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Abstract

Let g = gg+91 be a basic classical Lie superalgebra over C, and e = ey € gg with —6 being
a minimal root of g. Set U(g, e) to be the minimal finite W-superalgebras associated with
the pair (g,e). In this paper we study the highest weight theory for U(g,e), introduce
the Verma modules and give a complete isomorphism classification of finite-dimensional
irreducible modules, via the parameter set consisting of pairs of weights and levels. Those
Verma modules can be further described via parabolic induction from Whittaker modules
for osp(1]2) or sl(2) respectively, depending on the detecting parity of r := dim g(—1);.
We then introduce and investigate the BGG category O for U(g, e), establishing highest
weight theory, as a counterpart for the works for finite W-algebras by Brundan—-Goodwin—
Kleshchev [Int. Math. Res. Not. IMRN 15 (2008), article no. rnn051] and Losev [in:
Geometric methods in representation theory II (2012), 353-370]. In comparison with the
non-super case, the significant difference here lies in the situation when r is odd, which is
a completely new phenomenon. The difficulty and complicated computation arise from
there.
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§0. Introduction

This work is a sequel to [49]. In [49] we obtained the PBW theorem of minimal
refined W-superalgebras over C, along with their generators and the commutator
formulas. In this paper we continue to study the representations of minimal finite
and refined W-superalgebras. Our purpose is to develop the highest weight theory
for minimal finite and refined W-superalgebras, and to determine all simple objects
in the corresponding BGG category O.

§0.1.

A finite W-algebra (resp. superalgebra) U(g,e) is a certain associative algebra
(resp. superalgebra) associated with a complex semi-simple Lie algebra (resp. basic
classical Lie superalgebra) g and a nilpotent element e € g (resp. e € gg for g =
g5Po71)- In the last two decades, finite W-algebras and finite W-superalgebras have
been developed rapidly since Premet studied finite W-algebras in full generality
in [37] (see [38, 39, 40], etc.).

In particular, Brundan-Goodwin—Kleshchev in [12] considered the highest
weight theory for finite W-algebras and showed that the irreducible highest weight
modules can be parameterized by some unknown set £. In virtue of [12], Losev
[30] further studied the so-called BGG category O for finite W-algebras first intro-
duced by Brundan—-Goodwin—Kleshchev, and established an equivalence of these
categories and the generalized Whittaker categories studied by Mili¢ié-Soergel [32]
when the nilpotent element e is principal.

§0.2.

Let G be a connected semi-simple algebraic group over C with g = Lie(G). When
the element e = ey, with —f being a minimal root of g, the corresponding finite W-
algebra U(g, e) is called minimal. In the case of basic classical Lie superalgebras,
one can also take (even) nilpotent elements associated with minimal roots, and
then obtain minimal finite W-superalgebras. The study of minimal (affine) W-
superalgebras can be traced back from [28] (see also [29, §5] for more details).

In the present paper, we will study the highest weight theory for minimal
finite W-superalgebras and for refined minimal W-superalgebras. This work can
be regarded as a counterpart of Premet’s work on the minimal finite W-algebras
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in [38], and also a counterpart of Brundan-Goodwin-Kleshchev’s work [12] on
highest weight theory for finite W-algebras. We will follow Premet’s strategy in
[38, §7], and also the methods applied by Brundan-Goodwin—Kleshchev in [12,
§4], with a lot of modifications.! Let us briefly introduce what we will do.

§0.3.

For a given complex basic classical Lie superalgebra g = g5 + g7 and a nilpotent
element e € gg, let (-, ) be a non-degenerate even supersymmetric invariant bilinear
form on g. Define x € g* by letting x(z) = (e,x) for all z € g. Fix an sl(2)-
triple (e, h, f) in gg, and denote by g¢ := ker(ad e) in g. The linear operator ad h
defines a Z-grading g = @, ., 0(i) with e € g(2); and f € g(—2)5, and we have
9° = @D,>(9°(7) by the sl(2)-representation theory. Up to a scalar, we further
assume that (e, f) = 1.

Choose Zs-homogeneous bases {u1,...,us} of g(—1)5 and {v1,...,v,} of
g(—1)1 such that x([u;, u;]) = 1*0;1 ;541 for 1 <i,j <'s, where

and x([vi, vj]) = 0iyj 1 for 1 < i, < r. Write g(—1)f for the C-span of ugq,...,
us and g(—1)j the C-span of vr1,...,v, (resp. Vegs, - ,vy) when r is even (resp.
odd). Denote g(—1)" := g(—1); ® g(—1)7, and set the x-admissible subalgebra and
the extended x-admissible subalgebra of g to be

m= @ o) ea(-1), w =

i<—2

m® Cvr  if ris odd,

2

{m if r is even,

respectively. Then the generalized Gelfand—Graev g-module associated with y is
defined by Qy = U(g) ®u(m) Cy, where C, = C1, is a one-dimensional m-module
such that z - 1, = x(x)1y for all z € m.

A finite W-superalgebra U(g,e) = (EndgQ,)° is by definition isomorphic
to Q';‘Cdm, the invariants of @, under the adjoint action of m. Recall that in [48,
Thm. 4.5] we introduced the PBW theorem for finite W-superalgebras U(g,e).
As an important ingredient in our arguments, we will first introduce a refined
version of the PBW theorem of U(g, e), which will be present in Theorem 1.4 and
Proposition 1.10.

1Depending on the parity of the dimension for a particular subspace of g, one can observe
critical distinctions for the construction of Verma modules for minimal finite and refined W-
superalgebras, and also for the formulation of the corresponding BGG category O, which never
appears in the non-super case.
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§0.4.
From now on, we will focus on the minimal case.

0.4.1. Recall that Cartan subalgebras of g are conjugate, and are by definition
just those of gg. Let b be a standard Cartan subalgebra of g, and let ® be the root
system of g relative to . Denote by &g and @1 the sets of all even roots and odd
roots, respectively. From the detailed description of ® in [25, §2.5.4] and [34, Thm.
3.10], we can choose a minimal root — of g, and then a positive root system ®* of
® with simple root system A = {ag,...,ax} satisfies that «ax = 6 when r is even,
and o = g when r is odd (see the arguments for Conventions 2.1). Furthermore,
we may choose root vectors e = ey, f = e_y corresponding to roots # and —0 such
that (e, [es, e—g], €—g) is an s[(2)-triple and put h = hy = [eg, e_g].

0.4.2. As explained in [48], the structure of finite W-superalgebras critically
depends on the detecting parity of r := dimg(—1)7. In the situation when r
is even, the results concerned are very similar to those of the non-super case,
despite the discussion here being more difficult. However, when r is odd, the finite
W-superalgebra is significantly different from the finite W-algebra case. In this
situation, the emergency of odd root g makes the situation much more compli-
cated, and an extra restriction (2.8) must be imposed to make the procedure go
smoothly. So in the following we will mainly consider the case when r is odd.

Let &, = {a € ® | a(h) = Oor 1}, and write ®F = &, N &+, where
= = -0+ Fori=0,1set @7, = {a € ©F | a(h) =i}, (B},)5 = D, N Pg. Set
he := h N g° to be a Cartan subalgebra in g¢(0) with {hq,...,hr_1} being a basis
such that (h;, hj) = 6; ; for 1 <4,j < k—1.Let d, p, and pe o be defined as in (2.7).
Given a linear function A on h° and ¢ € C satisfying equation (2.8), we call (A, ¢)
a matchable pair. Associated with such a pair, let Iy . be a left ideal of Ul(g,e)
defined as in Section 2.2.2. We call the U (g, e)-module Zy (g ¢)(A, ¢) == U(g,e)/Ixc
the Verma module of level ¢ corresponding to A. Moreover, Zy(g.¢)(A, c) is proved
to contain a unique maximal submodule which we denote Z77¢F ) (A, ¢) (see Section
2.2.3). Thus, to every matchable pair (X, c¢) € (h¢)* x C, there corresponds an irre-
ducible highest weight U(g, e)-module Lys(g,¢) (A, €) i= Zu(g,e) (A, )/ Z5 (5 ey (A ©).

Recall that an irreducible module is of type M if its endomorphism ring is
one-dimensional and it is of type @ if its endomorphism ring is two-dimensional.
As the first main result of the paper, we have the following theorem.

Theorem 0.1. Assume that r is odd. Given a matchable pair (X, c) € (h¢)* x C,
the following statements hold:

(1) Zg(ag")e) (X, ¢) is the unique mazimal submodule of the Verma module Zy (g ¢y (A,
c), and Ly g.¢) (X, ¢) is a simple U(g, e)-module of type Q.
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(2) The simple U(g, e)-modules Ly (g,e)(A,¢) and Lyq.e)(N,c) are isomorphic if
and only if (A, ¢) = (N, ).

(3) Any finite-dimensional simple U(g,e)-module (up to parity switch) is iso-
morphic to one of the modules Ly (g,.e)(A,c) for some X € (h°)* satisfying
A(he) € Zy for all a € (®F)5. We further have that ¢ is a rational number
in the case when g = spo(2|m) with m being odd such that g¢(0) = so(m), or
when g = spo(2m|1) with m > 2 such that g¢(0) = spo(2m — 2|1), or when
g = G(3) with g°(0) = G(2).

The proof of Theorem 0.1 will be given in Section 2.2.4.

0.4.3. For x = (e,-) we let C, denote the category of Whittaker modules, i.e.,
all g-modules on which = — x(z) acts locally nilpotently for all x € m. Given a
g-module M we set

Wh(M)={me M |z-m= x(z)m, Vo € m}.

We will link the Verma modules Zy(g¢)(A, ¢) with g-modules obtained by
parabolic induction from Whittaker modules for osp(1]2). Set sp = Ce & Ch &
Cfeo (C[v%,e] @ Cv%, and put

Po ‘= 59 + [’) =+ Z C@a, Ny (= Z (Ceou §9 = be @ sg,

acdt ac®t\{§,0}

where e, denotes a root vector with o € ®. Let Cy = 2e f+3h?— %h—%% [v% , €]
be a central element of U(Sg). Given A € (h°)*, write Ip(X) for the left ideal of
U(pg) generated by f—1, [v%,e] - %v% +%’Ur+Tlh7 Co+3,all t—A(t) with t € b°,
and all e, with v € ®F\{%,0}. Set Y'(\) := U(pg)/Is(\) to be a pg-module with
the trivial action of ng, which is isomorphic to a Whittaker module for the Levi
subalgebra sg9. Now define

M) = U(g) Qu(py) Y (V).

Since the restriction of (-,-) to h® is non-degenerate, for any n € (h¢)* there
is a unique ¢, in h° with n = (¢,,-). Hence (-, -) induces a non-degenerate bilinear
form on (h°)* via (u,v) = (tu,t,) for all u,v € (h°)*. For a linear function ¢ € h*
we denote by ¢ the restriction of ¢ to h¢. Keep the notation € as in (3.4). Under
the twisted action of U(g, e) on the Verma modules as defined in Section 3.2.3, we
have the following second main result of the paper.

Theorem 0.2. Assume that r is odd. Every g-module M()) is an object of the
category Cy. Furthermore, Wh(M (X)) = Zy(g,e)(X + J, —% + (A+2p,A) +€) as
U(g, e)-modules.
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The proof of Theorem 0.2 will be given in Section 3.2.3. In virtue of The-
orem 0.2 and Skryabin’s equivalence in [48, Thm. 2.17] (see also Section 3.1 for
more details), we can translate the problem of the computing of the composi-
tion multiplicities of the Verma modules Z(q¢)(A,c) to that of the parabolic
induced modules from Whittaker modules (i.e., the standard Whittaker modules)
for 0sp(1]2). These standard Whittaker modules have been studied in much detail
in [14, 15], and it is known that their composition multiplicities can be determined
by the composition factors of Verma modules for U(g) in the ordinary BGG cate-
gory O.

0.4.4. For a € (h°)*, let go = D,y 8a(i) denote the a-weight space of g with
respect to h¢. Then we have g = 90@69%@; 0o, where @/, C (h°)* is the set of non-
zero weights of h® on g. Let (®.)F := ®*\{£, 0} be a system of positive roots in the
restricted root system ®/,. Setting (®,)~ = —(®,) ", we define g4 = @ae(@e)i o
so that g=g_ ®go® g+, ¢ = go D g+- The choice (P,)T of positive roots induces
a dominance ordering < on (h°)*: p < N if XA — p € Zo(PL)T.

Under the above settings, we can define the highest weight U(g, e)-module
M. () with highest weight X as in (4.16) and its irreducible quotient L.(\) as
in (4.17). Comparing Theorem 0.1 with Theorem 4.11, we can find that M. ())
and Lc(A) share the same meaning as the Verma module Zy(4¢)(A, c) and its
irreducible quotient Ly (g.¢) (A, ¢); see Remark 4.17 for more details.

Now we introduce an analogue of the BGG category O. Let O(e) = O(e; b, q)
denote the category of all finitely generated U(g,e)-modules V, that are semi-
simple over h¢ with finite-dimensional hé-weight spaces, such that the set {\ €
(5°)* | Vi # {0}} is contained in a finite union of sets of the form {v € (h*)* | v <
w} for p € (h°)*. Then we obtain the following theorem.

Theorem 0.3. Assume that r is odd. For the category O(e), the following state-
ments hold:

(1) There is a complete set of isomorphism classes of simple objects which is
{Le(N) | A € (b%)*} as in (4.17).

(2) The category O(e) is Artinian. In particular, every object has finite length of
composition series.

(3) The category O(e) has a block decomposition as O(e) = €D, Oya(€), where
the direct sum is over all central characters v*: Z(U(g,e)) — C, and Oyx(e)
denotes the Serre subcategory of O(e) generated by the irreducible modules

{Le(p) | p € (h°)*such that # = p*}.

The proof of Theorem 0.3 will be given in Section 4.6, for which we roughly
follow the strategy in [12], but the situation is quite different from the case of
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finite W-algebras. The role of “Cartan subalgebra” is taken over by a finite W-
superalgebra arising from the sum of a Lie subsuperalgebra which is isomorphic to
05p(1]2) and an abelian subalgebra which commutes with this Lie subsuperalgebra.
The precise structural information of U(g,e) previously presented enables us to
successfully establish such a desired highest weight theory.

Similar theory can also be established for minimal refined W-superalgebras
W), (see Appendix A).

§0.5.

The paper is organized as follows. In Section 1 some basics on finite and refined
W-superalgebras are recalled, and the PBW theorem of finite W-superalgebra
U(g, e) associated with an arbitrary nilpotent element is refined. In Section 2 we
first study the topics of the Verma module Zy(g.)(A, ¢) and its simple quotient
Ly (g,e) (A, ¢) for minimal finite WW-superalgebras U(g, e), modulo Lemma 2.7 whose
lengthy proof is postponed until Appendix B. Then the Verma module Zw; (A, ¢)
and its simple quotient Ly, (A, c) for minimal refined W-superalgebras WY are
introduced. We finally demonstrate a complete set of isomorphism classes of irre-
ducible highest weight modules. Section 3 is devoted to the correspondence between
the Verma modules for finite W-superalgebras and their associated Whittaker cat-
egories, where the most important tool we use there is Skryabin’s equivalence in
[48, Thm. 2.17]. In Section 4 we introduce the abstract universal highest weight
modules for minimal finite W-superalgebras of type odd, consider their corre-
sponding BGG category O, and finally give a proof of Theorem 0.3. Appendix A
is a counterpart of Section 4 for minimal refined W-superalgebras of both types.
Appendix B is dedicated to the proof of Lemma 2.7.

§0.6.

Throughout the paper we work with the complex field C as the ground field. Let
Z4 and Q4 be the sets of all the non-negative integers in Z and all the non-negative
rational numbers in QQ respectively, and denote

Zi = {(i17--~7ik) ‘ Z] € Z+}7
Ag = {(i1,- .- ix) | ij € {0,1}},

k
a:=(ay,...,ar), |al:= Zai.
i=1

For any real number a € R, let [a] denote the largest integer lower bound of a,
and |a| the least integer upper bound of a.
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A superspace is a Zg-graded vector space V. = V5 @ Vi, in which we call
elements in V5 and V3 even and odd, respectively. Write |v| € Zs for the parity (or
degree) of v € V, which is implicitly assumed to be Zy-homogeneous.

All Lie superalgebras g will be assumed to be finite-dimensional. We consider
vector spaces, subalgebras, ideals, modules, and submodules, etc. in the super sense
unless otherwise specified, throughout the paper. A supermodule homomorphism
is assumed to be a Zs-graded parity-preserving linear map that is a homomorphism
in the usual sense.

8§1. A refined PBW theorem for finite W-superalgebras

In this section we give a refined version of the PBW theorem for finite W-super-
algebras which will be very important to the subsequent arguments. For this,
we will have a glance at basic classical Lie superalgebras, and recall some basic
structure of finite WW-superalgebras.

§1.1. Basic classical Lie superalgebras

We refer the readers to [20, 25, 26, 33] for basic classical Lie superalgebras, and
[37, 45, 46, 48] for finite W-(super)algebras.

A complete list of basic classical simple Lie superalgebras consists of simple
finite-dimensional Lie algebras and the Lie superalgebras sl(m|n) (= A(m —1|jn —
1)) with m,n > 1, m # n; psl(m|m) (= A(m—1jm—1)) with m > 2; osp(m|2n) =
spo(2n|m) (type B,C,D); D(2,1;a) with o € C, a # 0, —1; F(4); G(3). These Lie
superalgebras are divided into two types as shown in Table 1.

Let g = g5 @ g1 be a basic classical Lie superalgebra over C (we will simply
call it a basic Lie superalgebra for short). Let h be a standard Cartan subalgebra
of g and ® be a root system of g relative to h. We take a simple root system
A = {ai,...,o}. By [22, §3.3], we can choose a Chevalley basis B = {e, | v €
®}U{hy | @ € A} of g. (In the case of g = D(2,1; ) with o ¢ Z such that « € Q,
one needs to adjust the definition of Chevalley basis by changing Z to Z[«a] (where
Z|a] denotes the Z-algebra generated by «) in the range of construction constants;
see [23, §3.1]. If a ¢ Q, we just assume that B is a basis of g.) Denote by ®7 the
positive system of ® relative to A, and set ®~ := —®*. Denote by ®5 and &5 the

Typel A(m|n) (m#n) A(nln) C(n)
Type 11 B(m|n) D(m|n) D(2,1;a) F(4) G(3)

Table 1. The classification of basic classical Lie superalgebras
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set of all even roots and odd roots, respectively. We always write |a| = 0 for any
a € &5 and |a| = 1 for any a € ®1. Set <I>6jE = &+ N &5 and @ii = ®F N @y,
respectively.

§1.2. Finite W-superalgebras

Given a non-zero nilpotent element e € gg, by the Jacobson-Morozov theorem
there is an sly-triple (e, f,h) with f,h € gg. Let (-,-) be a non-degenerate even
supersymmetric invariant bilinear form on g. Define x € g* by letting x(z) = (e, x)
for all x € g. Up to a scalar, we can further assume that (e, f) = 1.
The linear operator ad h on g defines a Z-grading g = P, 9(i) with e € g(2)p
and f € g(—2)p. Set p = P, 9(i) to be a parabolic subalgebra of g. Denote by g
(resp. g/) the centralizer of e (resp. f) in g. Then we have g° = @, 9°(i) (vesp.
F = ®Di<o g/ (7)) by the sl(2)-representation theory. Define a symplectic (resp.
symmetric) bilinear form (-,-) on the Zs-graded subspace g(—1)5 (resp. g(—1)1)
given by (z,y) = (e, [z,y]) = x([z,y]) for all z,y € g(—1)g (resp. z,y € g(—1)1).
Set s := dim g(—1)5 (note that s is an even number), and r := dim g(—1);. Choose
Zs-homogeneous bases {u1, ..., us} of g(—1 )() and {vy,...,v} of g(—1)1 contained
in g such that (u;,u;) =1 62+] s+1 for 1 <4, j < s, where

. 1 if1<i<s,
1 =
1 if$41<i<

and (v;,vj) = iqjrr1 for 1 < 4,5 < r. We further assume that the u; with

’

1<i< % and the v; with 1 <7 < [5] are root vectors corresponding to negative

roots v5; € ®5 and 1; € P7, respectively. When r is odd, we assume that the
element Ve is also a negatlve root vector in 7.

Letza = uy for 1 < a < s, and zoq4s :fvaforlgagr SetS( 1) =
{1,2,. s+r}, and then {z, | @ € S(—1)} is a basis of g(—1).

for 1 < a < s, where
! 1 fl<a<
al =
-1 if5+1<

and 2}, = Zp1-ats for 1 <a<rsie,

v Just1—i H1<i< g,
<1

—Us41—i if % +1

Set 2} = ozhzs_,_l_a

)

s
2
a < s,

<8,

and v} = vy41-; for 1 < i <r. Then {2} | « € S(—1)} is a dual basis of {z, | @ €
S(—1)} such that (2%, 23) = da,p for a, 8 € S(—1).

From now on, for any o € S(—1) we will denote the parity of zo by |a| for
simplicity. It is straightforward that z, and 2} have the same parity, and each u
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(resp. v7) with 1 <4 < § (resp. 1 <4 < [§]) is a root vector in g(—1)5 (resp.

g(—1)1) corresponding to v, = —0 — 75, € fl)g (resp. 73, = —0 —1; € <I>%')
Moreover, {u1,...,us,uj,..., uz} constitutes a C-basis of g(—1)g. On the other
hand, {vl,...,vé,vf,...,v’é} (resp. {Ul,...71}%71}%,1}1{,...,11;}) is a C-basis

2
of g(—1)s for r being even (resp. odd). Write g(—1) for the C-span of us 1, ..., us
and g(—1); the C-span of veiy,...,v, (resp. Vegs, ,vr) when r is even (resp.
odd). Denote g(—1)" == g(—1); © g(—1)].
Now we can introduce the so-called y-admissible subalgebra of g as
(1.1) m = P (i) ®g(-1)".
i<—2
Then x vanishes on the derived subalgebra of m. We also have an extended x-
admissible subalgebra of g as below:

(12) , m if r is even,
. m =
m® Cvr  if ris odd.

2

Define the generalized Gelfand—Graev g-module associated with x as

(1.3) Qx = U(9) ®u(m) Cx;

where C, = Cl, is a one-dimensional m-module such that z - 1, = x(x)1, for
all x € m. The super structure of @), is dependent on the parity of C,, which is
indicated to be even hereafter. The finite W-superalgebra associated with the pair
(g, e) is defined as

U(g,e) = (EndQQX)Op’
where (EndgQ,)°" denotes the opposite algebra of the endomorphism algebra of
the g-module Q.

