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Abstract

For any holomorphic function f: X — C on a complex manifold X, we define and study
moderate growth and rapid decay objects associated to an enhanced ind-sheaf on X.
These will be sheaves on the real oriented blow-up space of X along f. We show that,
in the context of the irregular Riemann—Hilbert correspondence of D’Agnolo—Kashiwara,
these objects recover the classical de Rham complexes with moderate growth and rapid
decay associated to a holonomic Dx-module. In order to prove the latter, we resolve a
recent conjectural duality of Sabbah between these de Rham complexes of holonomic
Dx-modules with growth conditions along a normal crossing divisor by making the con-
nection with a classic duality result of Kashiwara—Schapira between certain topological
vector spaces. Via a standard dévissage argument, we then prove Sabbah’s conjecture
for arbitrary divisors. As a corollary, we recover the well-known perfect pairing between
the algebraic de Rham cohomology and rapid decay homology associated to integrable
connections on smooth varieties due to Bloch—Esnault and Hien.
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§1. Introduction

The theories of ind-sheaves (initiated in [KS01]) and enhanced ind-sheaves (estab-
lished in [DK16]) led to an extension of the classical Riemann-Hilbert correspon-
dence for regular holonomic D-modules established by Kashiwara [Kas80, Kas84]
(see also Mebkhout [Meb84] for a different proof). This correspondence states that
the de Rham functor
DRy : Dy}, (Dx) = Dg.(Cx)

from the derived category of regular holonomic D-modules to the derived category
of C-constructible sheaves on a complex manifold X is an equivalence of derived
categories.

It was not difficult to observe that this functor is no longer fully faithful on the
larger category of (not necessarily regular) holonomic Dx-modules; the simplest
examples of this failure come from the so-called exponential Dx -modules with poles
along a divisor D C X. These objects are of the form 8§\D|X = (Ox (D), d—dyp),
where the “exponent” ¢ € Ox (xD)/Ox is an (unbounded) meromorphic function
with poles along D, or more generally, a Puiseux germ defined in some sectorial
neighborhood along D.

Finding a suitable target category for this conjectural “irregular” Riemann—
Hilbert correspondence was a long-standing program that led to the development
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of the above-mentioned theories and the following result due to D’Agnolo and
Kashiwara.

Theorem 1.1 ([DK16, Thm. 9.5.3]). Let X be a complex manifold. Then there is
a fully faithful functor

DRY : Dyoi(Dx) — Eg . (ICx),

called the enhanced de Rham functor, from the derived category of holonomic
Dx -modules to the triangulated tensor category of R-constructible enhanced ind-
sheaves on X.!

From a general point of view, this result teaches us that constructible
enhanced ind-sheaves should be our objects of interest in the study of holonomic
D-modules with irregular singularities — just as we were interested in constructible
sheaves as the topological counterparts of regular holonomic D-modules. One of
the purposes of this paper is therefore to introduce objects similar to the ones
known from the classical theory of constructible sheaves.

Classical objects in the study of differential equations with irregular singulari-
ties are the de Rham complexes with moderate growth and rapid decay. The reason
why such complexes are important is the following: There are non-isomorphic D-
modules whose (classical) de Rham complexes are isomorphic. Roughly speaking,
this happens because their sheaves of holomorphic solutions are the same, even
though the growth behavior of their solutions is different, but the classical de
Rham functor is not sensitive to growth conditions. In order to obtain a functor
which can distinguish such D-modules, it is therefore necessary to introduce vari-
ants of the de Rham functor that can “measure” the growth of the solutions to a
differential system. A technical difficulty in these constructions is the need to work
on real blow-up spaces, where functions with moderate growth and rapid decay
along the exceptional divisor are more easily studied. (Let us note that the use of
the real blow-up can, however, partly be avoided by working with ind-sheaves.)

In the one-dimensional case, a solution to the irregular Riemann—-Hilbert prob-
lem was described earlier by introducing the notion of Stokes structure, which can
be formulated in several different ways, one of them being Stokes-filtered local sys-
tems (see [Mal91], and we refer to [Sab13] for an exposition on Stokes filtrations for
D-modules, and to [Boa21] for a history and comparison of different formulations

1n fact, one can restrict the target category further: The essential image is precisely the
category of C-constructible enhanced ind-sheaves, a notion introduced in [It020] (see also [Kuw21]
for an alternative approach). In this way, the functor DR% becomes an equivalence of categories,
but we will not use these notions here.
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of the Stokes phenomenon). Indeed, the Stokes filtration on the local system asso-
ciated to a holonomic D-module M is essentially given by the moderate growth
de Rham complexes of “exponentially twisted” versions of M.

The simple idea at the heart of this article is now the following: Since DR% is
fully faithful, all the information about a holonomic Dx-module must be encoded
in its enhanced de Rham complex. In particular, there should be a functorial way
to obtain the moderate growth and rapid decay de Rham complexes of a holonomic
Dx-module M from the (R-constructible) enhanced ind-sheaf DR (M), without
leaving the topological setting. Our goal is to construct, for any holomorphic func-
tion f: X — C, functors (—)™°4/ and (—)"™/ that make the following diagram
commutative:

DRE
Dpo(Dx) = Ep (ICx)
(*) Dt sy
Xp Xy b ’
DR—C((C)’Zf)

where X ¢ denotes the real blow-up of X along f. In particular, in order to do
this, we will investigate two notions that do not seem to have been studied in the
context of enhanced ind-sheaves yet:

(1) We develop the notion of the enhanced de Rham complex on the real blow-up
along a holomorphic function f (in [DK16] and [KS16], only the real blow-up
along a normal crossing divisor has been studied).

(2) We study the notions of rapid decay functions and the rapid decay de Rham
complexes using enhanced ind-sheaves. (In [DK16] and [KS16], only the sheaf
A;Zd of holomorphic functions with moderate growth along a normal crossing
divisor has been studied).

In order to achieve results about rapid decay objects on these differing notions of
real blow-up, we will mimic constructions done in [DK16] in the case of moder-
ate growth along a normal crossing divisor, and additionally make a connection
between moderate growth and rapid decay in Section 7. This is accomplished using
a deep categorical duality of Kashiwara—Schapira between the related notions of
tempered distributions and Whitney functions (see [KS96, Thm. 6.1] for the orig-
inal duality statement; additionally, see Section 2.5.4 of the recent survey [KS16]
for a more expository treatment). In this way, we finally prove (in Corollary 7.10,
Lemma 7.11, and Proposition 7.12) the following duality conjectured by Claude
Sabbah (see Theorem 7.4).
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Theorem 1.2 (Cf. [Sab21, Conj. 4.13]). Let X be a complex manifold, M a holo-
nomic Dx-module, and f: X — C a holomorphic function on X. Let X; denote
the real blow-up of X along f. Then there is a natural isomorphism in DE_C(C)?f),

DRY (DxM) == Dg DR (M),

where Dx denotes the Dx-module duality functor on DEOI(DX), and D)}f denotes
the Verdier duality functor on Db((C;(f).

The key to its proof is the understanding of the case of a normal crossing
divisor, which we treat first (see Proposition 7.5 and Corollary 7.10) and which
makes use of Kashiwara—Schapira’s duality. The general case then follows using
resolution of singularities, once a canonical morphism has been constructed (see
Lemma 7.11 and Proposition 7.12).

In particular, this theorem will also make clear the connection between the
above-mentioned duality of Kashiwara—Schapira and the now classical dualities
coming from the period pairings of Bloch-Esnault [BE04] and Hien [Hie09], on
which we will elaborate at the end of Section 7.3.

The main result of this article, giving an answer to the question of diagram (),
is summarized in the following theorem.

Theorem 1.3. To an object K € EP(Ikx), we functorially associate the objects
Of Db(k‘)?f),

K™ = shg (Bjy Ej ' K),
K = shg (Ejp,Ej ' K),

where j: (X \ f71(0))oo = X and jp: (X \ f71(0))oo — )?f are the inclusions of
the divisor’s complement (in the sense of bordered spaces).

The functors (¢)™°4F and (8)™4/ preserve R-constructiblity, and if k = C and
K = DRE (M) for some M € DE_(Dx), then we have isomorphisms

mod f mod
KmedS ~ DRIY(M),
K ~ DRgigf (M).

The constructibility result is immediate (see Lemma 5.7). On the other hand,
as mentioned above, the idea of proof for the rest of the remaining statements
goes as follows: We first consider the case of a normal crossing divisor. The result
about moderate growth is then rather directly deduced from constructions similar
to those in [DK16] (see Proposition 4.1), while the rapid decay case follows from
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the moderate growth case and Theorem 1.2 (see Proposition 7.5). In addition,
in both cases, some work is necessary to deduce the general case from that of a
normal crossing divisor (see Propositions 4.5 and 7.12).

Outline of the paper

Section 2 is a brief review of the languages of sheaves, ind-sheaves, enhanced ind-
sheaves, and D-modules, as well as the theory of real oriented blow-up spaces,
all of which we will use in this paper. We contextualize all of this background
language in Section 3, where we give an overview of how these objects interact in
dimension one via the Riemann—Hilbert correspondence. Afterward, we introduce
and motivate the duality results later proved in Section 6 with some concrete
computations on exponential D-modules.

In Section 4 we motivate our later definition of moderate growth and rapid
decay objects associated to enhanced ind-sheaves: First, we show how the moder-
ate growth de Rham complex of a holonomic Dx-module M along a divisor can
be recovered in a functorial way from its enhanced de Rham complex DR (M)
(Proposition 4.1). This is greatly inspired by the formulas developed in [DK23],
which are briefly reviewed at the beginning of the section. The proof in the higher-
dimensional case works in two steps: We prove the result in the case of a simple
normal crossing divisor, and then use results about resolution of singularities to
prove a statement in the general case. We then motivate a similar functorial con-
struction for the rapid decay de Rham complex of M, which will be proved in the
case of a normal crossing divisor in Section 7.

In Section 5 we define functors that associate to an enhanced ind-sheaf mod-
erate growth and rapid decay objects in the (classical) category of sheaves on the
real blow-up. These naturally lead to definitions for moderate growth and rapid
decay nearby cycles in the category of sheaves on the boundary of the real blow-up
space. These definitions will be motivated by the statements in the preceding sec-
tion, so that these objects will, in particular, recover moderate growth de Rham
complexes of holonomic D-modules. We also prove some elementary properties of
these objects, similar to those known from classical nearby cycles (see [KS90]) and
moderate growth and rapid decay objects associated to holonomic D-modules (cf.
[Sab21, Sect. 6]).

Restricting ourselves to R-constructible enhanced ind-sheaves, the above
objects with growth conditions are trivially seen to be related by Verdier dual-
ity. As a consequence, there is a natural duality pairing between such objects in
the derived category D} _(C )?f) (see Section 6). This observation forms the basis
of our proof of Sabbah’s conjecture, Theorem 1.2.
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In Section 7, after reviewing a duality result of [IKKS96] and [KS16] between
tempered distributions and Whitney functions, we first prove Theorem 1.2 in the
case of a simple normal crossing divisor (Proposition 7.5, Corollary 7.10) and show
that duality interchanges the moderate growth de Rham complex with the rapid
decay de Rham complex for holonomic D-modules. Afterward, we are able to use
a standard dévissage argument via resolution of singularities to reduce the general
case to that of a simple normal crossing divisor.

This result has two interesting implications: First, it shows that the rapid
decay object defined in Section 5 does indeed recover the rapid decay de Rham
complex of a holonomic D-module (Corollary 7.14). Second, our result recovers the
natural pairing between rapid decay homology and algebraic de Rham cohomology
due to Bloch-Esnault [BE04] and Hien [Hie09] (see Proposition 7.15).

§2. Background and notation
§2.1. From sheaves to enhanced ind-sheaves

In this section we will recall some basic notation in the context of sheaf theory
and its generalizations. Let X be a topological space (all topological spaces will be
assumed to be good, i.e., Hausdorff, locally compact, second countable, and having
finite flabby dimension). Let k be a field.

