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Abstract

Extended affine root systems appear as the root systems of extended affine Lie algebras. A
subclass of extended affine root systems, whose elements are called “minimal”, turns out
to be of special interest, mostly because of the geometric properties of their Weyl groups;
they possess the so-called presentation by conjugation. In this work, we characterize
minimal extended affine root systems in terms of “minimal reflectable bases”, which
resembles the concept of the “base” for finite and affine root systems. As an application,
we construct elliptic Lie algebras by means of Serre-type generators and relations.
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§0. Introduction

Motivated by applications in “the construction of a flat structure for the base space

of the universal deformation of a simple elliptic singularity”, Saito [Sa] introduced

the concept of an extended affine root system. Considering [Sl], he predicted the

“existence of Lie algebras corresponding to extended affine root systems which

Communicated by T. Arakawa. Received April 7, 2022. Revised May 10, 2023.

S. Azam: Department of Pure Mathematics, Faculty of Mathematics and Statistics, University
of Isfahan, P.O. Box 81746-73441 Isfahan; School of Mathematics, Institute for Research in
Fundamental Sciences (IPM), P.O. Box 19395-5746 Tehran, Iran;
e-mail: azam@ipm.ir
F. Parishani: Department of Pure Mathematics, Faculty of Mathematics and Statistics, Univer-
sity of Isfahan, P.O. Box 81746-73441 Isfahan; School of Mathematics, Institute for Research in
Fundamental Sciences (IPM), P.O. Box 19395-5746 Tehran, Iran;
e-mail: f.parishani93@sci.ui.ac.ir, f.parishani93@yahoo.com
S. Tan: School of Mathematical Sciences, Xiamen University, 361005 Xiamen, P. R. China;
e-mail: tans@xmu.edu.cn

© 2025 Research Institute for Mathematical Sciences, Kyoto University.
This work is licensed under a CC BY 4.0 license.

mailto:azam@ipm.ir
mailto:f.parishani93@sci.ui.ac.ir
mailto:f.parishani93@yahoo.com
mailto:tans@xmu.edu.cn
https://creativecommons.org/licenses/by/4.0/


234 S. Azam, F. Parishani and S. Tan

would describe the universal deformation of the simple elliptic singularity”. The

prediction was partially answered in [H-KT, P]. Later, in 1997, in a systematic

study, a class of algebras associated with extended affine root systems was intro-

duced via a set of axioms [AABGP]. Each element of this class is called an extended

affine Lie algebra. Since then, the theory of extended affine root systems (Lie alge-

bras) (see Definitions 1.1 and 6.1) and related topics have been under intensive

investigation. It turns out that despite the striking similarities with the finite, and

affine Lie theory, there are enough interesting differences to make the study of

extended affine Lie theory a demanding subject. In what follows, we explain the

motivation of the present work at two levels: the level of the root system and Weyl

group, and the level of Lie algebra.

Level of root system and Weyl group. One of the astonishing privileges of

finite and affine Weyl groups is that they are Coxeter groups with respect to

certain appropriate generating sets. In finite types, these generating sets consist of

reflections based on elements of a fundamental system of the corresponding root

system [C, Hu2, MP]; thus by [B, Chap. IV, §8, Cor. 3], these generating sets are

“minimal”. In contrast, it is known that the Weyl group of an extended affine root

system R is not, in general, a Coxeter group. In fact, one knows that an extended

affine Weyl group is a Coxeter group if and only if the corresponding root system

is either finite or affine [Ho, Thm. 3.6]. Therefore, finding a suitable presentation

for an extended affine Weyl group has always been a demanding problem; see for

example [Kr2, Kr1, A1, A2, AS1, AS2, AS4, AS3, AS5, SaT, AN]. A possible

approach to achieve such a presentation is as follows. In the theory of root datum,

it is known that the Coxeter presentation implies the so-called presentation by

conjugation [MP, Chap. 5,§3]; see Definition 2.6. Therefore, it is natural to ask

whether an extended affine Weyl group possesses the presentation by conjugation.

This question was raised first by Krylyuk and was affirmatively answered in [Kr1]

for simply laced extended affineWeyl groups of rank> 1. Later, in a series of works,

the question was considered for general types [A2, Ho, AS4, AS3, AS5]. In brief, it

is revealed that only elements of a subclass of extended affine Weyl groups enjoy

the presentation by conjugation. The root system corresponding to an element of

this class is called a “minimal” extended affine root system (see Definition 5.1). For

general extended affine Weyl groups, one gives a weaker presentation, called the

generalized presentation by conjugation [A2], which coincides with the presentation

by conjugation if the corresponding root system is minimal. This explains our

motivation for the study of minimal extended affine root systems.

The main objective of this work is to give a characterization of minimal

extended affine root systems of reduced types in terms of minimal reflectable
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bases; see Theorem 5.6. We achieve this as a by-product of a study of interrelations

between three classes of certain subsets of extended affine root systems which we

denote by Mr, Mm and Mc, and we explain them and their related terminologies

below. Let R be a reduced extended affine root system with the set of non-isotropic

roots R×, and the Weyl group W. For a subset P of R×, we denote the subgroup

of W generated by reflections based on P by WP . The set P is called a reflectable

base for R if WPP = R× and no proper subset of P has this property. The class

of all such sets is denoted by Mr. The class of all sets P ⊆ R× which are minimal

with respect to the property that WP = W is denoted by Mm, and the class of

all sets P ⊆ R× which have the minimal cardinality with respect to the property

WP = W is denoted by Mc. Let Mrm = Mr ∩ Mm. In the finite theory, one

concludes that Mr = Mm = Mc; see Proposition 3.8.

Level of Lie algebra. Saito [Sa] conjectured that starting from any extended

affine root system R there should be a Lie algebra with root system R. This led

to many interesting investigations concerning the construction and classification

of such Lie algebras; see for example [H-KT, AABGP, Neh]. An extended affine

root system of nullity 2 (see Definition 1.1) is called an elliptic root system, and

the corresponding Lie algebra is called an elliptic Lie algebra. In [SaY, Ya], the

authors construct certain elliptic Lie algebras of rank > 1 through Serre-type

generators and relations, using a concept of “base” which resembles the usual

notion of base for finite and affine root systems. The bases used by [SaY, Ya] are

not in general reflectable bases; they involve more roots than reflectable bases. One

of our motivations for this work is to examine the concept of a reflectable base for

constructing elliptic Lie algebras by a Serre-type presentation. We investigate this

in Section 6, in particular, we construct elliptic Lie algebras of rank 1, the missing

case in the works of [SaY, Ya]. We now explain the core materials appearing in

each section.

In Section 1, we recall from [AABGP, Def. II.2.1] the definition of an extended

affine root system and its internal structure in terms of a finite root system and

certain subsets of the radical of the form called semilattices, where for our purposes

in this work, we have modified the approach given in [AABGP, Chap. II, §2]; see

Proposition 1.10. In Section 2, the Weyl group of an extended affine root system

called an extended affine Weyl group is considered and a presentation for it called

the generalized presentation by conjugation is explained. Some immediate related

results are derived; see Corollary 2.8 and Lemma 2.9.

In Section 3, we introduce the classes Mc, Mr and Mm for an extended affine

root system R. It is shown that each element P of Mr, Mc or Mm is a connected

generating set for the root lattice; see Proposition 3.5. Moreover, associated to each
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connected subset P ⊆ R×, a method of assigning an extended affine root subsystem

RP is provided such that if P belongs to either Mm or Mc, then RP has the same

rank, nullity and type of R and if P ∈ Mr, RP = R; see Proposition 3.6. Finally, it

is derived that for the finite case, we have Mr = Mm = Mc and that this equality

fails for general extended affine root systems; see Proposition 3.8 and Example 3.9.

In Section 4, a characterization theorem for reflectable bases associated with

reduced extended affine root systems is recorded from [AYY, Sect. 3] and [ASTY].

Then the cardinality of each element P in Mr, Mm or Mc is investigated. It is

shown that the cardinality of P is finite and, when R is of type A1 or one of the

non-simply-laced types, all reflectable bases (the elements of Mr) have the same

cardinality which can be described precisely in terms of the rank, nullity, twist

number and indices of the involved semilattices. When R is of one of the simply

laced types with rank > 1, Mm = Mr, and reflectable bases may have different

cardinalities; see Proposition 4.4, Theorem 4.6, Proposition 4.10 and Example 4.9.

In Section 5, the concept of a minimal extended affine root system is recalled

from the literature. Starting from a reflectable base P, a presented group Ŵ defined

by generators ŵα, α ∈ P, and certain conjugation relations, see Definition 2.6, is

associated to R. It is shown that {ŵα | α ∈ P} is a minimal generating set for

Ŵ; see Proposition 5.3. This utilizes the proof of the main result of the paper: a

reduced extended affine root system R is minimal if and only if Mr = Mrm, if

and only if the corresponding Weyl group has the presentation by conjugation. For

details see Theorem 5.4. The section is concluded with Table 3, which illustrates

the connections between the results obtained in Sections 1–5.

We now explain the concluding section, Section 6, in which some applications

of the concept of a reflectable base are examined at the level of Lie algebra. It is

declared that the core Lc of an extended affine Lie algebra L is finitely generated by

showing that it is generated as a Lie algebra by the 1-dimensional root spaces L±α,

α ∈ P, P being a reflectable base for the ground root system R. Moreover, if R has

index zero (see 1.13(1.7)), then P satisfies a minimality condition concerning this

property, Lemma 6.6. The rest of the section deals with constructing an elliptic

Lie algebra utilizing a Serre-type presentation based on a reflectable base; see

Proposition 6.13. As a by-product of this construction, we provide an elliptic Lie

algebra of rank 1 whose non-isotropic root spaces are 1-dimensional, the missing

case in [SaY, Ya]. We conclude the introduction by mentioning that in a recent

work, see [AFI], reflectable bases have been used effectively in equipping the core

of an extended affine Lie algebra of rank > 1 with an integral structure, a priority

in establishing a modular theory for extended affine Lie algebras.
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§1. Preliminaries

In this section we provide some preliminaries on extended affine root systems, and

in particular, we describe the structure of a reduced extended affine root system

in terms of a finite root system and certain subsets called semilattices.

All vector spaces are finite-dimensional and considered over the field R. For
a vector space U , we denote the dual space of U by U∗. For a subset S of U , we
denote by ⟨S⟩, the additive subgroup of U generated by S. The symbol ⊎ denotes

the disjoint union of sets and |P| shows the cardinality of a set P.

For a vector space U equipped with a symmetric bilinear form (·, ·), we denote
the radical of the form by U0. For a subset R of U , we set R0 := R ∩ U0 and

R× := R \R0. A subset P of U× is called connected (with respect to the form), if

P cannot be decomposed as P1 ⊎ P2, where P1 and P2 are non-empty subsets of

P satisfying (P1,P2) = {0}.

§1.1. Extended affine root systems

Definition 1.1. Assume that V is a finite-dimensional real vector space equipped

with a positive semidefinite symmetric bilinear form (·, ·). Suppose R is a subset

of V. Following [AABGP, Def. 2.1], we say R is an extended affine root system if

(1) 0 ∈ R;

(2) R = −R;
(3) R spans V;
(4) if α ∈ R×, then 2α ̸∈ R;

(5) R is discrete in V, with respect to the natural topology of V when identified

with Rn, n = dimV;
(6) if α ∈ R× and β ∈ R, then there exist non-negative integers d, u satisfying

{β + nα | n ∈ Z} ∩R = {β − dα, . . . , β + uα} and d− u = 2(α,β)
(α,α) ;

(7) R× is connected;

(8) if σ ∈ R0, then there exists α ∈ R× such that α+ σ ∈ R.

Elements of R× are called non-isotropic roots, and elements of R0 are called

isotropic roots. The dimension ν of V0 is called the nullity of R. Since the form is

positive semidefinite, one can easily check that

R0 = {α ∈ R | (α, α) = 0} and R× = {α ∈ R | (α, α) ̸= 0}.

As announced in [AF], the definition of an extended affine root system is

equivalent to the following.
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Definition 1.2. Let V be a finite-dimensional real vector space equipped with a

positive semidefinite symmetric bilinear form (·, ·), and R be a subset of V. Then
R is called an extended affine root system if the following axioms hold:

(R1) ⟨R⟩ is a full lattice in V;
(R2) (β, α∨) ∈ Z, α, β ∈ R×;

(R3) wα(β) ∈ R for α ∈ R×, β ∈ R;

(R4) R0 = V0 ∩ (R× −R×);

(R5) α ∈ R× ⇒ 2α ̸∈ R;

(R6) R× is connected.

Remark 1.3. Concerning Definition 1.2, we emphasize the following points:

(i) Axiom (R1) means that the natural map ⟨R⟩ ⊗Z R → V is a vector space

isomorphism. In other words ⟨R⟩ is the Z-span of an R-basis of V.
(ii) From (R4), we conclude that R× ̸= ∅.
(iii) The relations between extended affine root systems and the root systems

defined by Saito [Sa] are investigated in [A3].

