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An Analogue of the Dichotomy Conjecture on
Monoidally Distributive Posets

by

Ryo KaTo

Abstract

Hovey [in: The Cech centennial (Boston, MA, 1993), 1995, 225-250] proposed the dichot-
omy conjecture on the stable homotopy category of spectra. Hovey and Palmieri [in:
Homotopy invariant algebraic structures (Baltimore, MD, 1998), 1999, 175-196] proved
many interesting facts around the dichotomy conjecture from the viewpoint of the Bous-
field lattice. The author, Shimomura and Tatehara [Publ. Res. Inst. Math. Sci. 50 (2014),
497-513] defined the notion of monoidally distributive posets as a generalization of the
Bousfield lattice. In this paper we consider an analogue of the dichotomy conjecture on
monoidally distributive posets, and prove several results around the analogue.
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§1. Introduction

Let p be a prime number and S, the stable homotopy category of p-local spectra.
For a spectrum X € S, a spectrum W is X -acyclic if X AW = 0, and a spectrum
V' is X-local if any morphism W — V is trivial for any X-acyclic spectrum W.
A spectrum X has a finite acyclic (resp. a finite local) if there exists a finite and
X-acyclic (resp. X-local) spectrum. Hovey [1] proposed the following conjecture.

Conjecture 1.1 (Dichotomy conjecture [1, Conj. 3.10], [2, Conj. 7.5]).  Every
spectrum has either a finite acyclic or a finite local.

For a spectrum X € S, the Bousfield class (X) is defined to be the class
consisting of X-acyclic spectra. Ohkawa showed that the collection B of Bousfield
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classes is a set [4]. This set has a lattice structure given by (X) < (V) & (X) D
(Y'). This lattice is called the Bousfield lattice (of Sp). The author, Shimomura
and Tatehara [3] defined monoidally distributive posets as a generalization of the
Bousfield lattice B (see Section 2). Our aim in this paper is to consider an analogue
of Conjecture 1.1 (and some related topics) on monoidally distributive posets.

Let B be a monoidally distributive poset. Then B is a lattice and also a
commutative monoid with 0. For any x € B, we have an operation a: B — B
given by a(x) = \/{w € B: wz = 0} (see (2.4)), and we define

BA={ze€B:zVa(z)=1},
M = {z € B: z is minimal},
M =9mn BA.

Hereafter, we denote by V and A the join and the meet, respectively. The subset
MY is defined by

MY ={V\,,cgm: S is a finite subset of M }.

We remark that if S = &, then \/,,.¢m = 0. A nonzero element d € B is a
dichotomizer if

B=M"Utd,
where 1 d = {z € B: > d} (see Section 4).

Problem 1.2 (Dichotomy problem). What is a condition on B to which B has a
dichotomizer?

Remark 1.3. In Section 6, we consider the monoidally distributive poset B, the
Bousfield lattice of the stable homotopy category. From the viewpoint of this paper,
Hovey and Palmieri [2] claim that the Bousfield class (I) of the Brown—Comenetz
dual of the sphere spectrum is a candidate of a dichotomizer (Proposition 6.8). In
particular, we may consider that Problem 1.2 is an analogue of Conjecture 1.1 on
monoidally distributive posets. It is not difficult to see that MY Ua(M") is a proper
subset of B (see the proof of Theorem 6.9), where a(MY) = {a(z): z € M"}.
Furthermore, we know that (I) satisfies (I)> = 0 [2, Lem. 7.1(c)]. Besides, if
Conjecture 1.1 holds, then (I} is minimal [2, Lem. 7.8]. With this background,
Theorem 1.6 below supports Conjecture 1.1.

In this paper we prove the following results.

Theorem 1.4. If B has a dichotomizer, then BA = M"Y Ua(M"). Furthermore,
if M is an infinite subset of B, then MY Na(MV) = @.

This is an analogue of [2, Cor. 7.11] on monoidally distributive posets.
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Remark 1.5. In general, MV Na(MV) # @. For example, in the case for B =
{0,1}, we have M = {1} and so MV = {0,1}. Hence, by (2.5), we have a(M") =
0,1} = M.

We put & = {z € B: 22 = 0}.