Sheaves. We denote by Mod(kx ) the category of sheaves of k-vector spaces on X,
and by DP(kx) its bounded derived category. One has the six Grothendieck oper-
ations RHom, ®, Rf., f~', Rfi, f* (for f a morphism of good topological spaces)
on DP(kx). We denote the (Verdier) duality functor by Dy = RHomy, (e,wx),
where wx is the (Verdier) dualizing complex. Recall that wyx = a'yk, where
ax: X — {pt} is the natural map. For a locally closed set Z C X, we will denote
by kz € Mod(kx) the constant sheaf with stalk k& on Z, extended by zero out-
side Z. We refer to the standard literature, e.g., [KS90, Chaps 2 and 3], for details
on sheaf theory.

Ind-sheaves. We denote by I(kx) the category of ind-sheaves over k on X, which
was constructed in [KS01] as the category of ind-objects for the category of com-
pactly supported sheaves of k-vector spaces. The inductive limit in I(kx) will be
denoted by “lim”. We denote by DP(Ikx) the bounded derived category of I(kx).
One has the s?Grothendieck operations RZhom, ®, Rf., f~1, Rfu, f' on it.

Remark 2.1. Moreover, one has a fully faithful embedding tx: Mod(kx) —
I(kx). It has a left adjoint ax, which itself has a fully faithful left adjoint Sx.
Let us note that the three functors tx, ax, and Sx are exact. Let us also note
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that the natural inclusion ¢x is mostly suppressed in the notation (starting with
[KS01]) and that the functor Sx is also often suppressed in the more recent nota-
tional conventions of [DK16] and [KS16] (and works thereafter). We refer to [KS01]
for details on the theory of ind-sheaves.

Enhanced ind-sheaves. The category of enhanced ind-sheaves was constructed
in [DK16] in order to establish a Riemann—Hilbert correspondence for holonomic
D-modules.

To this end, the authors of [DK16] introduced the notion of a bordered space,
which is a pair (X,)A() of good topological spaces such that X C X is an open
subspace. A morphism of bordered spaces (X, X ) — (Y, 57) is a continuous map
X — Y such that, denoting by I' the closure of its graph in X x }7, the map
T — X induced by the projection to the first factor is proper. (Note that this
condition is in particular satisfied if Y is compact.) It follows that the category
of good topological spaces is naturally a subcategory of the category of bordered
spaces by considering a topological space X as the pair (X, X).

Let X = (X, X ) be a bordered space, and consider also the bordered space
Ry = (R,P), where P := P!(R) is the real projective line. One then defines the
quotient categories

DP(Ikxxr. ) = Db(Ik}?XP)/Db(Ik(;(Xp)\(XxR))

and
EP(Iky) == D*(TIkxxr, ) /7 'DP(Iky),

where 7 = Ty : X xRy — X denotes the projection. We refer to [DK16] for details
on this construction and to [KS06] for an exposition on quotients of triangulated
categories. One calls EP(Iky) the category of enhanced ind-sheaves over k on X.
Throughout this paper, we will assume X is of the form (X, X) for some good
space X and just write X = X unless otherwise indicated.

It admits the six Grothendieck operations RZhom™, é, Ef., Ef~%, Efy, and
Ef! for a morphism of bordered spaces f. Moreover, we denote by D% the duality
functor for enhanced ind-sheaves.

One of the most important objects in the category EP(Ikx) is the enhanced
constant sheaf

k?{ — “hg” k{tza}a

a— o0

where we abbreviate {t > a} = {(z,t) € X xP; z € X, t € R, t > a}.
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For a bordered space X = (X, X ), there is a fully faithful embedding

ex: DP(kx) — EP(Iky),
Fr—kE on lF

In [DK21], the authors introduced the sheafification functor shx : EP(Ikx) —
DP(kx) for enhanced ind-sheaves on X. In the case of (in particular for R-con-
structible, see below) enhanced ind-sheaves, it is given by

shy(K) = RHom" (K%, K) € DP(kx).

(For a definition of the functor RHom", we refer to [DK16, Def. 4.5.13], where it
was denoted by HomP. See also [DK21] for a detailed study of the sheafification
functor.) Additionally, there is a natural isomorphism shx o ex =~ idps (), i-€.,
shy is a left quasi-inverse of ex.

Constructibility. In classical sheaf theory, different constructibility conditions
for sheaves of vector spaces have been studied (see, e.g., [KS90, Chap. 8]). In
particular, if X is a real analytic manifold (or more generally, a subanalytic space;
see, e.g., [KS90, Exer. 9.2]), there are thick subcategories Modg_.(kx) C Mod(kx)
of R-constructible sheaves and D}__(kx) C DP(kx) of complexes with R-construct-
ible cohomologies.

If X is a complex manifold, a stronger notion is that of a C-constructible sheaf,
and one has thick subcategories Modc..(kx) C Mod(kx) and DR (kx) C DP(kx).

For enhanced ind-sheaves on a real analytic bordered space X = (X,)/(\' )
(meaning that X and X are real analytic manifolds), there is an analogous thick
subcategory ER  (Ikx) C EP(Ikx) of R-constructible enhanced ind-sheaves (see
[DK16, §4.9] for details).

A notion of C-constructibility has been studied in [It020] (see also [Kuw21]
and [Moc22a, Moc22b] for different approaches to describing the essential image
of the Riemann-Hilbert functor of [DK16]).

§2.2. D-modules

When X is a complex manifold, we will denote by Dx the sheaf of linear partial
differential operators with holomorphic coefficients on X. We refer to the standard
literature, such as [Kas03, HTTO08], for the theory of D-modules (on complex
manifolds as well as on smooth algebraic varieties). For a morphism of complex
manifolds f: X — Y, the direct and inverse image operations for D-modules will
be denoted by Df, and D f*, respectively.
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Let X be a complex manifold. We denote by Modye(Dx) the category of
holonomic Dx-modules and by DP_(Dx) the subcategory of the derived category
of Dx-modules consisting of complexes with holonomic cohomologies.

The (classical) de Rham functor is given by

DRy : D2, (Dx) — DP(Cx),
L
M— Qx QDy M,

where Qx = QEI(X is the invertible sheaf of top-degree holomorphic differential
forms on X, where dx = dimc X. Further, Qx is also a right Dx-module, and is
used to define the duality functor for holonomic left Dx-modules M € DP_ (Dx):

DxM = RHomp, (M, Dx) @0, Q5 'dx],

which is another holonomic left Dyx-module.
In [DK16], D’Agnolo-Kashiwara define the enhanced de Rham functor

DRE: Db (Dx) — EP(ICx),
E L
M— QX RDy M,

L
where QF = Qx ®0, 0%, and OF is the enhanced ind-sheaf of tempered holo-
morphic functions.

Theorem 2.2 (Cf. [DK16, Thm. 9.5.3]). The functor DRY is fully faithful.

The functors ex and shx make a connection between the classical and the
enhanced de Rham functor: For a regular holonomic Dx-module R € DY (Dx),
one has

DRE (M) ~ exDRx (M).

On the other hand, for any holonomic D x-module M € DEOI(DX), one has
shxDRE (M) ~ DRx (M).

§2.3. Real blow-up spaces

In the following, we will recall two (in general different) constructions of a real
oriented blow-up space (often simply called the real blow-up) associated to a com-
plex manifold and a divisor. We will also recall some important sheaves on these
blow-up spaces. For more details, we refer to [Sab21, Sect. 2], [Moc14, Sect. 4.1.5],
[DK16, Sect. 7.1], or [KS16, Sect. 4.2].
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Real blow-up along a function. Let X be a complex manifold and f: X — C a
holomorphic function. Then the real blow-up of X along f is denoted by w;: X F =
X and defined as follows: Consider the map f/|f]: X\f~*(0) — S. Then X is the
closure of its graph in X x S'. The map wy: )N(f — X is induced by the projection
to the first factor. It is a homeomorphism on X* = X \ f~1(0) ~ )?f \ 8)?f.
Moreover, we have X ~ f~1(0) x S'.

We denote by X% the bordered space (X*, X) ~ (X*, X;), and we fix the
following notation for the morphisms (all of them inclusions except for @) that
will appear throughout the paper:

(2.1) i Y

OXp Ly Xp Lo xx L X

This construction is functorial in the following sense: Given two complex man-
ifolds X and Y with holomorphic functions f: X — C and g: Y — C, as well as
a morphism of complex manifolds 7: X — Y such that go 7 = f, then there is an
induced morphism 7: X F = )75, such that the following diagram commutes:

X LT,

wﬂ ng

X —T-Y.

In particular, for X = C and f(z) = z, this construction gives the real blow-up
space Co = R>¢ x St with wp: Co — C given by wq(p, ) = pet.

For arbitrary X and holomorphlc f: X — C, one can then alternatively
describe the construction of X ¢ as the fiber product X =X cho, i.e., the space
fitting into the Cartesian diagram

Xf‘)@o

w{ 5 {WO

Xﬁ@.

Real blow-up along a simple normal crossing divisor. Let X be a complex
manifold and D C X a normal crossing divisor with smooth components. (Such
a normal crossing divisor is often said to be simple or strict, but we will always
mean such a divisor even when we just say “normal crossing divisor”.) Locally,
one can write D = {z;-...- 2. =0} = D;U---U D, for an appropriate coordinate
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system z1,...,%, and r < n, where we write D; = {z; = 0}. Then, setting
fi(z1,...,2,) = zj, we can define the real blow-up spaces @y : Xy, — X as
above. (This amounts to replacing the coordinates z1, ..., 2. by polar coordinates
p1, €0 .. pr, e where we allow p; = 0.) The real blow-up space of X along

(the components of) D is then denoted by wp: Xp — X and defined as the fiber
product )~(f1 Xx +or Xx )?fw This map is a homeomorphism on X* := X \ D ~
Xp\oXp.

We fix the following notation for the morphisms (all of them inclusions except
for wp) that will appear throughout the paper:

wD

(2.2)

OXp — 2 Xp « 22 (X\ D)oo —2 5 X.

In the context of a normal crossing divisor, one can also define the total real
blow-up )?g’t (which amounts to allowing p; € R in the construction above). It
contains the real blow-up X p as a closed subset, but — contrary to the latter —is a
real analytic manifold, which will be useful in some situations. Note, however, that
it is not globally intrinsically defined (see [DK16, Rem. 7.1.1] and [KS16, Rem.
4.2.1]). We will require X" later on in Section 7.2.

Comparison between the two constructions. While the second definition
requires the divisor to have normal crossings and smooth components, the first
definition works in a more general setting. In the case of a normal crossing divisor
given as the zero set of a holomorphic function, we therefore have two different
notions of real blow-up spaces: Let D be a normal crossing divisor given by D =
f71(0) for some holomorphic function f: X — C. Then we can define the spaces
)?D and )?f, and there is a natural proper morphism wp : )?D — )?f and a
commutative diagram

It is easy to see that in the example X = C, with divisor D = {0} with
defining function f(z) = z, the two constructions of real blow-ups X; and Xp
coincide. We explore this special case in more detail below in Section 3.1.
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Sheaves of holomorphic functions with moderate growth and rapid
decay. Let w: X — X denote any of the real blow-up spaces defined above.
Then one has the sheaves A;Od and Afg of functions on X which are holomorphic
in the interior X* and have moderate growth and rapid decay at the boundary
0X , respectively.

For details on these notions, see, e.g., [Sabl3, §8.3], [Mocl4, §4.1], [KSO01,
§7.2], [DK16, §5.1]. Note in particular that A2°! and A are flat over w™'Ox
(see, e.g., [Mocl4, Thms 4.1.1, 4.1.5]).

Remark 2.3. Tt is worth noting that the definitions of moderate (or polynomial)
growth are phrased slightly differently in different works such as [KS01], [Sab13],
and [Mocl4]. However, they all lead to the same sheaf of holomorphic functions
with moderate growth at the boundary.