Let R be an extended affine root system in a vector space V and let

¯: V → V := V/V0 be the canonical map. It is known that R̄, the image of R under

the map ,̄ is an irreducible finite root system in V; see [AABGP, Prop. II.2.9(d)].

Definition 1.4. The type and the rank of extended affine root system R are

defined as the type and the rank of R̄. In this work, we always assume that R is

of reduced type, that is, R̄ has one of the types A, B, C, D, E6,7,8, F4 or G2.

Definition 1.5. For a real vector space U equipped with a symmetric bilinear

form (·, ·), and α ∈ U with (α, α) ̸= 0, the reflection based on α is defined by

β 7→ β − 2(β,α)
(α,α) α, β ∈ U . By convention, if (α, α) = 0, we interpret wα as the

identity map. For a subset P ⊆ U , we denote by WP the subgroup of GL(U)
generated by wα, α ∈ P.

§1.2. Semilattices

Let R be an extended affine root system in V with corresponding form (·, ·). As

was mentioned before, we denote the radical of (·, ·) by V0. Certain subsets of V0

called semilattices play an important role in describing the internal structure of

extended affine root systems.

Definition 1.6. A semilattice in V0 is a spanning subset S of V0 which is discrete,

contains 0 and satisfies S ± 2S ⊆ S.
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Here we record some facts about semilattices needed in the sequel.

1.7. Let S be a semilattice in V0 and set Λ := ⟨S⟩.

(i) Λ is a lattice in V0; that is, Λ is the Z-span of a basis of V0.

(ii) 2Λ + S ⊆ S ⊆ Λ and so S =
⋃m
i=0(τi + 2Λ), for some τi ∈ S, with τ0 = 0.

(iii) Λ admits a Z-basis B = {σ1, . . . , σν} consisting of elements of S.

Definition 1.8. Assume that S is a semilattice with Λ = ⟨S⟩.

(i) The index of S, denoted ind(S), is by definition the least positive integer

m such that 1.7(ii) holds.

(ii) Assume that ind(S) = m, and the τi and B are as in 1.7(iii). For

σ =
∑ν
i=1 niσi ∈ Λ, we define supp(σ) := {i | ni ∈ 2Z+1}. Then σ =

∑
i∈supp(σ) σi

(mod 2Λ). The collection supp(S) = {supp(τi) | 0 ≤ i ≤ m}, is called the support-

ing class of S with respect to the basis B.

The supporting class determines S uniquely. In fact, we have

(1.1) S =
⊎

J∈supp(S)

(τJ + 2Λ),

where τJ :=
∑
r∈J σr.

§1.3. Internal structure of extended affine root systems

In [AABGP, Chap. II, §2], the integral structure of an extended affine root system

in terms of a finite root system and certain semilattices is studied. Based on

our purposes in this work, we need to make some modifications to [AABGP]’s

approach. As before, we assume that R is a reduced extended affine root system

in V equipped with the positive semidefinite form (·, ·).
We start by recording the following lemma whose proof for simply laced types

is given in [ASTY, Prop. 2.8], and for non-simply-laced types concludes from [AYY,

Props 2.6, 2.9 and Rem. 2.15].

Lemma 1.9. Let Φ be a reduced irreducible finite root system in a vector space U ,
and P be a minimal subset (with respect to inclusion) of Φ× such that WPP = Φ×.

Then |P| = rankΦ.

Proposition 1.10. Let R be an extended affine root system and P be a subset of

R× satisfying WPP = R×. Then P contains a subset Π̇ such that the following

hold:

(i) Ṙ := (WΠ̇Π̇) ∪ {0} is a finite root system in V̇ := spanR Ṙ;
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(ii) Ṙ is isomorphic to R̄;

(iii) V = V̇ ⊕ V0;

(iv) for a fixed α ∈ R×, there exists a finite root system Ṙα ⊆ R such that α ∈ Ṙα
and (ii) and (iii) hold with Ṙα and V̇α := spanR Ṙα in place of Ṙ and V̇.

Proof. Since R× = WPP, we have R̄× = WPP. Let Π be a subset of P such that

R̄× = WΠΠ and no proper subset of Π satisfies this property. From Lemma 1.9, we

have |Π| = rank R̄ and so Π is a basis of the vector space V. Let Π = {ᾱ1, . . . , ᾱℓ}.
We fix a preimage α̇i ∈ P for ᾱi. Set Π̇ := {α̇1, . . . , α̇ℓ}, V̇ := spanR Π̇ and

Ṙ := (WΠ̇Π̇) ∪ {0}. Then the epimorphism ¯: V → V induces an isometry V̇ → V
which maps Ṙ isometrically onto R̄. It follows that V = V̇ ⊕ V. It completes the

proof of (i)–(iii).

Next, let α ∈ R×. Then ᾱ ∈ R̄ = WΠΠ, and so ᾱ = wᾱi1
· · ·wᾱik

(ᾱik+1
) for

some ᾱi1 , . . . , ᾱik , ᾱik+1
∈ Π. Set

Πα := wᾱi1
· · ·wᾱik

(Π).

Now Πα is a basis of V such that ᾱ ∈ Πα and WΠα
Πα = R̄×. Therefore, in the

proof of part (i), we may work with Πα in place of Π. Then as above we fix a

preimage Π̇α of Πα, where we pick α as the preimage of ᾱ. Finally, we construct

Ṙα in the same manner as Ṙ. Then Ṙα and V̇α := spanR Ṙα satisfy (ii)–(iii) in

place of Ṙ and V̇, and the proof of (iv) is completed.

Let Ṙ and V̇ be as in Proposition 1.10. We write Ṙ× = Ṙsh ∪ Ṙlg, where Ṙsh

and Ṙlg are the sets of short and long roots of Ṙ. By convention, we assume that

all non-zero roots of Ṙ are short if there is only one root length in Ṙ.

1.11. It is shown in [AABGP, Chap. II] that using the finite root system Ṙ, one

can obtain a description of R in the form

(1.2)

R = (S + S) ∪ (Ṙsh + S) ∪ (Ṙlg + L),

where S =
{
σ ∈ V0

∣∣ σ + α ∈ R for some α ∈ Ṙsh

}
,

L =
{
σ ∈ V0

∣∣ σ + α ∈ R for some α ∈ Ṙlg

}
,

where S and L are semilattices in V0. If Ṙlg = ∅, we interpret the terms L and

Ṙlg +L as empty sets. Semilattices S and L satisfy some further properties which

we record here.

1.12. If R is simply laced of rank > 1, or is of type Cℓ, ℓ ≥ 3, F4 or G2, then S

is a lattice. If R is of type Bℓ, ℓ ≥ 3, F4 or G2, then L is a lattice. Furthermore,

for non-simply-laced types, we have

(1.3) L+ S = S and kS + L = L,
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with

(1.4) k =

{
3 if X = G2,

2 if X ̸= G2.

Now (1.3) implies that

(1.5) k⟨S⟩ ⊆ ⟨L⟩ ⊆ S,

and so ⟨S⟩/⟨L⟩ is a finite-dimensional vector space over the finite field Zk. The
integer 0 ≤ t ≤ ν satisfying |⟨S⟩/⟨L⟩| = kt is called the twist number of R. We

make the convention that if R is of simply laced type, then t = 0 and k = 1.

We proceed with a fixed description of R in the form (1.2). We assume that

R is of type X, has rank ℓ, nullity ν and twist number t.

1.13. From [AABGP, II, §4(b)], we see that there exist subspaces V0
1 and V0

2 of

vector space V0 of dimensions t and ν − t respectively such that V0 = V0
1 ⊕ V0

2 ,

and there are semilattices S1 and S2 in V0
1 and V0

2 , respectively such that

(1.6) S = S1 ⊕ ⟨S2⟩ and L = k⟨S1⟩ ⊕ S2.

Following [A1, Sect. 4], we define the index of R, denoted ind(R), by

(1.7) ind(R) :=



0, X = Aℓ(ℓ ≥ 2), Dℓ(ℓ ≥ 4),

E6,7,8, F4, G2,

ind(S)− ν, X = A1,

ind(S1) + ind(S2)− ν, X = B2,

ind(S1)− t, X = Bℓ(ℓ ≥ 3),

ind(S2)− (ν − t), X = Cℓ(ℓ ≥ 3).

We write S1 and S2 in the form 1.7(ii), namely

(1.8) S1 =

ind(S1)⊎
i=0

(γi + 2⟨S1⟩) and S2 =

ind(S2)⊎
i=0

(ηi + 2⟨S2⟩).

1.14. We fix a fundamental system Π̇ = {α1, . . . , αℓ} for Ṙ. By 1.7(iii), Λ = ⟨S⟩
admits a Z-basis {σ1, . . . , σν} ⊆ S. Let θ be any root in Ṙ if Ṙ is of simply laced

type, and θs and θl be any short and any long root in Ṙ, respectively if Ṙ is of

non-simply-laced type. For later use, for each type X, we introduce a subset P(X)

of R× as given in Table 1.
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Type P(X)

A1 {α1, τ1 − α1, . . . , τρ − α1} (ρ = ind(S))

Aℓ (ℓ > 1) {α1, . . . , αℓ, σ1 − θ, . . . , σν − θ}
Dℓ {α1, . . . , αℓ, σ1 − θ, . . . , σν − θ}
E6,7,8 {α1, . . . , αℓ, σ1 − θ, . . . , σν − θ} (ℓ = 6, 7, 8)

F4 {α1, α2, α3, α4, σ1 − θs, . . . , σt − θs, σt+1 − θl, . . . , σν − θl}
G2 {α1, α2, σ1 − θs, . . . , σt − θs, σt+1 − θl, . . . , σν − θl}
B2 {α1, α2, γ1 − θs, . . . , γρ1 − θs, η1 − θl, . . . , ηρ2 − θl} (ρi = ind(Si), i = 1, 2)

Bℓ (ℓ > 2) {α1, . . . , αℓ, γ1 − θs, . . . , γρ1 − θs, σt+1 − θl, . . . , σν − θl} (ρ1 = ind(S1))

Cℓ (ℓ > 2) {α1, . . . , αℓ, σ1 − θs, . . . , σt − θs, η1 − θl, . . . , ηρ2 − θl} (ρ2 = ind(S2))

Table 1. The sets P(X)

§2. Extended affine Weyl groups

We proceed with the same notation as in Section 1, in particular we assume that

R is a reduced extended affine root system in V of type X, rank ℓ and nullity ν.

As before, V0 is the radical of the form.

§2.1. The setting

2.1. We fix a description of R in the form R = (S +S)∪ (Ṙsh +S)∪ (Ṙlg +L) as

in 1.11. We recall that V̇ := spanR Ṙ and V = V̇ ⊕ V0. We consider the (ℓ+ 2ν)-

dimensional real vector space Ṽ := V̇ ⊕ V0 ⊕ (V0)∗. We normalize the form on V̇
such that

(α̇, α̇) := 2 for α̇ ∈ Ṙsh.

We extend the form (·, ·) on V to a symmetric form on Ṽ, denoted again by (·, ·),
as follows:

(V̇, (V0)∗) = ((V0)∗, (V0)∗) := {0},
(σ, λ) = λ(σ), for σ ∈ V0, λ ∈ (V 0)⋆.

This forces the form on Ṽ to be non-degenerate. For α ∈ V with (α, α) ̸= 0 set

α∨ := 2α/(α, α).

Definition 2.2. The extended affine Weyl group W of R (or the Weyl group of

extended affine root system R) is defined to be the subgroup of GL(Ṽ) generated
by reflections wα : β 7→ β − (β, α∨)α, α ∈ R×. Since 0 ∈ L ⊆ S, we have Ṙ ⊆ R,

and so we may identify Ẇ, the Weyl group of Ṙ, as a subgroup of W. We denote

by Z(W), the center of W.
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§2.2. Presentation by conjugation

It is known that an extended affine Weyl group W associated with R is not, in

general, a Coxeter group. It is proved that W is a Coxeter group if and only

if R has nullity ≤ 1 (see [Ho, Thm. 3.6]). Nevertheless, extended affine Weyl

groups enjoy another interesting presentation called generalized presentation by

conjugation. When R has some “minimality condition”, then W admits an even

more delightful presentation, called the presentation by conjugation. We record

these definitions here, as they play a crucial role in the sequel.

2.3. We begin by recalling some notation from [A2, Sects 1, 2]. We fix the Z-basis
{σ1, . . . , σν} ⊆ S of Λ = ⟨S⟩ and the integer k given in 1.7(iii) and 1.12. For

1 ≤ i ≤ ν and α ∈ ⟨R⟩, define the linear map t
(i)
α : Ṽ → Ṽ by

t(i)α (λ) := λ−
(
λ,

1

k
σi

)
α+

(
(λ, α)− 1

2
(α, α)

(
λ,

1

k

)
σi

)1
k
σi.