Theorem 1.6. Suppose that MY U a(MV) is a proper subset of B. If B has
a dichotomizer d, then MY Ntd = @ and M N S = {d}. In particular, if a
dichotomizer exists, then it is unique.

We prove Theorems 1.4 and 1.6 in Section 4.
As a typical example of monoidally distributive posets, we have 8(Z/n) for
n > 2 (see Section 5). In Section 5, we prove the following.

Theorem 1.7. Suppose that MV Ua(M") is a proper subset of B(Z/n). Then an
element d € B(Z/n) is a dichotomizer if and only if MN &S = {d}.

Conjecture 1.8. Suppose that MY U a(M") is a proper subset of a monoidally
distributive poset B. Then an element d € B is a dichotomizer if and only if
MNS = {d}.

§2. Monoidally distributive posets

First we recall the definition of monoidal posets.

Definition 2.1 ([3, Def. 2.4]). A monoidal poset B consists of the following data:
(1) (B,<) is a poset.
(2) (B,-,1,0) is a commutative monoid with 0.
(3) For any = and y in B, the following are equivalent:

* <y

e wy =0 for w € B implies wz = 0.

Hereafter, we denote zy = x - y. We also denote by V and A the join and the

meet, respectively.

It is easy to see that O (resp. 1) is the minimum (resp. maximum) element.
Furthermore, we note that

(2.2) z < y implies wzr < wy for any w € B.

Indeed, for any ¢ € B, x < y implies cwy = 0 = cwz = 0. In particular, for
any x and y, we have x > zy and y > xy, and so x Ay > xy.
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Definition 2.3 ([3, Def. 3.6]). A monoidal poset B is a monoidally distributive
poset if the following hold:

(1) B is a complete lattice.
(2) For any x € B and {yx}x C B, we have z(\/, yx) = V,(zy»).

Hereafter, we assume that B is a monoidally distributive poset. We define
(2.4) a: B — B; x»—>\/{w€B:ij:0}.
It is easy to see that
(2.5) a(0)=1, a(l)=0.
We also have
(2.6) za(x) =0 for any z € B.
Indeed, za(x) = z(\V/{w € B: wz = 0}) = \/{wz: wx =0} =0.
Proposition 2.7 ([3, Prop. 3.8]). For any = and y in B, the following hold:

(1) z <y implies a(x) > a(y).

(2) 2y =0 if and only if x < a(y).

(3) a*(z) = z.

Proof.

(1) We note that « < y implies {w € B: wx =0} D {w € B: wy = 0}. Therefore,
a(z) = \{w € B: wr =0} > \V{w € B: wy =0} = a(y).

(2) If xy = 0, then = € {w € B: wy = 0}. Hence z < \/{w € B: wy = 0} = a(y).
Conversely, if x < a(y), then zy < a(y)y = 0 by (2.2) and (2.6).

(3) By (2.6) and (2), we have x < a*(z). From (1), we obtain a(z) > a3(z).
On the other hand, a(z)a?(z) = 0 and (2) imply a(z) < a®(z). Therefore,
a(z) = a®(x). Thus, we have

wr=0 & w<a(zx) by (2)
& w < d®(x) = ad®(2)
& wa?(r) =0 by (2),
and therefore z = a?(z). O

Lemma 2.8. For any z and y in B, we have a(zAy) = a(x)Va(y) and a(zVy) =
a(x) Aa(y).
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Proof. First we show that a(z A y) = a(z) V a(y), that is, a(x A y) is the least
upper bound of {a(x),a(y)}. By Proposition 2.7(1), a(x A y) is an upper bound of
{a(x),a(y)}. If z is an upper bound of {a(x),a(y)}, then z > a(x) and z > a(y).
By (1) and (3) of Proposition 2.7, we have a(z) < a?(z) = z and a(z) < a*(y) = v,
and so a(z) < x Ay. Thus z = a?(z) > a(z Ay), and we see a(z Ay) = a(z) Va(y).

The second claim is given by a(z Vy) = a(a?(z) V a®(y)) = a®(a(x) Aa(y)) =
a(z) A a(y). O

§3. The subset MV

We consider a subset
BA={z € B:zVa(z)=1}.
By (2.5), the elements 0 and 1 are in BA. We also note that
(3.1) x € BA & a(x) € BA.
Lemma 3.2. If z is in BA, then 1 = z.
Proof. By (2.6), we have 2% = 22 V za(z) = x(x Va(z)) =z -1 = . O
Lemma 3.3. The following are equivalent:

(1) BA is a proper subset of B.