Our notation A;Od is closest to that in [Sabl3] and [Mocl4]. This sheaf is
denoted by Ay in [DK16]. However, it is not the same as the sheaf Ay in [Sab00],
and also should not be confused with the sheaf </ in [Sab13] or the sheaf A in
[Mal91].

In fact, it is not completely obvious from the beginning that the sheaf A%Od,
as defined above, is the same as the sheaf Ag defined in [DK16, Notn. 7.2.1]: In
[DK16], it is defined as the sheaf of functions that are holomorphic in the interior
of X and tempered at the boundary dX. This is a priori a stronger condition
than the one imposed above (and in [Sabl3, Mocl4], for example), since tem-
pered means that the function and all its derivatives are of moderate growth. For
holomorphic functions with moderate growth, this is, however, automatic due to
Cauchy’s integral formula for derivatives, as is shown in [Siu70, Lem. 3].

Since differentiation of holomorphic functions preserves the moderate growth
condition, the sheaf w™1Dx naturally acts on A;Od. This allows us to define a
sheaf of differential operators on real blow-up spaces, by setting

A . -1 mod
D}? =w Dx Rw-10x .A)? .

We similarly obtain an analogue of Q2x in the right Dﬁ—module
Q)? = w_lQX Rw-10x A%Od.

De Rham complexes on real blow-ups. Let X be a complex manifold and let
a normal crossing divisor D C X or a holomorphic function f: X — C be given,
and denote by X any of the real blow-ups Xp or Xj.
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Definition 2.4. The moderate growth de Rham complexr of a holonomic Dx-
module M is defined as (see, e.g., [Sab13]?)

DRrEod(M) o (w719 ® Argod) é 71./\/1
X T X wilox X W71DX w
~ 1 L mod -1
~w x Qp-1py (-A;( Rw-10, @~ M).

We set MA == A;Od P10y T M =~ D;% Re-1py @ M, so that MA s a left
Dﬁ—module.
Similarly, the rapid decay de Rham complex is defined as

DRY(M) i= (71 0x B 10y AD) Eorpy 7' M
X : X Yw-10x Ax% w—1Dx W

~ ——1 L rd -1

~ @ Qx Qm-1py (AF Oxp-10, @ M).

Let N € Db(Dg). We define the de Rham complex of A/ to be the object

DR (V) = Qg Gpa .

§3. Solutions to the Riemann—Hilbert problem for holonomic
D-modules

In this section we will give some motivation for the constructions that are used
in this work, in particular in the context of the irregular Riemann—Hilbert corre-
spondence of D’Agnolo—Kashiwara. We do this by explaining mainly the case of an
exponential D-module on a complex curve. All of the results here are well known,
but might help the reader to better understand the background of the theory used
later in this article.

Let X be a complex manifold and D C X a divisor, and let ¢ € Ox(xD)
be a meromorphic function with poles contained in D. Then 53(’(\ DIX is a natural
example of a holonomic Dx-module with irregular singularities along D, called
an exponential Dx-module (with exponent g). This is a rank-one Ox (xD)-module
with connection d — dg, and its image under the classical de Rham functor is the
shifted constant sheaf

That is, the classical de Rham functor “forgets” the exponent, and thus identifies
all exponential Dx-modules with poles along D. However, the enhanced de Rham

2We remark that we follow here the convention of [Kas03]: The objects DR, DRI)%Od etc.
here are those denoted by PDRyx, pDR’)%Od in [Sabl3], i.e., these objects are already shifted
appropriately such that, for instance, DR x (M) is a perverse sheaf.
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functor fixes this issue:

DR% (&9

Re .
Spix) = RZhom(Cx\p, B\ ) [dim X

D|X
(see [DK16, Lem. 9.3.1]). The type of enhanced ind-sheaf thus obtained, called an
enhanced exponential ind-sheaf, is of fundamental importance to understanding
the irregular Riemann—-Hilbert correspondence. We elaborate more below.

Let U C X be an open subset, and let h: U — R be continuous. To this data,
for any ¢ € R we associate the sheaf Cy; >y on X x R, where

{t+h>ct={(z,) e X xR |z €U, t+h(x)>c},
and take the ind-limit over ¢ — 400, considered as an object in Eb(I(CX):

Efx = “lim” Crpnze)

c—+o00
E
~ Cx @ Crpyn>0y-

We call such an object an exponential enhanced ind-sheaf (with exponent h),
analogously to the D-module setting above. Loosely, one cares about such objects
for their ability to keep track of the asymptotic behavior of the exponent h.

§3.1. The dimension-one case

Revisiting the above example in the case where X = C, D = {z = 0}, and
g € Ox(x0), we take U = X* := X \ {0}. Throughout this section, we also discuss
only the unramified case. Then the de Rham complex of the exponential Dx-
module £, X
point is spanned by the function e9(%).

is isomorphic to Cx«[1]; the stalk of this local system at a non-zero

Whether or not this exponential function has moderate growth at 0 is deter-
mined by certain bounds on the growth of |e9()| = eRe(9(2) as 2 — 0.

Let j: X* — X be the open embedding, W C X be open, and let u be a
section of j,j 1Ox on W; in particular u(z) determines a C-valued holomorphic
function on W \ {0}. We say that u has moderate growth at 0 if there exists a
sufficiently small neighborhood U of 0 such that there exist constants C' > 0 and
N € N such that the bound

u(z)| < Clz| 7
holds for all z € (UNW) \ {0}.

We say u has moderate growth at angle § € S* if u(z) has moderate growth
on some angular neighborhood W C X™* of §. That is, there exist » > 0 and
0 < € <« 1 such that u(z) has moderate growth on the subset {z € X | 0 < |z] < r,
arg(z) € (0 —e,0 +¢)}.
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Generally, this bound is not satisfied for exponential functions of the form
u(z) = e9%) at every angle # € S* (e.g., this occurs if and only if the exponent
g is bounded near 0). Instead, if g has a pole at 0, e9(*) has moderate growth
only at those angles 6 having an angular neighborhood on which Re(g(z)) < 0.
To separate out such angles (which we can without loss of generality picture as
half-lines originating at 0), we pass to the space of polar coordinates of X at 0,
called the real blow-up of X at 0:

Xo =R x S' = C,
(r,e"?) — re'?.

Extending Eg(ﬂx = (Ox(x0),d — dg) to a D-module on X, requires a bit
of care, as R>o x S! is not a complex manifold (it is a smooth manifold with
boundary), so we must define an analogue of the sheaf Ox for Xy. We recall the
morphisms of Section 2.3:

(3.1) L T

0Xg —— Xp +2— X* <15 X

One approach is to use a certain subsheaf of j'*(’)X* ~ 5.7 1Ox of smooth
functions on )N(O that are holomorphic on the interior )20 \ 8)?0 = X* and have
moderate growth along the boundary 90X, = @ 1(0) ~ S, denoted A;jd (for
the exact definition of this sheaf, see, e.g., [Sab13, Sect. 8.3] or [Moc14, Sect. 4]).
Using the sheaf of moderate growth functions, we define the moderate growth de
Rham compler of M € DP (Dx) as an object of Db((CXO) which, loosely, is the
complex whose stalk at a point z € X, consists of local flat sections of M that
have moderate growth at the point z. Precisely, we set

mod —1 L mod -1
DR)'ZO (M) =T QX ®W_1DX (AXO ®w_10x w M)

This is easy to compute for our exponential Dx-module above: If g has an
effective pole at 0, we have

DR%gd(g)g(* ix) = Crux-[1],

where

I, = 0Xo \ {z € X* | Re(g(z)) = 0},

with the closure taken inside Xo. This interval I, C S* consists of those angles

# having an open neighborhood in Xy on which e? has moderate growth. If g €
Ox(%0)/Ox ~ z7'C{z7'} has pole order m > 0, then I, is a disjoint union of
m open (equally spaced) intervals on S* (cf. [DK21, Exa. 3.11]). When g = 0 (or,
more generally, g € Ox), we set Iy = S*.
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83.2. Stokes filtrations

Noticing that the complex DR;:d(Eg ) only tells us “new” information about

X*|X
Sg(*‘  along the boundary of Xo, it is often useful to consider just its restriction

to this subset. For general M € DP_ (Dx), we define the object
WO (M) = i DRE (M) [ 1],

called the moderate growth nearby cycles of M at 0. On exponentials, this is easy
to compute:
<0/cg ~
v, (Sx*‘X) ~ Cy,.

The superscript “< 0” in the functor \IIOSO refers to a filtration by R-construct-
ible objects of DP(Cg1) called the Stokes filtration. The failure of the classical
de Rham functor to identify the exponent g in the isomorphism DRX(Sg(*‘ )~
Cx+[1] was originally remedied with the use of the Stokes filtration (cf., e.g.,
[Mal91]), and we will quickly sketch this argument (following [Sab13]; see also
[Sab19)]).

Denote by L, = Eflj*jleRX(g)g(*lx)[—l] ~ Cg1 the constant sheaf on S!
with stalk C, and for any meromorphic function A on X with poles contained in 0,
define the following R-constructible subsheaf of L,:

<h < D _
Fanly = V5" (€% x) = U5 (€% x ®EXYx)

—h
= ‘I/§0(g§<*|x)

>~ (CIg—h‘

Notice that whenever the function e~ has moderate growth at some angle 6,

there is a monomorphism
thﬁg — FS}Llﬁg

on some open neighborhood of # on S!. The collection of subsheaves F<,L, is
a filtration of £, indexed by meromorphic functions. (Recall that we consider
the non-ramified case here for simplicity; in general, one considers multi-valued
meromorphic functions h and considers only open angular sectors about the origin
on which the Puiseux expansion of h converges. To simplify the exposition we
do not do this; see, e.g., [Sabl3] for a more complete treatment.) We claim the
data of this filtration allows us to recover our original exponent g (up to possibly
adding a holomorphic function). Suppose that, for some other exponent ¢’, the
local systems F<, L, and F<;, L, are equal for all h. Consequently, it must be the
case that for h = g,

FSQ‘CQ' = Fggﬁg ~ \I/OSO((O)(,d)) ~ (Csl,
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i.c., =9 has moderate growth at all angles # € S, which can only happen if
g — ¢ € Ox is bounded in a neighborhood of 0 as mentioned above. Therefore,
the Stokes filtration {F<, L4}, on the local system L, is uniquely determined by
g € Ox(x0)/Ox. Since 5)g(*|X ~ 5?;%} for any go € Ox, we are done.

In general, this procedure can be extended to give an equivalence between the
category of meromorphic connections on X with poles contained in {0} and the
category of Stokes-filtered local systems on Xo:

M— <£M3F§h£M>7

where L = H°(i~'Rj.j~'DRx (M)[—1]), and

D
Foplag = V5 (M EL ().

The advantage of this approach to the irregular Riemann—Hilbert correspon-
dence is that it produces topological objects (Stokes-filtered local systems) that
are very concrete — they are collections of classical R-constructible sheaves. The
issue is that it is very difficult to generalize to higher-dimensional manifolds X
and meromorphic connections with poles contained in a normal crossing divisor
D C X, let alone arbitrary objects of the derived category Dﬁol(Dx). Moreover,
it is difficult to understand the behavior of the Stokes filtration under the usual
type of six-functor formalism we would like. This is in stark contrast with the
irregular Riemann—Hilbert correspondence of D’Agnolo—Kashiwara, which works
in all dimensions and for all of D2 |(Dx) and has a robust functorial framework,
but the objects of EP(ICx) are themselves much harder to understand. Stokes
phenomena in higher dimensions have been previously studied by various people
(see, e.g., [Maj84] and [Sab00], and [Moclla] for a survey) from the D-module
perspective and recently in [Moc22a, Moc22b] with enhanced ind-sheaves.

As a consequence, it is then natural to want to further develop the “dic-
tionary” that allows us to move between these versions of the Riemann—Hilbert
correspondence. In this article, our aim is to express the moderate growth de Rham
complex of M entirely in terms of the enhanced ind-sheaf DRE( (M), and similarly
express the Stokes-filtered local system associated to M in terms of DR (M) in
the case where M is a meromorphic connection on X with poles contained in D.
This will give better intuition for both correspondences, and we believe will lend a
greater understanding of the topological data contained in the relatively recently
defined category of (constructible) enhanced ind-sheaves.