The map t
(i)
α is invertible with the inverse t

(i)
−α, so t

(i)
α ∈ Aut(Ṽ). For 1 ≤ i, j ≤ ν

set

cij := t
(i)
−σj

.

One checks that (t
(i)
α , t

(j)
β ) = c

1
k (α,β)
ij , for α, β ∈ R, where (x, y) := xyx−1y−1

denotes the group commutator.

For α ∈ R× and σ =
∑ν
i=1miσi ∈ R0 with α+ σ ∈ R, we set

(2.1) c(α,σ) := (wα+σwα)(wαwα+σ1
)m1 . . . (wαwα+σν

)mν .

By [A2, Sect. 2], we have

(2.2) c(α,σ) =
∏
i<j

c
k(α)mimj

ij ,

where the integers k(α) are defined as follows:

k(α) :=

{
1 if α ∈ Rlg,

k if α ∈ Rsh.

(If R is simply laced, then k(α) = 1 for all α ∈ R×.)

2.4. Assume that θs and θl are the highest short and highest long roots of Ṙ

respectively (for simply laced cases θ := θs = θℓ), and for 1 ≤ p ≤ ν consider a

triple(
εp, αp, ηp =

m∑
i=1

mipσi

)
∈
(
{±1}×{θs}×

ν∑
i=1

Zσi
)
∪
(
{±1}×{θl}×

ν∑
i=t+1

Zσi
)
.
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The collection {(εp, αp, ηp)}mp=1 is called a reduced collection if

m∑
p=1

k(αp)εpmipmjp = 0 for all 1 ≤ i < j ≤ ν.

If {(εp, αp, ηp)}mp=1 is a reduced collection, then c(αp,ηp) is an element of W for all

1 ≤ p ≤ m (see [A2, Sect. 1]).

The following theorem is due to [A2, Thm. 2.7], [Kr2, Thm. 1.18], [AS4,

Thm. 5.19(ii)] and [AS5, Cors 2.34, 2.36(b)].

Theorem 2.5. Let R be an extended affine root system with Weyl group W and

Ŵ be the group defined by generators ŵα, α ∈ R×, subject to the relations

ŵ2
α = 1 for every α ∈ R×,(2.3)

ŵαŵβŵα = ŵwα(β) for every α, β ∈ R×,(2.4)
m∏
p=1

ĉ
εp
(αp,ηp)

= 1 for any reduced collection {(εp, αp, ηp)}mp=1,(2.5)

where ĉ(αp,ηp) is the element in Ŵ corresponding to c(αp,ηp), under the assignment

wα 7→ ŵα.

(i) The extended affine Weyl group W is isomorphic to Ŵ.

(ii) If R is simply laced of rank > 1, or is of type F4 or G2, then relations of the

form (2.5) are consequences of relations of the forms (2.3) and (2.4); in the

sense of Definition 2.6 below, W has the presentation by conjugation.

(iii) If ν ≤ 2, then W has the presentation by conjugation (Definition 2.6).

Definition 2.6. The given presentation in Theorem 2.5 is called the generalized

presentation by conjugation. If W is isomorphic to the presented group defined by

generators ŵα, α ∈ R× and relations (2.3) and (2.4), then W is said to have the

presentation by conjugation.

2.7. As a consequence of [AS4, Thms 4.23, 5.16] and [AS5, Thm. 2.33], the

extended affine Weyl group W has the presentation by conjugation if and only

if the epimorphism

ψ : Ŵ → W,(2.6)

ŵα 7→ wα,

is an isomorphism.
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For α ∈ R×, we denote the orbit of α under the action of W on R× by Wα,

namely Wα = {wα | w ∈ W}.

Corollary 2.8. Assume that W has the presentation by conjugation and fix β ∈
R×. Then the assignments

wα
Φβ7−−→

{
1 if α ∈ Wβ,

0 if α ∈ R× \Wβ,
wα

Ψ7−→

{
0 if α ∈ Rlg,

1 if α ∈ Rsh.

extend to epimorphisms Φβ and Ψ from W onto Z2, respectively.

Proof. First we consider Φβ . Since for α, γ ∈ R×, we have γ ∈ Wβ if and

only if wα(γ) ∈ Wβ, it easily follows that the defining relations of the form

wαwγwαwwα(γ) are mapped to zero under the assignment Φβ . The argument for

defining relations of the form wαwα is obvious.

For the assignment Ψ, clearly, the defining relations are mapped to zero under

Ψ, as reflections preserve the length.

Lemma 2.9. Let R be of non-simply-laced type. Let {wα | α ∈ P} be a set of

generators for W. Then P ∩Rsh ̸= ∅ and P ∩Rlg ̸= ∅.

Proof. First, assume that W has the presentation by conjugation and consider the

epimorphism Ψ: W → Z2 of Corollary 2.8. Now if P ⊆ Rlg, then for α ∈ Rsh, we

have wα = wα1
· · ·wαm

for some α1, . . . , αm ∈ Rlg. Then 1 = Ψ(wα) = Ψ(wα1
) +

· · · + Ψ(wαm) = 0 which is absurd. An analogous argument works for the case

P ⊆ Rsh, replacing the roles of short and long roots. Thus the result holds if W
has the presentation by conjugation.

For the general case, we consider the epimorphismW → WR̄, wα 7→ wᾱ, where

WR̄ denotes the Weyl group of the finite root system R̄. Now, since {wα | α ∈ P}
generates W, the set {wᾱ | α ∈ P} generates WR̄. Since WR̄ has the presentation

by conjugation (see [MP, Prop. 5.3.3]), we get from the first part of the proof that

R̄sh ∩ P ≠ ∅ and R̄lg ∩ P ≠ ∅. Since for α ∈ R, α and ᾱ have the same length, we

are done.

We return to the discussion about the existence of presentation by conjugation

for extended affine Weyl groups in future sections.

§3. The classes Mr, Mc and Mm

We proceed by assuming that R is a reduced extended affine root system in V of

rank ℓ and nullity ν ≥ 0. Let W be the Weyl group of R. We begin by introducing
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some notation. For a subset P of R×, we set

Psh := P ∩Rsh,

Plg := P ∩Rlg,

SP = {wα | α ∈ P},
WP := ⟨SP⟩ = ⟨wα | α ∈ P⟩.

§3.1. Inter-relations between Mr, Mc and Mm

As we will see in the sequel (Proposition 4.4), the extended affine Weyl group W
is finitely generated.

Definition 3.1. Let c denote the least number of reflections generating W and

let P ⊆ R×. We say P is a c-minimal set in R× if |P| = c and SP generates W.

Definition 3.2 ([AYY, Def. 1.19]). A subset P ⊆ R× is called a reflectable set if

WPP = R×. A subset P ⊆ R× is called a reflectable base if

(i) P is a reflectable set, WPP = R×;

(ii) no proper subset of P is a reflectable set.

Definition 3.3. Let P ⊆ R×; P is called an S-minimal set (or simply a minimal

set) in R× if

(i) SP generates W;

(ii) no proper subset of SP generates W.

3.4. We denote the class of reflectable bases, c-minimal sets, and S-minimal sets

of R× by Mr, Mc and Mm, respectively. We also set

Mrc := Mr ∩Mc and Mrm := Mr ∩Mm.

Clearly, we have

(3.1) Mc ⊆ Mm and Mrc ⊆ Mrm.

Note that if P ∈ Mr ∪Mm, then as W = WP , we have V = spanR P, and then

(3.2) dim(V) = ℓ+ ν ≤ c ≤ |P|.

Proposition 3.5. If P ⊆ R× satisfies W = WP , then ⟨P⟩ = ⟨R⟩ and P is

connected. In particular, if P belongs to either of Mc, Mm and Mr, then ⟨P⟩ =
⟨R⟩ and P is connected.
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Proof. For α ∈ R×, we have wα = wα1
· · ·wαn

for some α1, . . . , αn ∈ P. If there

exists β ∈ R× with (β, α∨) = −1, then

α+ β = wα(β) = wα1 · · ·wαn(β) = β + k1α1 + · · ·+ knαn

for some k1, . . . , kn ∈ Z. Thus α ∈ ⟨P⟩ and so ⟨P⟩ = ⟨R⟩. In particular, this holds

for the types X ̸= A1, Bℓ, Cℓ. Assume now that R is of type A1. Then

−α = wα(α) = wα1
· · ·wαn

(α) = α+ 2k1α1 + · · ·+ 2knαn

for some ki ∈ Z, which again gives α ∈ ⟨P⟩, as required.
Next assume that R is of type Bℓ. If α ∈ Rlg, then there exists β ∈ Rsh,

such that (β, α∨) = −1, and so we have α ∈ ⟨P⟩ by the preceding paragraph.

Thus ⟨Rlg⟩ ⊆ ⟨P⟩. It remains to show that Rsh ⊆ ⟨P⟩. By 1.13(1.6), Rsh =

Ṙsh+S1⊕⟨S2⟩. Since ⟨S2⟩ ⊆ ⟨Rlg⟩, it only remains to show that Ṙsh+S1 ⊆ ⟨P⟩. But
as ⟨S1⟩ =

∑t
i=1 Zσt, we are done if we show that Ṙsh ⊆ ⟨P⟩ and σ1, . . . , σt ∈ ⟨P⟩.

By Lemma 2.9, P contains a short root α. By Proposition 1.10(iv), we may

assume that α ∈ Ṙsh. Since Ṙlg ⊆ ⟨P⟩, this implies that Ṙsh ⊆ ⟨P⟩ and so Ṙ ⊆ ⟨P⟩.
To conclude the proof for type Bℓ, it remains to show that σ1, . . . , σt ∈ ⟨P⟩.

For this, we fix 1 ≤ i ≤ t and for α ∈ R× we consider the assignment

wα
ψi7−→

{
1 if α ∈ Ṙsh + σi + ⟨L⟩,
0 otherwise.

We claim that this assignment can be lifted to an epimorphism W → Z2. By

Theorem 2.5, we need to show that the defining relations of the generalized pre-

sentation by conjugation vanish in Z2 under this assignment. The relations of the

form wαwα are clear. To check that ψi(wα)ψi(wβ)ψi(wα)ψi(wwα(β)) = 0, we only

need to verify that β ∈ Ṙsh + σi + ⟨L⟩ if and only if wα(β) ∈ Ṙsh + σi + ⟨L⟩. So
suppose β = β̇ + σi + λ for some β̇ ∈ Ṙsh and λ ∈ ⟨L⟩. Then

wα(β) = wα(β̇) + σi + λ ∈

{
±β̇ + 2Λ + σi + λ ⊆ Ṙsh + σi + ⟨L⟩ if α ∈ Rsh,

Ṙsh + L+ σi + λ ⊆ Ṙsh + σi + ⟨L⟩ if α ∈ Rlg,

as required.

Finally, we consider relations of the form 2.4(2.5). For this, we must show

that for (
α, σ =

ν∑
j=1

mjσj

)
∈ ({θs} × Λ) ∪

(
{θℓ} ×

ν∑
i=t+1

Zσi
)
,

we have

(ψi(wα+σ)ψi(wα))(ψi(wα+σ1
)ψi(wα))

m1 · · · (ψi(wα+σν
)ψi(wα))

mν = 0.
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Clearly, this holds if α = θℓ. Suppose now that α = θs. Since ψi(wθs) = 0 and

ψi(wθs+σj
) = 0 for all j ̸= i, we must show ψi(wθs+σ) +miψi(wθs+σi

) = 0. Now

if σ ∈ σi + ⟨L⟩, then as 1 ≤ i ≤ t, we have mi ∈ 2Z+ 1. Then ψi(wθs+σ) = 1 and

miψi(wθs+σi) = 1 and we are done. Finally, we consider the case σ ̸∈ σi+⟨L⟩. This
forces mi ∈ 2Z. Then we have ψi(wθs+σ) = 0 and miψi(wθs+σi

) = 0 which again

gives the result. Thus, as was claimed, the assignment ψi induces an epimorphism

ψi : W → Z2.

Now let α ∈ Ṙsh and fix 1 ≤ i ≤ t. Then α+σi ∈ R and so wα+σi
= wγ1 · · ·wγn

for some γi ∈ P. Then ψi(wα+σi) = ψi(wγ1 · · ·wγn), and so

1 = ψi(wα+σi) =

k∑
j=1

ψi(wγij ),

where γij ∈ P ∩ Rsh. Thus, at least for one j, we get ψ(wγij ) = 1, implying that

γij ∈ (Ṙsh + σi + ⟨L⟩) ∩ P. Since ⟨L⟩ ⊆ ⟨P⟩, this implies γ̇ + σi ∈ ⟨P⟩ for some

γ̇ ∈ Ṙsh. Since Ṙsh ⊆ ⟨P⟩, we get σi ∈ ⟨P⟩ and the proof for type Bℓ is completed.

