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ABSTRACT. The telescope conjecture, first formulated by Ravenel in the late
1970s, is a conjectural classification of smashing localizations of the stable
homotopy category. Participants discussed interactions between such local-
izations and algebraic K-theory, culminating in the recent disproof of the
telescope conjecture. We ended with some applications and future directions,
including to such classical questions as the growth rate of the stable homotopy
groups of spheres.
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Introduction by the Organizers

Over the course of the week, participants successfully presented the main ingre-
dients disproving the telescope conjecture. The first day began with a talk by
Ravenel, introducing the conjecture, its importance to the large scale structure
of stable homotopy theory, and some of its history. We then saw a talk by Shai
Keidar that reformulated (a part of) the telescope conjecture in terms of Galois
descent. Talks by Wickelgren, Krause, and Neuhauser explained several theo-
rems to the effect that chromatically localized algebraic K-theory sends Galois
extensions to Galois extensions, thereby showing that the telescope conjecture can
be disproved by algebraic K-theory computations. Later talks described how to
compute algebraic K-theory using trace methods and the theory of cyclotomic
spectra.
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The final day concluded with applications of the disproof and proposed further
directions for the subject. In particular, Burklund and Levy explained conse-
quences for the growth rate of the p-ranks of stable homotopy groups of spheres,
as well as the Picard group of the T'(n)-local category.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Telescopic localization and the telescope conjecture
DouG RAVENEL

1. EARLY 70sS

1.1. Morava K-theory. In the early 70’s Jack Morava discovered the eponynu-
mous spectra K(n). I was lucky enough to spend a lot of time listening to him
explain their inner workings.

K (0) is rational cohomology. For each n > 0 and each prime p, there is a
nonconnective complex oriented p-local spectrum K (n) with

m.K(n) = Z/plv; "] where |v,| = 2(p" — 1).

It is related to height n formal group laws, and K (n).(K(n)) is related to the
Morava stabilizer group G,,. It is a p-adic Lie group and the automorphism group
of a height n formal group law over a suitable field of characteristic p.

In more detail, a formal group law over a ring R is a power series F'(z,y) =
Do a; ;jx'y) € R[z,y] satisfying

(1) Identity: F(0,z) = F(x,0) = z.
This means ag,o = 0,
a0 =ap,1 =1and a;o =0=ap,; fori > 1.
(2) Commutativity: F(y,z) = F(z,y). This means a;; = a; ;.
(3) Associativity: F(F(z,y),z) = F(x,F(y,z)). This implies complicated
relations among the a; ;.

Every complex oriented spectrum FE has a formal group law over 7, E associated
with it. Here are two examples.

(1) In 1969 Daniel Quillen showed that its formal group law has a universal
property first studied by Michel Lazard in 1955, defined over

MU = Z[x; : i > 0] with |z;| = 2i.

(2) E = K(n), the nth Morava K-theory. The formal group law is character-
ized by its p-fold formal sum, [p](z) = v,2?". This means that its height
is n. Height is known to be a complete isomorphism invariant for formal
group laws over the algebraic closure of IF),.

Formal group laws with [p](x) = " were constructed for all n and p in 1970
by Taira Honda. Hence all heights occur.
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1.2. Morava’s vision. I learned the following from Jack in 1973 and have never
forgotten it.  You can find a long lost copy of his unpublished AMS Bulletin
announcement of it in my archive.

Let V denote the “vector space” of ring homomorphisms 6 : L — Fp, where
L = .MU, and let G be the group of functionally invertible power series in 1
variable over F,.

e Each point § € V induces a formal group law over F,,.
e V has an action of G. For v(z) € G,

F(z,y) =~y (F(y(z),7(y))) ,

which is a formal group law isomorphic to F.

e Each G-orbit is an isomorphism class of formal group laws over Fp. Hence
there is one orbit for each height.

e For each 6 € V, the isotropy or stabilizer group Gy = {y € G : v(0) = 0}
is the automorphism group of the corresponding formal group law. When
0 has height n, this group is isomorphic to the Morava stabilizer group
Gn.

e There are G-invariant finite codimensional linear subspaces
V=Vid>VW>OVD--.

where V;, = {0 €V :0(v1) =+ =0(v,—1) = 0}. We know now that this
filtration of V is related to the chromatic filtation of the stable homotopy
category.

e The height n orbit is V,, — V;,41. It is the set of Fp—valued homomorphisms
on v, ' L/I,.

e The height oo orbit is the linear subspace

M Vo
n>0

1.3. Smith-Toda complexes. In 1971 Larry Smith and Hirosi Toda indepen-
dently constructed the p-local finite spectrum V(n), a CW-complex having 2"+!
cells with

MU,V (n) = MU,/(vo =p,v1,...0,) for 0 <n <3 and p > 2n + 1.
Cell diagram for V(2) at p = 5, where |v1| = 8 and |vy| = 48:

ai B1 ai

P p T p P p
e — 0 e — o e — o e — o

0 1 9 10 49 50 58 99

The first 2 cells comprise V(0), the mod p Moore spectrum.
The first 4 cells comprise V (1), and V(2)/V (1) =~ 4V (1).
There is a cofiber sequence

Sy (n—1) —>V(n—1) — V(n).
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We know that K(n).V(n —1) # 0 and that w, is a K(n)-equivalence.
These lead to the construction of the v,-periodic families aka Greek letter ele-
ments

Qp € Tyjy, |-1 for p >3
Bt € Wt\qjg\—QpS for p >5
Yt € 7-‘-15\1)3\72;02721)Jr18 for p=>T

ay is the composite

t
wy

Stloil L sty (o) V() ——~ st

2. CHROMATIC HOMOTOPY THEORY

2.1. Algebraic patterns. The Greek letter elements are nicely displayed in the
E>-term the Adams-Novikov spectral sequence. In it there are similar families for
all n.

In 1977 Haynes Miller, Steve Wilson and I constructed the chromatic spectral
sequence converging to this Fo-term. It organizes things into layers so that in the
nth layer everything is v,-periodic. The structure of this nth layer is controlled
by the cohomology of the nth Morava stabilizer group G,,.

2.2. The chromatic filtration. Later we learned that the stable homotopy cate-
gory itself is similarly organized. The key tool here is Bousfield localization, which
conveniently appeared in 1978, just in time for us!

Let Sp denote the category of spectra. Given a spectrum FE, Bousfield con-
structed an endofunctor Lg : Sp — Sp whose image category LgSp is stable
homotopy as seen through the eyes of E-theory.

We are interested in the case £ = K(n). Lk ,)Sp is much easier to deal with
than Sp itself. For example, we can compute 7. L 2yV (1), but we have no hope
of computing 7,V (1).

2.3. Enter the telescope conjecture. Recall the cofiber sequence
Slonly(n—1) "> V(n—1) —— V(n)

for 0 <n < 3and p > 2n+ 1. Since K(n),w, is an isomorphism, all iterates
of w, are essential. This means that the homotopy colimit of the following is
noncontractible.

W, wn wn

V(in—1) =22 lnly(n—1) = n-2mly(n — 1) =

We call this the v,-periodic telescope w;,, !V (n — 1), often denoted by T'(n).
The telescope conjecture says it is Lg(,,)V(n — 1). T'(n) is more closely related
to the homotopy groups of spheres, while L )V (n — 1) is more computationally
acccessible.



2758 Oberwolfach Report 47/2024

San Francisco earthquake of October 17, 1989

2.4. The Hopkins-Smith periodicity theorem.
slnlyin—1) == V(n—1) — V(n)

Can we generalize this to n > 37 Not exactly. To this day, nobody has con-
structed V(4) at any prime, and in 2010 Lee Nave showed that V((p + 1)/2) does
not exist.

On the bright side, in 1998 Mike Hopkins and Jeff Smith published the following.

Periodicity Theorem. Let X be a p-local type n finite spectrum, meaning that
K(n),X #0 and K(m),X =0 for m <n. Then for some d >0 (and divisible by
|vn|) there is a map

w:YIX - X where K (n).w is an isomorphism.

The theorem implies that the cofiber of w has type n + 1. As before we can
form a v,-periodic telescope w™'X =: T'(n). It is independent of the choice of w
and the corresponding localization functor Ly, is independent of the choice of
X.

V(n —1) is an early example of a finite spectrum of type n.

Again the telescope conjecture equates the geometrically appealing telescope
w™ !X with the computationally accessible Bousfield localization L K(n)X-

3. THE TELESCOPE CONJECTURE

When I stated the telescope conjecture in 1984, it was known to be true for n =0
and n = 1. The height one case was proved around 1980 by Mark Mahowald for
p = 2 and Haynes Miller for odd primes.

Thus the statement for n > 1 seemed to be favored by Occam’s razor. However,
while I was visiting MSRI (now SLMath) in 1989, something happened that led
me to believe it is false for n > 2.

This failure of the telescope conjecture for n > 2 is now a theorem of Robert
Burklund, Jeremy Hahn, Ishan Levy and Tomer Schlank. Their proof is the subject
of this workshop.
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BRRR7AN 2 q ﬂ'ﬁ
Jeremy, Tomer, myself, Ishan and Robert
at Oxford University, June 9, 2023.

Photo by Matteo Barucco.
THANK YOU!

Ambidexterity and Chromatic Cyclotomic Extensions
SHAI KEIDAR

This talk introduces Rognes’ Galois theory [1] and higher semiadditivity as devel-
oped by Hopkins and Lurie [2]. Observing the role of semiadditivity in classical
cyclotomic extensions, we use higher semiadditivity to construct higher cyclotomic
extensions following [3]. In the K (n)- and T'(n)-local settings, these higher cyclo-
tomic extensions manifest as faithful Galois extensions, yet the colimit of these
extensions is not necessarily faithful. To address this, we introduce the cate-
gory of cyclotomically complete T (n)-local spectra, which sits between Sp K(n) and
SPr(ny. and derive a formula for the cyclotomic completion functor.

1. ROGNES’ GALOIS THEORY

Rognes’ Galois theory extends the classical notion of Galois extensions to any
symmetric monoidal oo-category, defining a Galois extension as an algebra with a
group action satisfying simple conditions. Faithful Galois extensions are extensions
over which descent theory applies. In classical settings, this framework generalizes
regular Galois extensions of rings.

A collection of results from [4], [1], [5], and [6] shows that Sy () — E, realizes
E, as a faithful Galois closure of Sk (,). This is computationally significant, en-
abling descent along this extension. The faithfulness of the Galois closure of Sg ()
will turn out to be a key difference between Spy(,,y and Spp(,,)-

2. HIGHER SEMIADDITIVITY

Higher semiadditivity generalizes semiadditivity by allowing the summation (or
integration) of maps along w-finite spaces — truncated spaces finite homotopy
groups.

Hopkins and Lurie proved that Spy(,) is oo-semiadditive [2], and Carmeli,
Schlank, and Yanovski showed the same for Spp(,, [7].
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3. HIGHER CYCLOTOMIC EXTENSIONS

Representation theory gives a construction the p"-th cyclotomic extension of Q
— it can be achieved by inverting an idempotent in the group algebra Q[C)pr],
leveraging the ability to sum over Cp- elements and that p is invertible.

In higher semiadditive contexts, p itself may not be invertible, but higher
analogs of p will be. This allows us to mimic the classical construction by re-
placing the discrete group C,- with the m-finite group B"C)-, defining the higher
cyclotomic extensions Sy () [wé?')] and Sp(p) [wz(,?f)]. These extensions are faithful
(Z/p")*-Galois extensions in Sp K(n) a0d Spp,), respectively.

4. CycLoToMIC COMPLETION

The Z-pro-Galois extension St(y) [wl(fl;)], formed as the colimit of the higher cy-

clotomic extensions, does not necessarily maintain faithfulness, while Sy (,,) [wz(,fg]

remains faithful. To address this, we define the category (Spr(,))eye S SPr(n)
of “cyclotomically complete” T'(n)-local spectra as the Bousfield localization with

respect to ST(WW X i.e. the subcategory in which ST(w(n)) is faithful. In particular,
Following [8], we show that the cyclotomic completion functor, which is the
localization functor

(_)é\yC: SpT(n) - (SpT(n))é\ycv
. . . . . (n),M(Tp x2) «
is a smashing localization with unit Sp(,)[wye] , where Z = T, x Z;, and
T}, is the torsion subgroup.
The goal throughout this workshop is to demonstrate that (SpT(n))é\yC S SPr(nys
thus disproving of the telescope conjecture.
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Cyclotomic and polygonic spectra
QINGYUAN BA1

The disproof depends on understanding of certain K-theory spectrum, and one
possible way to approach K-theory is via trace method. Given a ring R, there is
a trace map
K(R) — THH(R)

which provides a good approximation (there is also trace map to other variants,
for example TC). It is thus desirable to get better understanding of THH and re-
lated constructions. The category of cyclotomic spectra is a category which hosts
interesting structures on THH(R) and allows us to manipulate them. Following
the work of Nikolaus-Scholze and Krause-McCandless-Nikolaus, we define the cat-
egory of cyclotomic spectra and polygonic spectra. We explain how THH(R) and
THH(R;M) provide objects in these categories. We define many functors out of
CycSp including TP, TC and TR.

