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An inverse Gauss curvature flow and its application
to the p-capacitary Orlicz—Minkowski problem

Bin Chen, Weidong Wang, Xia Zhao and Peibiao Zhao

Abstract. This paper explores the p-capacitary Orlicz—Minkowski problem. Note
that the p-capacitary Orlicz—Minkowski problem can be converted equivalently to a
Monge—-Ampere type equation in the smooth case:
() o) |IVYIP =1G
for p € (1,n) and some constant T > 0, where f is a positive function defined on the
unit sphere § n=1_ 4 is a continuous positive function defined in (0, +00), and G is
the Gauss curvature.

We confirm for the first time the existence of smooth solutions to the p-capacitary
Orlicz—Minkowski problem for p € (1, n) using a class of inverse Gauss curvature

flows which converges smoothly to the solution of equation (x). Moreover, we prove
uniqueness for equation (*) in a special case.

1. Introduction

The classical Brunn—Minkowski theory (abbreviated as BMT) of convex bodies (com-
pact convex sets with nonempty interiors) in n-dimensional Euclidean space R” plays an
important role in the study of convex geometric analysis, and it has enjoyed a rapid devel-
opment in recent years. The classical Minkowski problem is one of the cornerstones of the
classical BMT (one can see [20,45] for details). Its aim is to find a convex body K in R”
with prescribed surface area measure S(K, -), which is induced by the volume variation,
i.e., such that for each convex body L, there holds

d
(1.1 ZV(K +tL)‘t:0+ - /S”_l h(L,-)dS(K, "),

where K + L = {x +ty : x € K,y € L} is the Minkowski sum, §”~! is the unit sphere,
and h(L,") ={u-y:ye€L,uecS8" 1} is the support function of the convex body L in R”.

The development of the classical BMT has inspired many other theories of similar
nature. Examples include the L, BMT, Orlicz BMT and their dual theories. For the related
Minkowski-type problems, see, e.g., [4,9, 14,18,21,25,26,30,31,36,41-44,48] and the
references therein.
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The Minkowski-type problem for the measure associated with the solution to the
boundary-value problem is an extremely important variant. As some typical examples,
we refer to the seminal papers [15,33] on capacity and on torsional rigidity by Jerison
and Colesanti-Fimiani, and to subsequent progress, e.g., [2,12,16,17,27,47,49,50].

In this paper, we will further study the p-capacitary Minkowski problem for the Orlicz
case proposed by Hong—Ye—Zhang in [27]. To describe this type of problem, we first recall
the definition of the p-capacity functional and its variational formula.

For p € (1, n), the electrostatic p-capacity of a convex body K in R” is described by
(see [16])

Cp(K) = inf{/Rn IVy|Pdx - ¢ € C2°(R™), v > 1on K},

where CZ°(R") denotes the set of all infinitely differentiable functions with compact sup-
port in R”, and Vi denotes the gradient of 1. The geometric quantity C,(K) is the
classical electrostatic (or Newtonian) capacity of K (see [33]).

Let K be a convex body and let p € (1,n). The p-equilibrium potential ¥ of K is the
unique solution to the following boundary value problem (see [35]):

Ap¥ =0 inR"\K,
(1.2) v =1 on 0K,
Y(x) >0 as|x| — oo,

where
ApY = div(|[VY|P2V )

is the p-Laplace operator.

Similar to the volume variational formula (1.1), Colesanti et al. ([16]) established the
variational formula for p-capacity as follows: let K and L be two convex bodies and let
p € (1,n). Then we have

d
13 G| == [ hLodu k.6,

and the Poincaré p-capacity formula
p—1

(1.4) Cp(K) = — h(K.§) dup(K.§),
n—p Jgn-1

where 1, (K, -) is a finite Borel measure on $"~!, called the electrostatic p-capacitary
measure of K, defined by

(1.5 (K. 1) =/

|[VW|? dgen! =[|W|PdS(K,-),
gx'(m) n

for each Borel set n C $”~1, where gl_(l is the inverse Gauss map, and #" ! is the (n — 1)-
dimensional Hausdorff measure.
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The p-capacitary Minkowski problem can be posed as follows: let u be a finite Borel
measure on $”~! and let p € (1,n). Under what necessary and sufficient conditions is
there a (unique) convex body K in R” such that

dpp(K,-) = dp?

When p = 2, this problem was solved by Jerison in his seminal paper [33]. A convex
solution of this problem for p € (1, 2) was obtained in [16]. The case of all p € (1, n) has
been recently solved by Akman et al. in their groundbreaking work [1].

As an extension of the p-capacitary Minkowski problem, the Orlicz case was intro-
duced by Hong et al. in [27]. It can be stated as follows: which are the necessary and
sufficient conditions on a given function ¢ and a given finite Borel measure 4 on §"~1,
such that there exists a convex body K in R” satisfying

du

6 d N=_r
(1.6) tdpup(K,-) S(h(K.)

for some constant T > 0?

For this problem, Hong et al. proved the existence of solutions with p € (1, n) for both
discrete and general measures under some mild conditions. When ¢ (h) = h'™® in (1.6)
for p € R, this is the L, p-capacitary Minkowski problem introduced in [50]. There are
many results for different ranges of p and p. For instance, when p € (1,n) and p € (1, 00),
the even convex solution was obtained in [50]. When p € (1,2) and p € (0, 1), and when
p > n and p € (0, 1), the polytopal solutions where given in [49] and [39], respectively.
Feng et al. [17] studied the case of p € (0, 1) and p € (1, n) for general measures. When
p = 0and p € (1,n) in (1.6), this is the logarithmic Minkowski problem for p-capacity,
and its polytopal solution was obtained in [47].

It is worth noting that the smoothness of solutions to the Minkowski-type problems
has always been an important issue. For the p-capacitary Minkowski problem, it is shown
in [33] and [16], respectively for p = 2 and p # 2, that if p has positive density in
Ck@($"=1), then the domain belongs to the class C*+2-¢ using techniques of Caffarelli,
see [6-8].

