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A Characterization of Minimal Extended Affine
Root Systems (Relations to Elliptic Lie Algebras)
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Abstract

Extended affine root systems appear as the root systems of extended affine Lie algebras. A
subclass of extended affine root systems, whose elements are called “minimal”, turns out
to be of special interest, mostly because of the geometric properties of their Weyl groups;
they possess the so-called presentation by conjugation. In this work, we characterize
minimal extended affine root systems in terms of “minimal reflectable bases”, which
resembles the concept of the “base” for finite and affine root systems. As an application,
we construct elliptic Lie algebras by means of Serre-type generators and relations.

Mathematics Subject Classification 2020: 17B67 (primary); 20F55, 17B22, 17B65 (sec-
ondary).
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§0. Introduction

Motivated by applications in “the construction of a flat structure for the base space
of the universal deformation of a simple elliptic singularity”, Saito [Sa] introduced
the concept of an extended affine root system. Considering [Sl], he predicted the
“existence of Lie algebras corresponding to extended affine root systems which
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would describe the universal deformation of the simple elliptic singularity”. The
prediction was partially answered in [H-KT, P]. Later, in 1997, in a systematic
study, a class of algebras associated with extended affine root systems was intro-
duced via a set of axioms [AABGP]. Each element of this class is called an extended
affine Lie algebra. Since then, the theory of extended affine root systems (Lie alge-
bras) (see Definitions 1.1 and 6.1) and related topics have been under intensive
investigation. It turns out that despite the striking similarities with the finite, and
affine Lie theory, there are enough interesting differences to make the study of
extended affine Lie theory a demanding subject. In what follows, we explain the
motivation of the present work at two levels: the level of the root system and Weyl
group, and the level of Lie algebra.

Level of root system and Weyl group. One of the astonishing privileges of
finite and affine Weyl groups is that they are Coxeter groups with respect to
certain appropriate generating sets. In finite types, these generating sets consist of
reflections based on elements of a fundamental system of the corresponding root
system [C, Hu2, MP]; thus by [B, Chap. IV, §8, Cor. 3], these generating sets are
“minimal”. In contrast, it is known that the Weyl group of an extended affine root
system R is not, in general, a Coxeter group. In fact, one knows that an extended
affine Weyl group is a Coxeter group if and only if the corresponding root system
is either finite or affine [Ho, Thm. 3.6]. Therefore, finding a suitable presentation
for an extended affine Weyl group has always been a demanding problem; see for
example [Kr2, Krl, A1, A2, AS1, AS2, AS4, AS3, AS5, SaT, AN]. A possible
approach to achieve such a presentation is as follows. In the theory of root datum,
it is known that the Coxeter presentation implies the so-called presentation by
conjugation [MP, Chap. 5,83]; see Definition 2.6. Therefore, it is natural to ask
whether an extended affine Weyl group possesses the presentation by conjugation.
This question was raised first by Krylyuk and was affirmatively answered in [Kr1]
for simply laced extended affine Weyl groups of rank > 1. Later, in a series of works,
the question was considered for general types [A2, Ho, AS4, AS3, AS5]. In brief, it
is revealed that only elements of a subclass of extended affine Weyl groups enjoy
the presentation by conjugation. The root system corresponding to an element of
this class is called a “minimal” extended affine root system (see Definition 5.1). For
general extended affine Weyl groups, one gives a weaker presentation, called the
generalized presentation by conjugation [A2], which coincides with the presentation
by conjugation if the corresponding root system is minimal. This explains our
motivation for the study of minimal extended affine root systems.

The main objective of this work is to give a characterization of minimal
extended affine root systems of reduced types in terms of minimal reflectable



A CHARACTERIZATION OF MINIMAL EXTENDED AFFINE ROOT SYSTEMS 235

bases; see Theorem 5.6. We achieve this as a by-product of a study of interrelations
between three classes of certain subsets of extended affine root systems which we
denote by M., M,,, and M,, and we explain them and their related terminologies
below. Let R be a reduced extended affine root system with the set of non-isotropic
roots R*, and the Weyl group W. For a subset P of R*, we denote the subgroup
of W generated by reflections based on P by Wp. The set P is called a reflectable
base for R if WpP = R* and no proper subset of P has this property. The class
of all such sets is denoted by M,.. The class of all sets P C R* which are minimal
with respect to the property that Wp = W is denoted by M,,, and the class of
all sets P C R* which have the minimal cardinality with respect to the property
Wp = W is denoted by M.. Let M,,,, = M, N M,,. In the finite theory, one
concludes that M, = M,,, = M_; see Proposition 3.8.

Level of Lie algebra. Saito [Sa] conjectured that starting from any extended
affine root system R there should be a Lie algebra with root system R. This led
to many interesting investigations concerning the construction and classification
of such Lie algebras; see for example [H-KT, AABGP, Neh]. An extended affine
root system of nullity 2 (see Definition 1.1) is called an elliptic root system, and
the corresponding Lie algebra is called an elliptic Lie algebra. In [SaY, Ya], the
authors construct certain elliptic Lie algebras of rank > 1 through Serre-type
generators and relations, using a concept of “base” which resembles the usual
notion of base for finite and affine root systems. The bases used by [SaY, Ya| are
not in general reflectable bases; they involve more roots than reflectable bases. One
of our motivations for this work is to examine the concept of a reflectable base for
constructing elliptic Lie algebras by a Serre-type presentation. We investigate this
in Section 6, in particular, we construct elliptic Lie algebras of rank 1, the missing
case in the works of [SaY, Ya]. We now explain the core materials appearing in
each section.

In Section 1, we recall from [AABGP, Def. I1.2.1] the definition of an extended
affine root system and its internal structure in terms of a finite root system and
certain subsets of the radical of the form called semilattices, where for our purposes
in this work, we have modified the approach given in [AABGP, Chap. II, §2]; see
Proposition 1.10. In Section 2, the Weyl group of an extended affine root system
called an extended affine Weyl group is considered and a presentation for it called
the generalized presentation by conjugation is explained. Some immediate related
results are derived; see Corollary 2.8 and Lemma 2.9.

In Section 3, we introduce the classes M., M, and M,,, for an extended affine
root system R. It is shown that each element P of M,., M. or M,, is a connected
generating set for the root lattice; see Proposition 3.5. Moreover, associated to each
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connected subset P C R*, a method of assigning an extended affine root subsystem
Rp is provided such that if P belongs to either M,,, or M., then Rp has the same
rank, nullity and type of R and if P € M,., Rp = R; see Proposition 3.6. Finally, it
is derived that for the finite case, we have M, = M,,, = M, and that this equality
fails for general extended affine root systems; see Proposition 3.8 and Example 3.9.

In Section 4, a characterization theorem for reflectable bases associated with
reduced extended affine root systems is recorded from [AYY, Sect. 3] and [ASTY].
Then the cardinality of each element P in M,., M,, or M, is investigated. It is
shown that the cardinality of P is finite and, when R is of type A; or one of the
non-simply-laced types, all reflectable bases (the elements of M,.) have the same
cardinality which can be described precisely in terms of the rank, nullity, twist
number and indices of the involved semilattices. When R is of one of the simply
laced types with rank > 1, M,, = M,., and reflectable bases may have different
cardinalities; see Proposition 4.4, Theorem 4.6, Proposition 4.10 and Example 4.9.

In Section 5, the concept of a minimal extended affine root system is recalled
from the literature. Starting from a reflectable base P, a presented group W defined
by generators w,, o € P, and certain conjugation relations, see Definition 2.6, is
associated to R. It is shown that {@, | @ € P} is a minimal generating set for
)7\/\; see Proposition 5.3. This utilizes the proof of the main result of the paper: a
reduced extended affine root system R is minimal if and only if M, = M,,,, if
and only if the corresponding Weyl group has the presentation by conjugation. For
details see Theorem 5.4. The section is concluded with Table 3, which illustrates
the connections between the results obtained in Sections 1-5.

We now explain the concluding section, Section 6, in which some applications
of the concept of a reflectable base are examined at the level of Lie algebra. It is
declared that the core L. of an extended affine Lie algebra L is finitely generated by
showing that it is generated as a Lie algebra by the 1-dimensional root spaces L4,
a € P, P being a reflectable base for the ground root system R. Moreover, if R has
index zero (see 1.13(1.7)), then P satisfies a minimality condition concerning this
property, Lemma 6.6. The rest of the section deals with constructing an elliptic
Lie algebra utilizing a Serre-type presentation based on a reflectable base; see
Proposition 6.13. As a by-product of this construction, we provide an elliptic Lie
algebra of rank 1 whose non-isotropic root spaces are 1-dimensional, the missing
case in [SaY, Ya]. We conclude the introduction by mentioning that in a recent
work, see [AFI], reflectable bases have been used effectively in equipping the core
of an extended affine Lie algebra of rank > 1 with an integral structure, a priority
in establishing a modular theory for extended affine Lie algebras.
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§1. Preliminaries

In this section we provide some preliminaries on extended affine root systems, and
in particular, we describe the structure of a reduced extended affine root system
in terms of a finite root system and certain subsets called semilattices.

All vector spaces are finite-dimensional and considered over the field R. For
a vector space U, we denote the dual space of U by U*. For a subset S of U, we
denote by (5), the additive subgroup of U generated by S. The symbol W denotes
the disjoint union of sets and |P| shows the cardinality of a set P.

For a vector space U equipped with a symmetric bilinear form (-, -), we denote
the radical of the form by °. For a subset R of U, we set R® == RN U and
R* =R\ RY. A subset P of U* is called connected (with respect to the form), if
P cannot be decomposed as P; & Ps, where P; and Ps are non-empty subsets of
P satistying (P, P2) = {0}.

§1.1. Extended affine root systems

Definition 1.1. Assume that V is a finite-dimensional real vector space equipped
with a positive semidefinite symmetric bilinear form (-,-). Suppose R is a subset
of V. Following [AABGP, Def. 2.1], we say R is an extended affine root system if

(1) 0€
(2) R=-
(3) RspansV

(4) if « € R*, then 2a & R;
(5)

R is discrete in V, with respect to the natural topology of V when identified
with R™, n = dim V;

(6) if « € R* and 8 € R, then there exist non-negative integers d, u satisfying
{B+na|neZ}nR={—da,...,f+ua}l and d —u = Z(Eff));
(7) R* is connected;

(8) if o € RY, then there exists o € R* such that a + o € R.

4
)

Elements of R* are called non-isotropic roots, and elements of R" are called
isotropic roots. The dimension v of VY is called the nullity of R. Since the form is
positive semidefinite, one can easily check that

={a€R|(a,a) =0} and R* ={a€R|(a,«a)#0}.

