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Plurisubharmonic Functions on Affine Line
Bundles over Compact Kahler Manifolds
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Takayuki KOIKE and Tetsuo UEDA

Abstract

We investigate function-theoretic properties of holomorphic affine line bundles over com-
pact Kéhler manifolds. We discuss existence of (strictly) plurisubharmonic functions on
the total space of such a bundle. Further, we give a precise restriction from below on the
growth of such functions. This gives refinements of some previous results due to one of
the present authors. In the proof, we construct a plurisubharmonic exhaustion function
satisfying the Monge—Ampere equation and look at the foliation induced by this function.
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§1. Introduction and the statement of results

Let X be a compact complex manifold and Y a complex hypersurface in X. The
complement X = X \Y sometimes exhibits function-theoretically interesting prop-
erties. It is known that there are examples of X that have the following properties
simultaneously: (i) X is Stein, hence it admits a wealth of holomorphic functions;
(ii) every non-constant holomorphic function on X has Y as essential singularity,
hence X is not affine algebraic. These properties can be derived from statements
about plurisubharmonic functions on X. Property (i) follows from the existence of
strictly plurisubharmonic exhaustion function on X, and property (ii) comes from
showing that any plurisubharmonic function on X increases rapidly near Y. (See
[8] and also the remark at the end of this section.)
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In the present paper we will examine the following concrete example: Let
m: X — M be a projective line bundle over a compact Kihler manifold M, that
has a global section Y whose normal bundle is topologically trivial and X is the
complement of Y. We will give a concrete form of (strictly) plurisubharmonic
functions and a refined form of restriction on the growth of plurisubharmonic
functions.

Let M be a compact complex manifold and 7: X — M be an affine line
bundle over M, i.e., a holomorphic fiber bundle that has the complex line C as
typical fiber and affine automorphisms of C as structure group. Choosing an open
covering {U;};er of M we can describe the structure of X as follows:

(i) For each i, there is a trivialization
7T_1(Ui) = Uz x C
so that a point x € 7~(U;) can be identified with (p,w;) € U; x C, where

p = 7w(z) and w; is the fiber coordinate.

(ii) For ¢, j with U; NU; # 0, fiber coordinates are transformed as
w; = a;;(p)w; + bi;(p)
on 7 *(U; N Uj), where a;;(p) is a non-vanishing holomorphic function on
U;NU; and by (p) is a holomorphic function on U; N U;.

We can compactify each fiber 7=1(p), p € M by adding a point at infinity, and
we obtain a Pl-bundle 7: X — M with the infinity section Y so that X = X \ Y,
i.e., m: X — M is the P'-bundle obtained by the fiberwise projectivization of the
rank-2 vector bundle over M defined by

aijbij
01/’

which actually defines a rank-2 vector bundle since one can check the 1-cocycle
condition by using equations (1.1) and (1.2) below.
Now, since (a;;) satisfies the cocycle condition

(1.1) Ai505k = Qik,

this defines an element in H'(M, O*). We denote by Ex the complex line bun-
dle defined by (a;;). Further, we denote by ¢1(Ex) the first Chern class of Ex
and by ¢ r(Ex) the real first Chern class, i.e., the image of ¢;(Ex) under the
homomorphism H?(M,Z) — H?(M,R). Now, since we have

(1.2) bij + aijbjr = bik,
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we can regard (b;;) as a l-cocycle of holomorphic sections of Ex and hence an

element in H'(M,O(Ex)).
Now we assume the following conditions:

(a) The first Chern class ¢1(Ex) of Ex is torsion, i.e., ¢ r(Ex) = 0 (note that
this condition implies that Ex is topologically trivial when M is a compact
Riemann surface).

(b) The affine line bundle X is not isomorphic to the line bundle Fx.
We note that condition (b) is equivalent to saying that (b;;) # 0 as an element
in H'(M,O(Ex)), or that the affine line bundle X does not admit a holomorphic

section (see Abe [1]).
The following three theorems are the main results of the present paper.