(2) There exists a nonzero element y such that y* = 0.

Proof. If there exists © € B\ BA, then = V a(x) # 1. Thus, we have a nonzero
element y such that y(z V a(z)) = 0. This implies yz = 0 and ya(z) = 0. Hence
y < a(z) and y < x by Proposition 2.7. We then have y? = yy < xa(z) = 0 by
(2.2). Conversely, if y # 0 and y? = 0, then y € BA by Lemma 3.2. O

Lemma 3.4 (Cf. [2, (e) and (f) of Lem. 4.3]). Ifz and y are in BA, then xy and
xVy are in BA.

Proof. Assume that z,y € BA. We then have

zy Va(zy) > zyVa(z Ay) by (2.2) and Proposition 2.7(1)
=zy Va(z) Valy) by Lemma 2.8
> zy Valx)yValy) by (2.2)

(zVa(z))yValy) =yValy) =1



282 R. KaTo

and
xVyValzVy)=zVyV(a(z)Aaly)) by Lemma 2.8
>ax Valx)yValx)a(y) by (2.2)
=z Va(r)(yValy)) =z Va(r) =1
Therefore, xy and x V y are in BA. O
We define
(3.5) M = {z € B: r is minimal}, M =9 NBA
and
(3.6) MY ={V,,cgm: S is a finite subset of M }.

We remark that S = & implies \/,, . m = 0. We also define a(M") = {a(x): z €
MY}, From (3.1) and Lemma 3.4, we obtain the following corollary.

Corollary 3.7. MY Ua(MV) C BA.
Lemma 3.8. For any m € M and x € B, the product mx is either 0 or m.
Proof. By (2.2), mz < m. Since m is minimal, mx = 0 or mz = m. O

Lemma 3.9. For any m and m' in M,

, 0, m #m/,
mm’ =
m(=m'), m=m

Proof. We take m and m’ in M = 9N BA. First we consider the case for m # m’.
Note that mm’ < m and mm’ < m/. Since m and m’ are minimal, if mm’ # 0,

then m = mm’ = m/, which is a contradiction. Therefore mm’ = 0. In the case for

2 = m by Lemma 3.2. O

m =m’, since m € BA, we have mm/ =m
Corollary 3.10. If m is minimal and c is nilpotent, then mc = 0.

Proof. By Lemma 3.8, we have mc = 0 or m. We note that ¢ = 0 for some n > 1.
If me = m, then m = me = (me)e = --- = mc"™ = 0, which is a contradiction. [

For a subset T of B, we define

IT={xeB:z<tforsometecT}
t1T={reB:x>tforsometecT}

and, for x € B,
lz=1{z} and tTz=1{z}
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Lemma 3.11. Ifx € BAN1Ty, then xy = y.

Proof. Since © € BAN Ty, we have z V a(z) = 1 and ya(z) = 0 by Proposi-
tion 2.7(2). Hence y = y(z V a(x)) = xy V ya(z) = xy. O

Remark 3.12. Lemma 3.2 is a corollary of Lemma 3.11. Indeed, if x € BA, then
x € BAN1 z. This and Lemma 3.11 imply 2% = z2 = .

For the sake of simplicity, we denote

=\t

teT

Lemma 3.13. We have | MY = MY and T a(MY) = a(MV).

Proof. First we prove that | MY = MV. It is easy to see that | MV > M. If
x €} MY, then x < \/ S for a finite subset S of M. Then we have

T = x(\/ SV a(\/ S)) by Corollary 3.7
= a:(\/ S) \Y a:a(\/ S) = :c(\/ S) by Proposition 2.7(2)

= \/ Tm = \/ m by Lemma 3.8,
meS rm=meS
and so x € M. Therefore | MY C MV.
Next turn to t a(MY) = a(MVY). It suffices to show that 1 a(MY) C a(MV).
If z € T a(MY), then z > a(z) for some z € M. By Proposition 2.7, we have
a(z) < z, and so a(x) € | MV. Since | MY = MV, we have a(z) € MV, which
implies z € a(M"). Therefore + a(MY) C a(M"). O

Lemma 3.14. If two subsets S and T of M satisfy \/ S <\ T, then S CT.