As announced in [AF], the definition of an extended affine root system is
equivalent to the following.
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Definition 1.2. Let V be a finite-dimensional real vector space equipped with a
positive semidefinite symmetric bilinear form (-,-), and R be a subset of V. Then
R is called an extended affine root system if the following axioms hold:

R1
R2
R3
R4
RS
R6

(R) is a full lattice in V;
(B,aV) € Z, a,B € R™;

wo(B) € R for « € R*, B € R;
R =VN(R* — R*);

a € R* = 2a¢R;

R* is connected.

(R1)
(R2)
(R3)
(R4)
(R5)
(R6)

Remark 1.3. Concerning Definition 1.2, we emphasize the following points:

(i) Axiom (R1) means that the natural map (R) ®z R — V is a vector space
isomorphism. In other words (R) is the Z-span of an R-basis of V.

(ii) From (R4), we conclude that R* # (.

(iii) The relations between extended affine root systems and the root systems
defined by Saito [Sa] are investigated in [A3].

Let R be an extended affine root system in a vector space V and let
~: ¥V — V= V/V° be the canonical map. It is known that R, the image of R under
the map ~, is an irreducible finite root system in V; see [AABGP, Prop. 11.2.9(d)].

Definition 1.4. The type and the rank of extended affine root system R are
defined as the type and the rank of R. In this work, we always assume that R is
of reduced type, that is, R has one of the types A, B, C, D, Eg.78, Fuor Gs.

Definition 1.5. For a real vector space U equipped with a symmetric bilinear
form (-,-), and @ € U with (a, @) # 0, the reflection based on « is defined by
B 08— 2((5’&0‘))04, B € U. By convention, if (a,a) = 0, we interpret w, as the
identity map. For a subset P C U, we denote by Wp the subgroup of GL(i)
generated by wq, a € P.

§1.2. Semilattices

Let R be an extended affine root system in V with corresponding form (-, ). As
was mentioned before, we denote the radical of (-,-) by V°. Certain subsets of V°
called semilattices play an important role in describing the internal structure of
extended affine root systems.

Definition 1.6. A semilattice in V° is a spanning subset S of V° which is discrete,
contains 0 and satisfies S +25 C S.
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Here we record some facts about semilattices needed in the sequel.

1.7. Let S be a semilattice in V° and set A := (S).

(i) A is a lattice in V°; that is, A is the Z-span of a basis of VY.
(ii) 2A+ S C S C Aandso S =" (r+ 2A), for some 7, € S, with 7, = 0.

(iii) A admits a Z-basis B = {o1,...,0,} consisting of elements of S.

Definition 1.8. Assume that S is a semilattice with A = (S).

(i) The index of S, denoted ind(S), is by definition the least positive integer
m such that 1.7(ii) holds.

(ii) Assume that ind(S) = m, and the 7, and B are as in 1.7(iii). For
o= no; €A, wedefine supp(c) := {i | n; € 2Z+1}. Theno = > icsupp(o) T
(mod 2A). The collection supp(S) = {supp(r;) | 0 < i < m}, is called the support-
ing class of S with respect to the basis B.

The supporting class determines S uniquely. In fact, we have

(1.1) S= | (m+20),
Jesupp(S)

where 77 =) ;0.
§1.3. Internal structure of extended affine root systems

In [AABGP, Chap. II, §2], the integral structure of an extended affine root system
in terms of a finite root system and certain semilattices is studied. Based on
our purposes in this work, we need to make some modifications to [AABGP]’s
approach. As before, we assume that R is a reduced extended affine root system
in V equipped with the positive semidefinite form (-, ).

We start by recording the following lemma whose proof for simply laced types
is given in [ASTY, Prop. 2.8], and for non-simply-laced types concludes from [AYY,
Props 2.6, 2.9 and Rem. 2.15].

Lemma 1.9. Let ® be a reduced irreducible finite root system in a vector space U,
and P be a minimal subset (with respect to inclusion) of ®* such that WpP = &*.
Then |P| = rank ®.

Proposition 1.10. Let R be an extended affine root system and P be a subset of
R* satisfying WpP = R*. Then P contains a subset I1 such that the following
hold:

(i) R = (Wgll) U {0} is a finite root system in V = spang R;



240 S. AzaM, F. PARISHANI AND S. TAN

(ii) R is isomorphic to R;

(iil) V=V @ V°;

(iv) for a fized « € R*, there exists a finite root system Rs C R such that a € Ry
and (i) and (iii) hold with R, and V, = spang R, in place of R and V.

Proof. Since R* = WpP, we have R* = W7373. Let II be a subset of P such that
R* = Wﬁﬁ and no proper subset of II satisfies this property. From Lemma 1.9, we
have |II| = rank R and so II is a basis of the vector space V. Let I = {ay,...,a}.
We fix a preimage &; € P for a;. Set I = {aq, ..., d}, Vo= spaanI and
R := (WgIl) U {0}. Then the epimorphism ~: V — V induces an isometry V — V
which maps R isometrically onto R. It follows that V =V @ V. It completes the
proof of (i)—(iii).

Next, let &« € R*. Then a@ € R = WxII, and so @ = wg, - wa, (@) for
some ..., &, 4, € 11 Set

I, = wa,, - wa, (IT).

Now II, is a basis of V such that & € II, and Wﬁa I, = R*. Therefore, in the
proof of part (i), we may work with II, in place of II. Then as above we fix a
preimage II, of II,, where we pick a as the preimage of @. Finally, we construct
R, in the same manner as R. Then R, and V, = spang R, satisfy (ii)-(iii) in
place of R and V, and the proof of (iv) is completed. O

Let R and V be as in Proposition 1.10. We write B* = Rg, U ng, where Rqn
and Rjg are the sets of short and long roots of R. By convention, we assume that
all non-zero roots of R are short if there is only one root length in R.

1.11. It is shown in [AABGP, Chap. II] that using the finite root system R, one
can obtain a description of R in the form
R=(S+S)U(Rg+S)U (R + L),
(1.2) where S = {0 €V’ |0 +a€R for someaERSh},
L= {UEVO ’ a—l—aERforsomeaEng},
where S and L are semilattices in V°. If ng = (), we interpret the terms L and

ng + L as empty sets. Semilattices S and L satisfy some further properties which
we record here.

1.12. If R is simply laced of rank > 1, or is of type Cy, £ > 3, F,; or G2, then S
is a lattice. If R is of type By, £ > 3, Fy or Go, then L is a lattice. Furthermore,
for non-simply-laced types, we have

(1.3) L+S=S and kS+L=1L,
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with
3 fX=@G
(1.4) p={"" 2
2 if X # Ga.
Now (1.3) implies that
(1.5) k(S) C (L) C S,

and so (S)/(L) is a finite-dimensional vector space over the finite field Zj. The
integer 0 < t < v satisfying [(S)/(L)| = k* is called the twist number of R. We
make the convention that if R is of simply laced type, then ¢t =0 and k£ = 1.

We proceed with a fixed description of R in the form (1.2). We assume that
R is of type X, has rank ¢, nullity v and twist number t.

1.13. From [AABGP, II, §4(b)], we see that there exist subspaces V) and VY of
vector space VO of dimensions ¢ and v — t respectively such that V0 = V) @ VY,
and there are semilattices S; and Sy in VY and VS, respectively such that

(16) S:S1@<SQ> and L:k<51>@$’2.

Following [A1, Sect. 4], we define the index of R, denoted ind(R), by

0, X = AL > 2), De(£ > 4),
Ee78, Fu, Ga,
(1.7) nd(R) i § A = X =4,
ind(S7) +ind(S2) — v, X = By,
ind(Sy) — ¢, X = Bt >3),
ind(S2) — (v — 1), X = Cy(L > 3).

We write S7 and S in the form 1.7(ii), namely

ind(S1) ind(S2)
(1.8) Si= [ (n+2(81) and Sa= |H (n;+2(S:)).
=0 =0

1.14. We fix a fundamental system IT = {a1,...,a,} for R. By 1.7(iii), A = (S)
admits a Z-basis {01,...,0,} C S. Let 8 be any root in R if R is of simply laced
type, and 6, and 6; be any short and any long root in R, respectively if R is of
non-simply-laced type. For later use, for each type X, we introduce a subset P(X)
of R* as given in Table 1.
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Type P(X)

Ay {on, 1 —,..., 7, — a1} (p=ind(S))

Ay (£>1) {al,...,a570'1—0,...,0,,—9}

Dg {al,...,o%ol—07...,0,,—9}

E6,7,8 {al,...,oeg701—67..‘,@—9} ((26,7,8)

Fy {ag, a0, a3, 4,01 — O5,...,00 — 05,0041 — 01,...,0, — 01}

Go {ay, 0,01 — Os,...,00 — 05,0041 — O1,...,0, — 01}

By {ar, 00,71 =0y %, — b5y — 01, ..M, — 01} (ps = i0d(S;), 1= 1,2)

Bg (f > 2) {011,... , gy Y1 — 95,...,’}/p1 — 95,0t+1 — 917...,0',, *6[} (p1 = 1nd(51))
C[ (£>2) {041,...,&[,01—957...70}—93,771—9[,...,7]/,2—91} (p2:ind(52))

Table 1. The sets P(X)

§2. Extended affine Weyl groups

We proceed with the same notation as in Section 1, in particular we assume that
R is a reduced extended affine root system in V of type X, rank ¢ and nullity v.
As before, V° is the radical of the form.

§2.1. The setting

2.1. We fix a description of R in the form R = (S + S) U (R + S) U (Rig + L) as
in 1.11. We recall that V = spang R and V = V @ V0. We consider the (£ + 2v)-
dimensional real vector space V=VaolWa (V°)*. We normalize the form on V
such that

(d,a) =2 for & € Rgy.

We extend the form (-,-) on V to a symmetric form on V, denoted again by (-, ),
as follows:
V. (V") = (%), (V°)") = {0},
(0,\) = A(o), foro eV’ \e (VO)~

This forces the form on V to be non-degenerate. For o € V with (v, o) # 0 set
oY = 2a/(a,a).

Definition 2.2. The extended affine Weyl group W of R (or the Weyl group of
extended affine root system R) is defined to be the subgroup of GL(V) generated
by reflections wa: B — B — (B,aY)a, @ € R*. Since 0 € L C S, we have R C R,
and so we may identify W, the Weyl group of R, as a subgroup of W. We denote
by Z(W), the center of W.
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§2.2. Presentation by conjugation

It is known that an extended affine Weyl group W associated with R is not, in
general, a Coxeter group. It is proved that W is a Coxeter group if and only
if R has nullity < 1 (see [Ho, Thm. 3.6]). Nevertheless, extended affine Weyl
groups enjoy another interesting presentation called generalized presentation by
conjugation. When R has some “minimality condition”, then W admits an even
more delightful presentation, called the presentation by conjugation. We record
these definitions here, as they play a crucial role in the sequel.