Let I, denote the Zy-graded left ideal in U(g) generated by all z — x(z) with
x € m. The fixed point space (U(g)/I,)*d™ carries a natural algebra structure
given by (z + 1) - (y + I) == (zy + I,) for z,y € U(g) such that [a,z], [a,y] € I,
for all @ € m. Then U(g)/I, = @ as g-modules via the g-module map sending
1+1, to1,, and U(g, e) = Q;dm as C-algebras. Explicitly speaking, any element
of U(g, e) is uniquely determined by its effect on the generator 1, € @y, and the
canonical isomorphism between U(g, e) and Q2™ is given by u — u(1,) for any
u € U(g,e). In what follows we will often identify @, with U(g)/I, and U(g,e)
with Q;dm.

Let wy,...,w. be a basis of g over C. For any given w;, € g(j1),...,w;, €
9(jk), set wt(wg, -+ -w;, ) = j1 + -+ + jr to be the weight of w;, - --w;,, and let
U(g) = U,z FiU(g) be a filtration of U(g), where F;U(g) is the C-span of all
wy, - w;, with (j1 +2) + -+ + (Jr + 2) < 4. This filtration is called Kazhdan
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filtration. The Kazhdan filtration on @, is defined by F;Q, = Pr(F;U(g)) with
Pr: U(g) — U(g)/I, being the canonical homomorphism, which makes @, into
a filtered U(g)-module. Then there is an induced Kazhdan filtration F;U(g, ) on
the subspace U(g,e) = Q3™ of @ such that F;U(g,e) = 0 unless j > 0. For
any element © € U(g,e), we will denote by deg,(0) the degree of © under the
Kazhdan grading.

Denote by gr the corresponding graded algebras under the Kazhdan filtration
as above. As U(g,e) C U(g)/I, by definition, it is not hard to see that gr(U(g))
is supercommutative, and then gr(U(g, e)) is also supercommutative.

§1.3. Refined W-superalgebras

Recall that in [48, Def. 4.8] we introduced the so-called refined W-superalgebras
W), via

W = (U(e)/T)™™ 2= @™ = {Pr(y) € U(g)/Iy | la,y] € I, Vaem'},

and Pr(y1) - Pr(yz) == Pr(yiy2) for all Pr(y,), Pr(y2) € W,. By definition, W},
coincides with U (g, e) if r is even, while W} is a proper subalgebra of U(g, e) if r is
odd. Moreover, the PBW theorem of W was introduced in [49, Thm. 3.7], and the
Kazhdan filtration on @, induces a Kazhdan filtration F;W} on the subalgebra
W}, of U(g,e). The adoption of this notion enables us to conveniently prove the
existence of Kac—Weisfeiler modules when e = ey with —6 being a minimal root in
[49]. Apart from this achievement, the consideration of refined W-superalgebras
can give rise to some other advantage in the arguments. In the sequel, we can
see more about this point, owing to the isomorphism from W;( onto a quantum
finite W-superalgebra introduced in [44], the latter of which will be used in our
arguments immediately.

Set n == €P,c_,0(i) and n’ :== P, _; 9(7) to be nilpotent subalgebras of g.
Let I be the left ideal of U(g) generated by the elements {z — x(x) | € n},
and let Q" := U(g)/I™ be an induced g-module. In what follows we denote by
Pr': U(g) — U(g)/I™ the canonical projection. Suh [44] introduced the quantum
finite W-superalgebra associated with the pair (g, e) as

Wﬁ“(g,e) — (Q)ﬁ(n)adn”

where (Qf‘cn)ad " denotes the invariant subspace of Q‘;n under the adjoint action
of 0/, and the associated product of (an)ad " is defined by

(@+ 1) - (y+I™) =y + 1™

for o 4 I,y + I € (Qim)ad " The Kazhdan grading on the U(g)-module Qin
and the algebra W (g, e) can also be defined similarly to before.
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Recall that in [49, Thm. 4.11] we showed that W} = Wiin(g,e) as Kazhdan
filtered algebras excluding the case of g = D(2, 1; ) with « ¢ Q. In fact, the above
isomorphism is also valid for this special case. When the detecting parity of r is
odd, by definition there must exist a root a € fb{r of g such that 2o € fIJgr. From
the detailed description of the system of root ® of g in [25, §2.5.4], this happens
only when g is of type B(m|n) or G(3). Therefore, this special case corresponds
to the situation when r is even. Let gr(W}) and gr(Wf(g,e)) denote the graded
algebras of W} and Wi (g, e) under the Kazhdan grading, respectively. On one
hand, it follows from [42, Cor. 3.9(1)] that gr(W,) = S(g°) as C-algebras. On the
other hand, we also have gr(W'n(g, e)) = S(g®) by [49, Prop. 4.9]. Therefore, we
obtain gr(Wy) = gr(Whn(g, e)), and then W, = Wihn(g e) as C-algebras.

From now on, we will consider the quantum finite 1W-superalgebra Wt (g, e)
as the refined W-superalgebra W;(, which will cause no confusion.

§1.4. A variation of the definition of U(g, e)

In the following arguments, we need to vary the definition of finite W-superalgebras
U(g,e) for the convenience of arguments.

1.4.1. As we addressed in the previous subsection, the refined W-superalgebra
W}, coincides with the finite IW-superalgebra U(g, e) if r is even. Therefore, by the
discussion in Section 1.3 we can take the quantum finite 1W-superalgebra W (g, e)
as U(g,e) when r is even. However, the situation for r being odd is much more
difficult. From now till the end of this section, we will always assume that r is odd,
and the final statement will be given in Proposition 1.10.

1.4.2. Let [ be the C-span of uq,...,us and vy, ... S V1, Vegs s o, Uy It is imme-

diate that g(—1) = [ (Cv% as vector space. Set

(1.4) n’ =P ali) @,

i<—2

which is also a nilpotent subalgebra of g.

Definition 1.1. Define the algebra Ufi"(g, e) associated with the pair (g,e) by
s 0 n n

(1L5)  U™(g.e) = (@)™ = {Pr'(y) € U(e)/I™ | [a.y] € I, Va € )},

where Pr’: U(g) — U(g)/I"™ is the canonical projection as defined in Section 1.3,
and (Qin)ad "’ denotes the invariant subspace of an under the adjoint action
of n°. The associated product of (Qf‘cn)ad " is defined by

(@ 4+ 1) - (y+I™) = wy + 1™

for x +Iﬁn, y_|_lﬁn c (Qfl(n)adno_
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Obviously, Wfn(g, e) is a subalgebra of Uf"(g,e). There is also an induced
Kazhdan filtration F;U'"(g, e) on the subspace (Qf‘cn)ad n? of Qf‘cn (see Section 1.3).
To obtain the PBW theorem of Ufi"(g, e), we need some preparation. First note
the following lemma.

Lemma 1.2. Let x € @,;5_, 6(i). Then x([n°,z]) = 0 if and only if x € g° @
CU@.

Proof. Note that if z € g(i) and Y € g(j), then x([Y,z]) # 0 implies i + j = —2.
Therefore, if z € p, the condition x([n’ z]) = 0 implies x([g,z]) = 0, and thus
z € g¢. If z € g(—1), it follows from y([n%, z]) = 0 that = € Coea. O

By the PBW theorem, the graded algebra gr(U(g)/I%") under the Kazhdan
grading is isomorphic to S(p @ g(—1)) as vector space. The Z-grading of g as
defined at the beginning of Section 1.2 induces a grading on S(p @ g(—1)). For
any X € S(p @ g(—1)) we denote by X the element of highest degree under the
Z-grading. Following Poletaeva—Serganova’s arguments in [36, §2.2], we can prove
the following statement.

Proposition 1.3. If X € gr(U"(g,e)), then X € S(g® @ Coepa ).

Proof. Let X € gr(Ufin(g,e)). Passing to the graded version of (1.5), for any
Y € n® we have

(1.6) Pr'([Y, X]) = 0.

Define v: n°®@S(p@g(—1)) — S(pdg(—1)) by putting v(Y, Z) = Pr'([Y, Z]) for all
Y en® Z e S(padg(—1)). It is easy to see that if Y € g(—i) with i >0, and Z €
S(p@a(~1))(j), then (Y, Z) € S(pag(—1))(j—1)&S(pea(~1))(j—i+2). Hence
we can write v = o + 72, where (Y, Z) is the projection on S(p @ g(—1))(j — %)
and v2(Y, Z) is the projection on S(p @ g(—1))(j — ¢ + 2). The condition (1.6)
implies that for any X € gr(Uf(g,e)),

(1.7) Y2(n%, X) = 0.

On the other hand, n®x S(p@g(—1)) — S(p®g(—1)) is a derivation with respect to
the second argument defined by the condition v2(Y, Z) = x([Y, Z]) for any Y € n®,
Z € p@g(—1). Now by induction on the polynomial degree of X in S(p & g(—1)),

using Lemma 1.2, one can show that (1.7) implies X € g° @ (Cv%. O
1.4.3. Choose homogeneous elements x1,...,Z;, %41, Zm € PGVl .- Yqs
Yq+1s---»Yn € P71 as a basis of p such that

(1) =; € g(ki)o, yj € 9(k)1, where k;, k; € Zy with 1 <i<mand 1 <j<n;
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(2) 1,...,2; is a basis of g§ and y1,...,y, is a basis of g¢;
(3) g1, om € [f,00] and ygi1, .-, yn € [f, 91)-
Also recall the bases {ug,...,us} of g(—1)g and {vy,...,v,} of g(—1)1 as defined

in Section 1.2.

Keep the notation in Section 0.6. Given (a,b,c,d) € ZT" x A, x Z5 x A, let
22yPucvd denote the monomial z9* - - - z%mybt - ybny$t . ySop .yl in U(g).
It is obvious that the g-module Qi“ has a free basis {z?yPuvd®1, | (a,b,c,d) €

7T x Ny x 75 x A}, Write

(a,b,c,d)|. E:m -+®+§:@%}+m+§:q+§:@,
1=1 =1 =1

which is exactly the Kazhdan degree of z2yPucvd.

Set

;. if1<i<l,
(1.8) Y=y ifl+1<i<l+gq,
U% 1fz:l+q+1

To simplify notation, we always assume that Y; belongs to g(m;) for 1 < i <l+gq,
and Yj444+1 € g(—1)1 by our earlier settings.

1.4.4. We are in a position to introduce the PBW theorem of Uf"(g, e).

Theorem 1.4. The following statements concerning the PBW structure of U (g,
e) hold:

(1) There exist homogeneous elements ©1,...,0; € Ui (g, e)y and 11, ...,
Oriqi1 € UM(g, €)1 such that

k b,c,d
0, = (Yk + E Aab.cal’y uv
|a,b,c,d[c=mj+2,
la|+|b[+|c|+|d|>2

(1.9) + Z )\2 b dxaybucvd) ® 1y
la,b,c,d|e<my+2

for 1 < k<l+q wzth)\abcde(@, where)\abcd—Och—d—Oand
aj41 = " = Qy —bq+1 —b —0 and@HqH—v%@l

(2) The monomz’als et - @’”@ﬁl : @;’ﬂlil witha; € Zy, bj € Ay for1 <i <1

and 1 < q+ 1 form a basis of U™ (g,e) over C.
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(3) Fori, j satisfying 1l < i< j<l+qg+landl+1<i=j7<Il+q+1,
there exist polynomial superalgebras F;; € Q[Xu1,..., X5 X141, .., Xigqt1]
with X1,..., X being even and Xy y1,...,Xi4q+1 being odd, such that

(1.10) [©:,0;] = F; i(©1,...,0144+1),
where

(1.11)  Fiitq41(©1,...,014941) =0, Fiigiii4g+1(O1,...,O14q41) =1

for 1 < i <1+ q. Moreover, if the elements Y;, Y; € g with 1 <i,j <l+¢q

satisfy [V;,Y;] = SOt oYy, in g¢, then

F, ;(©1,...,011441)
l+q
(1.12) => ali0k+¢ij(01,...,01411)  (M0dF 1, 11U (g, ),
k=1
where g;; is a polynomial superalgebra in l+q+1 variables in Q whose constant
term and linear part are zero.
(4) The algebra U™ (g, e) is generated by the Zo-homogeneous elements O1, ..., O,
€ Ufin(g,e)g and Op41,...,011441 € U (g,e)7 subject to the relations in
(1L10) with 1 i< j<l4+g+landl+1<i=j<Il+q+1.

Proof. Since n® C n’ by definition, then W (g,e) = (Qin)ad " is a subalgebra
of Un(g,e) = (Qin)ad"o. In virtue of [49, Thms 3.7, 4.11], we can choose the
elements Oy, for 1 < k < I+ ¢ as in (1.9), to be the generators of Wi (g, e) (all
the coefficients )\’;’bﬁ’d € Q can be ensured by the knowledge of field theory as in
the proof of [37, Thm. 4.6]). Moreover, it follows from the definition of n® in (1.4)
that

[nov @l+q+1] = [novv% ® lx] =0.

So all the elements in (1.9), together with ©;4,41 = v @1y, belong to U (g, e).
Thanks to Proposition 1.3, we see that all these elements constitute a set of gen-
erators of UR(g, ).

On one hand, since ©, € (Qin)ad“/ for 1 < k <l+gq, and Ve € n by
definition, we have

(1.13) Ok, O11g11] = [Ok, v ® 1,] =0,

which implies F; ;4441(©1,...,0144+1) = 0 in (1.11). On the other hand, by

assumption we have

[@l+q+1,@g+q+1] = [U# & 1X,U% ® 1X] = [’Ur+1,1}r+1] &® 1X =1® 1X'

2 2
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Thus Fiig41,4q+1(01,...,014441) = 1, which is just the second equation in
(1.11). The remainder of the theorem can be obtained by the same discussion
as in [48, Thms 4.5, 4.7]. O

As an immediate consequence of Theorem 1.4, we have the following corollary.

Corollary 1.5. Under the Kazhdan grading, gr(U%(g,e)) = S(g°) ® C[A] as C-
algebras, where A is the exterior algebra generated by one element A.

1.4.5. Now we turn to finite W-superalgebra U(g, e) = Q;dm. In [48, Thm. 0.1],
we showed the following proposition.

Proposition 1.6 ([48]). Whenr is odd, gr(U(g, e)) = S(g®)QC[A] as vector space
under the Kazhdan grading, where A is the exterior algebra generated by A.

We will improve Proposition 1.6, by adopting a new approach which is dif-
ferent from the one used by Shu—Xiao under the settings of Poisson geometric
realization of finite W-superalgebras in [42, Cor. 3.9(2)]. We also refer to [36, §2.2]
for more details.

Recall that we introduced the PBW theorem of refined W-superalgebra W;(
in [49, Thm. 3.7]. Since W is a subalgebra of U(g,e), by [48, Lem. 4.3] we can
choose the elements given in [49, Thm. 3.7(1)] and also ©;1 441 = Ve ® 1y as the
generators of U(g,e). In particular, such a choice ensures the equation (1.11) is
still valid in this case. Now, with the same discussion as in the proofs of Theorem
1.4 and Corollary 1.5, one can conclude the following theorem.

Theorem 1.7 ([42]). The isomorphism of vector spaces in Proposition 1.6 is in
fact an isomorphism of C-algebras.

Remark 1.8. In the proof of Theorem 1.7 as above, we can observe that the
construction of the generators of W} introduced in [49, Thm. 3.7] plays a key role.
In fact, in the procedure of formulating the PBW theorem for W;( there, since the
“admissible” procedure from the modular finite W-superalgebras is employed, we
have always assumed that the associated g is a basic Lie superalgebra excluding
the case of D(2,1; ) with a ¢ Q. However, this does not affect the proof here. As
mentioned at the end of Section 1.3, the case of r being odd appears only when g
is of type B(mn) or G(3). Then g cannot be of type D(2, 1; a).

Combining Theorem 1.7 with Corollary 1.5, we now obtain the following
proposition.

Proposition 1.9. When r is odd, gr(U"(g,e)) = gr(U(g, e)) as C-algebras under
the Kazhdan grading.
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Translating Proposition 1.9 into the corresponding Kazhdan-filtrated alge-
bras, we have the following proposition.

o~

Proposition 1.10. When r is odd, there is an isomorphism U (g,e) = U(g,e)
as C-algebras.

Owing to Proposition 1.10, from now on we will regard U™ (g, e) in Definition
1.1 as a finite W-superalgebra U(g, e), i.e., U(g,e) = U™ (g, e).

Remark 1.11. By all the discussion above, Theorem 1.4 can be considered as
the PBW theorem of finite W-superalgebra U(g,e). Compared with [48, Thm.
4.5], the most important difference lies in (1.11), where F; 14441(©1,...,014¢+1)
for 1 < i < |+ ¢ cannot be easily determined in [48, equality (4.2)], while
Fii1q4+1(01,...,014441) = 0in our case, and such a choice makes the construction
of U(g, e) much easier to determine.

For further discussion, we need the following ring-theoretic property of finite
and refined W-superalgebras, which is parallel to the non-super case in [43, Lem.
1.1(2)].

Proposition 1.12. Both U(g,e) and W, are Noetherian rings.

Proof. Under the Kazhdan grading, we showed in Theorem 1.7 that gr(U(g,e)) =
S(g°)®CJA] as C-algebra, and gr(W, ) = S(g°) by [49, Cor. 3.8]. So the gradation of
U(g,e) and W;( are isomorphic to polynomial superalgebras. Then it follows from
[31, Thm. 1.6.9] that both the filtration algebras U(g, e) and W} are Noetherian,
as the Noetherian property holds for their associated graded algebras. O

§2. Verma modules and isomorphism classes of their irreducible
quotients for minimal finite and refined W-superalgebras

In this section we will study Verma modules for minimal finite W-superalgebras
Ulg,e).

§2.1.

We first recall some basics on minimal finite and refined W-(super)algebras in this
subsection. We refer the readers to [1, 2, 3, 4, 27, 38, 44, 49].

2.1.1. A root —0 is called minimal if it is even and there exists an additive function
¢: ® — R such that ¢ # 0 and ¢(0) > ¢(n) for all n € ®\{#}. In the ordering
defined by ¢, a minimal root —@ is the lowest root of gg. Conversely, it is easy to
see, using the description of ® given in [25], that a long root of g5 (with respect
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to the bilinear form (-,-)) is minimal except when g = osp(3|n) and the simple
component of gg is s0(3).

For a fixed minimal root —68, we can choose a simple root system A of ® such
that it contains g whenever this is a root. Otherwise, we can choose a simple root
system such that it contains 6 (see, e.g., [34, Thm. 3.10]). Thus we can make the
following convention for our later arguments.

Conventions 2.1. For the minimal root — of g, fix a simple root system A =
{aa,...,ar} satisfying oy = 6 when r is even, and oy = % when r is odd.

Fix a minimal root —f of g. We may choose root vectors e := eg and f :=e_g
such that
[ev.ﬂzh::}webv [hae}ZQev [haf]:72f
As (e, f) = 1 by our earlier assumption, we have (8,0) = 2. It is well known that
the eigenspace decomposition of ad h gives rise to a short Z-grading

(2.1) g=9g(-2)@g(-1) ®g(0) ®g(l) ®g(2).

Moreover, g(2) = Ce and g(—2) = Cf, with g(1) ® g(2) and g(—1) ® g(—2) being
Heisenberg Lie superalgebras. We thus have a bijective correspondence between
short Z-gradings (up to an automorphism of g) and minimal roots (up to the action
of the Weyl group). Furthermore, one has

g° =g(0)* @ (1) ®g(2),

where g(0)*
the triple (e,
to Ch in g(0), and coincides with the image of the Lie superalgebra endomorphism

=g°(0) = {z € g(0) | [x,¢] = 0}. Note that g(0)* is the centralizer of
f,h) by sl(2)-theory. Moreover, g(0)* is the orthogonal complement

(2.2) £:9(0) = g(0), =z — %(h,x)h.

Obviously g(0)% is an ideal of codimension 1 in the Levi subalgebra g(0).

Denote by @, the set of all @ € ® with a(h) € {0,1}, and write ®F = &, Nd*,
o7, = {a € ®F | a(h) =i} for i = 0,1, (®) )5 == ©F( N D5. Write h® := h N g°,
a Cartan subalgebra in g(0)*. Then g° is spanned by h® U {e, | a € ®.} U {e}.
Note that the restrictions of (-,-) to g(0)* and h® are both non-degenerate. Take
a basis {hi,...,hx—1} of h° such that (h;,h;) = §;; for 1 < 4,5 < k— 1, and
denote by n* (i) the span of all e, with a € @eil Then n™(0) and n~(0) are
maximal subalgebras of g(0)?. Take bases {z1,..., 2.} and {z7,..., 25} of ny (0)
and nZ (0) respectively, such that (z;,z;) = (zf,27) = 0 and (a7, 7;) = &;; for
1 < 4,j < w. Furthermore, we can assume that each z; (resp. 2f) with 1 <i < w is
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a root vector for b corresponding to —f5; € ®5 (resp. fy; € @g). Set {y1,...,ye}
and {yi,...,y;} to be bases of n; (0) and n} (0) such that (yi,y;) = (y;, y;) =0
and (y/,y;) = 0;; for 1 < 4,5 < . We also assume that each y; (resp. y;) with
1 < < /s a root vector for h corresponding to —f; € ®7 (resp. fy; € o).
Recall that in Section 1.2 we assumed that u;, uj (vesp. v, v7) with 1 <i,j < 3
(resp. 1 < i,j < [5]) are elements in g(—1)p (resp. g(—1)1). For 1 <4 < 3, set
fi = le,u;] and fF = [e,u}]. Then f; (resp. f) is a root vector for h corresponding
to the root 0 + vg; € ®_; (vesp. O+, € @:1). For 1 <i < [§], write g; = [e, vy
and gF = [e,v}]. Then g; (resp. ¢7) is a root vector for §j corresponding to the root
0+71; € @,y (vesp. 0+7,; € @;‘:1). When r = dim g(—1)7 is odd, by our discussion
in Section 1.2 the elements v 251 and [v 1, e] are root vectors corresponding to the

negative root —g € ®7 and positive root g € @Zl, respectively.
2.1.2. Since g?(0) = b ® ny (0) @ n (0) ® n7 (0) & i (0) as vector space, then
(2.3) S P R T R O RS Y, SRR 1/ T 7

is a base of g°(0) by our earlier assumption. Now let

k—1 w w J4 14
(2.4) Co = thJerleJerffchrZyZyj —Zy:‘yl
i=1 i=1 i=1 i=1 i=1

be the corresponding Casimir element of U(g®(0)).
Recall that in [49, Prop. 1.2], we introduced a set of generators for minimal
refined W-superalgebras as below.