From now on a prime p is fixed and all spectra are assumed to be p-complete:
in particular Sp would mean the category of p-complete spectra. The category of
(p-typical) cyclotomic spectra is defined as the following lax equalizer:

CycSp := LEq[(Id, (=)"“?) : Sp”" = Sp”7]

It almost follows directly from the abstract definition that the category CycSp is a
presentable stable co-category with a symmetric monoidal structure. It also follows
that one can compute mapping spectra in the category CycSp via an explicit
equalizer diagram of mapping spectra in Sp?T. An example of cyclotomic spectra
is S'V: it has underlying spectrum S with trivial T-action and the Frobenius map
S — St is the canonical map. We can define the following functors on CycSp,
for X €CycSp:
TC™(X):= X" ¢ Sp
TP(X) := X'T € Sp
TC(X) := mapcycsp(va, X)€eSp
and TR(X) := limg TR* (X) where

TRFL(X) := X" x no g X"t X e, X € Sp.

(x*)
Another source of cyclotomic spectra is THH of a ring spectra R: the cyclic
bar construction of R comes with amounts of extra information including cyclic
structure and Frobenius map, which implies that the spectrum THH(R) has a
T-action and a Frobenius map, so THH(R) lifts to an object in CycSp. In fact
THH(—) provides a symmetric monoidal functor Alg(Sp)—CycSp.

Finally we talk about polygonic spectra: we focus on the case of truncating set
T = (p) = {1,p}. In this case we define the category of polygonic spectra to be
the oplax limit (with functors ids, and (—)!“»)

—
PgoSp ) = 8p x Sp”er.
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The category is a presentable stable co-category with symmetric monoidal struc-
ture. The category PgeSp,y could be identified with the category of genuine
Cp-spectra. An important collection of examples of polygonic spectra comes from
cyclotomic spectra: there is a restriction functor

CycSp — PgeSpy,,

which forgets about the T-action but only remembers the Cp-action and the Frobe-
nius map. Another type of examples of polygonic spectra comes from THH with
coefficients: for a ring spectra R and an R-R-bimodule M, one can write down a
simplicial object of cyclic bar complex for M and define THH(R; M) to be the col-
imit. A nontrivial construction with cyclic bar complex implies that THH(R; M %p)
has a C}, action along with a Frobenius map

THH(R; M) — THH(R; M #" )C».

Thus THH(R; M) lifts to an object in PgcSp,y. In fact THH(—; —) lifts to a
functor BiMod— PgcSp,.

REFERENCES

[1] Thomas Nikolaus and Peter Scholze, On Topological Cyclic Homology.
[2] Achim Krause, Jonas McCandless and Thomas Nikolaus, Polygonic spectra and TR with
coefficients.

K-Theory, Land-Tamme, and Levy
TURNER MCLAURIN, KIRSTEN WICKELGREN

1. K-THEORY AND LOCALIZING INVARIANTS

Given a stable oo-category C, one extracts the non-connective and connective
K-theory spectra, denoted K(C) and K(C) respectively. Here, Ko(C) admits a
tractable description as

Ko(C) = {free abelian group on symbols [X] for X € C}/ ~

where [X] = [X'] + [X"] if there exists a cofiber sequence X' — X — X" in C.

We begin by stating the universal property of K-theory of Blumberg, Gep-
ner, and Tabuada. Recall that an oco-category C is idempotent-complete if its
image under the Yoneda embedding is closed under retracts. Let Cati’f denote
the oco-category of small stable co-categories, and Catggrf the full subcategory of
idempotent-complete small stable oco-categories. The inclusion Catggrf — Catgjf
admits a left adjoint denoted Idem : Cat™* — Cat®™". A functor C — D in Cat™>
is said to be a Morita equivalence if Idem(C) — Idem(D) is an equivalence.
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Example 1. Let A be an Ej-ring, and let perf(A) denote the oco-category of
compact objects of Mod4. Then perf(A) € Catgsrf, and the connective K -theory
of A is defined to be

K(A) := K(perf(A))

Definition 2. A sequence A - B % C in Catg’frf is exact if A — B is fully
faithful, the composite A — C is 0, and B/ A — C is an equivalence. The exact
sequence is split if both ¢ and p admit left adjoints which compose with ¢ and p
to give the respective identities. A sequence A — B — C in Cat™ is exact (split
exact) if Idem(A) — Idem(B) — Idem(C) is exact (split ezact) in CatP™.

Definition 3. A functor E : CatP™ : CatP™™ — Sp is localizing if it sends exact
sequences to fiber sequences.

functor E : Catl;frf — Sp is an additive invariant if it sends split exact sequences
to fiber sequences.

Example 4. The functors K, THH, and TC are localizing. Every localizing
invariant is additive, but the converse is not true. For example, connective K-
theory is additive, but not localizing.

Here, we follow Land and Tamme’s terminology. Blumberg, Gepner and Tabuada
also require that localizing invariants preserve filtered colimits, which would ex-
clude TC.

Theorem 5 (Blumberg-Gepner-Tabuada). [3] There exist stable presentable co-
categories Mioe and Maqq, and localizing and additive invariants Uy - Catgé( —
Mioe and Uqaq : Catgjf — Mqgq respectively, which are universal in the follow-
ing sense: given any stable presentable oo-category D, post-composition induces
equivalences

Uy, : FunL(Mloc,D) — Funloc(CatEjf,D)
Ulgg : FunL(Madd, D) — Funadd(CatEOX, D)

where Fun” (Mioc, D) denotes the co-category of colimit preserving functors, and
FunloC(CatEjf,D) and Funadd(CatEé(,D) denote the oo-categories of localizing and
additive invariants, which preserve filtered colimits and invert Motiva equivalences,
respectively.

Theorem 6 (Blumberg-Gepner-Tabuada). [3] For any C € CatPl™, there is a
natural equivalence of spectra

Map g, Uioc(SP*); Uoc(C)) ~ K(C)

Map py, .y (Uada(Sp”), Uaaa (C)) = K(C)

Moreover, for any additive invariant, which inverts Morita equivalences and pre-
serves filtered colimits, E : Catgf — Sp, there is a natural equivalence

Map(K, F) ~ E(Sp“)
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In particular, taking E = THH, we obtain moMap(K, THH) ~ moTHH(Sp®) ~
7m0(S) =~ Z. The natural transformation K — THH given by the image of 1 refines
to the Dennis trace K — TC.

Theorem 7 (Dundas-Goodwillie-McCarthy). [5] Let B — A be a morphism of
connective Ei-ring spectra such that mo(B) — mo(A) is surjective, with kernel a
nilpotent ideal. Then the Dennis Trace induces a pullback

K(B) —— TC(B)
K(A) —— TC(A)

Taking A = 7B, we see that computing the spectrum K (B) can be reduced to
the more tractable problems of computing TC(A), TC(B), and K (7 B).

When computing with K-theory, one is naturally led to the question of when
a pullback of rings induces a pullback on K-theory spectra. As noted at the
beginning of [2], Swann showed that there is no functor Ky for which Milnor
squares (which are pullback squares of rings A’ x’; B with B — B’ surjective) give
rise to the long exact excision sequence. Land and Tamme [2] proved that one can
obtain pullback diagrams in K-theory, or more generally any localizing invariant
E, by equipping the spectrum A’ ® 4 B with a different ring structure.

Theorem 8 (Land-Tamme). Any pullback square
A—— B
A/ B/
of E1-ring spectra refines naturally to a commutative square
A— B

! !

A —— AR B

SN

such that any localizing invariant sends the outer square to a pullback. Further-
more, the underlying spectrum of A’ ©% B is A’ ®4 B.

Definition 9. A localizing invariant E is truncating if E(A) — E(myA)! is an
equivalence for any connective Ej-algebra A.

Example 10. The localizing invariant K™ := fib(K — TC) is truncating by
Dundas-Goodwillie-McCarthy.

1As with K-theory, we denote E(A) := E(perf(A)).
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2. TorpoLoGICAL CycLiC HOMOLOGY

Ishan Levy extends the Dundas-Goodwillie-McCarthy theorem to the fixed points
of connective ring spectra by Z-actions.

The oco-category of spectra Sp has a t-structure whose n-connective objects can
be described as Sps.,, = {F € Sp : mi(E) = 0 for i < n}. If R is an E;-ring, then
there exists a t-structure on Mod(R) whose connective and coconnective objects
admit the following description: Mod(R)>¢ is the stable subcategory of Mod(R)
generated by R under colimits and extensions, and Mod(R)<o consists of those
R-modules whose underlying spectrum is in Sp_q.

Lemma 11. [1, 3.1] Let R be a (—1)-connective E1-ring. Let M be any R-module
which is connective as a spectrum. Then

(_Z) M e MOd(R)Z().
(2) For any right R-module N with N € Sps, we have M ®r N € Sps.

Proof. (1) The t-structure on Mod(R) supplies a cofiber sequence 7>oM — M —
T<oM. As 7>9M € Mod(R) is built from R by colimits and extensions, and as
R is (—1)-connective, it follows that the underlying spectrum of 7>oM is (—1)-
connective. As M 1is connective as an underlying spectrum by assumption, it
follows that 7qM is as well. Since 7<qM € Sp_q, it follows that 7.qM = 0, thus
T>0M — M is an equivalence; in particular, M € Mod(R)>o.

(2) By assumption M is generated by R by colimits and extensions, and as
—®p N preserves such constructions, it follows that M ® g IV is build out of colimits
and extensions by R®r N ~ N. If N € Sps,, it follows that M ®r N € Sps as
well. O

Lemma 12. [1, 3.2] Let R, S be Eq-rings in Sps_,. Suppose that f : R — S
is an i-connective map of Ei-rings for i > —1. Let M, N be right and left S-
modules respectively, with M, N € Mod(S)>o. Then M ®r N — M ®g N is

(i + 1)-connective.

Proposition 13. (Waldhausen)[1, 3.3] Let f : R — S be an i-connective map of
connective Eq-spectra for i > 1. Then fib(K(f)) is (i + 1)-connective.

Theorem 14. [1, 3.5] Let

R0*>R1<;R2

I

50%51%52

be a map of cospans of connective E1-rings that is levelwise i-connective for i > 1.
Then for any truncating localizing invariant E, E(Rg X g, Ra) — E(Sy Xs, S2) is
an equivalence, and TC(Rg X g, Ra2) — TC(Sp X g, S2) is i-connective.

Proof. Let R3 = Ry X g, Ro and S3 = Sy X g, Sa, and let U/, . denote the version of
the universal localizing invariant of [3] that does not necessarily preserve filtered
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colimits. Note that Rs is (—1)-connective. By [2], we have a pullback square

ul/oc(R?)) E— ul/oc(RO)

Uppo(Ro) —— Uppe(Ro ©ff2 Ro)
where the underlying spectrum of Ry @2; Ry is equivalent to Ry ® g, R2. Applying
Lemma 3.1, we see that Ry @ﬁ; Ry is connective. By assumption, fib(R; — 5;)
is i-connective for ¢ > 1, hence mo(fib(R; — S;)) =~ 0, so that mo(R;) — w0 (S;)
is an equivalence. Therefore E(m(R;)) = E(mo(5;)) is an equivalence, and as E
is truncating, we find that E(R;) — E(S;) is an equivalence. Then R3 — S5 is
(i — 1)-connective, and the map Ry ®p, R — So ®r, S2 is i-connective by Lemma
11. Moreover, by Lemma 11 and Lemma 12, the map So®p, S2 — So®g, 52 is also
i-connective. It follows that the composite Ry ®pr, R2 — So ®g, S2 is i-connective.
On underlying spectra, this agrees with the map Ry @2; Ry — So G)g; So, which
we conclude is also i-connective. Thus E(Rg @2; Rs) — E(Sp @é; S3) is an
equivalence and TC(Ry Qg; Ry) — TC(Sy @2; Ss) is (i+1)-connective by Theorem
7. Finally, by Theorem 8 we deduce that E(R3) — E(S3) is an equivalence, and
that TC(R3) — TC(S3) is i-connective. O

Remark 15. Giving a ring R a Z-action is the same as giving an automorphism
¢ : R — R. Given the latter, R"? fits into the pullback square

R — R
| |+
R~ RxR

Applying Theorem 14 to the cospan R 2 RxR <(1—¢) R we get the following.
Theorem 16. [1, B] Let f : R — S be a map of connective Eq-rings with Z-
actions, such that f is 1-connective. Then for any truncating invariant E, we
have that E(R"2) — E(S"%) is an equivalence. Moreover, if f is i-connective,
then TC(RM) — TC(S"2) is also i-connective.