2.3. We begin by recalling some notation from [A2, Sects 1, 2]. We fix the Z-basis
{o1,...,00} € S of A = (S) and the integer k given in 1.7(iii) and 1.12. For
1<i<vand a € (R), define the linear map t9.V 5V by

tOA) =X — ()\, %01)0[ + ((/\, a) — %(a,a) ()\, %)a,) %ai.

The map t((li) is invertible with the inverse t) . so tg) € Aut(g). For1<i,j<v

s
set
(1)

Cij = t—a'j .

N 1
One checks that (tg),tg)) = ci’}(a’ﬁ), for a,8 € R, where (v,y) = ayz~ly~!
denotes the group commutator.

For o € R* and 0 = Z;’:l m;o; € RY with o + 0 € R, we set

(2.1) Cla,o) = (WatoWa)(WaWaio,)™ - (WaWaio,)™ .
By [A2, Sect. 2], we have
(2.2) o) =] Cij(@ i

i<j

where the integers k() are defined as follows:

1 if a € Ry,
kla) = na e
k if o € Rgp.

(If R is simply laced, then k(a) =1 for all « € R*.)

2.4. Assume that 6, and 6; are the highest short and highest long roots of R
respectively (for simply laced cases 6 = 05 = 6;), and for 1 < p < v consider a
triple

(ep, Qp, Mp = §m¢p0i> € ({:I:l} x {05} x gzm) U ({:I:l} x {6;} x zy: Zai>.

i=t+1
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The collection {(g,, ay,mp)}pLy is called a reduced collection if

Zk(ap)epmipmjp =0 foralll <i<j<v.
p=1

If {(ep, ap,mp) } Ly is a reduced collection, then ¢4, p,) is an element of W for all

1 <p<m (see [A2, Sect. 1]).

The following theorem is due to [A2, Thm. 2.7], [Kr2, Thm. 1.18], [AS4,
Thm. 5.19(ii)] and [AS5, Cors 2.34, 2.36(b)].

Theorem 2.5. Let R be an extended affine root system with Weyl group W and
W be the group defined by generators Wy, o € R*, subject to the relations

(2.3) w2 =1 for every a € R*,
WoWale = Wy, (g) for every a,f € R,
m
(2.5) é?g m) =1 for any reduced collection {(ep, ap,p) }pets
pylp
p=1

where ¢4, ) 15 the element in VW corresponding to ¢, n,), under the assignment
Wo — We.

(i) The extended affine Weyl group W is isomorphic to W.

(ii) If R is simply laced of rank > 1, or is of type Fy or Ga, then relations of the
form (2.5) are consequences of relations of the forms (2.3) and (2.4); in the
sense of Definition 2.6 below, W has the presentation by conjugation.

(iil) If v <2, then W has the presentation by conjugation (Definition 2.6).

Definition 2.6. The given presentation in Theorem 2.5 is called the generalized
presentation by conjugation. If VW is isomorphic to the presented group defined by
generators Wy, a« € R* and relations (2.3) and (2.4), then W is said to have the
presentation by conjugation.

2.7. As a consequence of [AS4, Thms 4.23, 5.16] and [AS5, Thm. 2.33], the
extended affine Weyl group W has the presentation by conjugation if and only
if the epimorphism

(2.6) i W =W,

We — Wey,

is an isomorphism.
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For o« € R*, we denote the orbit of o under the action of W on R* by Wa,
namely Wa = {wa | w € W}.

Corollary 2.8. Assume that W has the presentation by conjugation and fix B €
R*. Then the assignments

3, |1 ifaeWp, v |0 ifa€ Ry,
We —> We, >
0 ifae R*\W§, 1 if a € Ry,.

extend to epimorphisms ®g and ¥ from W onto Zo, respectively.

Proof. First we consider ®3. Since for o,y € R*, we have v € Wg if and
only if wa(y) € WS, it easily follows that the defining relations of the form
Wa W~y Wa Wy, () are mapped to zero under the assignment ®s. The argument for
defining relations of the form w,w, is obvious.

For the assignment W, clearly, the defining relations are mapped to zero under
U, as reflections preserve the length. O

Lemma 2.9. Let R be of non-simply-laced type. Let {w, | o € P} be a set of
generators for W. Then PN Ry, # 0 and P N Ry # 0.

Proof. First, assume that W has the presentation by conjugation and consider the
epimorphism ¥: W — Zy of Corollary 2.8. Now if P C Rj,, then for o € Rgp, we
have wq = Wq, - Wq,, for some ai,...,m € Rig. Then 1 = U(w,) = Y(wq, ) +
-+« 4+ U(wg,,) = 0 which is absurd. An analogous argument works for the case
P C Ry, replacing the roles of short and long roots. Thus the result holds if W
has the presentation by conjugation.

For the general case, we consider the epimorphism W — Wg, wq — wg, where
W, denotes the Weyl group of the finite root system R. Now, since {w, | a € P}
generates W, the set {ws | & € P} generates Wg. Since Wy has the presentation
by conjugation (see [MP, Prop. 5.3.3]), we get from the first part of the proof that
Ry NP # 0 and Rz NP # (. Since for o € R, a and & have the same length, we
are done. O

We return to the discussion about the existence of presentation by conjugation

for extended affine Weyl groups in future sections.

83. The classes M,., M. and M,,

We proceed by assuming that R is a reduced extended affine root system in V of
rank ¢ and nullity v > 0. Let W be the Weyl group of R. We begin by introducing
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some notation. For a subset P of R*, we set

Psn =P N Rgn,
Plg =PnN ng,
Sp :{wa|oz€73},
Wp = (Sp) = (w, | @ € P).
§3.1. Inter-relations between M,, M, and M,,

As we will see in the sequel (Proposition 4.4), the extended affine Weyl group W
is finitely generated.

Definition 3.1. Let ¢ denote the least number of reflections generating W and
let P C R*. We say P is a c-minimal set in R* if |P| = ¢ and Sp generates W.

Definition 3.2 ([AYY, Def. 1.19]). A subset P C R* is called a reflectable set if
WpP = R*. A subset P C R* is called a reflectable base if

(i) P is a reflectable set, WpP = R*;

(ii) no proper subset of P is a reflectable set.

Definition 3.3. Let P C R*; P is called an S-minimal set (or simply a minimal
set) in R* if

(i) Sp generates W;
(ii) no proper subset of Sp generates W.

3.4. We denote the class of reflectable bases, c-minimal sets, and S-minimal sets
of R* by M,., M. and M,,, respectively. We also set

Mye =M, "M, and M, =M, NM,,.
Clearly, we have
(3.1) M. CM,, and M,.C M.
Note that if P € M, U M,,, then as W = Wp, we have V = spany P, and then
(3.2) dim(V) =l +v <c <|P|.

Proposition 3.5. If P C R* satisfies W = Wp, then (P) = (R) and P is
connected. In particular, if P belongs to either of M., M, and M,., then (P) =
(R) and P is connected.
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Proof. For o € R*, we have w, = Wy, -+ Wq, for some aq,...,q, € P. If there
exists 8 € R* with (3,a") = —1, then

a+f=wa(B) =wa +Wa,(B) =B+ ki + -+ kpay

for some ky,...,k, € Z. Thus o € (P) and so (P) = (R). In particular, this holds
for the types X # A1, By, Cy. Assume now that R is of type A;. Then

—0 = We () = Way *+ Wa, (@) = a+ 2kioq + -+ + 2kpan

for some k; € Z, which again gives « € (P), as required.

Next assume that R is of type By. If o € Ryg, then there exists 8 € Rg,
such that (8,aY) = —1, and so we have o € (P) by the preceding paragraph.
Thus (Rig) € (P). It remains to show that Rsq, C (P). By 1.13(1.6), Ren =
R +S1©(S5). Since (S2) € (Ryg), it only remains to show that Rg,+S1 C (P). But
as (S1) = Y.'_, Zoy, we are done if we show that Ry, C (P) and o4, ...,01 € (P).

By Lemma 2.9, P contains a short root . By Proposition 1.10(iv), we may
assume that o € Ry,. Since ng C (P), this implies that Ry, C (P) and so RC (P).
To conclude the proof for type By, it remains to show that o1,...,0: € (P).

For this, we fix 1 <14 <t and for a € R* we consider the assignment

. 1 if ERS i L),
ol Erearas

0 otherwise.

We claim that this assignment can be lifted to an epimorphism W — Zs. By
Theorem 2.5, we need to show that the defining relations of the generalized pre-
sentation by conjugation vanish in Zs under this assignment. The relations of the
form waw, are clear. To check that ¢;(wa )i (wp)vs(wa)i(wy, (3)) = 0, we only
need to verify that 8 € Ry, + 0y + (L) if and only if w,(B) € Ren + 07 + (L). So
suppose 3 = B+ 0; + A for some B € Ry, and A € (L). Then

W (B) =wa(B) + 0+ A €

. +8+20+0;+AC R+ 0;+ (L) if o € Ry,
Ry +L+0;+AC Ry +0;+ (L) if a€ Ry,

as required.
Finally, we consider relations of the form 2.4(2.5). For this, we must show

that for ) )
(a,a = ;mjaj> e ({6} x AU ({95} x> Zai>,

i=t+1

we have

(¢i(Wart o )¥i(Wa)) (Vi (Wart oy )Pi(Wa))™ -+ (Yi(Warto, )i (wa))™ = 0.
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Clearly, this holds if & = 6. Suppose now that o = 6,. Since ¥;(wg,) = 0 and
Yi(wg,40,) = 0 for all j # i, we must show 1;(wg, +o) + mii(we,10,) = 0. Now
if o € 0; + (L), then as 1 < i < ¢, we have m; € 2Z + 1. Then v;(wp,+,) = 1 and
m;;(we,+o,) = 1 and we are done. Finally, we consider the case o & o;+ (L). This
forces m; € 27Z. Then we have 9;(wg,1+,) = 0 and m;);(wg_+o,) = 0 which again
gives the result. Thus, as was claimed, the assignment ); induces an epimorphism
Vit W — Zo.

Now let a € Ry, and fix 1 < i < t. Then a+0; € R and so Wato; = Wy * - Wey
for some v; € P. Then ¥;(wa+os,) = i(wy, ---w,, ), and so

n

1 - djz woﬁ»cf7 sz w’yl

where 7;; € P N Rgp. Thus, at least for one j, we get ¢(w,, ) = 1, implying that
Yi, € (Ren + 0; + (L)) NP. Since (L) C (P), this implies 4 + o; € (P) for some
4 € Rgy. Since Ry, C (P), we get 0; € (P) and the proof for type By is completed.
The proof for type Cy is analogous, replacing the roles of short and long roots.
Finally, we show that P is connected. If not, then P = P; WPy, where P; and
P, are non-empty sets and (P, P2) = {0}. Now let « € R*. Since P spans V, there
exists 8 € P with (o, 8) # 0. Assume without loss of generality that 8 € P;. We
have wy, = Wy, - - - Wq,, for some ay,...,a, € P. Since P; and P, are orthogonal,
it follows that 8 — (8,a")a = wa(B) = Wa,, ++ Wa,, (B), where aj,,...,aj, are
in P;. Since (a,8) # 0, this forces o € spang P;. This argument gives R* C
(R* Nspang P1) W (R* Nspang Po2) which is absurd as R is connected. O

To each subset P of R*, we associate two subsets of R as follows:
(3.3) R} :=WpP and R, :=(Rp— R%)NR.
Proposition 3.6. Let ) #P C R* be connected.