Theorem 2.2 ([49]). Let —0 be a minimal root, and e = ey € g a root vector
for 0. Suppose v € g°(0), w € g°(1), C is a central element of W, and set s =
dimg(—1)g, r = dimg(—1)7. Then the following are Za-homogeneous generators
of minimal refined W -superalgebra W)’(:

1 *
@U:(U—Q Z za[za,v])(@lx,

a€eS(—1)
* 1 * *
Op = (w — Z Za[25, W] + 3( Z Za2pl2f, (25, w]] — 2w, f])> ® 1y,
aeS(—1) a,BeS(—1)
h? s—r
= - —_1)lel *
C (2e+ : (1+ . )h+co+2 g(:l)( 1) [e,za]za) ©1,.

For any Zs-homogeneous element w € g, denote by |w| the parity of w. Set

w w

k—1 L 4
(25) Ocas = _Oh +> 020, + > 040, + Y 0,0, — > 0,:0,,
1=1 1=1 =1 1=1 =1



72 Y. ZENG AND B. SHU

an element that commutes with all operators ©,, for v € g¢(0) (see [49, Prop. 5.7]
for more details). Then the commutators between the generators in Theorem 2.2
are presented in [49, Thm. 1.3], i.e., we have the following theorem.

Theorem 2.3 ([49]). The minimal refined W -superalgebra W} is generated by the
Casimir element C' and the subspaces Oge(;y for i = 0,1, as described in Theorem
2.2, subject to the following relations:

( ) [61)17@1)2] = 6[1}1,112] Jor all vy, v € ge(o)},

(2) [0, Ou] = Oy for all v € g°(0) and w € g°(1);

(3) [Ouw,»Ou,] = ([wth] INC = Ocas —co) — %ZQGS(fl)(@[wl,za]ﬁg[z{’;,wﬂﬁ -
( )lwll ‘wﬂ@ wg,za]ﬂ(a[zc’;,wl]ﬁ) fO’f’ all w1, W € ge(l);

(4) [C, W] =0.

In (3), the notation § is defined as in (2.2), and the constant cq is decided by the

following equation:

Co([wl,wg],f) = % Z [levzaLZﬁL[Z,fi”['z:wwﬂu ®1X

a,Be5(—~1)
3(s—r)+4

12

where s = dimg(—1)5 and r = dimg(—1);.

(2.6) ([wr, w2, f),

2.1.3. When r is even, the refined W-superalgebra W;( coincides with the finite
W-superalgebra U(g, e) by definition. Therefore, Theorems 2.2 and 2.3 can also
be considered as the PBW theorem of minimal finite W-superalgebra U(g, e) in
this case.

Now we assume that r is odd. In fact, taking Theorems 2.2, 2.3, 1.4 and
Proposition 1.10 into consideration, we have the following theorem.

Theorem 2.4. Let —0 be a minimal root, and e = ey € g a root vector for 6.
Suppose v € g¢(0), w € g¢(1). Let ©,, O, C be as defined in Theorem 2.2, and
O©i1q+1 as in Theorem 1.4(1). When r is odd, the minimal finite W -superalgebra
U(g, e) is generated by ©,, O, O 411, and the Casimir element C, subject to the
relations in Theorem 2.3(1)-(4), [©144+1, O] = [Oi1¢+1, Ow] = [O14¢+1,C] =0,
and also [O14441,O14441) =1 Q@ 1.

In order to highlight the key role that the odd element Vet plays, from now

on we will write ©

vepa instead of O©pyqi1 in Theorems 1.4 and 2.4.
2

Remark 2.5. For the convenience of following discussion, we will make some
conventions. To be explicit, from the description of the system of roots ® and of
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simple roots A relative to h of g in [25, §2.5.4], and also the description of the
corresponding g°(0)-module g(1) (= g*(—1)) given in [29, Tables 1-3] (note that
a/(0) = g°(0) is denoted by gf, and g(1) is written as g in their settings), taking
Conventions 2.1 into consideration, one can observe the following:

(1) Let g be a Lie algebra, or a Lie superalgebra of type A(m|n) (m # n), A(n|n),
C(n), D(mn), D(2,1; ), F(4). Then 6 is a simple root of g relative to ®. Or
let g be a certain subclass of type B(m|n) or G(3) such that 6 is a simple root
of g relative to ® (see Table 2 for more details). Since — is not a root in ®, we
have m’ = m with r being an even number. Then the corresponding minimal
refined W-superalgebra W;( coincides with the minimal finite WW-superalgebra

U(g,e), which will be called the minimal finite (refined) W-superalgebra of

type even.

g g°(0) g(1)
Simple Lie algebras See [29, Table 1] See [29, Table 1]
s12lm) (m #2) ol(m) e
sl(m|n) (m #n,m > 2) gl(m — 2|n) Ccm—2ln g om—2ln
psl(22) sl(2) C?eC?
psl(m|m) (m > 2) sl(m — 2|m) cm—2lm g cm—2lmx
spo(2|lm) (m even) s0(m) cm
osp(4]2m) s1(2) @ sp(2m) C? @ C*™
spo(2n|m) (n > 2, m even) spo(2n — 2|m) C2n—2m
osp(m|2n) (m > 5) osp(m — 4)2n) @ sl(2) Cm4 ®C?
D(2,1;a) sl(2) @ sl(2) C?®C?
F(4) s0(7) spin(7)
F(4) D(2,1;2) 64~®—0 (6]4)-dim
G(3) 0sp(3/2) =6 (414)-dim

Table 2. The classification of g involving minimal finite (refined) W-superalgebras
of type even

(2) Let g be a certain subclass of type B(m|n) or G(3) such that £ is a simple
root in @7 (see Table 3 for more details), and then m is a proper subalgebra
of m" with r being odd. So W} is also a proper subalgebra of U(g, e). In this
case we will refer to them as the minimal refined W-superalgebra of type odd
and minimal finite W-superalgebra of type odd, respectively.
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g g°(0) a(1)
spo(2|m) (m odd) s0(m) cm
spo(2n|m) (n =2, m odd) spo(2n —2|m) C2n—2m
G(3) G(2) 7-dim

Table 3. The classification of g involving minimal refined W-superalgebras of type
odd & minimal finite W-superalgebras of type odd

In the paper, when we refer to minimal finite (refined) W -superalgebras, we
will always keep the conventions in Remark 2.5.

§2.2.

By the classification of minimal W-superalgebras in Remark 2.5, the most compli-
cated, and also significantly different from the non-super situation, is the case in
Table 3. So we dedicate this subsection to introducing the Verma modules for min-
imal finite WW-superalgebras U(g, e) of type odd, and other cases will be considered
in Section 2.3.

2.2.1. We begin with the following observation.

Lemma 2.6. The following statements hold:

(1) When g is a simple Lie algebra not of type A, g¢(0) is a semi-simple Lie
algebra.

(2) When g is not a Lie algebra, but g°(0) is and g(1) is purely odd, then g°(0) is
a semi-simple Lie algebra if

(i) g is of type psl(2|2), spo(2|m) with m being even such that g¢(0) = so(m),
osp(4]2m) with g¢(0) = sl(2) @ sp(2m), D(2,1;a), or F(4) with g°(0) =
50(7); in these cases r is always even;

(ii) g is of type spo(2|m) with m being odd such that g¢(0) = so(m), or G(3)
with g°(0) = G(2); in these cases r is always odd.

(3) When g and g¢(0) are not Lie algebras, all g¢(0)-modules are completely redu-
cible if and only if

(i) g s of type osp(5]2m) with g¢(0) = osp(1|2m) @ sl(2); in this case r is
even;

(ii) g is of type spo(2m|1) with m > 2 such that g°(0) = spo(2m — 2|1); in
this case r is odd.
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(4) In other cases, not all finite-dimensional representations of g°(0) are com-

pletely reducible.

Proof. Recall that r is the dimension of g(—1)7, and by the non-degeneracy of the
bilinear form (+,-) we know that r has the same parity as g(1);. Then statements
(1) and (2) are immediate consequences of [29, Tables 1-2].

Recall that all finite-dimensional representations of a Lie (super)algebra £
are completely reducible if and only if £ is isomorphic to the direct product of a
semi-simple Lie algebra with finitely many Lie superalgebras of the type osp(1|2m)
with m > 1 (see, e.g., [41, Chap. III, §3.1, Thm. 1]). Applying [29, Table 3] again,
we see that when g = spo(2m/|1) with m > 2 such that g°(0) = spo(2m — 2|1), the
g°(0)-module g(1) is isomorphic to C>™ =211 thus dim g(1); = 1. We also observe
that when g = osp(5/2m) with g°(0) = osp(1]|2m) @ sl(2), the g(0)-module g(1) is
isomorphic to C'?” @ C2, thus dim g(1); is even. For other cases in [29, Table 3],
g° is not isomorphic to the direct product of a semi-simple Lie algebra with finitely
many 0sp(1|2m). Then statement (3) is proved. Statement (4) is just an immediate
consequence of statements (1)—(3) and [41, Chap. III, §3.1, Thm. 1]. O

2.2.2. Keep the notation in Section 0.6. For any «, € g* and z € g, we will
write (a + 8)(z) = a(z) + B(z) and (- B)(z) = a(z) - B(z) for simplicity. Put

173 =N

§= 2(27& - Z’Yfz)
i=1 i=1

s r—1

_ % (i(—e i)+ ;(9 + m))

i=1

s r

1 2 E s—r4+1
2(‘2’7@1‘"‘ 712') - T&
=1 i=1

(2.7) i—
1
- = _1)lel
p=5 >, (),
acdt
p 0=p—2(5—(8_r-i-1)9=1 Z (1)l
© 4 2 2

1 w I
= 2(2503‘ - Zﬁlj)v
j=1 j=1
r—1

Where’ygiEég,yfjeé%',%iE@g,’yijE@{ for1<i<§and 1<y <5 are
defined in Section 1.2, 85; € @g, Bi; € @{ for 1 <i<wand1l<j </ are defined
in Section 2.1.1, and |«| denotes the parity of . For a linear function A on h¢ and
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¢ € C, we will call (A, ¢) a matchable pair if they satisfy the following equation:
k-1 k—1 w ¢ 3 =

S 50 (S-S
i=1 = j= j=1 j=1 j=1

k—1
(28) =co+ Y Ah) +2Z (Peo +0))(ha),

where ¢y has the same meaning as in (2.6). Given a matchable pair (X, ¢) € (h¢)* x
C, denote by I . the linear span in U(g, e) of all PBW monomials of the form

w ) s ) k—1
[Te:s 1o I1e7 11e%: -@:,gl [1(®n = A"
i=1 i=1 i=1 i=1 =1

.(C—c)tk-@@ﬂ,e}.ﬁ@ H@ H@b H@d
=1

where a,b € ZY, c,d € Ay, m,nGZ?_, p,qGA%,L,EGAl,t EZ{‘[_ with

k 3 =t w ¢
Zti+€+ini+iqi+2bi+2di > 0.
=1 i=1 =1 =1 i=1

In what follows, when we refer to the notation Iy ., we will always assume that
(A, ¢) is a matchable pair.
By the same strategy as in [38, Lem. 7.1], we have the following lemma.

Lemma 2.7. The subspace Iy . is a left ideal of a minimal finite W -superalgebra
U(g,e) of type odd.

Since the proof of Lemma 2.7 is rather lengthy, we will postpone it till
Appendix B.

2.2.3. Put Zyge)(Ac) = U(g,e)/Irc, and let vy denote the image of 1 in
Zu(g,e) (A ©). Clearly, Zy(g,e) (A ¢) is a cycle U(g, e)-module generated by vy. We
will call Zy(g,e)(A, c) the Verma module of level ¢ corresponding to A. By Lemma
2.7, the vectors

s . r—1 v
{H;uzl O3 - Hf:1 oy - 11, @;n 112, (S/ARCH (vo) ’ (a,c,m,p,t) € ZY x Ay

xZixA%xAl}
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form a C-basis of the Verma module ZU(g ) (A, ¢) over (C Denote by ZU(g e)(/\ c)
the C-span of all [];”, ©% - Hi:l oy [, 0% - H @pl ©! (vg) with

’U+1

w J4 3 =3
Zai +Zci —&-imi +ipi > 0.
=1 =1 =1 =1

Set Zﬁ(a;e)()\, c) to be the sum of all U(g, e)-submodules of Zy;(4 )(A, ¢) contained

in ZJF(g e)()\ ¢), and let

LU(g,e) ()‘7 C) ZU(g e) ()‘ C)/Z?(g e) (>‘7 C)'

2.2.4. Proof of Theorem 0.1 Now we are in a position to prove Theorem 0.1.
Generally speaking, we can repeat the proof of [38, Prop. 7.1], with a lot of mod-
ifications. We will complete the proof by steps.

(1) Given a root a = Zle n;a; € O, set

htg Z Ng.

Ot17£2

Since g is an odd simple root by Conventions 2.1, then htg(a) = 0 if and only
if a = :I:g,:l:&. By [25, Prop. 5.1.2] we know that all derivations of g are inner.
Therefore, we can find a unique hy € b such that [ho, eq] = htg(a)eq for any a € ®.
By definition we have [hg, exg] = 0 (recall that ey = e and e_g = f), thus hy € h°.
It is obvious that ©p,(vg) = A(ho)ve by definition, and we have the decomposition
Zy(g,e) (M) = Cug @ (C@Ur+1 (vo) @ ZU(g e)()\ ¢) as C-vector space. As all z;, y;,

fi, and g; are root vectors for b, corresponding to negative roots different from fg

and —6, it follows from Theorem 2.4 that the subspace ZU( ()\,c) decomposes

into eigenspaces for Op,, and the eigenvalues of @, on ZU(g e)()\,c) are of the
form A(hg) — k with k being a positive integer.

Let V' be a non-zero Zy-graded submodule of the U (g, e)-module Z/ (4 ) (A, ¢).
KV ¢ Z,.

)()\,c), it follows from the discussion above that vg, O, ., (vo) €
2
V, which entails that V = ZU(g,e)()\,c) Therefore, any proper submodule of

Zy(g,e) (A, ¢) is contained in ZU(ge (A, ¢), and Z[r]n&xe)(/\,c) is a unique maximal
submodule of Zy(g,¢)(A, ¢). Obviously, Ly (g.e)(A, ¢) is a simple module of type @Q,
for which the odd endomorphism is induced by the element O, ., € U(g,e). Now

we complete the proof of statement (1).

r+1

(2) From the discussion in (1) we know that each U(g,e)-module Ly (g.e)(A,c)
decomposed into eigenspaces for ©y,, and the eigenvalues of ©p, are in the set
A(ho) — Zy. Moreover, the eigenspace Li(g.e)(A,€)ah,) Of the U(g,e)-module
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Ly (g,e)(A,c) is spanned by the elements vy and ©,,., (vo). If Ly(ge)(A,c) =
2

Ly(g,e) (N, ¢') as U(g, e)-modules, it follows from the discussion above that A(hg) €
N(ho) — Z4+ and XN(ho) € A(ho) — Z4. This implies that A(hg) = N (ho) and
Lir(g,e) (M ©)xho) = Lu(g,e) (N ¢ ) x(ho) as modules over the commutative subalge-
bra Oy & CC of U(g, e). So we have A = X and ¢ = ¢/, and the proof of statement
(2) is completed.

(3) Let M be a finite-dimensional simple U(g, ¢)-module. As the even element C
is in the center of U(g, €), Schur’s lemma entails that C' acts on M as cid for some
¢ € C. As Oy is an abelian by Theorem 2.4 (more precisely, Theorem 2.3(1)),
by the knowledge of linear algebra we know that M contains at least one weight
subspace for ©y.. Applying Theorem 2.4 again we know that the vector space
@D ,.c(pey My of all weight subspaces of M is a U(g, e)-submodule of M. From the
irreducibility of the U(g, e)-module M we know that M decomposes into weight
spaces relative to Ope.

Since h = Ch @ h° as vector space, and [eg, e_g] = [e, f] = h by definition, one
can easily conclude that any linear function vanishing on h¢ is a scalar multiple
of #. As r is odd, g is a simple root by Conventions 2.1. Then any sum of roots
from @j\{g, 0} restricts to a non-zero function on h¢. Therefore, we can define a
partial ordering on (h¢)* by

29) ¢v<o & p=0+ ( > rw) . ry €Zy (Vo0 € (h9)").
vEPEN{§,0} Ioe
Recall that the set of ©y.-weights of M is finite. Then it contains at least one
maximal element with the ordering we just defined above, and we call it A. For
a non-zero vector m in My, we have O+ -m = Oy - m = O+ - m = Oy -
m = 0 for all admissible ¢ (since M is finite-dimensional, we can further assume
that @[
2

from either Zy(g.e)(A,¢) or [] Zy(g,e)(A, ¢) (here, [T denotes the parity switching
functor) to M such that &(vg) = m. Moreover, the simplicity of M entails that £
is surjective, and statement (1) yields ker{ = 25 e, e)(/\,c). Taking Theorem 2.4

vesr.e) - M = 0). So there must exist a U(g, e)-module homomorphism §

(more precisely, Theorem 2.3(1)) into consideration, when we restrict M to the
s[(2)-triple (O, ,Oh,,0._,) C U(g,e) with o € (®/ )5, one can easily conclude
that A(hy) € Z4 for any « € ((I)j,o)()-

Finally, let g = spo(2|m) with m being odd such that g¢(0) = so(m), or g =
spo(2m|1) with m > 2 such that g¢(0) = spo(2m — 2|1), or g = G(3) with g¢(0) =
G(2) in Table 3. Then all finite-dimensional representations of g¢(0) are completely
reducible by Lemma 2.6. It follows from Theorem 2.4 (more precisely, Theorem
2.3(1)) that the linear map ©: g°(0) — ©Oge(g), + — O, is a Lie superalgebra
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isomorphism. Let M be a finite-dimensional simple U(g, e)-module. Then M is
completely reducible as a ©4e(g)-module. Let gg be the Q-form in g spanned by
the Chevalley basis from Section 1.1, and write g¢ (i) = go N g°(¢) with i =0, 1.
Choose u,v € gg(1) with ([u,v], f) = 2, and also assume that z,, 2, € go(—1)
for all @ € S(—1). Then [u, zo)%, [25, u?, [v, 24]%, [25, v]* € 95 The highest weight
theory implies that there is a Q-form in M stable under the action of @95(0)'
So we have trar (O, 2.1t Ozx 0)8) tTM (Ol 2,18 Oz ) € Q for all a € S(—1). As
trps[On, ©,] = 0, it follows from Theorem 2.4 (more precisely, Theorem 2.3(3))
that (¢ — ¢p) dim M € Q. Since ¢y € Q by (2.6), we have ¢ € Q. O

Remark 2.8. By the same discussion as in Lemma 2.7, one can conclude that
the linear span in U(g,e) of all PBW monomials as in (2.10) with

k 3 'El w l
Zti+zni+ZQi+Zbi +Zdi >0
i=1 i=1 i=1 i=1 i=1

is also a left ideal of minimal finite W-superalgebra U (g, e) of type odd (note that
there is no restriction on the pair (A, c) as in (2.8)), and write it as I} .. Then we
can introduce the U(g, e¢)-module Z[’](g,e)()\,c) = U(g,e)/I, . as in Section 2.2.3
correspondingly. The reason we did not consider Z{]( a.e) (A ©) lies in the fact that
for the vector [v o, e] associated with the simple odd root g, we may have O, i1l
m # 0 for every m € Z[’](g&) (A, ¢), and then Z{](g’e) (A, ¢) is not necessarily a highest
weight module for Ul(g, e).

§2.3.

In this subsection we will consider Verma modules for other cases as in Remark
2.5, which is parallel to those in Section 2.2. Recall that for the type even case,
U(g, e) coincides with W;( So we just need to consider W;( for both types. Since
the proofs are similar, we will just sketch them.

2.3.1. Keep the notation in Section 0.6. For a linear function A on h¢ and c € C,
we denote by Jj . the linear span in W;( of all PBW monomials of the form

w 0 5 [51 k—1
[Tex TTes TTop - TTex - TT@n o
i=1 i=1 i=1 i=1 i=1

s

2

51 w 14
n; i b; d;
(2.10) (C =)t - @i#,e] qTep - 11 -11e% - 11es:
=1 =1 =1

i=1
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where a,b € Z%, ¢,d € Ay, m,n € Z?_, P,q € Ajzy, t € Z, e € Ay, with

k 5 5] w 4
Zti+€+i:ni +z2:(h +Y b+ Y di>0.
=1 =1 i=1 i=1 i=1

ve1,e] occurs if and only if v is odd. In this subsection, when we

(The term O

consider the type-even case, we always assume that € = 0.)

Lemma 2.9. Under the above settings, we have the following results:

(1) The subspace Jy . is a left ideal of the minimal refined W -superalgebra W;( of
type even.

(2) The subspace Jx. with the pair (A, c) satisfying (2.8) is a left ideal of the
minimal refined W -superalgebra W, of type odd.

Proof. Since the proof is much the same as that for Lemma 2.7, we will just sketch
the differences. In fact, one can observe that all the considerations in Appendix

B are still valid for statement (1) except Appendix B.3, where the emergence of
2
[Veig1,e

2

element Oy, , ¢ will never appear when W;c is of type even, then A € (h¢)* and

| in (B.28) makes it necessary to impose the restriction (2.8). Since the

¢ € Cin (1) can be chosen arbitrarily, which is much the same as the minimal
finite W-algebra case. On the other hand, repeating verbatim as in Appendix B
we can obtain statement (2). O

Remark 2.10. Lemma 2.9 will play a key role for the exposition on W, below.
To ease notation, from now on when we consider the pair (X, c) for J ., we always
assume that A € (h¢)* and ¢ € C are arbitrarily chosen for the minimal refined W -
superalgebras of type even, and A, ¢ should satisfy (2.8) (i.e., (A, ¢) is a matchable
pair as defined in Section 2.2.2) for the minimal refined W -superalgebras of type
odd, unless otherwise specified.

2.3.2. Retain the conventions in Remark 2.10. Write Zw)l(()\,c) = W;(/JA)C, and
denote by vg the image of 1 in Zyw, (A, ¢). By definition we know that Zw, (A, c) is
a cycle W;C—module generated by vg. We will call Zw)I(()\,C) the Verma module of
level ¢ corresponding to A. Moreover, Lemma 2.9 entails that the vectors

{I1 0% TIi_, 05 - TI2, O T1 05 (v0) | (a,c,m,p) € 2 x A x 23 x Ary1}

form a basis of the Verma module Zw, (A, c) over C. Denote by Z5, (N c) the
C-span of all

w ‘ s 51
[Tz ITes - TTe7: - TTes )
i=1 i=1 =1 =t
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with

w [ 5 [51
Zai—FZCi +Zmi +Zpi > 0.
i=1 i=1 i=1 i=1
Set Zi7*(A, ¢) to be the sum of all W)-submodules of Zw, (A, ¢) contained in
Z5 (A ¢), and let
X
LW/ ()\ C) = ZW/ ()\ C)/Zmax( )

Under the settings above, we can introduce the main result of this subsection.