Motivated by the above mentioned works, this paper try to investigate and confirm
the existence of non-symmetric smooth solutions to the p-capacitary Orlicz-Minkowski
problem. One of the main methods used in this paper is the inverse Gauss curvature flow
method.

The idea of using inverse Gauss curvature flow to solve the p-capacitary Orlicz—
Minkowski problem (1.6) can be summarized as follows:

(1) The p-capacitary Orlicz—Minkowski problem (1.6) can be converted to a Monge—
Ampere type equation equivalently in the smooth case (see [27]):

(1.7) fo(hg) VU (gghHI? = G,

for p € (1,n) and some constant T > 0. Here f:8"~! — (0, 00) is the smooth data func-
tion, and G is the Gauss curvature (see Section 2 for details). In this case, the key of this
paper is to find a convex body K in R” with support function g satisfying (1.7).

(2) The solution to the Monge—Ampere type equation (1.7) is the limit of solutions of
the inverse Gauss curvature flows (1.8) constructed below.
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The Gauss curvature flow was first introduced and studied by Firey [19] to model
the shape change of worn stones. Since then, the use of curvature flows has proven to be a
very effective tool to solve Minkowski-type problems and geometric inequalities in convex
geometric analysis, see [3,5,9,11,13,23,24,28,29,37,38] and the references therein.

Let ¢ be a smooth, closed, and strictly convex hypersurface in R” enclosing the
origin o in its interior, that is, with a sufficiently small positive constant §, such that the
8o-neighbourhood of 0 is U(o, 8,) C 2. We consider an inverse Gauss curvature flow of
the family of convex hypersurfaces {2} given by Q; = F($"71,t), where F:§"! x
[0, T) — R” is a smooth map satisfying

(1.8) 8F$ D _ FW)F -v)p(F -v) |VU(F, 1)|P oy v — y(t)F(E, 1),

F(§.0) = Fo(6).

where f is a given positive smooth function on §"~ is the standard inner product
in R", 0,—1(§, t) is the product of the principal curvature radii with 0,—1 = det(V;;h +
hdi;), v is the out normal of Q; at F(€,¢), T is the maximal time for which the solution
of (1.8) exists, and the scalar function y(¢) is given by

_n—p Cp($21) )
PO =T T b/ (Fo ) dE

1 <o
>

for p € (1,n).

Compared with the geometric flows in [5,9, 11, 13, 38], the flow we construct in this
paper is more complex because it contains the functions ¢, |VW¥| and y(¢); thus, a priori
estimates are more difficult to obtain.

Now we present the main results of this paper.

Theorem 1.1. Let f be a positive smooth function on "=, and let Q¢ be a smooth,
closed and strictly convex hypersurface in R" enclosing the origin in its interior. Suppose

(1) pe(,n);
(2) the function ¢: (0, 00) — (0, 00) is smooth;
(3) @(s) = [; 1/¢(t) dt exists for all s > 0 and limg_,o0 ¢(s) = c0.

Then, the flow (1.8) has a smooth solution Q2; for all time t > 0. When t — oo, there
is a subsequence of 2; that converges in C* to a smooth, closed and strictly convex
hypersurface Q2o whose support function satisfies (1.7).

As an application, we have the following.

Corollary 1.2. Under the assumptions of Theorem 1.1, there exists a smooth solution to
the p-capacitary Orlicz—Minkowski problem (1.6) for p € (1, n).

For general ¢, the uniqueness of the solution to the p-capacitary Orlicz—Minkowski
problem remains open. We consider here a special uniqueness result for (1.7) when v = 1.

Theorem 1.3. Let pe(1,n —1]and § > 1. If
(1.9) $(8s) < 87T ¢ (s)

holds for positive s, then the solution to (1.7) is unique.
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Moreover, based on the parabolic approximation method, we also a weak solution to
the p-capacitary Orlicz—Minkowski problem when p € (1, n); this has been obtained by
Hong—Ye—Zhang in [27].

Theorem 1.4. Let . be a finite Borel measure on 8"~ whose support is not contained in
any closed hemisphere and p € (1, n). Suppose that

(1) ¢:(0,00) — (0, 00) is a continuous function;

2) o(s) = fos 1/¢(t) dt exists for all s > 0 and limg—, o, @(s) = 00.
Then, there exists a convex body K such that (1.6) holds.

The paper is organized as follows. Section 2 presents the corresponding background
material. Section 3 introduces the geometric flow and its correlation functional. In Sec-
tion 4, we establish a priori estimates for the solution of the flow (1.8). Finally, we prove
the main results in Section 5.

2. Preliminaries

In this section, we list some facts about convex hypersurfaces. We refer the readers to [46]
and to the well-known book of Schneider [45] for details. Let R” be the n-dimensional
Euclidean space, let $”~! be the unit sphere in R”, and let © be a smooth, closed and
strictly convex hypersurface containing the origin in its interior. The support function
of € is defined by

ho(§) =h(Q.&) =max{E-Y : Y e Q), forfes" !

For v € §"7!, the support function of the line segment ¥ joining the points Fv is
defined as
h(v,&) =|&-v|, forges™ L

The radial function of €2 is defined by
ra(v) = r(Q,v) =max{c >0:cveQ}, forves"

Obviously, rg(v) v € 0L2.
Let g:0Q — 8™~ ! be the Gauss map of Q. For £ € $”71, the inverse Gauss map,
denoted by g~ !, is given by

g 1) = F(§) = {X €09 : g(X) is well defined and g(X) € {£}}.