(i) The set Rp = R}y URY is an extended affine root system in Vp = spang Rp
satisfying Ry = Ry, R} = Ry and Wp = Wg,,.

(ii) If W = Wp, then Rp has the same rank, nullity and type of R. In particular,
if P belongs to either of the classes M. or M,,, then Rp has the same rank,
nullity and type of R.

(iii) If P is a reflectable set, then Rp = R.
Proof. First, we note from the way Rp is defined that R} = R% and RS = R}.

(i) From the definition of Rp it is clear that axioms (R1)-(R3) and (R5) of
an extended affine root system (Definition 1.2) hold for Rp. Since P is connected
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it follows easily that Rp is connected, so (R6) also holds. For (R4), since V% =
Vp N V0, we have

Ry = Rp = (Rp — Rp) N R
= (Rp = Rp) N ((R* = R*) N V)
= (Rp — R5) N Vp.

(ii) If W = Wp, then spang P =V and Vp =V, so spang RS = spang P =V
and spang RS = V°. Thus Rp has the same nullity as R. This gives rank Rp =
dim Vp —dim V% = dimV —dim V° = rank R. Also by Lemma 2.9, R and Rp have
the same number of root lengths. Thus both R and Rp have the same rank and
the same number of root lengths, with Rp C R. Now consulting the root data of
finite root systems (see [Hul, Table 12.2.1]), we conclude that Rp = R.

(iii) Since RS = R} = R* and R = (R%—R%)NR® = (R*—R*)NV° = RO,
we are done. O

§3.2. The finite case
We show that M, = M, = M,, if R is finite.

Lemma 3.7. Let R be a reduced irreducible finite root system of rank £; then
c=24.

Proof. Since the rank of a finite root system is equal to the minimal number of
generators for the corresponding Weyl group, we get £ = c. O

Proposition 3.8. Let R be a reduced irreducible finite root system; then M, =
My = M,

Proof. Let P be a reflectable base for R. By Lemma 1.9, |P| = rank(R). Thus
by Lemma 3.7, M, C M,.. Now let P € M,; since W = Wp, we get from
Proposition 3.6 that Rp is a finite subsystem of R of the same type and rank as
R. Thus R = Rp and so P is a reflectable set for R. This proves that M, C M,.,
and so M, = M,..

Next, let P € M,,. As we saw in the previous paragraph, P is a reflectable
set. If |P| > rank R = ¢, then P contains a proper subset P’ which is a reflectable
base, and so Wp: = W, contradicting that P € M,,. Thus

M € My, M, C M.,

completing the proof that M, = M,, = M,.. O
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The following example shows that Proposition 3.8 may fail if the extended
affine root system R is not finite.

Example 3.9. Counsider the extended affine root system R = AU (xe+A) of type
A1, where {0, +e€} is a finite root system of type A; and A = Zoy & Zoo ® Zos. Set

P :={e,01—€,09—€,03—€,0,+02—€,01+03—€,02+03—€,01+02+03—¢€}.

By Proposition 4.4(i), P is a reflectable base for R, so P € M,.. A simple compu-
tation shows that

w01+0'2+o'376 = w0'1+0'376w0'176w0'1+0'37€w6w0'376w6w0'276w0'2+0'376w67

SO Woytoetos—c € (Wa | @ € P\{Ws, 100t05—c}); thus P & M,, and then by (3.1),
P & M.. That is, P & M,..

§4. Reflectable bases, the class M.,

In this section we consider various aspects of reflectable bases; in particular, we
investigate their existences and their possible cardinalities.

§4.1. Characterization theorem for reflectable bases

We recall two recognition theorems for reflectable bases associated with reduced
extended affine root systems given in [AYY, Thms 3.1, 3.14, 3.24, 3.26, 3.27] and
[ASTY, Thm. 3.2].

Theorem 4.1 (Recognition theorem for simply laced types). Let R be simply
laced of type X and 11 C R* satisfy (II) = (R). Then II is a reflectable base
for R if and only if

() B = Woen((a+2(R) N R) if X = Ay;
(ii) II is a minimal generating set for the free abelian group (R), if X is simply
laced of rank > 1.

Theorem 4.2 (Recognition theorem for non-simply-laced types). Let R be non-
simply-laced of type X and let I1 C R* satisfy (II) = (R). Then II is a reflectable
base for R if and only if

(i) Rsnh = Lﬂaeﬂsh((a + <R1g>) N Rgn) and Ry = waeﬂlg((a + 2(Rgn)) N ng) if
X = BQ;
(i) Rsh = Waem, ((a+ (Rig)) N Ran), and iy is a minimal set with respect to

the property that {a + 2(Ren) | o € Iz} is a basis for the Zg-vector space
(Rig)/2(Ren), if X = By, £ > 3;
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(i) Rig = &Jaenlg((a + 2(Rsn)) N Rig), and Ilg, is minimal with respect to the
property that the set {a+ (Rig) | @ € Iln} is a basis for the Za-vector space
<Rsh>/<R1g>) ZfX = C’e, {> 3;

(iv) TLgn is minimal with respect to the property that the set {a+ (Rig) | a € gn }
is a basis for the Zy-vector space (Rsn)/(Rig), and Ilig is minimal with respect
to the property that the set {a+k(Rgn) | o € Iz} is a basis for the Zy-vector
space (Rig)/k(Rsn), if X = Fu,Go, where k is as in 1.12.

Remark 4.3. If in Theorems 4.1 and 4.2, we drop the terms “minimal” and
“basis” and change the symbol “4)” to “(J”, then the conditions there characterize
the reflectable sets in R.

§4.2. Concrete family of reflectable bases

We show that set P(X) given in Table 1 is a reflectable base for the extended
affine root system of type X.

Proposition 4.4. Let R be a reduced extended affine root system of type X, nullity
v and twist number t. Then the following hold:

(i) the set P(X) given in Table 1 is a reflectable base for R with |P(X)| =
ind(R) + ¢ + v;
(ii) #f ind(R) =0, then P(X) € M,.

Proof. We follow the same notation as in 1.12.

(i) Suppose first that R is simply laced of rank > 1, or is of type Fy or Ga.
Since [P(X)| = £+v, we get from Theorem 4.1(ii) and Theorem 4.2(iv) that P(X)
is a reflectable base.

Next suppose X = By with £ > 3. We have

P = P(Bf) = {ala"'7af771 - 957"'77p1 - 9535t+1 _9l5-~-761/ - el}v
where p; = ind(S7). We assume that the only short root of IT is ay. We have
Psh = {Oéé,’}/l - 987 ey Vo1 — 98}7
Plg = {Ckl, e, O, 5t+1 — 017 N ,(51, — 9[}
By Proposition 4.4, P is a reflectable set for R and so by Remark 4.3,

(1) Ren = UaG'Psh (a + (Rig)) N Ran;
(2) {a+2(Rsn) | € Pig} spans the Zs-vector space U = (Rig)/2(Rqn).
Thus, to show that P is a reflectable base, it is enough to show (by Theorem 4.2(ii))

that the union in (1) is disjoint and that the set in (2) is a basis for U. We start
by proving that the union in (1) is disjoint.
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If ap € Upep,, fary (@ F (Big)) N Rap, then there is a 1 < i < ind(S1) such that
ay € v, — 85 + (Rig) and this implies that v, € (L), which contradicts 1.13(1.6).
Next suppose there exists a 1 < i < ind(S1) such that v — 05 € Uqep, \{7i —
Os}(a + (Rig)) N Ren. Now if v, — 8, € oy + (Rig), then 7; € (L) which again
contradicts 1.13(1.6). If ; — 05 € v; — 05 + (Rig) for some 1 < j # i < ind(S1),
we get ; — 7y, € 2(S1), which contradicts 1.13(1.8). This completes the proof for

(1).

Next, we consider (2). As the set {a + 2(Rq) | o € Pig} spans U and
dimg, U =l —-1)+ (v —t)=|Pgl=0C—-1)+ (v —1),

this set is a basis for &. Thus P is a reflectable base for R and |P| = ind(R)+{+v.

The proof for type Cy (¢ > 3) is analogous to type By, replacing the roles
of short and long roots in the proof, and using the characterization of reflectable
bases of type C given in Theorem 4.2(iii). The proofs for types A; and Bs can also
be carried out in a similar manner, using recognition theorems, Theorems 4.1(i)
and 4.2(i).

(i) Let P = P(X). If ind(R) = 0, then |P| = £+ v and as W = Wp,
we have |P| = ¢+ v = dim(V) = dim(spang P); thus P is a basis for V. Since
dim(V) < ¢ < |P|, we have ¢ = |P| = £+ v, that is, P € M.. O

For the proof of the following corollary, we recall the elementary fact from
group theory that if a group G is finitely generated, then any generating set for G
contains a finite generating set.

Corollary 4.5. Let P be in either M., M, or M,.. Then P is finite.

Proof. By 3.4(3.1), we only need to consider P € M,,, or P € M,. By Propo-
sition 4.4, W is generated by reflections based on the finite set P(X), and so
is finitely generated. Thus any generating set for VW contains a finite generating
set. In particular, if P € M,, then P contains a finite subset P’ such that Sp
generates W. But the minimality of P gives P = P’, and we are done.

Next assume P € M,. We have W = Wp, and so as explained above, W is
generated by reflections based on a finite subset P’ of P. Again let P(X) be the
reflectable base given in Proposition 4.4. Then P(X) C R* = WpP = Wp/P.
As P(X) is finite, we have P(X) C Wp/P” for some finite subset P of P. Now
setting P := P’ UP”, we get

R* = WP(X) = WsP(X) C WaWpP" C W5P.

Now the minimality of P gives P = P, and we are done. O
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§4.3. On cardinality of reflectable bases; types Ay, By, Cy, Fy, G2

In Corollary 4.5, we just saw that reflectable bases have finite cardinalities. Do any
two reflectable bases for an extended affine root system have the same cardinality?
As we will see in the sequel, the answer is not positive in general, but we will discuss
situations in which the response is affirmative.