3. PURITY THEOREM

We discuss the Purity results of Land, Mathew, Meier, and Tamme [4]. Fix a prime
pand n > 1, and let K (i) denote the i-th Morava K-theory at the prime p. Let
V.. be a type n complex; that is, a pointed finite CW-complex with K (1)@ V,, =0
for i < n, and K(n) ® V,, # 0. A self map v, : £V, — V, is called a v,-
map if K(i)«(v,) is an equivalence for i+ = n, and nilpotent for ¢ # n. Let
T(n) := %V, [v,; ] be the telescope of v,,. For a spectrum E, let L : Sp — Spg
denote the Bousfield localization functor, where Spy denotes the co-category of
FE-local spectra.
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Theorem 17 (Land, Mathew, Meier, Tamme). Let A be a ring spectrum. For
n > 1, the canonical map A — Lpn—1)ern)A induces an equivalence in T'(n)-local
K -theory.

One can use such purity results to reprove the following theorem of Mitchell.

Theorem 18 (Mitchell). Let E be a module over K(Z). Then K(n).E ~ 0 for
alln > 0.

Lemma 19. [4, Lemma 2.3] Let R be a ring spectrum and n > 1. Then R is
K (n)-acyclic if and only if R is T'(n)-acyclic.

Corollary 20. For any ordinary ring R, Ly K(R) ~0 and Ly, TC(R) ~ 0.
Proof. Note that both K(R) and TC(R) are modules over K(Z). By Theorem

18, K(n),K(R) ~ 0 and K(n),TC(R) ~ 0, and by Lemma 19, we find that
T(n).K(R)~0 and T(n),TC(R) ~ 0. O

Proposition 21. [4, Cor 4.30] Let n > 2 and let A be a commutative ring spec-
trum. Then LpmyK(A) — Ly TC(A) is an equivalence.
Proof. By the Dundas-Goodwillie-McCarthy theorem, we have a bicartesian square

K(A) —— TC(A)

| |

K(’]T()(A)) — TC(TF()(A))

As the localization functor Ly, is a left adjoint, applying it to the diagram above
yields a bicartesian square

| |

LT(TL)K(T(-O(A)) — LT(n)TC(’/TU(A))

Finally, by Theorem 18, Ly, K (mo(A)) ~ 0 and Ly, TC(mo(A4)) ~ 0, so that
COﬁb(LT(n)K(A) — LT(n)TC(A)) ~ (0, and thus LT(n)K(A) — LT(n)TC(A) is an
equivalence. (I

Proposition 22. Let n > 2 and let A be a connective Eq-ring spectrum with
Z-action. Then LT(n)K(AhZ) — L) TC(A"2) is an equivalence.

Proof. Let f : A — mo(A) denote the canonical map; as fib(f) € Spsy, f is
l-connective. Then by Theorem 16, K"V(A"2) — K™V (m(A)"%) is an equiva-
lence. By definition, K™V (A"%) fits in a fiber sequence K'»V(AM%) — K(AMZ) —
TC(A"); applying L) yields a fiber sequence

LT(n)KinV(AhZ) — LT(n)K(AhZ) — LT(n)TC(AhZ)

To prove that Ly, K(A") — Lz, TC(A") is an equivalence, it suffices to
show that Lo, K™ (A"%) ~ 0, or equivalently Ly, K™ (mo(A)"%) ~ 0. Observe
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that mo(A)"% is a Z-module, hence both K (mo(A)"%) and TC(mo(A)"%) are K (Z)-
modules. By Mitchell’s theorem, K (n), K (m9(A4)"%) and K (n).TC(m(A)"%) both
vanish, which by Theorem 19 implies LT(n)K(wO(A)hZ) and LT(n)TC(T(()(A)hZ)
vanish, thus Ly, K™ (mo(A)"%) ~ 0. O
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The cyclotomic t-structure
P1OoTR PSTRAGOWSKI

We discuss the Antieau-Nikolaus t-structure on cyclotomic spectra introduced in
[1]. Following the work of Hahn-Wilson and Burklund-Hahn-Levy-Schlank [2, 3],
we relate the condition of being cyclotomically bounded to various other proper-
ties a cyclotomic spectrum might possess, such as satisfying the Segal conjecture,
canonical vanishing, or the existence of Bokstedt elements.
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Disassembling the disproof
JEREMY HAHN

We give an overview of the disproof of the telescope conjecture, explaining how
Lichtenbaum-Quillen properties & cyclotomic redshift are both applied. This is a
preview for the rest of the week’s talks.
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Purity and Galois descent
AcHIM KRAUSE

This talk was about recent results regarding telescopically localized algebraic K-
theory Lp(,)K(—), specifically about the Purity theorem of [1], which says that
L nyK(R) only depends on Ly (n)gr(n—1)(R), and the descent results of [2], which
say that Lp(,11)K(—) of Ly, s-local rings (or categories) has Galois descent.

Early indicators that K-theory plays well with chromatic localisation (in addi-
tion to the role topological K-theory played in the origins of chromatic homotopy
theory) were a result of Mitchell on the vanishing of Lp(,)K(R) for n > 2 and or-
dinary rings R, as well as a result of Thomason that L 1)K (A) = Lg 1)K (B)"¢
for a G-Galois extension B/A, i.e. that K(1)-local algebraic K-theory of ordinary
rings satisfies Galois descent. So the main theorems of [1] and [2] are generalisa-
tions of those results to higher height:

Theorem 1 (Purity theorem, [1]).

L1 K(R) =~ Ly K(Lpmyerm—1)R)-

If one defines the chromatic height of an F., ring as the largest n such that
LrmyR # 0, this says in particular that K(—) increases chromatic height by
(at most) 1. This is Rognes’ “redshift” philosophy, and one can view purity as
a strengthening of redshift in the sense that the above says that the height n
information contained in K (R) only depends on the height n and n—1 information
in R.

For an L, j-local ring R, purity in particular says that Ly, (K (R)) = 0 for
m > n + 2. The descent result by [2] essentially provides a more refined analysis
of the top nonvanishing chromatic layer of K (R), proving that Lp,41)K(—) has
Galois descent. More precisely, the statement is the following:

Theorem 2 (T'(n + 1)-local Galois descent, [2]). Let G be a finite p-group, and
let C be a stable idempotent complete L., r-local co-category with G-action. Then

L(ni1) K (C") ~ L1y K (C)"C.

In particular, for a L, s-local G-Galois extension R’ of R, we have Perf(R) ~
Perf(R')"“, and so the above implies Galois descent for p-groups. For general
finite groups, the statement is wrong in higher height (but true in Thomason’s
case n = 1).

Not only are these two results somewhat related, the proofs in the two papers
[1] and [2] are also subtly entangled. We will proceed by first proving a weak form
of purity, namely that Lp(,)K(R) only depends on L, s(R). This will then be
used to establish a key inductive ingredient in the proof of Galois descent. As part
of the inductive proof of Galois descent, we will then also establish a vanishing
result which can be used to deduce the full purity result.
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1. PROOF OF A WEAK VERSION OF THE PURITY THEOREM

We want to check that Lp,) K (R) only depends on the L, j-localisation of R. We
first prove a “highly connective” preliminary version:

Lemma 3. Fiz n. There exists m such that if A — B is any m-connective Ly, ¢-
equivalence between connective spectra,

K(A) — K(B)
is an L, f-equivalence.

Proof. Due to an argument with the Bousfield-Kun functor, it suffices to check
that X*°Q*K(A) — £*Q>K(B) is a Ly,)-equivalence. For connective rings,
0751 K(A) = BGL(A)*, and the plus construction goes away under suspension.
So we need to prove that

$° BGL(A) — ©*°BGL(B)

is an Lp(n)-equivalence. Since A — B is an Lp(;)-equivalence for i < n, we get
that QA — Q°° B induces an isomorphism on v;-periodic homotopy groups (i.e.
[V,—][v™!] for a type i complex V and v; self-map v). Since GL(A) C M(A)
is a union of connected components and M(A) is a filtered colimit of Q>°A™*"
we also get that GL(A) — GL(B) and hence BGL(A) — BGL(B) is an iso on
vi-periodic homotopy groups. Now a priori this is not strong enough to give a
Lp(n)-equivalence on the suspension spectra, but Bousfield proves that it is if the
map is highly connective (with an explicit bound m that only depends on n). O

To remove the connectivity hypotheses on the map A — B one can then use
Land-Tamme excision. Specifically, we show the following special case:

Lemma 4. Ifn > 1 and R is connective and L., -acyclic, then L) K(R) = 0.

Proof. For any k > 0, consider the following statement: For all L, s-acyclic con-
nective R, Ly K (R) — L) K(T<kR) is an equivalence.

Above we have proven this for Kk = m where m only depended on n. Now we
proceed by downwards induction, using that 7<; R is a square-zero extension over
T<ip—1R and is classified by a pullback square

T<kR ——— 7<) R

| l

T<p—1R — 7<p 1 R® WkR[k + 1].

To a pullback square of rings, Land-Tamme associate a new square where the
bottom right term is replaced by the circle-dot product 7<z—1 R ©r_, g T<p—1R.
The map from 7<,_1R to the circle-dot ring is an equivalence under 7<) and
hence by the inductive assumption gives an equivalence on Ly, K(—). So from
the Land-Tamme pullback square we get that Ly, K (T<xR) — L) K(7<p-1R)
is an equivalence, and we can proceed inductively.
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For k = 0 we learn that Lp(,)K(R) is truncating, i.e. depends only on mo(R).
If L, yR = 0, in particular Ly R = 0, so R is a Z/p™-algebra for some m and
it suffices to check Lp(,,)K(Z/p™) = 0. By a similar argument as above starting
with the square-zero extension Z/p™ — Z/p™~ !, we can reduce to m = 1, and
LrnyK(F,) = 0 follows from Quillen’s computation since K(IF,) is p-adically
discrete. (]

For the general (possibly nonconnective) result, one directly shows that for
a stable (or just additive) category C where map(X,Y) is L, s-acyclic for all
objects, one has Ly, K add(C) = 0, using Schwede-Shipley-Morita theory and
that additive K-theory only depends on the connective endomorphism spectrum
of a generator. For a general stable category one may then use that K2d9(C) acts
on K(C).

Lemma 5. If C is an L, g-acyclic stable category, Ly, K(C) = 0.
Theorem 6 (Weak purity theorem). Lp(,,)K(R) only depends on L, ;R.
Proof. Tensoring the Verdier sequence
ker L,y — Perf(S) — Perf(L, ;S)
with Perf(R), and using that L, ; is smashing, we get
ker L,  ® Perf(R) — Perf(R) — Perf(L, ¢R),

and since the left hand category if L,, s-acyclic, the result follows from the previous
lemma. [l

2. GALOIS DESCENT

To study Galois descent of K-theory, we may organize K-theory into an equi-
variant spectrum. Through the formalism of spectral Mackey functors, this is
very straightforward: For C a small stable idempotent complete co-category with
G-action, we have a Mackey functor with values in Catgfrf which takes

G/H — ¢

This is a category-valued Mackey functor, and if we apply any additive invariant
like K, we get a spectral Mackey functor K¢(C) with Kg(C) = K(C").

To show Galois descent we want to compare Lp;)Ka (C) and LT(i)K(C)hH,
i.e. whether this spectrum is Borel. In fact, we will inductively reduce these
questions to G = C), using solvability of p-groups. More generally, for a genuine
Cp-spectrum M, we may compare M r to Mpc, and M hC using assembly and
coassembly maps. In the diagram

Ly (iyMnc, = Lr@M — Lyq M"

(1) The first morphism is an equivalence if and only if Ly ®c, M = 0.
(2) The second morphism is an equivalence if and only if Lp;)M is Borel.
(3) The composite is an equivalence if and only if LT(i)MtCP =0.
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If our input is suitably localized, the third condition will be implied by Kuhn’s
blueshift theorem:

Theorem 7 (Kuhn). If R is Ly g-local, then Ly, R'“» =0, and R*? is L,,_1 ¢-
local.

(See [3] for an elegant proof using little more than the Bousfield-Kuhn functor
and a version of the Kahn-Priddy theorem.)