In dimension one, this has already been accomplished by D’Agnolo—Kashiwara
[DK23]; given a holonomic Dx-module M on X = C with poles contained in the
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divisor D = {0},

DR (M) = shy, (EJ.Ej'DR (M),

3.2 N -
o U5 (M) ~ i 'shg (EjE;'DRY (M))[-1],

where the graded piece of the Stokes filtration on M in degree 0 is given by
V(M) ~ shyg (Ei"Ej.Ej' DRE (M))[-1].

Likewise, for a meromorphic function h at 0, the enhanced-ind sheaf analogue of

D
the exponentially twisted D-module M(h) = M ® & _ff‘  is given by

DRE (M(h)) ~ RZhom™* (B, DR (M),

Therefore,
U5 (M) = U5 (M(R).

D’Agnolo—Kashiwara also obtain and study an analogue of .AmOd on X using ind-
sheaves and the theory of tempered distributions, called the md sheaf of tempered
holomorphic functions O* %, on Xo. This object satisfies the relationships a(’);z0 ~
A;sd in D*(@w~!Dx), and O%O ~ @'O% (D) in D’(Iw~'Dx). This approach
works in all dimensions and for any normal crossing divisor D on the real blow-
up X D, but some work must be done in the case of the blow-up along arbitrary
functions f on X (see Lemma-Definition 4.4).

§3.3. Duality observations on the real blow-up

With exponential functions, we immediately notice an interesting relationship
between the angles of moderate growth of e and of e™9 when g has an effec-
tive pole at 0, arising as flat sections of the D-module £ "X and its dual €7f|X ~
(DXE%*lx)(*O). That is, if e has moderate growth at angle § € S! (so that
Re(g(z)) < 0 on an angular neighborhood of ), then e™9 will not have moderate
growth at 6; additionally, if 8 is not an angle corresponding to a half tangent to the
curve Re(g(z)) = 0 at 0 (called the Stokes line of ), then exactly one of €9 and
e~ 9 will have moderate growth at §. We wish to explore this observation by com-
paring their moderate growth nearby cycles at 0. By our previous computation,
these sheaves are isomorphic to C;, and C;_, respectively.

Since the Dx-modules are exchanged by duality E)QMX o~ (]D)XE);f'X)(*O), it
is natural to ask whether the corresponding nearby cycles are similarly exchanged
by Verdier duality on DP(Cg1); however, this is not the case:

U5 (&% x) =Cr, 2Dsi1(Cr_,) ~ Dgi U5 (5Xg\x)
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Instead, the correct duality statement for arbitrary holonomic objects M €
DEOI(DX) is

(3.3) U5 (Dx M) ~ D1 U5 (M)[1],

where, loosely, ¥ —0 records local flat sections of M that have greater than moderate
growth along various angles of S'. Like \I/(TO(M), \I/O>O(./\/l) can be obtained from
the restriction of a certain de Rham complex with growth conditions on X, 0, called
the rapid decay de Rham complex, denoted DRE?O (M). We then have a natural
isomorphism

TZO(M) ~ %’DRgijo (M).
§3.4. Rapid decay de Rham complexes

Similar to moderate growth, the rapid decay condition is a growth condition on
functions. Precisely, a section u € j,j 'Ox on an open set W C X has rapid decay
at 0 if there exists a neighborhood U C X of 0 such that for every N € N, there
exists a constant C such that the estimate

Ju(2)] < C 2™

holds for all z € (U N W)\ {0}. As with moderate growth, we say u has rapid
decay at angle § € S! if it has rapid decay on some angular neighborhood of 6 in
X*. The sheaf of holomorphic functions on Xo having rapid decay along BXO is
denoted AE?U and we remark there are natural inclusions of sheaves on XO

Agijo C Ag‘ggd C jui tOx.

The rapid decay de Rham complex of a holonomic Dx-module M,

L
(3.4) DRY (M) = @ 'Qx @ 1p, (AF, @10, w ' M),
and the rapid decay nearby cycles of M at 0 are analogously defined as the restric-
tion
(3.5) U50(M) =i 'DRY (M)[-1].

The superscript “< 0” is again related to the Stokes filtration. Consider L4 =
i1, 'DRx (M)[~1], and define FoLp = U5°(M). The Stokes filtration
yields the following short exact sequence of sheaves, for any meromorphic con-
nection M on X with poles contained in 0:

0—F ol — L — \I/(?O(M) — 0,
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where we sometimes write FZ0L = \I/go(./\/l). Likewise, for such connections
there is an inclusion of sheaves F oL C F<oLaq which fit into the short exact
sequence

0 — Foolag — FeoLag — Gry Ly — 0.
Here, Grf Ly =~ WY(M) is the graded piece of the Stokes filtration on Ly in
degree 0. We will further study this topic later in Sections 4.3 and 5 from the
perspective of enhanced ind-sheaves.

§3.5. Duality revisited

With this in hand, the duality isomorphism (3.3) stated above can be rephrased
as a perfect pairing

(3.6) i 'DREY(M)[-1] @ 7' DRY, (Dx M) — wg:

in D(Cg1), where wg1 =~ Cgi[l1] is the Verdier dualizing complex on S'. This

suggests the more general duality for M € D2 (Dx), which we write again as a
pairing:
(3.7) DRE(M) @ DR (Dx M) — wg, .

This duality was first proven in the curve case by Bloch—Esnault [BE04], where it
was phrased cohomologically as a perfect pairing between the algebraic de Rham
cohomology of a flat algebraic connection (E, V) on X* and the rapid decay homol-
ogy of the dual connection (EY,VY) on a good compactification X of X*. The
higher-dimensional case was proven by Hien [Hie09] for arbitrary flat algebraic
connections (F, V) on smooth quasi-projective algebraic varieties U over C, where
one must carefully choose a good compactification of U with respect to (E,V) —
i.e., X\ U = D is a normal crossing divisor along which the flat meromorphic con-
nection (E(xD), V) has good formal structure. Then Hien’s pairing is described
both at the level of sheaves as in (3.7), and on global sections as a perfect pairing
of finite-dimensional C-vector spaces

(3.8) aR(U: (B, V) @ B (U; (EY,VY)) — C,

where Hqr denotes algebraic de Rham cohomology, and H'd denotes rapid decay
homology. We will revisit the pairing (3.8) in Section 7.3.

§4. De Rham complexes with growth conditions and enhanced
ind-sheaves

In this section we recall and put together some notions and constructions from
previous works on enhanced ind-sheaves. The main aim is to motivate the formu-
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las for our definitions in the following sections, by making the connection to the
moderate growth and rapid decay de Rham functors.

8§4.1. Moderate growth de Rham complexes in higher dimensions:
Normal crossing divisors

We will now show how the ideas of [DK23] naturally extend to the higher-dimen-
sional case for Dx-modules on a complex manifold X with a (simple) normal
crossing divisor D.

Consider the real oriented blow-up X p along the components of D and recall
the notation for morphisms from (2.2).

As the next proposition shows, a formula similar to (3.2) recovers the moderate
growth de Rham complex from the enhanced de Rham complex of a holonomic
Dx-module in the normal crossing case. Its proof is probably not new to experts
and relies heavily on results already established in [DK16], but we give it here
since it does not seem to appear in other works. In particular, it gives a direct
proof for the fact that the object (3.2) recovers the moderate growth part of the
Stokes filtration in the one-dimensional case.

Proposition 4.1. Let M € DEOI(DX) and D C X be a simple normal crossing
divisor. Then there is an isomorphism in Db((CgD),

shg, (Ejp,Ej~'DRY (M)) =~ DRE(M).
In particular, if dim¢ X = 1, we have
TS0 (DRE (M) ~ F<oLm,

where the right-hand side denotes the “< 07 part of the Stokes filtration on the
local system L =i Rjp,j ' DRx(M).

In the proof of this proposition, we will make use of the following lemma. It
is the analogue for the de Rham functor on the real blow-up of [DK16, Lem. 9.7.1]
(which shows that shxDRY (M) ~ DRx (M), although the sheafification functor
was not denoted like this in [DK16]). We will use the constructions and notation
for objects on the real blow-up along a normal crossing divisor from [DK16, §7,
§9.2].

Lemma 4.2. Let N € Db(D;%D). There is an isomorphism in Db((C}zD),

shg,DRE (V) ~DRg (V).
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Proof. First, one has isomorphisms
shg, DR (N) =~ RHom"(C§_,DRY (V)

L
~ E(~E (OE
~ RHOm (C)?D’QXD ®D§D N)
L
~ E(rE (OF
~ RHom ((C)}D7Q)?D) ®'D§D N,
where the last isomorphism follows with [KS01, Thm. 5.6.1(ii)]. Therefore, it suf-
fices to show that
E/~E E -1 mod
RHom ((CX'D’Q)?D) ~wp Qx -ty A)?D .
For this, we observe that
E(E E \ E
RHom ((C}?D , O)?D) ~ RHom
~ RHom"

( RIhom(wDﬂ' (CX\D,EWDOX))
(@b

~ RHom" (Ewp! (7 1(CX\D®(CX),Ew!DO)E()
(
(

~ RHom®" EwBISOIX (Ox(xD)),Ew’O%)
~ RHom"(Sol} (Ox(xD)*),0% )
~ ~ Amod
~ Ox(*D)A ~ A)?‘; .
Here, the first isomorphism follows from [DK16, eq. (9.6.7)], the second-to-
last line follows from the computations in [DK16, p.192], and the last line follows

from [DK16, eq. (9.6.8)].
Consequently, we can conclude

RHom®(CY Q% ) ~RHom™(CY 77 'wp'Qx ®, 1 =10, OF )
~ wp'Qx ®n-loy RHomE(C%D,O%D)
~ wp'Qx @ptox A;C;d,
where the second isomorphism is due to [DK16, Lem. 4.10.3]. O
Proof of Proposition 4.1. For the left-hand side, one has
shg,, (Ejp.Ej~'DRX (M) ~ shg(Ejp Ej DR (M)
~ shg, (Bjp.EjpEwp DR (M)
o~ sh)?DRIhom(z’ﬁB_lﬂfl(CX\D, Ew},DRE (M)
o~ sh)?DEw!DRIhom(ﬂ'_l(CX\D, DRE (M)
~shg DR%D (MA).
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In the third isomorphism, we have used [DK19, Lem. 2.7.6] and the last isomor-
phism follows from [DK16, §9] (cf. also [IT20, p. 13]).
Since, by definition, we have DR?{Od(M) = DRy, (M), we can now conclude
D D
with Lemma 4.2. O

One can deduce a similar result for the moderate growth de Rham functor on
the real blow-up Xy along the function f defining a normal crossing divisor.

Corollary 4.3. Let f: X — C be a holomorphic function such that D = f~(0) C
X is a simple normal crossing divisor. Let M € DY (Dx). Then there is an
isomorphism in Db((CXf),

shs, (Ej Ej~ DR (M)) = DRE™(M).

Proof. There is a natural morphism @wp s : )N(D — )fo and one has 51» =wp,s °Jp.
Consequently,

shg, (Ejs,Ej 'DRX(M)) ~ Rwp s shg (Ejp,.Ej DR (M))
~ Rwp, 7, DR (M) = DR;‘;;’d(M).

Here, the first isomorphism follows from [DK21, Lem. 3.9] since wp s is proper.
The last isomorphism is proved in [Mocl4, Prop. 4.7.4]. O

§4.2. Moderate growth de Rham complexes along a function

In the prev1ous section we studied the moderate growth de Rham complex on real
blow-ups Xp and X 1 in the case of a normal crossing divisor. To do this, we could
directly apply the constructions performed in [DK16].