Theorem 4.6. Let R be an extended affine root system of rank £, nullity v and
twist number t, and let P and P’ be two reflectable bases for R. Then for the types
gwen in Table 2, |P| = |P’|. Moreover, if P € M,, then |P|, |Ps| and |Pig| are
given by Table 2, where S, Sy and Sz are as in 1.13(1.6).

Type P |Pon| P

Ay 1+ ind(S) — —

By 2 +ind(S7) +ind(S2) 1+ ind(Sy) 1+ ind(S2)
By (£>3) £+4ind(S1)+(v—t) 1+ind(S;)) (L—-1)+(v—1t)
Cy (£ >3) £+t +ind(S2) (—-1)+t¢ 1 —l— ind(Ss)
Fy 44 v 2+t + -1
Gy 2+ v 1+¢ 1+ (w—1t)

Table 2. Cardinality of reflectable bases

Proof. If R is of type Aj, then we have |P| =1+ ind(S), by [AP, Lem. 2.3], and
we are done in this case.

Next suppose R is of type By and P and P’ are two reflectable bases for R.
By Theorem 4.2(i), we have the following coset description of Ry, and Rjy:

Ra= |H (@+(Rg)NRa= [H (o' + (Ry))NRa

aE€Psh ' €Py,
and
R, = L—lj (a4 2(Rsn)) N Rig = L‘H (o +2(Ran)) N Ryg.
DtG’P]g a'EP{g
It follows that |Psn| = [P,| and |[Pig| = [P},[. Thus [P| = [P'].

Assume next that R is of type By (¢ > 3) or Cy ({ > 3). We give the
proof for type By; the proof for type Cy is analogous, replacing the roles of short
and long roots. Assume P and P’ are two reflectable bases for R. According to



254 S. AzaM, F. PARISHANI AND S. TAN

Theorem 4.2(ii), we have

Rov= | (a+ (RN Ra= ) (& +(Ri)N R,
aEPsn @' €PY,

and
[Prg| = dimz, ((Rig) /2(Rsn)) = | P!

Thus |Pew| = [Pg,| and [Pig| = |P,], as required.
Next assume R is of type Fy or Gy. By Theorem 4.2(iv), if P and P’ are two
reflectable bases for R, then

|Pig| = dimgz, ((Rig) /2(Rsn)) = |Ply| and  [Pa| = dimz, ((Ren)/(Rig)) = [Péul-

Finally, we consider the last assertion in the statement. Let P be a reflectable
base of type X = Ay, By, Cy, Fy or Go. Since now we know that any two reflectable
bases for R have the same cardinality, it is enough to assume that P = P(X), where
P(X) is the reflectable base given in Proposition 4.4. The result can now be seen
from the information given in Table 1. O

Corollary 4.7. The cardinality of a reflectable base is an isomorphism invariant
of an extended affine root system of types X = A1, By, Cy, Fy, Gs.

Proof. One notes that the index of semilattices S, S; and S, appearing in the
structure of an extended affine root system, as well as the nullity, the rank and
the twist number are isomorphism invariants for an extended affine root system;
see [AABGP, Chap. II]. Now the result is immediate from Theorem 4.6. O

Lemma 4.8. Suppose P is a reflectable base for R such that |P| = £ + v; then
P € My (that is, P is a minimal reflectable base).

Proof. Since P is a reflectable base, the reflections based on P generate W, so it
is enough to show that no proper subset of P has this property. But this is clear
as |[P| =dimV. O

§4.4. On cardinalities of reflectable bases; simply laced types
of rank > 1

Let R be a simply laced extended affine root system of rank ¢ > 1 and nullity v > 1.
We start with the following example which shows that Theorem 4.6 does not hold
in general for R, namely reflectable bases for R might have different cardinalities,
even when v = 1 which is the affine case. The example also shows that ¢ = ¢ + v
and that M,.. is a proper subclass of M,.,,,. We then show that M, = M,.,,. The
subsection is concluded with a technical result that shows that each reflectable
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base for R contains a subset of cardinality ¢ + v which is a reflectable base for a
subsystem of R of the same type, rank and nullity as R.

Example 4.9. Let R be a simply laced extended affine root system of type X
and rank > 1. Then R = AU (R—&—A)7 where R is a finite root system of type X and
A=Zo, & - & Zo,; see 1.11 and 1.12. Let IT = {a1,...,a¢} be a fundamental
system for R. Set

H:{al,--.,ag,OLl—leO'l,OéQ —|—m20'1,042+02,...,o¢2—|—(7y},

where mi,my > 1 are relatively prime integers. We claim that II is a reflectable
base for R. Since (my,ms) = 1, we have (IT) = (R) @ A = (R), and so we get
from Theorem 4.1(ii) and Remark 4.3 that II is a reflectable set for R. Therefore,
using Theorem 4.1(ii) again, it is enough to show that for each o € II, II], =
IT\ {a} does not generate (R). Clearly, we only need to check this for a € {ay, as,
ai +mioy, g +moot}. Since my, mg > 1, we have o1 & (II}, . ,,,,,) and similarly
o1 & (I, oo, )- o1 € I1), , then 01 = kag + k' (a1 + mio1) + k' (az + maoy)
for some k, k', k" € Z. This gives ¥’ = 0 and so k”"my = 1 which is impossible.
The same reasoning gives o1 ¢ (II[,,). Thus II is a reflectable base. Note that
I =¢+v+1 > |P(X)| = £+ v, where P(X) is the reflectable base given in
Table 1. We conclude that M,.. is a proper subclass of M,.,,.

Proposition 4.10. Let R be a simply laced extended affine root system of rank
> 1. Then M, = M.

Proof. We must show M,. C M,,. Assume that P is a reflectable base for R; by
Theorem 4.1(ii), P is minimal with respect to the property that (P) = (R). If
P & M,,, then there is at least one ag € P such that wa, € (wy |y € P\ {ao}).
But then Proposition 3.5 gives (P \ {ag}) = (R), which contradicts the minimality
of P. O

Proposition 4.11. Let R be a simply laced extended affine root system of rank
£ > 1 and nullity v. Let II be a reflectable base for R. Then Il contains a subset
IT' of cardinality £ + v such that II' is a reflectable base for a root subsystem R' of
R, where R' has the same type, rank and nullity as R.

Proof. Let II be a reflectable base for R; then |II| > ¢ + v. If |II| = ¢ + v, there is
nothing to prove. Now assume that |II| > ¢ + v. Recall from Section 1.1 that ~ is
the canonical map from V onto V := V\ V? and R is the image of R under ~. Since
Wrhll = R*, we get from Proposition 1.10 that there exists a subset II of II, such
that R = (WyIl) U {0} C R is an irreducible finite root system isomorphic to R,
and we get the description R = AU (R + A) for R where A is a lattice; see 1.11.
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We fix a reflectable base {a1,...,a,} C II of R; see 3.2. Then V = spang R. We
extend {aq,...,as} to a basis Il" = {ay,...,ap, qpr1, ..., a0, } of V, such that
IT" C II. Since IT' spans V, it is connected.

We now consider the extended affine root system R’ := Ry defined in Propo-
sition 3.6. By the same argument as in the proof of Proposition 3.6(ii), R’ has the
same type, rank and nullity as R. Since |II'| = £+ v = dim V, it is a reflectable
base for R'. O

85. A characterization of minimal root systems

As in the previous sections, we let R be an extended affine root system of reduced
type X with corresponding Weyl group W. It is known that W has the presentation
by conjugation, see Definition 2.6, if and only if R is “minimal” in the sense of
Definition 5.1 below. Therefore, the minimality condition reflects the geometric
aspects of extended affine root systems. In this section we characterize minimal
root systems in terms of minimal reflectable bases.

§5.1. Minimal extended affine root systems

Definition 5.1. Following [Ho|, we say the extended affine root system R is min-
imal if for each a € R*, Wp C W, where P = R* \ Wa.

Lemma 5.2. Let P C R*.

(i) WP =P if and only if Sp = Sywp and P = —P.
(ii) The extended affine root system R is minimal if and only if whenever P C R*
with Wp =W and WP =P, then P = R*.

Proof. (i) The “if” part is clear. Now assume that Sp = Syyp and P = —P. Then
for w' € W and o € P we have w, (o) € Sp; thus there exists 3 € P such that
Wy (o) = wp and then we have w'(a) = £4. Now as P = —P, we have w'(a) € P
and therefore WP = P.

(ii) Assume first that R is minimal and P is a subset of R* such that W = Wp
and WP = P. We must show P = R*. If not, we pick o € R*\ P. Since WP = P,
we get P C R* \ Wa. But now the assumption W = Wp contradicts minimality
of R.

Next assume that the “only if” part holds, and that R is not minimal. So
there exists &« € R* such that Wp = W for P := R* \ Wa. Now since WP = P,
we get by the assumption that R* = P, which is absurd. O
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§5.2. Minimality and presentation by conjugation

Let R be a reduced extended affine root system with Weyl group W. Let W be
the group defined by generators w,, a € R* and relations

e W2 =1,acR"
° 1/1)\@1/17/3’&7(1 = ﬁ;waﬂa a, B8 € R*.
We recall from Definition 2.6 that if W = 17\/\, then W is said to have the

presentation by conjugation. We refer to this group as the conjugation presented
group, associated with R.

Proposition 5.3. Given any reflectable base P for R, the set {, | a € P} is a
minimal generating set for the conjugation presented group VW associated to R.

Proof. If v = 0 then R is a finite root system and so W = W. Then we are done
by Proposition 3.8.

Assume next that v > 1. If R is simply laced of rank > 1 or has one of types
Fy or Go, then by Lemma 4.8, Theorem 4.6 and Proposition 4.10, {w,, | @ € P}
is a minimal generating set for W. But by Theorem 2.5, for the types under
consideration W = W and so we are done.

Next, suppose that R is of type Aj; then by Theorem 4.1(i), we have
(5.1) R* = |H (a+2(R)) N R

acP
On the other hand, since R* = | J,.p Wa, and for o € R* we have Wa C a+2(R),
we get from (5.1),
(5.2) R* = |4 Wa.
acP

If {@, | @ € P} is not a minimal generating set for W, then there is at least
one 3 € P such that wg = @w,, ---w,, for some v, € P\ {f}, 1 < i < n. By
Corollary 2.8, the assignment

3, |1 ifaeWp,
Wo —
0 if € RX\ W5,

induces an epimorphism ®: W — Zs. Now, by (5.2), P\ {8} € R* \ Wg, and
so we get ®g(wg) =1 and Pg(ws, ... w,,) = 0 which is a contradiction.
Next we consider type Bs. In this case, it is easy to see that

a+ (Ry) if a € Ran,

(5.3) Wa C
a+2(Rg) if a € Ryg.
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By Theorem 4.1(iii), we have

Ra= |H ((@+(Ri)NRa) and Rz = [H ((o+ 2(Ran)) N Ryg).
a€Psn a€Pig

Using these equations together with (5.3), we get that the union R* = J,.p Wa
is disjoint. Then using the same argument as in type A;, we achieve the desired
result.