In particular, for a convex hypersurface €2 of class Ci (Q is C? smooth and has positive
Gauss curvature), the support function of 2 can be written as

Q&) =£-g7(E) = g(X)- X, forX e Q.
Furthermore, the gradient of 4(€2, -) satisfies

@.1) Vh(R.§) = g7 (©).
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Let e = {e;;} be the standard metric of $”~!. The reverse second fundamental form
of  is defined as (see Section 2.5 in [45])

(2.2) I;; = Vijh + hej,

where V;; is the second order covariant derivative with respect to e;;. By the Weingarten
formula and (2.2), the principal radii of €2, under a smooth local orthonormal frame
on 8”71 are the eigenvalues of the matrix

2.3) bij = Vijh + hé;;.
In particular, the Gauss curvature of F(£) can be expressed as

1

@4 GE = det(Vi;h + h8;)

Next, we introduce the Orlicz norm, see [26] for details. Let ¢: [0, c0) — [0, c0) be
a continuous, strictly increasing, continuously differentiable on (0, co) function with pos-
itive derivative, and that satisfies the assumption in Theorem 1.4, let u be a finite Borel
measure on $”~!, and let f: $*~! — [0, 0o) be a continuous function.

The Orlicz norm ||f |y, is defined by

! f
2.5 =inf{l > 0: —)dp < e(l);,
where |p| = 1($"1). This norm satisfies the following properties:

lefllo.n = ¢llfllg.n,  fore =0,

and

(2.6) f=g = Ifllow =lglle.p
If u({f # 0}) > 0, the Orlicz norm ||f|,,, > 0 and

! i
flos =40 = oo | o(5-)di=0).

3. Inverse curvature flow and its associated functional

For convenience, the notion of curvature flow is restated here. Let 2¢ be a smooth, closed,
and strictly convex hypersurface in R” enclosing the origin in its interior. We consider the
following inverse Gauss curvature flow:

o ang,t) = fW)(F -v)¢(F -v) [VU(F,1)[? 6p_1v — y(t) FE, 1),

F(£.0) = Fo(6),
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where the scalar function y(¢) is given by

4 Cp(S2)
—1 four h/(fp(h) dE
for p € (1,n). As discussed in Section 2, the support function of ©2; can be expressed as

h(€,t) =& - F(E,t). We thus derive the evolution equation for (-, ¢) along the flow (3.1)
as follows:

(3.2 y(0) =

oh(§,
(3.3) (5, D~ 6 ho ) VW0 00t — 70 hE. 1),

h(§.0) = ho(§).

Now we investigate the characteristics of two important geometric functionals that
will be key in the proof of long-time existence of solutions to equation (3.3).

Lemma 3.1. Let F(-,t) be a smooth solution to the flow (3.1), with t € [0, T), and let
Q; = F(8" 1, t) be a smooth, closed and uniformly convex hypersurface enclosing the
origin in its interior. If p € (1,n), then the p-capacity C,(2;) is monotone non-decreasing
along the flow (3.1).

Proof. Let W(F,t) be the p-equilibrium potential of K;. Theorem 3.5 in [16] shows that

1
nCp(@0) = L ([ e IVEE0.0 00 dE)

=(p— 1)/8 » [VU(F,t)|P op—10:h(&,1)dE.
From (3.3), and by Hoélder’s inequality, we obtain
UGy (@) = (p=1) [ IVHEOP ,bihds

=(p-1) / FhoMITEEro} dg =y [ h|w|l’on71ds)

fsn1f¢<h>dé [, rowmverral as | f¢(h) 4
- (/S,th\p'p"”‘l dg) ]

- #;%;)dg[(/sn_l hIVO|P0, dg)z - <f3n_1 T ds)z] Y

Using the equality condition in Holder’s inequality, it can be seen that equality holds if
and only if (-, 1) solves the equation f¢(h)|VW¥|? 0,1 = T for some constantt > 0. m

Lemma 3.2. Suppose that the function ¢(-) satisfies the assumption in Theorem 1.1, and
let p € (1,n). Define the functional

e

*=0@)= [ 6

dE.
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Then, along the flow (3.3), the functional ®(t) remains unchanged, i.e., ®(t) = R for
some positive constant R.

Proof. From (3.2), (3.3) and the definition of ¢(-), we obtain

0¢h
W= fs Fom
1
= [ (FotnveI e, — yon) o de
0~ ) Cy(S0) h

= fsn_l h|IVO|P oy dE — dE=0

(p — 1) fS”‘l % ds §n—1 f¢(h)
Next, we give the evolution equation of W(F, t).

Lemma 3.3. Let F(-,t) be a smooth solution to the flow 3.1 with t € [0, T), let Q; =
F(8™ 1, t) be a smooth, closed and uniformly convex hypersurface enclosing the origin
in its interior, and let W(F, t) be the p-equilibrium potential of 2. Then

9 W(F(E.1),1) = [VU(F(§.1).0)] 8:h(5.1).

Proof. Let h(&,1t) be the support function of ;. From Lemma 3.1 in [16], one can see
that W(F,¢) is differentiable with respect to . As W(F,t) = 1 in ;, taking the derivative
of both sides with respect to ¢, we have

0+ VWU.9,F(,t)=0.
Here 0; F = V;(d;h)e; + 0:h&. Further,
0V = —VW.(V;(0:h)e; + 3,h§).
Recall, from [16], that [VW(F,1)| = —VW(F,t) - £. Thus,
0V = |VW|E-(Vi(0:h)e; + 3:hE) = |[VW|0;h. (]

4. A priori estimates

In this section, we establish the a priori estimates for the solution to equation (3.3).

4.1. C? and C1-estimates

Lemmad.1. Let h(-,t),t €[0,T), be a non-symmetric smooth solution to equation (3.3),
and let T be the maximal time for which the smooth solution of (3.3) exists. Under the
assumptions of Theorem 1.1, there exist positive constants | and L, independent of t, such
that

4.1) I <h(.t) <L,
and

4.2) I<r(-,t)<L.
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Proof. From the definitions of support function and radial function, we have
4.3) r(u,t)v = Vh(E, t) + h(E,1)E, forv,Ees" L.

So we only need to prove (4.1) (or (4.2)).