Theorem 2.11. Keep the conventions above. The following statements hold:

(1) Z{,HV%X(/\ c) is the unique mazimal submodule of the Verma module Zw, (A, c),
and Lw; (A, ¢) is a simple Wy -module of type M.

(2) The simple Wy -modules Lw; (A, c) and Ly, (X', ¢') are isomorphic if and only
if (A, ¢)=(N,d).

(3) Any finite-dimensional simple W, -module is isomorphic to one of the modules
Lw; (A, c) for some A € (h)* satisfying A(ha) € Zy for all o € (®F ) We
further have that c is a rational number in the case when g is a szmple Lie
algebra except type A(m), or when g = psl(2]2), g = spo(2m|1) with m > 2
such that g¢(0) = spo(2m — 2|1), or when g = spo(2|m) with g¢(0) = so(m),
or when osp(4|2m) with g¢(0) = s(2) @ sp(2m), or when g = osp(5|2m) with
g°(0) = osp(1|2m) @ sl(2), or when g = D(2,1;a) with o € Q, or when
g = F(4) with g¢(0) = s0(7), or when g = G(3) with g¢(0) = G(2).

Proof. Take Lemmas 2.6 and 2.9 into consideration, and repeat verbatim the proof
of Theorem 0.1. Then the theorem can be proved. O

83. The associated Whittaker categories of g

In this section we will relate Verma modules Zy(4,¢)(A, ¢) for minimal finite W-
superalgebras U(g, e) of both types to g-modules obtained by parabolic induction
from Whittaker modules for osp(1]2) or sl(2) separately, depending on the par-
ity of r as discussed in Remark 2.5. Combining this with the related results on
Whittaker categories in [14, 15], we obtain a complete solution to the problem
of determining the composition multiplicities of Verma modules Zy(g.) (A, ¢) in
terms of composition factors of Verma modules for U(g) in the ordinary BGG
category O.

Although the tools we applied for both types are similar, the discussion for
minimal finite W-superalgebras of type odd is much more difficult. Therefore, we
will give a detailed exposition for the case of type odd, and then sketch the case
of type even.
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§3.1.

Recall that a g-module M is called a Whittaker module if a — x(a) acts on M
locally nilpotently for each a € m. A Whittaker vector in a Whittaker g-module
M is a vector v € M which satisfies (a — x(a))v = 0 for all @ € m. Let C,, denote
the category of finitely generated Whittaker g-modules. Write

Wh(M) ={veM|(a—x(a))v=0, Va € m}

for the subspace of all Whittaker vectors in M. For M € C,, it is obvious that
Wh(M) = 0 if and only if M = 0.

For any y € U(g), denote by Pr(y) € U(g)/I, the coset associated to y.
Given a Whittaker g-module M with an action map p, since U(g,e) = Q;dm as
C-algebras, Wh(M) is naturally a U(g, e)-module by letting Pr(y) - v = p(y)v for
v € Wh(M) and Pr(y) € U(g)/Iy. For a U(g,e)-module M, Q, ®yg,.e) M is a
Whittaker g-module by letting y- (¢ ®v) = (y-q) ® v for y € U(g) and g € Qy,
veM.

Let U(g, e)-mod be the category of finitely generated U(g, e)-modules (here
U(g,e) denotes a finite W-superalgebra in the general case, not just for minimal
ones). In [48, Thm. 2.17] we introduced Skryabin’s equivalence between the finitely
generated Whittaker g-modules and finitely generated U(g, e)-modules, i.e., we
have the following theorem.

Theorem 3.1. The functor Qy ®y(g,e) —: U(g,e)-mod — C, is an equivalence
of categories, with Wh: Cy, — U(g, e)-mod as its quasi-inverse.

§3.2.

In this part we consider minimal finite W-superalgebras U(g, e) of type odd, with
g given in Table 3.

3.2.1. To describe the composition factors of the Verma modules Zy/ (g o) (A, ¢) with
their multiplicities, we are going to establish a link between these U (g, ¢)-modules
and the g-modules obtained by parabolic induction from Whittaker modules for
05p(1]2). The Skryabin equivalence in Theorem 3.1 will be relied on; the Kazhdan
filtration of U(g, e) will play an important role too.

There have been many results on the topic of Whittaker modules for Lie
superalgebras. Whittaker categories for Lie superalgebras were defined and a cat-
egory decomposition was presented by Bagci-Christodoulopoulou-Wiesner [5]. In
further work, Chen [14] classified simple Whittaker modules for classical Lie super-
algebras in terms of their parabolic decompositions, and established a type of
Mili¢ié—Soergel equivalence of a category of Whittaker modules and a category of
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Harish-Chandra bimodules. Furthermore, for classical Lie superalgebras of type
I, the problem of composition factors of standard Whittaker modules (i.e., the
parabolic induced modules from Whittaker modules) was reduced to that of Verma
modules in their BGG category O there. For any quasi-reductive Lie superalgebra
(including all the basic classical ones), Chen—Cheng [15, Thm. 1] recently gave a
complete solution to the problem of determining the composition factors of the
standard Whittaker modules in terms of composition factors of Verma modules
for U(g) in the ordinary BGG category O. In most cases (including all basic Lie
superalgebras of type A, B, C, D), the latter can be computed by related works
(e.g., [6,7,38,09, 16, 17, 18, 19]).

3.2.2. Denote by sg the subalgebra of g spanned by
(3.1) (e,h, f,E, F) = (ee,hg,e,g7 [\/—2%%1,69]7 \/—211#).

Taking Theorem 2.4, (B.14), and (B.22) into account, the following lemma is read-
ily checked.

Lemma 3.2. The subalgebra sg of g is isomorphic to Lie superalgebra osp(1]2)
with even subalgebra generated by {e, h, f} and odd subalgebra generated by {E, F'}.
The commutators of these basis elements are given by

[h>e]:26’ [hvf]:_2f7 [6,f]=h, [h7E]:E7
[haF]:_Fa [67E]: ) [eaF]:_E» [f,E]:—F,
[f, F] =0, [E,E] = 2e, [E,F

Put

(3.2) pg =69+ b+ Z Cen, ng= Z Ceyn, 59 :=5h° D sy.

acdt ac®+\ (4.0}

It is obvious that pg = 59 @ ny is a parabolic subalgebra of g with nilradical ng and
5¢ is a Levi subalgebra of pg. Set

1., 1 1 1., 3
(3.3) Co=ef+fe+-h"—-EF+ -FE=2ef+-h"—-h+FE

2 2 2 2 2
to be a Casimir element of U(sp). Given A € (h°)*, write Ig(\) for the left ideal
of U(pg) generated by f — 1, E — %F + £ Fh (this requirement will be explained
in (3.17)), Cp + & (this requirement will be explained in (3.19)), all ¢ — A(t) with
t € h°, and all e, with v € ®F\{4,6}.
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Set Y(A\) :=U(pg)/Io(X\) to be a pg-module with the trivial action of ng, and
let 1) denote the image of 1 in Y'(\). Since f - 1, = 1, by definition, then

1 1., 3
e.1A_§(Cg—§h +§h—FE)-1A

_ (—ih2+gh+l( 3F2+%F2h>— 1>'1)\

2\ 4 16
1, 1 5
= (-3 1)

Combining this with the PBW theorem we see that the vectors {F¥h! -1y | k € A4,
l € Z4} form a C-basis of Y()A) (the independence of these vectors follows from
the fact that Y(\) is infinite-dimensional). Moreover, one can easily conclude that
Y (A) is isomorphic to a Whittaker module for sy = osp(1]2).

It follows from the discussion above that the vectors

. 1s . Jr—1
s e I 2 J1 3 L k1 kw .ol le
m(i,j, ¢, k, 1, m,n, t) == uj ceug vy R N i TN
m s r—1
my 2 n1 2 t
-1 ...fg gl gy71 h(l)\)
2

with i,m € Zi j,ne A%, teN, keZY, 1€ Ay, and t € Z, form a C-basis of
the induced g-module

M(X) = U(g) ®@u(py) Y ().

3.2.3. Keep the notation in (2.7). Denote

k—1 k—1
. 1 2
(34) €:=cCo+ g + 2; pe,O(hi)5(hi) + 3; (S(hl) .

Since the element C' lies in the center of U(g, €), and the Verma module Zy(4.¢) (A, ¢)
is a cycle U(g, e)-module, then C' acts on Zy(q ) (A, ¢) as the scalar c. We introduce
the twisted action of U(g,e) on Zy(4.¢)(A, c) as follows: for any v € Zy(g.e)(A, ¢),
set

(3.5) C-v=tw(C)(v) = (C —¢€)(v) = (c—e)(v),

while keeping the action of all the other generators of U(g,e) (as defined in The-
orem 2.4) on v as usual.

Since the restriction of (-,-) to h¢ is non-degenerate, for any n € (h¢)* there
exists a unique ¢, in h° with n = (¢,,-). Hence (-,-) induces a non-degenerate
bilinear form on (h*)* via (p,v) == (tu,t,) for all u,v € (h°)*. For a linear function
@ on h we denote by @ the restriction of ¢ to he.



W -SUPERALGEBRAS AND WHITTAKER CATEGORIES 85

Under the above settings, we can introduce the proof of Theorem 0.2. It is
remarkable that there exists a great distinction between the structure theory of
finite W-algebras in [37] and its super case in [48]. Therefore, as a super version of
[38, Thm. 7.1], one can observe significant differences not only in the exposition,
but also in the proofs.

Proof of Theorem 0.2. We split the proof into steps.

(1) Set M := M()), and let My and M; denote the C-span of all m(i, j, ¢, k,1, m,
n,t) in M with |i|+|j|+¢ = 0 and |i|+|j|+¢ > 0, respectively. Then M = My ® M,
as vector space. Denote by pr: M = My ® M, — My the first projection.

Let M* denote the C-span in M of all m(i, j, ¢, k, 1, m, n, t) of Kazhdan degree
< k. Then {MF* | k € Z,} is an increasing filtration in M and M° = C1,. Taking
U(g) with its Kazhdan filtration we thus regard M as a filtrated U(g)-module.

Set

s r—1

3 =
z:)\f+2u7;u;‘+21/,;v:‘ €m,

i—1 i=1

2‘,11;-‘Gngforlgig%andlgjg%,andﬁl,\:l,\

by definition, we have z -1y = A- 15 = x(2) - 1x. As z acts locally nilpotently on

where A, p;, v; € C. Since u

U(g), we can deduce that z — x(z) acts locally nilpotently on M for all z € m.
Therefore, M is an object of Cy. It follows from the discussion in Section 3.1 that
Wh(M) # 0, the algebra U(g, e) acts on Wh(M), and M = Q, ®y(g,e) Wh(M) as
g-modules.

(2) For 1 <1< %, since (v}) 1) = %[vl,vl] -1, = 0, now observe that

t
up -m(i, ok L mn,t) €Y ig - C/27 - m(i— ex,j 1, k1L, m,n, t — j)
j=0

+ Span{m(i/7j/7 L/7 kl71/7 m/7 n/,t/) ’ |i/| + |j/| 2 |i| + |j|}a
t
v -m(i,j, o, k,L,m,n,t) € 2(71)21;11 Irg - C128 - m(i,j — e, 0, k, 1, m,n, t — i)
i=0
+ Span{m(ilaj/a L/ak/71/7m/>n/at/) | |l/| + ‘.]/| 2 |i| + |.]|}

forall 1 <k < £,1<1< 5, and for t > 0 we have

3
(f —1)-m(i,j, 1, k, 1, m,n,t) € 2" -m(i,j, ¢, k,1,m,n,0)
+span{m(i’,j’,/ .k, ., m’,n",l') | I > 0}.

From all these it is immediate that the map pr: Wh(M) — M, is injective.
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(3)(i) Note that 15 € Wh(M), and for all ¢t € h© we have

o) = (-5 X b))

(3.6) = (A+0)(t) 1y

Suppose v € g¢(0) is a root vector for b corresponding to root v € @;0. As g is
a simple root by Conventions 2.1, and 0 = [hg, v] = y(he)v, then v, [uf, [u;, v]] € ng
for all 1 < i < %, and [v},[v;,v]] € ng for all 1 < i < 51 As we also have

[U%,U} € ng, then

aeS(—1)
1 s 1 r .
=|v-3 Z ug[ul, vl 3 Z vilvy, o] ) (15)
i=5+1 i:#
s r—1
13 2 . 1
_ ( 5 Dol [ vl] = 5 Do [ o] = v o, a”l)“”
i=1 =1
=0.

(3)(ii) Now let w € g¢(1) be a root vector for h corresponding to root v/ € <I>;:1.
Then

Ou) = (w= 3 aliultg( X ol bl - 2wl )0

a€S(—1) a,BeS(—1)
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1
+3( Z uiuJ[ Z Zuluj J> 17 ]]

i,j=5+1 1—2+1] 1

2 s
+Z z uiuj[u;’ 77 +2Z Z ulv] j7 77 ]]

i=1j=5+1 i=1 j=rtl
+2 Z iuivj[v;, ] +2 Z Z uv;vy, [uf,
i=5+1j=1 z_2+1 =t
+Z Z 11111] J’ 1’ Z Z%UJ ]7 z’ ]]
r+1 . ,+1J 1
r r
- Z 5 vyl ull — 2. 11) ) (1)

=1
<Zuzuj wj, [ug, w Zuu] u, [ug, w]]
4,j=1 4,j=1
s
= > wifuy [ufw +2ZZUZ [, [ wl]
',j—l i=1 j=1
—|—22u1vr+1 ’Ur+1 ZZZU 1}] ], ul, ]]
=1 =1 j=1
s r—1 s
2 2 2
=23 > wpfvj, [ui, w]] - 2Zu;‘v%[v%, [, w]]
i=1 j=1 i
1
2
+ Z viv;[vj, +ZU1 ,+1 Ves1, [vF, w]]
‘,J’ 1

+Zvvj H+ v@vi[vi,[v#,w]]

,J 1 i=1
—1
2
+ Z v; vj vy, [vi, w]] +Zv%vf[vi,[v%,w]]
1,j=1 i=1
r—1

87

w]
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_ (w+§[uz,[ui,wn - (Z[[wﬂ +[“’]>

E-

+ é( S luf T [y s, )l — S, fus, wll

i,j=1 i=1

= D il g fus wlll = D il fug, [u, w]]

i,5=1 i,5=1
s r—1 s
2 2 2
+ 222“’1'[“;7 [vj7 [Uf,w]]] +2 Zuiv"#[u%7 [uf,w]]
i=1 j=1 i=1
s r—1 s r—1
2 2 2 2
=23 g, [ s wll]) =233 [ [ v, [us, ]
i=1 j=1 i=1 j=1
% r—21
~ 23 v [l s e wlll 4wl [y, o wl]
i=1 ij=1
r—1 r—1
2 2
+2 ) v o o ul] + 3ol ol
r—1 r—1
2 2
= > ool [ o wlll + Y W, ], [, [vi, w]l]]
i,j=1 i,5=1
r—1
2 1
+ 22’0#[@;, [Uia [v#,w]]] + 5[’0“;1 5 [U#aw“f
i=1

(37) ~2lw.£1) ) 1)

Now we will discuss the terms in (3.7). To ease notation, we will call i admis-

sible for w; if 1 < i < 5, and also for v; if 1 < i < % For any admissible

i, 7, by degree considerations we see that

(i [uf s [uj, [ui, wl)]] € 9(=3) = {0}

The same discussion entails that [u}, [vF, [vj, [wi, w]]]] = [v], [v], [v, [vi,w]]]] = 0

for all admissible i, j.

On the other hand, one can easily conclude that [u}, [u}, [u;, w]]] € g(—2) for
all admissible i, 7, thus [u], [u}, [u;, w]]] = kf for some k € C. As [u], [u], [u;, w]]] is
a root vector for fj corresponding to root ~/' —I—’ygj — 0, it follows from f = e_gy that

k # 0if and only if y'+~5,—0 = —6, which is impossible. Then [u7, [u], [u;, w]]] = 0.
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By the same discussion we can conclude that

[U;, [ujv [vawm = [’U;’ [Uj7 [u;k’wm = [u ’ [U;v [uia wm

= [Ujv [vjv [U;kﬂ wm = [U:, [’U;v [vi7w]]] =0

*
i

for all admissible ¢, j. The same consideration also applies for [u}, [u;, [v 1 ,wl]]
and [v], [v;, [v% ,w]]], which are non-zero if and only if v/ = £6. Moreover, since
g is a simple root by Conventions 2.1, for all admissible ¢, j we have [v 1, [ur, w]],

[v% ,[vy, w]] € ng by weight considerations.

Note that w is a linear combination of f7,..., f; N/ L [v# ,€], where

2
[v% ,€] is a root vector for h corresponding to simple root g. For w’" € {ff,..., f%,
95,...,97 1} C ng, by weight considerations we have [u},[u;, w']], [v], [vs, w']],

2
[v%,w’}, [v%, [vy+21 ,w], [w', f] € ng for all admissible i. Taking all the above
into consideration, we know that (3.7) equals zero in this situation, and then
O (1)) =0.

It remains to consider the case with w = [vr1,e]. For any 1 < o < £ or
2

[

s+1<a<s+ % (i.e., for all admissible ¢ of u; and v;), since

(26 [z €ll, f] = [25: [2as [e; f1I] = [25: [2a, h]] = f,

we have [z}, [za, €] + 3h € b®. Set

s .

5 and 'yi"j for 1 <j< % are defined as in Section 1.2. Let
x be arbitrary element in §¢. Then (x,h) = 0, and

where 75, for 1 <i <

(38) (7,125 sl + 51) = (17, 22], s €]) = 0 @) (25 [ ]) = a2,

that is,
. 1
(39) [Zou [ZOHeH = _§h+t'7\*a|,a'
Therefore, we have
* N 1
(28 [zas [oegp €] = =128 [zas ell, vega] = [5h = g, o vest ]
1 1
(3.10) = (f5 + 5f)(wﬂ)a))v,gl
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For any t € h°, we have 0(t) = 0 by definition. Then it follows from o(t’VFa\.a) =0
and (3.10) that '

1
(3.11) [zz,[za,[vr+21,e]]] = —50m
Since
1

(3.12) [ o el]l = (v €], v ] = —5h
by (B.22), then
3.13 = LA
(3.13) e ey, [oega €] = [vsga, =3 } —ve,
andforany1<a<gors—i-léozés—l—%,wehave

N N 1 1
(314)  [ed [zas o ol = = |22, [0 58] | = =515 20) = =5 f
Also note that
(315) [[U%ae}vf] = [U#v[euﬂ] = [U%,h] :'Ur-;l.

Combining (3.7), (3.11)—(3.15) with our earlier discussion, one can conclude that

S r—1 1
O, (1n) = ([’Uﬂ,@} — U1 — (—70% - §v#h)

£ 3 4 2 4
1/s s r—1 r—1 1
+ g(ivr-gl +§Ur-§1 — Vrg1 — 5 'Ur-gl — Zvr-gl —2Ur+2-1>)(1>\)
3 1
(3.16) = ([’Ur-gl,@} — ivr-gl + i’l]r-gl h) (1y).
Since
3 1
(3.17) (E —SF+ §Fh) 1, =0

by our assumption (see Section 3.2.2), i.e.,

3 1
(vegasel = Svegs + Svepah) (1) = 0,
then (3.16) entails that O, , ¢(1x) = 0. Thus we have ©,,(1)) = 0 for all positive

root vectors w € g¢(1). Moreover, it follows from

3 1 3 1
[E-SF+SFhE-“F+ Fh| @1y
3 1 3 9 3
= (1B, E) - SIF, E| + 5[Fh, E| - $|B, F| + [F,F| - S[Fh, F|

1 3 1
+ 5[B, Fh] = S[F, Fh] + [Fh, Fh]) ® 1,
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= (1B B~ J1F, Bl + [F, EJh + Flb, E) + <o [F, F] — S|F, Flh
_ 3P, Pl + LR PR + L F, - LR h]h) ®1
RGN T el Rl x
B 301, 1
— (2= Sh+gn* 4+ FE+ ) @1,
1
(3.18) =<Ce+§)®lx
that
3 1 31 1 1
1 = ([E=2F4 2P E-2F4-Fh] —2) 1= —= -1,
(3.19)  Coodn=([B=JF+ 3P0 E = GF+ SR = g) o= —p

(3)(iii) Let Cp be the Casimir element of U(g®(0)) as defined in (2.4). In virtue of
Theorem 2.4, (3.19), and (B.22), we have

2

C(l,\):<26+h—(1+3_r>h+00+2 > (—1)'0*[@,,2;]%)(19

2 2
aeS(—1)
h? s—r s =
—<26+2—(1+ 5 )thC’OJrQ;[[e,ui],ui]—2;[[6,112-],01-]

— 2[e7vr+21]vr+21> (1)

= (Co+ Co- = e 2 Y el - 2 3 vt (1)
i=1 i=1

s —1
1 s—r+1 a N - N
(3.20) = <_8 +Co — Th +2 ;[[e,ui],ui] - 2;[[6, v} ],’UZ]> (1n).
Forany 1 < a < % orst+l<a<s+ %7 since [[[e, 23], zal, f] = [[le, 1, 23]s 2] =
[[h, 2%], za] = —f, one can conclude that [[e, z%], za]—2h € h°. Let z be an arbitrary

element in h°. Then (x,h) =0, (z) = 0, and
* 1 * * * *
(.’L‘, [le, 23], za] — ih) = ([z, [e; 25]], za) = 7|a\,a(x)([e’ zg), za) = 7\a|7a(x)7
that is,

(321) Hev Za]v ZO&] - ih = t;y\*cy‘,a.
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Then
5 = s—r+1
(23 ~23 (e )
=1 i=1
(2300, ~2 30 )
=1
2P Alrg) ~ YA )
i=1 i=1
= 2()‘72’751 - Z’?Tz’) 1
1=1 =1
(3.22) =4(\,0) - 1.

As Cy is a Casimir element in U(g®(0)), and all positive vectors in g¢(0) annihilate
15, by the same discussion as in [33, Lem. 8.5.3] we see that

(3.23)  Co(1y) = (Z)‘ Z (_1)a|)\(ha)> (Ix) = (M A +2pe) - 1,
ae@:o

where |a| denotes the parity of a.
We can conclude from (3.20), (3.22), and (3.23) that

(3.24) C(1,) = (—% + (M A+ 2pc0) +4()\75)) 1y = (—% + (A + 2ﬁ)) 1.

(3)(iv) In virtue of (3.6) and (3.24), set
- 1
(3.25) Ni=A+06, = —§—|—(/\,/\—|—2,6)—|—e.