If X is a complex manifold and f: X — C is a holomorphic function, the
divisor £~1(0) does not need to have normal crossings. The blow-up space X ¢ can
still be defined, but Corollary 4.3 does not apply to this case. In this subsection
we define a version of the enhanced de Rham functor on X ¢ in order to prove an
analogous statement without the normal crossing assumption. This works along
the same lines as the version for X in [DK16] (simply denoted by X in [DK16]),
but uses some interesting facts about resolutions of singularities.

Throughout this subsection, X will be a complex manifold and f: X — C a
holomorphic function. We write X* := X\ f~1(0). We denote by X ¢ the real blow-
up of X along f. Recall the notation for morphisms from (2.1). We set DA =
AmOd ® Slox wy Dx. Let X denote the complex manifold conjugate to X

fThe first step is to define an ind-sheaf of tempered holomorphic functions on
)~(f, by analogy with [DK16, §7.2].
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Lemma-Definition 4.4. We define the objects
Db}f = @ RTZhom(Cx-, DbY)

and

(’)}f = R’Hamw;lD} (w;l(’)g, Db}f),

and the latter is an object in D*(5D% ).
s

Proof. 1t is clear a priori that Db}( thus defined is an object over I(w;lDX ®
s
w;lD;(), and hence that O}( is a module over wf_lDX. It thus remains to show
s

that it is an AE"d—module.
¥

(a) Set D := f~1(0). Assume that we can find a modification 7: ¥ — X (i.e., a
proper morphism such that E := 771(D) has simple normal crossings and induces
an isomorphism Y\ F ~ X \ D) and set g := f or. Let us write X* := X \ D and
Y* =Y \E. Let wg4: )N’E — 17 denote the natural proper morphism between
the two real blow-ups on Y associated to E = g 1(()) denote by 7: }7 — )N(f the
map induced by 7, and let 7y = T o wg, 4: YE - X ¢ denote the composition. We
have the following commutative diagram, where the square is Cartesian:

(4.1)

>~<

Since F is a normal crossing divisor, we know from [DK16, Notn. 7.2.4 and Thm.
7.2.7] that

O%E ~ wRZhom(Cy-, 0%)

is an .AmOd module.
Moreover we have isomorphisms

R7,,OL

v, =~ R7.Rwp g RThom(Cy-, wh0Y)

~ R#,Rwp,g, RThom(Cy+, wy ,w, 0% )
~ R7,RZhom(Rwg 4, Cy~, wé(’)})
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~ R7«RZhom(Cy~, @, LoY)
~ RZhom(Cx«,R7.w, LOY)
~ RZhom(Cx-+, waT*Oy)
~ wfRIhom((CX* R7.0%)
~ wfRIhom((CX*,OX) ~ O;}f

Here, we repeatedly use adjunction isomorphisms like [KS01, Prop. 5.3.8, Cor.
5.3.5] (together with the fact that all the morphisms in (4.1) are isomorphisms
outside the given divisors). The sixth isomorphism uses [KS01, Thm. 5.3.10], rely-
ing on the fact that the square in (4.1) is Cartesian. The last line follows from the
tempered Grauert theorem [KS16, Thm. 3.1.5].

Consequently, O}f is a module (or, in general, a complex of modules) over
?Q*Ag’d ~ R?g*A%‘;”d ~ A;‘f’d. This isomorphism follows from [Mocl4, Thm.
4.1.5]. (Let us be very precise here, emphasizing the functor 5 that is usually
suppressed in the notation: Taking the direct image, it becomes a module over
Tg*ﬁAmOd, and this induces a 37, AmOd—module structure by the natural mor-
phism BTg* — 74,3, cf. [KS01, Prop. 4 5. 17], noting that 7, is proper.)

(b) Let us show that the action of AmOd on (9t constructed in (a) is canonical
and does not depend on the choice of the modlﬁcatlon 7Y — X.
First, we note that, similarly to the computation in (a), one obtains

7y Db, = 7ywRTZhom(Cx-, DbY)
~ @y RThom(Cx-, DbY;)
~ wiyRThom(Cy~, DbY,)
=~ Db
The second-to-last isomorphism is due to [KS16, Lem. 2.5.7], and the last iso-
morphism follows from [DK16, Thm. 7.2.7] (since E is a normal crossing divisor).

Consequently, one has an isomorphism Dbt ~ %!Ri’g DL, .
YE g * Yr
Now observe that

0% =~ R7y, 05 =~ Ry RHom-ip_ (wp' Oy, Dby )
~ Ry RHom ,_1p,_ (wp' Oy, %;R%Q*Db%E)
~ RHom:x (R, @5 Oy, R7y, Db ),

Tg w_lD

showing that the AL°%-action on OY is induced by the AL°d-action on R7,, Db, |
Xy Xy Xy * Ye
which in turn is induced by the AZ°-action on Dbl . We remark that R7,, Dbt =
E E N E
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Tg*Db~ since tempered distributions form a quasi-injective object (cf. [Kas84,
Thm. 3. 18] [KS01, §7.2]).

In fact, the action of AmOd ~ Tg*A~ on Ty, Db%E does not depend on the
choice of the projective morphlsm T above Let U C X¢ be a subanalytic subset. A
local section of Am"d on U is a holomorphic function, say ¢, on UNX* = 7=1(U)N
Y* that has tempered growth along U N 8Xf (or along 7=H(U) N GYE, which is
equivalent, since Tg*Ar;;)d o~ A;‘;d). On the other hand, we have (Tg*Db%E)(U )=
Dbt ( ~1(U)), so an element & thereof is by definition a (tempered) distribution on

(U) NY* = UNX*. The action of ¢ on 4 is given by the natural multiplication
of a distribution by a function, all defined outside the divisors. Hence, the induced
action is independent of the choice of 7.

(¢) In general, a modification similar to that in (a) exists by now well-known
results on desingularization of analytic spaces (see, e.g., [AHV18]). However, F
might not have smooth components, but we know that, locally around each point
x € X, we can find such a modification. Therefore, (a) shows that (’)} has locally

an action of Am°?. Since the local actions are canonical (and hence fcompatible)
s
by (b), they give a global action of A%°? on OY . O
X X
We can now define (using notation similar to that in [DK16, §9.2])
OE = i' RHomp, (Efp, 0% ,)12],

OE

Xy ><IP’)[
E —1
QXf = W)?fwf Ox ®7r§; —1OX

and one sets
E — O oL b /A
DR (£) = Q% @5 £ for £LeD"(DZ).

As in [DK16] we then get
DRg (MA7) ~ Ew ;DR (M(+D))
for any M € D2 (Dx) (setting M7 == AmOd Dwrtox Py IM).
Xy

Then we can reproduce the proof of Lemma 4. 2 and Proposition 4.1 along the
exact same lines and obtain the following.

Proposition 4.5. Let X be a complex manifold, f: X — C a holomorphic func-
tion, and M € DP_,(Dx). Then there is an isomorphism in Db((C;(f),

shs, (Ej Ej~ DR (M)) = DRE(M).
Proof. The main steps of this proof are the isomorphisms

O)E?f ~ RZhom(&; 'n~'Cx-, Ew};O%)
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and
Ew; 'S0l (Ox (+D)) ~ sozgf (Ox (xD)A7),

both of which we derive from Lemma-Definition 4.4 as in the case of Xp in [DK16],

and the isomorphism
_ t ~ gmod
OéXf O)‘Zf =~ A)?f 5
and this again follows from a local consideration as in part (a) of the above proof
since a g is compatible with direct images (see [KSO01, Prop. 4.3.6]) and we know

such a statement for the blow-up ?E along a normal crossing divisor (see [DK16,
Prop. 7.2.10]). O

§4.3. Rapid decay de Rham complexes: A motivation in dimension one

So far we have studied moderate growth de Rham complexes. The aim is now
to find a functorial way to extract the rapid decay de Rham complex from the
enhanced de Rham complex. Rapid decay functions do not seem to have been
studied in the context of enhances ind-sheaves.

Studying the one-dimensional case again, it is quite straightforward to find
an expression similar to the one for the moderate growth de Rham complex. Let
X be a complex manifold. Recall the notation from Section 3.

Lemma 4.6. For an object K € EP(ICx), one has a distinguished triangle in
Eb(I(C)z),

EjwEj 'K — Ej,Ej 'K — EiEi'Ej.Ej 'K 15
Proof. By [DK19, Lem. 2.7.6], we know that there are isomorphisms

EjuEj'H ~ 77 'Cx\p ® H,
EiyEi 'H~7"'C,5 ® H,

for any H € EP(ICg).
From the natural short exact sequence (cf. [KS90, Prop. 2.3.6(v)])

0—Cx\p —C5 —Cyg —0

in DP(Cg), we therefore obtain (applying the functor 7~*(e) ® Ej,Ej7'K) a
distinguished triangle

EjuE;j'Ej.Ej 'K — Ej.Ej 'K — EinEi'Ej.Ej K L,

and this is the desired triangle, noting that Ej ~'Ej, ~ Ej'Ej, ~ id. O



MODERATE GROWTH AND RAPID DECAY NEARBY CYCLES VIA ENHANCED IND-SHEAVES 29

When K additionally is a perverse enhanced ind-sheaf (that is, an element
of the essential image of Mody,(Dx) under the enhanced de Rham functor; see
[DK23, §4] for more detail on this notion — we will not need it elsewhere in this
paper), we can make the following, more specific, claim.

Proposition 4.7. Let K € E°(ICx) be a perverse enhanced ind-sheaf. Then there
is a short exact sequence

0 — i 'shg(BEjnE;j'K)[-1] — U5°(K) — P2 (K) — 0.

Proof. We apply the functor i "'sh ¢ (e) to the distinguished triangle from Lemma
4.6. Then the middle object becomes W=°(K). Moreover, the third object becomes
UY(K), noting that sh z oEiy =~ iyosh, 5 since 7 is proper (see [DK21, Lem. 3.9(ii)])
and i~ Y ~ id.

The distinguished triangle thus obtained is indeed a short exact sequence since
we already know that the second and third objects are concentrated in degree zero
and the morphism between them is an epimorphism (see [DK23, Lem. 4.3]), which
implies that also the first object must be concentrated in degree 0. O

Now let M be a meromorphic connection with a pole at 0, and let K =
DRE (M) and L = i71j,j 'DRx (M)[—1]. Then the objects in the short exact
sequence of Proposition 4.7 are related to the Stokes filtration by

\IIGS,O(K) =~ FSO‘CMv
\Ilg(K) ~ GrgﬁM = FSQL:M/F<0£M.

Therefore, this implies that there is an isomorphism
Foola i 'shg(EjuE;j ' K)[-1].

Since the “< 0” part of the Stokes filtration is nothing but the rapid decay de
Rham complex, restricted to 90X, this implies that it is reasonable to expect an
isomorphism

(4.2) DR%(M) ~ sh g (EjuEj~'DRK (M)),

a formula similar to the ones proved for moderate growth de Rham complexes
above.

Remark 4.8. Note that the functor shg o Ejn % jio shx- , and in particular this
functor is not an “extension by zero” as known from the theory of classical sheaves.

A proof of this formula (4.2) in the case that f defines a normal crossing
divisor (in any dimension) will be given in Section 7 (see Corollary 7.14), using
deep results on duality of certain sheaves of functions.
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§5. Moderate growth and rapid decay objects
associated to enhanced ind-sheaves

In Section 4 we studied functorial ways to extract the moderate growth and rapid
decay de Rham complexes from the enhanced de Rham complex. Inspired by these
considerations, we define here moderate growth and rapid decay objects (more
precisely, sheaves on the real blow-up space) to any enhanced ind-sheaf on X and
establish some of their basic properties.

Throughout this section, let X be a complex manifold and let f: X — C be
a holomorphic function. Since we will only work on the blow-up X ¢ from here on,
we will simplify the notation for the morphisms from diagram (2.1) by suppressing
the index f as follows:

w

OX; s Xp Lo X2 1o X

We will also work over an arbitrary field k£ here.

Definition 5.1. For an enhanced ind-sheaf K € EP(Ikyx), we define the objects
of Db(k)?f),

(5.1) Kmedf — shg, (Ej.Ej'K),

(5.2) K™ =shg (EjuEj 'K).