The proof for type Cℓ is analogous, replacing the roles of short and long roots.

Finally, we show that P is connected. If not, then P = P1⊎P2, where P1 and

P2 are non-empty sets and (P1,P2) = {0}. Now let α ∈ R×. Since P spans V, there
exists β ∈ P with (α, β) ̸= 0. Assume without loss of generality that β ∈ P1. We

have wα = wα1
· · ·wαm

for some α1, . . . , αm ∈ P. Since P1 and P2 are orthogonal,

it follows that β − (β, α∨)α = wα(β) = wαj1
· · ·wαjk

(β), where αj1 , . . . , αjk are

in P1. Since (α, β) ̸= 0, this forces α ∈ spanR P1. This argument gives R× ⊆
(R× ∩ spanR P1) ⊎ (R× ∩ spanR P2) which is absurd as R is connected.

To each subset P of R×, we associate two subsets of R as follows:

(3.3) RnP := WPP and RiP := (RnP −RnP) ∩R0.

Proposition 3.6. Let ∅ ≠ P ⊆ R× be connected.

(i) The set RP = RnP ∪RiP is an extended affine root system in VP := spanRRP

satisfying R×
P = RnP , R

0
P = RiP and WP = WRP .

(ii) If W = WP , then RP has the same rank, nullity and type of R. In particular,

if P belongs to either of the classes Mc or Mm, then RP has the same rank,

nullity and type of R.

(iii) If P is a reflectable set, then RP = R.

Proof. First, we note from the way RP is defined that R0
P = RiP and R×

P = RnP .

(i) From the definition of RP it is clear that axioms (R1)–(R3) and (R5) of

an extended affine root system (Definition 1.2) hold for RP . Since P is connected
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it follows easily that RP is connected, so (R6) also holds. For (R4), since V0
P =

VP ∩ V0, we have

R0
P = RiP = (RnP −RnP) ∩R0

= (R×
P −R×

P) ∩ ((R× −R×) ∩ V0)

= (R×
P −R×

P) ∩ V0
P .

(ii) If W = WP , then spanR P = V and VP = V, so spanRR
×
P = spanR P = V

and spanRR
0
P = V0. Thus RP has the same nullity as R. This gives rankRP =

dimVP −dimV0
P = dimV −dimV0 = rankR. Also by Lemma 2.9, R and RP have

the same number of root lengths. Thus both R̄ and R̄P have the same rank and

the same number of root lengths, with R̄P ⊆ R̄. Now consulting the root data of

finite root systems (see [Hu1, Table 12.2.1]), we conclude that R̄P = R̄.

(iii) Since R×
P = RnP = R× and R0

P = (RnP−RnP)∩R0 = (R×−R×)∩V0 = R0,

we are done.

§3.2. The finite case

We show that Mr = Mc = Mm if R is finite.

Lemma 3.7. Let R be a reduced irreducible finite root system of rank ℓ; then

c = ℓ.

Proof. Since the rank of a finite root system is equal to the minimal number of

generators for the corresponding Weyl group, we get ℓ = c.

Proposition 3.8. Let R be a reduced irreducible finite root system; then Mc =

Mm = Mr.

Proof. Let P be a reflectable base for R. By Lemma 1.9, |P| = rank(R). Thus

by Lemma 3.7, Mr ⊆ Mc. Now let P ∈ Mc; since W = WP , we get from

Proposition 3.6 that RP is a finite subsystem of R of the same type and rank as

R. Thus R = RP and so P is a reflectable set for R. This proves that Mc ⊆ Mr,

and so Mc = Mr.

Next, let P ∈ Mm. As we saw in the previous paragraph, P is a reflectable

set. If |P| > rankR = c, then P contains a proper subset P ′ which is a reflectable

base, and so WP′ = W, contradicting that P ∈ Mm. Thus

Mc ⊆ Mm ⊆ Mr ⊆ Mc,

completing the proof that Mc = Mm = Mr.
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The following example shows that Proposition 3.8 may fail if the extended

affine root system R is not finite.

Example 3.9. Consider the extended affine root system R = Λ∪(±ϵ+Λ) of type

A1, where {0,±ϵ} is a finite root system of type A1 and Λ = Zσ1⊕Zσ2⊕Zσ3. Set

P := {ϵ, σ1 − ϵ, σ2 − ϵ, σ3 − ϵ, σ1 +σ2 − ϵ, σ1 +σ3 − ϵ, σ2 +σ3 − ϵ, σ1 +σ2 +σ3 − ϵ}.

By Proposition 4.4(i), P is a reflectable base for R, so P ∈ Mr. A simple compu-

tation shows that

wσ1+σ2+σ3−ϵ = wσ1+σ3−ϵwσ1−ϵwσ1+σ3−ϵwϵwσ3−ϵwϵwσ2−ϵwσ2+σ3−ϵwϵ,

so wσ1+σ2+σ3−ϵ ∈ ⟨wα | α ∈ P \{wσ1+σ2+σ3−ϵ}⟩; thus P ̸∈ Mm and then by (3.1),

P ̸∈ Mc. That is, P ̸∈ Mrc.

§4. Reflectable bases, the class Mr

In this section we consider various aspects of reflectable bases; in particular, we

investigate their existences and their possible cardinalities.

§4.1. Characterization theorem for reflectable bases

We recall two recognition theorems for reflectable bases associated with reduced

extended affine root systems given in [AYY, Thms 3.1, 3.14, 3.24, 3.26, 3.27] and

[ASTY, Thm. 3.2].

Theorem 4.1 (Recognition theorem for simply laced types). Let R be simply

laced of type X and Π ⊆ R× satisfy ⟨Π⟩ = ⟨R⟩. Then Π is a reflectable base

for R if and only if

(i) R× =
⊎
α∈Π((α+ 2⟨R⟩) ∩R) if X = A1;

(ii) Π is a minimal generating set for the free abelian group ⟨R⟩, if X is simply

laced of rank > 1.

Theorem 4.2 (Recognition theorem for non-simply-laced types). Let R be non-

simply-laced of type X and let Π ⊆ R× satisfy ⟨Π⟩ = ⟨R⟩. Then Π is a reflectable

base for R if and only if

(i) Rsh =
⊎
α∈Πsh

((α + ⟨Rlg⟩) ∩ Rsh) and Rlg =
⊎
α∈Πlg

((α + 2⟨Rsh⟩) ∩ Rlg) if

X = B2;

(ii) Rsh =
⊎
α∈Πsh

((α + ⟨Rlg⟩) ∩ Rsh), and Πlg is a minimal set with respect to

the property that {α + 2⟨Rsh⟩ | α ∈ Πlg} is a basis for the Z2-vector space

⟨Rlg⟩/2⟨Rsh⟩, if X = Bℓ, ℓ ≥ 3;
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(iii) Rlg =
⊎
α∈Πlg

((α + 2⟨Rsh⟩) ∩ Rlg), and Πsh is minimal with respect to the

property that the set {α+ ⟨Rlg⟩ | α ∈ Πsh} is a basis for the Z2-vector space

⟨Rsh⟩/⟨Rlg⟩, if X = Cℓ, ℓ ≥ 3;

(iv) Πsh is minimal with respect to the property that the set {α+ ⟨Rlg⟩ | α ∈ Πsh}
is a basis for the Z2-vector space ⟨Rsh⟩/⟨Rlg⟩, and Πlg is minimal with respect

to the property that the set {α+k⟨Rsh⟩ | α ∈ Πlg} is a basis for the Z2-vector

space ⟨Rlg⟩/k⟨Rsh⟩, if X = F4, G2, where k is as in 1.12.

Remark 4.3. If in Theorems 4.1 and 4.2, we drop the terms “minimal” and

“basis” and change the symbol “
⊎
” to “

⋃
”, then the conditions there characterize

the reflectable sets in R.

§4.2. Concrete family of reflectable bases

We show that set P(X) given in Table 1 is a reflectable base for the extended

affine root system of type X.

Proposition 4.4. Let R be a reduced extended affine root system of type X, nullity

ν and twist number t. Then the following hold:

(i) the set P(X) given in Table 1 is a reflectable base for R with |P(X)| =

ind(R) + ℓ+ ν;

(ii) if ind(R) = 0, then P(X) ∈ Mc.

Proof. We follow the same notation as in 1.12.

(i) Suppose first that R is simply laced of rank > 1, or is of type F4 or G2.

Since |P(X)| = ℓ+ν, we get from Theorem 4.1(ii) and Theorem 4.2(iv) that P(X)

is a reflectable base.

Next suppose X = Bℓ with ℓ ≥ 3. We have

P := P(Bℓ) = {α1, . . . , αℓ, γ1 − θs, . . . , γρ1 − θs, δt+1 − θl, . . . , δν − θl},

where ρ1 = ind(S1). We assume that the only short root of Π̇ is αℓ. We have

Psh = {αℓ, γ1 − θs, . . . , γρ1 − θs},
Plg = {α1, . . . , αℓ−1, δt+1 − θl, . . . , δν − θl}.

By Proposition 4.4, P is a reflectable set for R and so by Remark 4.3,

(1) Rsh =
⋃
α∈Psh

(α+ ⟨Rlg⟩) ∩Rsh;

(2) {α+ 2⟨Rsh⟩ | α ∈ Plg} spans the Z2-vector space U = ⟨Rlg⟩/2⟨Rsh⟩.

Thus, to show that P is a reflectable base, it is enough to show (by Theorem 4.2(ii))

that the union in (1) is disjoint and that the set in (2) is a basis for U . We start

by proving that the union in (1) is disjoint.
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If αℓ ∈
⋃
α∈Psh\{αℓ}(α+⟨Rlg⟩)∩Rsh, then there is a 1 ≤ i ≤ ind(S1) such that

αℓ ∈ γi − θs + ⟨Rlg⟩ and this implies that γi ∈ ⟨L⟩, which contradicts 1.13(1.6).

Next suppose there exists a 1 ≤ i ≤ ind(S1) such that γi − θs ∈
⋃
α∈Psh

\{γi −
θs}(α + ⟨Rlg⟩) ∩ Rsh. Now if γi − θs ∈ αℓ + ⟨Rlg⟩, then γi ∈ ⟨L⟩ which again

contradicts 1.13(1.6). If γi − θs ∈ γj − θs + ⟨Rlg⟩ for some 1 ≤ j ̸= i ≤ ind(S1),

we get γi − γj ∈ 2⟨S1⟩, which contradicts 1.13(1.8). This completes the proof for

(1).

Next, we consider (2). As the set {α+ 2⟨Rsh⟩ | α ∈ Plg} spans U and

dimZ2
U = (ℓ− 1) + (ν − t) = |Plg| = (ℓ− 1) + (ν − t),

this set is a basis for U . Thus P is a reflectable base for R and |P| = ind(R)+ℓ+ν.

The proof for type Cℓ (ℓ ≥ 3) is analogous to type Bℓ, replacing the roles

of short and long roots in the proof, and using the characterization of reflectable

bases of type Cℓ given in Theorem 4.2(iii). The proofs for types A1 and B2 can also

be carried out in a similar manner, using recognition theorems, Theorems 4.1(i)

and 4.2(i).

(ii) Let P = P(X). If ind(R) = 0, then |P| = ℓ + ν and as W = WP ,

we have |P| = ℓ + ν = dim(V) = dim(spanR P); thus P is a basis for V. Since
dim(V) ≤ c ≤ |P|, we have c = |P| = ℓ+ ν, that is, P ∈ Mc.

For the proof of the following corollary, we recall the elementary fact from

group theory that if a group G is finitely generated, then any generating set for G

contains a finite generating set.

Corollary 4.5. Let P be in either Mc, Mm or Mr. Then P is finite.

Proof. By 3.4(3.1), we only need to consider P ∈ Mm or P ∈ Mr. By Propo-

sition 4.4, W is generated by reflections based on the finite set P(X), and so

is finitely generated. Thus any generating set for W contains a finite generating

set. In particular, if P ∈ Mm then P contains a finite subset P ′ such that SP′

generates W. But the minimality of P gives P = P ′, and we are done.

Next assume P ∈ Mr. We have W = WP , and so as explained above, W is

generated by reflections based on a finite subset P ′ of P. Again let P(X) be the

reflectable base given in Proposition 4.4. Then P(X) ⊆ R× = WPP = WP′P.

As P(X) is finite, we have P(X) ⊆ WP′P ′′ for some finite subset P ′′ of P. Now

setting P̂ := P ′ ∪ P ′′, we get

R× = WP(X) = WP̂P(X) ⊆ WP̂WP′P ′′ ⊆ WP̂ P̂.

Now the minimality of P gives P̂ = P, and we are done.



A Characterization of Minimal Extended Affine Root Systems 253

§4.3. On cardinality of reflectable bases; types A1, Bℓ, Cℓ, F4, G2

In Corollary 4.5, we just saw that reflectable bases have finite cardinalities. Do any

two reflectable bases for an extended affine root system have the same cardinality?