Under the twisted action of U(g, e) on Zy(4.¢) (N, ), we have
1
v =tw(C)(v) = (C=(v) = (¢ = )(v) = (—5 + (XA +27) ) (v)

for any v € Zy(g,e)(N, ). To show that (X, c') € (h°)* x C is a matchable pair
as in (2.8), we need another description of ¢’ in (3.25). Since hy,...,hgx_1 is an
orthogonal basis of h® with respect to (-,-), we can write t5- = Zk 1l h; for
a € {0,1}, and then we have

Vailhm) = (tiz,s hn) = D1 (0, hon) = b,
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thus
k—1 k—1
(3.26) taz, =Y Yaithi)hy == Yai(hj)hy
=1 =1
So we have
) 1 % r;l 1 k1 r—zl
) = 5\ ( St - ot ) =5 (- z%j RO IEHB) NS
j=1 j=1 i=1 j=1
k—1
(3.27) =3 8(hi)A(hs).
=1

Thanks to the definition of Cj in (2.4), and also (B.17), (B.19), we obtain

k—1 w w 4 L

SEIOSUED WEEED DD MRS WA [
; : ‘ : Pt
¢
(Zh2+le,xz Zyl,y,)
k=1 w - k=1 ¢
(Zh2 DRI ZZﬁy(hnhi) (1)
i=1 j=1

+22peo )(m

From (3.20), (3.22), (3.27), and (3.28), we get

(3.28)

k-1 k—1
(3:20) (1) = <—+ZA 423 pealhA ) + 4 0(1)AM) ) (1)

Taking (3.24) and (3.29) into consideration, we have

c’:—é+()\,A+2p)+e
1 k—1 k—1 k—1 1
= — — 12 2 e 7 7 4 7 (] o
52 A ;p o(hi)A(hi) + ;a(h)A(hng
k—1 k—1
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k-1 k—1
=Co+§:«A+5ﬂm»2+2§:«A+5X%@+5»Wﬁ

(3.30) —co—i—Z)\ +2Z (pe,o + ) (i),

which verifies equation (2.8).

Denote by V; the Ul(g, e)-submodule of M generated by 1y, and let Iy, be
the left ideal of U(g, €) as defined in Section 2.2.2. From all the discussion above we
know that the left ideal I/ o of U(g, e) annihilates 1. Then V} is a homomorphic
image of the Verma module Zy (g ¢y (N, ).

(3)(v) Now we claim that the restriction pr: Wh(M) — M, to V; is surjective.
Recall that My is spanned by all m(0,0,¢, k, L, m n,0) in M with + € A;, k €
ZY¥,1 e Ay, m € Zi and n € A%. It is obvious that m(0,0,0,0,0,0,0,0) =
1) € pr(Vp). Assume that all the vectors m(0,0,¢,k,1, m,n,0) of Kazhdan degree
v+ 2(Jk| 4+ 1)) + 3(Jm]| + |n|) < p are in pr(Vj). Set m(0,0,¢,a,b,c,d,0) € My to
be such that ¢ + 2(|a] + |b]) + 3(|c| + |d|) = p and ¢ + |a| + |b| + |c| + |d| = ¢,
and denote by M, , the span of all m(i,j, ¢, k,1,m,n,t) of Kazhdan degree p with
1|+ 3|+ ¢+ k|41 + |m|+|n|+¢ > ¢. Assume that all vectors m(0,0,¢,k,1, m, n,0)
of Kazhdan degree p with ¢ + |k| + 1| + |m| + |n| > ¢ are in pr(Vy). Since M is a
filtrated U(g)-module, and also

L g0 = Gl nl(L), G0 = 5o 0,)0)

(1)) =

l\D\»—l

2

forl<i<land1<j< %, then it follows from Theorem 2.4 that

Ml H@az H@b H@‘* H@d 1))

(3.31) € m(o, 0,.,a,b, c7d,0) + M, , + MP~L

By our assumptions on p and ¢ we can obtain m(0,0,¢,a,b,c,d,0) € pr(Vp +
M, .+ MP~1) = pr(Vp). Then our claim follows by double induction on p and q.
Recall that in (2) we established that pr: Wh(M) — My is injective; this yields
Wh(M) = V.

(4) Applying (3.31) it is easy to observe that

s r—1

w 4 2 2

o, -1I1ex-11ey 1165 - 11ex

2 =1 i=1 i=1 i=1
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with « € Ay, a € ZY, b € Ay, c € Z+, and d € A 1 are linearly indepen-
dent over C. Hence it follows from Lemma 2.7, (1.13), and the discussion at the
beginning of Section 2.2.3 that Vo & Zy(g.e)(A+0, —% + (A+2p,A) +¢) as U(g, e)-
modules. O

Remark 3.3. We guess that the shift ¢ # 0 for all basic Lie superalgebras.
For example, let g = 0sp(1|2) be as in Lemma 3.2. Then g(—1); = CF, s =
dimg(—1); = 0, r = dimg(—1); = 1, F* = —1F, and ([E, E], f) = 2(e, f) = 2.
It follows from (2.6) that

o= g (087 [gn [ 5r ] o e )
_ ?14(%[[11 Fl[Fh)) 1, — 2(e’f))
:214< LIL[FF]@) ~2) = 214(}_2):_%'

As he =0, we get e = ¢o + % = —% + % = 1—16 # 0. However, the complication for
the calculation of ¢y in (2.6) makes it difficult to verify € # 0 in general.

§3.3.

This subsection is devoted to minimal finite W-superalgebras U(g, e) of type even.
All g corresponding to this type are listed in Table 2. In this type, both U(g,e)
and W are identical.

To determine the composition factors of the Verma modules Zy; (4 o) (A, ¢) with
their multiplicities, we will express these U (g, e)-modules in terms of the g-modules
obtained by parabolic induction from Whittaker modules for s[(2). As mentioned
in Section 3.2.1, the latter modules have been studied in much detail in [14, 15], and
Chen—Cheng [15, Thm. 1] gave a complete solution to the problem of determining
the composition factors of the standard Whittaker modules in terms of composition
factors of Verma modules in the category O. As a special case, if g is a basic Lie
superalgebra of type I (in other words, if g is a simple Lie algebra, or sl(m|n)
with m # n, m > 2, or psl(m|m) with m > 2, or spo(2m|2); see Tables 1 and 2),
then the corresponding minimal finite W-superalgebra U(g, e) is of type even. It
follows from [14, Thm. C] that the composition of standard Whittaker modules
can be computed by some already known results (e.g., [6, 7, 8, 17, 18, 19]) on the
irreducible characters of the BGG category O.

Denote by sg the subalgebra of g spanned by (e, h, f) = (eg, hg,e_g), and put

poi=s0+b+ Y Ces, mpi= Y  Ces 59:=b"@sp.

acdt acd+\{6}
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It is obvious that pg = 59 P ny is a parabolic subalgebra of g with nilradical ngy
and 8¢ is a Levi subalgebra of pg. Set Cy = ef + fe + %hQ = 2ef + %hQ — h to
be a Casimir element of U(sg). For A € (§°)* and ¢ € C, write Iy(A, ¢) for the left
ideal of U(pg) generated by f — 1, Cp — ¢, all t — A(t) with ¢ € h°, and all e, with
v e dT\{6}.

Set Y(A,¢) == U(pg)/Io()\, ¢) to be a pg-module with the trivial action of ny,
and let 1, . denote the image of 1 in Y (A, ¢). Since f - 1), = 1) . by definition,

then 1 1 1, 1. 1
- _Zp2 1 C:(_72 = 7>-1 o
2(09 2h —|—h> A, 4h + 2h+ 20 A,

Combining this with the PBW theorem, we see that the vectors {h* - 1), | k €
Z4} form a C-basis of Y(\, ¢). Moreover, one can easily conclude that Y(A,¢) is

€- 1)\,0 -

isomorphic to a Whittaker module for so = s((2).
It follows from the discussion above that the vectors

) s ) gr
Ol R S| 2 J1 2 k1 k 15 7
m(i, j, k, 1, m,n, t) = uj ceug vy Uy Yy Yy
m s
miy 2 ny E t
1 f% g1 g% ‘h(l)\,c)

with i,m € Z+, bne A, keZY 1€ Ay and t € Zy form a C-basis of the
induced g-module
M()‘a C) = U(g) ®U(p9) Y(>‘7C)

Put
1 bl 3 1 3 3
i=1 i=1 i=1 i=1
1 2 s sS—r
=5 _Z’Yﬁi+271z 7 0,
=1 i=1
1
(3.32) p=5 > (=D,
acdt
s—r 1 1
=p—26 — Z\g= = la|
peo=p=20— (" +3)0=5 Y ()

(S En)

Where’yoe@o,%]e@l,%zeéo,vlje@ forl \gandl J < 5 are
defined in Section 1.2, 8g; € <IJ+, Bi; € ¢' for1 <i¢<wand1<j </ are defined
in Section 2.1.1, and |a| denotes the parlty of a. For any 1 € (h¢ )* there exist a
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unique t,, in h° with n = (¢,,-), and also a non-degenerate bilinear form on (h°)*
via (p,v) = (t,,t,) for all p,v € (h°)*. Given a linear function ¢ on h we denote
by @ the restriction of ¢ to h°.

Now we have the following theorem, which is a parallel result to Theorem 0.2.

Theorem 3.4. Assume that r is even. Every g-module M (X, c) is an object of
the category Cy. Furthermore, Wh(M (X, ¢)) = Zy(ge) (A +6,¢ 4+ (A + 2p, ) as
U(g, e)-modules.

Proof. The proof of the theorem is the same as that of Theorem 0.2, while the lack
of the element v w1 € g(—1)7 here makes the discussion much easier. In particular,
from Theorem 2.11 there is no restriction on A € (h°)* and ¢ € C. Then the action
of U(g, e) on Verma modules need not be twisted, so the shift —e on C as in (3.5)
is redundant. The proof will be omitted. O

Remark 3.5. Here we omit the arguments on the minimal refined W-super-
algebra W>I< of type odd because there is a lack of Skryabin’s equivalence for this
case.

§4. On the category O for minimal finite W-superalgebras of type odd

All the discussion in previous sections is concentrated on the minimal finite
(refined) W-superalgebras, for which the generators and their relationship are
given explicitly, and their Verma modules are introduced, which is much like the
highest weight theory for U(g). However, the theory cannot be applied directly in
the general settings. We will manage to develop the BGG category O for mini-
mal finite W-superalgebras U(g, e), by exploiting the arguments in [12] on highest
weight theory of finite W-algebras to the super case. During the expositions, we
mainly follow the strategy in [12, §4], with a lot of modifications. It should be
expected this is an effective attempt for the general situation.

In this section we will only consider minimal finite W-superalgebras of type
odd. Then g is an odd root of g.

§4.1.

Keep the notation used in previous sections. Recall that (e, b, f) is an s[(2)-triple
in gy, and g° is the centralizer of e in g. Write g” for the centralizer of h in g, which
is equal to g(0) by definition. Then g" N g¢ = g¢(0) = g(0)* is a Levi factor of g°,
and h¢ = h N g° is a Cartan subalgebra of this Levi factor. As in Section 2.1.1,
{h1,...,hip—1} is a basis of h¢, and g®(0) has a basis as in (2.3).
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For v € (h°)*, let go = €D,z 9 (i) denote the a-weight space of g with respect
to h°. So

(4.1) 9=00® P o

acd),

where g is the centralizer of h¢ in g, and @, C (h°)* is the set of non-zero weights
of h¢ on g. Since the eigenspace decomposition of ad h gives rise to a short Z-
grading of g as in (2.1), and only 6(h) = 2 by definition, it is immediate that for
all @ € ®\{£0} we have a(h) € {—1,0,1}. Keep in mind that b = h°@®Ch; then go
is equal to ¢ as defined in (3.2). Since § = oy, is a simple root in A = {a, ..., a}
of ® by Conventions 2.1, then @), := PNZay = {F+ay, +2q} is a closed subsystem
of ® with base Ay, = {ay}, which entails the following lemma.

Lemma 4.1. @, = (®\{£Z, £0})[(pe) = (2\Ps)|(pe)- -

Therefore, ®/, is a restricted root system in the same sense of the non-super
case [10, §2], namely, the set of non-zero restrictions of roots a € ® to h°. It is not
a root system in the usual sense; for example, since 8(h¢) = 0, for o« € P/, there
may be 6 &+ « that belong to ®’.. Then for a € ®., we can write g, = @fio{) Ceq,i,
where e,,; with ¢ € I(«) are the linear independent restricted root vectors which
span g,. Denote by (®/)5 and (®,)7 the set of all restricted even roots and odd
roots, respectively. Similarly, each of the spaces g(—1), g(0), and g(1) decomposes
into h®-weight spaces. There is an induced restricted root decomposition

(4.2) =050 P d

acd),
of the centralizer g°, where g§ is the centralizer of e in go, and g, is the centralizer of
e in g,. Writing §§ for the centralizer of e in §¢, the next lemma follows from (3.2).

Lemma 4.2. g§ =55 =h° 0 Ced CE.

Moreover, by sl(2)-representation theory we have g° € P, 9(i), thus the
second summands in (4.2) can also be considered as chosen in ®.\{£} as defined
in Section 2.1.1 By the same discussion as in [10, Lem. 13], ®.\{4} is also the
set of non-zero weights of h on g, so all the subspaces gg, = €, 95 (i) in this
decomposition are non-zero.

Recall that the restricted root system ®/ is the set of non-zero weights of
he on g = go ® P,cas Ja, and the zero weight space go is the centralizer of the
toral subalgebra b ineg, so it is a Levi factor of a parabolic subalgebra of g. By
Bala—Carter theory [13, Props 5.9.3-5.9.4], e is a distinguished nilpotent element
of (go)g, i-e., the only semi-simple elements of (gg); that centralize e belong to



W -SUPERALGEBRAS AND WHITTAKER CATEGORIES 929

the center of (go)g, and h, f also lie in (gp)g. Moreover, by [13, Prop. 5.7.6] the
grading of (go)g under the action of ad h is even, i.e., (go(—1))5 = (g0(1))5 = 0. In
our case, we have gg = §p is a Levi factor of the parabolic subalgebra py (defined
in (3.2)) of g, and (go)5 = b* @ Ce® Ch & Cf.

§4.2.

For the Lie superalgebra go = 859 = h° @ s¢ as in Section 3.2.2, one can observe
that it is also a direct sum decomposition of ideals of gy with h¢ being abelian,
and sp = osp(1|2) by Lemma 3.2. Let my := Cf be the x-admissible subalgebra
of go, and define the corresponding extended x-admissible subalgebra by m{ =
CF @ Cf. Define the generalized Gelfand—Graev go-module associated with x by
(Qo)y = U(80) ®v(my) Cy, where C, = C1, is a one-dimensional mg-module such
that = - 1, = x(z)1, for all € my. Let (Iy), denote the Zy-graded left ideal in
U(go) generated by all  — x(z) with € mg, and write Pro: U(go) = U(go)/(Lo)y
for the canonical homomorphism. Now we can define the finite W-superalgebra
U(go, e) associated to e € go by

Ulgo, ) i= (Endg, (Qo))*™ = (Qu)y'™.

Recall that —6 is a minimal root. As eg € go is a root vector for 6, U(go, €) is also a
minimal finite W-superalgebra, which plays a role similar to a “Cartan subalgebra”
in the classical BGG category. This will be important in the formulation of our
BGG category O for Ul(g,e).

4.2.1. Let us first look at the structure of U(gg, ¢). We have the following propo-
sition.

Proposition 4.3. The minimal finite W -superalgebra U(go, e) is generated by
(1) ;h =h;®1y for1<i<k—1;

(2) Oy =(E+iFh—3F)®1,;

(3) Cj = (2e+ 30— $h+ FE) @ 1;

subject to the following relations:

(i) [0, O] =Ch+ 5 @1y

(i) [0, Op] = —2©1y;

and the commutators between the other generators are all zero.

Proof. The proposition comes as a special case of Theorem 2.4. For the generators
of U(go, e), we can obtain (1), (2), and (4) by direct computation. The element Cy
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in (3.3) is the Casimir element of ¢, then Cj, = Pry(Cy) is in the center of U(go, ).
Since g§ = h® @ Ce @ CE by Lemma 4.2, then the first part of the proposition
follows.

For the second part of the proposition, the commutators of these generators
can be calculated directly. In particular, [O%;, ©';] has been calculated in (3.18). O

4.2.2. We can describe the structure of the center of U(go, e) as follows.

Proposition 4.4. The center Z(U(go,€)) of the minimal finite W -superalgebra
Ul(go, e) is generated by ©), for 1 <i<k—1 and Cj.

Proof. One can easily conclude from Proposition 4.3 that Cj and ©) with ¢t € h©
lie in the center of U(gp,e). On the other hand, assume that

(4.3) C' = Xa(OF)" (84)(C5)™ (O)™ € Z(U(go,e))

for A\ € C with a = (aj,a2,as3,a4) € A1 X fol X Z4 x Ay such that (©})?2 =
(©),,)%2 -+ (6, )1 is the linear span of the PBW basis of U(go, ). In virtue
of Proposition 4.3, we get

0= | Zon(er) @) (o) O™ 6%

= | Momma @02 0%

az,as

+ ZA<1,a2,a3,o>@%<e;>az<cg>a3,@'F]

- az,as

+ D A<o,a2,a3,1><@;>32<og>ase;;7@%}

~az,as

+ ZAu,az,ag,n@;(e;)az<cg>a3esg,@'F}

-az,as

= > Masan0) O, OF](0}) (Ch)?

az,as

= 3" Mazas,1) [0, OF](07)2(CH) ™ O

az,as

(40) =23 Mianan0)(©)™(C)™ +2 3" Atanann) (€)™ (C5)* 0.

az,as az,as
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So all the coefficients A\, with a; =1 in (4.3) equal zero. Taking this into consid-
eration, by the same discussion as in (4.4) we have

o
I

{Z%(@ml(@;)az () <@'E>a4,@'4

a a 1 az a:
(4.5) = D ANoanas1) (092 (Ch™ ! + 3 D Ao.asasn) (017 (Ch)™.

az,a3 az,as

If there exists some A(g ay,q5,1) 7 0 in (4.3), set a3 € Zy to be the largest number
with this property. Then we have »__ )\(O’az’aé,l)(@;)"2(C’(;)aé‘»*'1 = 0 by (4.5),
which means that A a, ;1) = 0, a contraction. Combining this with our earlier
discussion, we see that the coefficients A\ with a3 # 0 or a4 # 0 in (4.3) are
all zeros. Then any element in Z(U(go,e)) can be written as a linear span of
(©,,)%2 -+ (0, )*1(Cy)*, completing the proof. O

Let Z(U(go)) denote the center of U(gp). The canonical homomorphism
Pro: U(go) — U(go)/({o)y we introduced earlier induces an algebra homomor-
phism from Z(U(go)) to Z(U(go,e)). In fact, we further have the following propo-
sition.

Proposition 4.5. The map Pro sends Z(U(go)) isomorphically onto the center
Of U(g()?e)'

Proof. Recall that gg = h° @ s is a direct sum decomposition of ideals, with
he being abelian. It is well known that the center of U(osp(1|2)) is generated by
its Casimir element, and sg = o0sp(1]2) by our earlier remark. Then Z(U(sg))
is also generated by the Casimir element Cy defined in (3.3). Now we conclude
that Z(U(go)) is generated by the algebraically independent elements hq, ..., hr_1
and Cy.

By the definition of the map Pry, it is readily checked that
Pr()(hz):hl(@l)(:@;h forléiék—l,
1 1
Pro(Cy) = (2ef + 5h2 — gh + FE) @1, = (26 + 5h2 - gh + FE) ®1, = Cj.

Since ©j, for 1 <i < k —1 and Cj are also algebraically independent, then the
proposition follows from Proposition 4.4. O

4.2.3. We will describe the finite-dimensional irreducible modules for U(go,€),
which will be used in a later discussion. Let V) := Cuy®CO,(vy) with A € (h°)* be
a vector space spanned by vy € (V)5 and O%(vy) € (Vi)1 satistying Oz (va) =0,
and O - O (vy) = 0, O - Ok (va) = —vx, Ch(va) = —gua, Cf - Op(vy) =
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—£0%(vx) (the above four equations are derived from Proposition 4.3(i)—(ii)),
O (va) = A(t)va, O - Ok(vr) = A(t)Ok(vy) for all ¢ € he. In fact, we have the
following theorem.

Theorem 4.6. The set {Vy | A € (h¢)*} forms a complete set of pairwise inequiv-
alent finite-dimensional irreducible U(go,e)-modules (up to parity switch), all of
which are of type Q.

Proof. Due to Proposition 4.3 and the fact that (0%)% = 1[0, 0%] = -1 ® 1,
it is readily checked that V) is an irreducible U(go,e)-module. Obviously, V) is
a simple module of type @, for which the odd endomorphism is induced by the
element ©7%.

If the simple U(go,e)-modules V) and V), are isomorphic, then by parity
considerations Cvy = Cvys as modules over the commutative subalgebra @%e of
U(go, €). So we have A = X.

Let M be a finite-dimensional simple U (go, €)-module. By the same discussion
as the first two paragraphs in step (3) of the proof of Theorem 0.1, M decomposes
into weight spaces relative to Oye, and it contains at least one maximal weight
element, which we call p. For a non-zero vector m in M, we have ©}(m) = p(t)m
for t € h°. Since M is finite-dimensional, we can further assume that O (m) =
0. Then there must exist a U(go, e)-module homomorphism £ from either V), or
[IVy (here [] denotes the parity switching functor) to M such that &£(v,) =
m. Moreover, we have 0;.0%(m) = 0 by Proposition 4.3. Then the simplicity
of M entails that £ is surjective, thus also injective by the knowledge of linear
algebras. O

Remark 4.7. In [36, Lem. 3.4], Poletaeva—Serganova gave another description
of the PBW theorem and the irreducible representations of U(osp(1]2),e) with e
being regular nilpotent (in this case we can also write e = ey with —6 being a
minimal root). Since gg = h° @ osp(1|2) as a direct sum decomposition of ideals,
one can compare their results with Proposition 4.3 and Theorem 4.6.

The finite W-superalgebra U(go, €) is going to play the role of a Cartan sub-
algebra in the highest theory. However, just like the non-super case, it does not
embed obviously as a subalgebra of the minimal finite W-superalgebra U(g,e);
instead we will realize it in another way, which is also different from the one
applied in the non-super case. We will put it in the next subsection.

§4.3.

Let us turn back to the minimal finite W-superalgebra U(g,e). Let (®L)* =
<I>'*‘\{g7 0} be a system of positive roots in the restricted root system ®’. Setting
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(@)~ = —(®.)T, we define gy = @D.c(ar)+ a, so that

9=9-DgDg+, 9=090D9g+-

The choice (®,)7 of positive roots induces a dominance ordering < on (h¢)*: p < A
if A—p € Zo(PL)", which is exactly the one we defined in (2.9). Furthermore, since
0(h¢) =0, and g is a simple root in ® by Conventions 2.1, we can always assume
that 1 = Aon (h°)* when A = p+k#6 for some k € C. Denote (1)} = (®,)TN(P,)5
and (®))F == (®,)" N (®,)1, respectively.