Theorem 1.1. Let M be a compact Kahler manifold and w: X — M an affine
line bundle satisfying conditions (a) and (b). Then there exists a plurisubharmonic
exhaustion function ¥(zx) on X such that

U(z) ~1/dist(z,Y) asx—Y.

Here, dist(z,Y) denotes the distance of x from the infinity section Y with respect
to a Riemannian metric on X.

Theorem 1.2. Let 7: X — M be as in Theorem 1.1.

(1) If dim M = 1, i.e., if M is a compact Riemann surface, then there exists a
strictly plurisubharmonic exhaustion function ®(x) on X such that

O(x) ~1/dist(z,Y) asz—Y.

In particular, X is a Stein manifold.

(2) If dim M > 2, then X does not admit a strictly plurisubharmonic function. In
particular, X is not a Stein manifold.

Theorem 1.3. Under the same situation as above, let V' be an open set with
Y CV CX, and let p(x) be a plurisubharmonic function on V \'Y . Suppose that

o(z) =o(1/dist(z,Y)) asz—Y.

Then there is an open set Vo with Y C Vo C V such that ¢(x) is a constant on
W\Y.

In the proof of Theorem 1.1 we give a concrete form of the function W. We
note that Ohsawa [6, 7] introduced this function ¥ and showed that its square W2
is plurisubharmonic.
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This function ¥ satisfies the Monge-Ampere equation (90¥)? = 0 and hence
it is nowhere strictly plurisubharmonic. In the case dim M = 1, we can produce a
strictly plurisubharmonic function by modifying ¥ (Theorem 1.2(1)). As for the
case dim M > 2, we note that a more general result is obtained by Ohsawa [5].

The (1,1) form 90V defines a foliation (Monge-Ampere foliation) F. The
function ¥ is pluriharmonic when restricted to each leaf of 7. Whereas the leaves
of F are holomorphically immersed submanifolds, it is not a holomorphic foliation.
Theorem 1.3 is proved with the aid of this foliation.

Remark. Here we discuss the results of [8] as the background to the present
paper. Let C' be a compact complex curve embedded in a 2-dimensional complex
manifold (not necessarily compact nor Kéhler) with topologically trivial normal
bundle. The complex normal bundle N¢ of C is defined to be the restriction [C]|¢
of the line bundle [C] to C. If N¢ is topologically trivial, No can be given a
structure of unitary flat line bundle, and N¢ can be extended to a unitary flat
line bundle F over a neighborhood of the curve C. The type n (n = 1,2,..., or
00) of the embedded curve C is defined to be the order of coincidence of [C] and
F around C'. In the case where C' is of type n < oo, the following facts are proved
in [8]:
(1) For any € > 0, there exist an open set V' containing C' and a strictly plurisub-
harmonic function ®(x) on V'\ C such that ®(z) ~ 1/ dist(x,C)"*¢ asz — C.

(2) If V is an open set containing C' and ¢(z) is a plurisubharmonic function on
V'\ C such that ¢(x) = o(1/ dist(x, C)"~¢), then there is an open set V; with
C C Vo C V such that ¢(x) is constant on V.
In the situation of the present paper, the infinity section Y is embedded in
X with topologically trivial normal bundle by condition (a), and it is of type 1 by
condition (b). Therefore, our present results are considered to be refinements of
the results in [8] in concrete examples of ruled surfaces.

§2. Construction of a plurisubharmonic exhaustion function

Let 7: X — M be an affine line bundle over a complex manifold and let {w;} be a

collection of fiber coordinates for an open covering {U;}. We will say that {w;} is

a collection of admissible fiber coordinates if the following conditions are satisfied:
(1) a;; are constants with |a;;| = 1.

(ii) b;; are constants.

(iii) There exist anti-holomorphic functions g; on U; such that

gi = a;;9; + bij on U; N Uj.
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Proposition 2.1. Let 7: X — M be a holomorphic affine line bundle over a
compact Kdhler manifold M. If the Chern class c1(FEx) of the associated line
bundle Ex is torsion, then there is a collection {w;} of admissible fiber coordinates
for an open covering {U;} of M.