As we will see in the sequel, the answer is not positive in general, but we will discuss

situations in which the response is affirmative.

Theorem 4.6. Let R be an extended affine root system of rank ℓ, nullity ν and

twist number t, and let P and P ′ be two reflectable bases for R. Then for the types

given in Table 2, |P| = |P ′|. Moreover, if P ∈ Mr, then |P|, |Psh| and |Plg| are
given by Table 2, where S, S1 and S2 are as in 1.13(1.6).

Type |P| |Psh| |Plg|

A1 1 + ind(S) — —

B2 2 + ind(S1) + ind(S2) 1 + ind(S1) 1 + ind(S2)

Bℓ (ℓ ≥ 3) ℓ+ ind(S1) + (ν − t) 1 + ind(S1) (ℓ− 1) + (ν − t)

Cℓ (ℓ ≥ 3) ℓ+ t+ ind(S2) (ℓ− 1) + t 1 + ind(S2)

F4 4 + ν 2 + t 2 + (ν − t)

G2 2 + ν 1 + t 1 + (ν − t)

Table 2. Cardinality of reflectable bases

Proof. If R is of type A1, then we have |P| = 1 + ind(S), by [AP, Lem. 2.3], and

we are done in this case.

Next suppose R is of type B2 and P and P ′ are two reflectable bases for R.

By Theorem 4.2(i), we have the following coset description of Rsh and Rlg:

Rsh =
⊎

α∈Psh

(α+ ⟨Rlg⟩) ∩Rsh =
⊎

α′∈P′
sh

(α′ + ⟨Rlg⟩) ∩Rsh

and

Rlg =
⊎

α∈Plg

(α+ 2⟨Rsh⟩) ∩Rlg =
⊎

α′∈P′
lg

(α′ + 2⟨Rsh⟩) ∩Rlg.

It follows that |Psh| = |P ′
sh| and |Plg| = |P ′

lg|. Thus |P| = |P ′|.
Assume next that R is of type Bℓ (ℓ ≥ 3) or Cℓ (ℓ ≥ 3). We give the

proof for type Bℓ; the proof for type Cℓ is analogous, replacing the roles of short

and long roots. Assume P and P ′ are two reflectable bases for R. According to
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Theorem 4.2(ii), we have

Rsh =
⊎

α∈Psh

(α+ ⟨Rlg⟩) ∩Rsh =
⊎

α′∈P′
sh

(α′ + ⟨Rlg⟩) ∩Rsh

and

|Plg| = dimZ2
(⟨Rlg⟩/2⟨Rsh⟩) = |P ′

lg|.

Thus |Psh| = |P ′
sh| and |Plg| = |P ′

lg|, as required.
Next assume R is of type F4 or G2. By Theorem 4.2(iv), if P and P ′ are two

reflectable bases for R, then

|Plg| = dimZ2
(⟨Rlg⟩/2⟨Rsh⟩) = |P ′

lg| and |Psh| = dimZ2
(⟨Rsh⟩/⟨Rlg⟩) = |P ′

sh|.

Finally, we consider the last assertion in the statement. Let P be a reflectable

base of type X = A1, Bℓ, Cℓ, F4 or G2. Since now we know that any two reflectable

bases for R have the same cardinality, it is enough to assume that P = P(X), where

P(X) is the reflectable base given in Proposition 4.4. The result can now be seen

from the information given in Table 1.

Corollary 4.7. The cardinality of a reflectable base is an isomorphism invariant

of an extended affine root system of types X = A1, Bℓ, Cℓ, F4, G2.

Proof. One notes that the index of semilattices S, S1 and S2 appearing in the

structure of an extended affine root system, as well as the nullity, the rank and

the twist number are isomorphism invariants for an extended affine root system;

see [AABGP, Chap. II]. Now the result is immediate from Theorem 4.6.

Lemma 4.8. Suppose P is a reflectable base for R such that |P| = ℓ + ν; then

P ∈ Mrm (that is, P is a minimal reflectable base).

Proof. Since P is a reflectable base, the reflections based on P generate W, so it

is enough to show that no proper subset of P has this property. But this is clear

as |P| = dimV.

§4.4. On cardinalities of reflectable bases; simply laced types

of rank > 1

Let R be a simply laced extended affine root system of rank ℓ > 1 and nullity ν > 1.

We start with the following example which shows that Theorem 4.6 does not hold

in general for R, namely reflectable bases for R might have different cardinalities,

even when ν = 1 which is the affine case. The example also shows that c = ℓ+ ν

and that Mrc is a proper subclass of Mrm. We then show that Mr = Mrm. The

subsection is concluded with a technical result that shows that each reflectable
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base for R contains a subset of cardinality ℓ + ν which is a reflectable base for a

subsystem of R of the same type, rank and nullity as R.

Example 4.9. Let R be a simply laced extended affine root system of type X

and rank > 1. Then R = Λ∪(Ṙ+Λ), where Ṙ is a finite root system of type X and

Λ = Zσ1 ⊕ · · · ⊕ Zσν ; see 1.11 and 1.12. Let Π̇ = {α1, . . . , αℓ} be a fundamental

system for Ṙ. Set

Π = {α1, . . . , αℓ, α1 +m1σ1, α2 +m2σ1, α2 + σ2, . . . , α2 + σν},

where m1,m2 > 1 are relatively prime integers. We claim that Π is a reflectable

base for R. Since (m1,m2) = 1, we have ⟨Π⟩ = ⟨Ṙ⟩ ⊕ Λ = ⟨R⟩, and so we get

from Theorem 4.1(ii) and Remark 4.3 that Π is a reflectable set for R. Therefore,

using Theorem 4.1(ii) again, it is enough to show that for each α ∈ Π, Π′
α :=

Π\{α} does not generate ⟨R⟩. Clearly, we only need to check this for α ∈ {α1, α2,

α1+m1σ1, α2+m2σ1}. Since m1,m2 > 1, we have σ1 ̸∈ ⟨Π′
α1+m1σ1

⟩ and similarly

σ1 ̸∈ ⟨Π′
α2+m2σ1

⟩. If σ1 ∈ Π′
α1
, then σ1 = kα2 + k′(α1 +m1σ1) + k′′(α2 +m2σ1)

for some k, k′, k′′ ∈ Z. This gives k′ = 0 and so k′′m2 = 1 which is impossible.

The same reasoning gives σ1 ̸∈ ⟨Π′
α2
⟩. Thus Π is a reflectable base. Note that

|Π| = ℓ + ν + 1 > |P(X)| = ℓ + ν, where P(X) is the reflectable base given in

Table 1. We conclude that Mrc is a proper subclass of Mrm.

Proposition 4.10. Let R be a simply laced extended affine root system of rank

> 1. Then Mr = Mrm.

Proof. We must show Mr ⊆ Mm. Assume that P is a reflectable base for R; by

Theorem 4.1(ii), P is minimal with respect to the property that ⟨P⟩ = ⟨R⟩. If
P ̸∈ Mm, then there is at least one α0 ∈ P such that wα0

∈ ⟨wγ | γ ∈ P \ {α0}⟩.
But then Proposition 3.5 gives ⟨P \{α0}⟩ = ⟨R⟩, which contradicts the minimality

of P.

Proposition 4.11. Let R be a simply laced extended affine root system of rank

ℓ > 1 and nullity ν. Let Π be a reflectable base for R. Then Π contains a subset

Π′ of cardinality ℓ+ ν such that Π′ is a reflectable base for a root subsystem R′ of

R, where R′ has the same type, rank and nullity as R.

Proof. Let Π be a reflectable base for R; then |Π| ≥ ℓ+ ν. If |Π| = ℓ+ ν, there is

nothing to prove. Now assume that |Π| > ℓ + ν. Recall from Section 1.1 that ¯ is

the canonical map from V onto V := V \V0 and R̄ is the image of R under .̄ Since

WΠΠ = R×, we get from Proposition 1.10 that there exists a subset Π̇ of Π, such

that Ṙ = (WΠ̇Π̇) ∪ {0} ⊆ R is an irreducible finite root system isomorphic to R̄,

and we get the description R = Λ ∪ (Ṙ + Λ) for R where Λ is a lattice; see 1.11.
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We fix a reflectable base {α1, . . . , αℓ} ⊆ Π̇ of Ṙ; see 3.2. Then V̇ = spanR Ṙ. We

extend {α1, . . . , αℓ} to a basis Π′ = {α1, . . . , αℓ, αℓ+1, . . . , αℓ+ν} of V, such that

Π′ ⊆ Π. Since Π′ spans V, it is connected.
We now consider the extended affine root system R′ := RΠ′ defined in Propo-

sition 3.6. By the same argument as in the proof of Proposition 3.6(ii), R′ has the

same type, rank and nullity as R. Since |Π′| = ℓ + ν = dimV, it is a reflectable

base for R′.

§5. A characterization of minimal root systems

As in the previous sections, we let R be an extended affine root system of reduced

typeX with corresponding Weyl groupW. It is known thatW has the presentation

by conjugation, see Definition 2.6, if and only if R is “minimal” in the sense of

Definition 5.1 below. Therefore, the minimality condition reflects the geometric

aspects of extended affine root systems. In this section we characterize minimal

root systems in terms of minimal reflectable bases.

§5.1. Minimal extended affine root systems

Definition 5.1. Following [Ho], we say the extended affine root system R is min-

imal if for each α ∈ R×, WP ⊊ W, where P = R× \Wα.

Lemma 5.2. Let P ⊆ R×.

(i) WP = P if and only if SP = SWP and P = −P.

(ii) The extended affine root system R is minimal if and only if whenever P ⊆ R×

with WP = W and WP = P, then P = R×.

Proof. (i) The “if” part is clear. Now assume that SP = SWP and P = −P. Then

for w′ ∈ W and α ∈ P we have ww′(α) ∈ SP ; thus there exists β ∈ P such that

ww′(α) = wβ and then we have w′(α) = ±β. Now as P = −P, we have w′(α) ∈ P
and therefore WP = P.

(ii) Assume first that R is minimal and P is a subset of R× such thatW = WP

and WP = P. We must show P = R×. If not, we pick α ∈ R× \P. Since WP = P,

we get P ⊂ R× \ Wα. But now the assumption W = WP contradicts minimality

of R.

Next assume that the “only if” part holds, and that R is not minimal. So

there exists α ∈ R× such that WP = W for P := R× \ Wα. Now since WP = P,

we get by the assumption that R× = P, which is absurd.
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§5.2. Minimality and presentation by conjugation

Let R be a reduced extended affine root system with Weyl group W. Let Ŵ be

the group defined by generators ŵα, α ∈ R× and relations

� ŵ2 = 1, α ∈ R×;

� ŵαŵβŵα = ŵwαβ , α, β ∈ R×.

We recall from Definition 2.6 that if W ∼= Ŵ, then W is said to have the

presentation by conjugation. We refer to this group as the conjugation presented

group, associated with R.

Proposition 5.3. Given any reflectable base P for R, the set {ŵα | α ∈ P} is a

minimal generating set for the conjugation presented group Ŵ associated to R.

Proof. If ν = 0 then R is a finite root system and so W ∼= Ŵ. Then we are done

by Proposition 3.8.

Assume next that ν ≥ 1. If R is simply laced of rank > 1 or has one of types

F4 or G2, then by Lemma 4.8, Theorem 4.6 and Proposition 4.10, {wα | α ∈ P}
is a minimal generating set for W. But by Theorem 2.5, for the types under

consideration W ∼= Ŵ and so we are done.

Next, suppose that R is of type A1; then by Theorem 4.1(i), we have

(5.1) R× =
⊎
α∈P

(α+ 2⟨R⟩) ∩R×.

On the other hand, sinceR× =
⋃
α∈P Wα, and for α ∈ R× we haveWα ⊆ α+2⟨R⟩,

we get from (5.1),

(5.2) R× =
⊎
α∈P

Wα.

If {ŵα | α ∈ P} is not a minimal generating set for Ŵ, then there is at least

one β ∈ P such that ŵβ = ŵγ1 · · · ŵγn for some γi ∈ P \ {β}, 1 ≤ i ≤ n. By

Corollary 2.8, the assignment

wα
Φβ7−−→

{
1 if α ∈ Wβ,

0 if α ∈ R× \Wβ,

induces an epimorphism Φβ : W → Z2. Now, by (5.2), P \ {β} ⊆ R× \ Wβ, and

so we get Φβ(ŵβ) = 1 and Φβ(ŵγ1 . . . ŵγn) = 0 which is a contradiction.

Next we consider type B2. In this case, it is easy to see that

(5.3) Wα ⊆

{
α+ ⟨Rlg⟩ if α ∈ Rsh,

α+ 2⟨Rsh⟩ if α ∈ Rlg.
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By Theorem 4.1(iii), we have

Rsh =
⊎

α∈Psh

((α+ ⟨Rlg⟩) ∩Rsh) and Rlg =
⊎

α∈Plg

((α+ 2⟨Rsh⟩) ∩Rlg).