In this paragraph, we write a for g or g°. Recall from Section 4.1 that the
adjoint actions of h¢ on a and its universal enveloping algebra U(a) induce decom-
positions a = ao & P, cq, da and U(a) = D ez, U(a)a- In particular, U(a)o, the
zero weight space of U(a) with respect to the adjoint action, is a subalgebra of
U(a). Let U(a)y (resp. U(a),) denote the left (resp. right) ideal of U(a) generated
by the root spaces a, for a € (®.)" (resp. a € (,)7). Let

U(a)oy =Ula)oNU(a)y, Ula)y,o = U(a), NU(a)o,

which are left and right ideals of U(a)g, respectively. By the PBW theorem for Lie
superalgebras, we actually have that U(a)o s = U(a)y,0, hence U(a)g 4 is a two-sided
ideal of U(a)g. Moreover, ag is a subalgebra of a, and by the PBW theorem again
we have that U(a)g = U(ag) @ U(a)o. The projection along this decomposition
defines a surjective algebra homomorphism

(4.6) m: U(a)g — Ulag)

with ker m = U(a)o4. Hence U(a)o/U(a)oy = Ul(ap).

Recall that in Sections 1.2 and 2.1.1 we chose a basis consisting of h°-weight
vectors
(4 7) 1'17"'7‘rway17"‘7y€7f17'"7f%7917"'7g%7h'17'"7hk717

e’ [v%’e]7f]ik""7fg7gi<7"'7gT_T1’xT7""x’TU’yT7"‘7y;

of g¢ so that the weights of w;, y;, fr, g1 are respectively —fq;, —fB1;, 0 + Yok,
0+ € (®¢)7, and the weights of f, g7, z, yj are respectively 6 + 7, , 0 + 1,
Bai» Bi; € (@), while hy, e, [U%,e] € g5. Moreover, we have the following PBW
basis for U(g, e):

w 1 b 3 k—1
a; | ci o, mg | Pi . QL 3 t;
H @zi H eyz‘ H efi H ®9i ®Ur+1 H Ghz‘
i=1 i=1 i=1 i=1 2 =1
3 = w ¢

(13) oo, TTop 0% 1165 1164

=1 =1 =1 i=1
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where a,b € ZY, c,d € Ay, m,n € Z_%, p,q € A%,L,(—: € At € Z’j_. Let v be
any element in (4.7) excluding e, or let v = Vet Since 6(h¢) = 0 by definition,
from the explicit description of O, in Theorem 2.2, we see that v and ©, have
the same hé-weight. Also note that the h-weight of C is zero. Then the subspace
U(g, e)o in the restricted root space decomposition has a basis given by all the
PBW monomials as in (4.8) such that >, (—a;+0b;) 85+, (—ci+d;) B1;+>_,;(mi—
ni)Yoi + 2 (Pi — @)1 =
Set U(g, e)y (resp. U(g, e),) to be the left (resp. right) ideal of U (g, e) generated
by
@ffv"'vafgvggf""’gg* Opry ey Opr ,Oyr, oo, Oy

r—1’ ¢
2

(resp. @wl,...,(amw,e)yl,...,@W,@fl,...,Qf%,e)gl,... © ).

? Y gr—1
2
Note that U(g,e)y (resp. U(g,e),) is equivalently the left (resp. right) ideal of
U(g, e) generated by all U(g, e), for a € (®.)" (resp. a € (PL)7), and it does not
depend on the explicit choice of the basis. Set

U(g7 6)0,11 = U(g7 6)0 N U(ga 6)117 U(gv e)b,() = U(ga e)b N U(gv 6)05

which are obviously left and right ideals of the zero weight space U(g, €)o, respec-
tively. The PBW basis of U(g,e) (resp. U(g,e),) is the monomials as in (4.8)
with (n,q,b,d) # 0 (resp. (a,c, m,p) # 0), and the PBW basis of U(g, e) is the
monomials as in (4.8) with >, (—a; +b;) By + >, (—¢i +di) B1; + >, (mi — ni)ve; +
>i(pi — @)y = 0. We also have U(g,e)oy = U(g,€),o by the PBW theorem,
hence it is a two-sided ideal of U(g, e)o. However, the cosets of the PBW mono-
mials of the form ©¢, - [[\=} O} - C* - ©f

Vrgl Vit €]
2 o

U(g, e), unlike the situation for the algebras U(a) discussed earlier.
The goal now is to prove the quotient algebra U(g, e)o/U(g, €)o 4 is canonically

need not span a subalgebra of

isomorphic to U(go,e). As in Section 3.2.3, for a linear function ¢ on h we still
denote by @ the restriction of ¢ to h°. Recall that in (2.7) and (3.4) we denote

R~ = VAR 5t
5=2<;’Y&_;’Yfi> be = 2(_;701“";711‘)
1/ — ¢
(ST
=1 i=1

k—1
1
e=cot gt > (20,06 + 36%) (hs),

i=1

he’

Where’ygi€¢>g,’y%‘jE@%‘,’y@i€<bg,’yij€¢{ forlgiggandlgjg%
are defined in Section 1.2, Bg; € @g, 51;‘ € q)%' forl<i<wand1l<j </l are
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defined in Section 2.1.1, and || denotes the parity of a. Now we introduce a shift
Se on Ul(go, e) by keeping the other generators as in Proposition 4.3 invariant and
sending Cj to C)) + €.

Keeping the notation above, we have the following proposition.

Proposition 4.8. The projection w: U(g)o — U(go) as in (4.6) induces a surjec-
tive homomorphism

w: Ulg,e)o — Ulgo,e)

with kerm = U(g, €)o,4. Moreover, there exists an algebra isomorphism

Te == Se o U(g7 e)O/U(ga e)O,ﬁ = U<g07 6).

Proof. (1) Under the linear projection m, we first discuss the images of U(g,e)o
with respect to the PBW basis of minimal finite W-superalgebras U (g, e).

We consider the generators of U(g,e) as in Theorem 2.4. It is obvious that
T(Op,,, ) = w(v%) = v @ 1y For 1 <j <k — 1, note that

2

m(uilug, hy]) = m(vefvf, hy]) =0 for1<i<< -, 1<t

/N

s
2’
and

3
m([u], hjlu;) = w([vf, hjlv) =0 forE—&—l <i<s, r—&2— <t<r,

and also w(h;) = hj, m(e) = e, m(h) = h, n(f) = f by definition. Then we have

1 S r .
w@n,) = (hs) = 5 (3 wllualur )+ 3 (o1
i=5+1 i:ﬂ
)+ A S ) 530 )
= TNy 27;:177 U; Uz, 21:17'(' ,L,U“
1
= (hj + 5(*761 — =Ygttt JFVT%)(hj)) ® 1y
(4.9) = (h; + 6(h))) ® 1,

By a similar calculation to (3.7), we obtain

T(Ofugs ) = oz el) + 3 D (e s ooy ]
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(4.10) + %[v

Taking (3.11)—(3.15) into consideration, by (4.10) we have
3 1
(4.11) 77(@[1;,+1 )e]): ([’Uﬂ,e] —ZU@ +§v@h) ® 1,
= 2 2 2
For the Casimir element C of U(g) corresponding to the invariant form (,-),

by a similar discussion to (3.20), it follows from (3.12), (2.4), (B.17), (B.19), (3.21),
and (3.26) that

h? s—r
7(C) = < ? (1+ >h+00+2 >« [e,zj;]za> ®1,
aeS(—1)
<2€+ (2+ S_r) —27)r451 [Ur;l,@]
k— ¢
P SITI RIS [ )
=1 =1 =1
23 ~23 (el ) 81,
i=1
(26 + %2 — gh 20 [vr+1 e]
k=1 w k=1 ¢
+Zh2 +2_2 Bk > Brjlh
i=1 j=1 i=1 j=1

g

+22t* —ZZt *>®1

k—1
h? 3 — 5 Z 2

k—1 w ¢ s r—21
CEE RS S O 3L "ED SLIEE) DEVEE) weh (O e
i=1 *j=1 j=1 j=1 j=1
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Recall that in Proposition 4.3 we introduced the PBW theorem of U(go,e).
Keeping the notation in (3.1), it follows from (4.9)—(4.12) that

T(On,) =0} +0(h;) for1<i<k—1,
3 1
T(V=20p,., o) = ([\/—720%,6] = V2 + 5@v%h> ® 1y
2

- elEa
k—1
(4.13) m(C) =Cy+ ) (0},)°

=1

k=1, w ¢ 5 =8

+ <Zﬁoj Zﬁlj_227(_)j+22713)(h2)9h1,
i=1 > gj=1 j=1 j=1 j=1
71'(\/ _2@Ur+1 ) = —2’Ur+21 ® 1X = @/F

(2) Recall that any © € U(g,e)o can be written as a linear combination of the
monomials as in (4.8) with

Z( az+b 601+Z cz+d Blz—’—z i — Ty ,701+Z i — Qi ’717,_0

[

Now it follows from the definition of 7 in (4.6), (4.13), and Proposition 4.3 that
the restriction 7 defines a surjective homomorphism m: U(g,e)o — U(go, e), and
U(g,€)o,s C kerm by definition. Then the quotient U(g,e)o/U(g,€)o,4 has a basis
given by the coset of the PBW monomials

k—1

tl t
Ur+1 H @ ) ke[vrﬂ e

i=1

with ¢,e € Ay, t € Z% . Moreover, (4.13) and Proposition 4.3 entail that the mono-
mials

(Hw@m LG

with t,e € Aq, t € Zﬁ actually form a basis for U(go, e), then the kernel of 7 is no
bigger than U(g, €)oy-

(3) Since S is a shift on U(go, €), by the discussion in Step (2) it remains to show
that 7 = Sc om: U(g,e)o/U(g,€)0s — U(go,e) is an algebra homomorphism.
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Keeping the notation in (2.7), it follows from (B.27), (4.13) and Theorems 2.4, 4.3
that

776([6[1),451 6}7@[1),451 ,e]])
1 1 1k71 k 1 w
:m<—20+2c0+226 +Z@zz@ + 5 ;;50]
1 k—1 ¢
==Y Bij(hi)On, +Z®m@*
=1 5=1 =1
5 1 k=1 3
-2 ZG[ v, +1, Tyuq) ﬁ@[ul ,[vr+1 Le]lt 2 Z Z’YOJ Ghl
=1 =1 j5=1
r;l k1 r—zl
- 229[[1;,451 e] Uz]n@[v* ['Urél et T 2 ZZ’YU (hl)®h1>
=1 =1 j=1
k—1
1 / 1 1 \2
=30~ 5 204
1 k—1 w 4 1
-5 1(;5% Z 1 — 2ZVOJ+2271]) — e
1= 1= :
k—1
¥ g0t 3 (6%, +6(h))’
2 2 =
k=t 3 =t
+ 3 ( Bo; — Zﬁu Z’Yﬁj + Z’YT;’)( h, +0(hi))
i=1 N j=1 j=1 j=1

11 3
= —5Ch— s+ 500+ ;(pe,oa + 552)(;“)
1 k—1
= 75 é + 5 <€ + Co —+ ;(2/7&,05 —+ 352)(hl)>

1 1
(4'14) = _icé - TG = _5[ IE’G/E] = [Wé(e[vy 1 ,e]>77ré(®[vy+1 ,e]>]’

and

1
Wﬁ([e)vr+1 7@Ur+1 ]) =1®1, = _5[ %‘7®/F] = [W5(®Ur+1 )77T5(6Ur+1 )]7

2 2 2 2

with the other commutators being trivial. O
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Remark 4.9. In the procedure of constructing the isomorphism in Proposition
4.8, we involve a shift S, which has an important distinction from the one in
[12, Thm. 4.3] for the finite W-algebra case. Recall that in [13, Prop. 5.7.6] the
grading of go under the action of ad k is even for any semi-simple Lie algebra g,
which means that go(i) = {0} for all odd i € Z. Then v € (h¢)* defined in [12, §4.1]
extends uniquely to a character of the parabolic subalgebra pg = EB@O go (i) of go
by [12, Lem. 4.1]. In the meanwhile, the finite W-algebra U(go, €) can be realized as
a subalgebra of U(po). Under the above settings, the proof for [12, Thm. 4.3] goes
through. However, for the basic Lie superalgebra gg and a minimal root —6, under
the action of ad hy we have go(—1)7 = Cua # {0} and go(1)7 = (C[v%,e} # {0}
under our settings. So the grading of gg under the action of ad h is not even.
Moreover, the proper subspace pg := @@71 go (%) D po of go is not a good choice.
Therefore, the technique in [12] is not available here. Fortunately, in the case when
minimal roots are concerned, we have already obtained the precise generators and
their relations for U(g, e). This enables us to construct the desired isomorphism.
However, there should be a requirement to develop a general technique for dealing
with finite W-superalgebras U (g, e) associated with an arbitrary nilpotent element
e < gy

§4.4.

For a U(g, e)-module M and « € (h¢)*, we define the a-weight space
(4.15) My ={meM ‘ (©; — 6(t))(m) = a(t)m for all t € h°}.

By Theorem 2.4 we have that U(g, e)gMy C Mpg4q. So each M, is invariant under
the action of the subalgebra U(g, e)g. We call M,, a maximal weight space of V if
U(g, €)sVe = {0}.

Set M., to be a maximal weight space in a U(g, e)-module M. By Proposition
4.8, the action of U(g,e)o on M, factors through the map m. to make M, into
a U(go,e)-module such that v -m = m(u)m for u € U(g,e)p and m € M,. It
follows from Proposition 4.3 that ©f. lies in the center of U(go, €), then h* can be
considered as a Lie subalgebra of U(gg,e). So by Proposition 4.3(1), (4.13), and
(4.15) we get the action of h° on M, via

t(m) = ©;(m) = a(t)m

for all ¢ € h¢, which explains why the additional shift by —¢§ in the definition of
the a-weight space of a U(g, e)-module is necessary.

A U(g,e)-module M is called a highest weight module if it is generated by
a maximal weight space M, such that M, is finite-dimensional and irreducible
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as a U(go, e)-module. In that case, as we will see shortly, A is the unique max-
imal weight of M in the dominance ordering. Recall that pairwise inequivalent
finite-dimensional irreducible U(go, e)-modules V) with A € (h°)* are given in
Theorem 4.6.

By definition we see that U(g,e)y is invariant under left multiplication by
U(g,e) and right multiplication by U(g,e)o. Then U(g,e)/U(g,e)s is a (U(g, e),
U(g, e)o)-bimodule. And then the right action of U(g,e)o factors through the
map 7 from Proposition 4.8 to make U(g,e)/U(g,e); into a (U(g,e),U(go,e))-
bimodule. We introduce the highest weight U(g, e)-module with highest weight A
as

(4.16) Mc(N) = (U(g,¢)/U(g,€)t) @ (go.e) Va-

We will show that M, ()\) is universal, meaning that if M is another highest weight
module generated by a maximal weight space M, and f: Vy = M, is an even
U(go, €)-module isomorphism, then there is a unique U(g, e)-module homomor-
phism f: M.()\) - M extending f. First observe the following lemma.

Lemma 4.10. As a right U(go, e)-module, U(g,e)/U(g, e)y is free with basis
w s ¢ ) ) i =1 ) w s
{IiL, 0% 1Lz, O5: - 11721 ©% - I1.2, ©F: [a€ ZY, b e Ay, c € L], dGA%}'

Proof. This follows because the cosets of the PBW monomials of the form

s r—1

w l 2 2 k—1

a; ci mg | Pi . QU . ti otk L QE
[Te: I1ey -I1e7 11e5-e.., 116k ¢ e, 4
i=1 i=1 i=1 i=1 2 =1 2

with a € Z%, c € Ay, m € Zi p € A%,L,E eN,te Zﬁ, form a basis for the
quotient U(g,e)/U(g, e)y, and the cosets of the monomials of the form

Vel Vr+1,€
2 2

k—1
., T o " -oi
i=1
with ¢,e € Ay, t € Z%, form a basis for U(g,e)o/U(g,€)os = U(go,e) by step (2)
in the proof of Proposition 4.8. O

Now we will introduce the main result of this subsection. We mainly follow
the strategy for the non-super case as in [12, Thm. 4.5], with a lot of modifications.

Theorem 4.11. For A € (h°)*, let vy and Op(vy) = V—20, ., (v\) be a basis
2
for U(go, e)-modules Vy with h¢-weight A as in Section 4.2.3.
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(1) The vectors {[];", ©%: - Hz 10 1 0% Hl 1 @d -0} v (va) |la€ZY, be

Ay, c€ Z_%_, de A%, L€ Al} form a basis of Mc(\).

(2) The weight X is the unique maximal weight of M ()\) in the dominance order-
ing, M.(\) is generated by the maximal weight space Mc(A)x, and M(X)y =
Vi as U(go, e)-modules.

(3) The module M.(\) is a universal highest weight module with highest weight X.

(4) There is a unique mazimal proper submodule MX™*(X) in M.()\),
(4.17) Le(A) = Me(X) /M (A)

is an irreducible module type Q, and {Le(N\) | A € (§°)*} is a complete set
of pairwise inequivalent irreducible highest weight modules over U(g,e) (up to
parity switch). Moreover, any finite-dimensional simple U(g, e)-module (up to
parity switch) is isomorphic to one of the modules L¢(\) for A € Af = {\ €
(5°)° | A(la) € .. for a € (87 )o}.

Proof. (1) This is clear from Lemma 4.10.

(2) Since 0(h°) = 0 by definition, then

w Y/
H@ﬂH%@HWZHW O, (02)
=1 =1

i=1

is of he-weight
A= ailly — Y biBu+ Y i+ Y di
i i i i

(keep in mind that v5;,71; € (®)”). Hence the A-weight space of M,()) is 1® V)
and all other weights of M, (\) are strictly smaller in the dominance ordering.

(3) Tt follows from (1) and (2) that M.()) is a highest weight module with highest
weight A. Let M be another highest weight module generated by a maximal weight
space M, and f: Vy — M, be an even U(go, e)-module isomorphism. By Theorem
4.6 we obtain u = A. By the adjointness of tensor and hom, f extends uniquely to
a U(g, e)-module homomorphism f: M,(\) — M such that f(1®wvy) = f(vy). As
f(1®Vy) = f(Vi) generates M, then f is surjective.

(4) Let M be a submodule of M,(\). Then M is the direct sum of its hé-weight
spaces. If My # 0 then M), generates all of 1 ® V) as a U(go, ¢)-module, hence
it generates all of M.(\) as a U(g, e)-module. This shows that if M is a proper
submodule then it is contained in Mc(X)- = @, . Me(A),. Hence the sum of all
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proper submodules of M, (A) is still a proper submodule, so M, (A) has a unique
maximal submodule MM™*(\) as claimed. By (3) any irreducible highest weight
module N of type A is a quotient of M,(A), hence N 2 L () or [] Le(A) (here []
denotes the parity switching functor). Moreover, A is the unique maximal weight
of L.(\) by (2) and L.()\), is isomorphic to Ny or [] Ny as U(go, ¢)-modules. Thus
A is uniquely determined by N. Since N} is an irreducible U(gg, ¢)-module of type
@ by Theorem 4.6, then L.()) is also of type Q.

By Theorem 2.4 (more precisely, Theorem 2.3(1)), when we restrict L.()\) to
the s[(2)-triple (O, ,On,,0._,) C U(g, ) with o € ()5, we get that A(hq) €
Z, for any a € (q)j,o)(_)- O

§4.5.

Let Z(U(g)) denote the center of U(g), and write Z(U(g,e)) for the center of
U(g,e). It is immediate from the definition of U(g,e) that the restriction of
the linear map Pr: U(g) — U(g)/I, defines a natural algebra homomorphism
Pr: Z(U(g)) = Z(U(g, €)). Denote the representation of U(g) in End(Qy) by py.
Thanks to [33, Cor. 13.2.2], the Harish-Chandra homomorphism Z(U(g)) — U(h)
is injective, so is the restriction of p, : U(g) = End(Q) to Z(U(g)), i.e., the map
Pr: Z(U(g)) — Z(U(g,e)) is injective (the discussion here comes by the same
strategy as in its non-super case [37, §6.2], and one can also refer to the proof of
[43, Lem. 3.2] for more details). Moreover, when g is a complex semi-simple Lie
algebra, as explained in the footnote to [38, Que. 5.1] (see also [35, Rem. 2.1]), the
map Pr is actually an algebra isomorphism. But it seems more complicated in the
super case. We try to raise the following conjecture.

Conjecture 4.12. The center of a finite W-superalgebra U(g, e) coincides with
the image of Z(U(g)) in U(g, e) under the projection Pr: Z(U(g)) — Z(U(g,e€)).

We can give a positive answer to Conjecture 4.12 in some special cases. First,
as an immediate consequence of Proposition 4.5, the conjecture is true for g =
05p(1]2) with e being regular nilpotent (which can also be considered as a root
vector eg with —6 being a minimal root). Second, if g = gl(m|n) with e being
regular nilpotent, [11, Thm. 3.21] ensures the conjecture. Third, the conjecture for
the Lie superalgebra q(n) with e being regular nilpotent is confirmed in [36, Cor.
5.10]. However, whether this conclusion holds for the general situation is still an
open problem.

Let us turn back to the minimal case. For further discussion, we will com-
pute the action of the Casimir element C' € Z(U(g,e)) on the highest weight
module M. ()).
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Lemma 4.13. Retain the notation in Sections 2.2.2 and 3.2.3. For all A € (h°)*,
C' acts on the highest weight module M.(\) as the scalar

k—1
o+ (MA+2p) + > (206,00 + 36%) (hs).
i=1

Proof. Since all positive root vectors annihilate vy, and Cj(vy) = fém\ by Propo-
sition 4.3(i), a similar discussion to (3.20)—(3.24) entails that

C vy =7(C)(vx) = (C +€)(vn)

k—1
1
= (Cé + ()\7 A+ 2ﬁ) +co+ g + Z(Qpe,ms + 3(52)(h2)> (’U)\)

=1
k—1
:(Co+ )\)\+2p +Z 2peo(5+3(5 ( ))(U)\)
i=1

Since M.(A) is a cyclic module generated by vy, the conclusion follows. O

Similarly to (3.29), we also have another description of Lemma 4.13. Taking
Proposition 4.3 into consideration, by a similar discussion to (4.12) we obtain

C vy =7(C)(vn) = (C + €)(va)

k—1 k=1 , w ¢ 5 =
S GEDIUES ) O ILIED SR SEUEE) Seh [0
i=1 i=1 Nj=1 j=1 =1 j=1

k—1

o (oo 3R 1)

(1.18) (mZ( + @+ 40) (BN + (20000 + 357) () ) (o)

This conclusion will be used in the formulation of Theorem 4.14.