Finally, suppose that R is of type B, (£ > 2), and assume to the contrary
that {W, | @ € P} is not a minimal generating set for W then there is at least
one f € P such that Wg € (W, | @ € P\ {B}). We proceed with the proof by
considering the following two cases.

B € Rg,. Similar to the case B, using Theorem 4.1(iv), we see that Ry, =
Waep, Wa; then P\ {5} C R* \ W}S. Therefore, repeating the same argument
as in type Bs leads to a contradiction.

B € Rig. We have Wg = W, --- W, for some v; € P\ {8}. Applying the
epimorphism 1 given in 2.7(2.6), we get wg = w,, ...w,,. Since £ > 3, there
exists & € Ry such that (o, 8Y) = —1. If {7, ..., %, } = {71, -, 7} N Rig then
we have

a+f=wp(a) =wy, ... wy,(a) €Wy, ... wy, (a)+2(Rsn);
thus

(54) B € <’7’i17 ) 7’7im> + 2<Rsh>7 ey € Plg \ {B}u

which is a contradiction as, by Theorem 4.1(iv), P, is minimal with respect to
the property that the set {4+ 2(Rsn) | o € Pig} is a basis for the Zy vector space

(Rig) /2(Ran).
As usual, the argument for the case Cy is analogous to By, replacing the roles
of short and long roots. O

Theorem 5.4. The following are equivalent:
(i) R is minimal;
(ii) W has the presentation by conjugation;

(i) M, = M.

Proof. Conditions (i) and (ii) are equivalent by [Ho, Thm. 5.8]. Next assume (ii)
holds, namely W = W under the isomorphism induced by the assignment 1 : W=
W, We > Wo, @ € R*. Let II € M,.. By Proposition 5.3, the set {W, | o € II} is
a minimal generating set for 17\/\, and so we are done. This gives (iii).
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Finally, assume that (iii) holds. Consider the set P(X) given in Table 1.
By Proposition 4.4, P(X) € M, and so P(X) € M,,. Then R is minimal by
Theorem 5.6. This gives (i) and the proof is completed. O

Corollary 5.5. Let R be a reduced extended affine root system of type X, rank ¢
and nullity v. Then under either of the two conditions

(i) v<2,
(ii) X = Ag (K > 1), Dg, E677,8; F4 or GQ,

we have M, = Myp,. Moreover, if ind(R) = 0 and X = A1,By (¢ > 2) or Cy
(¢ >3), then M, = Mye = My,

Proof. For the first part of the statement, we only need to show by Theorem 5.4
that under either of the conditions (i) and (ii), W has the presentation by conju-
gation. But this is immediate from Theorem 2.5(ii)—(iii).

Next we assume ind(R) = 0, where X = Ay, By, Cy. By 3.4(3.1), it is enough
to show that M, C M,.. Let P € M,. By Theorem 4.6, we have |P| = £ + v.
Now as W = Wp, we get V = spang P, and since by 3.4(3.2), dim(V) < ¢ < |P|,
we get ¢ =Ff +v. Thus P € M,.. O]

Theorem 5.6. Let R be a reduced extended affine root system of type X and P(X)
be as in Table 1. Then P(X) € M,, if and only if R is a minimal root system.

Proof. First, suppose that R is of type A; or one of the non-simply-laced types;
then by [AS4, Thm. 5.16] and [AS5, Thm. 2.33], P(X) € M,, if and only if R
is a minimal root system. Next assume that R is simply laced of rank > 1 and
P € M,,. If R is not minimal, then by [Ho, Thm. 4.5], W does not have the
presentation by conjugation, contradicting Theorem 2.5(iii).

Conversely, assume that R is a minimal root system. As |P(X)| ={¢+v =
dim(V), we have P(X) € M, C M,,. O

§5.3. Gallery of results

Table 3 concludes and illustrates our investigation concerning the interrelations
between classes M,., M,,, and M,. Here, R is an irreducible, reduced, extended,
affine root system of type X, rank ¢ and nullity v.

§6. Relations to extended affine Lie algebras

We begin with a brief introduction to the definition of an extended affine Lie
algebra and some of its basic properties. For more details on the subject and
further terminology, we refer the reader to [AABGP, Chap. I].
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R = extended affine root system

P(X) € My,

Wp =W

R finite

P e M. M, or M,
X = A17 B‘€7 C[v F47 G2

X = simply laced of rank > 1

PeM,

MT‘ = Mrm

v <2 or
X = simply laced of rank > 1,
X = F47 G27

X = Ay, By, Cy, and ind(R) = 0

X =Fy, Gy
md(R) = 07 X = Al, Bg, C[

Proposition 4.4
—_

Theorem 5.6
=

Proposition 3.5

Proposition 3.8
>

Corollary 4.5
i
Theorem 4.6

Proposition 4.10
Example 4.9

Proposition 5.3

Theorem 5.4

Corollary 5.5
_

Corollary 5.5
>

Corollary 5.5

P(X) is a reflectable base for R
R is minimal

(P) = (R), P is connected

M. = My, = M, ¢ = rank(R)
P is finite

All elements of M,. have
the same cardinality

M, = My, and M. T M,

P is a minimal generating set for
the conjugation presented group W

R is minimal

MT‘ = Mrm

M'r = Mrc = Mrm
Mr = Mrc = Mrm

Table 3. Gallery of results on the level of root system and Weyl group

§6.1. Extended affine Lie algebras

Definition 6.1. A triple (£, (+,-), ) in which £ is a complex Lie algebra, H is a
subalgebra and (-, -) is a bilinear form on L is called an extended affine Lie algebra

if the following five axioms hold:

(E1) The form (-,-) is symmetric, invariant and non-degenerate.

(E2) H is non-trivial, finite-dimensional and self-centralizing such that

L= La,

where

aER

Lo={zeL|[ha]=ah)(z)foral heH}

and

R={aeH" | Ls#{0}}.

We call R the root system of L with respect to H. The form on L restricted
to H is non-degenerate so the form can be transferred to H* in a natural
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way. We denote by ¢, the unique element in H which represents a € H* via
the form, namely

alh) = (ta,h) (heH).
Set
R’:={a€R|(a,0) =0} and R*:=R\R".
(E3) ad(x) is locally nilpotent for z € £,, o € R*.
(E4) R is a discrete subset of H*.

(E5) R is irreducible, meaning that R is connected, and for o € R, there exists
a € R* with a4+ o0 € R.

6.2. We assume from now on that (£, (-,-),H) is an extended affine Lie algebra
with root system R. One knows that R is an extended affine root system in V =
spang R, all non-isotropic root spaces are 1-dimensional, and that for « € R*, one
may choose e, € Ly, such that (eq, hy = [€n,€—a],e—q) is an sly-triple. From
now on, we assume that R is reduced. For a« € R* and x4, € L4,, we define
®,, € Aut(L) by

®,, = exp(ad z,) exp(—ad x_, ) exp(ad ).

Then ®,(Ls) = Ly, (p) for B € R; see [AABGP, Prop. 1.1.27]. As in Defini-
tion 2.2, we denote by W the extended affine Weyl group of R. We also denote by
W, the Weyl group of £, the subgroup of GL(H*) generated by reflections 8 +—
B—(B,a¥)a, a € R*. Then ®,, restricted to H = H* coincides with the reflection
we, € W, identifying W, with the extended affine Weyl group W of R.

We recall that the core L. of £ is the subalgebra of £ generated by the non-
isotropic root spaces L, « € R*.

§6.2. Reflectable bases and the core

We begin with a lemma that shows, using the concept of a reflectable set, that the
root spaces associated with a reflectable set (up to a plus-minus sign) generate the
core, implying that the core of an extended affine Lie algebra is finitely generated
(compare with [Neh, Sect. 6.12] and [A5, Cor. 2.14]). We start with terminology.

Definition 6.3. We call a subset P of R* a root-generating set for L if the root
spaces L1, @ € P generate L.. We call a root-generating set minimal if no proper
subset of P is a root-generating set.

Lemma 6.4. Any reflectable set for R is a root-generating set for L. In particular,
L. is finitely generated.
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Proof. Let P be a reflectable set and let o € R*. Then a = wy, -+ - Wy, (ay41) for
some «a; € P. Therefore,

q)(h e @Ott (‘Cat+1) = ‘Cwal"'wat(at+l) = EOC

Thus L, is contain in the subalgebra of £ generated by Lg, 8 € P*. The second
statement now follows from Corollary 4.5. O

Lemma 6.5. Let R be a simply laced extended affine root system of type X and
rank > 1. Let P be a reflectable base for R. Then P is a minimal Toot-generating
set for L. In particular, the set P(X) given in Table 1 is a minimal root-generating
set for L.

Proof. Assume to the contrary that P contains a proper root-generating set P’. If
o € P, then L, is generated by some root spaces L4, ..., Ly, forsome aq, ..., o4 €
P’. Thus a € (P’), and so (P’) = (P) = (R). Then by [ASTY, Thm. 3.2], P’ is
a reflectable set for R. But this contradicts the minimality of P as a reflectable
base. The second assertion in the statement follows from Proposition 4.4. O

Lemma 6.6. If ind(R) = 0, then any reflectable base P is a minimal root-
generating set for L. In particular, if R is simply laced of rank > 1, or is of type
Fy or Go, then any reflectable base is a minimal root-generating set for L. O

Proof. If R is simply laced of rank > 1, then we are done by Lemma 6.5. For
the remaining types, we have from Theorem 4.6 that all reflectable bases have the
same cardinality. Now, if ind(R) = 0 then we see from 1.13 that |P| = |P(X)| =
¢ + v, which is equal to the rank of the free abelian group (R). Since the roots
corresponding to any generating set of root vectors for £. must generate (R),
the first assertion in the statement holds. The second assertion is now clear as
ind(R) = 0 for the given types. O

The following example shows that if ind(R) # 0 then Lemma 6.6 may fail.
Also, it shows that an extended affine Lie algebra might have minimal root-
generating sets with different cardinalities.

Example 6.7. Suppose L is an extended affine Lie algebra with root system R.

(i) Let R be of type A; and nullity 2 with ind(R) > 0. We know that (see 1.13)
up to isomorphism R = A + (+a + A), where A = Zoy & Zos. We consider the
reflectable base P(X) = {a,01 — a,09 — a,01 + 02 — a} for R; see Table 1.
From [A4, Rem. 1.5(ii)], we know that

[Loi—a) Lal, Loy—a) # {0}
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Thus the 1-dimensional space L, +0,—o iS generated by root spaces corre-
sponding to roots {«, 01 —«, 09 —a}. Therefore, by Lemma 6.4, £, is generated
by root spaces L+, 8 € {o, 01 —, 02 —a}. Thus P(X) is not a minimal root-
generating set for L.