Proof. By [8, Prop. 1], the line bundle Ex has the structure of flat line bundle,
Hence there are non-vanishing holomorphic functions a; on U; such that aijaiaj_l
are constants of modulus 1 on U; N U;. By replacing w; with a;w; on 71'_1(Ui)7 we
may assume that condition (i) is satisfied.

Now Ex is a flat line bundle and the notions of constant, holomorphic, anti-
holomorphic and pluriharmonic sections of Ex are well defined. We denote by
O(Ex) [resp. H(EXx)] the sheaves of holomorphic [resp. pluriharmonic| sections
of Ex.

Since {bij} satisfies the condition b;; + ai;b;; = b, it is regarded as an
element in H'(M, O(Ex)). By [8, Prop. 2], the homomorphism H'(M,O(Ex)) —
HY(M,H(Ex)) is a zero map. Hence there are pluriharmonic functions h; on U;
such that

hi = aijh; + byj.

We write h; = f; + g; with holomorphic f; and anti-holomorphic g; on U;. Then
bij—(aijfj—fi) :aijjj—@ on UlﬂU]

Both sides are holomorphic anq anti-holomorphic at the same time, hence a con-
stant, which we will denote by b;;. We define new fiber coordinates @; on 7~ (U;)
by

w; = w; — fi(p).
Then we have

@ = ai;0; + bij.

Further, w; = g¢;(p) defines a global anti-holomorphic section over M, since
aijg;(p) — 9i(p) = b;

;- Thus the proposition is proved. O

Remark. The section o is unique if F is not analytically trivial. Additionally, it
is non-constant if we assume the condition (b).

Proof of Theorem 1.1. In what follows we assume that {w;} is a collection of
admissible fiber coordinates.

We define the function ¥(x) as the distance of = from the anti-holomorphic
section o(M) on each fiber, namely,

U(x) = |w; — g;(p)] on 7 N(U;) 2 U; x C.
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This function ¥(x) is well defined on X, since

w; — gi(p) = aij(w; — gi(p)) on 7 HU; NU;)

with |a;;| = 1. It is clear that ¥(x) is an exhaustion function on X and that it is
real analytic on X \ o(M).

Now we show that the function ¥(z) is plurisubharmonic but nowhere strictly
plurisubharmonic on X.

In the following calculations, we will work on 7~1(U;) and suppress the suf-
fix 7. The anti-holomorphic section o is expressed as w = @, where g(p) is a

holomorphic function on U;. We write

wi=w— g(p).

Then
(z) = (ui)'/?

and

DOV = 1(mz)*ﬁ/z{m 90 (uw) — O(uw) A d(uw)}

4
= %(uﬂ)*?’/z{zuﬂ(au A Ou+ 0t A Ou) — (4wdu + wdu) A (udu + udu)}
= i(uﬂ)_?’/?(ﬂau —udu) A (w0t — @ ou)

= %\Il(x)_3(ﬂ dw + udg) A (wdw + udg).

The Levi form Ly of ¥ is the quadratic form associated to the (1,1) form v/—190%,
and it is expressed, with respect to the coordinates (z,w) = (21, 22, .. ., 2n, W), as

1
Ly(x;dz, ..., dz,, dw) = E\I/(x)_3|udg(z) + @ dwl?.

This is semipositive and degenerates on the subspace of the tangent space at x
which is given by the condition udg+ @ dw = 0 for any point z in 7=1(U;) \ o(U;).

This shows that U is plurisubharmonic on X \ o(M). Obviously, ¥ is plurisub-
harmonic also at the points on o(M). O

Remark. It has been shown in Ohsawa [6, 7] that ¥? is a plurisubharmonic

exhaustion function on X.

§3. Existence of strictly plurisubharmonic exhaustion functions

In this section we will give a proof of Theorem 1.2.
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First we consider the case dim M = 1. We begin with constructing an exhaus-
tion function that is strictly plurisubharmonic almost everywhere on X by modi-
fying the function ¥ which we constructed in the previous section. We define

B(r) = (14 U(2)?)"/2.