Remark 5.2. Let us note here that we could also perform the same construction

on the real blow-up Xp along a normal crossing divisor and in this way define

Kmod D

objects and K4 P We will, however, focus on the blow-up along a function

from here on, although the constructions and results we prove in the present and
the following section work analogously on Xp. We will use this fact in the proofs
of Propositions 7.5 and 7.15 below.

The first easy observation is the following.
Lemma 5.3. There are isomorphisms for any K € EP(Ikx),

Km0 ~ (77 ke @ K)™°4 ~ RZhom(rYkx-, K)m4/,
K'Y ~ (77 kx- @ K)'YY ~ RZhom(r Ykx-, K)™/.

Proof. It follows from [DK19, Lem. 2.7.6] that we have

7 tkx @ K ~EjyEj 'K,
RZhom(rn ‘kx«,K) ~ Ej,Ej 'K.
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(For the second isomorphism, note that j is an open embedding and hence j' =
j~1.) Then the statement of the lemma is clear from the definition because Ej ~1Ej,
:id:EjflEj[!. O

Remark 5.4. In the context of enhanced de Rham functors (in particular, k = C
here), the previous lemma tells us that the functors from Definition 5.1 are not
sensitive to localization of the Dx-module: If D = f~(0) and M € DP_(Dx),
then by [DK16, Thm. 9.1.2], we know that

DRE (M (D)) ~ RZThom(r~*Cx-, DRE (M)),
DRE (M(ID)) ~ 7~ 'Cx- ® DRE(M),

and hence the lemma means nothing but

mo mod mod
(DRE (M) = (DRE (M(xD)))"™**/ = (DRE (M(1D)) ™"/,
r rd rd
(DRE (M) = (DR (M(xD)))"” = (DR (M(1D))™”.
By restricting the objects from Definition 5.1 to the boundary of the real
blow-up, we can define objects that will be called enhanced nearby cycles; they
are higher-dimensional analogues of the constructions in [DK23], as well as ana-

logues in the world of enhanced ind-sheaves of the constructions performed for
Dx-modules in [Sab21].

Definition 5.5. Let K € EP(Ikx). Then we set

UK = = sh (BT[],

¢JfOK =i 1R = gflsh)}f(Ejl!EjilK)[*l],
>07- . ygemod f o = —1

Vi K =1K —ZSth(E]*Ej K),

V7K =K = i'shg (EjuEj ' K).

Moreover, set
3K =i 'Ry, 'shx K[-1].

. . b _
All of them are objects in D (kaxf)'
Remark 5.6. One can express these objects differently in the case where K is
the enhanced de Rham or solution object of a meromorphic connection (and in
particular k = C).
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For example, let M be a meromorphic connection with poles along the normal
crossing divisor D = f~1(0). Then

V7' DRE (M) =i~ Ishg (Ej.Ej~ DR (M)[-1]

i 1shgf(Ew!Ej*EleR%(M))[—u
i 'shg (Ew'DRE (M))[-1].

1%

1%

Similarly, one can show w;ODRE(M) o~ E!sh);f (Ew'DRE (M)), which is the
analogue of the complex P74 M in [Sab21].

Along the same lines, we get 5 Soly (M) ~ fflsh)zf (B tSol% (M))[-1]
and w?OSol_];:{ (M) ~ E!sh)?f (Eww~1Sol% (M)).

The following lemma is clear by construction.

Lemma 5.7. For K € ER (Ikx) (in particular for K = DR (M) for a holo-
nomic Dx-module in the case k = C), the objects defined in Definition 5.5 are
R-constructible.

Proof. Tt suffices to note that the functors Ejf*, Ejf”, E;j~!, and Shf('f involved in
the construction of K™°4/ and K™/ all preserve R-constructibility (see [DK19,
Prop. 3.3.3] and [KS16, Thm. 6.6.4]). O

Proposition 5.8. We have the following natural distinguished triangles in the
category Db(k:a)?f):

UK s s K — p7K T,

V0K — WK s 7K T
Proof. We start with the natural distinguished triangle

shg, (Ej.Ej 'K) — Rj.j 'shg (Ej.Ej 'K)

f
(5.3) — ini'shy (Bj.Ej " K)[1] RN
(cf., e.g., [KS90, Prop. 2.4.6]). Applying :~'[—1] and noting that we have natural
isomorphisms (recall the compatibility of the sheafification functor with pullbacks
along open embeddings from [DK21, Lem. 3.9]),
2_1R5*§_1sh§f (Ej.Ej 'K) ~i 'Rj.shx- (Ej 'Ej.Ej 'K)
~ i 'Rj.shx- (Ej'K)
~ i 'Rj,j tshx(K),
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we obtain the first distinguished triangle.
The second triangle is found analogously, replacing Ej, by Ejy in (5.3). O

Proposition 5.9. There is a natural distinguished triangle in Db(ka)}f),

1
PFOK — w?OK — YK 2Ny
where YK = sh, (Ei'Ej.Ej'K).
Proof. This follows directly from Lemma 4.6. O

Let p: X — Y be a proper holomorphic map, g: ¥ — C any holomorphic
map, and set f := g o p. Then p lifts to a morphism between the real blow-up
spaces p: X =X Xy }79 — )79, and we obtain a natural commutative diagram
where all the squares are Cartesian:

0X; —L 5 X, X X
(5.4) Fo [ o0 hﬁ O plx-

We have the following statement, which is the analogue of [Sab21, Prop. 6.6].

Proposition 5.10. Let X, Y, f, g, and p be as above, and let K € EP(Ikx).
Then there is an isomorphism of distinguished triangles in Dﬁ_c(k‘a%):

- . - 1
Rpo, 7 K — Rpo, ;K —— Rpo, 7K ——

P L

VEOEp K —— YIEp. K ——— ¢ Bp K —
Similarly, there is an isomorphism

R0 5K —— Rpo. K —— R0, 97 K L

EoooF L

VOEp K —— YIEp. K —— ¢2Bp K —
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Proof. Since all the isomorphisms work along the same lines, let us only prove the
first one (on the left of the first isomorphism of triangles):

Rpo. 7 K ~ Rpoyiy 'shy, (Ejy Ej; ' K)[-1]
~ i, 'Rishg, (Ejs Ejy  K)[-1]

~ Eglsh)?f (EpuEjs Ej; ' K)[-1]

~ Eg_lsh);f (Ejg E(p|x- )1!Ej;1K)[_1]

~ E;lsh)}f (Ejg, Ej; "EpuK)[-1] ~ ¢>"Ep. K.

Here, we repeatedly used the facts that the squares in (5.4) are Cartesian (see
[DK16, Prop. 4.5.11] for a base change formula for operations on enhanced ind-
sheaves) and that p is proper and hence Ep, = Epy (and similarly for p).

The isomorphisms of objects thus obtained induce isomorphisms of distin-
guished triangles since the morphisms in the triangles of Proposition 5.8 are all
canonical and the isomorphism constructed above is natural. O]

§6. Local and global duality on the real blow-up
§6.1. A short review on duality and pairings in derived categories

Let k£ be a field and let M be a good topological space. We recall the following
notion of a perfect pairing in the derived category DP(kps). A good reference is
[KS90], as well as [FSY23, Appx. C|.

Let F,G € DP(ky), and let wys denote the Verdier dualizing complex. If
aprr: M — {pt} is the canonical map to the one-point space, then we have wy, =
a'y,k. The Verdier dual of F € DP(kys) is the object Dy F := RHom(F,war).

Definition 6.1. Recall that, for F,G € DE__(kx), a pairing n: F ®p,, G — wur
is equivalent to the datum of a morphism F' — DG in DP(kj;) (or, equivalently,
a morphism G — D/ F).

We say that a pairing n: F'®y,, G — was is perfect if the associated morphism
F — DyG (or G — Dy F) is an isomorphism.

Now suppose 1: F®j,, G — wyy is such a perfect pairing with an isomorphism
G ~ Dy F'. Taking derived global sections, we find

RI(M; Dy F) ~ RHom(F,wys)
~ RHom(RT'.(M; F), k)
= RI.(M; F)".
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In particular, the hypercohomology of this object satisfies, for all ¢ € Z,

HY(M; Dy F) ~ H'RT(M; (D F)[(]) ~ H° RHom(RT.(M; F), k)[{]
~ HY RHom(RT'.(X; F)[—4], k)
~H_(M;F)".

By [KS90, eq. (2.6.23)], there is a natural morphism
RI(M; Dy F) @, ROo(M; F) — RLo(M; F ®y,,, Dy F).

Taking hypercohomology and composing with the morphism induced by 7 on
global sections, we obtain pairings for all ¢ € Z:

(6.1) HY(M; Dy F) @ HY(M; F) — HY(M;way) ~ k.
Proposition 6.2 ([FSY23, Cor. C.6]). Let F,G € DP(kas). If the pairing
n: F®k,, G— wy
is perfect, then so are the pairings
n': HY(M; F) @ H,“(M;G) — k
foralll € Z.

We will refer to the pairings (6.1) as the global duality pairings of F' (on
hypercohomology). Similarly, we will refer to n: F ®,, Dy F — wps as the local
duality pairing of F.

§6.2. Local duality statements for enhanced nearby cycles

With our definition of the moderate growth and rapid decay objects, it is easy
to see that for R-constructible enhanced ind-sheaves the associated moderate and
rapid decay objects are related by duality.

Let X be a complex manifold and f: X — C a holomorphic function.

Proposition 6.3 (Local duality pairing on )?f) Let K € ER (Ikx). Then there
is a canonical isomorphism

d E d
Dg, K4/ ~ (DR K)™/.
That is, there exists a perfect pairing
Kmodf Bz, (DYE) Y — wg

where wg is the Verdier dualizing complex in Db(k;)?f).
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Proof. There is the chain of isomorphisms

Dg shg (Ej; Ej 'K) ~ DY Ejr,BjjEw K)

| 2

DY RZhom(n k., Ew'K))

><t

f

| 2

X

<

%, (
(
(7 1kX* ® DY Ew‘K)
%, (

Ej{Ej/ T Ew 'DEK),

| 2

f

where the first isomorphism follows from the commutation of sheafification with
duality (see [DK21, Lem. 3.13]), the third isomorphism follows from [DK16, Lem.
4.3.2, Prop. 4.9.13], and in the last isomorphism we have used the fact that duality
interchanges inverse image and exceptional inverse image (see [DK19, Prop. 3.3.3]).
Moreover, in the second and fourth isomorphisms we have applied [DK19, Lem.
2.7.6].

Note that, except for the second line, all the isomorphisms require R-con-
structibility, so it is essential here that K is R-constructible and that direct and
inverse images preserve this R-constructibility (see [DK19, Prop. 3.3.3]). O

By restricting the moderate growth and rapid decay functors to the boundary
of the real blow-up, we immediately obtain as a consequence a duality between the
functors waO and wfzo (see Definition 5.5), up to a shift in the derived category
Dn%-c(kaf(f)-

Corollary 6.4 (Local duality pairing on X;). For K € Eb (lkx), there is a
canonical isomorphism

D,g, (W5 K) ~ 7 (DY K)[1],
so that the associated pairing
v (K) @ 7 (DRE)(1] — wyg,
is perfect.

Proof. This is a similarly straightforward computation, using in addition the fact
that Verdier dualizing interchanges i~! and . O

§6.3. The global duality pairings

Applying (derived) global sections to the objects in Proposition 6.3 yields further
duality statements that we can explore.
Let K € EX (Tkx) be an R-constructible enhanced ind-sheaf.
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Specifically, the isomorphism K™°d/ ~ D)?f (D K)*/ implies the isomor-
phism

RI(X; K™°4f) = RHom (R (X5 (DS K)™), k)
(6.2) = RIo(X 5 (DR K)™ )Y
of bounded complexes of finite-dimensional k-vector spaces. Likewise,
Dif (Kmodf) ~ (DEJ(Kyd f
implies
RI(X; (DS K)F) =5 RTL(Xp; K™0d )Y,

Either of these isomorphisms yields the following result.
Corollary 6.5. The pairing
H (X s K799 @0, H (X g (DR K)™) —
is perfect for all K € E}_(Ikx) and £ € Z.