Let R be of type Ay. Then up to isomorphism R = A U (R + A), where A =
Zoy @®Zos and R is a finite root system of type A, with a base {a1,as}. Then
P ={a1,a2,a1 + 01,00 + o2} and P’ = {ay, as, a1 + 201, a9 + 301, a2 + 02}
are reflectable bases for R; see Example 4.9. By Lemma 6.6 both P and P’
are minimal root-generating sets with |P| # |P’| for the corresponding Lie
algebra L.

§6.3. Elliptic Lie algebras versus 2-extended affine Lie algebras

We begin with a definition. By a 2-extended affine Lie algebra (root system) we

mean an extended affine Lie algebra (root system) of nullity 2. Throughout this

section, R is a reduced 2-extended affine root system.

Definition 6.8. Below we define the concepts of an elliptic root system and an

elliptic Lie algebra:

(i)
(i)

In the literature, a 2-extended affine root system is referred to as an elliptic
root system.

Let £ be a Lie algebra containing a subalgebra H with a decomposition £ =
> acw Lo, where

Lo={ze€L|[ha]=a(h)zforalhecH}

The set R := {a € H* | L, # {0}} is called the root system of L with respect
to H. We call (L, H), or simply L, an elliptic Lie algebra if R is an elliptic
root system, with respect to a symmetric positive semidefinite form on the
real span of R.

Corollary 6.9. Let L be a 2-extended affine Lie algebra of type X, rank £ and
twist number t. Let S be as in 1.11. Suppose any of the following hold:

X is simply laced of rank > 1;

X = A; and ind(S) = 2;

X =Fy, Go;

X =By witht=1; ort =0,2 and ind(S) = 2;

X =By (£>2)witht=0,1; ort =2 and ind(S) = 2;
X =Cp witht=1,2; ort =0 and ind(S) = 2.

Then any reflectable base is a minimal root-generating set for L.
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Proof. For all the types given in the statement we have ind(R) = 0 and so by
Lemma 6.6 we are done. O

§6.4. A prototype presentation

Let R = R°U (Rgy + S) U (Rig + L) be an elliptic root system, where R =
R UR),U{0} and S, L are defined in 1.11. Let P = {a, ..., as} be a fundamental
system for R and consider the following Dynkin diagrams:

o [} a3z Qp—1 ¢
Ay (>1): o—o0—o0 - - - o0—o0
Qg Q2 Qg Qp—2 Qg1 Qyp
B,((>2): 0—0—0 —--- O—0>0
Qg Q2 ag Qp—2 Qyp_1 Qg
C,(¢>3): 0—0—0 —--- O—C=0
Qap_o
(o5} a2 a3 Ougg—Iag_—loz@e
D, (¢ >4) oO—O0—0 - — -
asz
O
a1 as Qg as Qg
Eg : O O O
asg
O
[} a3 oy as (73} a7
E;: O O
o
O
Qg [e %3 Qg as Qg a7 ag
FEg: O O O O O
«aq Qg a3 Qg
F4 : O m O
[e5] Qg
Gs : G—=0

As in 2.1, we set V = spang R, V = V& (V°)* and we let (-,-) be the non-
degenerate form on V. We recall that V = VY @10, and that V° = Roy @ Roo,
where 01,09 € R and (RY) = Zoy ® Zoa. We fix a basis {A1, A2} for (V)* by

(6.1) N(oj) =8y (1<ij<2).

We consider Aj, Ay as elements of V* by requiring \; (V) = A2(V) = {0}.
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Assume that P = P(X) is the reflectable base for R given in Table 4. We
recall from Proposition 3.6 and axiom (R4) of Definition 1.2 that

R=WpP U ((WpP —WpP)N V),

so R is uniquely determined by P.
For «, 8 € R*, we define

Ne,g = min{n € Zso | na+ 8 & R}.

In what follows, by P* we mean P U (—P). Also, a term [x1,...,2,] in a Lie
algebra means [21, [z2, [3,. .., [Tn—1, 2] - -]]]-
Let £ be the Lie algebra defined by generators

)?ou ﬁaa Cila 622 (aepi)a
subject to the following relations:

(I) Zf:l ﬁﬂz = ﬁEf:l Bi if 617 s 7ﬁk7 Zf:l ﬁl € Pa

6.2) (I1) [Ha, X5] = (8,0Y) X5, a,8 € PE;

Xo, X o] = Ha, o € P
(V) )’(: (SRR X ]_07 Q; EIPi7 Z?:l &%) ¢R7
(VI) [di, Xa] = Mi(0)Xq, [didj] = [di, Ha] =0, a € PE, 1<i,j < 2.

We see from defining relations of the form (V) that
(V) ad Xh*(Xg) =0, a,B € P*.

Remark 6.10. Let ® be an irreducible finite or affine root system, and P be a
fundamental system for ®. Let L be the Lie algebra defined by generators Xa, Ha,
o € P%, and relations (I)~(IV), (V'), (VI) (while d; is dropped). Then Z is either
a finite-dimensional simple Lie algebra or the derived subalgebra of an affine Lie
algebra with root system ®; see [Kac]. Since relations of the form (V) hold in L,
it follows that (V) and (V') are equivalent in this case.

To proceed, we recall that in [AABGP, Chap. III], associated to each elliptic
root system R, an extended affine Lie algebra (L, (-,-), H) with root system R is
constructed such that £ = L. ® Cdy & Cdsy, where dy, do act as derivations on L,
and [dy,ds] = 0. Moreover, H = >, Cts @ Ct,, ® Cl,,, and (d;, t,;) = dij =
Ni(0;), 4,7 = 1,2. So we may identify \; € (V°)" C H** = H with d;. Then for
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Type P(X)

{Cvl,O'l — Q1,09 — 0[1} if md(R) = O,

A
! {011,0'1—(1170'2—0[1,01 +02—0[1} 1f1nd(R):1

Ay (£>1)

DZ {011,...,045,0'1—041702—041}

Egrs
{a1, 00,03, 04,01 — 1,00 — o} if t =0,

F4 {Oll,OéQ,OZ3,Oé4,O’1—05470'2—0[1} lftzla
{on, a0, 3,004,010 — o, 00 —au} if t =2
{a1,9,01 —a1,00 —an} if t =0,

Go {o, 00,01 —ag,00 — o} if t =1,
{al,ag,Ul—Oég,O'g—ag} ift=2
{a1,a9,01 — aj,00 —ay} if t =0, ind(R) = 0,
{0417042,0'1 — Q1,09 — Q1,01 + 02 —Oél} ift =0, 1nd(R) =1,

By {oq, 00,01 — 1,09 —ap} if t =1,
{a1,a9,01 — ag, 090 — an} if t =2, ind(R) = 0,
{a1,a9,01 — ag,090 — g, 01 + 09 —as} if t =2, ind(R) =1
{a1,...,ap,001 —ay,09 — a1 } if t =0,

By (6> 2) {ag,...,ap,01 —ay,090 — ay} .ift:L.
{ag,...,ap,01 —ag,09 —ap} if t =2, ind(R) = 0,
{ag,...,ap, 01 —ay,00 —ay,01 + 09 —ay} if t =2, ind(R) =1
{al,...,ag,al—al,ag—al} lft:2,

C[ (£>2) {ala"'valval_alaUQ_aZ} lftzl,
{a1,...,ap,01 — ap,00 —ay} if t =0, ind(R) = 0,
{a1,...,ap,01 — 09 —ay,01 + 09 —ap}t if t =0, ind(R) =1

Table 4. A reflectable base for the elliptic root system R
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a € R, M\i(a) = a(d;). We fix this Lie algebra £ throughout the section and set
He=HNL..

For each o € R*, we fix an sly-triple (eq, ha,€—q), Where e1, € Laig,
[eas€—a] = ho and [ha, €44] = £2€44; see 6.2.

Since relations (6.2) hold in L for ey, hy, di, d2, a € PE, in place of )A(a, ﬁa,
(fl, cig, and since by Lemma 6.4 the elements ey, hq, di, d2, & € PT generate L,
we get an epimorphism

W:E—)E,

(6.3) A . R
Xorreq, Hyhy (aeP), di—d;.

We set
?q = span(c{ﬁmcfl,ciz | a € Pi} = span(c{ﬁm(fl,cZg | a e ’P}.

We note that the second equality holds here, since ﬁ,a = —fIa, for « € P, by
relations of the form (IV) in (6.2).

Lemma 6.11. The epimorphism V¥ restricts to an isomorphism H—H. In par-
ticular, H is an abelian subalgebra of L with dimH = dimH = ¢ + 4.

Proof. Consider the epimorphism W: £ — £ given by (6.3). From [AABGP,
Chap. III], we know that dimH = £+ 4 and H = > .p Chy ®© Cd; © Cdo.
So if |P| = |P(X)| = £+ 2, then {hq,d1,d2 | @ € P} is a linearly independent set
and so its preimage {Ha,dl, dy | & € P} under ¥ is also a linearly independent
set; therefore we are done in this case.
Assume next that |P| > ¢ + 2. By Table 4 we are in one of the cases
= A;, X = By, Cy, with ind(R) = 1. For type A;, we have P(4;) = {a1,
o1 — Q1,09 — Q1,01 + o3 — a1}. Now the elements IA{al, ﬁgl o, and I;TU? o, are
linearly independent in H as are thelr images in H. Also from relations of the form
(I) in (6.2), we have Hy, 40, = Hy,—a + Hyy—a + Ha. Thus dimH = dim H.
Assume next that X = (E > 2). From Table 4 we see that the only
reflectable base P with |P| > ¢ —|— 2 is the one given in the fourth row, namely

{ov,...,a0,01 —,00 —ay,01 + 02 — 0y}

~

We know that f[al, . ﬁw, Hoy —ay ﬁgz —oy Ar€ hnearly independent, as are their
images in H. Also, Hy\409—a, = H(,1 —ar Hsz o Hae Thus dim# = dimH.
The remaining types can be treated in a similar manner. O

Lemma 6.12. Let Y = [}A’l,...,f’n], where n > 2 and Y; € {)?a, Aa,dl,ﬁg | a €
PE}. Then Y is in the span of brackets of the form [Xu,,-- -, Xa, |, ;i € PE,
m > 1.
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Proof. We use induction on n. If n = 2, then we are done, using defining relations
(6.2). Assume now that n > 2. By induction steps, we may assume without loss of
generality that Y = [V1,Y], where Y/ = [X,,, ... ,Xa ] for some a; € P*. Now
if Y1 X for some o € P*, then we are done. Otherwise, we have

i} = D/;l’ [)?Oéu)?/]] = 7[)?/7 [}?1’)?(11]] - [550417 [)?,7?1]]7
with X/ = [)?a27 . ,)A(am], and so we are done again by induction steps and by
defining relations (6.2). O

Using Lemma 6.11, we identify H with . For a € H*, we set
Lo={XeL|[hX]=a(h)X forall heH}.