We calculate 90® on 7~ 1(U;), with the same notation as in the calculation of .
We have ®(z) = (1 + ua)'/? and

0P = i(l + @) 732 2(1 + wi) 00(uw) — O(uw) A O(uu)}
= i(l + @) "3/2{200(ut) + (@du — udu) A (udi — udu)}
= i@—3{2(dedw +dg A dg) + (tdw + udg) A (Gdw + udg)}.
Hence the Levi form of @ is given by
Lo (s dz,dw) = 20{2((duf? + |dg(2)?) + lidw + udg(=)[?},

where z denotes a coordinate on U;.
Now we set

Z = U{p eU; | dgi(p) = 0}.

Since g; are non-constant, the set Z consists of a finite number of points. The
calculation above shows that Lg(z; dz, dw) is positive definite except at the points
on 7 1(Z).

We will modify ® on a neighborhood of 7=1(p) for each p € Z to obtain a
strictly plurisubharmonic function on all of X.

Let pp € Z and choose a coordinate neighborhood A = {z € C | |z| < 1} with
center py. We assume that A is sufficiently small so that AN Z = {po}.

We take a real-valued C'* function p(z) on A with compact support such that

p(2) = [2* on Ayyp = {|2] <1/2},

and set

where z € 771(A) and z = 7(z).
Lemma 3.1. We have the following estimates of the Levi form of n:

(1) There exists a number A such that
| Ly (;dz, dw)| < AD™3(|dz|? + |dw|?)

when z € 7 1(A).



146 T. KoiKkE AND T. UEDA

(2) There exists a number r with 0 < r < 1/2 such that

Ly(z;dz, dw) > =®73(|dz|* — |dw]?)

DN | =

when x € 77 1(A,), where A, = {|z| < r}.

Proof. On 7=1(A) we have
20N = 300p+ 0P 3 Np+0pAODP >+ pdod 3

and assertion (1) follows easily.

Now, on m~*(Ay/5), we have

00n = ®3dz ANdz + o,
where we have set
a=200 3 NdZ+2dz NODP 3 + |22 00D 3.
If we denote by Q(x; dz, dw) the quadratic form associated to the (1,1) form /—1c,
we have
|Q(x; dz, dw)| < B|z|®3(|dz|* + |dw]|?)

for some constant B. We choose r so that 0 < r < min{%, ﬁ} Then
1
|Q(w; dz, dw)| < S873(|dz|” + |dw|?)

on 7 H(A,).
Thus we have

L,(7;dz, dw) = ®73|dz|* + Q(z; dz, dw)
> L6 (d=f? — |dwP)
on 77 1(A,). Thus Lemma 3.1 is proved. O
Now we return to the proof of Theorem 1.1 and consider the function
D (z) = O(x) + en(z).

In what follows, we let r be a positive number which satisfies the condition in
Lemma 3.1(2). On 7~ !(A,) we have

Lo (z;dz, dw) = Le(x; dz, dw) + eLy(x; dz, dw)
1
293

1
= ﬁ(dd,ﬂ2 + (1 —¢)|dwl|?).

> 5o (ldwf® +e(|dzf* — |dw]*))
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This shows that Lg, is strictly positive at every point in 7~1(A,.) whenever 0 <
e<1.
On 77 1(A\ A,), we have

Lo(x;dz, dw) > ~®3(8|dz|* + |dw|?),

N =

where
§ =min{|g'(z)| | z€ A\ A} > 0.

Hence

Lg_(z;dz, dw) > ~®73(8|dz|? + |dw|?) — e AD3(|dz|* + |dw]|?),

N |

which is positive definite when ¢ is sufficiently small.

Thus ®.(z) is strictly plurisubharmonic at any point in 771(A) when ¢ is
sufficiently small. By performing the same procedure for every point in Z, we
obtain a strictly plurisubharmonic function on X with the desired properties. This
completes the proof of Theorem 1.2(1).

Now we deal with the case dim M > 2. Suppose that ¢(z) is a plurisubhar-
monic function on X. Let r be a non-negative number and put

Sr={zeX|V¥(x)=r}.