So we will deduce Galois descent from vanishing of geometric fixed points. The
key ingredient is the following lemma, which facilitates the inductive step:

Lemma 8. For an E, ring R and i > 1, we have the implications (1) = (2) = (3)
(1) Ly R =0 and Ly K(R*?) = 0.
(2) Lp@®°»(Kc,(R)) = 0.
(3) Ly K(R)=0 forall j >i+1.

Proof. For (1) = (2) one may assume R to be connective (this uses the weak form
of purity above!). We have the maps

K(R)nc, — K(R[Cy]) — K (Perf(R)"“?).
The second map has cofiber given by K (stmodr(C))), by the associated Verdier se-
quence. This category is R'“»-linear, and so Lz ;) (stmodg(Cp)) = 0 if Lp(;) (R'Cr)
= 0. The first map is the assembly, and here one may use Dundas-Goodwillie-
McCarthy to reduce to the following two statements:

e The assembly gives an iso Ly K(moR)nc, — Lru)K(moR[Cy]). By
Mitchell’s special case of purity for ordinary rings, this is a nontrivial
statement only for ¢ = 1, in which it is an explicit computation.

e The assembly gives an iso Ly TC(R)nc, — L) TC(R[Cy]), and same
for mp R instead of R. This relies on a description by Hesselholt-Nikolaus
on the cofiber of the assembly on TC as THH(R; Zy)ps1[1] ® Cp, which is
an R-module and thus vanishes T'(i)-locally by assumption.

For (2) = (3), K(R)!“» is a module over geometric fixed points. If we had
LpjyK(R) # 0, by the chromatic Nullstellensatz we would get a ring map K (R) —
E; and hence ®“# (K¢, (R)) = K(R)'“r — E;TC", where E; is height 7 Morava
E-theory associated to some algebraically closed field k of characteristic p. But it
is not hard to check that LT(i)E;C’“ # 0 whenever i < j — 1, proving the claim.
(The paper uses a more direct, pre-Nullstellensatz argument based on [4].) O

Theorem 9 (Galois descent and vanishing in high heights). Let C be an L, s-local
stable co-category, then Lpm)K(C) =0 for m > n+2, and

Ly(ni1)(C") = L) (O
for any finite p-group acting on C.

Proof. For the vanishing part, K (L, ;S) acts on K(C), and so it suffices to know
Lpm)K(Ln,fS) = 0. To deduce this from part (3) of the previous result, we
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need Lrp(ni1)Ln,fS = 0 (clear), and Ly (1)K (L, §S'?) = 0. Since Ly, sS' is
L,,_1,¢-local by Kuhn, and so an L,,_1,¢S-module, this follows inductively.

For the descent part, we reduce to G = C,, by solvability, and then use that in
the diagram

L+ yK (C)ne, = Ly K(C") = Ly K (C)"C

the cofiber of the left map is given by the geometric fixed points of
Lrm+1y®c,Kc,(C), and of the long composite by LT(nH)K(C)tCP. On these,
we have Lp11)®c,Kc,(Ln,sS) acting. But this vanishes by part (2) of the pre-
vious lemma. So the left map and the composite are equivalences, and Galois
descent follows. O

Combining the weak purity result above with this descent result, one may re-
place the L, ¢-locality assumption on C by a weaker version where one replaces C
by an R-linear category for R an E., ring with LT(n)RtCP =0.

We also can prove the strong version of purity:

Theorem 10 (Purity theorem). Ly K(R) — Lpm)K(Lpm—1ygrm)R) is an
equivalence.

Proof. By the weak form of purity, we may assume R to be L,, y-local already.
Tensoring the sequence

ker L,,_o § — Perf(S) — Perf(L,,—2 fS)
with Perf(R), we obtain a sequence
ker L,,_o 5 ® Perf(R) — Perf(R) — Perf(L,_2 sR).

Tensoring instead with Perf(Ly(,—1)g7rn)R), we obtain the same sequence with
R replaced by Lr(,—1)@Tn) I, but crucially the kernel does not change: This is
because ker L,,_s r is generated by a type n—1 complex, and tensoring with a type
n—1 complex turns R — Ly (,—1)e7(n) R into an equivalence (since R is Ly, -local
by assumption). So on K-theory, one gets a pullback square

K(R) ——— K(Lrn-nerm)k)

! |

K(Ln,Q’fR) e K(LnflfLT(n—l)eaT(n)R)

After applying Lp(y), the bottom row vanishes by the vanishing result, and so the
claim follows. O
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Cyclotomic Redshift
LEOR NEUHAUSER

This talk is entirely based on [BMCSY23]. The disproof of the telescope conjecture
consists of two claims:

(1) every K(n + 1)-local spectra is cyclotomically complete, and

(2) there exists some T'(n)-local ring spectrum R such that Kpg,41)(R) =

Lpn4+1)K(R) is not cyclotomically complete.

To approach (2), we need to understand how T'(n + 1)-local K-theory interacts
with higher height cyclotomic extensions. Our goal in this talk is to prove that
T(n + 1)-local K-theory satisfies redshift:

Theorem 1. Let R be a T(n)-local ring spectrum, then there is an isomorphism
n n+1
K (i) (Rlwp)) = K (B)wp<™)

The main tool in proving this theorem will be descent for T'(n + 1)-local K-
theory. In [CMNN22], the authors proved descent along finite p-groups:

Theorem 2. Let C be an L -local category (i.e. a stable category with L -local
mapping spectra) with G-action for a finite p-group G, then

Kr(n+1)(C"Y) = Kp(ni1) ()"

To consider arbitrary higher cyclotomic extensions, we need to generalize this
result for groups in spaces. In fact, we will prove a vast generalization, including
all limits and colimits along 7-finite p-spaces.

Theorem 3. The functor Kr(,11y: Catys — Spp(,q1) commutes with m-finite
p-space indexed (co)limits.

The proof of Theorem 1 then proceeds by applying Theorem 3 to Perf(R) with
a constant B"“Cpr+1 action to deduce

Kr(ni1)(R[B"Cpr]) = Kp(ny1)(R)[B" ' Cprii]

Recall that the cyclotomic extension R[wl(,?)] was defined by splitting an idempo-

tent on R[B™C)r]. By showing that the idempotents are compatible on both sides
of the above isomorphism, we conclude cyclotomic redshift

Kr(nany (R0 5 Kppnpn(R)wi )]

with the case r = oo achieved as a filtered colimit.

To prove Theorem 3, we first use the purity result of [LMMT24] to reduce to
the claim to n-monochromatic categories. A category C is n-monochromatic if it is
L{-local and L£71C = 0. The inclusion of n-monochromatic categories in Lf-local
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categories Cat, s < Cat s has a right adjoint denoted M Cat s — Catys,
and purity tells us that for every C € Cat s Kr(u41)(C) ~ Kr(ni1)(MI(C)). The
functor M : Cat, s — Cat, s commutes with all limits and colimits, so we reduce
Theorem 3 to proving that Kp(,41): Cathf — SpT(n+1) commutes with mw-finite
p-space indexed (co)limits.

We now use the fact that both Cat, s and Spp(, 1) are co-semiadditive cat-
egories. Immediately this implies that the mw-finite p-space indexed limits and
colimits agree, but moreover, using the oo-semiadditive structure, we can reduce
the problem to only proving that Kp(p41): Cathf — SPp(n41) commutes with
constant colimits indexed on a 7w-finite p-space concentrated in a single homotopy
degree. This is then done by induction on the homotopy degree, bootstrapping
Theorem 2.
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Basic Examples of Lichtenbaum—Quillen
GABRIEL ANGELINI-KNOLL

Lichtenbaum [5] and Quillen [8] conjectured that there should be a relationship
between algebraic K-theory and étale cohomolology providing K-theoretic descrip-
tions of special values of Dedekind zeta functions. This can be phrased as the
question of whether the fiber of the localization map

K(Or[1/p]) — L{K(Or[1/p])

is bounded above where K denotes p-complete algebraic K-theory. More generally,
we say that a p-complete spectrum X is asymptotically L] -local if the localization
map X — LI X has bounded above fiber. If X is p-cyclotomic, then TR(X) is
asymptotically sz 41 X-local if and only if V' ® X is cyclotomically bounded for
some p-local, type n + 2 finite spectrum. For example, if X = THH(R) for a ring
spectrum R then this implies that TC(R) is asymptotically Lf; 41-local and one
can often show that K(R) is asymptotically LfL 41-local.
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In this talk, I showed that TC(IF,) is asymptocially Lg—local, TC(Z,) is asymp-
totically L{ -local, and TC(¥) is asymptotically Lg—local. We also discussed red-
shift in each case. Along the way, we observed that THH(F),)/p, THH(Z,)/(p, v1)
and THH(¢)/(p, v1, v2) are cyclotomically bounded and gave explicit computations
of TC(F,), m.TC(Z,)/p of m.TC(£)/(p,v1). These results are originally due to
Hesselholt—Madsen [4], Bokstedt—Madsen [3], and Ausoni—Rognes [1] respectively.
For simplicity, fix p > 7 and p-complete all invariants.

First, we recall a result of Hopkins and Mahowald [6] that there is an equivalence

F, ~ Th(Q2S* % BGL,S,)
of Eo-rings. By Blumberg—Cohen—Schlichtkrull [2], this implies that
THH(F,) ~ F, ® Q5%
and from this we can deduce that there are preferred isomorphisms of [F,,-algebras
THH, (F,) = F,[u], THHL.(Z,) = F, [} (A1) , THH. () 2 F, [17 ] (A1, Aa)

where [F), [/ﬂ’k] denotes polynomial algebra on a class upk in degree 2p* and Fp(A;)
denotes an exterior algebra on a class in degree 2p7 — 1.

Fix R € {F,,Z,¢} and let F be a suitable Smith-Toda complex. We will
consider the unit map n : 7. F — 7. FQTC™ (R) and say that y € m, FQTC™ (R)
is in the Hurewicz image of € m,.F' if the unit map sends z to y. In my talk, I
proved the following results:

(1) There is a non-trivial class in myTC™ (Fp,) in the Hurewicz image of p €
m0Sy, which is detected by tu € HZ, (S, THHy(F),)).

(2) There is a non-trivial class in ms,_3TC™ (Z,) in the Hurewicz image of
oy € mop—3S,, which is detected by tA; € ngp(Sl, THHs,—1(Zp)).

(3) There is a non-trivial class in mo,_2TC™ (Z,)/p in the Hurewicz image of
v1 € Ty 2S/p, which is detected by tu? € HZ,(S*, THH2,(Z,)/p).

(4) There is a non-trivial class in ma,_3TC™ (¢) in the Hurewicz image of oy €
map—3S,, which is detected by tA\; € ng(Sl, THHo,—1(£)).

(5) There is a non-trivial class in mg,2 g, 1 TC™ (£)/p in the Hurewicz image of
Bl € Tap2_9p—1S/p, which is detected by tP Xy € HZP(S', THHyp2 1 (€)/p).

(6) There is a non-trivial class in moy2_5TC™ (£)/(p,v1) in the Hurewicz image
of va € map2_9,_1S/p, which is detected by tP s € ngg(Sl, THHy,2_1(4)/p).

In each case, except for the proof of Item (5), the proof follows from a careful
analysis of the map of Adams spectral sequences

Cotor’y"(Fp, m.Fp ® F) —— Cotor’ ;" (F, m.F, ® F @ (limepr THH(F))))

! !

T F " 7. (lime pr THH(F,))
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where n : F — F @ TC™ (R) — F ® limgpr THH(R) is the unit map. The case
Item (5) relies on a power operation

2L Tok—1(S/p® —) — 7T2pk71(8/(pa v1) ® —).

Consider the diagram of spectral sequences

F.THH(R)' [ <M g ran (R 21! £ THHR)E, 1]

o l

F.(THH(R)!Cr)hS" (2 p.TC™(R) — s F,TP(R)

and let Fy := F,THH(R)[t], Ey = F.THH(R)[t] and p~*E; := F,THH(R)!“»[t].
Let G : (THH(R)!C»)"S" ~ TP(R) be the equivalence from [7, Lemma I1.4.2).

For IF,, we observe that for bidegree reasons the middle and right spectral
sequence collapse at the first page. Using the relation ty = p we can resolve
multiplicative extensions to show show that the canonical map

can: TC_ (F,) — TP.(F,)

is given in by the map Z,[t, u]/(tp—p) — Zp[t,t~'] which inverts ¢. Consequently,
w € mTHH(F),)/p is a Bokstedt class. I showed that the map @ZSI is the map
Zyplt, ]/ (tp —p) = Zp[p, p~1] given by inverting p and G(u)=t~! where = means
equals up to a unit. We concluded that TC.(F,) = Z,(9) with |9| = —1. This
implies that Lp)K(F,) # 0 and Lpq)K(F,) = 0 proving redshift.