Using these equations together with (5.3), we get that the union R× =
⋃
α∈P Wα

is disjoint. Then using the same argument as in type A1, we achieve the desired

result.

Finally, suppose that R is of type Bℓ (ℓ > 2), and assume to the contrary

that {ŵα | α ∈ P} is not a minimal generating set for Ŵ; then there is at least

one β ∈ P such that ŵβ ∈ ⟨ŵα | α ∈ P \ {β}⟩. We proceed with the proof by

considering the following two cases.

β ∈ Rsh. Similar to the case B2, using Theorem 4.1(iv), we see that Rsh =⊎
α∈Psh

Wα; then P \ {β} ⊆ R× \ Wβ. Therefore, repeating the same argument

as in type B2 leads to a contradiction.

β ∈ Rlg. We have ŵβ = ŵγ1 · · · ŵγn for some γi ∈ P \ {β}. Applying the

epimorphism ψ given in 2.7(2.6), we get wβ = wγ1 . . . wγn . Since ℓ ≥ 3, there

exists α ∈ Rlg such that (α, β∨) = −1. If {γi1 , . . . , γim} = {γ1, . . . , γn} ∩Rlg then

we have

α+ β = wβ(α) = wγ1 . . . wγn(α) ∈ wγi1 . . . wγim (α) + 2⟨Rsh⟩;

thus

(5.4) β ∈ ⟨γi1 , . . . , γim⟩+ 2⟨Rsh⟩, γij ∈ Plg \ {β},

which is a contradiction as, by Theorem 4.1(iv), Plg is minimal with respect to

the property that the set {α+ 2⟨Rsh⟩ | α ∈ Plg} is a basis for the Z2 vector space

⟨Rlg⟩/2⟨Rsh⟩.
As usual, the argument for the case Cℓ is analogous to Bℓ, replacing the roles

of short and long roots.

Theorem 5.4. The following are equivalent:

(i) R is minimal;

(ii) W has the presentation by conjugation;

(iii) Mr = Mrm.

Proof. Conditions (i) and (ii) are equivalent by [Ho, Thm. 5.8]. Next assume (ii)

holds, namely W ∼= Ŵ under the isomorphism induced by the assignment ψ : Ŵ →
W, ŵα 7→ wα, α ∈ R×. Let Π ∈ Mr. By Proposition 5.3, the set {ŵα | α ∈ Π} is

a minimal generating set for Ŵ, and so we are done. This gives (iii).
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Finally, assume that (iii) holds. Consider the set P(X) given in Table 1.

By Proposition 4.4, P(X) ∈ Mr and so P(X) ∈ Mm. Then R is minimal by

Theorem 5.6. This gives (i) and the proof is completed.

Corollary 5.5. Let R be a reduced extended affine root system of type X, rank ℓ

and nullity ν. Then under either of the two conditions

(i) ν ≤ 2,

(ii) X = Aℓ (ℓ > 1), Dℓ, E6,7,8, F4 or G2,

we have Mr = Mrm. Moreover, if ind(R) = 0 and X = A1, Bℓ (ℓ ≥ 2) or Cℓ
(ℓ ≥ 3), then Mr = Mrc = Mrm.

Proof. For the first part of the statement, we only need to show by Theorem 5.4

that under either of the conditions (i) and (ii), W has the presentation by conju-

gation. But this is immediate from Theorem 2.5(ii)–(iii).

Next we assume ind(R) = 0, where X = A1, Bℓ, Cℓ. By 3.4(3.1), it is enough

to show that Mr ⊆ Mrc. Let P ∈ Mr. By Theorem 4.6, we have |P| = ℓ + ν.

Now as W = WP , we get V = spanR P, and since by 3.4(3.2), dim(V) ≤ c ≤ |P|,
we get c = ℓ+ ν. Thus P ∈ Mrc.

Theorem 5.6. Let R be a reduced extended affine root system of type X and P(X)

be as in Table 1. Then P(X) ∈ Mm if and only if R is a minimal root system.

Proof. First, suppose that R is of type A1 or one of the non-simply-laced types;

then by [AS4, Thm. 5.16] and [AS5, Thm. 2.33], P(X) ∈ Mm if and only if R

is a minimal root system. Next assume that R is simply laced of rank > 1 and

P ∈ Mm. If R is not minimal, then by [Ho, Thm. 4.5], W does not have the

presentation by conjugation, contradicting Theorem 2.5(iii).

Conversely, assume that R is a minimal root system. As |P(X)| = ℓ + ν =

dim(V), we have P(X) ∈ Mc ⊆ Mm.

§5.3. Gallery of results

Table 3 concludes and illustrates our investigation concerning the interrelations

between classes Mr, Mm and Mc. Here, R is an irreducible, reduced, extended,

affine root system of type X, rank ℓ and nullity ν.

§6. Relations to extended affine Lie algebras

We begin with a brief introduction to the definition of an extended affine Lie

algebra and some of its basic properties. For more details on the subject and

further terminology, we refer the reader to [AABGP, Chap. I].
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R = extended affine root system
Proposition 4.4
==========⇒ P(X) is a reflectable base for R

P(X) ∈ Mm
Theorem 5.6⇐=======⇒ R is minimal

WP = W Proposition 3.5
==========⇒ ⟨P⟩ = ⟨R⟩, P is connected

R finite
Proposition 3.8
==========⇒ Mc = Mm = Mr, c = rank(R)

P ∈ Mc, Mm or Mr
Corollary 4.5
========⇒ P is finite

X = A1, Bℓ, Cℓ, F4, G2
Theorem 4.6
========⇒ All elements of Mr have

the same cardinality

X = simply laced of rank > 1
Proposition 4.10
==========⇒

Example 4.9
Mr = Mrm and Mrc ⊊ Mr

P ∈ Mr
Proposition 5.3
==========⇒

P is a minimal generating set for

the conjugation presented group Ŵ
Mr = Mrm

Theorem 5.4⇐=======⇒ R is minimal

ν ≤ 2, or

X = simply laced of rank > 1,

X = F4, G2,

X = A1, Bℓ, Cℓ, and ind(R) = 0

Corollary 5.5
========⇒ Mr = Mrm

X = F4, G2
Corollary 5.5
========⇒ Mr = Mrc = Mrm

ind(R) = 0, X = A1, Bℓ, Cℓ
Corollary 5.5
========⇒ Mr = Mrc = Mrm

Table 3. Gallery of results on the level of root system and Weyl group

§6.1. Extended affine Lie algebras

Definition 6.1. A triple (L, (·, ·),H) in which L is a complex Lie algebra, H is a

subalgebra and (·, ·) is a bilinear form on L is called an extended affine Lie algebra

if the following five axioms hold:

(E1) The form (·, ·) is symmetric, invariant and non-degenerate.

(E2) H is non-trivial, finite-dimensional and self-centralizing such that

L =
∑
α∈R

Lα,

where

Lα =
{
x ∈ L

∣∣ [h, x] = α(h)(x) for all h ∈ H
}

and

R =
{
α ∈ H⋆

∣∣ Lα ̸= {0}
}
.

We call R the root system of L with respect to H. The form on L restricted

to H is non-degenerate so the form can be transferred to H⋆ in a natural
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way. We denote by tα the unique element in H which represents α ∈ H⋆ via

the form, namely

α(h) = (tα, h) (h ∈ H).

Set

R0 := {α ∈ R | (α, α) = 0} and R× := R \R0.

(E3) ad(x) is locally nilpotent for x ∈ Lα, α ∈ R×.

(E4) R is a discrete subset of H⋆.

(E5) R is irreducible, meaning that R× is connected, and for σ ∈ R0, there exists

α ∈ R× with α+ σ ∈ R.

6.2. We assume from now on that (L, (·, ·),H) is an extended affine Lie algebra

with root system R. One knows that R is an extended affine root system in V :=

spanRR, all non-isotropic root spaces are 1-dimensional, and that for α ∈ R×, one

may choose e±α ∈ L±α such that (eα, hα := [eα, e−α], e−α) is an sl2-triple. From

now on, we assume that R is reduced. For α ∈ R× and x±α ∈ L±α, we define

Φα ∈ Aut(L) by

Φα := exp(adxα) exp(− adx−α) exp(adxα).

Then Φα(Lβ) = Lwα(β) for β ∈ R; see [AABGP, Prop. I.1.27]. As in Defini-

tion 2.2, we denote by W the extended affine Weyl group of R. We also denote by

WL the Weyl group of L, the subgroup of GL(H⋆) generated by reflections β 7→
β− (β, α∨)α, α ∈ R×. Then Φα restricted to H ≡ H⋆ coincides with the reflection

wα ∈ W, identifying WL with the extended affine Weyl group W of R.

We recall that the core Lc of L is the subalgebra of L generated by the non-

isotropic root spaces Lα, α ∈ R×.

§6.2. Reflectable bases and the core

We begin with a lemma that shows, using the concept of a reflectable set, that the

root spaces associated with a reflectable set (up to a plus-minus sign) generate the

core, implying that the core of an extended affine Lie algebra is finitely generated

(compare with [Neh, Sect. 6.12] and [A5, Cor. 2.14]). We start with terminology.

Definition 6.3. We call a subset P of R× a root-generating set for L if the root

spaces L±α, α ∈ P generate Lc. We call a root-generating set minimal if no proper

subset of P is a root-generating set.

Lemma 6.4. Any reflectable set for R is a root-generating set for L. In particular,

Lc is finitely generated.
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Proof. Let P be a reflectable set and let α ∈ R×. Then α = wα1
· · ·wαt

(αt+1) for

some αi ∈ P. Therefore,

Φα1
· · ·Φαt

(Lαt+1
) = Lwα1

···wαt (αt+1) = Lα.

Thus Lα is contain in the subalgebra of L generated by Lβ , β ∈ P±. The second

statement now follows from Corollary 4.5.

Lemma 6.5. Let R be a simply laced extended affine root system of type X and

rank > 1. Let P be a reflectable base for R. Then P is a minimal root-generating

set for L. In particular, the set P(X) given in Table 1 is a minimal root-generating

set for L.

Proof. Assume to the contrary that P contains a proper root-generating set P ′. If

α ∈ P, then Lα is generated by some root spaces Lα1
, . . . ,Lαt

for some α1, . . . , αt ∈
P ′. Thus α ∈ ⟨P ′⟩, and so ⟨P ′⟩ = ⟨P⟩ = ⟨R⟩. Then by [ASTY, Thm. 3.2], P ′ is

a reflectable set for R. But this contradicts the minimality of P as a reflectable

base. The second assertion in the statement follows from Proposition 4.4.

Lemma 6.6. If ind(R) = 0, then any reflectable base P is a minimal root-

generating set for L. In particular, if R is simply laced of rank > 1, or is of type

F4 or G2, then any reflectable base is a minimal root-generating set for L.

Proof. If R is simply laced of rank > 1, then we are done by Lemma 6.5. For

the remaining types, we have from Theorem 4.6 that all reflectable bases have the

same cardinality. Now, if ind(R) = 0 then we see from 1.13 that |P| = |P(X)| =
ℓ + ν, which is equal to the rank of the free abelian group ⟨R⟩. Since the roots

corresponding to any generating set of root vectors for Lc must generate ⟨R⟩,
the first assertion in the statement holds. The second assertion is now clear as

ind(R) = 0 for the given types.

The following example shows that if ind(R) ̸= 0 then Lemma 6.6 may fail.

Also, it shows that an extended affine Lie algebra might have minimal root-

generating sets with different cardinalities.

Example 6.7. Suppose L is an extended affine Lie algebra with root system R.

(i) Let R be of type A1 and nullity 2 with ind(R) > 0. We know that (see 1.13)

up to isomorphism R = Λ+(±α+Λ), where Λ = Zσ1⊕Zσ2. We consider the

reflectable base P(X) = {α, σ1 − α, σ2 − α, σ1 + σ2 − α} for R; see Table 1.

From [A4, Rem. 1.5(ii)], we know that

[[Lσ1−α,Lα],Lσ2−α] ̸= {0}.
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Thus the 1-dimensional space Lσ1+σ2−α is generated by root spaces corre-

sponding to roots {α, σ1−α, σ2−α}. Therefore, by Lemma 6.4, Lc is generated
by root spaces L±β , β ∈ {α, σ1−α, σ2−α}. Thus P(X) is not a minimal root-

generating set for Lc.
(ii) Let R be of type A2. Then up to isomorphism R = Λ ∪ (Ṙ + Λ), where Λ =

Zσ1⊕Zσ2 and Ṙ is a finite root system of type A2 with a base {α1, α2}. Then
P = {α1, α2, α1 + σ1, α2 + σ2} and P ′ = {α1, α2, α1 + 2σ1, α2 + 3σ1, α2 + σ2}
are reflectable bases for R; see Example 4.9. By Lemma 6.6 both P and P ′

are minimal root-generating sets with |P| ≠ |P ′| for the corresponding Lie

algebra L.