Proof. If S ¢ T, then there exists mg such that mg € S and mg ¢ T. By
Lemma 3.9, we have mg(\/ S) = /,,cg mom = mgo # 0and mo(\/ T) = \/,,,cp mom
= 0. Therefore \/ S £ \/ T. O

Proposition 3.15. If M is an infinite subset of B, then MY Na(MV) = &.

Proof. Assume that MV Na(M") # @. Then we have an element x € MY Na(M"),
that is, \/ S = ¢ = a(\/ T) for some finite subsets S and T of M. If m € M \ S,
then m(\/S) = 0 by Lemma 3.9. We then have m (= \/{m}) < a(\/S) = VT
by Proposition 2.7. This implies m € T by Lemma 3.14, and therefore we have
M\ S C T. However, since M \ S is an infinite subset and T is a finite subset, this
is a contradiction. O
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§4. Dichotomizer

First we define the notion of dichotomizer.
Definition 4.1. A nonzero element d € B is a dichotomizer if
B=M"U1d.
Remark 4.2. If B = MV, then any nonzero element is a dichotomizer.
We consider a subset
& ={x € B:2*=0}.
Lemma 4.3. If d is a dichotomizer, then d belongs to & U a(MVY).

Proof. Assume that d is a dichotomizer and d € &. Then we have d? # 0, and so
d £ a(d) by Proposition 2.7(2). Hence a(d) € 1 d. Since B = MY U1 d, we have
a(d) € MV. Therefore, d € a(MV). O

Lemma 4.4. If MY Ua(M") is a proper subset of B, then any e € a(MV) is not
a dichotomizer.

Proof. For any e € a(M"), we have T e C 1 a(M") = a(M") by Lemma 3.13.
This implies MYU 1 e C MY Ua(M"). Since MY U a(MV) is a proper subset of
B, we have MVU 1 e # B, and therefore e is not a dichotomizer. O

From Lemmas 4.3 and 4.4, we obtain the following.

Corollary 4.5. If d is a dichotomizer and MY U a(M") is a proper subset of B,
then d? = 0.

Proposition 4.6. If MY Ua(MV) is a proper subset of B, then every dichotomizer
is mainimal.

Proof. Assume that d is a dichotomizer and x < d. This implies x ¢ 1 d. Since
B = MY U*%d, we have z € MV, and so x = \/ S for a finite subset S of M. If
S # &, then there exists m € S. Hence m < \/ S = 2 < d. On the other hand, we
have m? = m # 0 by Lemma 3.2, and md = 0 by Corollaries 3.10 and 4.5. This
contradicts m < d. Hence S =@, andsoz =V S=V @ =0. O

Proof of Theorem 1.4. Assume that d is a dichotomizer, that is, B = MY U1 d.
By Corollary 3.7, it suffices to show that BA C MY Ua(MV). Take an element
x € BA. If x ¢ MY, then x € 1 d. Hence dx = d # 0 by Lemma 3.11. This implies
a(x) € 1 d by Proposition 2.7(2), and so a(z) € MY (& x € a(MV)). Therefore,
BA C MY Ua(MVY). The second claim is Proposition 3.15. O
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Proof of Theorem 1.6. First we prove that MY N1d = @. If there exists z €
MY Ntd, then d < x = \/S for a finite subset S of M. Since x € BA by
Corollary 3.7, we have

d=dz by Lemma 3.11

= d(\/ S) = m\e/s dm =0 by Corollaries 3.10 and 4.5,

which is a contradiction. Therefore, MY N1 d = @.

