu, one has

Xgu) —Xgy(un) = Xgu) -y Xz (uy)

[d=TIy +1I5
=V Ny Xg ) + My Xg () — Ty X (un) 3.7

=R nw)+ Ry(u), where
R @) :=TNyXg@) -y Xgy). Ry@):=TyXgw).

The latter computation is needed in order to estimate the difference of the solutions of the
following Cauchy problem. Given Uy € L?(T), we consider

{atu = Xy (u), {&uN = Xg, (uy),

(3.8)
u(0) = uyp, upn (0) = yuy,

with sup,er_y 17 [un 22 < R and sup,¢(_q 17 lullz2 < R for some R > 0. By (3.7), one
obtains that §y := u — uy satisfies the following problem:

38y = R'n(u) + Ry (u), (3.9)
8 (0) = Myuo.

This implies that

Sy (r) = Hﬁuo + /I R'nu(z,)dz + /T Ry (u(z,))dz,
0 0

since sup e(_q,1] lunllz2 < R and sup ;17 llullz> < R, by applying Lemma 3.1 item
(i), one obtains that for any z € [—1, 1]

2
IR WG Dz < ( sup uwlize+ sup Jullze) 18w llze S R2 I8 ze,
te[-1,1] te[-1,1]
implying that § 5 (7) satisfies the integral inequality

1
185 (@)llz2 < IMyuollL2 +/ IRN (u(z, )l L2dz + CR?
-1

T
/0 18x ()2 d2
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By the Gronwall inequality, one then gets that
N 1
sup |[[énllz2 = sup (168 (D)2 SR [ITyuolL +/ IR u(z.)ll2dz.
te[-1,1] te[-1,1] -1

Clearly,
Myug — 0 as N — oo in L*(T) (3.10)

in L2(T). We will show that

1
/ RNz, )|2dz = 0 3.11)
-1

as N — 4-o0. This can be proved by the Lebesgue dominate convergence. Indeed, again
by applying Lemma 3.1 (i), one gets that for any t € [—1, 1]

1Xg @)l < lu@);> < R,
This implies that, for any 7 € [—1, 1],
My X5 (u(r)) >0 as N — ooin L*(T) (3.12)

and

sup sup [|Ry (7)) S R
NeN re[-1,1]

Therefore, equation (3.11) follows by dominated convergence. This completes the proof
of (3.5). To show (3.6), we note that the sequences (3.10)—(3.12) are monotone and that
the functions

(U, 7) € (K, [-1,1]) = Py (u) — D7 (o)

are continuous (by Lemma 4.3), thus, the point-wise convergence to zero is promoted to
uniform convergence by using the Dini criterion. ]

Recall that we are abbreviating ® = (®;)|;=1 and &V = (®V)|,;.

Lemma 3.5. Let A be a compact set in the L*>(T) topology. For all & > 0, we can find N,
sufficiently large so that

®(A) C PV (4 + B(e)) VN > N,. (3.13)

Proof. Set
Uy (v) := (PV)"1d(v).

Then, equation (4.15) follows once we prove that for all v € A and all ¢ > 0 there is N,
large enough such that

[v—¥n@)lr2r) <& forall N > Ng. (3.14)
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Indeed, assuming (3.14), we have for any v € A
Wy (v) €v+ B(e) C A+ B(e);

thus,
d(v) = VN Uy (v) € PV (v + B(e)),

which readily implies (3.13). The proof of (3.14):
lv = ¥n ) 2ry = 1(@Y) 'O (v) — (@Y) ' @) L2(T)
Sr 19V () — D)l L2(r)

where we used Lemma 3.3 and the fact that the L2 norms of ®V (v) and of ®(v) are
bounded by ||v||;2 = R. By Lemma 3.4 for all & > 0, there is a N, such that

@Y (v) — D) |2y < &,

and (4.16) is proved. [

4. The flow of the Birkhoff map for the fractional NLS

In this section, we prove local well-posedness for the flow of the Birkhoff map associated
to the fractional NLS, i.e., o # 1. We will do it for o > %, that is sufficient for our purposes.
Let us shorten

D1, j2. J3) 1= ji% + j3% — j3¥ —n** withn = ji 4+ jo — j3.

We will crucially use the following lower bound (see, for instance, [16, Lemma 2.4]):
(D1, j2s J3) Z 11— J3lljz — Jal () + (J2) + (ja) @72, 4.1

Lemma 4.1. Let o > % and N € N U {oo}. Then, the following holds.
(i) Forany s > 2 — 2a, for anyu € H*(T),

X gy @) lers s lullys lullz2- 4.2)
(ii) For any s > 2 —2a, for any u,v € H%(T), one has
1 Xy () = X W)l s S Ml = vl s (el Frs + [0l175)-

Proof. The Hamiltonian vector field is X#, = (i Vi Fn,—iV,Fn), and one computes

that )
ol
0a, Fy = > s u(j)u ()i ().
. IO
Ay 2P0 2 03)
Jit+j2—Jj3=n

j12a +j22a7éj32a+n2u
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Then, in order to deduce the desired estimates in (i)-(i7), it is enough to prove that
the trilinear form 7 defined by

Tlu,v,¢] = Z Tnlu, v, ple™,

neZ

Talwv,pli= )

[71l1721,1731=N
J1tj2—j3=n

ol . . .
mu(h)v(h)(ﬂ(h)

is continuous on H*® for s > a = 2 — 2¢, namely,

17w, v @lllas Ss Nullasllvllaslellez + lullasviizllelas + lull2lvliaslelas.

4.3)
‘We have

1 e v @111

=Y (n)*|Tfu. v. 0] ?

nez
@ (n)?((j1) + (J2) + (J3)* )2
< — [u(jOlv(2)le(j3)]
; |]1||]22|;3<N [/3 = j2llj1 — jal

Jitj2—j3=n

By using that n = j; + j2 — j3, one gets that (n)* <o (j1)° + (j2)*® + (J3)®, implying
that

17 [, v, @)l30 <5 T1 + T + T3,

T=Y » (1) + G2) + (3D (1)*

i3 — j2llj1 — j3
n€Z " |jillj2l.ljsI=N lj J2llJ J3l
J1tJj2—Jj3=n

2
|u(jl)||v(j2)||(ﬂ(j3)|) ,

. ) /s 2
ni=y (0 WL Gy gl

neZ Mplasleny 3T 2llin= sl
J1tj2—j3=n
(1) + Ga) + G a) o N2
n=y (X B B G0l )
ne€zZ " ljllillial=N
J1tj2—j3=n

The estimates of 77, 7>, T3 can be done similarly, hence, we estimate only the term 77.
The term 77 can be split into three terms, namely,