We first deal with the right-hand side of (4.1). Let 7" be the maximal time for which the
smooth solution of equation (3.3) exists. For fixed #y € [0, T'), suppose that the maximum
of h(-, 1) is attained at (&, o) for &, € $"~!, that is,

max h(§,ty) = h(&y, to)-
fesn—1

Let

h = sup h(&y,t).
toE[O,T)

By the convexity of €2, and the definition of support function, one has (see, for instance,
Lemma 2.6 in [10])

(4.4) h(E.to) > h &, -& forall £ §"!,

where & and # are on the same convex hypersurface.
Let Sg, ={€$ n=1: &, - £ > 0} be the hemisphere containing &,. From the definition
of ¢, we know that ¢’(h) > 0. By Lemma 3.2 and (4.4), we have

45)  O(t) = B(0) 3/ oM oo [ L

1 ~
ne, 6 de = | = o) ds,
7 . Vb 61de /sf‘”( £ de

where § = {£e$" ! § > 0}. Further, let S1, = {£e€§"!: EA > 1/2}. Since f is a
positive smooth function on $”~1, it follows that [ S1/2(1 /f)d& = co for some positive
constant cg. Thus, from (4.5) it can be deduced that

®(0) > co w(g),

which means that ¢(%/2) < R/cy, that is, ¢(#/2) is uniformly bounded. Since ¢ is strictly
increasing, we infer that A (-, ) has a uniform positive upper bound.

Now we deal with the left-hand side of (4.1). Let ¢ be a smooth, closed, and strictly
convex hypersurface in R” enclosing the origin in its interior. By Lemma 3.1, we have

(4.6) Cp(Q1) = Cp(0) = ¢ > 0,

for some positive constant c. Let (-, ¢) — 0. By (1.4), since A(-,¢) has a uniform positive
upper bound, it follows from the dominated convergence theorem that

Cp (Qt) ad O,
which contradicts (4.6). Thus A (-, t) has a uniform positive lower bound. |

Combining Lemma 4.1 with the convexity of Q; yields the following C !-estimates.
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Lemma 4.2. Under the assumptions of Lemma 4.1, we obtain
IVh(-,0)l < Lo and |Vr(-,t)| < Lo,
where Ly is a positive constant depending on the constants of Lemma 4.1.
Proof. From (4.3), one has that
r? = h* 4+ |Vh|*
We conclude the proof using Lemma 4.1. [ ]

Lemma 4.3. Let the convex body K, contain the origin in its interior, let Q, = 0K, and
let W(F,t) be the p-equilibrium potential of K;. Under the assumptions of Lemma 4.1,
there are positive constants I, | and l, independent of t, such that

[ < VOG0l <] and |VFW(-,1)| <1,
for any positive integer k > 2.

Proof. Since we have already obtained a uniform upper bound of (-, t), and Q; is
smooth, it follows from Lemma 2.18 in [16] that there exists a positive constant /, depend-
ing only on n, g and the uniform upper bound of A (-, ¢), such that

V| > .

Next, we will prove that |VW| < [. This can be found in the proof of Lemma 3.1
in [16], but, for completeness, we list the main steps of the proof here. Let £ € Q, and note
that there exists a ball B, included in ©2; and internally tangent to 2, at &, with radius r
which can be chosen to be independent of ¢ and £. Let W be the p-equilibrium potential
of B. By the comparison principle, W(-,¢) > W(-) in R"\Q;, and, since W(£,1) = W(§),
we have

IVU(E )] = [VE(E)]

On the other hand, the value |VW(£)| can be explicitly computed, and it is a positive
constant depending on r and n only. Combined with (2.1), it is easy to conclude that

IVU(Vh(E 1).1)| <1, forall (£,¢) € $" ' x[0,T).

In addition, by virtue of Schauder’s theory (see, e.g., Lemmas 6.4 and 6.17 in [22]),
there is a positive constant /, independent of ¢, satisfying that

IVEO(VhE 0.0l <1, forall (§.1) € $"" x[0,T),
for any positive integer k > 2. |

As a result of Lemmas 4.1 and 4.3, we can obtain the following corollary.

Corollary 4.4. Under the assumptions of Lemma 4.1, the scalar function y(t) has uniform
positive upper and lower bounds.
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Proof. From Lemma 4.1, we know that 4 (-, t) has a uniform positive upper bound L, so
that the convex hypersurface 2, generated by h(-,¢) = L is enclosed by a sphere with
radius L. By Lemma 3.1 and the homogeneity of p-capacity, we have

n—p\r-1
Col(@0) = Gp(Br) = wn(=—1)" L7,
p—
where w, denotes the surface area of the unit sphere in R”. This means that C,(£2,) has a
positive upper bound independent of ¢.
Similarly, since A (-, ¢) has a uniform positive lower bound /, then the convex hyper-
surface €2; generated by /(-,¢) = [ contains a sphere with radius /. By Lemma 3.1, we
have

— -1
on(5E)" 1 = G < (@),

p—1
Obviously, this implies that C,(2;) has a positive lower bound independent of 7.
Lemma 4.1 concludes the proof. ]

4.2. C2-Estimates

We first obtain a lower bound for the Gauss curvature, which is equivalent to getting an
upper bound of 0,1 (+,¢) = det(V;;h + hé;;). This estimate can be obtained by consid-
ering a proper auxiliary function, see [32] for similar techniques. Let o = fh¢(h)|VW|?.
In order to deal with d,|VW| and simplify the calculation process, the auxiliary function
in [32] is obviously no longer effective. Therefore, we need to create the following auxil-
iary functions:
1 o0n—1
—Ar2/2 h

OE.1) = 1
for A > 0 sufficiently small.
Lemma 4.5. Under the assumptions of Lemma 4.1, we have
on-1(-,1) < Lo,

where L is a positive constant independent of t.
Proof. Let c;; be the cofactor matrix of (h;; + hd;;), with