As a consequence, there is a map Z;,ri" — THH(F,) of E-algebras in p-
cyclotomic spectra. Using this, one can show that the cyclotomic Frobenius map

¢p : THH(R) — THH(R)'“"

is given by inverting p on 7, when R = [, inverting 4” on mod p-homotopy when
R = Z,, and inverting upg on mod (p,v1)-homotopy when R = ¢. This implies
the Segal conjecture, so THH(F,)/p is bounded in the cyclotomic t-structure.
To show that THH(Z,)/(p,v1) and THH(¢)/(p,v1,v2) are bounded in the cy-
clotomic ¢-structure, we will observe that p? € o, THH(Z,)/(p,v1) and e
7o THH({) /(p, v1,v2) are Bokstedt classes.

In the case of Z,, we further qutient by t;” = v, and consider

By =F,[t.t 7 (1) = TP.(Zy)/(p,v1).

The fact that «; is detected by tA; implies d,(t!7?) = t\; and the spectral se-
quence collapses after this page. We conclude that

can : F,[t7, pP]/(tP P ) (A1) — Fp[tP, t7P]( A1)

is given by inverting ¢ and gpf,‘s s given by inverting pP. This shows that u? €
THHs,(Z,)/(p, v1) is a Bokstedt class.

By a result of Bokstedt, we know that the map TCap_1(Z,) — THHa,_1(Z))
is surjective so G(\1) = A1 and more generally G(A{t=/P)=X¢p'P for a € {0,1},
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j € Z. We conclude
TC.(Zy)/ (pyv1) ZFp(A1,0) ®F{t\; 10 < d < p}

and the v1-Bockstein spectral sequence collapses (e.g. use the motivic filtration).
This implies Lp1)K(Zy) # 0 and Lp2)K(Z,) = 0 proving redshift.

In the case of ¢, we also quotient by tup2 = v9 and consider
Ei = Fplt,t7'](M, de) = TP.(6)/(p,v1,v2),

The fact that ay is detected by tA; and S} is detected by tP Ay implies differentials
dp(t'7P) = tA1 and d,» (tp*pg) = tPAy. We conclude that

can : By [t7°, P/ (t7" ") (A1, Aa) — Fp[t7" 677 11, Aa)

is given by inverting t* and @Zsl is given by inverting ,upz. This shows that
,up2 € THHy,2(¢)/(p, v1,v2) is a Bokstedt class. Using the same power operation
as before and Bokstedt’s result, we can determine that G(\s) = A for s = 1,2 and
more generally G()\%)\gt’jp2)i)\‘f)\gujp2 for a,b € {0,1} and j € Z. From this, we
can determine that TC..(¢)/(p,v1,v2) is

Fp(A1, A2, 0) @ Fy(Ma){tN : 0 < d < p} ®F, (M) {tPAy: 0 < d < p}

and the vo-Bockstein spectral sequence collapses (e.g. use the motivic filtration).
This implies that Lp)K(f) # 0 and Lyps)K(£) = 0 proving redshift.
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Adams operations on BP{n)
LENNART MEIER

Our goal is to construct Adams operations on BP(n). We will first recall the
definition of BP(n).

1. ForMs oF BP(n)

After localizing at p, the complex cobordism spectrum MU splits into (shifted)
copies of BP, where . BP = Z,[v1,v2,...]. From now on, we implicitly localize
everywhere at p. A complex-oriented ring spectrum R is called a form of BP(n)
if the map BP — R induces an isomorphism Z[vy,...,v,] = R.

Classic examples of forms of BP(n) are the Adams summand of ku (at height
1) and the spectrum ¢mf;(3) (at height 2, for p = 2). These are actually Foo-
ring spectra. By work of Lawson and Senger, we know that for general p and n,
there are no Es-forms of BP(n); but work of Hahn and Wilson [4, Theorem A]
establishes forms of BP(n) with an £3-MU-algebra structure. In the following,
we will denote by BP(n) always a form of BP(n) with this structure.

2. ADAMS OPERATIONS

We give several examples of Adams operations. For this, fix a prime [ # p.

(1) The most classical Adams operations are the F.-operations ¢': ku — ku.
These also induce operations 1! on the Adams summand (and thus on some
BP(1)).

(2) Let F be a formal group law of height n over Fp and F, the associated
Lubin-Tate spectrum. The I-series [I] induces an automorphism of F' and
hence (by the Goerss—Hopkins—Miller theorem) an E.,-automorphism of
E,,, which we call .

(3) Jack Davies constructed E-Adams operations on many variants of topo-
logical modular forms; applying this to tmf1(3) yields Fo.-Adams opera-
tions on some BP(2).

(4) The stable Adams conjecture provides a homotopy between .J and J! as
Eo-maps BU — BSL:(S).! Thus, ¥ becomes a map over BSLi(S)(,
and Thomifying yields an E..-Adams operation ': MU — MU. We
denote by MUY the E..-ring spectrum MU together with its Z-action by
Y.

Our goal is to prove the following two theorems.

Theorem 1 ([2], Corollary 5.16). Together with its Adams operation 1!, the spec-
trum E,, lifts to an Ey-MUY-algebra.

IThe stable Adams conjecture has a complicated history. Friedlander claimed a proof in 1980,
which however is incorrect. Bhattachariya and Kitchloo [1, Theorem 1.8] provides a corrected
proof with additional conditions on the prime [. Friedlander [3] sheds doubts on part of the
argument of [1] and provides a version for general [; however, he seems never to state that his
spectrum bS agrees with bsli(S). We treat the stable Adams conjecture as a hypothesis here.
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Theorem 2 (Main theorem; [2], Theorem 5.4). There exists an Adams operation
Yl on BP(n) making it into an & @ Ay-MUY -algebra, and the map BP(n) — E,
lifts to an &1 -MUY-algebra map.

Here, the map BP(n) — E;, comes from an identification of L ,)BP(n) with
EZHP" xGal(lFp) )

Concretely, the & ® As-algebra structure on BP(n) means that the multiplica-
tion map BP(n) @ yuy BP(n) — BP(n) is & and thus THH (BP(n)) still retains
an Ag-structure (i.e. a homotopy unital multiplication).

Lastly, we remark that the surjection 7, MU — m,BP(n) implies that 1! has
to act on o, BP(n) as it does on 7o, MU, i.e. by multiplication by .

3. PROOF OF THE MAIN THEOREM

Assuming Theorem 1, we will sketch the proof of the &-part of Theorem 2. We
will construct the Adams operations cell by cell.

Proposition 3 (Odd cells; stated in the proof of Proposition 5.29 of [2]). There
s a filtration

MU =Ry — Ry — -+ — Roo = BP(n)
of E1-M U -algebras together with pushouts

MU{@ ¥ 2MU} — MU

| |

Ry ————R;

of £1-MU -algebras, where MU{M} denotes the free & -MU -algebra on an MU -
module M .

The proof idea is similar to how one shows that some space has only cells in
odd dimensions, i.e. using homology. Here our homology theory sends connective
MU-algebras A (with mgA = Z) to fib(Z = Z ®agyyz Z). For A = BP(n), one
computes by applying a Tor-spectral sequence twice that its homology is concen-
trated in odd degrees, where it consists of free Z-modules. A suitable Hurewicz
theorem allows to inductively construct the cell-structure of Proposition 3.

Showing the &£ -part of Theorem 2 amounts to completing the square

BP(n) — — = . BP(n)

L

in &-MU-algebras. Applying Proposition 3 to do this cell-by-cell, we see ob-
structions in me; 2yl BP(n) = my;_oBP(n). As this injects into m2;_2F,,, these
obstructions have to vanish by Theorem 1. Together with an argument about the
connectedness of the space of nullhomotopies, this shows Theorem 2.
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4. ADAMS OPERATIONS ON LUBIN-TATE SPECTRA

We will sketch here a proof of Theorem 1. By the map
Li(myBP(n) ~ By ") L g

the Lubin—Tate spectrum obtains the structure of an £3-MU-algebra. This is
equivalent structure to an £4-map to the Es-center of F,,, which happens to agree
with E,, (essentially since L K(n)S — E,, is pro-Galois); thus we obtain an £;-map
MU — FE,,. By the universal property of Thom spectra, this corresponds to an £4-
nullhomotopy of BU — BSL1S — BSLiE, and thus to a pointed nullhomotopy
of BU(6) ~ B*BU — B*BSL:S — B*BBSL\E,.

To show Theorem 1, we need to produce a Z-equivariant refinement of this
nullhomotopy. Here, we act on E,, via ¢! (to obtain a Z-equivariant spectrum
EY). Denoting by S LI the circle with a Z-action of degree {2, we further use
a suitable Z-equivariant version of B* so that Map, (S A S 1’[12], —) reproduces
BU — BSL;S — BSL1EY. Thus, if the nullhomotopy refines Z-equivariantly, we
obtain an £-map MUY — EY, yielding Theorem 1.

To produce the Z-equivariant refinement, we have to compute

m.Map(B*BU, B*SL, E,,)"".

As BYBU =~ BU(6) has even cells, this can be done via an Atiyah-Hirzebruch
spectral sequence, and the groups inject into their rationalization. As B>SL;S is
rationally trivial, a Z-equivariant nullhomotopy must exist and one can show it to
be compatible with the original non-equivariant nullhomotopy.

Remark 4. It would have been good enough for our purposes to have an &;-
MUV-algebra structure in Theorem 1. But the proof of this would have been no
easier since B> BU does not have the nice even cell structure of B*BU ~ BU (6).
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Lichtenbaum—Quillen for truncated Brown—Peterson spectra
JOHN ROGNES

Let p be any prime and n > 0 an integer. Recall from Basterra—Mandell [2] that
BP is a retract of MU, in E4-rings. Following Hahn-Wilson [3, Thm. A], let

R := BP(n)



2782 Oberwolfach Report 47/2024

be an E3-BP-algebra such that the composite ring homomorphism
Z(p)['l}l, c. ,'Un] C .B]D,.< — R*
is an isomorphism. Let Cp» denote the subgroup of T of order p* when 0 < k < oo,
and T itself when k = co.
The topological Hochschild homology spectrum T'HH (R) is a cyclotomic Eo-
T H H(BP)-algebra, with (p-)cyclotomic structure map
@: THH(R) — THH(R)!°" ,
and canonical maps
can: THH(R)"“»* — THH(R)'“r*
for 0 < k < 00, all compatible with the (residual) T-actions.
Theorem 1 (Segal conjecture, [3, Thm. C, Thm. 4.0.1]). Let U be any type > n+1
finite p-local spectrum. The cyclotomic structure map U ® @ is truncated, i.e.,
induces an isomorphism
Uep: UTHH(R) = U, THH(R)'°"
in all sufficiently large degrees * > 0.
Proposition 2 ([3, Prop. 6.2.1]). There is a finite p-local Ei-ring U with a non-
nilpotent central v, 11-element v € U, of degree |v| = (2p"* — 2)e, such that

(1) v has Adams filtration e;
(2) U® R splits as an R-module as a finite sum of suspensions of F,;
(3) the homomorphism U,BP — U.R is surjective.

The cofiber U/v is a type n + 2 finite p-local spectrum.

Theorem 3 (Canonical vanishing, [3, Thm. D, Thm. 6.3.1]). There are U and v
as above, and an integer d, such that for each 0 < k < oo the canonical homomor-
phism

(U/v)scan: (U/v), THH(R)"“ -% (U/v), THH(R)!C»*
1s zero whenever x > d.

The Segal conjecture and canonical vanishing together imply cyclotomic bound-
edness.

Corollary 4 (Bounded TR, [3, Thm. G, Thm. 3.3.2(f)]). For each type n + 2
finite p-local spectrum V', the graded abelian group V. T R(R) is bounded.

This conclusion is equivalent to saying that V ® THH(R) is bounded in the
cyclotomic t-structure, by Antieau—Nikolaus [1, Thm. 9].
The relative topological Hochschild homology

THH(R/BP) = R®R®BPROP R

is an Eo-BP-algebra with T-action, with homotopy fixed points TC~(R/BP) =
THH(R/BP)"T. Letting v,11 be the lowest-degree generator of

(Un+1, Vnt2,...) = ker(BP, — R.),
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its suspension ov,41 € [Un41] is the lowest-degree generator of
ker(m.(R®@pp R?) = R.),

and its double suspension 02vn+1 € [ovp41] is the lowest-degree generator of
ker(m,THH(R/BP) — R.).

Theorem 5 (Polynomial THH, [3, Thm. E, Thm. 2.5.4]). There is an isomor-
phism of even R.-algebras

mTHH(R/BP) = R,[y,:0%vp41 | i > 0],
with lowest-degree generator o%v, 1 in degree 2p™+1.