T S A1+ Az + As,

(jl)s+a 2
m=x( ¥ Dl Glle(a)

e AN |73 = J2llj1 — Jal
J1tJj2—Jj3=n
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= (j1)* {J2)* _ . N2
neZ Njillihlsl<n 3 T 21T
J1+Jj2—Jj3=n

s/ \a 2
w=y (2 S Gl

neZ N jilljahlisl<N [/3 = Ja2llj1 — Jal
Jit+j2—j3=n

The terms Ay, A», A3 are estimated by similar techniques, hence, we only provide an
estimate of 4;. By the triangular inequality, one has
(1) = () U0 S ) () + (i — a))
< G = Ja)
The latter inequality, together with the Cauchy—Schwarz inequality implies that for any
nez

1 s e ay e
jl;ﬂ(fl—n)(h—nw—““‘) (il + 2 =)l + o =)

1
2

s( ) <jl>“|u<j1>|2|v(jz)|2<jl+jz—n>2“|¢<jl+jz—n)|2)
J1,J2€Z

1 2
X( 2 <j1—n>2<j2—n>2<l—a>)

J1,J2€Z

1
2

s( > (n)“|u(jl>|2|v(jz)|2<j1+j2—n>2“|so(jl+j2—n)|2)

J1,J2€Z

. !
X( 2 <k1>2<k2>2<1—a>)

k1,k2€Z

s( ) <j1>25|u<jl)|2|v(jz)|2<jl+j2—n>2“|¢<jl+jz—n)|2)2

J1,J2€Z

by using that 2(1 — a) > 1. Thus, A; can be estimated as

A1) Y G0 GDPRG PG+ j2 —n)*%leG + ja —n)I?

nez j],szZ
S YU GOP Y- WGP D G + ja = n)* e + j2 —n))?
J1€EZ J2€Z nez
J1+j2—n=k
S D GF G Y G D (kY k)
J1€Z J2€Z keZ

s>a
2 2 2 =
S lulgslvlizzlelz < lullaslviz:llelss.
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By similar arguments, one can estimate A, A3, T2, T3, and hence, one obtains the bound
(4.3). Hence, the items (i) and (ii) follow since V; ¥y = T [u, u, it], and thus,

Vafnu) = VaFn () =T [u,u,u] — T [v,v,7]

=T[u—v,u,u]+ T[v,u—v,u]l+ T[v,v,u—0vl. n

The latter lemma implies that the flow ®V = @?N is well defined in H*(T) for any
s > 2 — 2« when « > 3/4. This follows by a standard Picard iteration. More precisely, the
following lemma holds.

Lemmad4.2. Leta>3/4and N € N U {oo}. Foranyug € H*(T), s > 2 —2a, ||uo|lgs <
R, there exist a time Ty = Ty (R) = % > 0, cq K 1, and a unique local solution u €
CY([~Ty, Ty], H5(T)) which solves the Cauchy problem

dru(t) = Xg (u()),

u(0) = uy.

Thus, the flow ®N : HS(T) — H*(T), t € [~Ty, Ty) is a well defined C' map and
lu@llgs < lluollgs. In the case where o = 1, one has that Ty, = 1.

Proof. The local existence follows by a standard fixed point argument on the Volterra

integral operator
t

ut)y — Sw)() :=uop + /0 Xgy(u(r))dr
in the closed ball

{ueCO([—Ta,Ta],HS(T)): sup |lullgs == sup  u@)|ms SR}.

|t|<Ta IE[_TQ9TQ]

This fixed point argument requires that R is larger than ||ug|| gs and TR? = c, with ¢ < 1
small enough. If u is a fixed point for §, then it must be u € C1([~Ty, Ty], H*(T)). =

Lemma4.3. Leta > 3/4, s > 2 —2a, N € N U {oo}. Assume that |w| gs, |[v|gs < R.
Itis
sup (| @7 (v) = O (W)l SR Tpus 10— w5 @4)
[t|<Tq
Proof. The argument easily follows using Lemma 4.2, the inequalities of Lemma (4.1)
and the Duhamel representation of truncated flows. ]

We now prove the convergence of the flow of the truncated vector field, to the one of
the non-truncated vector field. The flow ®, = ®7 is the flow of the Hamiltonian vector
field X# whereas the flow of &%, = CthN is the flow associated to the Hamiltonian vector
field X#, where ¥y (u) = F (Ilyu).



Quasi-invariance under the Birkhoff map 43

Lemma4.4. Leta > 3/4,2—20 <s' <s, R>1land N € N U {oo}. Then,

sup sup  [|®(uo) — OV (uo)| o S RN~E™), 4.5)

lwoll s <R t€[-Tw,Tu]

Proof. Given ug € H*(T), we consider

{atu = Xz (), {atuN = X7, (un).

u(0) = uy, un (0) = yuy.

If ||ug|lgs < R, then the corresponding solutions satisfy

sup  flun(D)llms.  sup  fu(T)llas < R.
t€[~Ty,Tu] 1€[~Ty,Ta]

By (3.7), one obtains that vy := u — u y satisfies the following problem:

druy = A, uy)vy + Ry (u),
vy (0) = HJA‘,M().

This implies that

vy (t) = Hﬁuo + [r Ry W) (z)dz + /r A, uy)(z)vy(2)dz.
0 0

We have that ||u||ze g, [[un ||z gs < R and we need to estimate ||y (¢)| s Withs” <.
By applying Lemma 4.1 item (ii), one obtains that for any z € [Ty, Ty]

2
A, un) (@)@l g 5( sup  [Ju(7)llgs +  sup ||MN(T)||Hs’> ol g
1€[~Ty,Ty] 1€[~Ty,Tal

2
S Relgs

implying that V() satisfies the integral inequality

T,
lon (@l < ITxuoll g + [T IR N ) (@) g dz + CR?

[0 low ()l dz
(4.6)

forall T € [Ty, Ty]. We have (recall Ty, = %)

Ca
< — sup [lun(@)llgs-
R? <1,

T
‘ [ tox @z

Plugging this into inequality (4.6) and then taking the sup over t € [Ty, Ty] of the new
inequality, we arrive at

T
sup [lon ()l < 1Tyl o +/T RN () () gsrdz + Cca sup [un(2)] g -

[t|<Tw [t|<Tq
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Since ¢, < 1, we can reabsorb the last term on the right-hand side into the left-hand side
and we arrive at

T
sup o (D)l ge S My uollgs +/ IR N () (2)ll g dz.