Proposition 6.13. The Lie algebra (Z, ﬁ) is an elliptic Lie algebra with root
system R.

Proof. We first prove that L= ZaeH* E For this we need to show that any
bracket in £ of the form Y = [Yl,. . Y ), where the Y; belong to deﬁnmg gener-
ators of E sits in L, for some o € 7—[* By the defining relations of [I we have
X € /J and Ha,dl,dg € EO, for & € P*. So we are done if n = 1. Assume
now that n > 2. By Lemma 6.12, we may assume Y = [X,,,... ,)?an] for some
a; € PE. Now if B € P*, then by the Jacobi identity and defining relations of /3,
we get [Hg, [Xa,s Xay]] = (a1 + 2)(Hg)[Xa,, Xa,]. Also,

-~ ~

(i, [Xars Xas]] = N1 + 2)[Xay, Xa,] = (a1 + a2)(d) [Xa,, Xa,)-

Thus [Xal,XQQ] € £a1+a2 Then an induction argument on n > 2 proves that
Y e £a1+ +a,- The above reaﬁomng shows that £ = ZaE’H* «, and moreover,
L, is spanned by brackets [Xq,, ..., Xa,] with aj + -+ 4+ an = a, where X,, €
{)A(a,ﬁa,a?l,cit | @ € P*}. This completes the proof that £ = ZQGH* L. NOW
defining relations of the form (V) imply that £ = D e eR,C Since U(L,) = Lo,
we get Lo # {0} for a € R. O

§6.5. Type A,

We specialize the presented Lie algebra L to the case X = A, as an example. Since
v = 2, we have up to isomorphism two elliptic root systems of type A;p:

h_ {(Zol & Zoy) U (£ + Zoy + 2Z05) U (£ + 2Zoy + Zos)  if ind(R)

0,
(Zoy @ Zoo) U (o + Zoy + Zos) if ind(R) =1
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We fix the reflectable base

(6.4) P {{a, 01— Q,09 — a} if ind(R)

B {a,01 —a,090 —a,01 + 02 —a} ifind(R) =

=0,
1,

for R.
For a non-isotropic root 3, we define the automorphism ®3 € Aut(E) by

O3 = exp(ad )A(B) exp(— ad )?_ﬁ) exp(ad )?5)

Lemma 6.14. The automorphism ®,, _, satisfies @Ul_a()?@_a) € Zgz_zgl_m if
and only if

~ ~ ~ ~

1 - ~
(6.5) 3 ad Xo,—nad Xo—o, [Xa-oys Xow—ao] = [Xa—ors Xog—al-
Proof. We have
(1)01—(1()?02—04)

= exXp ad()?ol—a)()?ag—a - [XOt—Oj?)?O'z—a] +

1 ~ ~ ~
§[Xoc—0'17 [Xa—crang—aH)
=Xoy—a — [XafouXazfa] - [XUI*OH [XafauXazfa]]
1 ~ N ~ ~ ~ ~

+ 5 Koo Koo Xopall 4 51X0 0 [Xamor [Xamay. Koy o]
1 ~ ~ ~ ~ ~
+ Z[Xal—ou [Xo'l—om [Xa—ola [Xa—al i Xag—a“”-

‘We note that we have

~ ~ ~ ~

[Xo -0 [Kacor: Xes—all = —[Xoy-alXo,—a: Xao,]] = [Xa-o,: [Xos—as Xoy—a]]
- 7[£0’2—(¥7Hﬂ'1—(¥] = (O‘aav))?ag—a = 25502—(1-
Then from this and (6.5), we get

~ . ~ ~ 1 ~ N ~ ~ ~

on—a - [Xal—aa [X(l—o'leO'Q—OtH + Z[Xo-l_a’ [X0'1—()¢7 [Xa—<717 [Xa—alaXaz—a]]]]
= —5(:0'2701 - 255027(1 + Xazfa =0

and

1 ~ ~ ~ ~

- [5504—017)?02—04] + §[X<Tl—(lv [X(I—Ulv [Xa—UUXtM—Oé}H

= _[XOL70'17)20'270(] + [Xocfdn)?(fz*a] = 0. O

Lemma 6.15. Suppose R is an elliptic root system of type A1 and P is the
reflectable base given in (6.4) for R. Let L be the Lie algebra defined by the
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generators )A(a, ﬁa, di, dy, o € PE, and relations (D—(VI) given in (6.2) plus
relation (6.5). Then (L, H) is an elliptic Lie algebra satisfying

O (Lg) = Lo, (vEP,BERY).

Pmof We first note that (6.5) holds in £ for e,,_q, €5,—o in place of )A(UI —a
and X,,_o. Thus the epimorphism W: £ — £ given in (6.3) holds in our case.
Suppose v, B are as in the statement. Let Xe Eﬂ We may assume without loss
of generality that X = [Xﬁl, [XBQ, [.., [ngfl,X,gk] ..]]] for some B; € P with
B =01+ -+ Br. Then for v € P, we have

B (X) = [@(X5,), [21(Xsa), [+ [85 (X, ), D5 (K] -]

Now, if {v,8:;} # {01 — a,092 — a}, then the vectors )?,y, )?51. can be identified
as root vectors of a subalgebra of L which is either finite-dimensional simple, or
a derived subalgebra of an affine Lie algebra, implying that & ()A(gl) € £w7<5)
If {~,5:} = {o1 — a, 03 — a}, then since (6.5) holds by assumption, we get from
Lemma 6.14 that ®,(Xg,) € L. s, Thus @ (EB) C L, ,(3)- This completes the

proof. O
§6.6. Type A;, ind(R) =0

We now restrict our attention to the case when R is of type A; and ind(R) = 0.
We consider the corresponding reflectable base P given in (6.4). Let £ be the
corresponding presented Lie algebra.

We recall that for any elements Xg, ... X,, of a Lie algebra and for 1 < j < m,

we have
[Xo, ... Xm] = [[Xo, X1], X2y -+, Xon]
+ [ X1, [Xo, X2], X3, ..., Xim]
+ [ X1, Xo, .o, X1, [Xo, Xl X, .- X
(6.6) + (X1, X, X0, X, X

Lemma 6.16. Let B,a1,..., 0, € PT with ay + -+ + a,, = 8. Then

(i) m is odd, and for each v € P with v # 3, there are an even number of j’s
such that a; = 7y;

(i) if A= [)?al,)?aw . ,)A(am] € /35, then A can be written as a sum of expres-

~

sions of the form [Xg,,..., Xg,], where all the 8; belong to +{a, 01 — a} or
to +{a, 09 — a}.
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Proof. (i) is clear as «, 01, 09 are linearly independent.

(ii) We recall that R = R® U R* with

R’ =70, ® 7oy and R* = (+a + 270y @ Zos) U (fa + Zoy © 2705).
In particular, we have
(6.7) ea+mnio; +neos & R for e € {0,+1}, ny,no € 2Z + 1.

This fact will be used frequently in the proof without further mention. We also
recall that P = {«o,01 — a, 00 — a}.

Without loss of generality, we may assume 8 = «. If all the «; belong to
{a,0; —a}*, i =1,2, we are done. So we may assume that

(6.8) a; ==*(01 —a) and o ==*(02 —a) for some i, j.

If m = 1, there is nothing to prove. Now (6.7), (6.8) and relations of the form
(V') show that no non-zero expression of the form A exists for length m = 3. By
part (i), for m = 5 the only possibility is {aq,...,a5} = {a, j:(al —a),£(o2—a)}
and the only possibility for A, up to a permutatwn of P,is [Xa—0,, )?UZ s Xoe o1s
X(71 s X «), which reduces to the case m = 3, by using (6.6) and applying defining
relations of the form (III). In general, by using (6.6) we write A as a sum of terms
of length m — 2, except for the last term [)A(l, . ,X] 1s Xo, X s« «y Xm] which has
length m. But then, using (6.7), we choose an appropriate j such that this term
becomes zero, by applying a relation of the form (V). O

Theorem 6.17. Let R = AU(Lta+.S) be an elliptic root system of type A1 where
A = Zoy ® Zoy and S = (o1 + 2A) U (02 + 2A). Let (L, H) be the Lie algebra
defined by generators and relations (6.2). Then L is an elliptic Lie algebra with
root system R. Moreover, dim# = 5 and dim EB =1 for B € R*.

Proof. By Proposition 6.13 and Lemma 6.11, L is an elliptic Lie algebra with
root system R satisfying dim?# = 5. Recall from Proposition 3.6 that if P =
{a,01 — a} or P = {a,02 — a}, then the root system Rp C R is an affine root
system of type A;. We now consider the Lie algebra Ep defined by generators
Xa, H,, o € P, subject to relations (6.2)(I)~(V). By Remark 6.10, we see that
[,73 is isomorphic to the derived algebra of an affine Lie algebra of type A;. Thus,
identifying /37: as a subalgebra of E, and using Lemma 6.16, we conclude that
dim /35 =1 for 8 € P. We note that by (6.7) and (6.2)(V), both sides of equation
(6.5) are zero and so this relation is a consequence of relations that hold in L.
Thus Lemma 6.15 implies that dim ZB =1forall B € R*. O
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§6.7. Further considerations

In [SaY, Yal, the authors construct elliptic Lie algebras using Serre-type gener-
ators and relations. The defining generators of the given presentations are based
on a “root base” assigned to the corresponding elliptic root system. This root
base, which we call a Saito root base and denote by Pg, is defined by Saito [Sa,
Sect. (5.2)]. For a given type, in Table 5 the cardinality of a Saito root base is
compared with the corresponding reflectable base of Table 4.

Let R be an elliptic root system of rank > 1. Let P be the reflectable base
for R given in Table 4, and Ps be the Saito base for R. We have |P| < |Ps|; see
Table 5. Considering some justifications, we may identify the reflectable base P
with a subset of Pg. Let Lg be the corresponding presented Lie algebra given in
[SaY, Ya] associated to Pg. Consider the map which assigns each generator of L
to the corresponding generator in Lg; see [SaY, Def. 2] and [Ya, Def. 3.1]. One sees
from [SaY, Thm. 2] and [Ya, Def. 3.1 and Thm. 3.1] that the defining relations
(I)~(IV) and (VI) of (6.2) hold in Lg for the corresponding generators. Moreover,
since R is the set of roots of Lg, it follows that relations of the form (V) also hold
in EAS. Therefore, we get a homomorphism ®: L — EAS which preserves root spaces.
This suggests that to achieve a finite Serre-type presentation associated with P,
with 1-dimensional (non-isotropic) root spaces, one should investigate replacing
relations of the form (V) with more appropriate relations such as (V') and those
given in [SaY] and [Yal.
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