Theorem 6 (Detection, [3, Thm. F, Thm. 5.0.1]). There is an isomorphism of
even R.-algebras

7. TC~(R/BP) = n,THH(R/BP)[[t]]
with [t| = —2. The unit map 1: BP — TC~(R/BP) takes vp11 tot- o2 vpi1.
The Es-ring maps
TC(R) -~ TC~(R) — TC~(R/BP)
lead to the following variant of [3, Thm. B], where we may assume T'(n+1) = v=1U.

Corollary 7. Multiplication by v acts non-nilpotently on U,TC~(R/BP), so
T(n+ 1), TC~(R/BP) # 0 and T(n +1).TC(R) # 0.
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THH of cochains on the circle
NEIL P. STRICKLAND

Given a space X we write D4 (X) for the mapping spectrum from X to the sphere
spectrum S. This might also be denoted by F(X,S) or S, and called the
spherical cochain ring for X. The spectrum A = D, (S') = D, (BZ) = SPZ can
also be regarded as the homotopy fixed point spectrum S"Z for the trivial action
of Z on S. Let R = THH(A) be the topological Hochschild homology spectrum
of A. If B is any other Z-equivariant A, ring spectrum then there is a natural
map R — THH(B"*); because of this, R (or its p-adic completion) plays a role
in the disproof of the Telescope Conjecture. In this note we discuss some relevant
structure of R.

As a general feature of THH, the spectrum R has an action of the circle. We
call this the outer circle and denote it by T; it will be convenient to distinguish
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it notationally from the circle S! in the definition of A, which we call the inner
circle. Both circles have group structures which we write additively.

Because A is commutative, the spectrum R also has a commutative ring struc-
ture with the following universal property. For each a € T we have a ring map
iq: A — R, depending continuously on a. Moreover, if we have a continuous
family of ring maps f, from A to another commutative ring B, there is a unique
f: R — B with fi, = f, for all a. In other words, R is the T-fold coproduct of A.

Using this we can construct many ring endomorphisms of R. Put

I' = End(T) x End(S") x Hom(T, S') x T x S* ~ Z3 x (S')2.

For p € End(S!) and b € S we define ayp: ST — St by a,4(t) = pt +b. For
(n,p,q,a,b) € T we define v(n,p,q,a,b): R — R to be the unique ring map such
that the following diagram commutes.

A p gs+b A

isl J{insi»a

R

_

¥(n,p,q,a,b)"
One can make I' into a monoid in such a way that this gives a monoid action.
The Dehn twist, which plays an important part the disproof of the Telescope
Conjecture, is closely related to the action of Hom(T, S') C I'. The cyclotomic
structure of R is related to the action of p.1t € End(T) and the translation action
of Cp, = ker(p.1r), both of which are part of the I'-action. Most other construc-
tions mentioned here are equivariant for appropriate actions of I'. In particular,
I' acts on the space Hom(T, S') x S!. The group T is a submonoid of T, and
Hom(T, S*) x S! decomposes T-equivariantly as S* IT [0 T/ ker(q) (where g
runs over Hom(T, S')). There is a canonical I'-equivariant ring map ¢ from R to
the ring

R =D, (Hom(T,S") x §") = A x [[ D+(T/kex(q)).
q7#0

It turns out that R is a kind of completion: the relationship between R and Ris
like the relationship between an infinite direct sum and the corresponding infinite
product. There are various cyclotomic constructions that can be done easily for
R, and our problem is to decomplete the answer to get corresponding results for
R.

There is a Hochschild filtration A = FoR < FiR < --- < R of R, in which
F,RF;R < F,;;Rand F;R/F;,_1R ~ A®¥'(A/S)® but A/S=S"1so F;R/F;_1R
~ A. Using this we see that F;R ~ P, ; A as an A-module, and so R ~ P,y 4.
We can understand the ring structure of the homotopy by comparison with the
ring

m.(R) = Map(Hom(T, $%), 7.(S)(€)) =~ Map(Z, Z) @ m.(S){e).
(Here € is an exterior generator in degree —1 corresponding to the generator of
H_1(A).) Let NP < Map(Z,Z) be the ring Q[z] N Map(Z, Z) of numerical poly-
nomials, which is spanned by the functions by (x) = (Z) It can be shown that the
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map ¢: R — R identifies 7, (R) with NP®m,(S){e). (The ring NP also appears in
algebraic topology as KUy(BS'), and one can show that there is an isomorphism
KU® R~ KU ® (S! x BS!) of KU-algebras that is compatible with this.)

We now p-complete everywhere. It is a standard fact that the p-completion of
NP can be identified with the ring of p-adically continuous functions from Z to
Z,. When we perform cyclotomic constructions on the factors F'((T/ ker(q))+, Sp)
in Ep, many features depend only on the p-adic valuation of the element g €
Hom(T, S') ~ Z. Because the set p°Zy, is open and closed in Zy, its characteristic
function is continuous, and so comes from an idempotent element on my(R,), which
we can use to split R, as a product. We can also do the same (more obviously)
for fip The fact that some features are constant on p”Z) makes it meaningful
to ask whether other features vary continuously on that set. The main conclusion
is that the cyclotomic invariants of R are the p-adically continuous parts of the
corresponding invariants for R. Using this we can compute enough about the
cyclotomic invariants of R to see that the sphere S lies in the thick subcategory
of cyclotomic spectra generated by the fibre of the canonical map R — A. This is
the key fact about R needed elsewhere in the disproof of the telescope conjecture.

In more detail, the results can be described as follows. We write C,, for the
the cyclic subgroup of order p in T, and { for any map induced by the map
p.lr: T — T/C — T. We then have

R=D(8") x [] D+(T/ ker(q))

RM= D (BT x :) x [ D+ (B(ker(q)))
220
M= T P+ (BC x 51; 1;[D+<T/ ker(pq))
Eth:;(s I D+p71{‘1/ker( )A=~ R via ¢
(RO)"/C= D (B mr/cpqﬂ 5% I Di(Bler(q)/Cp))p= (R))" via ¢

plg#0

Let U, be the set of elements of p-adic valuation v in Hom(T, S*). The first of the
above isomorphisms gives

mo(Ry) = mo(D4(S")p) x [ Map(Us, mo(D4 (T/Cyp0))).
v>0
We will write
mo(R)) ~ mo(D1(S1)p) x [[ €U, mo(D1(T/Cpe))).
v>0

Here C(U,, —) refers to functions that are continuous with respect to the p-adic
topology on U,, and we write ~ rather than = because Wo(RI/,\) is in fact the
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subring of the product defined by a certain asymptotic condition as v — oco. The
rings 7, (R, 7. (R"Cr), m,(RC?) and 7, ((R*“»)"T/Cr) can be described in similar
terms.

Locally unipotent Z-actions
LiaM KEENAN

1. WHY LOCALLY UNIPOTENT Z-ACTIONS?

One of the basic technical notions used in Burklund—Hahn-Levy—Schlank’s dis-
proof of the telescope conjecture is that of a locally unipotent Z-action. The tele-
scope conjecture, if true, predicts that T'(n + 1)-local topological cyclic homology
satisfies descent for certain covers of the form R" — R, where satisfying descent
is equivalent to the coassembly map

(1) T(n+1)® TC(R") - T(n+1) @ TC(R)"2

being an equivalence. The overall strategy of the disproof is to produce one of
these coverings for which the map (1) is not an equivalence. By a relatively direct
analysis ([2, Section 3.4]) combined with deep computations of Hahn—Wilson [4],
the map (1) fails to be an equivalence for R = BP(n) with the trivial Z-action
but the map BP(n)?%Z — BP(n) is not a covering, so we have not yet produced
a counterexample. Therefore, if it was possible to “trivialize” the Z-action for a
suitable covering of BP(n), the disproof would be well under way. Enter locally
unipotent Z-actions.

Slogan: Locally unipotent Z-actions on finite objects can be trivialized up to
rescaling the Z-action.

2. DEFINITION AND BASIC PROPERTIES

Throughout, we work with presentable stable categories, C, and view objects with
Z-action as diagrams of the form X : BZ — C. We will often speak of such a
diagram in terms of an object X € C and an automorphism ¢ : X — X, obtained
from 1 € Z — Map-(X, X).

Definition 1. Let C be a presentable stable category. We let C5%% denote the
localizing subcategory of CP% generated by the image of (—)"1V: C — CBZ. The
we denote the inclusion CB%% — CBZ by 4.

Example 2. Certainly, S with the trivial Z-action is locally unipotent. Given
any Z-action 1) : X = X where ¢) — 1 is an equivalence, this action will fail to
be locally unipotent; for instance, if X is a Q-module then multiplication by a
rational number on X is not locally unipotent.

Remark 3. By the adjoint functor theorem, ¢ admits a right adjoint (—)* :
CB%Z — CB%v When C is additionally presentably symmetric monoidal, then ¢
is symmetric monoidal and (—)" is lax symmetric monoidal.
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In nice cases, it is possible to give a characterization of locally unipotent Z-actions
in line with the familiar notion of local unipotence from algebra.

Example 4. ([2, A.25]) For M an abelian group with Z-action, M is locally
unipotent if and only if for all m € M, we have that (¢» — 1)°V(m) = 0 for some
N> 0.

Example 5. (]2, A.27]) If C has a compact generator, V, then X € CBZ if and
only if the Z-action on the homotopy groups moMap(X*V, X) is locally unipotent
for all k. Consequently, the Z-action on a spectrum, X, is locally unipotent if and
only if the Z-action on m, X is locally unipotent.

Example 6. ([2, Theorem 5.4]) Burklund-Hahn-Levy—Schlank construct a Z-
action on BP<n>Z/,\ by a certain Adams operation Wr; let ¢, =3if p =2 and
¢, =2if p> 2. For any k > 0, it follows from the construction of these Adams
operations ([2, Lemma 5.30, Corollary 5.31]) that

U o BP(n)) — mauBP(n))

is multiplication by K’;. However, as k is always divisible by p — 1, Examples 4 and
5 show that this action is locally unipotent.

It is profitable to study locally unipotent actions in terms of categories of mod-
ules. Let S[t*!] = S[Z], with t € mo(S[tT!]) = Z[tT!]. Clearly, S[t*!] determines
a spectrum with Z-action, and by a standard Morita theory argument there is a
symmetric monoidal identification

SpP% ~ Mod(S[t*]),

given by X ~— mapy(S[tT!], X); importantly, we use the symmetric monoidal
structure coming from the fact that S[t*1] is a bicommutative bialgebra in spectra.
Under this identification, the full subcategory Sp”%#* can be identified with the full
subcategory of (¢ — 1)-nilpotent S[t*!]-modules, which has orthogonal complement
given by modules over S[t*1][(1 — #)71]. These subcategories form a recollement
of Mod(S[t*1]), and consequently for any ¢ : X =+ X, we have a natural “gluing”
cofiber sequence
(XY = X = X[y —1)71.

More generally, by tensoring with a presentable stable category C, we obtain a
similar recollement for CB% as well as a gluing cofiber sequence, which shows that
X" ~0if and only if ) — 1 is an equivalence [2, A.22, A.24].

Lemma 7. [2, Lemma A.21] The functor (—)"% : CBZ% — C induces a symmetric
monotdal equivalence

~

CP%r = Mod(C;877),

compatible with restriction to any nZ C Z. Consequently, the adjunction (v 4 (—)%)
can be expressed as

S ®gpz (—) : Mod(C; SP%) = Mod(C;S[7Z)) mapgz(Lc, —),

where S is viewed as a (S[Z],SP?%)-bimodule.
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Proof. Using the Lurie tensor product as above, we can reduce to the universal case
of C' = Sp, where the claim follows from [1, A.4] combined with the observation
that (—)"” : SpP»* — Sp is conservative. O

3. TRIVIALIZING LOCALLY UNIPOTENT ACTIONS

We now specialize to the case where C' is a stable, p-complete, presentable cat-
egory, e.g. C = Spﬁ, the category of p-complete spectra obtained by Bousfield
localization at S/p. Throughout, we will often leave the prime p implicit and we
hope this does not cause confusion for the reader.

In the p-complete setting, the local unipotence of a Z-action 1 : X =5 X is
equivalent to the local unipotence of the induced pZ-action on X; this follows from
the observation that in the p-complete setting inverting (¢» — 1)? is the same as
inverting ¢? — 1. This observation will allow us to compute the underlying object
of 1 X",

Lemma 8. [2, Lemma A.32] Let C be a stable p-complete, presentable category,
and let X € CBZ. There is a natural equivalence

colikahpkZ Sy X
of objects in C. Consequently, X is locally unipotent if and only if the map
colimp X% —y xhe = X,
s an equivalence.