[t]<Te o

By standard smoothing properties, one has that
Ty uoll gy < N7Clluollms < RNTCT,

and by using also Lemma 4.1 (i), one gets that

Ta
[ IR @) e

Ta Ty

Ta , Ty
:/ Ty X5 (u(2))ll g dz S N7E) / X5 ()| s dz

Ty
—(s—s' (e C (e
SNG ”/_ lu(@)lzsdz  NTCTD R S e RNTCT,
This implies
sup [y ()]l gy S RN-E)

[t|<Ty

from which we deduce the statement. [

We need an approximation result that allows to construct a flow ®; on ¢ € [—1, 1] once
we have suitable estimates on the approximated flow <I>£V that are uniform over N € N.

Proposition 4.5. Let o > 3/4and 2 —2a < s’ <s, R>0and e > 0. Let A C Bg(R).
There exists N sufficiently large (depending on «, s, s’, &, R) such that the following holds.
If
sup sup || @) (uo)|lms < R. 4.7)
te[—1,11upo€d

then the flow ®;(ug) is well defined on t € [—1, 1] for all ug € A. Moreover,

sup | ®;(uo) — PN (uo)ll gy <& Vup € A. (4.8)
te[—1,1]

Remark 4.6. The assumption (4.7) on the truncated flow q)ﬁv will be verified in Proposi-
tion 6.3.

Proof. Recall that ¢, = T4 R < 1, where T, is the local existence time of ®; (see

Lemma 4.2). Let J be the smallest integer such that J ﬁ > 1. We have

2(R% + 1 2(R% + 1
2R+D 2’4 D

Ca Cq
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We partition the interval [0, 1] into J — 1 intervals of length and a last, possibly

2(Rc2a+1)
smaller interval. We will compare the approximated flow CDﬁv and ®; (which exists only
for small times) on these small intervals and we will glue the local solutions. Let

§<Ssy <o <8y <8 <Sg=S5.

We proceed by induction over j =0,..., J. Assuming that ®, is well defined on [0, (j +
1) ﬁ] and that

sup | D¢ (ug) — D (o)l g5 < N9 (4.9)

100 5ty

for some k; > 0, we will show that ®, (1) is well defined on [0, (j + Z)m] and that

sup [ @1 (o) = @ (o)1 < NTI, (4.10)
IE[O,(]"I’I)%]
for a suitable ;41 > 0, provided N is sufficiently large. In particular, we take N so large
in such a way that we also have N 7%/+! < g. Using the induction procedure upto j = J,
the statement would then follow.

The induction base j = 0 is covered by Lemmas 4.2 and 4.4 and by the fact that
A C Bs(R).

Regarding the induction step, we first prove (4.10). Then, using the assumption (4.7)
and the triangle inequality, we get

sup @ (o) || gsie1 < R+ N9+ < 2R. (4.11)
r€l0,(j+1) ]

2(R°20t+1)
By (4.11), we then use Lemma 4.2 (with 2R in place of R) to show that ®,(u) is well
defined on [0, (j + 2)2(R2+1)]

Now, we show (4.10). If the sup in (4.10) is attained for ¢ € [0, j m], then (4.10)
follows by (4.9) simply taking ;1 = «j. On the other hand, if the sup is attained for
telj m, G+ 1)%], using the group property of the flow, we need to prove

sup | P: D (uO) - CDN (DN < (”0)”1-1 jr1 < N7+

G+1) ] e

i Co o
telj 2(R2+1) 2(R2+1)

To do so, we decompose

@ q> (”0) CDN‘DN oo (MO)HH j+1
< v, i (uo)—cb O o)l (4.12)
+ (| P P; (uo) CDde’,N (o)l gsit1s (4.13)
2(R2+1)

and we will handle these two terms separately.
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To bound (4.12), we first note that by the induction assumption (4.9) and by the
assumption (4.7), we have for N large enough

1P,

. ca
7 2(R2+1)

wo)llgss <R+N <R+e.

Using this fact, the assumption (4.7) and the fact that the stability estimate (4.4) is time-
translation invariant, we apply (4.4) to get

sup ||<th> (140) - P @ (140)”1-1 41
te[i%,(j‘i‘l)z(;ziﬁl)]
—K
NR+8S ||CI>j (R2+1)( 0)_ 7(140)”HS1+1 =< N Hl

where in the last step we used the induction assumption (4.9), where 0 > kj 11 > s 11 — §;
and N sufficiently large.
In order to bound the term (4.13), we use the stability estimate (3.4) and initial datum

®N ., (up), that is allowed recalling the assumption (4.7). Thus, for Kkj+1 as above we
2(R2+1)
arrive to
sup [| @ CD — (uO) - qDNq)N oo & (uo) [l grsi+1

tG[j 2(R62a+1) ’(J + 1) 2(ch+1)]
<gr NSi+175i < %N_Kj-*—l,
provided that N is sufficiently large. This concludes the proof. ]

Recall that we are abbreviating ® = (&, )| ;—; and N = (oV )| 1
Lemmad4.7. Leta > 3/4ands >2—2a, R > 0and e > 0. Let A C Bs(R). Assume that

sup sup sup ||d>f’(u0)||Hs <R. (4.14)
NeN te[—-1,1]upeA

Then, if ug, vo € A, then
1Y (uo) — ®N (o)l <k lluo —vollus, te€[-1,1].

Proof. By the Duhamel representation of the solution, one has

t
@ (o) ~ @' (o) = —v0 + [ B (0,
0
S (1) = Xy (BN (w0)) — Xy (@Y (v0)), 7 € [-1,1].
By the estimates of Lemma 4.1 and by using the assumption (4.14), we get

83 (D) las <s RZNDY (uo) — @Y (vo)llgs Y7 € [-1.1];
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and hence,

t
1D} (o) — @7 (vo)llars < lluo — voll s + CR? / 1Y (o) — @Y (vo) s z|-
0

This implies the claimed bound by using the Gronwall inequality. ]

Lemma 4.8. Leta >3/4,2—20 <s' <5, R>0ande > 0. Let A C Bs(R). Assume
that

sup sup sup [[®) (uo)|as < R
NEeN te[-1,1]up€A

Let E C A be a compact set in the H(T) topology. Then, foralle > 0,2 —2a <s' <s
there exists N sufficiently large so that

®(E) C ®V(E 4 By(¢)) VN > Ny. (4.15)

Proof. Set
Wy = (V) o).