§6.3. Elliptic Lie algebras versus 2-extended affine Lie algebras

We begin with a definition. By a 2-extended affine Lie algebra (root system) we

mean an extended affine Lie algebra (root system) of nullity 2. Throughout this

section, R is a reduced 2-extended affine root system.

Definition 6.8. Below we define the concepts of an elliptic root system and an

elliptic Lie algebra:

(i) In the literature, a 2-extended affine root system is referred to as an elliptic

root system.

(ii) Let L be a Lie algebra containing a subalgebra H with a decomposition L =∑
α∈H⋆ Lα, where

Lα =
{
x ∈ L

∣∣ [h, x] = α(h)x for all h ∈ H
}
.

The set R := {α ∈ H⋆ | Lα ̸= {0}} is called the root system of L with respect

to H. We call (L,H), or simply L, an elliptic Lie algebra if R is an elliptic

root system, with respect to a symmetric positive semidefinite form on the

real span of R.

Corollary 6.9. Let L be a 2-extended affine Lie algebra of type X, rank ℓ and

twist number t. Let S be as in 1.11. Suppose any of the following hold:

� X is simply laced of rank > 1;

� X = A1 and ind(S) = 2;

� X = F4, G2;

� X = B2 with t = 1; or t = 0, 2 and ind(S) = 2;

� X = Bℓ (ℓ > 2) with t = 0, 1; or t = 2 and ind(S) = 2;

� X = Cℓ with t = 1, 2; or t = 0 and ind(S) = 2.

Then any reflectable base is a minimal root-generating set for L.
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Proof. For all the types given in the statement we have ind(R) = 0 and so by

Lemma 6.6 we are done.

§6.4. A prototype presentation

Let R = R0 ∪ (Ṙsh + S) ∪ (Ṙlg + L) be an elliptic root system, where Ṙ =

Ṙsh∪Ṙlg∪{0} and S, L are defined in 1.11. Let Ṗ = {α1, . . . , αℓ} be a fundamental

system for Ṙ and consider the following Dynkin diagrams:

Aℓ (ℓ ≥ 1) :
α1 α2 α3 αℓ−1 ℓ

Bℓ (ℓ ≥ 2) :
α1 α2 α3 αℓ−2 αℓ−1 αℓ

Cℓ (ℓ ≥ 3) :
α1 α2 α3 αℓ−2 αℓ−1 αℓ

Dℓ (ℓ ≥ 4) :
α1 α2 α3 αℓ−3

αℓ−2

αℓ−1 αℓ

E6 :
α1 α3 α4 α5 α6

α2

E7 :
α1 α3 α4 α5 α6 α7

α2

E8 :
α1 α3 α4 α5 α6 α7

α2

α8

F4 :
α1 α2 α3 α4

G2 :
α2α1

As in 2.1, we set V = spanRR, Ṽ = V ⊕ (V0)⋆ and we let (·, ·) be the non-

degenerate form on Ṽ. We recall that V = V̇ ⊕ V0, and that V0 = Rσ1 ⊕ Rσ2,
where σ1, σ2 ∈ R0 and ⟨R0⟩ = Zσ1 ⊕ Zσ2. We fix a basis {λ1, λ2} for (V0)⋆ by

(6.1) λi(σj) = δij (1 ≤ i, j ≤ 2).

We consider λ1, λ2 as elements of V⋆ by requiring λ1(V̇) = λ2(V̇) = {0}.
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Assume that P = P(X) is the reflectable base for R given in Table 4. We

recall from Proposition 3.6 and axiom (R4) of Definition 1.2 that

R = WPP ∪ ((WPP −WPP) ∩ V0),

so R is uniquely determined by P.

For α, β ∈ R×, we define

nα,β := min
{
n ∈ Z>0

∣∣ nα+ β ̸∈ R
}
.

In what follows, by P± we mean P ∪ (−P). Also, a term [x1, . . . , xn] in a Lie

algebra means [x1, [x2, [x3, . . . , [xn−1, xn] · · · ]]].
Let L̂ be the Lie algebra defined by generators

X̂α, Ĥα, d̂1, d̂2 (α ∈ P±),

subject to the following relations:

(6.2)

(I)
∑k
i=1 Ĥβi

= Ĥ∑k
i=1 βi

if β1, . . . , βk,
∑k
i=1 βi ∈ P;

(II) [Ĥα, Ĥβ ] = 0, α, β ∈ P±;

(III) [Ĥα, X̂β ] = (β, α∨)X̂β , α, β ∈ P±;

(IV) [X̂α, X̂−α] = Ĥα, α ∈ P±;

(V) [X̂α1
, . . . , X̂αn

] = 0, αi ∈ P±,
∑n
i=1 αi ̸∈ R;

(VI) [d̂i, X̂α] = λi(α)X̂α, [d̂i, d̂j ] = [d̂i, Ĥα] = 0, α ∈ P±, 1 ≤ i, j ≤ 2.

We see from defining relations of the form (V) that

(V′) ad X̂
nα,β
α (X̂β) = 0, α, β ∈ P±.

Remark 6.10. Let Φ be an irreducible finite or affine root system, and P be a

fundamental system for Φ. Let L̂ be the Lie algebra defined by generators X̂α, Ĥα,

α ∈ P±, and relations (I)–(IV), (V′), (VI) (while d̂i is dropped). Then L̂ is either

a finite-dimensional simple Lie algebra or the derived subalgebra of an affine Lie

algebra with root system Φ; see [Kac]. Since relations of the form (V) hold in L̂,
it follows that (V) and (V′) are equivalent in this case.

To proceed, we recall that in [AABGP, Chap. III], associated to each elliptic

root system R, an extended affine Lie algebra (L, (·, ·),H) with root system R is

constructed such that L = Lc ⊕Cd1 ⊕Cd2, where d1, d2 act as derivations on Lc,
and [d1, d2] = 0. Moreover, H =

∑
α̇∈Ṙ Ctα̇ ⊕ Ctσ1

⊕ Ctσ2
, and (di, tσj

) = δij =

λi(σj), i, j = 1, 2. So we may identify λi ∈ (V0)
⋆ ⊆ H⋆⋆ ≡ H with di. Then for
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Type P(X)

A1
{α1, σ1 − α1, σ2 − α1} if ind(R) = 0,

{α1, σ1 − α1, σ2 − α1, σ1 + σ2 − α1} if ind(R) = 1

Aℓ (ℓ > 1)

Dℓ

E6,7,8

{α1, . . . , αℓ, σ1 − α1, σ2 − α1}

F4

{α1, α2, α3, α4, σ1 − α1, σ2 − α1} if t = 0,

{α1, α2, α3, α4, σ1 − α4, σ2 − α1} if t = 1,

{α1, α2, α3, α4, σ1 − α4, σ2 − α4} if t = 2

G2

{α1, α2, σ1 − α1, σ2 − α1} if t = 0,

{α1, α2, σ1 − α2, σ2 − α1} if t = 1,

{α1, α2, σ1 − α2, σ2 − α2} if t = 2

B2

{α1, α2, σ1 − α1, σ2 − α1} if t = 0, ind(R) = 0,

{α1, α2, σ1 − α1, σ2 − α1, σ1 + σ2 − α1} if t = 0, ind(R) = 1,

{α1, α2, σ1 − α1, σ2 − α2} if t = 1,

{α1, α2, σ1 − α2, σ2 − α2} if t = 2, ind(R) = 0,

{α1, α2, σ1 − α2, σ2 − α2, σ1 + σ2 − α2} if t = 2, ind(R) = 1

Bℓ (ℓ > 2)

{α1, . . . , αℓ, σ1 − α1, σ2 − α1} if t = 0,

{α1, . . . , αℓ, σ1 − α1, σ2 − αℓ} if t = 1,

{α1, . . . , αℓ, σ1 − αℓ, σ2 − αℓ} if t = 2, ind(R) = 0,

{α1, . . . , αℓ, σ1 − αℓ, σ2 − αℓ, σ1 + σ2 − αℓ} if t = 2, ind(R) = 1

Cℓ (ℓ > 2)

{α1, . . . , αℓ, σ1 − α1, σ2 − α1} if t = 2,

{α1, . . . , αℓ, σ1 − α1, σ2 − αℓ} if t = 1,

{α1, . . . , αℓ, σ1 − αℓ, σ2 − αℓ} if t = 0, ind(R) = 0,

{α1, . . . , αℓ, σ1 − αℓ, σ2 − αℓ, σ1 + σ2 − αℓ} if t = 0, ind(R) = 1

Table 4. A reflectable base for the elliptic root system R
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α ∈ R, λi(α) = α(di). We fix this Lie algebra L throughout the section and set

Hc := H ∩ Lc.
For each α ∈ R×, we fix an sl2-triple (eα, hα, e−α), where e±α ∈ L±α,

[eα, e−α] = hα and [hα, e±α] = ±2e±α; see 6.2.

Since relations (6.2) hold in L for eα, hα, d1, d2, α ∈ P±, in place of X̂α, Ĥα,

d̂1, d̂2, and since by Lemma 6.4 the elements eα, hα, d1, d2, α ∈ P± generate L,
we get an epimorphism

(6.3)
Ψ: L̂ → L,

X̂α 7→ eα, Ĥα 7→ hα (α ∈ P±), d̂i 7→ di.

We set

Ĥ := spanC
{
Ĥα, d̂1, d̂2

∣∣ α ∈ P±} = spanC
{
Ĥα, d̂1, d̂2

∣∣ α ∈ P
}
.

We note that the second equality holds here, since Ĥ−α = −Ĥα, for α ∈ P, by

relations of the form (IV) in (6.2).

Lemma 6.11. The epimorphism Ψ restricts to an isomorphism Ĥ → H. In par-

ticular, Ĥ is an abelian subalgebra of L̂ with dim Ĥ = dimH = ℓ+ 4.

Proof. Consider the epimorphism Ψ: L̂ → L given by (6.3). From [AABGP,

Chap. III], we know that dimH = ℓ + 4 and H =
∑
α∈P Chα ⊕ Cd1 ⊕ Cd2.

So if |P| = |P(X)| = ℓ+ 2, then {hα, d1, d2 | α ∈ P} is a linearly independent set

and so its preimage {Ĥα, d̂1, d̂2 | α ∈ P} under Ψ is also a linearly independent

set; therefore we are done in this case.

Assume next that |P| > ℓ + 2. By Table 4 we are in one of the cases

X = A1, X = Bℓ, Cℓ, with ind(R) = 1. For type A1, we have P(A1) = {α1,

σ1 − α1, σ2 − α1, σ1 + σ2 − α1}. Now the elements Ĥα1
, Ĥσ1−α1

and Ĥσ2−α1
are

linearly independent in Ĥ as are their images in H. Also from relations of the form

(I) in (6.2), we have Ĥσ1+σ2−α = Ĥσ1−α + Ĥσ2−α + Ĥα. Thus dim Ĥ = dimH.

Assume next that X = Bℓ (ℓ > 2). From Table 4 we see that the only

reflectable base P with |P| > ℓ+ 2 is the one given in the fourth row, namely

{α1, . . . , αℓ, σ1 − αℓ, σ2 − αℓ, σ1 + σ2 − αℓ}.

We know that Ĥα1
, . . . , Ĥαℓ

, Ĥσ1−αℓ
, Ĥσ2−αℓ

are linearly independent, as are their

images in H. Also, Ĥσ1+σ2−αℓ
= Ĥσ1−αℓ

+ Ĥσ2−αℓ
+ Ĥαℓ

. Thus dim Ĥ = dimH.

The remaining types can be treated in a similar manner.

Lemma 6.12. Let Ŷ = [Ŷ1, . . . , Ŷn], where n ≥ 2 and Ŷi ∈ {X̂α, Ĥα, d̂1, d̂2 | α ∈
P±}. Then Ŷ is in the span of brackets of the form [X̂α1 , . . . , X̂αm ], αi ∈ P±,

m ≥ 1.
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Proof. We use induction on n. If n = 2, then we are done, using defining relations

(6.2). Assume now that n > 2. By induction steps, we may assume without loss of

generality that Ŷ = [Ŷ1, Ŷ
′], where Ŷ ′ = [X̂α1

, . . . , X̂αm
] for some αi ∈ P±. Now

if Ŷ1 = X̂α for some α ∈ P±, then we are done. Otherwise, we have

Ŷ = [Ŷ1, [X̂α1
, X̂ ′]] = −[X̂ ′, [Ŷ1, X̂α1

]]− [X̂α1
, [X̂ ′, Ŷ1]],

with X̂ ′ = [X̂α2
, . . . , X̂αm

], and so we are done again by induction steps and by

defining relations (6.2).