Proof. By colimit interchange combined with the fact that colimySBP'Z ~ S, we
have natural equivalences

. hpk'Z -~ .
colimy X ~ colimy S @ colimy sBrk2

X7~ colimy, (S Qgpphz thkz) ~ . X"
which follow from Lemma 7 and resz :_%1ZLX U~ L(resg :%%X )“. The second claim
follows easily from the first. O

Lemma 9. Let C be a stable p-complete, presentable category.

(1) [2, Lemma A.33] If X € C is compact and X has a locally unipotent
Z-action, then for k> 0 the action of p*Z on X is trivializable.

(2) [2, Lemma A.34] Assume C is equipped with a t-structure. If X € C
is bounded for the t-structure, compact in C, and has a locally unipotent
Z-action, then for k> 0 the action of p*Z on X is trivializable.

Proof. We prove (1) and (2) follows mutatis mutandis after unraveling the defini-
tions. By Lemma 8, we can choose k > 0 so that X is a retract of XhP*Z This
provides a nullhomotopy wpk —id ~ 0, whence the claim. g
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3.1. A special example. Consider the ring of continuous functions C°(Z,,F,),
where Z, carries the p-adic topology and IF, has the discrete topology, so that
continuity is tantamount to local constancy. For brevity, we write C°(Z,) for
this ring, and note that Z,, and thus C°(Z,), carries a natural Z,-action from
+1:7Z, = Z,. We denote these objects with their Z-actions by Z)p, and CO(Z_;),
respectively. This ring is relevant in virtue of the identification of commutative
algebras
we(z,) ® SP% = THH(SP?)

from [2, Lemma 3.6]. We conclude this section by studying some of the basic struc-
tural features of WC(Z,,) which see use in the proof of the cyclotomic asymptotic
constancy theorem. Given a € Z,, evaluation at a induces a ring homomorphism
C°(Zy) — Fp, and thus a map ev, : WC°(Z,) — W(F,) ~ S; we denote base-
change along this map by (—)|q.

Proposition 10. [2, Proposition A.35] Let C be a stable, p-complete, and pre-
sentably symmetric monoidal category.
H
(1) The Z-action on WC(Z,) is locally unipotent.

_>
(2) The unit map S — WC°(Z,)"Z is an equivalence.
(3) There is a symmetric monoidal equivalence of categories

C = Mod(CBZw, WCO(Z,)),

H
given by X — X @ WC%(Z,,) with inverse (—)"2.!
(4) For each a € Zy, there is a natural equivalence of functors of the form
Mod(SpBZ’";WCO(ZP)) — Sp,

(=)" = (=)la o fit.

Proof. For (1), as W perserves colimits, we can write
H 2
WC%(Z,) ~ colim,WC*(Z/p")
7ok

by the definition of locally constant functions on Z,. The +1-action on Z/p® is
trivial after restriction to pFZ, so the colimit above is a colimit of locally unipotent
objects. (2) follows by smashing the unit map S — WCO(Z;)M with Fp,, and
observing that

0—F, = C%(Z,) L= C°(Z,) = 0
is exact.” For (3) and (4) it suffices to consider the case C' = Sp. To see (3), first

observe that WC?(Z,) @ (—) is valued in spectra with locally unipotent Z-action.
From (2) combined with the finiteness of BZ, we see that the unit map

=
0 hZ
X — (WC(Z,) ® X)
n particular, every WC© (Z_;)-module in CBZ:u ig free.

21f f alocally constant and f(x+1) = f(z) for all € Zjp, we find f must have been constant
by translating neighborhoods.
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is an equivalence, so we may conclude by the conservativity of (—)"% on locally
unipotent objects. Finally, for (4), we have a chain of natural equivalences

(_)|(l =S ®WCO(ZP),eva (_) ~S ®WCO(ZP),eva WCO(ZP) Y (_)hZ
~ WC(Zy)lo © (=)' = (=)

where we have used (3). O

4. INTERACTIONS WITH THH

We conclude by discussing the interaction of THH and TC with locally unipotent
Z-actions, with everything implicitly p-complete. Additionally we will use the
notation W}, = THH(SBPkZ), setting W = Wy, and for X a Wi-module, we define
X|0 :SBka Qw,, X.

Lemma 11. [2, Lemma 4.7] Let R € Alg(Sp®%*). Then, the induced Z-action on
THH(R) is locally unipotent, and if R is connective, the induced action on TC(R)
1s locally unipotent as well.

Proof. As spectra with locally unipotent Z-action are closed under tensor product
and colimits in Sp®%, the claim follows for the underlying spectrum of THH(R),
but the forgetful functor CycSp — Sp is conservative so it detects local unipotence.
By p-completeness, we can check the claim for TC modulo p. By [3, Theorem
2.7], TC/p preserves small colimits of connective cyclotomic spectra, and colimit
preserving functors send locally unipotent Z-actions to locally unipotent Z-actions.

|

Lemma 12. [2, Lemma 4.8] Let R € Alg(Sp”%"). The natural map
Wy ®@w THH(R'Z) — THH(R""?),
is an equivalence of Wy -modules.
Proof. The map above is obtained by applying THH to the map
SPP'% @gos R — RMP'Z,
which is an equivalence by the compatibility specified in Lemma 7. g

Lemma 13. [2, Lemma 4.9] Let R € Alg(Sp®“"). Then, there is a natural
factorization of the coassembly map

THH(R") — THH(R"%)|, = THH(R)".
In particular, if R has the trivial Z-action, then the coassembly map has the form
WeC(z,) ® SP% @ THH(R) — SPZ @ THH(R).

Proof. Using the SBZ-module structure on THH(R)"?, we have a natural factor-
ization of the coassembly map

THH(R") — SPZ @y THH(R"?) — THH(R)"Z,
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and it remains to prove that the second map is an equivalence. As the Z-action
on THH(R) is locally unipotent, we can do so after applying S ®gsz (—), and the
same hypothesis implies that

THH(R) ~ S ®@w THH(R") — S @gsz THH(R)"” ~ THH(R),
is an equivalence, whence the claim. 1

These ideas and properties are leveraged in the proof of [2, Theorem 4.4], which
asserts that when R is a suitable ring spectrum with locally unipotent Z-action
satisfying very strong chromatic finiteness conditions, then we can choose k > 0
so that for V' a finite spectrum of type n + 2, there is an equivalence of cyclotomic
spectra

V @ THH(R"™"?) ~ V @ THH(RB?"Z),
i.e., after rescaling, the functor V @ THH(—) “trivializes” the Z-action on R.
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Almost compactness of cyclotomic spectra
CHRISTOPH WINGES

As indicated in the preceding talk, almost compactness is a sufficient finiteness
condition which guarantees that a locally unipotent Z-action will become trivial
upon restriction to pFZ for sufficiently large k. In this talk, we will review the
notion of almost compactness and discuss characterisations of almost objects in
the category of spectra and cyclotomic spectra, following [3, Section 2.4 & Appen-
dix A.2].

Almost compactness is essentally a weaking of compactness in which we do
not require that a corepresented functor commutes with all filtered colimits, but
only with filtered colimits of uniformly bounded objects. More precisely, let C
be a cocomplete, stable co-category with a t-structure. The main examples to
keep in mind are the categories of spectra Sp (with the Postnikov t-structure),
of spectra with a T-action Sp®T (with the pointwise Postnikov t-structure), and
of cyclotomic spectra CycSp with the cyclotomic t-structure of [1]. Recall that
this always refers to the p-complete version of these gadgets, and that cyclotomic
spectra are p-typical cyclotomic spectra.
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Definition. [3, Definition A.6] An object X € C is almost compact if X is bounded
below and for all ¢ < b and all filtered diagrams F': [ — C|. ;) the comparison map

(1) colIim Map(X, F) — Map(X, collim F)

is an equivalence.

The following observations are rather straightforward:

(1) If X € C is bounded below and compact, then it is almost compact.

(2) In the definition of almost compactness, we may equivalently require that
the analogue of map (1) for mapping spectra is an equivalence (in the
category of not-necessarily-p-complete spectra).

(3) If the subcategory C<o of coconnective objects is closed under filtered
colimits, an object X € C is almost compact if and only if it is bounded
below and 7<, X is compact in C<,, for all n.

(4) The full subcategory of almost compact objects is closed under finite lim-
its, finite colimits, and sequential colimits Xg — X; — ... such that
cofib(Xy, — Xit1) € C>py1. In particular, geometric realisations of al-
most compact, uniformly bounded below objects are almost compact.

This leads us to the folllowing characterisation of almost compactness in Sp.

Proposition. [3, Example A.7 & Lemma A.10]

(1) An object X € Sp is almost compact if and only if it is bounded below
and all its homotopy groups are finite p-groups.

(2) If R is a connective ring spectrum such that . (R/p) is degreewise finitely
generated, and V' is any almost compact spectrum, then V' @ THH(R) is
almost compact.

Proof. If X is bounded below and its homotopy groups are finite p-groups, one can
choose a cell decomposition of X whose filtration quotients are sums of shifts of
Moore spectra S/p*. Applying the observation about sequential colimits, it follows
that X is almost compact.

Conversely, the bottom homotopy group of an almost compact spectrum must
be finitely generated (and is therefore necessarily a finite p-group). By the previous
step, Eilenberg—Mac Lane spectra on finite p-groups are almost compact, so the
fibre of the first non-trivial Postnikov section of X is almost compact. Now proceed
by induction.

For the second assertion, one chooses a cell decomposition of V' as before. Since
R/p has finitely generated homotopy groups, the criterion for almost compactness
implies that R/p* is almost compact for all k. The chosen cell decomposition
of V induces a cell decomposition for V' ® R whose filtration quotients are finite
sums of shifts of R/pk, so V ® R is almost compact by the closure properties
of almost compact objects. Using these closure properties again, it follows that
V @ THH(R) ~ |V ® R®"| is almost compact. O

Theorem. [3, Lemma 2.43 & Proposition 2.42] Let (X, ¢) be a cyclotomic spec-
trum which is bounded below.
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(1) If (X, ¢) is almost compact, then X € Sp is almost compact.
(2) If X € Sp is almost compact and p™ ~ 0: X — X for some m, then (X, ¢)
is almost compact.

Proof. Observe that an exact functor F': C — D preserves almost compact objects
if it admits a right adjoint G which preserves colimits and has bounded t-amplitude,
meaning there exist r and s such that G(Dxp) C C>, and G(D<o) C C<s. We
apply this criterion to the forgetful functor CycSp — Sp.

Recall the cofibre sequence X°T — S — sM in SpPT. Dualising this sequence,
we obtain a cofibre sequence S™(1) — S — ST, where ST is the image of S under the
right adjoint to the forgetful functor Sp®T — Sp. This right adjoint is easily seen
to preserve colimits, so it is given by Y + ST@Y. Observing that (ST®Y)*r ~ 0
(since T admits the structure of a free Cp-CW-complex), we obtain a cyclotomic
spectrum (ST ® Y, ST ® Y — 0) for each Y € Sp, and we have

mapcycsp((X, o), (ST ®Y,0)) ~ mapp(X, ST® Y) ~ map(X,Y).

The resulting right adjoint G preserves colimits. As ST is (-1)-connective, it follows
that this right adjoint has t-amplitude [—1,0]; for the upper bound, observe that

maprcSp((X’ ¢)’ G(Y)) = mapSp(Xv Y)

is coconnective for all (X, ¢) € CycSp~ because connectivity of cyclotomic spectra
is detected on the underlying spectrum. This proves the first assertion.

For the second assertion, one first shows that X is almost compact as an object
of SpPT: for an appropriate filtered diagram F, the relevant comparison map can
be identified with

colIim mapg,, (X, F)RT mapg,, (X, colIim F)AT

which is an equivalence because (—)"T preserves arbitrary sums of uniformly
bounded above spectra.

Since p™ ~ 0, the object (X, ¢) is a retract of (X, ¢) ® D(S/p™), so we may
consider the latter. The comparison map for (X, ¢) can then be identified with

COllim maprcSp((Xv ¢)7 S/pm ® F) - maprcSp((Xa ¢)a COl[im S/pm ® F)

By a theorem of Burklund [2], S/p™ admits an associative ring structure for
m > 3, so we may assume without loss of generality that F takes values in
Mods,pm (CycSpy p)-

We now claim that there exists for sufficiently large e (which depends on m, b
and ¢) a map of fibre sequences

cogim mapgcs, (X, 9), F) — co%im mapp (X, 7<.F) — colIim mapy(X, 7<. (F*€P))

| | |

mapc, s, (X, 6), colim F) = maps (X, 7<(colim F)) - mapy (X, r.((colim F)*7))
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The middle vertical map is an equivalence since we have already shown X to be
almost compact in SpP®T. We additionally claim that (—)*“»: CycSp — SpZT
preserves filtered colimits of uniformly bounded objects, which implies that the
right vertical map is also an equivalence.