Zcij(hij + héij) = (n—1)op_1.

i,J
Suppose the spatial maximum of ® is obtained at (é;, 7). Then we have

2

@47 V0 =0, ie., V"<M;_l) + “";‘1 — jﬂ/z v,-(%) =0,

and

4.8) V,‘j@ <0.
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Now we estimate ®. By (4.8), we have

0,0 < 0,0 —acijVij(@

s ) - s )

1—Ar2/2 h
=l () e ()
A oAop_1 2
(4.9)

2
T a=a222  h [a,(%) _"‘C"fv"f(%)]
2 = () 0 (5)
— 2 _;:2/2)3 MZ_I V"(g) Vf(g)'

Substituting (4.7) into (4.9), we have

0,0 < = )Llrz/z [3t(0‘02_1) _acijvij(aag—l)]
A oAop_1 2 2
(4.10) +

(1—Ar2/2)2 h [at(%)_“cﬁv’j(%)]‘

Next, we need to calculate

9, (010;1,_1 ) — ey Vz‘j (aa;l,—l )

and

We start with the following:

On—1 00 +@0:0,1

= 0u_1 (fOW)|VE|Pd:h + fHIVUIPY (h)dih + fhe(h)d|VW|P)
+ acij (Vi (9:h) + 8;50,h)

= fo(M)|VY|P 0,_1(a0on—1 — yh) + fhIVE|P$ (h) op_1(2On—1 — yh)
+ pfhp(h) 0n—1|VW|P710,|VU| + acij Vij (@ op—1) + 0*¢ij8ijOn—1
- )/Olcij(vijh + h(gij).

Notice that

9 |VW| = —[(V2W)& - (Vi (3:h)e; + 8:hE)] — V (3, P) - &

(4.11) = —(V2W)£ - [Vi(@0y—1 — yh)e; + (@on_1 — yh)E] — V(3,¥) - &.

12
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From Lemma 3.3,

V(0:¥)-& = V(V¥|o;h)-§
= (V|7 VU VAW - £)(@op—1 — yh) + [V¥[0,(Vh) - §
(4.12) = (|VY[TL VU VAW - &) (won_1 — yh) + |VV| 3, (Vihe; + hE) - £
= (IVY|' VU VAV - ) (aon—1 — vh) + V| (@0op_1 — yh).

Substituting (4.12) into (4.11), we have

9 |VW| = —(V2W)E - Vi(@ou—1 — yh)e; — (@ou—1 — ) (V2 )& - &
— (VYT VUVAW - £)(@op—1 — yh) — |[V¥[(@0u—1 — yh).

This, together with the fact 3, ; ¢i;j (Vijh + hd;;) = (n — 1) 01, yields

On—10:0 + @ 3;0p—1
( 1 n @' (h) @' (h)
h ¢h) #(h)
+a?op_1cij8ij + aci;Vij(@ou—1)
4.13) = pa o1 |V (VW)€ - (Baon—17Vir)ei + (@ou—1 — yh) (VW) - §]
— paoy 1 [((V¥| 2 VUVAW - §)(@0n—1 — yh) + (@on—1 — Yh)],

)(ao,,_l)z - (n +h ) Yo Oy—1

and
Vi (4271) = 2 Vi (@onn) — o5 (@0u) Vigh
J h h J h2 J
2 2
4.14) - ]’? Vi(eoy—1)Vih + h_3 (¢oy—1)Vih V;h.

From (4.13) and (4.14), we have

8,<a02_1> —acijVij(%)

1 1 oO,—
7 0t (0op—1) — 72 4 On1 0th —acij Vij (Tnl>
1

2
= — (0:(@0n—1) — aci; Vij(@0,-1)) — (aa;l, 1) + Zaan—l

h

4.15) + hizacij(aonfl)vijh + hz—za(,‘,'jvi (ao,,,l)th - h%otcij (¢0y—1)Vih th
_ (n —1. ¢>/(h)> (@on—1)> ¢’(h)) YO On—1
h ¢ (h) h o)/ h
th A0p—1
+ 200 == Vi(Z5)
— pfpon_1|VUPT (VW) E - (@on—1—yh)iei + (@01 —yh) (V> W)§ - £]

— Pf ot [VYIPI(IVE[2VUVE - ) (@0p—1 — yh) + (€0p—1 — Yh)].

=

(n—1+h
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Moreover, since r2 = h% + |Vh|2, then

2

at(%) - at(h—;) + a,('vé”z) = hdh+ > Vih Vi(3:h)

= hOtO'n—l + O0p—1 Z V,h Via +«a Z V,h Viop—1 — )/7‘2,

and
¢i; Vij (;) = cij (hv,,h +Vih Vih+ Y hVihyg + Zh,-kh,k)
= h[(n — 1) 0p—1 — ¢ij8ijh] + cij Vih Vih + thVkUn—1
—cijVih Vil + Y cijbicbjk + cij 8i7h* = 2(n — 1) hoyp
=—(n—Dhop1+ Y hVion1+ Y cijbirbjk.
Thus

2 2

(4.16) 9 (r?) —acij Viy (%)

=nhao,_1 + 0,1 Z VihVia —«a Zcijbikbjk — )/7‘2.