Then, equation (4.15) follows once we prove for all v € E and all ¢ > 0 there is N, large
enough such that
lv—¥n@)|ys <& forall N > N;. (4.16)

Indeed, assuming (4.16), we have for any v € E
Un(v) € v+ By(e) CE+ By(e),

thus,
d(v) = DV Wy (v) € OV (v + By (e)),

which readily implies (4.15). The proof of (4.16):
v = ¥n @)llge = [(@Y) DY () = (@) ' D) o
by Lemma 4.7 N
SRR () =)l gy
Finally, by Proposition 4.5, for all € > 0, there is an N, such that

[N (v) — (V)| v <&

(4.16) is proved, and the proof is concluded. ]

5. Main probabilistic estimates

The main result of this section is the following.
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Proposition 5.1. Ler 1 > o > %ﬁ ~ 0.9 and set

(1 2a — 1 20(a + 1)
= — , > 1. 5.1
$@) mm(3+3(l—a) 4—4a2+3a) ©.1)
For all p > 1, it holds
L pioN )| <y 52)
a1 o) S P70, .

Remark 5.2. Note that (1) = 4/3.
We start with the following deterministic estimate.

Lemma 5.3. Forall @ € (3/4,1), it holds

‘iH“") (@ ()]

4 2 2
T S IMvullz + My ullz2 ITIvullp 0.

t=0
+ T v ul L2 1T v v oo I TIN5 o1

Proof. We have

4 @ wj|,_,

o {H@[Myul. Fi}

o
D« TvullZ>, Fy} + E{HHN””}t%fFN}

(

5]
~
-

o o
~ Iyl + ol Mxuls + 5 (ITvulfe Fv}. 5.3)
The first summand in (5.3) is bounded by
2
ITvulfs < ||nNu||zz( 3 |u(n>|) < IMnul 2ol Tyuldper.  (5.4)
[n|<N

Hence, we need to estimate only the term {||TT yu ||i4, Fn}. By the definition of the Pois-
son brackets given in (2.2), one has that

{IMyulze, v} = Dug (U)X, U)],

where
5(U) :=/ u?i’dx.
T

We write
Dy§(U)[h] = Tih + Tsh,

Th = 2/ uii’hdx, Toh:= 2/ w?ithdx.
T T
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We have
[71h] < > RGO (G3)[u(fa)l
J1+j2—Jj3—ja=0
S Y0 kG + Ja— )G ()| (a))|
J2,J3,J4
Slhlle Y uG)lluGa)ula)l S lhllzz g0
J2:J3:J4
and similarly  [724] < [|A]l 2 |[ull3 0.
Therefore,

Dy g U)Xy (]I < lullpon | Xz (U2 (5.5)
Combining (5.5) and (4.2) (recall that 2 — 2o¢ > 0) gives

{ITvul;e, Fv )} = [Dug (U)X gy (D] < Nullipon | Xz (U)l2

- 3 - 3 ) (5.6)
S ullppoall X gy (U)ll2—20 < ullpponlluellz e llulire.
Using (5.4) and (5.6) in (5.3), we finish the proof. ]
We now establish the following tail estimates.
Lemma 5.4, Lets < o — % There is ¢(R) > 0 such that for allt > 0
~ 20
YN (ITINullgs = 1) < exp(—c(R)s).
Proof. Since
IMyullzs S 27 A TIvu| e,
jeN
we have
Vo N (IMNvullas = 1) < Va,N(Z 27 A v ul s = l). (5.7
jeN
Let now
. 1
J = min{j eN:2/ z(t/R)?} (5.8)
so that we have
275 <t/R forj < j.
Hence,
. . t
> 270A Mwule S29R S SR =1,
0=<j<Jji
Ya.N -a.8., therefore,
)7a,N( > 25|A Pyufpe = z) =0. (5.9)

0=<j<Jj:
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Thus, (5.7) and (5.9) give
P (Ml > 1) < fa,N( S22 A; Mvulle = z).
J=Je
Let cp > 0 small enough in such a way that
o :=coj —jr + 172, ZUj <1
jeN
Therefore, we can bound
m( D27 |A Tyull = r) <Y Fan(IATyul2 = 0,277, (5.10)
J=Ji J=Ji
For each term of this sum, we have ({g;};ez indicates a sequence of M (0, 1) random
variables)

Vo (18 TIvullL2 = 0,277°1) = Fan (18 Ivul 7. = 2720 71%)

= P( > gl = 22"“‘”#*)
j~2i

= P( 3 (g2 = 1) = 227@ 02 - 2f)
j~27

< P( Y (gP-D= c22f("“s’cr,-2t2),
j~2i

where ¢ > 0 is a suitable small constant and we used the fact that 2(« — s) > 1 in the last
inequality. Then, from the Bernstein inequality, we get

P( Z (|g] |2 _ 1) > c22j(°‘_s)ajztz) < e_CZZj(a_S)sztz.
j~2i
Thus, recalling (5.8), we have arrive at the desired estimate:

_c22./(0¢*3)0_2t2
J

right-hand side of (5.10) < ) e
J>Jt
e_czjt(a_S)ajzttz

< exp(—c(R)tzTa). [

Lemma 5.5. There is ¢ > 0 such that

2+2a
Yo, N (ITINu| pror = 1) < 2exp (—C R2a )

forallt = (log N)? ifa =1lort 2 N'™® fora < 1.
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Proof. We have

hellpron =D > )] < Y 1 Ajullpros.

jeN n~2J jeN
Then,
T (1Tl ppon > 1) < n,N(Z 1A Tl pron = r). (5.11)
jeN
We note that _
J
lAjullrzor < 2% Ajul 2. 5.12)

Let now _
je:=min{j e N: R2Z > 1}

so that we have _
R2z <t forj < ji. (5.13)

Therefore, using (5.12) and (5.13), we get
3 1A Tyl pron < 2% R <1
0<j<Jt
for any element of B(R), therefore,
m( S 1Ay Tl prar > r) —o. (5.14)
0<j<Jjt
Thus, (5.11) and (5.14) give

S A Ml pros > r).

S (1Tl proa = 1) < m(
J=>Jt

Let cp > 0 small enough in such a way that
oj =co(j —jr + 172, Zaj <1
jeN
‘We bound
’y’a,N( S 1A Tyl ppor = t) < S Fen (1A Tyl 2 00 (5.15)
J=Jt J=Jt
We introduce the centred sub-Gaussian random variables

18] — Ellgn]
Yy i= 1Ayl pros = Ealld Myl proal = 3 =5 em=es

n~2J
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and we have
Ya.Nn 1A TINul|pron > 0jt) = Van (Y; > 0jt — E[||AjTnu| proa]). (5.16)

Note that

EulI A Tvul o] = 3 Ellgnll _ )3 1

o
= )

We set
sj =0t — Eq[|Aj T yu| proa].