Proof. This follows directly from Proposition 6.2 and the above local duality,
Proposition 6.3. O

Likewise, Proposition 6.2 and Corollary 6.4 imply the following result.
Corollary 6.6. The pairing
HY(0X 1397 K) @ Hy 10X 597 DR K) — k

is perfect for all K € B} _(Ikx) and ¢ € Z.

§7. Duality between de Rham functors with growth conditions
§7.1. A duality of Kashiwara—Schapira

In this section we briefly recall a duality statement between tempered and Whitney
holomorphic functions proved by Kashiwara—Schapira [KKS96, KS16].

It is well known that the space of distributions is the topological dual of the
space of compactly supported smooth functions (often called test functions). It is
important to note that these spaces are infinite-dimensional complex vector spaces
and this duality is really a duality of topological vector spaces, and not a duality
in the category of complex vector spaces. The authors of [KKS96] use the language
of Fréchet nuclear spaces (vector spaces of type FN) and duals of Fréchet nuclear
spaces (vector spaces of type DFN) to formulate their results (see [Gro55] for these
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notions, as well as [RR74] and the references therein). Our proof strategy is similar
in character to the classical isomorphism between de Rham and solution complexes
for holonomic D-modules (see [HTTO8, Props 4.6.4 and 4.7.9], where the authors
use the duality between Frechét—Schwartz (FS) and duals of Frechét—Schwartz
(DFS) topological vector spaces).

The notions of tempered distributions and Whitney functions were studied in
[KS96] and they are closely related to the notions of moderate growth and rapid
decay (cf., e.g., [DK16, Prop. 7.2.10, Lem. 5.1.4]). On a real analytic manifold X,
recall the functor e © E: Modg..(Cx) = Mod(Dx) from [KS96], as well as the
ind-sheaf of tempered distributions DbY from [KS01]. The ind-sheaf DbY is the
ind-sheaf of tempered distribution densities on X (see, e.g., [KS16]). In [KS96],
the authors proved the following duality result for these spaces (formulated here
in the more modern notation of [KS01] and [KS16]).

Proposition 7.1 ([KS96, Prop. 2.2]). Let X be a real analytic manifold and F €

Modg..(Cx). Then there exist natural topologies of type FN on I'(X; F%‘gfgo) and
of type DEN on T'¢(X; axRZhom(F,DbY)) and they are dual to each other.

This result is then used to deduce the following duality in the context of
holomorphic solutions of a coherent Dx-module on a complex manifold. We note
that the transition from €5 (resp. DbY) to Ox (resp. 2x) amounts to taking
Dolbeault complexes with coefficients in those objects (see [KS96, §5]).

Theorem 7.2 ([KS96, Thm. 6.1]). Let X be a complex manifold of dimension
dx, MeDP, (Dx), and F,G €D (Cx). Then the spaces RT'(X; RHomp, (M@

coh
w L
G,F ® Ox)) and RI'«(X;axRZhom(F,Q%)[dx] ®py (M @ G)) are objects of
DP(FN) and DP(DFN), respectively, and are dual to each other, functorially in
M, F, and G.

Later, in [KS16], this global result was extended to the following local state-
ment in the category of R-constructible sheaves.

Theorem 7.3 (See [KS16, Thm. 2.5.13]). Let X be a complex manifold of dimen-
siondx, M€DP (Dx) and F,G € DY (Cx). Then the two objects RHomp,, (M,

w L
F®0Ox) and axRZhom(F, QY )[dx]@p M are dual to each other in the category
Dp_.(Cx).

Let us remark that the key in deriving this result was the proof of the R-
constructibility of these two objects, which was derived from the constructiblity
of enhanced solutions established in [DK16]. In particular, this allows the authors
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of [KS16] to forget the topology, so this duality is really a duality of sheaves of
complex vector spaces.

§7.2. A conjecture of Sabbah’s

In this subsection we will prove the following theorem, which is Sabbah’s conjec-
ture, as discussed in Section 1 (Theorem 1.2).

Theorem 7.4 (cf. [Sab21, Conj. 4.13]). Let X be a complex manifold, f: X — C
a holomorphic function, and M a holonomic Dx -module. Then there is a natural
isomorphism

Dy, DR%*(M) =~ DRY (DxM)

m DH%_C((C;Q).

In the rest of this subsection we will first give a proof of this conjecture in
the case of a normal crossing divisor, using arguments very similar to those of
Kashiwara—Schapira [KS96], before proving the general version.

We first show the following variant on the real blow-up of X along a normal
crossing divisor.

Proposition 7.5. Let D C X be a simple normal crossing divisor. Let M be a
holonomic Dx-module. Then there is an isomorphism in Db((C)?D),

mod rd
Dy, DRE(M) ~ DR (DxM).

Let us first rewrite the objects in the statement of Proposition 7.5 in terms of
(holomorphic) tempered distributions and Whitney functions, as studied in [KS96],
for example.

In the following, we will just write X, w for Xp, wp. Let )?B’t be the total
real blow-up of X along a normal crossing divisor, and let X cC )?g)t be the real
blow-up (see Section 2.3 for these constructions).

For the sheaf of moderate growth holomorphic functions, we have

Ar)%od ~ OZ)ZOE} ~ aiw!RIhOWL((CX*a OE{)?

and hence the moderate growth de Rham complex of a holonomic Dx-module M
is

mod -1 mod L -1
DR)’E (M) = (’CU Qx ®w‘1(9x A)} )®w_1Dx w M
L
~ a @' RThom(Cx+, Q) @p-1py, @ ‘M

L
(71) ~ 04559;? Rw-1Dy w M.
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On the other hand, the sheaf of smooth functions on X with rapid decay at
0X is
G = (Cxe ®EX

Xtot |j}7

and the sheaf of holomorphic function with rapid decay at the boundary is then
r — ,rd
AY = RHomg1p_(w ' O%, 63",

and the rapid decay de Rham complex of the dual of M is

rd -1 rdy L -1
DR)Z(DXM) = (w QX ®w*1(’)x A)?) ®w*1'DX w DXM
(7.2) ~ RHomq-1p, (@ 'M, AY)[dx].

In order to prove Proposition 7.5, the aim is to get a duality between (7.1) and
(7.2), and this reminds us of the duality in [KS16, eq. (2.5.12), Thm. 2.5.13].
However, our statement is a duality on the real blow-up and it does not follow
directly from [KS16], but our proof will proceed along the same lines.

We will first construct a pairing between the two objects (7.1) and (7.2).

A pairing on X/g’t Since X' is a real analytic manifold, we get from [KS16,
eq. (2.5.11)] a pairing

(7.3) (Cx» ®E2

Fiot) ® g RThom(Cx-, Db

— Wtot -
Xtot) XBt

The induced pairing on X. Equation (7.3) is equivalent to a morphism

oz)}g)tRIhom((CX* Dthmt) — D)?g)t (Cx- ®‘5Xm)

Applymg the exceptional inverse image along the (closed) embedding %°t: X <
Xt we obtain

(7.4) (it athRIhom((CX* DbY,..) — D5 (i) (Cx- ®CX

Xtot Xtot )

Now observe that the left-hand side can be manipulated as follows:

(itOt)Ia)?mtRIhOm(CX* Dbg(tot)
~ ( tot) 1RIH0m((C)?’a§thRIh0m((CX* ,Dbf)z/tot))
~ (i)~ 1R7—[0m(5)}g>t(cjvaIh0m(CX* Dbxtot))
~ (itOt)ila)?totRIhOm(ﬁ)?tm(c~ ® [’)?SECX* bg;/mt)

(7‘5) = aX( tOt) lRIhOm(CX* Dbxtot)
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Here, the second isomorphism follows from [KS01, Prop. 5.1.10], and the last one
from the fact that ,B;(g,t(Cg ® L)}tDot(CX* o~ ng)t(CX* (see [KSO1] and also [Ho22,
Proof of Lem. 3.2]).

Next, let us prove the following result similar to [KS16, Lem. 2.5.7].

Lemma 7.6. Set Y := (w™")=Y(X*). Then there is an isomorphism

(7.6) RIhom(Cy,DbXth) ~ (w'")'RZhom(Cx~, DbY).
Proof. Note that, locally, Y is the disjoint union of 2" connected components (r
being the number of smooth components of the normal crossing divisor D), each
homeomorphically mapped to X* via w®?*. Let us write Y = Lyeqs, -y X5 x{v}
(Recall that X* x {+,...,4} is the component canonically identified with X* in
X C Xit.) Then we have

(wtOt)!RIhom((CX* ,DbY) ~ RZhom((w™") " 'Cx-~, (wtOt)!DbE}/)
~ @ RZhom(Cx+x v}, (') DbYY).
V€{+77}T

Now, by [KS16, Thm. 2.5.6], one has (w®*)'DbYY ~ Db ®Dv D and

Xtot Xtot }?]t:;)t X

since D guor — Dgror_, 1S an isomorphism on each X* x{v}, we obtain the desired
D D

result. O

Applying the functor (i*°*)" to the isomorphism (7.6), the left-hand side is the
following:

(i) RZhom(Cy, Db%,.)

12

(i**") "*RZhom(C g, RZhom(Cy, Dbxvmc )

R

(itot)*lRIhom(C X CY, Dbg(tot)

(i) "'RZhom(Cx+, DbY.)-

12

Hence, taking the isomorphism (7.6) together with our computation (7.5), we
obtain

(it a gy RZhom(Cx-, Db, ) ~ ag (i) (@) RZhom(Cx-, DbY)

Xtot
(7.7) ~ a z@w'RZhom(Cx+, DbY),

and hence the morphism (7.4) yields a pairing

(7.8) (%)L (Cx~ & €2

Fio) ® ag@w'RThom(Cx-, DOY) — wi.
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The pairing between de Rham functors. Making the transition to Dolbeault
complexes (i.e., going to the holomorphic setting) and adding a D-module, the
above pairing will induce a pairing

(7.9) DRY(DxM) @ DREY(M) — wg
(just as eq. (2.5.11) induces eq. (2.5.12) in [KS16]).

Perfectness of the pairing. We first prove an analogue (indeed, a corollary) of
[KS96, Prop. 2.2], which will be the key to the proof of the perfectness.

Pr0p051t10n 7.7. There exist natural topologies of type FN on T(X; (it")~1

(Cx- ® %)) and of type DFN on T (X (i*) "' RHom(Cx-, b;;/tot)), and the

two spaces are dual to each other with respect to these topologies.

Proof. Since X% is a real analytic manifold, [KSQG Prop. 2.2] gives us a (topo-
logical) duality between the FN space I'(X9t; Cx- R ECD ) and the DFN space

— Xtot
L.(X®% RZhom(Cx-, DbY, To conclude, we observe ‘that both Cx- ® €2
and RZhom(Cx-,DbY,

) =,
Xtot) are supported on the closed subspace X C Xt and
hence

T(X; (i*) " (Cx- ® Cin)) = T(X% Cx- ® Coer)
and

Lo (X; (i) ' RHom(Cx-, DbY,

p ) ~ T (X RZhom(Cx-, Dbtxvmt)) O

This implies (going to the holomorphic setting similarly to [KS96, Prop. 5.2])
a duality between the objects

RI(X; A%) € DP(FN)
and
RI.(X; agQ[dx]) € DP(DFN).

We can then use the technique of [KS96, Thm. 6.1 and Appx| to prove the
following.

Proposition 7.8. Let M € D} (Dx) and let G € DR_(Cx). Then we can define
RE(X; RHom -1, (w "M @ G, A%)) ~ RHom(G, DR (DxM)) € D"(FN)

and
RI.(X; DR%*Y(M) ® G) € DP(DFN)

and these are dual to each other.
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Proof. By the methods developed in [KS96] (whose details we will not elaborate
on here; see the proof of [KS96, Thm. 6.1]), the proof can be reduced to the case
M = (Dx)y for some relatively compact open U C X and G = Cy for some
relatively compact open subanalytic V' C X, and this reduces the statement to
Proposition 7.7 and its holomorphic analogue. O

The final step in proving Proposition 7.5 is now the following lemma, which
is analogous to the idea of [KS16, Lem. 2.5.12].