Using the arithmetic-geometric mean inequality, we have
14+1/(n—1
> cijbicbi = lo o, /D

for some positive constant /.
Since

from (4.7), and

1 Aoy, —
Vi(@oy—1 —yh) = Zoton,IVih — mrvir — yV;h,
it follows from (4.10), (4.15) and (4.16) that
1 n—1 ¢\ (xop_1)? @'\ yoon—1
a’®51—Ar2/2{( I +¢> h (n 1+h¢) h
pacy,_17/Vih Araoy_1Vir
— —a0, 1 — —————— —yVih
hV Y| [( n ot T T T2 Y )
X (V2W)E - e + (@0p—1 — yh)(V2W)E -]
- B (Ve VeV - ) (@01 — vh) + @ou-1 — vh))}

A o0p—1

+(1—Ar2/2)2 h I:nhagn_l_akahvkan—l_azcijbikbik—)/rz],
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ie.,
(Vih 4+ 2ph) pA|V2W| oo
%0 < v + pyh] h( = Ar2/2)
¢ Ah(prVr|V2¥| 4+ nh|VV¥|) AOy—1 2
4.17 L
“4.17) [ s T Vo ](h(l—/\rz/Z))
A\ 1/(n—1) o« On_y 2+41/(n—1)
B M(?) (h(l - Ar2/2))

Since ¢’ (h) = 1/¢(h) > 0, we have that ¢ (h) is strictly increasing. In conjunction with
Lemma 4.1, we find that ¢ (/) has positive upper and lower bounds. This also shows that
¢ (h) has positive upper and lower bounds. Using the previous estimates in Section 4.1,
the definition of A, and p € (1, n), it can be found that there exists a positive constant /1,
depending on the constants of Lemmas 4.1, 4.2 and 4.3, as well as Corollary 4.4, such that

(Vih + 2ph) pA|V2¥|
IV

+ pyh <1y,

and that there exists a positive constant /5, depending on Lemmas 4.1, 4.2 and 4.3, such

that
w4 h ¢’ N Ah(prVir|V2W| + nh|V¥))
¢ VY

and that there exists a positive constant /3 depending on Lemmas 4.1 and 4.3 such that

lo A(};—n)l/("_l) > L.

Therefore, (4.17) can be further estimated as

<1,

30 <110 + 1,0% — [;@>T1/(=),
By the maximum principle, we have
O, 1) < La,

for some -independent positive constant L,. Since 0,_; = G~!, we obtain a uniform
positive lower bound for the Gauss curvature. ]

From Lemma 4.1, as discussed in Section 2 (or see [46]), we know that the eigenvalues
of matrix {b;;} are positive, i.e., {;;} is positive definite, and that the principal curvatures
are the eigenvalues of {b"/}. Therefore, deriving a positive upper bound of the principal
curvatures of F(-,1) is equivalent to obtaining an upper bound of the eigenvalues of {b/ }.

Lemma 4.6. Under the assumptions of Lemma 4.1, the principal curvatures satisfy
ki(-,t)<Ls, fori=1,...,n—1,

where L3 is a positive constant independent of t.
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Proof. We study the following auxiliary function:
(4.18) E(E.1) = log tma (6”)) — alogh + 5 12,

where a and s are positive constants to be specified later, and (. is the maximal eigen-
value of {h”/}. We suppose that the spatial maximum of & (£, ) is attained at &, € §" !
for t > 0. By a rotation of coordinates, we can suppose that {b*/ (&, t)} is diagonal, and
that {pax = b'1(£o.1). Then, (4.18) can be rewritten as

€(6,1) = logh' — alogh + %rz.
It is sufficient to prove that & (-, ¢) has a positive upper bound. For convenience, we write

Vijh = h,’j and V,’_/r =Trij.
At the point &, we have

h.
0=V,& =—-b""V;b;; —a 7 + srr

Wi
(4.19) = b1V, (h1; +h811)—a7’ + s
and
11 11\2 2 hij hi2 2
“4.20) 0> V,‘j@ =—b V,‘jbll + (b )" (Vib11)” — G(T - /’l_2> + sr; 4+ srrij.

Furthermore, for t > 0,

ah
3,6 = —b"193,by; —a ’7 + 570,

dch
4.21) = b ((8;h)11 +8,h)—at7+sr8,r.

From equation (3.3), we write
(4.22) log(d:h + yh) = logao,—1 + A(E, 1),
where

A 1) =log(fhe(h)|[VY|P).
Differentiating (4.22),

(0¢h); + vhj

423
(423) 3.:h + yh

= > b Vbig + ViA,

and

@11 +yhi _ (vhi+@:h)1)? ’ . .
A h Gy = 2 b= ) b (Viby)’ £ VA,

By the Ricci identity on §”7!,

(4.24)

Vii1bij = Vijbi1 — 8ij b1 + 811 bij — 81ib1j + 61 bui.
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and (4.20), (4.21), (4.23) and (4.24), we have at & that

8;8 —bll((ath)ll +8th) 3th + ratr
= —a s
9:h + yh dath + vh h(0¢h + yh) d:h + yh
_ _pn <(3th)11 +yhu —yhu —yh+yh+ 3th)
9:h + yh
da:h rosr
—da S
h(d:h + yh) dch + yh
dh)11 + vhn y a ay rosr
bll ( _bll__
oh+yh itk R kS o+
< —b'" Y b Vb + b Y b (Vibi)? = b Vi A
1
(4.25) + y(1+a) ro.r

Oh+yh " ah+yh

=" B (Viibiy — biy + big) + b Y BT (Vi) — b Vi A
y(1 4+ a) ro.r

Oh+yh " ahtyh

hii  h?

Zbll(bll) (V; b11)2+2b” (T_h_lz) ZbiisriZ

= bfsrri + by BT (Viby)? — b Vi A

y(1+a) rosr ii 11
b''—m—-1)>b
+8h+yh+sah+ PR
l)a y(1+a)
_ btl A bll Vi1 A EA SRS
a)’ A S
rosr i 2 -
+S<—8,h~|—yh_zb (r; —i—rr”)),
where
hoth + 3 hi(9:h)k
3,r = . s
hh; hihgi  hibi;
(4.26) po= hi Y e ,
r r
hhij + h; hj + thhkij + thihkj hihjbiibjj
= r B 3
Thus,
ratr i
—— = b} ii
D DUSURSLD
hdh yIVh?
4.27 = —h bh; — bl h hi Vi A
“27) ahn DBy BLAL

nh_ah+yh Zb,,+2thkA
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Substituting (4.27) into (4.25),