It follows that there is C > 0 large enough such that for all 7 > C(log, N)? fora = 1 or
fort > CN'™® fora # 1

inf s; > 0. 5.17)
j€d{jz,...,Jog N}

We have by the Hoeffding inequality
YaN (Y; = 5;) < 2exp(—c2¥s7). (5.18)
Thus,

right-hand side of (5.16) < » " 2exp(—c2%/s7) < 2exp(—c2%'s})
J=>Jt
l4
< 2exp ( — cﬁ) ]

In the remaining part of this section, it is convenient to shorten
d N
Gy := EH[HNCI), ]|, - (5.19)

We have the following lemma.

Lemma 5.6. It holds forall M < N € N

3

IGn —CmlLrGy) < 5 (5.20)
M?2a—1
Proof. We will prove
1
IGN — GmllL2gy) = M1 (5.21)

The assertion will follow by the standard hyper-contractivity estimate [24, Theorem 5.10,
Remark 5.11], noting that G is a multilinear form of at most 6 factors.

We use formula (5.3) in the proof of Lemma 5.3. The first summand is bounded in the
support of ¥, by R*. For the second and the third summand, we estimate the L?(y,) norm
and use that it controls the L?(},) norm.
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We have

IGN — GullLzgy < NTInullfs — ITarullfall2)

4 4
+ I vullzs, Fat — Tl zas Ptz o)-

By a direct calculation, one has that, for any N € N,
(M ull7s. )
= Z c(ny,na,n3,my, my, m)u(ny)u(nz)u(nz)u(m)u(mz)u(ms),

|nil,lm;i|<N,

Siini=Y mi
(5.22)

where the coefficients c(n1,n,,n3,my, my, m3) are such that

c(ny,na,n3,my,my,m3)| S 1 Vny,np,nz,my,my,ms € Z. (5.23)

In what follows, we will use the Wick formula for expectation values of multilinear forms
of Gaussian random variables [24, Theorem 1.28] in the following form. Let £ € N and

S be the symmetric group on {1,..., £}, whose elements are denoted by o. We have
y4
R T ml _mjsle(y) m/ ”0(1)
Ea[nu(n])u(m,)] 3 ]‘[ T = ~ 3 ]‘[ : (5.24)
j=1 geSyj=1 oeSpj=1

where (-) = (1 + |- |*)/2. We convey that the labels m; (respectively, 1;) are associated to
the Fourier coefficients of u (respectively, u). We say that o contracts the pairs of indexes
(m;,ng(;)), and we shorten for any 2 C 7t x 7.¢

0(Q) :=QN{m; =ngu.i =1.....4}, o¢€S.

We also define the set Q to be obtained by Q swapping the role of n; andm; i = 1,...,L.
Let N > M and define fora,b € N

A‘;\/bM = {|na bl Imapl < Nong +np = mg + mp, max(|meapl, [napl) > M}
Squaring and using (5.24) with £ = 4, we have

4 4
TN ully e — Tarully o ll22(ye)
4

= Y Ea[l_[u(ni)ﬁ(mi)]

1,2 3,4 i=1
AN AN u

1 1
- Z Z (n1)2% (12)2% (n3)2% (n4)2@ S M4a—2"

OESs G (AN Ixa(ATH)
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Similarly,
,bic |
B}av’Mc = {|na,b,c|v |ma,b,c| < N.,ng +np+ne =mg +mp +me,
max(|ma,b,c|» |na,b,c|) > Mm, 7& nb»nc}

and

KT vl e, Fivy = T Nvulize. Fa L2 g

6
Y a[]"[u(n,»)ﬁ(m,-)}

12,3 34,56 i=1
BN *BN

<
~ M2’

G'ES5 U(BN M3)X (BNSM) i=1
Then, we can immediately establish the following result.

Proposition 5.7. There are C,c > 0 such that

1 20—1
Va(IGy — G| > 1) < Ce™*N 3, (5.25)

Proof. Having bounded all the moments as in Lemma 5.6, we can also bound the frac-
tional exponential moment

Eqlexp(c|Gn — Gy |3N573)] < oo, (5.26)

for a suitable constant ¢ > 0. From (5.26), we obtain (5.25) in the standard way using
Markov inequality. ]

Proof of Proposition 5.1. We will prove that there is ¢(R) > 0 such that forall N € N U

{oo}, o
Tan (Gy = 1) < e7cBE (5.27)

Then, the fact that (5.2) follows from (5.27) is standard.
By Lemma 5.3, we see that for u € B(R),

|GN| < R* + R2||HNU||?:'L0,1 + R”HNu”iIz—za”HNu”;:Lo,l
< CR) Ty G220 1IN 2| 3 p01-

Therefore,
Va,N(GN >1) < yot,N(”HNu”%-Iz—m ||HNu||:};:‘LO,1 = C(R)t)'

Lemma 5.5 yields foro = 1

4
Vun(Gy = 1) S e B forr > (log N)2. (5.28)
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For o < 1, we estimate

VN (TN | Fp2e I TIN U G000 = C(R)D)
= VQ,N(”HNMH;LO,I = C(R)tkl) + J7a,N(||HNU||%12—2a = C(R)tkz)
with
ki+ky,=1. (5.29)
Then, using Lemma 5.5, we bound

~ (2+2a)k _
ya,N(||HNu||i~L0,1 > k1) < exp(—c(R)t 3 1) fort > N7,

and using Lemma 5.4, we have

~ k.
Ve, N (| HN“||12L12—2a = [kz) < exp ( —c(R)t 22« )
We optimise choosing k1, k, such that

aky (24 20)k

2 -2« 3

Together with (5.29), this leads to the choice

4 — 4a?

ky = ——.
2T 4402 + 30

It is clear that k, € (0, 1) when « € (0, 1), thus, this choice is admissible. We finally
arrive at

20(+1)
Ya.N(GN > 1) <exp ( — c(R)t 442 +3a ) (5.30)
Note that
2 1 1+ 497
et ) s 1EYIT (5.31)
4 —4a? + 3 12

Note also that, in order to use Lemma 5.4, we must have 2 — 2o < « — 1/2, namely,
o > 5/6. This is compatible with (5.31).
Whena # 1,t < N7 We set T := | 7= |. We bound

Yan(GN| = 1) < Vo N(IGT| =2 1/2) + Van(IGy — GT| > 1/2). (5.32)

Since ¢ > T17% the first term can be estimated again by Lemma 5.5

20(a+1)

VaN(IGT| = 1/2) S exp (— c(R)1 442 +3a). (5.33)

For the second summand of (5.32), we observe that N > T, so Proposition 5.7 gives

1

1_2a—1 3
Fan(GN —Gr| > 1/2) < yan(Gy — G| 2 1/2) < Ce™* T < Ce™"’

2a—1
REI(E)
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Combining that with (5.30), (5.32), and (5.33) gives (5.27) for o # 1.