A U(g, e)-module V is of central character ¢: Z(U(g,e)) = Cif z(v) = ¥(z)v
for all z € Z(U(g,e)) and v € V. For the highest weight U(g, e)-module M,(\)
with highest weight A € (h¢)*, let ¢*: Z(U(g, e)) — C be the corresponding central
character. Under the above settings, we have the following theorem.

Theorem 4.14. The number of isomorphism classes of irreducible highest weight
modules for U(g, e) with prescribed central character : Z(U(g,e)) — C is finite,
i.e., the set {\ € (h)* | > =1} is finite.

Proof. Given any irreducible highest weight U(g, e)-module L.(A) with prescribed
central character ¢: Z(U(g,e)) — C, we can write ¢ = 1. Let u € (h°)* be such
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that 1#* = ¢*. Then the action of C' € Z(U(g,e)) on v, of L¢(n) = Ul(g,e)v,
coincides with that on vy of L.(\) = U(g, e)vy, i.e., *(C) = ¢*(C). Thanks to
(4.18), we have

PH(C) — MO
(11(hi)? + (2pe.0 + 40) (hi)p(hy))
k—
= (A(hi)* + (2pe,0 + 40) (Ri) ()

0

| |
S
|

.
Il
_

Sl
|
oo
Il
el

(4.19) =) (hF + (2pe,0 + 46) (hi)hi)(p) — y (A(hs)? + (2pe,0 + 48) (hi) A(hs)),

i=1 =1

where the last equation of (4.19) is considered as a polynomial in indeterminates

hi,...,hg—1 at p. From linear algebra we know that the solution to (4.19) is finite,
i.e., the set {\ € (h®)* | > = v} is finite. O
For the simple root system A = {ay,...,ax} for @, write 3; = af(ge)- for

1<i<k—1. Then {B1,...,Bk_1} is a system of restricted simple roots for ()"
by our earlier discussion. Denote (Q¢)" = Ei:ll 74 B;. The following is a corollary
of Theorem 4.14.

Corollary 4.15. For A € (h°)*, the highest weight module M.(\) has composition

series.

Proof. The corollary can be proved by imitating the standard argument in the
classical case from [21, §7.6.1]. Let us put it explicitly.

Let N and N’ be sub-U (g, e)-modules of M, (X) such that N’ C N and N/N’
is simple. Since M (A) = @D, ¢(yey- Me(A)ur, we have N/N" = €D ¢ ey« (N/N') s,
and every p’ belongs to A — (Q¢)*. So there exists a weight 1 of N/N’ such that,
for all @ € (®.)", u+ « is not a weight of N/N'. If v is a non-zero element of
(N/N"),, we have U(g, e)s(v) = 0, and hence N/N’ is isomorphic to Le(u) (up to
parity switch) by Theorem 4.11. The central characters of N/N’ and M.(\) are
equal, whence p is in the finite set {\ € (h¢)* | »* =1} by Theorem 4.14.

Recall that U(g, e) is Noetherian by Proposition 1.12. Since M (\) is a cycle
U(g, e)-module, then M,()) is a Noetherian U(g, ¢)-module. Every non-zero sub-
U(g, e)-module N of M.(\) hence contains a sub-U(g, e)-module N’ such that
N/N’ is simple. If M.(X) had no composition series, there would exist an infinite
decreasing sequence Ny D Ny D --- of sub-U(g, e)-modules of M,.()\) such that
every N;/N;;1 was simple. From the previous paragraph, infinitely many of these
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quotients would be isomorphic to each other. Then one of the he-weights of M, ()
would have infinite multiplicity, contrary to Theorem 4.11(1). O

§4.6.

Now we introduce an analogue of the BGG (short for Bernstein-Gelfand—-Gelfand)
category O. Let O(e) = Ofe; h,q) denote the category of all finitely generated
U(g, e)-modules V, that are semi-simple over h¢ with finite-dimensional he-weight
spaces, such that the set {\ € (h°)* | V) # {0}} is contained in a finite union of
sets of the form {v € (h°)* | v < p} for p € (h°)*.

In virtue of the results we obtained in this section, we introduce the proof
of Theorem 0.3, which can be checked routinely as a counterpart for the ordinary
BGG category O (see, e.g., [24, 33]). Let us put it explicitly.

Proof of Theorem 0.3. First note that U(g,e) is Noetherian by Proposition 1.12.
Then O(e) is closed under the operations of taking submodules, quotients, and
finite direct sums.

(1) Let L be a simple object in O(e); we will show that L = L.(\) for some
A€ (o).

Since L is Za-graded, there exists u € (h°)* such that L, contains a non-
zero homogeneous element v. Since N = U(g, e)3(v) is finite-dimensional by the
definition of O(e), there exists A € (h°)* such that Ny # 0, but Ny, = 0 for
all restricted positive roots o € (h¢)*. Since N is finite-dimensional, we can fur-
ther assume that O, ., ¢ Nx = 0. Now N, is a finite-dimensional Z-graded

2
U(g,e)o/U(g,€)ot = U(go,e)-module, so Ny contains a U(go, e)-submodule iso-
morphic to V) by Theorem 4.6. Since U(g,e)V) is a U(g, e)-submodule of L, it
equals L by simplicity. Then L 2 L.(\) follows from Theorem 4.11(3)—(4).

(2) Let M be any non-zero module in O(e). We claim that M has a finite filtration
0Cc My C My C---C M, = M with non-zero quotients each of which is a highest
weight module. Then statement (2) follows from Corollary 4.15.

In fact, since M can be generated by finitely many weight vectors, and for
each m € M, the subspace U(g,e)4(m) is finite-dimensional by definition, then
the U(g, e)g-submodule V' generated by such a generating family of weight vectors
is finite-dimensional. If dim V' = 1, it is clear that M itself is a highest weight
module. Otherwise proceed by induction on dim V.

Start with a non-zero weight vector v € V of weight A € (h°)* which is maxi-
mal among all weights of V' and is therefore a maximal vector in M. It generates
a submodule Mj, while the quotient M := M/M; again lies in O(e) and is gener-
ated by the image V of V. Since dim V < dim V/, the induction hypothesis can be
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applied to M, yielding a chain of highest weight submodules whose pre-images in
M are the desired Mo, ..., M,.

(3) Define a subspace of M for each fixed ¥ by

MY = {me M| (z—1z))"(m) =0 for some n > 0
depending on z € Z(U(g,€))}.

It is clear that M¥" is a U(g, e)-submodule of M, while the subspaces M¥" are
independent.

Now Z(U(g,e)) stabilizes each weight space M,, as Z(U(g,e)) and U(h°)
commute. Then a standard result from linear algebra on families of commuting
operators implies that M,, = ®u (M,n wa). Because M is generated by finitely
many weight vectors, it must therefore be the direct sum of finitely many non-zero
submodules M*” . Thanks to statement (1), each central character ¥ occurring in
this way must be of the form 1* for some \ € (h¢)*.

Denote by O, (e) the (full) subcategory of O(e) whose objects are the mod-
ules M for which M = M*¥". Then statement (3) follows. O

At the extreme, if g = go = h° @ o0sp(1|2), then e is a distinguished nilpotent
element of g, i.e., the only semi-simple elements of g that centralize e belong to
the center of g. In this case, O(e) is the category of all finite-dimensional U(g, e)-
modules that are semi-simple over the Lie algebra center of g.

Remark 4.16. Let U(g,e) be the finite W-algebra associated with a complex
semi-simple Lie algebra g and its nilpotent element e. In [30], by the method
of quantized symplectic actions, Losev established an equivalence of the BGG
category O for U(g, e) in [12] with a certain category of g-modules. In the case when
e is of principal Levi type, the category of g-modules of interest is the category of
generalized Whittaker modules. Recall that in Section 3 we achieved this goal for
Verma modules of minimal finite W-superalgebras. It will be an interesting topic
to generalize all these to finite W-superalgebras associated with arbitrary even
nilpotent elements.

Remark 4.17. For the minimal finite W-superalgebra U(g, e) of type odd, it can
be checked that both the Verma module Zy(4.) (A, ¢) introduced in Section 2.2
and the highest weight module M, (\) constructed in this section, are essentially
Op, for 1 <i<k—1,C,and O, _, ¢
Zy(g,e) (A, €) is translated into the actzion of U(go, e) on M.(A). And the resthiction
(2.8) for Zy(g,e) (A, ¢) is converted into the one in Lemma 4.13 (or (4.18)) for M.(X).

identical. Actually, the action of © on

Vr41 9
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However, each of the two definitions has its own advantages. On one hand, the
U(g, e)-module Zy(4.)(A, c) is easy to construct, and it is much like the highest
weight theory for U(g). Moreover, it is more convenient to establish a link between
Zy(g,e) (A ¢) and the g-modules obtained by parabolic induction from Whittaker
modules for 0sp(1]2) (i.e., the standard Whittaker modules) as in Section 3.2. On
the other hand, one can observe that the related theory for U(g, e)-module M, ()
is more fruitful, not only allowing us to define the corresponding BGG category
O, but also providing a method that may be generalized to finite W-superalgebras
associated with other nilpotent elements.

The above discussion also apply for the minimal refined W-superalgebra W)’C
of both types. See Appendix A for more details.

Appendix A. On the category O for minimal refined W-superalgebras

As a counterpart of Section 4, we will consider the abstract universal highest
weight modules for minimal refined W-superalgebras W;( of both types, and then
consider the corresponding BGG category O in this appendix. Since the discussions
for them are similar to Section 4, we will just sketch them, omitting the proofs.

Appendix A.1.

We first consider the minimal refined W-superalgebra W>l< of type odd.

Keep the notation in Sections 3.2 and 4. Recall that for the restricted root
decomposition g = gg ® @ae% 0o With respect to h°, we have gy = h° & osp(1]2)
as in Section 3.2.2. Moreover, (®.)* = (®F\{4,60})|(ye)- is a system of positive
roots in the restricted root system @/, and (®,)” = —(®.)". Define the minimal
refined W-superalgebra (W), associated to e € go by (Wo)} = (Qo)id m67 where
my, is the extended x-admissible subalgebra introduced in Section 4.2. By the same
discussion as in Section 4.2, we have the following proposition.

Proposition A.1. The following statements hold:
(1) The minimal refined W -superalgebra (Wy)}, is generated by
(i) ©), =hi®l forI<i<k-1;
(i) Oy = (E+iFh—3F)®1y;
(iii) Cp = (2e+ 3h? — 2h+ FE)® 1y;

subject to the relation [©, O] = Cy + % ® 1y, and the commutators between
other gemerators are all zero.

(2) The center Z((Wo),) of (Wo)) is generated by O}, for 1 <i<k—1 and Cj.
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(3) The map Pro: U(go) — U(go)/(Lo)y sends Z(U(go)) isomorphically onto the
center of (Wo), -

(4) For A € (h°)*, let V = Cuy be a vector space spanned by vy € (V)5 satisfying
O%(vx) = 0, Cj(vx) = —3ua, and Of(vy) = A(t)vx for all t € h°. Then the
set {Va | A € (h°)*} forms a complete set of pairwise inequivalent finite-
dimensional irreducible (W)} -modules, all of which are of type M.

We have the following PBW basis for W7 :

s r—1

w l b P) k—1
a; | ci o, m; Pi | ti otk
IR RICRIC R G
=1 =1 =1 =1 i=1
5 ';1 w l
.O°¢ . n; qi | bi'H d;
(A1) G[Uﬂve] H @fi* GQZ H 613‘ eyi*’
2 i=1 i=1 i=1 i=1

where a,b € ZY, ¢,d € Ay, m,n € Zi pP.q € A%7 e€e€ M, t e Zi. Let v be
any element in (4.7) excluding e. Since 8(h¢) = 0 by definition, from the explicit
description of ©, in Theorem 2.2, we see that v and O, have the same h®-weight.
Also note that the hé-weight of C is zero. As h¢-root spaces, W;( can be decomposed
into W, = DPaczo: (W},)a- The restricted root space (W) ), has a basis given by
all the PBW monomials as in (A.1) such that

Z(_ai +b:)Bo; + Z(_Cz‘ +di) B + Z(mz — 1)V + Z(pz - i) = o

K2

In particular, (W )o is the zero weight space of W, . Set (W) ); (resp. (W}),) to
be the left (resp. right) ideal of W) generated by all (W) ), for a € (®)* (resp.
a € (®,)7), and denote (W) )oy = (W )o N (W), (W )0 = (Wy), N (W))o-
By the PBW theorem we have (W} )oy = (W), 0, hence it is a two-sided ideal
of (W;C)o

Let S. be a shift on W} by keeping all other generators as in Proposition
A.1(1) invariant and sending Cj to Cj + € with ¢ having the same meaning as
in (3.4). By a similar discussion to the proof of Proposition 4.8, we obtain the
following proposition.

Proposition A.2. The projection 7: U(g)g — U(go) as in (4.6) induces a sur-
jective homomorphism m: (W, )o — (W)}, with kerm = (W} )y, and there exists
an algebra isomorphism

Te = Scom: (Wy)o/(W) )os = (Wo)S-
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For a W} -module M and « € (h*)*, we define the a-weight space
My :={me M| (0, —6(t))(m) = a(t)m for all t € h°}.

Since the right action of (W} )o factors through the map . from Proposition
A.2 to make W, /(W] )y into a (W, (W) )-bimodule, then the highest weight
W) -module with highest weight A can be defined as

Me(X) = (W /(W})z) @wayy, Va,

where the (W)} -module V) is one-dimensional, defined as in Proposition A.1(4).
Moreover, we have the following theorem.

Theorem A.3. For A € (h°)*, let v\ be a basis for the (Wp)) -module V with
he-weight \ as in Proposition A.1(4).

(1) The vectors {[];—, ©% -Hle 62 . ?Zl ef HE @g:(m) |aecZy be
Ay, c€ Zi de A%} form a basis of M.(X).

(2) The weight X is the unique mazimal weight of M.()\) in the dominance order-
ing, M.(\) is generated by the mazimal weight space M.(\)x, and M.(\)y =
Va as (W)}, -modules.

(3) The module Mc(\) is a universal highest weight module with highest weight
A, i.e., if M is another highest weight module generated by a mazimal weight
space M, and f: V\ = M, is a (W)’ -module isomorphism, then there is a
unique W, -module homomorphism f: Mc(\) — M extending f.

(4) There is a unique mazimal proper submodule MM**(X) in M.(\),

(A.2) Le(A) = Me(X) /M (A)

is an irreducible module type M, and {L.(X) | A € (h°)*} is a complete set of
pairwise inequivalent irreducible highest weight modules over W;( Moreover,

any finite-dimensional simple W;(—module is isomorphic to one of the modules
Le(X) for X e Af ={X € (b°)* | A(ha) € Zy for a € (®])5}-

We say that a W} -module V' is of central character ¢: Z(W}) — C if 2(v) =
Y(z)v for all z € Z(W)) and v € V. For the highest weight W, -module M, (\)
with highest weight A € (h¢)*, let ¥*: Z(Wy) — C be the corresponding central
character. Repeating verbatim the proofs of Theorem 4.14 and Corollary 4.15, we
obtain the following theorem.

Theorem A.4. The number of isomorphism classes of irreducible highest weight
modules for W, with prescribed central character ¢: Z(W, ) — C is finite, i.e., the
set {\ € (h°)* | Y = o} is finite.
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Corollary A.5. For each X € (h°)*, the highest weight module M.()\) has com-
position series.

Now an analogue of the BGG category O can also be introduced. Denote
q=9goP Gaae(@;ﬁ 0a, and let O(e) = O(e; b, q) denote the category of all finitely
generated W)Q—modules V' that are semi-simple over h¢ with finite-dimensional §h©-
weight spaces, such that the set {A € (h)* | Vi # {0}} is contained in a finite
union of sets of the form {v € (h°)* | v < u} for p € (h°)*. Then we have the
following theorem.

Theorem A.6. For the category O(e), the following statements hold:

(1) There is a complete set of isomorphism classes of simple objects which is
{Le(N) | XA € (b%)*} as in (A.2).

(2) The category O(e) is Artinian. In particular, every object has finite length of
composition series.

(3) The category O(e) has a block decomposition as O(e) = Dy Oy (e), where
the direct sum is over all central characters ¥*: Z(U(g,e)) — C, and Oy (e)
denotes the Serre subcategory of O(e) generated by the irreducible modules

{Le(p) | 1o € (5°)* such that ¢ = ¢ }.
Appendix A.2.

It remains to deal with the minimal refined (equivalently, finite) W-superalgebra
W>’< of type even. In this case, it is much like the situation of finite W-algebras as
in [12, §4], and we still just give a brief description.

Keep the notation in Sections 3.3 and 4.1. The adjoint action of h¢ on g
induces the restricted root decompositions g = go & Gaae@; go, and we have gg =
he @ 59 = h° @ sl(2) as defined in Section 3.3. Let (®.)T be a system of positive
roots in the restricted root system @, and (®.)” = —(P,)*. Let my := Cf be
the x-admissible subalgebra of go, pg := h® & Ch & Ce a parabolic subalgebra of gg
with nilradical Ce and Levi subalgebra h. Define (Qo)y = U(g0) ®v/(m,) Cy, where
C, = C1, is a one-dimensional mp-module such that -1, = x(x)1, for all z € my.
Let (Ip)y denote the Zs-graded left ideal in U(go) generated by all x — x(z) with
x € mg, and write Pro: U(go) — U(go)/(lo)y for the canonical homomorphism.
Recall that the minimal refined WW-superalgebra (W)} associated to e is defined
by

(W)l = (Endg,(Qo)y) = (Qo)2! ™.

So (Wo), = {u € U(po) | Pro([x,u]) = 0 for all x € mo}, which is a subalgebra of
U(po). By a similar discussion to Section 4.2, we have the following proposition.
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Proposition A.7. The following statements hold:
(1) The minimal refined W -superalgebra (W), is generated by

i) O, =h;®1, for1<i<k-1;
h; X
(i) Cp = (2e+ 1h* —h) ® 1,

and the commutators between the generators are all zero.

—~
\)
~

The algebra (Wy)), is commutative.

(3) The map Pro sends Z(U(go)) isomorphically onto (Wy),,.

(4) For A € (h°)* and c € C, let Vi, = Cuvy. be a vector space spanned by
Uae € (Vae)g satisfying Cp(vre) = cvre, and Oy(vac) = A(t)vre for all
t € h°. Then the set {Vi .| A € (h°)*, c € C} forms a complete set of pairwise
inequivalent finite-dimensional irreducible (Wy)’ -modules, all of which are of
type M.

The adjoint action of h¢ on the universal enveloping algebra U(g) induces
decomposition U(g) = P, cze: U(8)a- Then U(g)o, the zero weight space of U(g)
with respect to the adjoint actfon, is a subalgebra of U(g). Let U(g)s (resp. U(g),)
denote the left (resp. right) ideal of U(g) generated by the root spaces g, for
a € (PL)T (resp. a € (L)7). Let

U(g)os =U(g)oNU(g)z,  U(g)so :=Ul(g), NU(g)o,

which are left and right ideals of U(g)o, respectively. By the PBW theorem, U(g)o 4
is a two-sided ideal of U(g)o, and U(g)o = U(go) ® U(g)o.. The projection along
this decomposition defines a surjective algebra homomorphism

(A.3) m: U(g)o — Ul(go)

with ker m = U(g)o,4. Hence U(g)o/U(9)o,s = U(go) as C-algebras.
Recall that in Sections 1.2 and 2.1.1 we have a basis consisting of he-weight
vectors

x17"'7zu17y17"'7yévf17"'7f%7gl7"'7g§7h17"'7hk—17

(A4) * * * * * * * *
e>f17"'7f%7gla'"ag%7x17"'7xw7y17"'ayf

of g¢ so that the weights of x;, y;, fx, g1 are respectively —fg;, —B1,, 0 + Yok,
0+ € (®¢)7, and the weights of f, g7, z, yj are respectively 6 + 7, , 0 + 71,
Bois Bi; € (®2)", while h;,e € g§. Moreover, we have the following PBW basis
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for W;(:

s L

w 4

[Tes TTes TTe7 ITes H@)t

=1 =1 =1 =1
(A.5) ~C’tk~ﬁ® H@ H@b H@d*,
1=1

where a,b € ZY, c,d € Ay, m,n € Zi p,q € A, t € Z’i. Let v be one of
the elements in (A.4) excluding e. Since 6(h°) = 0 by definition, from the explicit
description of ©, in Theorem 2.2, we see that v and ©,, have the same h®-weight.
Also note that the hé-weight of C'is zero. As he-root spaces, W;( can be decomposed
as Wi = @,eza, (Wy)a- The restricted root space (WY )q has a basis given by all
the PBW monomials as in (A.5) such that

>_(—ai+b) ﬂoz+z (—ci+di) 6M+Z P = %ﬁZ i — @)1 = o
and (W})o is the zero weight space of WJ. Set (W} ); (resp. (W, ),) to be the
left (resp right) ideal of W) generated by all (W) )a for a € (@))% (resp. o €
(@¢)7), and denote (W, )o 4 := (W )o N (W} )z, (W3 )b0 = (W), N(W) )o. We have
(W3)o.s = (W))p,05 then it is a two-sided ideal of (W} )o.

Retain the notation 4 in (3.32). By a similar discussion to the proof of Propo-
sition 4.8, we have the following proposition.

Proposition A.8. The projection w: U(g)o — U(go) as in (A.3) induces a sur-
jective homomorphism m: (W )o — (Wo)), withkerm = (W} )o 4. Hence there exists
an algebra isomorphism

7 (Wy)o/(Wy)os = (Wo)i-

Remark A.9. Comparing Proposition A.8 with Proposition 4.8, one can observe
a significant difference in the absence of the shift Sc. This is because the element
O

directly leads to the emergence of S, in Proposition 4.8.

v,11 ,¢] does not exist for the present case. So we need not consider (4.14), which
2

For a W} -module M and «a € (h*)*, we define the a-weight space
My :=={me M| (0 —d(t))(m)=a(t)m for all t € h°}.
By the same consideration as in Section 4.4, we get the action of h¢ on M, via

t(m) = ©L(m) = a(t)m
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for all ¢t € h¢, which explains why the additional shift by —d in the definition of
the a-weight space of a W;(—module is necessary.

Associated with the (W)} -module V) . as in Proposition A.7(4), we can define
the highest weight I} -module of type (), c) as

Mc(A,¢) == (W /(W)s) @y, Ve

Theorem A.10. For A € (h°)* and c € C, let vy be a basis for a (Wy)} -module

Ve of level ¢ with h-weight X as in Proposition A.7(4).