Lemma 7.9. If one of the objects DRE?(]D)XM) or DR;Od(M) is R-constructible,
then the pairing (7.9) is perfect and the objects DRE?(DXM) and DR;Od(M) are
dual to each other in the category DH]%_C((C)?). In particular, the other object is also
R-constructible.

Proof. Assume that DR;Od(M) is R-constructible. Apply the functor RI'.(U;e)

for any relatively compact open subanalytic U C X to the morphism
DR%°!(M) — D ¢DRY(Dx M)
coming from the pairing (7.9) to obtain
RT(U; DR (DxM)) — RL(U; DREY(M))*.

Since DREOd(M) was assumed to be R-constructible, we know (see [KS90, Cor.
8.4.11]) that RI.(U; DREOd(M)) is a perfect complex and therefore has, in par-
ticular, finite-dimensional cohomologies, and hence the topological dual and the
usual dual as a vector space coincide. This morphism is an isomorphism by Propo-
sition 7.8, which concludes the proof.

The case where DR;?(M) is R-constructible is similar. O

We can now finally prove the above duality statement in the case of a normal
crossing divisor.

Proof of Proposition 7.5. By Lemma 7.9, we are reduced to proving that the com-
plex DR%Od (M) is R-constructible. This is, however, clear by (a version on X p of)
Lemma 5.7 since we have already proved DREC;d (M) ~shg (Ejp,Ej~'DRE (M)
(see Proposition 4.1) and we know that DRY (M) is R-constructible (see [DK16,
Thm. 9.3.2]). This concludes the proof. O

The assertion of Theorem 7.4 in the case where f~1(0) is a simple normal
crossing divisor now follows as an easy corollary.
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Corollary 7.10. Let f: X — C be a holomorphic function such that D = f~1(0)
is a simple normal crossing divisor. Let M be a holonomic Dx-module. Then there

is an isomorphism in Db((C;(f)
D ;(fDR‘;gf)d (M) ~ DR}?f (DxM).

Proof. This follows directly from Proposition 7.5 by applying the direct image
functor along the natural morphism wp ¢: X D — X ¢. We note that this morphism
is proper and hence self-dual, and that this direct image turns the moderate growth
(resp. rapid decay) de Rham complex on X p into the moderate growth (resp. rapid

decay) de Rham complex on )?f (see [Mocl4, Prop. 4.7.4]). O

Let us now consider the case of a complex manifold X and a holomorphic
function f: X — C, where f~1(0) does not necessarily define a simple normal
crossing divisor. The techniques of resolution of singularities allow us to reduce
the general case to the one proved above, once we have the following lemma.

Lemma 7.11. For any complex manifold X, any holomorphic function f: X —
C, and any object M € D} (Dx), there exists a natural morphism

(7.10) DRgigf (DxM) — Dg, DRg‘;d(M),
functorial in M.

Proof. First, note that we have an isomorphism

(7.11) DR}?f (Dx M) ~ RHom_ 1, (w; ' M, A;gf)[dx]

for any coherent Dx-module M. (This is proved by standard arguments, similarly
to [Mocl4, Lem. 5.5.1], for instance.) Here, dx denotes the (complex) dimension
of X.

Note moreover that we have a natural (wj?lDX—linear) morphism

mod rd rd
(7.12) AR g AL — A

given by multiplication of functions. (Recall that A;Od and Ag? are flat over
_ s s
wf 10X )
With this in hand, we construct the desired morphism as follows:

DRY (DxM)
(7'.\1}) —1 rd
~" RHom . 1p (] M, AT ldx]

L
— R,HOTI‘L(CXf (DR;’;d(M),w;lQX ®w;1Dx (A;‘f)d ®w;1(9x .A;?f))[dx]
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(7 12) R’Homcv (D RmOd(./\/l) wf19X éwf—l'px Ag?f)[dX]
~  RHomc, (D (M)vDer (Ox))ldx]
~ RHomc, ( °H(M), i1Cx-[dx])[dx]
(D M), w

X
m
X;
— RMHomc, I)n~(

M),wg,) = DngR‘)E(;‘d(M).

The morphism in the second line follows by applying the functor

— m L
(wleX ®w;10X A;?(;d) ®w;1DX (o)

to both components.
The isomorphism in the fifth line follows since

DR;%(OX) ~ jiCx+[dx],

where j: X* < )Z'f is the embedding (see, for example, [Sab21, Exa. 4.12]).
The last isomorphism follows from the natural morphism 7,C x- [2dx] = w %)

which comes as the adjoint to the identity Cx+«[2d] ~ wx+ ~ 5!‘*’)@' O

We will now show that this morphism is in fact an isomorphism, yielding the
following statement.

Proposition 7.12. For any complex manifold X, any holomorphic function f:
X — C and any M € D?_(Dx), the morphism (7.10) is an isomorphism.
In particular, we obtain an isomorphism

DRY (M)~ shg (Ejs,Ej~'DRX(M)).

Proof. First, note that if M’ — M — M" s a distinguished triangle in
DP (Dx), then this induces a morphism of distinguished triangles

r I r 1" 1
DRY (DxM') —— DRY (DxM) —— DRY (DxM") = LN

| | |

m m m +1
DXfDR)g;d(M’) — D);fDR)g;d(M) — DXfDRX‘;d(M”) —/

and, by the axioms of a triangulated category, if two of the vertical arrows are
isomorphisms, so is the third. Hence, by a standard induction argument on the
amplitude of M (see, e.g., [DK16, Proof of Lem. 7.3.7]), we can reduce to the case
when M is concentrated in degree 0.
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Moreover, if U C X is open, then f defines a holomorphic function on U, and
we denote by Uy C X the corresponding real blow-up space. One has

DRy, (DyM|y) ~ DRY (DxM)|g,

and
D, DRE* (M) ~ (D DR (M))]5,
Therefore, (7.10) is an isomorphism for M if it is one for all M|y, on a covering
X = ;e Us; in other words, the statement is local. We can therefore assume that
there exist a complex manifold Y and a projective morphism 7: Y — X such that,
if weset g:== for, E:=g¢ 1(0)=7"1(f"1(0)) CY is a simple normal crossing
divisor.
We know from Corollary 7.10 that

DR (DyD7*M) — Dy DRE(D7* M)

is an isomorphism. Applying the functor D7, to this isomorphism, we obtain (by
[Moc14, Cor. 4.7.3] and the well-known fact that direct images for constructible
sheaves and holonomic D-modules along proper maps commute with duality)

DRY (DxDr.D7"M) = Dg DRY (Dr.DT"M).

Now it remains to note that M is a direct summand of D7, D7* M and since
the morphism (7.10) is functorial (in particular, compatible with direct sums), we
deduce the isomorphism

DRY (DxM) == Dg DR (M),

as desired.
The second part of the proposition follows easily (as in Corollary 7.14). O

Remark 7.13. Note that the proof just given might appear similar to the method
given in [DK16, Lem. 7.3.7], where the authors show how to reduce a proof of a
statement involving a complex manifold and a holonomic D-module to the case
of a D-module with normal form on a manifold with a normal crossing divisor,
using the classification results due to Sabbah [Sab00], Kedlaya [Ked10, Ked11],
and Mochizuki [Moc09, Mocl1b]. However, here we do not use any reduction on
the form of our D-module (such as a normal form or a good filtration). Indeed, the
reduction we perform is only to the case where the divisor has normal crossings
(and the D-module is still arbitrary holonomic).

We have thus completed the proof of Theorem 7.4.
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With this result in hand, we can now derive the statement about the expres-
sion for the moderate de Rham complex in terms of the enhanced de Rham
complex, which was motivated in (4.2), showing that the expression we were
expecting for the rapid decay de Rham complex in terms of the enhanced de
Rham complex is indeed true.

Corollary 7.14. If D C X is a simple normal crossing divisor, we have an iso-
morphism
DRY (M) ~shg (EjpyEj~'DRE(M)).

If f: X — C is a holomorphic function, we have an isomorphism
DRY (M)~ shg (Ejs,Ej~ 'DRX(M)).

Proof. The proofs of the two statements are identical, so let us give just the argu-
ment for X;.
Recall (from Proposition 4.5) that

DRE(M) = sh (Ej Ej~ DR (M)).

Then the assertion of the corollary is just the dual of this isomorphism: The left-
hand sides are dual to each other by Theorem 7.4 just proved. For the right-hand
sides, we see that

shg, (Ejs,Ej 'DRX (DxM)) =~ shg (Ejs Ej 'DXDRY (M)
~shg (D% Ejs,Bj DRX(M))
~Dg shg, (Ejs,Ej'DRY (M)

since duality commutes with the enhanced de Rham functor (see [DK16, Thm.
9.4.8]) and the sheafification functor (see [DK21, Prop. 3.13]), and duality inter-
changes Ej;, with Ej;, and Ej~! with Ej' (see [DK19, Prop. 3.3.3]). Note that
Ej~! ~ Ej' since j is an open embedding. Because all the objects involved are R-
constructible (and hence duality is an involution on these objects), this concludes
the proof. O

§7.3. Duality pairings for algebraic connections

A well-known result of Bloch-Esnault (in dimension one, see [BE04]) and Hien
(for dimensions greater than one; see [Hie09] and also [Hie07]) shows that, for
a flat algebraic connection (E,V) on a smooth quasi-projective variety U, there
is a perfect pairing between algebraic de Rham cohomology with coefficients in
(E, V) and rapid decay homology cycles, inducing a duality between the respective
(co-)homology spaces (see (7.14) for the precise statement). Concretely, the pairing



48 B. HEPLER AND A. HOHL

can be realized as an integration, or period, pairing of differential forms a ® e with
coefficients in E and of chains v ® ¢V with coefficients in EV having rapid decay
along the boundary:

(7.13) (@@ ey ®e’) — /(e,s\/)a,

where {(e,&") denotes the natural contraction E ®o, EV — Oy.

Proposition 7.15. Let (E,V) be a flat (algebraic) connection on a smooth quasi-
projective variety U over C, and let (EV,VV) be the dual connection on U. Then
there is a perfect pairing of finite-dimensional C-vector spaces

(7.14) Har (U3 (B, V)) @ Hf (U (BY, V")) — C,

where Hyr denotes algebraic de Rham cohomology, and H' denotes rapid decay
homology (see [BE04, Hie09]).

Proof. Recall from [Hie09] that we can describe these de Rham cohomology groups
and rapid decay homology groups as the hypercohomology groups of complexes of
sheaves on the real blow-up space: We have

Hip (Us (E, V) = H' (X p; DR (M)
(see [Sab00]) and
H (U3 (EY,VY)) ~ H™(Xp; DRY_(MY)).

Here, (X, D) is a good compactification of U, i.e., D = X \ U has normal crossings
and (E, V) admits a good formal structure with respect to (X, D). (The existence
of such a good compactification was conjectured and proved in certain cases in
[Sab00], and shown in general in [Ked10, Ked11] and [Moc09, Moc11b].) Further-
more, M is the (analytic) meromorphic connection associated to the algebraic
connection (F, V). In other words, if £ is the algebraic Dy-module defined by the
connection (E,V) and j: U < X is the inclusion, then M = (5,.£)*" is the associ-
ated analytic Dx-module and satisfies M (*D) ~ M. Moreover, M" denotes the
dual meromorphic connection, which is the meromorphic connection associated to
(EY,VY) (or, equivalently, MV = (DxM)(xD)).
With these identifications, the claim follows after noting

DR;Od(M) ~ (DR%(M))mOdD
and

DR (M) = (DR (M) = (DRE (Dx M) ? = (D¥ (DR (M)))"2,
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and then applying (a version on Xp of) Proposition 6.5. (Note that Xp is com-
pact.) O
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