0,8 y(1+a—sr?)
e b 4 nh YETATST) N py
8h+yh_ aZ +nh(a +s)+ B+ yh SZ i
(4.28) — D" Vit A +5 ) i ViA.
Next we calculate —b'! V1A and s Y hy Vi A. From the expression for A(£, 1), we
e e ph, L VY
k k
ViA = + + ktp ’
f ¢(h) |V
and
VoA — St = Jee f1 hhkl —hihy @ hihi + ¢ iy () hihy
kI = + -
f2 hz ¢ ¢2
+p VWl . VW[ [ V¥
VY| [V |2
Recall that
[VW(F,1)| = —VW(F,1)-E.
Lete!, ..., e" ! be an orthonormal frame on $”~!. By the Gauss formula on $"~!, we

deduce that

VUi = (VW -§); = VW e = V2U[E- (h; - ¢’ + hE)i] = =V WE - Fby,
and
(4.29) |V, = — V3Wekel . £by;bij —VPWel - X by + V2WE - £bj; —V2WE - ek by ;.

It follows that

thkaA—thk<fk +—+gh )— |V\If| W)ek - &) bk

(4.30) < 15— ps ——((V*W)e* - £) b,

IV‘PI

and

iy A = _pu[ LS hhn =k @Y+ ¢ hu (@R
B I el

V¥l (IV¥]y)?
bll | bll
vl TP e

(V2W)el - £

(4.31) < b 4 ¢34 cabyy + pb'ibin U

where ¢y, 2, c3 and ¢4 are positive constants independent of ¢.
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From (4.19) and (4.26), we have
hi hi
' biyy = —a - +srri = —a — + sh; by;.
h h
This, together with (4.31), yields
—b1' VA < b+ ez 4 cabyy +css Zbii +cea,
where c5 and cg are positive constants independent of 7. Hence
4.32) —pl ViiA + s thVkA <Cis+Cra+c3 pl! +Cab1y +Css Zb” + Cé.

Substituting (4.32) into (4.28), if we choose s > a, then

9.8 .
athtTyh S—Clzb” +nh(a+S)—SZbii +83b 4+ G4 by +55szbii + Cs.

Furthermore, let @ > ¢3, and let '’ be large enough. Then,

0:8 <0
och + yh '
Therefore B
€(5o.1) = €(o.1) = Ls,
for some positive constant L3 independent of . The proof is completed. ]

As a consequence of Lemmas 4.5 and 4.6, we obtain the following corollary.

Corollary 4.7. Under the assumptions of Lemma 4.1, the principal curvatures satisfy
Ly <ki(-,t) <Lz, fori=1,....,n—1,

forall (-,t) € 8”1 x (0,T). Here, Ly is a positive constant independent of t.

5. Proofs of main theorems

5.1. Proof of Theorem 1.1

From the C 2-estimates obtained in Corollary 4.7, we know that equation (3.3) is uniformly
parabolic on any finite time interval and has short time existence. By the C°, C! and
C?2-estimates (Lemmas 4.1 and 4.2, and Corollary 4.7), and Krylov’s theory [34], we get
the Holder continuity of V24 and d,h. Then we get estimates for higher order derivatives
by the regularity theory of uniformly parabolic equations. Therefore, we obtain the long-
time existence and regularity of the solution to equation (3.3). Moreover, we have

(GRY; C

”h ”Cé:t/ (Sn—l x[0,T)) S

for some C > 0, independent of 7, and for each pair of nonnegative integers i and j.
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With the aid of the Arzela—Ascoli theorem and a diagonal argument, we deduce that
there exist a sequence of ¢, denoted by {fx }xreny C (0, 00), and a smooth function /(&)
such that

(5.2) IAE. k) —hE)lci(sn—1)y — 0

uniformly for any nonnegative integer i as t; — co. This shows that 4 (£) is a support func-
tion of a convex hypersurface. If €2 is the convex body determined by /(£), we conclude
that €2 is smooth and strictly convex with the origin in its interior.

We prove now that (1.7) has a non-symmetric smooth solution. From Lemma 3.1, we
see that

(5.3) 0:Cp(2;) = 0.
If there exists a time 7 such that
8:Cp(R0)|,_; = 0.
then, by the equality condition in Lemma 3.1, we have
feh) IVU(F. D) o1 =7,

for some constant 7 > 0, that is, the support function 4(£,7) of Q7 satisfies equation (1.7).

Next we analyze the case of 9;C,(€2;) > 0. From the proof of Corollary 4.4, we infer
that there exists a positive constant £, independent of ¢, such that

(5.4) Cr(Q)) = &£,

and such that d,C, (2,) is uniformly continuous.
Combining (5.3) and (5.4), and applying the fundamental theorem of calculus, we
obtain

/0 Cl(Q)dt = Cp(Q1) — Cp(R) < Cp(Q) < £.

which leads to ~
/0 CIQ(Q,) dt < &£.

This implies that there exists a subsequence of times #; — oo such that

[jli—I>noo ath(Qtj) = 0
From the proof of Lemma 3.1, we have

WG|, = (=) [ IVUE Do bhdE], .
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Passing to the limit, we have

0= tllm 8,CP(Q,)
i —>00

1=t;

p— 2
- hoo P (hoo) |VU|“P 6,1 d
fsmfw, T [ [, Fhostthmrivopraz as [ e

- (fsn_l hoo|VW|? 5,Hdg) ]

> —fsn-llg(—;‘;dé[(/sn—lhooWMp&"_l d$)2_(/sn_lhoo|V\If|P6n—1 ds)2]=

This means that
f¢(hoo) |V\y|p6n—l =T,

for some constant 7 > 0, where /1, and 6,1 are the support function and the product of
the principal curvature radii of the limit convex domain €2, respectively. The proof of

Theorem 1.1 is completed.
Proof of Theorem 1.3
Let /1 and &, be two solutions of equation (1.7). We first prove the following fact:

5.5 maxh—1 <1
h

We use proof by contradiction. Suppose (5.5) is not true, namely, max &1 /h, > 1. Suppose
that max 1 /h» is attained at zg € S~ Then hy(zo) > h2(z0). Let P = log(hy/ h»).