56

Finally, we take o = 1. Consider t < N°¢ for some ¢ > 0, set T := Ltéj We bound

again as in (5.32). Since t > T?, we have
~ 4
YaN(IGT| = 1/2) < 2exp(—c(R)t3).

Since N > T', by Proposition 5.7, we get

(5.34)

1_20—1 1, 1
VaN(IGn — G7| > 1/2) < yan(IGny — G7| > 1/2) < Ce™°T 2 < Ceme T

Combining that with equations (5.28), (5.34), and taking ¢ small enough gives (5.27)

fora = 1.
The next result also follows by the considerations in this section.

Proposition 5.8. Let « > 3/4 and A € R. The quantity Eq[l{myul,,<R}e
bounded uniformly in N.

Proof. Set
. N1« a #1,
. (logN)? a=1.

We write

ATy ul* o -
Eallgnyul,,<me™ 0] = / dte' 5y (| Tyulls = 1)
0

MIyulfay ;o

La,N
— 1+ / Qe Fun (IMyulls = 1) (5.35)
1

o0
4 / die ™ (ITIyullts = 1),
L

oa,N

By Lemma 5.5, we have

oo
(5.36) < / dte™ 7oy (R Tyu|2pon = 1)
L

o, N
o0
< 2/ dt exp(At — c(R)t11%) < 0.
sz,N
Set T := Ltﬁj fora #lorT := LI%J for some ¢ > 0 if « = 1. We bound

La,N
G314 [ dieH Tl = 1/2)
1

La,N
4 /1 e Ty (ITyuls — [Trullts] = 1/2).

(5.36)

(5.37)

(5.38)
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Since t > L, 7 again by Lemma 5.5, we have

LOt,N o0
(5.37) < 1+/ d1Va, N (RP| TIN5 00 =1) < 1+2/ dtexp(At—c(R)t!11%) <o0.
1 1
It remains to bound (5.38). The same proof of Proposition 5.7 gives for o # 1

0 12l % ER =
(5.38) < C/ dreM 13T 3 < C/ dre*M™! < o0
1 1

(since @ > 3/4) and fora = 1
oo 1 20-1 oo 1201
(5.38) < c/ dre* =3T3 < c/ drer =7 ¥ <00
1 1

for ¢ sufficiently small (these estimates are loose but sufficient to our end). This ends the
proof. ]

6. Quasi-invariance

The main result of this section is the following.

Proposition 6.1. Letx € (a,1], @ := %ﬁ ~0.9andt € [-1,1]. There exists f(t,-) €
L?(pgy) for all p > 1, such that for any measurable set A

Pa(®(A)) = /; F(t.0)paldu).

In other words, we have

d(pg0®;)

for the Radon—Nikodim derivative doe

of po © P; with respect to py,.

Let \
pan (du) i= e 2Vl o (du).

The convergence p,,y — pg Was proven in [8, 26]. In particular, we have that for any
measurable set A for every & > 0 there is N € N such that for all N > N

|06 (A) = pa,n (A)] < &. 6.1)

We also set yfv- the Gaussian measure induced by the random Fourier series

Z 8n einx.

1
|n|>N (1 + [nf?)2
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We define the Lebesgue measure on CV ~ R2V as

Ly(@Tiyu) = ] dReu(n))d(Imu(n)),
ln|<N

using the standard isomorphism between u and its Fourier coefficients. Since the flow is
Hamiltonian, we have Ly (ITy CI>11v (E)) = Lny(E).

We start by proving the quasi-invariance of p, with respect to the truncated flow, which
is defined for all 7.

Proposition 6.2. Leta € (a, 1], @ := %ﬁ ~ 0.9 and recall () > 1 defined in (5.1).

We have .

Pa(® (4)) S (pa(4))' % exp(C (R )(1 + |t Fe5-1)) 62)
forall N € N and ¢ > 0.

Proof of Proposition 6.2. We compute

_a 4
PN (@ (4)) = [ ¢SVl (du)
oV (4)

- [ L (dTLyu)y y (dP- yu) exp(—H@ M yu))
oY (4)NB(R)

_ [ Ly (dTIyu)ydy (dP- yu) exp(— HO [Ty & ()],
ANB(R)

Taking the derivative in time and evaluating it at # = 0, we get

d N
—pan (@) (D) _

= [ VT (P expl= ) (51 L @ (0]o)
— [ pan (@G0, 6.3)
where (recall (5.3) and (5.19))

G () = =2 Tullfs + ol Tyl + 24Tyl i

Sincet € (R, +) — @ﬁv is a one parameter group of transformations, we can easily check
that

d N _ d N &N
o oY ()| = Tlpun o ON @YD) . (64

Using (6.3) and (6.4) under the choice E = CIJfV A, we arrive at

d N
Gan oY) == [ puv@wGyw.

t*
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Thus, combining the Holder inequality and (5.2), we get

_1 1 _1_
< GNILr pan (PN(A))' ™7 <R pan(PN(A)' 77 pT@,
(6.5)

d
< (Pay 0 @ (4))

t=t*

whence 4
1
E((Pa,N o dN (AP <g pT@ !,

whence

PaN (@Y (4)) < pav (A) exp(plog(l + C(R)1|pF@ (. (A) 7). (6.6)

We can now show (6.2). We may and will assume p(A4) > 0. Consider

p = log (ﬁ), (6.7)

and note that .
(2p(4)) 7 =e. ©6.8)
By (6.1), we have that there is N = N (A) such that Pa,n(A) <2p(A) forall N > N.
Thus, for sufficiently large N (6.6) reads
N a1 -1
Pa.N (7 (A)) = 2pa(A) exp (plog (1 + C(R)|t|pF@ ™ (2pa(4)) 7))
= 2pa(A)exp (plog (1 + C(R)|1|pF@ "))
1
< 2pa(A) exp (C(R)]t|pT®)

szpa<A)exp(C(R)|t|( ( » A)))“'”)
Szp“(A)eXp( ( (2 (A)))) (CCR.olIFE)

< pa(A) = exp (C(R. &)(1 + 1| F@1T))

for all ¢ > 0, where we used (6.8) in the second line and the Young inequality in the
penultimate line. Then, equation (6.2) follows by (6.1). ]

For o # 1, we extend the flow of the Birkhoff map globally in time using the Bourgain
probabilistic argument [8].