Next we turn to the assertion that 9t NS = {d}. From Corollary 4.5 and
Proposition 4.6, we obtain d € 9 N S. If there exists an element e € M N S other
than d, then e ¢ 1 d. (Indeed, if e > d(# 0), then e = d since e is minimal.)
Therefore, e € MY. This implies that e € BA by Corollary 3.7, and we have
e? = e # 0 by Lemma 3.2. However, this contradicts e € &. Therefore, M N & =
{d}. O

§5. The case for B = 3(Z/n)

Let R be a commutative monoid with 0. From R we obtain a typical example S(R)
of monoidal posets as follows (see [3, §2]): For z € R, we define

() ={c€ R:zc=0}.
We denote by S(R) the set
B(R) = {(x): x € R}.
Then S(R) is a monoidal poset, whose structure is given by

o (z)(y) = (zy),
e (r)<(y) & (x)D(y).

Let P be a principal ideal domain, and (¢) a nontrivial ideal of P. In [3, §4], the
authors consider the monoidal poset 8(P/(q)). By [3, Cor. 4.3], we see that

B(P/(q)) = B(Z/n) for some n > 2.

In this section we consider Problem 1.2 on 3(Z/n) for n > 2.
We denote by [z] € Z/n the class represented by an integer x. For [z] € Z/n,
we denote

(x) = ([z]) € B(Z/n).
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Proposition 5.1 (Cf. [3, Thm. 4.1]). Let n be an integer > 2.

(1) B(Z/n) ={{x): x| n} as sets. In particular, (n) = (0).

(2) (z) > (y) in B(Z/n) if and only if x | y.

Proof. First we prove (1). If a nonzero integer x is prime to n, then az +bn =1

for some a,b € Z. In particular, [az] = [1] € Z/n. Take [y] € (x). Then [z][y] =
[0] € Z/n, and so [y] = [az]ly] = [a][z][y] = [0]. Hence (z) = {[0]} = (1). We put

(5:2) n=prest et
where the p; are different prime numbers and e; > 0 for every i. In the case that

z is not prime to n, we put

x :p{l pikpilr;rll ...plfl,

where the p; are different prime numbers, f; > 0 for 1 < i < k and f; > 1 for
k < i <. Here, the p; for 1 <i < k are in (5.2). We remark that pi’:’f ~~p{l is
prime to n. We put m; = min{e;, f;} for 1 <i <k; then

(@)= " - plpl ol

= (pf" BVl pl) = ) = T ),
and pi"* ---p,'* divides n. Therefore, we have 3(Z/n) = {(z): = | n}.

Next turn to (2). By (1) and (5.2), for any (z) and (y) in 5(Z/n), we may

consider
T1,,T2 L Y1,.Y2

x:pl p2 pk: and y:p1p2 pzk’
where 0 < z; < e; and 0 < y; < e; for any i. We assume that x | y; then z; < y;

for any i. If [2] € (z), then p{* ™™ ---pi* =" | z, and so p{" ¥ - p* ¥ | z. This
implies [z] € (y). Hence (z) > (y). Conversely, we assume that (x) > (y). Then
[z] = [0] implies [yz] = [0]. Thus p{* ™" ---pf*~“* | z implies p{* ™" -+ - pi* ¥ | 2.
Hence z; < y; for any 4, and so z | y. O

Proposition 5.3 (Cf. [3, Cor. 4.4]). The set B(Z/n) is a monoidally distributive
poset.

Proof. We use the notation in (5.2). By Proposition 5.1, any element of 5(Z/n) is
of the form (p{lpg2 ~~~p£’“>, where 0 < f; < e; for 1 <1i < k. It is easy to see that

(5.4) (p{p? - plF)y v P p% - plt) = (Ppk - pit),

where I; = min{f;, g;}. Then we immediately see that 5(Z/n) is monoidally dis-
tributive. O
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By the above argument, for 3(Z/n), it is easy to see that
(5.5) M= {(n/pi): 1 <i<k}
under the notation of (5.2).

Lemma 5.6. If n = pipy---pr, where the p; are different prime numbers and
k> 2, then B(Z/n) = MY Ua(M").

Proof. By Proposition 5.1, we have B(Z/n) = {(p7'p5*---pi"): i € {0,1} for
1 <4 < k}. Note that 9 = {(n/p;): 1 < i <k} by (5.5). From (5.4), we obtain

(n/pi) vV a({n/pi)) = (n/pi) V (pi) = (1) for 1 <i <F.
Hence we have M = 9N BA = 9. This and (5.4) imply that

pip i) = \/ (n/pi) € MY
g;=0
for any (pi'p5?---pi*) € B(Z/n), and therefore we have B(Z/n) = MY. This
implies 8(Z/n) = MY Ua(M"). O

Lemma 5.7. If n = p{ps---pr, where the p; are different prime numbers and
e > 2, then B(Z/n) has a dichotomizer (5~ pg---pi).