This claim follows relatively easily after showing that the natural transforma-
tion (=)' = (7<.—)'" induced by truncation admits a retraction, which is a
consequence of a sufficiently natural version of strong canonical vanishing. This
retraction is also used in the definition of the right-hand horizontal maps (see [3,
Construction 2.40] for details). The proof of the existence of the horizontal fibre
sequences additionally relies on the validity of the Segal conjecture for bounded
cyclotomic spectra. O
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Asymptotic constancy I: The Dehn twist
MAXIME RAMZ1

INTRODUCTION

In order to study the failure of descent for T'(n + 1)-local TC, our goal was to
relate THH(R"?) and THH(RP?) as cyclotomic spectra, for a suitably chosen ring
R with Z-action, at least upon tensoring with a suitably chosen finite spectrum.
We already observed that in our situation, THH(R) has a locally unipotent Z-
action and therefore its fixed points are well-approximated by THH(R)B%, at least
upon restricting to some small enough p*Z C Z.

The strategy at this point is to express THH(R"”) in terms of THH(R)"%, so
that we can later compare it to THH(R)PZ and hence to THH(RPZ). The goal of
this talk was to go over Theorem 4.11 of the paper, which implements precisely
this in larger generality, but with restricted structure, namely taking into account
the cyclotomic Frobenius, but not the S'-action.

The S'-action (and the remaining details of this strategy) is then taken care
of by the second “Asymptotic constancy” talk by Sil. In the statement of the
theorem which we recall below, UAlg is the category informally described as tu-
ples consisting of an algebra with locally unipotent Z-action R € Alg(SpZ%),
an algebra which is dualizable as a (p-complete) spectrum V € Alg(Sp°®) and a
trivialization of the Z-action on R ® V € Alg(Sp”?).

Theorem 1 (Theorem 4.11). There is a natural square of lax symmetric monoidal
functors on UAlg of the form :
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THH(R)"” @ V @ W(C°(Z,)) —2— THH(R")®V

o) I

(THH(R)"%)!% @ V @ W(C°(Z,)) —— THH(R")!% @ V/

where the vertical arrows have their canonical lax symmetric monoidal structure.
In this square, ng is a natural equivalence, and 1y is an equivalence on a pair (R, V)
as soon as the assembly map @y (V ® THH(R)!®?) — (ByV ® THH(R))!C» is
an equivalence.

Thus the failure of descent for the Z-action on R is essentially the same as the
failure of descent for the trivial Z-action on S (at least up to tensoring with V).

A reformulation of the theorem is that, as a module over W(C°(Z,)), THH(R"%)
is free. From Liam’s talk about local unipotence, we know that this amounts to
finding a suitably compatible (locally unipotent) Z-action on THH(R"?), as this
action is exactly the datum of a preimage under W(C%(Z,)) (see Proposition A.35
in the paper). This is precisely what we construct, and this action is what is called
“the Dehn twist” in the paper.

1. RECOLLECTIONS ON THH(SP%)

There is an equivalence of commutative algebras THH(SP%) ~ SBZ @ W(C°(Z,)),
which makes the relevant cyclotomic spectra THH(R"#) (potentially tensored with
a finite spectrum) modules over W(C?(Z,)). Furthermore, basechanging along
evaluation at 0: C°(Z,) — F, induces an equivalence THH(R"%) ®weo(z,) S =~
THH(R)"Z - it follows that if THH(R"Z) is free as a W(C%(Z,))-module, it is
indeed free on THH(R)"Z.

The idea is now to try and interpret the +1l-action on C°(Z,) in terms of
THH(SP?), to ultimately define a compatible action on THH(R").

Part of the talk was spent on recollections concerning the structure of THH(S?%)
as a (p)-polygonic spectrum.

2. CONSTRUCTING THE DEHN TWIST

To make it compatible with all the relevant structure, the Dehn twist is constructed
at an “earlier” level. Recall that if R = S are two algebra maps, one can make S
into an (R, R)-bimodule by using the top map to act on the left, and the bottom
map to act on the right. Making this precise provides a functor Alg(Sp)FQ —
BiMod, where EQ is the walking equalizer, that is, the 1-category pictorially
described as @ = .

Now we are interested in

THH(R") ® V ~ THH(R"*,V @ R"*) ~ THH(R"*, (R ® V)"%)

where the action on R®V is given a trivialization, so the functor of interest factors
as a composite

UAlg — Alg(Sp)P2” — Alg(Sp)®? — BiMod — PgSp,,
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Where the first functor is (R, V) — (R — (R ® V)), the second functor is
(R — S) = (R"” = SBZ) the third functor is the one described above, that is
(A = B) — (A, By) and finally the last functor is (R, M) — (THH(R, M)). The
Dehn twist is a lift of the functor Alg(Sp)(B%?” — Alg(Sp)EQ to Alg(Sp)EQ*BZ,
that is, it produces an automorphism of R"* — SB% _ in fact, this is constructed in
greater generality, that is, with Alg(Sp) replaced by any category with finite limits.
The construction relies on an automorphism oy of EQ x BZ which is compatible
with the projections to EQ and (BZ)".

The second part of the talk was dedicated to describing this lift and its proper-
ties (namely local unipotence, and its value on the sphere with trivial Z-action).
Combining these with the description of THH(S??%) recalled earlier, the talk con-
cluded with a proof of Theorem 4.11.

Asymptotic Constancy II
Si. LINSKENS

In this talk, which follows [1, Sections 4.3,4.4], we completed the proof of “As-
ymptotic cyclotomic constancy” and deduced the consequences relevant for the
disproof of the telescope conjecture given in [1]. Let us first recall the relevant
assumptions for asymptotic cyclotomic constancy, followed by the statement of
the theorem.

Convention 1. We fir R € Algg, o,,(Sp) with locally unipotent Z-action, which
we further assume
(1) is connective;
(2) is of fp-type n > —1, i.e. RQ U is w-finite, where U is of type n + 1;
(3) satisfies the height n Lichtenbaum—Quillen property, i.e. THH(R) ® V is
bounded in the cyclotomic t-structure, where V is of type n + 2.
We also fir U and V' finite spectra of type n+ 1 and n + 2 respectively.
The key example of R which satisfies these assumptions is BP(n), equipped
with the Adams operations constructed in [1]. Given these conventions we may
state the main theorem.

Theorem 2 (Cyclotomic asymptotic constancy). There exists a K € N such that
for all k > K, there is an isomorphism

V @ THH(R"™'?) ~ V @ W, ® THH(R)
of Wy, = THH(Sh”kZ)—modules in cyclotomic spectra.

Crucially, this result tells us that for the purposes of understanding the height
n + 1 telescopically localized topological cyclic homology of R’”f’kz7 it suffices to
consider the case where R has the trivial action. In this case one has much more
control. For example, it is shown in [1] that the thick subcategory of the fiber of
the coassembly map

Ly(n41) TC(RP?) = Lp(n 1) TC(R)P*
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always contains Ly (,41)TC(R). By [2], Lp(;+1)TC(BP(n)) is not zero, and so we
conclude that the assembly map above cannot be an equivalence in this case. By
Cyclotomic asymptotic constancy, this implies that the assembly map

ke k
Ly TCBP(n)"" %) — Ly, 11y TC(R)""*

for BP(n) with its action by Adams operations is also not an equivalence. This
is the crucial fact which is used to disprove the telescope conjecture. Namely
the paper proceeds by showing that the coassembly map above exhibits the tar-
get as the so called “cyclotomic completion” of the source. This implies that
LT(HH)TC(BP(M}"”’CZ) is not cyclotomically complete, and therefore also not
K (n + 1)-local.

Moving on, let us now discuss the proof of Theorem 2. Applying the Dehn twist,
together with the fact that locally unipotent Z-actions on almost compact objects
are trivial after restricting to some p*Z, we conclude that there is an equivalence

V @ THH(R"™'?) ~ V @ W, @ THH(R)

of As-algebras in Modyy, (Sp). Therefore the crucial question is how to lift this
equivalence to an equivalence of cyclotomic spectra. The crucial tool is the follow-
ing result:

Proposition 3. Let X be a p-nilpotent W -module in CycSp, and let X; = W; @w
X. Suppose that

(1) The X; are uniformally bounded;
(2) There is an isomorphism X ~ W ® X, of W-modules in spectra;
(3) Xoo is almost compact as a cyclotomic spectrum.

Then there is an isomorphism
Xj ~ Wj X Xoo
in Modw, (CycSp) for k sufficiently large.

This proposition is not so difficult to prove. Simply put, the assumptions of
uniformally bounded and almost compact allow one to obtain comparison maps
¢ X; = W; ® X for j > 0. One then computes on homotopy groups that for
j potentially even larger, the map ¢; is an equivalence. Here one uses that one
knows the result “at infinity” by assumption (2), and the fact that the maps ¢ are
locally constant in C°(Z,) to conclude that it must be true in some neighborhood
of infinity.

We apply this result to V®THH(thkZ) for k> 0. Assumption (2) is precisely
the equivalence V ® THH(R""'%) ~ V @ W}, ® THH(R) obtained before, while (3)
is easily verified. Therefore the crucial fact which remains to be shown is that the
cyclotomic spectra

X; =W, ®w, V @ THH(R"'?) ~ V @ THH(R" %)

are uniformally bounded. Here we apply the machinery developed in [1, Section
2], which allows us to prove the following proposition.
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Proposition 4. Letm > mﬁQ and let S be a hAs-ring in W -modules in cyclotomic
spectra with p™ = 0. Suppose that

(1) Sjo =S @w SBZ is cyclotomically bounded in a range;

(2) There is an isomorphism

TS = mo(WC(Z,)) ® 1.0

of graded As-rings such that the map S — Sy is given by restriction to
zero;

(3) S satisfies Segal(< b'). Then S is e-truncated for some e depending on m,
b' and the range of Sjo.

Once again we apply this to R = THH(thkZ) ®V for k> 0:

(1) follows immediately from the height n LQ property;
(2) follows from the equivalence

V @ THH(R"'?) ~ V @ W, ® THH(R)

of spectra obtained before.

(3) follows from the fact that the equivalence above also identifies the frobenius
on V®THH(thkZ) with that of V@ W, @ THH(R). Because THH(R)®V
is bounded, it satisfies Segal(< b') for some b'. Therefore so does V ®
THH(R""%).

As explained, this suffices to conclude the proof of cyclotomic asymptotic con-
stancy.
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Assembling the proof
NIKO NAUMANN

We will finish the construction of a counter-example to the telescope conjecture
at a prime p at height n + 1 > 2 by showing that the coassembly map (known at
this point not to be an isomorphism) is isomorphic to the cyclotomic completion
map.
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Future Directions 1
ISHAN LEVY

(joint work with Robert Burklund, Shachar Carmeli, Jeremy Hahn, Tomer
Schlank, Lior Yanovski)

In this talk I explained some follow up work extracting some consequences of the
failure of the telescope conjecture. The mechanism of the failure of the telescope
conjecture that we showed was that at heights > 2, the T'(n)-local category doesn’t
have Galois hyperdescent with respect to the cyclotomic extensions.

In this talk I explained how one can construct certain obstructions to hyper-
descent with respect to Z,-Galois extensions. There is a universal example of a
Z,-Galois extension in a presentably symmetric monoidal stable category, which
is a version of Zy-equivariant spectra, constructed as additive sheaves of spectra
on finite Z,-sets in the surjection topology. In this category, the fiber of the hy-
percompletion map can be explicitly analysed and can be seen to be an N-indexed
colimit of Picard elements P;. In the case that the finite extensions making up the
Z,-Galois extension are descendable, the maps between the P; are sent to nilpotent
maps.

So if a Zp-extension isn’t hypercomplete, this analysis shows that either most
of the Picard elements are distinct from each other, or the nilradical of the en-
domorphism ring of the unit isn’t nilpotent. In the case of the T'(n + 1)-local
algebraic K-theory of BP(n}thZ, which form a non-hypercomplete Z,-extension
in the T'(n 4+ 1)-local category, the nilradical is nilpotent, so most of the P; are
distinct. There are obstructions 7; in 71 of the unit which are obstructions to triv-
ializing the P; so these must also be nonzero. A slightly refined argument shows
that in the homotopy groups of a telescope that is a ring, these 7; generated an
infinitely generated subgroup of .

As a consequence, the homotopy groups of telescopes of type n finite complexes
are never finitely generated for n > 1. This in turn implies that the average ranks
of the homotopy groups of finite complexes diverges.

Reporter: Keita Allen
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