(1) The vectors {TT¢, ©% - TTi_, ©% - [12,0% - TI2,0%(v\) | a € Z¥, b €
Ay, c€ Z?_, d € A} form a basis of Mc(A,c).

(2) The weight X is the unique mazimal weight of M.(\,c) in the dominance
ordering, M.(\,c) is generated by the mazimal weight space Mc(\,c)x, and
MM\ e)x 2V, as (Wo);-modules.

(3) The module M(\,c) is a universal highest weight module of type (A, c), i.e.,
if M is another highest weight module generated by a mazximal weight space
M, and f: Vi, = M,. is a (WO);—module isomorphism, then there is a
unique W, -module homomorphism f: Mc(X,c) - M extending f.

(4) There is a unique mazimal proper submodule M2**(X, c) in M.(X,c),
(A.6) Le(N ) == M(X, ¢)/MP*(\, ¢)

is an irreducible module type M, and {L.(\,c) | A € (h9)*, ¢ € C} is a
complete set of pairwise inequivalent irreducible highest weight modules over
W>/< Moreover, any finite-dimensional simple W;(—module is isomorphic to one
of the modules L.(\,c) for A € Af = {\ € (h°)* | AM(ha) € Zy for a € (‘b:o)()}
and ¢ € C. We further have that c is a rational number in the case when g
is a simple Lie algebra except type A(m), or when g = psl(2]2), or when
spo(2|m) with m being even such that g¢(0) = so(m), or when osp(4|2m) with
g¢(0) = sl(2) Dsp(2m), or when g = osp(5|2m) with g¢(0) = osp(1|2m) Bsl(2),
or when g = D(2,1;a) with o € Q, or when g = F(4) with g¢(0) = s0(7).

We say that a W) -module V' is of central character ¢: Z(W}) — C if z(v) =
Y(z)v for all z € Z(W}) and v € V. For the highest weight W} -module M, (], c)
of type (A, ¢) € (h°)* x C, let ¢: Z(W]) — C be the corresponding central
character. By a similar discussion to Theorem 4.14 and Corollary 4.15, we obtain
the following theorem.

Theorem A.11. The number of isomorphism classes of irreducible highest weight
modules for W, with prescribed central character ¢: Z(W, ) — C is finite, i.e., the
set {(\,c) € (h®)* x C | p™e = b}, is finite.



124 Y. ZENG AND B. SHU

Corollary A.12. For each (A, c) € (h¢)* x C, the highest weight module M, (X, ¢)
has composition series.

Now an analogue of the BGG category O can also be introduced. Denote
q=00® @ae(¢,€)+ ga, and let O(e) = O(e; b, q) denote the category of all finitely
generated W} -modules V, that are semi-simple over h® with finite-dimensional h°-
weight spaces, such that the set {A € (h°)* | Vi # {0}} is contained in a finite
union of sets of the form {v € (h°)* | v < u} for p € (h)*. Then we have the
following theorem.

Theorem A.13. For the category O(e), the following statements hold:

(1) There is a complete set of isomorphism classes of simple objects which is
{Le(Aye) | A€ (b9)*, c € C} asin (A.6).

(2) The category O(e) is Artinian. In particular, every object has finite length of
composition series.

(3) The category O(e) has a block decomposition as O(e) = P r.c Oyr.c(€), where
the direct sum is over all central characters ¢*¢: Z(W}) = C, and Oyx..(e)
denotes the Serre subcategory of O(e) generated by the irreducible modules

{Le(p,0) | € ()" such that yhc = A<},

Remark A.14. It is worth mentioning that there are also some other methods to
interpret the representation theory of finite W-superalgebras, which are only suit-
able for some basic Lie superalgebras but associated with arbitrary even nilpotents.
To be explicit, given a basic Lie superalgebra g = gg & g7 of type I and arbitrary
nilpotent element e € gg, denote by W the corresponding finite W-superalgebras.
Xiao [47] introduced an extended W-superalgebra W which contains W as a
subalgebra, and then established a bijection between the isomorphism classes of
finite-dimensional irreducible W-modules and W-modules. With aid of this bijec-
tion, the Verma modules (which are much like the Kac modules formulated for
basic Lie superalgebras) for W were also defined there, and the finite-dimensional
simple W-modules with integral central character were classified. Furthermore, an
algorithm for computing their characters was given. If e = ey with —6 being a
minimal root, it corresponds to the cases when g is a simple Lie algebra, or when
sl(m|n) with m # n, m > 2, psl(m|m) with m > 2, or when spo(2m|2). All these
correspond to a subclass of the minimal refined W-superalgebra W; of type even
in Table 2, which we have already studied directly; see the beginning of Section 3.3
for more details.
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Appendix B. Proof of Lemma 2.7

This appendix is devoted to the proof of Lemma 2.7. We mainly follow Premet’s
strategy on finite W-algebras as in [38, Lem. 7.1], with a few modifications. Com-
pared with the non-super situation, one can observe significant differences for the
emergence of the restriction (2.8).

Appendix B.1.

For a,b € Z¥, c,d € Ay, m,neZi, p,qEA%,t EZi, L€ € Aq, set

®(a7 b7 C? d? m7 n7 p? q’ t’ L? E)

r—1

w 1 3 3 k—1
— a; | ¢, mi Pi . @t . t;
'* H 63711 H 6911 H @fi H 6.%' e, r+1 H @hi
i=1 i=1 i=1 i=1 2 =1

s r

b ;1 w 14
tr £ z qi b; d;
-C 'G[Ur+lwe] Gf} Hegf H@;T H@y}
=1 =1 =1

2 i=1 i

By Theorem 1.4, the PBW monomials ©(a,b,c,d, m,n, p,q, t,,¢) form a C-basis
of U(g, e). Note that

degG(G(a7 b7 c’ d? m? n’ p’ q? t’? L’ 6))

= 4ty + 3(lm| + [n| + [p| + |a| +¢)

k—1
+2(Ja) + [b] + [c| + [d]) +2) "t + .
i=1
Recall that [v.+21 ,€] is a root vector corresponding to an odd simple root g € <I>j71,
and [©,,,,,0,] =[0,,,,04] =[0,,.,,C] =0 for all v € g¢(0) and w € g°(1) by
2 2

Theorem22.4.
Appendix B.2.
As C — cis in the center of finite W-superalgebra U(g, e), we have
O(a,b,c,d,m,n,p,q,t,:,e)(C —c) € I .

On the other hand, it follows from Theorem 2.4 (more precisely, Theorem 2.3(1)—
(2)) that ©(a,b,c,d,m,n,p,q,t,¢,e) - (O, — A\(h;)) € Inc for 1 < i< k-1
Moreover, since O+ () is a Lie subalgebra of ©ge(g), Theorem 2.4 entails that
©(a,b,c,d,m,n,p,q,t,s,€) - O, € Iy for all « € &7
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Appendix B.3.

It remains to show that O(a,b,c,d, m,n,p,q,t,¢,€)- Oy € I, . with H € {f}, ...,
f; S gTy . ,g%, [v% ,€]}. To prove this, we will use induction on deg,(0(a, b, c,d,
m,n,p,q,t,e)). Obviously it is true for the case with deg,.(©(a,b,c,d, m,n, p,
q,t,¢,¢)) = 0. From now on we assume that deg,(0(a,b,c,d,m,n,p,q,t,¢,¢)) =
N and FU(g,e) - Op € I . for all k < N.

B.3.1. Note that the span of f7,..., fg,gf, N [v%,e] equals n* (1), hence
2
is stable under the adjoint action of n™(0). As we have already established that

U(g,e)-O,, € Ir forall a e (I)ZO’ it follows from Theorem 2.4 (more precisely,
Theorem 2.3(2)) that

@(a7 b, C, d7 m,n,p,q, t7 L E) . @H
(Bl) € @(aa 07 C, 07 m,n,p,q, ta Ly 6) : @n+(1) + IA,C-

Thus we can assume that b =d = 0.

B.3.2. (i) If ¢; =0 for all j > ¢, it is immediate that

®(a7 07 C, 07 m,n,p,q, ta Ly E) : 69:
(BQ) = ®(a7O7C>O7ma n,p,q+ei,t,b,€) € I)\,c-

So we just need to consider the case q = (q1,---, ¢, 0,...,0) for some ¢, = 1 and
k > 4. In virtue of [49, Thm. 3.7(3)] and our induction assumption we have

O(a,0,¢,0,m,n,p,q,t,s,¢) - Oy
€ 0(a,0,¢,0,m,n,p,q — ey, t,1,£) [0y, O]
+ (—=1)%+1t Tk Q(a,0,¢,0,m,n,p,q + e, t,¢,¢)
+Fn_2U(g,¢€) - Oy
C O(a,0,c,0,m,n,p,q — e, t, L, 5)[6927657;;}
+ (=11t T Q(a,0,¢,0,m,n, p,q + €, t,1,¢)
(B.3) + Iy ..

Now we consider the first term in the last equation of (B.3). Since ¢ is an

2
r—1

odd simple root by Conventions 2.1, then for 1 < i,k < 5

, we have

[Z:;ag;jk]ﬁv [[g;kvz;]ﬁﬂ[zaagmﬁ} € U (Ceﬁ
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ands+1<a<s+%.As

(9%, 971, 1) = ([les vl [e, w71 f) = ([e; vl [les w7l f1)
= (le;vil, [e, [vi's f1)) + ([, vi] He,f],vi-‘])

= —(le; vgl, vi) = =(e, [vg, vi]) =
one can conclude from Theorem 2.4 and the discussion in Appendix B.2 that

1
[©5:00:] = =5 D (Ol l:Olkz.arlt + Ol alr Oz i)

a€eS(—1)
(B.4) € Y Ulge) 0., €l

a€<I>:0

for1<a< 3

In particular, if ¢ = k, the right-hand side of (B.3) equals %@(a,O,c,O,m, n,p,
q—e,t, 1) [O4,0,:] + I\ . by definition, which is contained in I ..
Let us consider the second term in the last equation of (B.3). For 1 < 4 < %,

if ¢; +e; =1, then
(B.5) O(a,0,c,0,m,n,p,q+e;,t,1,6) € I,

by definition. If ¢; + e; = 2, we have
@g [99 7@ Z @gl,zq "@ %97
aES’(
Forl<i<k<%,since
#

A B (e L 7 N | e L 7 4 B @2
pedl,

(5. 971, (25 97]
forl <a< % and s+1<a<s+ %7 then it follows from (B.4), Theorem 2.4,

the discussion in Appendix B.2, and our induction assumption that

6(a7 03 c, 03 m,n,p,q+e;, ta Ly 5)
€ Z U(gv e) : @ea =+ FN—4U(97 6) : @g,ﬁ

ae@;o
+ Z Fn-aU(g,€) - Ofpzx o215 g7]
1<a<3,
s+l<ags+ &L
(B.6) + Y Fn6U(8,€) - Ofpgr sxpt o gr1tl0z] € Thve:

1<a<s,
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Therefore, (B.2)-(B.6) show that
(B.7) O©(a,0,c,0,m,n,p,q,t,1,€) - Oy € Iy,
foralllgig%.

(ii) By parity considerations we know that ([g, 7], f) = 0 for all 1 < k < 5% and
1 <i< 3, and it is obvious that

[2271?]K [22792P> H92722]K[2a7fJW], Hf?vZ;}K[Za’gZW] € LJ (Ceﬁ

peaf,
forl<a< % and s+1<a<s+ % Then Theorem 2.4 yields
1
©0:05: 1= =5 2 OggaleOliz et — Ol 0t Olez gpe)
acs(~1)
(B.8) € Y Ulge) O,
ae@:o

As U(g,e) - O, € I forall o € @;0, if there exists ¢; # 0 for 1 <1 < %, then
(B.7) and (B.8) entail that

(Bg) @(a,O,c,O,m,n,p,q,t,L, 6) ! @f: S I)\,c-

(iii) By weight considerations we know that ([g7, [v%,e}], f)=0for1<i< 5

Since
*

[zZ>gZP> [227[ULgl7eﬂﬁa HgZ>Z;]K[Za’[U'ElaeHuL [[hu%;,e]7za]ﬁ[za,gf]”

Ol = =5 D (O 2 tOks v et + Ol ez ? Oz 071

2 aES(—1) 2 2

(B.10) € Y Ulge): 0., €l

ae@:o

If there exists ¢, # 0 for 1 <1< 52, then (B.7) and (B.10) yield

(Bll) G(a’ 07 C, 07 m,n,p,q, ta Ly 6) : @[vr+1 €] € I)\,C'

2

In virtue of (B.1), (B.7), (B.9) and (B.11), we may further assume that b =
d=q=0.
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B.3.3. Repeating verbatim the discussions in Appendix B.3 but substituting O,
@g; with O+, © £ Theorem 2.4 shows that

(B.12) ©(a,0,¢,0,m,n,p,0,t,¢,6) - Oy € I) .

for H € {ff,.. .,fg, [v%,e]}. Then by (B.12) we may assume that b=d =n =
q=0.
B.3.4. Thanks to (B.12), it remains to show that

(Blg) G(aa 0,¢,0,m,0,p,0,t,¢, 5) ' ®[vr+1 €] € I)x,c-

2

(i) First note that

2 2
As a result,
(B.14) [[v%,e], [vr+21 el = [[[Urél , e],v%],e] = —e.

In virtue of Theorem 2.4 (more precisely, Theorem 2.3(3)) and (B.14), we have

1
2
@[v# el = 5[@[%31 €l @[Urgl el

- Z([[v%76]7 [Uﬂae“af)(c — Ocas — CO)

1
B 5 Z (6[[”ﬂ ve]vza]n@[zzv[”'+176]]n)
aeS(—1) P 3

1 1
(B.15) =—1(C—co) + Ocas —

| —

D (Ol el zalt Ol o el)-
aeS(~1) 2 2

Second, by the definition of O¢,s in (2.5), Theorem 2.4 (more precisely, The-
orem 2.3(1)) implies that

k—1 w w 4 £
Ocas = Z @%i + Z 04, 0q; + Z O Oq, + Z O,y,0y: — Z Oy: 0y,
=1 =1 1=1 =1 =1
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_292 +2Z@L@ *+Z®I ,6,] +2Z® 0, *—Z[@y;,@yi]

i=1
(B.16) Z@Q +22@ 0 *+Z@z II1+2Z® Oy; — Z@[y;,yiy
i=1

Note that 7, x;, ¥}, y; are in the Lie algebra g°(0) for all 4, j. Then both [z}, z;] and

[yj’f, y;] are linear combinations of A1, ..., hi—1 by weight considerations. Moreover,
if we write [}, z;] = Zk 1l jhj, then for any 1 <7 < k — 1 we have
k-1
= lj(hT" hj) = (hrv [x;kv xl]) ([h7 ) xz] ) 601( )( xi) = ﬁ()i(hr)a

1

<.
Il

which shows that
k—

(B.17) [z}, ] = ZBOZ()

j=1

As a result,
k—1
j=1

By the same discussion as above, we can also obtain

k—

and

e
|
—

(B.20) Oy = D Pii(h;)On,.
1

<.
Il

Taking (B.18) and (B.20) into consideration, (B.16) shows that

k—1 k—1 w
Ocas = Y O3, +2Z@$1®*+ZZ@U
=1 i=1 1
k-1 ¢ 4 ”
(B.21) =D Bij(hi)On, +2) 6,0,
=1 j5=1 =1

For the last term in the final equation of (B.15), as

[[v%,e],v%] = [v%,[e,v%ﬂ + [[vr+21,vr+21],e] = —[[U#,@],U%} —h,
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we have
h
(B'22) Hv%ve]’v’él] = _§a
and then
(B'23) @[[wer ,e],vr21}”®[ULT17[Ur-;1 ellf = @(—%)’16(—%)n =0.

Since [[v#,e],u;‘]ﬁ, [ui7 [’U#,@Hﬁ € ge(o) for all 1 < < %7 then [[[v%,e],uf]ﬁ,
[u;, [v =1, e]]*] is a linear combination of hi, ..., hx_1 by weight considerations. For
any t € h¢, by definition we have 6(t) = 0. Taking (B.22) into consideration, if we
write

2

k-1
[[vess, el ui)?, ui, o, e])f] = lehj,

thenforanylgrgk—landlgig%,Wehave

(B.24) = =D ) (g il €) = — 2% (h,).

For §+1 <4 < s, it follows from (B.24) and Theorem 2.4 (more precisely, Theorem
2.3(1)) that

Olfv i1 seluilt Ofug,vrss el

2 2

= -9

Vi1 eluliy ) @[usﬂ—u[v% e]]?

= Opucproifoes el Ol

Hél 16]5u:+]—i]u

= Offvrps ety i fues i [v sy el]?]
2 2
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k—1
1
= O za[vr+1 :e”u@[[errI el ulig gt +5 Z'YOS+1 i(hj )@hJ
_7 1
=
(B25) = @[[’Ur+1 el us 1 L]”G[ US4 [’Ur+1 Le]]t + 35 2705+1 z(h )Ghj'
] 1
By the same discussion as in (B.25), we have
Olfvrss ol Oy foess ellt = Ofporss elivera - Oz plorg ell
1
(B.26) ) Z YVirr1-i(h;)On
j=1

for B2 +1<i<r.
Now combining (B.15), (B.21), (B.23), (B.25) with (B.26), we obtain

k:lw

@fv,gl, c+ c0+ Z@,%+ Z@Il@*ﬁ- ZZBOJ

i=1 j=1
kl

14
ﬁl] ehz +3 Z@y1@
1

=1 j= 1=1
1t
- Z Olweps el Os o et ~ 7 Z o5 (R
=1 =1 ]:
- 1 k= 15
(B27) - Z @ ['Ur+1 ,e],vl]ﬁ@[v ﬁ +7 Z Z 71‘7
i=1 =1 j=1

(ii) Now we introduce the proof of (B.13). If ¢ = 0, then (B.13) follows by def-
inition. Now we will consider the case with ¢ = 1. Since C — ¢ is in the center
of U(g,e), and [v?%, [v%,e]]ti = [v%, [v%,e]]ti = (—2)* = 0 by (B.22), then by
(B.27) we have

@(av 0,¢,0,m,0,p,0,t,¢, ]-) : @[U,+1 €]

=0(a,0,¢,0,m,0,p,0,t,.,0) - OF

[U+1a]

1
= fz@(a,O,c,O, m,0,p,0,t,:,0)(C —¢)

1
- Z(C - Co)e(a, 07 c, 07 m, 07 P, Ov t7 L, 0)



W -SUPERALGEBRAS AND WHITTAKER CATEGORIES 133

k—1
1
+4<;®(a 0,¢,0,m,0,p,0,t,.,0) - (©4, — A(h))
+ QZ/\(hi)@(a,O,C,O,m,O,p,O,t,L, 0) - (On, — A(h))
+Z O(a,0,¢,0,m,0,p,0,t,:,0)
+2) ©O(a,0,c,0,m,0,p,0,t,1,0) - O, 0,
i=1
k-1 w
+ZZBOJ ©(a,0,¢,0,m,0,p,0,t,:,0) - (04, — A(h;))
=1 5=1
k-1 w
+ZZ>‘ 50] (a,O,c,O,m,O,p,O7t7L,O)
=1 j=1
¢
+2) 6(a,0,¢,0,m,0,p,0,t,2,0) - ©,,0,-
1=1
k—1 ¢
- Z Zﬁi](hw)@(aa 07Ca 07 m, Oa P, 07t7 L7O) : (@hZ - A(hl))
i=1 j=1
k—1 ¢
- ZZA ﬁl] (37070707m70»Pa07t7570)>
=1 j=1
+06(a,0,¢,0,m,0,p,0,t,:,0)
1 5
< 26 Ur+1, u@ﬁ@[u [vr+1,e] 42270] @h 7>‘( ))
=1 =1 j5=1
= 3 =
1 Z Zryoj Z @[[UT+1 ’e]’vz]ue +1 ’e]]ﬁ
i=1 j=1 i=1 2
1k}71 r—21
(B.28) +EZZVD‘(’%‘)( he = Alh ZZ%] >
i=1 j=1 i=1 j=1

1
= 7Z®(a,0,c,0,m,0,p,0,t + e, t,0)

k—1
1
+ 4(Z@(am,c,o,m,o,p,mt+2ei,L,0)

i=1
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+2 Z ©(a,0,¢,0,m,0,p,0,t,:,0) - O4,0,

i=1
L
+2)"6(a,0,¢,0,m,0,p,0,,1,0) - 0,,0,;
=1
k-1 w ¢ 3 5
n <Z(2)\ +> Bo =D B =D e+ Zm) (hz‘))
i=1 j=1 J=1 J=1 j=l1
-0(a,0,¢,0,m,0,p,0,t + e;,:,0)
k—1 w 4 2 7
S OEERIOIENES SIS DENES 3o BT
i=1 =1 =1 j=1 =1

_C+CO)> '®(aao7cvo7m707p70atal/70)

- @(a, 07Ca 07 m, Oa P, 07t7 L7O)

r—1

(B.29) . (Z @[[vﬁ; ,e],ui]“g[u;‘,[vrgl et T Z @[['Urél _ye],vi]u@[v;[vrgl ,e}]n>

i=1 i=1

Now we discuss the terms in (B.29). By definition we have
©(a,0,¢,0,m,0,p,0,t +e;,1,0) € I,
and also
O(a,0,c,0,m,0,p,0,t + e;,:,0), ©O(a,0,c,0,m,0,p,0,t+2e;,:,0) € ),

for 1 <i < k— 1. For all i, j, by definition we have z} € nf (0) and y; € n’(0)
respectively, thus z7, y; are all in the span of e, with o € @ZO. Therefore,

@(a707C707maO,p,Ovtvao)'exiem;* and @(a,O,C,O,m,O,p,O,t,L,O)'@iny;‘

are in Eae¢+o U(g,e) - O, of I .. Moreover, for 1 <i < § and 1 < j < %,
since [u], [v%,e]]ﬁ, [v7, [v%,e]]ﬁ € UB€<I>+0 Ceg, then both

@<a> 0,¢,0,m,0,p,0,t,., 0) ’ 6[[vr+1 ,e],ui]ﬁg[u:,[v,+1 Lellt

2 2

and

e(av 0,c,0,m,0,p,0,t,¢, 0) ’ 6[[11 1 7e],vj]ﬁ(_)[1);.‘,[1)r+1 Le]]t
2

2
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are also in Za€<1>+0 U(g,e)-O, of I .. Apart from all the terms mentioned above,

what remains in (B.29) are

k—1 w 14 3 ';1
1
O EERROITED ST SEUES oot ) [ORTERe
i=1 j=1 j=1 j=1 j=1
(B.30) -O(a,0,¢,0,m,0,p,0,t,0).

Thanks to our assumption in (2.8), (B.30) must be zero.
Taking all the above into consideration, we finally obtain (B.13).
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