Proof. By Proposition 5.1 we have
B(Z/n) = {(p7*p5* - pi*): 0< ey <eande; € {0,1} for 2 <i < k}.
Note that 9 = {(n/p;): 1 < i <k} by (5.5). Any (n/p;) € M satisfies

<p1>7 Zzla

<n/pi>Va(<n/pi>)<n/pi>v<p¢>{<1>7 s<i<k,

by e > 2 and (5.4). Therefore, we have M = 9N BA = {(n/p;): 2 <4 < k}. This
and (5.4) imply

MY = {(p5p3? - piF): &5 € {0,1} for 2 < i < k}.

By Proposition 5.1, if (pi'p5?---pi*) & 1 (pi_lpg - pg), then pi'p5? .- pi*
€1 ,.€E2

does not divide p{'ps - - - py. Hence 1 = e, and so (p{'p3? - - - p*) = (p§p52 - - p5F)
€ MY. Therefore, B(Z/n) = MYU T (p¢  po---pp). O

Lemma 5.8. If p3p3 | n where p1 and py are different prime numbers, then
B(Z/n) has no dichotomizer.
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Proof. Note that 3(Z/n) contains (n/p;) and (n/ps). It is easy to see that (n/p;)?
= (0) for 7 € {1,2}. Furthermore, (n/p;) is minimal for 7 € {1,2}. Hence 9MNGS con-
tains different two elements (n/p;1) and (n/ps), and so B(Z/n) has no dichotomizer
by Theorem 1.6. O

Proof of Theorem 1.7. Note that any n > 2 is of the form
n=pipy’ it
where the p; are different prime numbers and
e1 > ey > >¢e > 0.

In the case for (e, e2) = (1,0), that is, n = py, we have 8(Z/n) = {(1), (p1)} =
{{0), (1)} by Proposition 5.1. In this case, we have M = {1}, and so S(Z/n) =
MY Ua(MY).

In the case for (e1,e3) = (1,1), that is, n = p1pa - pe with £ > 2, we have
B(Z/n) = MY Ua(M") by Lemma 5.6.

In the case for e; > 2 > ey, that is, n = p§ps - - - p¢ with e > 2, 5(Z/n) has a
dichotomizer (p$™'ps - - - px) by Lemma 5.7. We note that & = {(plps---pi): 2/e
< f <e} by (5.4). From this and (5.5), we obtain M NS = {(p¢ ' pa---pr)}.

In the case for e; > 2, that is, p?p3 | n and p1 # p2, B(Z/n) has no
dichotomizer by Lemma 5.8. By the proof of Lemma 5.8, the subset M N S is
not of the form {d}. O

§6. The case for B = B

Let p be a prime number. In this section we consider the case for B = B, the
Bousfield lattice of the stable homotopy category S, of p-local spectra. Recall that
B={(X): X €S}, where (X) = {W € S,: X AW = 0}. This is a monoidally
distributive poset, whose lattice structure is given by

(X)<(Y) & (X)2().

We also have (X){(Y) = (X AY), (X)V(Y) = (X VY), 0= (0) and 1 = (SY).
Here, S° is the p-local sphere spectrum.

Let F'(n) be a finite spectrum of type n, and T'(n) the telescope of a v,,-self-
map on F(n). By [1, Lems 1.2 and 1.3], the Bousfield classes (F(n)) and (T'(n))
depend on only n. We also note that the Bousfield class (K (n)) of the nth Morava
K-theory spectrum is minimal for any n > 0 [1, Cor. 1.7].

Conjecture 6.1 (Telescope conjecture [5, 10.5]). We have (K(n)) = (T(n)) for
any n > 0.
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For a spectrum E, we have the Bousfield localization functor Lg: S, — S,
with respect to E. We define the spectrum A(n) by the cofiber sequence

F(n) = Lg@u)yF(n) = A(n) — XF(n).