Proposition 6.3. Leta € (@, 1), @ := %ﬁ ~09 s <a— % andt € [—1,1]. Then, the
Birkhoff flow map (2.6) is globally well defined for py-almost all initial data. Moreover,
there exists y,c, C > 0 such that

sup || P (w)|lgs = K (6.9)
te[—1,1]
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and

?up ] @ () — N )| o S KNTC), 0<s <5 (6.10)
te[—1,1

hold for all u outside an exceptional set of py-measure < CK?e=¢K".

Proof. Let K > 0. We partition [0, 1] into J intervals of size at most

Co
K = =,
BTkt
where cy is given by Lemma 4.2. Clearly,
J<c M (K*+ 1)+ 1. (6.11)

We take any s > 2 — 2« (note that s < a — 1/2 for our choice of ) and set

Exw = {u ¢ B (K/Z)} {u ¢ Y, (BA(K/2)} U fu ¢ O, (Bo(K/2)
U {u g @1 (By(K/2)) U {u ¢ N, (B(K/2))).

We will show that the p, measure of these sets vanishes in the limit K — oo (and tx — 0).

First, we record for later use that since the density of p, is in L?(¥,) (the proof is done
by an elementary adaption of [8, Lemma 3.1]) we can use the Cauchy—Schwarz inequality
to obtain

Pa(Bs(K/2)C) < Va(lullas > K/2) S ek, y>2,

where we used Lemma 5.4 for the last bound.
Using (6.2), we have for some ¢ > 0

J

pa(Ex.N) < Z N (Bs(K/2)°)

J
Z (pa(Bs(K/2)))' ™8 Sge Je™K <p o K2e K, 6.12)

where we used (6.11) in the last inequality.
Let now { Nk }keN be a diverging sequence and

E = m EK,NK~
KeN

Using (6.12) and Proposition 4.5, we will first show that the flow ®; is well defined for all
t € [0, 1] and for all initial data in Eg . Then, we will show that p(E7) = 0, concluding
the proof of the statement (negative times are covered just by time reversibility).

Let us consider

EE y = {u € B, (K/2)} N{u e @Y, (Bs(K/2)} N {u e @, (Bs(K/2)}
N{ue®, . (Ba(K/2)} N {ued, (BJ(K/2))}.
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Since
ON (EgN) C Bs(K/2), j=0.....J +1,
by the group property of the flow, we can apply Lemma 4.2 on each time interval [jtx,
(j 4+ 1)tk] so that we have
sup sup sup ||<I>£V W) |lgs < K. (6.13)
t€[0,1] NeN “EEEN
The bound (6.13) can be extended to times ¢ € [—1, 1] by the reversibility of the flow. Thus,

for all K > 1, we can pick Nk sufficiently large and invoke Proposition 4.5, to show that
®, is well defined for times ¢ € [—1, 1] and data in

E€ = | ) Ex.ng-
KeN

On the other hand, by (6.12), we have

pa(E) = Pa( N EK,NK,T) < lim po(Eg ng,1) =0,
KeN K—o0
as claimed.

So, the flow ®; is defined for # € [—1, 1] for all data outside an exceptional sets Ex y
of measure smaller than CK2e kX" (recall (6.12)). Therefore, (6.13) implies (4.8) by
Proposition 4.5 and then (6.9) easily follows. Moreover, (6.9) implies the global approx-
imation bound (6.10). Indeed thanks to (6.9) the local approximation bound (4.5) applies
for all data outside the exceptional set starting by any initial time ¢ € [—1, 1]. This proves
the (6.10) and concludes the proof. [

Proof of Proposition 6.1. Proceeding exactly as in the proof of [ 19, Lemma 6.2], we obtain
that, given any ¢ > 0 we can find § = §(e, R) > 0 such that for all A

PN (A) <8 = pan (PN (4)) <e. (6.14)

Next, we pass to the limit N — oo in this inequality, showing the quasi invariance of
the measure po,n. It suffices to consider only compact sets A C Bs(R). The argument
then extends to Borel sets using the inner regularity of the Gaussian measure ¥ and the
continuity of the flow map, that is, Lemma (4.3) (see [29, Lemma 8.1]).
Assume py(A) < §/2 with A compact. We have then for all sufficiently small §’ (that
will depend on A and §)
pa(A + B(§)) <6.
Thus, by (6.14), we have
pa,n () (A + B(8))) <e. (6.15)

For N large enough, we have
pa(P:(A)) < pa (7 (A+ B()) < pa.n (P} (4 + B())) + ¢ < 2,

where we used Lemma 4.8 in the first inequality, (6.1) in the second one and (6.15) in the
last step. Thus, absolutely, continuity of p o ®; with respect to p is proved. ]
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7. Density of the transported measure

In this section, we show that the density f_ of Proposition 6.1 can be obtained as a limit of
finite dimensional approximations. We define the finite dimensional approximated densit-
ies as

fvls.u) = exp(— [ @myewpar) @)

Following the notation @ (1) := I P° (1) used in the rest of the paper, we can write
the limit density as

S d
Frol5.1) :=exp(— /0 E(HW)[@f(u)])dr). a2

The main result of this section is the following.

Proposition 7.1. Let o € (&, 1], @ := %ﬁ ~ 0.9. The sequence {fN}NeN defined
by (7.1) converges in LP(pgy) to foo(s,u) and it holds foo(s,u) := f(s,u) for py-almost
all u, where f (s,-) is the transported density from Proposition 6.1.

Combining Propositions 6.1 and 7.1, we complete the proof of Theorem 1.1.
To prove Proposition 7.1, first we show that this sequence has a limit in L?(pg). This
is a consequence of the following lemmas.

Lemma7.2. Leta € @, 1], @ := 5% ~ 0.9. We have for all p € [1, 00)
sup || /v llLr(py) < 00 (7.3)
NeN
Proof. Let p > 1. We write
o0
iy = [ dtepufuts = 1110,
0
and changing variables t = ", we can bound
o0 n
IANIE () =€ +/ dne” po(fn(s.u) > er)
1
oo s d N T]
=e +[ dne",oa(/ —(H@ My oY w)))dt > —). (7.4)
1 o dr p
Now, we note

< § max

7€[0,s]

S
d
‘/ — H@ My oY (u)]dr
0o dt T

diH(“)[HNﬂDTN (u)]‘

d
=: 5| — HO[y oY ()]
dt

T=1*
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for some t* € [0, s]. Therefore,

A N > 0
pa( /0 L H@my o) (u)])dr_;)

T H@ My oy ()]

< d
= Pa p
d (@) N

Note that if u € A then v = ®Y_, (u) satisfies

> i). (1.5)

>i}.
pS

T=1*

Let

e=0

d o
EH(“)[HNd)Q’(v)]) = lim ™ (HO My o) o) ()] - H @[y o2 (v))