Using Lemma 6.11, we identify Ĥ with H. For α ∈ H⋆, we set

L̂α :=
{
X̂ ∈ L̂

∣∣ [h, X̂] = α(h)X̂ for all h ∈ H
}
.

Proposition 6.13. The Lie algebra (L̂, Ĥ) is an elliptic Lie algebra with root

system R.

Proof. We first prove that L̂ =
∑
α∈H⋆ L̂α. For this we need to show that any

bracket in L̂ of the form Ŷ = [Ŷ1, . . . , Ŷn], where the Ŷi belong to defining gener-

ators of L̂, sits in L̂α for some α ∈ H⋆. By the defining relations of L̂, we have

X̂α ∈ L̂α and Ĥα, d̂1, d̂2 ∈ L̂0, for α ∈ P±. So we are done if n = 1. Assume

now that n ≥ 2. By Lemma 6.12, we may assume Ŷ = [X̂α1
, . . . , X̂αn

] for some

αi ∈ P±. Now if β ∈ P±, then by the Jacobi identity and defining relations of L̂,
we get [Ĥβ , [X̂α1 , X̂α2 ]] = (α1 + α2)(Ĥβ)[X̂α1 , X̂α2 ]. Also,

[d̂i, [X̂α1
, X̂α2

]] = λi(α1 + α2)[X̂α1
, X̂α2

] = (α1 + α2)(d̂i)[X̂α1
, X̂α2

].

Thus [X̂α1
, X̂α2

] ∈ L̂α1+α2
. Then an induction argument on n ≥ 2 proves that

Ŷ ∈ L̂α1+···+αn . The above reasoning shows that L̂ =
∑
α∈H⋆ L̂α, and moreover,

L̂α is spanned by brackets [X̂α1
, . . . , X̂αn

] with α1 + · · · + αn = α, where X̂αi
∈

{X̂α, Ĥα, d̂1, d̂t | α ∈ P±}. This completes the proof that L̂ =
∑
α∈H⋆ L̂α. Now,

defining relations of the form (V) imply that L̂ =
∑
α∈R L̂α. Since Ψ(L̂α) = Lα,

we get L̂α ̸= {0} for α ∈ R.

§6.5. Type A1

We specialize the presented Lie algebra L̂ to the case X = A1 as an example. Since

ν = 2, we have up to isomorphism two elliptic root systems of type A1:

R =

{
(Zσ1 ⊕ Zσ2) ∪ (±α+ Zσ1 + 2Zσ2) ∪ (±α+ 2Zσ1 + Zσ2) if ind(R) = 0,

(Zσ1 ⊕ Zσ2) ∪ (±α+ Zσ1 + Zσ2) if ind(R) = 1.
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We fix the reflectable base

(6.4) P =

{
{α, σ1 − α, σ2 − α} if ind(R) = 0,

{α, σ1 − α, σ2 − α, σ1 + σ2 − α} if ind(R) = 1,

for R.

For a non-isotropic root β, we define the automorphism Φβ ∈ Aut(L̂) by

Φβ := exp(ad X̂β) exp(− ad X̂−β) exp(ad X̂β).

Lemma 6.14. The automorphism Φσ1−α satisfies Φσ1−α(X̂σ2−α) ∈ L̂σ2−2σ1+α if

and only if

(6.5)
1

2
ad X̂σ1−α ad X̂α−σ1 [X̂α−σ1 , X̂σ2−α] = [X̂α−σ1 , X̂σ2−α].

Proof. We have

Φσ1−α(X̂σ2−α)

= exp ad(X̂σ1−α)(X̂σ2−α − [X̂α−σ1 , X̂σ2−α] +
1

2
[X̂α−σ1 , [X̂α−σ1 , X̂σ2−α]])

= X̂σ2−α − [X̂α−σ1
, X̂σ2−α]− [X̂σ1−α, [X̂α−σ1

, X̂σ2−α]]

+
1

2
[X̂α−σ1

, [X̂α−σ1
, X̂σ2−α]] +

1

2
[X̂σ1−α, [X̂α−σ1

, [X̂α−σ1
, X̂σ2−α]]]

+
1

4
[X̂σ1−α, [X̂σ1−α, [X̂α−σ1

, [X̂α−σ1
, X̂σ2−α]]]].

We note that we have

[X̂σ1−α, [X̂α−σ1
, X̂σ2−α]] = −[X̂σ2−α[X̂σ1−α, X̂α−σ1

]]− [X̂α−σ1
, [X̂σ2−α, X̂σ1−α]]

= −[X̂σ2−α, Hσ1−α] = (α, α∨)X̂σ2−α = 2X̂σ2−α.

Then from this and (6.5), we get

X̂σ2−α − [X̂σ1−α, [X̂α−σ1 , X̂σ2−α]] +
1

4
[X̂σ1−α, [X̂σ1−α, [X̂α−σ1 , [X̂α−σ1 , X̂σ2−α]]]]

= X̂σ2−α − 2X̂σ2−α + X̂σ2−α = 0

and

− [X̂α−σ1
, X̂σ2−α] +

1

2
[X̂σ1−α, [X̂α−σ1

, [X̂α−σ1
, X̂σ2−α]]]

= −[X̂α−σ1 , X̂σ2−α] + [X̂α−σ1 , X̂σ2−α] = 0.

Lemma 6.15. Suppose R is an elliptic root system of type A1 and P is the

reflectable base given in (6.4) for R. Let L̂ be the Lie algebra defined by the
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generators X̂α, Ĥα, d̂1, d̂2, α ∈ P±, and relations (I)–(VI) given in (6.2) plus

relation (6.5). Then (L̂, Ĥ) is an elliptic Lie algebra satisfying

Φγ(L̂β) = L̂wγ(β) (γ ∈ P, β ∈ R×).

Proof. We first note that (6.5) holds in L for eσ1−α, eσ2−α in place of X̂σ1−α

and X̂σ2−α. Thus the epimorphism Ψ: L̂ → L given in (6.3) holds in our case.

Suppose γ, β are as in the statement. Let X̂ ∈ L̂β . We may assume without loss

of generality that X̂ = [X̂β1
, [X̂β2

, [. . . , [X̂βk−1
, X̂βk

] . . .]]] for some βi ∈ P with

β = β1 + · · ·+ βk. Then for γ ∈ P, we have

Φγ(X̂) = [Φγ(X̂β1
), [Φγ(X̂β2

), [. . . , [Φγ(X̂βk−1
),Φγ(X̂βk

)] · · · ]]].

Now, if {γ, βi} ̸= {σ1 − α, σ2 − α}, then the vectors X̂γ , X̂βi
can be identified

as root vectors of a subalgebra of L̂ which is either finite-dimensional simple, or

a derived subalgebra of an affine Lie algebra, implying that Φγ(X̂βi
) ∈ L̂wγ(βi)

.

If {γ, βi} = {σ1 − α, σ2 − α}, then since (6.5) holds by assumption, we get from

Lemma 6.14 that Φγ(X̂βi
) ∈ L̂wγ(βi)

. Thus Φγ(L̂β) ⊆ L̂wγ(β). This completes the

proof.

§6.6. Type A1, ind(R) = 0

We now restrict our attention to the case when R is of type A1 and ind(R) = 0.

We consider the corresponding reflectable base P given in (6.4). Let L̂ be the

corresponding presented Lie algebra.

We recall that for any elements X0, . . . Xm of a Lie algebra and for 1 ≤ j < m,

we have

[X0, . . . Xm] = [[X0, X1], X2, . . . , Xm]

+ [X1, [X0, X2], X3, . . . , Xm]

+ · · ·
+ [X1, X2, . . . , Xj−1, [X0, Xj ], Xj+1, . . . Xm]

+ [X1, . . . , Xj−1, X0, Xj , . . . , Xm].(6.6)

Lemma 6.16. Let β, α1, . . . , αm ∈ P± with α1 + · · ·+ αm = β. Then

(i) m is odd, and for each γ ∈ P± with γ ̸= β, there are an even number of j’s

such that αj = γ;

(ii) if A = [X̂α1
, X̂α2

, . . . , X̂αm
] ∈ L̂β, then A can be written as a sum of expres-

sions of the form [X̂β1 , . . . , X̂βk
], where all the βi belong to ±{α, σ1 − α} or

to ±{α, σ2 − α}.
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Proof. (i) is clear as α, σ1, σ2 are linearly independent.

(ii) We recall that R = R0 ∪R× with

R0 = Zσ1 ⊕ Zσ2 and R× = (±α+ 2Zσ1 ⊕ Zσ2) ∪ (±α+ Zσ1 ⊕ 2Zσ2).

In particular, we have

(6.7) ϵα+ n1σ1 + n2σ2 ̸∈ R for ϵ ∈ {0,±1}, n1, n2 ∈ 2Z+ 1.

This fact will be used frequently in the proof without further mention. We also

recall that P = {α, σ1 − α, σ2 − α}.
Without loss of generality, we may assume β = α. If all the αi belong to

{α, σi − α}±, i = 1, 2, we are done. So we may assume that

(6.8) αi = ±(σ1 − α) and αj = ±(σ2 − α) for some i, j.

If m = 1, there is nothing to prove. Now (6.7), (6.8) and relations of the form

(V′) show that no non-zero expression of the form A exists for length m = 3. By

part (i), for m = 5 the only possibility is {α1, . . . , α5} = {α,±(σ1−α),±(σ2−α)}
and the only possibility for A, up to a permutation of P, is [X̂α−σ2

, X̂σ2−α, X̂α−σ1
,

X̂σ1−α, X̂α], which reduces to the case m = 3, by using (6.6) and applying defining

relations of the form (III). In general, by using (6.6), we write A as a sum of terms

of length m−2, except for the last term [X̂1, . . . , X̂j−1, X̂0, X̂j , . . . , X̂m] which has

length m. But then, using (6.7), we choose an appropriate j such that this term

becomes zero, by applying a relation of the form (V′).

Theorem 6.17. Let R = Λ∪ (±α+S) be an elliptic root system of type A1 where

Λ = Zσ1 ⊕ Zσ2 and S = (σ1 + 2Λ) ∪ (σ2 + 2Λ). Let (L̂, Ĥ) be the Lie algebra

defined by generators and relations (6.2). Then L̂ is an elliptic Lie algebra with

root system R. Moreover, dim Ĥ = 5 and dim L̂β = 1 for β ∈ R×.

Proof. By Proposition 6.13 and Lemma 6.11, L̂ is an elliptic Lie algebra with

root system R satisfying dim Ĥ = 5. Recall from Proposition 3.6 that if P =

{α, σ1 − α} or P = {α, σ2 − α}, then the root system RP ⊆ R is an affine root

system of type A1. We now consider the Lie algebra L̂P defined by generators

X̂α, Ĥα, α ∈ P±, subject to relations (6.2)(I)–(V). By Remark 6.10, we see that

L̂P is isomorphic to the derived algebra of an affine Lie algebra of type A1. Thus,

identifying L̂P as a subalgebra of L̂, and using Lemma 6.16, we conclude that

dim L̂β = 1 for β ∈ P. We note that by (6.7) and (6.2)(V), both sides of equation

(6.5) are zero and so this relation is a consequence of relations that hold in L̂.
Thus Lemma 6.15 implies that dim L̂β = 1 for all β ∈ R×.
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§6.7. Further considerations

In [SaY, Ya], the authors construct elliptic Lie algebras using Serre-type gener-

ators and relations. The defining generators of the given presentations are based

on a “root base” assigned to the corresponding elliptic root system. This root

base, which we call a Saito root base and denote by PS , is defined by Saito [Sa,

Sect. (5.2)]. For a given type, in Table 5 the cardinality of a Saito root base is

compared with the corresponding reflectable base of Table 4.

Let R be an elliptic root system of rank > 1. Let P be the reflectable base

for R given in Table 4, and PS be the Saito base for R. We have |P| ≤ |PS |; see
Table 5. Considering some justifications, we may identify the reflectable base P
with a subset of PS . Let L̂S be the corresponding presented Lie algebra given in

[SaY, Ya] associated to PS . Consider the map which assigns each generator of L̂
to the corresponding generator in L̂S ; see [SaY, Def. 2] and [Ya, Def. 3.1]. One sees

from [SaY, Thm. 2] and [Ya, Def. 3.1 and Thm. 3.1] that the defining relations

(I)–(IV) and (VI) of (6.2) hold in L̂S for the corresponding generators. Moreover,

since R is the set of roots of L̂S , it follows that relations of the form (V) also hold

in L̂S . Therefore, we get a homomorphism Φ: L̂ → L̂S which preserves root spaces.

This suggests that to achieve a finite Serre-type presentation associated with P,

with 1-dimensional (non-isotropic) root spaces, one should investigate replacing

relations of the form (V) with more appropriate relations such as (V′) and those

given in [SaY] and [Ya].
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