By [1, Prop. 1.6], we know that

e (A(n)) depends on only n,

e (T'(n)) =(K(n))V (A(n)) for any n > 0,

e A(n) A K(m) =0 for all m.
Furthermore, (A(n)) belongs to BA, and A(n) A A(n) = A(n) for any n > 0 (see
[2, §5]).
Lemma 6.2. The following are equivalent:

(1) (K(n)) = (T'(n)).
(2) A(n) =0.
Proof. If A(n) = 0, then (T'(n)) = (K(n)) V (A(n)) = (K(n)). Conversely, if

(K(n)) = (T'(n)), then we have (K(n))V (A(n)) = (T'(n)) = (K(n)). This 1mp11es
(A(n)) < (K(n)). Since A(n) A K(n) = 0, we have A(n) = A(n) A A(n) = O

Hovey and Palmieri modified Conjecture 6.1 as follows.

Conjecture 6.3 ([2, Conj. 5.1]). For any n > 0, the Bousfield class (A(n)) is 0
or minimal.

Remark 6.4. In 2023, a disproof of Conjecture 6.1 was announced by Burkland,
Hahn, Levy and Schlank. It has not yet been published.

For a spectrum FE, a spectrum X is F-acyclic if E A X = 0, and a spectrum
Y is E-local if any morphism X — Y is trivial for any FE-acyclic spectrum X.
Furthermore, a spectrum E has a finite acyclic (resp. a finite local) if there exists
a nonzero finite spectrum which is F-acyclic (resp. E-local). We denote L{ =
Lr©yr()v-vr(n)- Then (L1S%) = \/I' (T(i)). Furthermore, (L§S°) is in BA,
and a((L{S%) = (F(n+ 1)) (see [2, §5]).

Hereafter, for the sake of simplicity, we denote

fa=(F(@), ta=(T(n)), kn=(K(n), an=(A(n)) and ¢ =(L]5°).

We put
A={n>0:a, #0}.
We recall the subset M in (3.5). If Conjecture 6.3 is true, then we have

KA :={kp,am:n>0,meA} C M.



290 R. KaTo

Proposition 6.5 ([2, Conj. 5.1]). Assume that Conjecture 6.3 is true. Then, for
any spectrum X which has a finite acyclic, the Bousfield class x = (X) belongs to
KAY ={\/S:Sis a finite subset of KA}.

Proof. If a nonzero spectrum X has a finite acyclic, then = = (X) satisfies that
Z fr4+1 = 0 for some n > 0. Hence we have

T :x~1:x(€f V fot1) = xéf Vafnil

—xeg—x(\/) \/mﬁl\/0 (ks V i)

=0
\/ ki V \/ a; by the assumption and Lemma 3.8,
€K (x) €T (z)
where K(z) ={i: 0<i<n, zk; =k} and T(z) ={i € A: 0 <1 < n, za; = a;}.
Therefore z € KA. O

We consider the Bousfield class
i=(I)
where [ is the Brown—Comenetz dual of the sphere spectrum.

Proposition 6.6 ([2, Prop. 7.2]). A spectrum X has a finite local if and only if
the Bousfield class x = (X)) satisfies © > i.

Proposition 6.7 ([2, Cor. 7.11]). If Conjectures 1.1 and 6.3 are true, then
BA=KAY Ua(KAY),
where a(KAY) = {a(z): x € KAV}. Furthermore, KAV Na(KAY) = @

Proof. Since KA ¢ M C BA, we have KAV Ua(KAY) C BA by (3.1) and
Lemma 3.4. Hence we prove that BA ¢ KAY Ua(KY). Take an element x =
(X) € BA. If X has a finite acyclic, then x € KAY by Proposition 6.5. If X
has no finite acyclic, then, since we assume that Conjecture 1.1 is true, X has
a finite local. Hence, by Proposition 6.6, we have x > i. From Lemma 3.11, we
obtain xi = i # 0, which implies a(z) 2 ¢ by Proposition 2.7(2). Let aX be a
spectrum such that (aX) = a(z). Then aX has no finite local by Proposition 6.6.
This and Conjecture 1.1 imply that aX has a finite acyclic, and so a(x) € KAY
by Proposition 6.5. Therefore, z € a(KAY).