Then ¢(z) takes its maximum on the compact set X, at a point z* € X,. We
suppose z* € 7~ 1(U;). Identifying 7= (U;) with its trivialization U; x C, we denote
xz* = (p*,w}). Let

Z={z=(pw;) € v ' (Uy) | 9i(p) = gi(p*), w; =w;}.

Then Z is an analytic subset of positive dimension in 7~(U;), containing x*.
Further, Z is contained in 3., since

U(z) = |wi = gi(p)| = lw; — gi(p*)| = ¥ (z").

Then ¢(x) is constant on the set Z by the maximum principle. This shows that
() is not strictly plurisubharmonic and Theorem 1.2(2) is proved. O

8§4. Growth condition on plurisubharmonic functions

We set Xg = X \ 0(M). As we noticed in the proof of Theorem 1.1, the plurisub-
harmonic function ¥(z) is real-analytic on Xy and its Levi form Ly degenerates on
the subspace of the tangent space at € X given by the condition @ du—u du = 0,
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where u = w — g(p). In other words, the tangent bundle Tr C T, of the Monge—
Ampere foliation F on X, of 90V satisfies

(TF)y = {v € (Txy)x | (t0u — udu,v) = 0}

for each z € Xy, where T, is the holomorphic part T1% X, of the decomposition
TCXy =T"9X, @ T Xy of the complexified bundle TC X of the tangent bundle
of the C> manifold Xg. Here, the Monge—Ampére foliation induced by OOV is the
foliation such that the tangent vectors of leaves are eigenvectors of Ly belonging
to the eigenvalue 0. Generally, it is known that such a foliation exists when W is
plurisubharmonic and the dimension of the 0-eigenspace of its complex Hessian is
constant, and that each leaf of it is a holomorphically immersed submanifold (see
[2] and [4, §3.2.2] for example).

First let us give an explicit description of the leaves of F. Since complex
conjugation of the equation above gives % du—u 0t = 0, this condition is equivalent
to

tdu —udu=0

or
dlog(u/u) = 0.

Hence the integral manifolds of this equation are given by

arg(w — g(p)) =0,

where # € R are arbitrary constants. Setting A\ = e, this equation can be put in
the form

Aw —g(p)) = Mw — g(p)),

or

Mw + Ag(p) = Mo + Ag(p).
From this we know that, for any real number r, the Levi form Ly degenerates on
the complex curve defined by

Aw + Ag(p) = 7.

Thus we have that leaves of the foliation F are locally given by the equations
above.

To prove Theorem 1.3, let us describe this foliation F and its leaves more
closely. For that purpose, we define a family of holomorphic sections 7, of X
over U; by

wi = Ar — Ngi(p),
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or
Aw; + Agi(p) = r

with |[A| =1 and r € (2Re(Agi(p)), 00) C R.

Lemma 4.1. We have the following for the family of holomorphic sections -

(1) For any point x = (p,w) € 7~ 1(U;), there exists a unique section Var] Passing
though x, which is given by q — (q, \r — X\2g(q)) with

NSt 1G]
on = (=i >|)

(2) The sections vz, satisfy the differential equation

(@ — g(p)) dw — (w — g(p)) dg = 0.

Proof. (1) This follows from Aw + Ag = 7 and its conjugate A\w + \g = r.

(2) By differentiating Mw + Ag = r one has Adw + Adg = 0. Since A\ = (w —
g(p))/|w — g(p)|, the assertion holds. O

Lemma 4.2. The restriction of ¥ to a leaf of the foliation F is a non-constant
pluriharmonic function.

Proof. This is clear since the differential equation above defines in the tangent
space the direction on which the Levi form degenerates. We can also directly
verify this: We have

U0y (p) = [Ar — Xg(p) — g(p)|

=|r—Ag(p) — Ag(p)
= |[r —2Re(Ag(p))|
=17 —2Re(\g(p)),

which is harmonic except at the points where ¥ vanishes. O
Remark. Suppose that U; N U; # ). Consider a section given by
Aw; + \g; = 7.