=T

)

d
= lim e ' (H @[Ty &Y )] — H®[TIyu]) = d—H(“)[HNq>§V(u)]
€ e=0

e—>0
> 11
_ps

Thus, using Proposition 6.2, we can continue the estimate (7.5) as follows:

> 1
= s

d
Sa,s,R (Pot (’ %H(a)[an)év (u)]

hence,
d
P_r(A) = {v : ‘d—H@‘)[nN@f(v)]
T

T=1*

d
pa(‘EH(“)[HNcbﬁv(u)]

T=1*

1—¢
>
= s

1—¢
_ )& (@)
S
pSs

=0

for all ¢ > 0. Using (5.27), we have

(pa (‘%H@[Hmf ()]

e=0

Plugging this into (7.4), we have
L CRY ()@
N e+ ne s N D, 8),
1A o dne” < C(R. p.a.s)
1

since we have ¢(a) > 1 (recall (5.1)). So, equation (7.3) follows. [

We will also need to show that the sequence fy (¢, ) converges in measure, for all
t € [-1, 1] and, in particular, the limit is foo(Z, -).

Lemma7.3. Leta € &, 1), @:= 157 ~ 0.9, Forallt € [-1,1], we have that fy (t,-) —
Jfool(t, ") in py-measure as N — oo.
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Proof. By the continuity of the exponential function, it is sufficient to show
P4 @ eV T @
7 H ML hde — | —— (H (@ (w)])d < (7.6)
0 T 0 dt

in pg-measure as N — oo.
Since

Sd Sd
| Sz @myelwhar— [ L@

<|s| sup
7€[0,s]

’

L HOTy oY )~ - (H O )
T

we can deduce (7.6) from

sup

i(H(“)[nN ®N () — i(H("‘)[@I%(u)])' -0
re[-1,1] dt

T

in pg-measure as N — oo.
We now compute j—rH("‘) [Ty @Y (u)]. One has

%H@[nmf )] = (H®, Fy) (@ )

63 0O
= =2y @Y @7 + oMy ey @l 77

o [rod
+ SNy @Y )74, Fv 0 @'},

We will consider the three contributions to (7.7) separately. For the first one, we must
estimate

Ty @Y @)l7a — 1Ty P @)lIfs] = |L(gn, . gn) = L(g, .. )], (7.8)

where we have defined
L(hy,ha, h3, hg,) = /hlhzh_3ﬁ4

and
gn(tou) =TyoY ), g= o (u).

When it does not create confusion, we will abbreviate gy (7, u) to g in order to simplify
the notations. We decompose telescopically

L(gn,....gn)—L(g,....8) = L(gn.....gN) — L(g.gN.....&N)
+L(g.gN,---.8N) — L(g. 8. 8N,---, &)
+...

+ L(g.8.8.8n) — L(g..... ).
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We only show how to handle the first one, as the other ones require a similar procedure.
We have

|L(gn,....en) — L(g.gn.-...gN)| = ‘[(gN — 8)ENENEN

< lgnw —glizsllgnl;s

< _ 3

S lew =gl 3 lgn I

< llgn =&l 1 lgn 7. (7.9)

where we used the Sobolev embedding. Here, we restrict to % <s<uo-— %, coherently
with Proposition 6.3. Note that for all « € [e, 1] we have 41'1 <a-— %, so the set of possible

s is non empty. Taking K = N*% in (6.9) and (6.10) gives

4s—1
sup (g wllas + gt . u)||ms) <2N ™5
te[—1,1]

and .
sup |lg(t,u) —gn ()| 1 S N"RWD o5 o
te[—1,1] H3
—cN"“Slig1

. . 4s—1
for u outside an exceptional set of p,-measure smaller than CN 16 e . The two

displays above combined with the (7.9) imply that

(7.8) =

25—1
8

a1 _ v .. .
16 e . that 18, 1t converges 1 measure to zero as

with probability at least | — CN
N — oo.

The analysis of the second contribution is similar (actually easier since we simply need
to control the L2 norm of the evolution rather than the L#).

For the last contribution, we must control L(gn,...,gn) — L(g, ..., g), where now
we redefine

L(hl, h27 h37h45 h57h6)

= {ITwullfs, Fn}

(5.22) - - _
= > c(n1,na,n3,n4,n5,n6)h(n1)h(n2)h(n3)h(ng)h(ns)h(ne)
[nil,lm;i|<N,
Y =Y uni
with |c(n1,n2,n3,n4,n5,n6)| < 1 (recall (5.23)). We do the same decomposition as before
(but of course in this case we have six differences to handle rather than four) and we
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explain how to estimate the first contribution:

|IL(gN,....&n) — L(g.gn»--..gN)I

S ) lenm) —gm)llgn (n2)llgn (n3)llgn (na)llgn (ns)l g (26)]
SIS I
S Y len(m) —gm)llgn (m2)llgn (23)l1gn (—na)llgn (—ns)llgn (—n6)l.
S

(7.10)

After spotting the convolution structure of (7.10) and recalling the inequality
6
(a1 * az * a3 * aq * as x agalle <[ | l@pall -
j! "

we can further estimate

(7.10) < llgn — &Il

5
progligl’

Q.
L3

Then, using the inequality (for sequencies) ||a, ”[% < (Znez(n)zs|an|2)% valid for s >

1/3, we further estimate

(7.10) < llgn (z.u) = gz )l g3+ g1 3715+ -

where here we restrict to % <s<a-— %, coherently with Proposition 6.3. Note that for
all « € [o, 1] we have % <a-— %, so the set of possible s is non empty. From here, we
can proceed exactly as before (from (7.9) onward) to show that also this last summand of
(7.7) converges in measure to zero as N — oo. This implies the convergence in measure
of fy(t,:)to foolt,-) forall t € [—1, 1], so the proof is concluded. |

Proof of Proposition 7.1. By Lemmas 7.2 and 7.3, we obtain that, for all p > 1, the
sequence fx converges in L7 (p,). More precisely, the uniform L? (p,) bounds at a fixed
p and the convergence in measure of the sequence guarantee the convergence in L7 (pg)
forall p’ < p (see, for instance, [19, Lemma 3.7]) to a certain L' (p,) function. Moreover,
this limit must coincide py-a.s. with fo, by Lemma by 7.3. ]

Proof of Theorem 1.1. Once we have identified the L? (p,) limit fo, in order to complete
the proof of Theorem 1.1, we need to show that fo, = f Po-a.S., where we recall that f
is the density of the transport of the measure p, under the flow. The almost sure identity
f = f follows by an abstract argument which can be adapted line by line from [19,
Proposition 7.2]. ]
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