We prove the second claim KAYNa(KAY) = @. Since KA C M and K A con-
tains all the k,, the subset M is an infinite subset. Therefore, by Proposition 3.15,
we have KAV Na(KAY) C MY Na(MV) = @. O
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Proposition 6.8. If Conjectures 1.1 and 6.3 are true, then ¢ is a dichotomizer
of B. Furthermore, B= KAU1i=M"U?Ti and KAVN*ti=@.

Proof. Take an element x = (X) € B. Since we assume that Conjecture 1.1 is
true, if z € 14, then X has a finite acyclic by Proposition 6.6. Thus, z € KAV by
Proposition 6.5. Therefore, we have B ¢ KAYU i C MYU 114 C B.

Next turn to KAYN 1 i = @. If there exists y € KAYN 1 4, then 1 < y =
\/ S for a finite subset S of KA. We put S = {k, V a,: k, € Sora, € S} =
{tn:kn€Sora, €S} Theni <y <\S < Vocicn ti = f{\, for some N > 0.
Since f{vaH = 0, we have ifny1 = 0. On the other hand, we know that if,, =1
for any n > 0 [2, Lem. 7.1(e)]. Therefore, ify+1 = 0 is a contradiction, and so
KAVNti=ga. O

Theorem 6.9. If KAV N1i# @ or MNG # {i}, then at least one of Conjec-
ture 1.1 and Conjecture 6.3 does not hold.

Proof. By Proposition 6.8, if Conjectures 1.1 and 6.3 hold, then ¢ is a dichotomizer.
We note that % = 0 [2, Lem. 7.1(c)]. This and Lemma 3.3 imply that BA is a
proper subset of B, and so MY U a(M") (C BA) is a proper subset. Hence, by
Theorem 1.6, we have KAVN1tiC MY Nti=@ and MNS = {i}. O

Acknowledgements

This work was supported by the Sumitomo Foundation Fiscal 2022 Grant for Basic
Science Research Projects (number 2200231). The author would also like to thank
the referee for many useful comments.

References

(1] M. Hovey, Bousfield localization functors and Hopkins’ chromatic splitting conjecture, in The
Cech centennial (Boston, MA, 1993), Contemporary Mathematics 181, American Mathemat-
ical Society, Providence, RI, 1995, 225-250. Zbl 0830.55004 MR 1320994

[2] M. Hovey and J. H. Palmieri, The structure of the Bousfield lattice, in Homotopy invari-
ant algebraic structures (Baltimore, MD, 1998), Contemporary Mathematics 239, American
Mathematical Society, Providence, RI, 1999, 175-196. Zbl 0947.55014 MR 1718080

[3] R. Kato, K. Shimomura and Y. Tatehara, Generalized Bousfield lattices and a general-
ized retract conjecture, Publ. Res. Inst. Math. Sci. 50 (2014), 497-513. Zbl 1305.55006
MR 3262447

[4] T. Ohkawa, The injective hull of homotopy types with respect to generalized homology func-
tors, Hiroshima Math. J. 19 (1989), 631-639. Zbl 0697.55008 MR 1035147

[5] D. C. Ravenel, Localization with respect to certain periodic homology theories, Amer. J.
Math. 106 (1984), 351-414. Zbl 0586.55003 MR 0737778


https://doi.org/10.1090/conm/181/02036
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0830.55004&format=complete
http://www.ams.org/mathscinet-getitem?mr=1320994
https://doi.org/10.1090/conm/239/03601
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0947.55014&format=complete
http://www.ams.org/mathscinet-getitem?mr=1718080
https://doi.org/10.4171/PRIMS/142
https://doi.org/10.4171/PRIMS/142
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1305.55006&format=complete
http://www.ams.org/mathscinet-getitem?mr=3262447
https://doi.org/10.32917/hmj/1206129296
https://doi.org/10.32917/hmj/1206129296
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0697.55008&format=complete
http://www.ams.org/mathscinet-getitem?mr=1035147
https://doi.org/10.2307/2374308
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0586.55003&format=complete
http://www.ams.org/mathscinet-getitem?mr=0737778

	Introduction
	Monoidally distributive posets
	The subset M^∨
	Dichotomizer
	The case for B=β(\mathbb{Z}/n)
	The case for B=\mathbb{B}
	References