Then we have
AMagjw; = bij) + M@ijg; — big) = 7.

Thus in the fiber coordinate w;,

Nw; + Ng; =1
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holds for \' = A@;; and 7’ = r + 2Re(\b;;), from which one can concretely check
that sections vy ,) glue together to give a global foliation (note that this fact itself
is nothing but a simple conclusion from Lemma 4.1(2) and the definition of the
foliation F).

Lemma 4.3. Let V be an open set such that Y C V. C X \ o(M) and let L be
a connected leaf of the restriction of the foliation F to V. Then the restriction of
the function ¥(x) to L is unbounded from above.

Proof. Suppose that ¥|L is bounded from above and put B = sup,; ¥(z). We
choose a sequence {x,} of points in L such that ¥(z,) — B (n — o). By
shifting to a subsequence we assume that {z,,} converges to a point 2o in X. Then
29 € V\Y and ¥(zg) = B. We choose U; such that zq € #~(U;). For sufficiently
large n, we have z,, € 7~ 1(U;). We denote by =, the connected component of
LNn7=Y(U;) that passes through z,,. Then v, is expressed by w; = A\,7, — A2g:(p).

Since ¥(x) < B on 7, we have ¥(z) < B on vy. The restriction of ¥(z) to vo
is pluriharmonic and takes the value B at xzy. Hence, by the maximum principle
U(x) is constant on 7y, which contradicts Lemma 4.2. O

We set
Xp={reX|¥(z) >R}
and
Sp={reX|¥(z) =R}
for R > 0.

Lemma 4.4. Any bounded plurisubharmonic function on Xg (R > 0) is constant.

Proof. By a theorem of Grauert and Remmert [3], any plurisubharmonic function
@ on Xp is extended to a plurisubharmonic function on Xz UY, which we denote
by the same letter ¢. We will prove that ¢ is constant on Xg/ for any R’ > R.
The function ¢ takes its maximum B on Xgs at a point z¢ € X /. Since U(zg) =

lwo — g(po)| = R, we can write

wo — g(po) = R'A,

where A is a complex number with |[A| = 1. We define a holomorphic section
s: A — 77 1(A) by s(p) = (p, h(p)), where

h(p) = wo + A*(g(p) — g(po)).-
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Then

U (p, h(p)) = lwo + A*(g(p) — 9(po)) — 9(p)|
= |R'A+ g(po) + A (9(p) — 9(po)) — 9(p)|
)

= |R" +2iIm(A(9(p) — 9(po)))|
>R.

This shows that s(A) C Xgs. The function ¢(s(p)) is subharmonic and attains its
maximum B at pg, and so ¢(s(p)) = B identically on A. Further, since g(p) is
non-constant by the assumption, s(A) contains an interior point of Xg/. Thus ¢
takes its maximum at an interior point of Xz and hence is constant on Xg.. [

Proof of Theorem 1.3. Suppose that ¢(x) is a plurisubharmonic function on V\Y.
Take a sufficiently large real number R such that Xpg is relatively compact in V.
We set Vo = XgrUY.

By Lemma 4.4, it is sufficient to lead to the contradiction by assuming that ¢
is unbounded from above. We can assume that ¢(x) < 0 on the boundary of 9V,
by subtracting a constant. If ¢(x) = o(1/dist(z,Y")), we have

o(x)

li =0.
A W)

If ¢(x) is unbounded above, it takes a positive value at some point in V. Hence

% attains its maximum B > 0 at some interior point zg of V. Hence we have

p(z) — BY(z) <0 (z€Vp)

and
o(zp) — BU(xg) = 0.

Let Lo be the leaf of the foliation F that passes through xy. The restriction of
o(z) — BY(z) to Lg is subharmonic and attains its maximum at xo. By the maxi-
mum principle, we have ¢(x) — B¥(z) = 0 on Lg. This contradicts the assumption
that ¢(x) = o(¥(x)) (x = Y). Theorem 1.3 is thereby proved. O
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