At zg, we have that

V]’ll th 2 Vzhl V2hZ
0=vVP = _ Y2 4 0> V2P = _ .
o b, e U= h1 Iy

By (1.7) and the homogeneity of p-capacitary measure (see [16]), one has

() [VU(Vho)|P det(V2hy + hp ) $lha) By 77" det(T22 4 1)
¢(h) [VO(VR)IP det(VZhy + hid)  (hy) hy 777" det(Y2 + 1)
_ p) iy det(GR + 1) p(hy) P!
= g 7 e t(V”“ +1) gy
Let h5(z9) = §h1(z0). Then we have
¢ (Shy) < 821" P (hy).

Since § > 1, it follows that h5(z¢) > h1(zg). This is a contradiction. Thus (5.5) holds.

Interchanging % and A5, (5.5) implies

ha
max — < 1.
1

Combining this with (5.5), we have i1 = h,. The proof of Theorem 1.3 is completed.
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5.2. Proof of Theorem 1.4

Let ¢ be as in Theorem 1.4, and let 1 be a finite Borel measure on $”~!. Given a function
f:8"1 = (0, 00), we define the following measure:

1
dur = —d§.
w=7 §
Suppose ¢ is smooth. By the proof of Lemma 3.7 in [10], there exists a family { fx} C
C>®(8"~1) of positive functions so that s, — p as k — oo, weakly.

Let Q¢ = B be the unit ball in R”. For a smooth, closed, and strictly convex hyper-
surface 2, its support function satisfies the flow (3.3) and A(-, 0) = 1. From The-
orem 1.1, we know that the domain €2, x converges in C* to a smooth, closed, and strictly
convex hypersurface Qo % ast — 00, and satisfies

n—p Cp(Rook)
p—1 .[Sn—l [tho,k /¢(thok)] d/“(/fk
We shall obtain now uniform upper and lower bounds for Ag__ . Choose v € $”~!, and

let i be the support function of the line segment joining +v. It follows from Lemma 3.6
and Corollary 3.7 in [30] that there exists a constant d > 0 such that

(5.6) ¢(h§2°o,k) dl'Lp (Qoo,k, D)=

dug, .

(5.7) i 1hslle,uy, = d.

for all k. For any v € $"~!, let Ry be the maximal distance from the origin t0 Qe 4. We
have that £ Rgv € Qoo k, thus Rihy(§) < h(Qook, &) forall £ € $771.
Furthermore, we define

o)== [ e, dug.

il
By Lemma 3.2, we have %Cbk (t) = 0, it follows that O () = P (0) = ¢(1). From (2.5),
it suffices to have

112, s gy, < 1.

Combining (2.6) with Lemma 4 in [26], one has
(5.8) Ry vénéi,gl 175ll.er, = RicllPsllgsas, < IQupllosy, =1

The uniform upper bound of g, follows from (5.7) and (5.8).

By Lemma 1 in [40], Lemma 3.1, and the upper bound of /¢ we get, for p € (1,n),

00,k ?

p—1\r-1 p—1\r-1
5@ 2 (=) Qo0 z (775) G0 = o

where ¢« is the unit ball B, and ¢y is a positive constant depending on p and C,(B).
This means that hq_, has a uniform lower bound. Hence, we can find some positive
constants ¢; and ¢5, 1ndependent of k, such that

1 <hgg, <ca.
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Therefore, there are positive numbers ¢ and C, depending on ¢ and c;, such that

= Jon1 plhg ) T

for large enough k.

By the Blaschke selection theorem, we deduce that €2, x converges to a convex hyper-
surface 24,0. Taking the limit & — oo in (5.6), combining the positive homogeneity and
weak convergence of p-capacitary measure (see [16]), we can find a convex body €2,
generated by Q,0, such that

29 (he) diy(Q,) = dp

for some positive constant A. Thus €2 is the desired solution. A further approximation
allows us to confirm that ¢ is merely continuous. ]

Acknowledgements. The authors would like to express their heartfelt thanks to Profess-
ors X. Zhang and X. Cao for their helpful comments and suggestions.

Funding. This work was partially supported by the Natural Science Foundation of China,
grants no. 12271254 and 12141104.

References

[1] Akman, M., Gong, J., Hineman, J., Lewis, J. and Vogel, A.: The Brunn—Minkowski inequal-
ity and a Minkowski problem for nonlinear capacity. Mem. Amer. Math. Soc. 275 (2022),
no. 1348, vi+115. Zbl 1483.35093 MR 4352469

[2] Akman, M. and Mukherjee, S.: On the Minkowski problem for p-harmonic measures. Calc.
Var. Partial Differential Equations 64 (2025), no. 1, article no. 36, 38 pp. Zbl 07962036
MR 4840551

[3] Andrews, B., Chen, X. and Wei, Y.: Volume preserving flow and Alexandrov—Fenchel type
inequalities in hyperbolic space. J. Eur. Math. Soc. (JEMS) 23 (2021), no. 7, 2467-25009.
7Zbl 1482.53116 MR 4269419

[4] Boroczky, K.J., Lutwak, E., Yang, D. and Zhang, G.: The logarithmic Minkowski problem.
J. Amer. Math. Soc. 26 (2013), no. 3, 831-852. Zbl 1272.52012 MR 3037788

[5] Bryan, P, Ivaki, M. N. and Scheuer, J.: Orlicz-Minkowski flows. Calc. Var. Partial Differential
Equations 60 (2021), no. 1, article no. 41, 25 pp. Zbl 1458.53094 MR 4204567

[6] Caffarelli, L. A.: A localization property of viscosity solutions to the Monge—Ampere equation
and their strict convexity. Ann. of Math. (2) 131 (1990), no. 1, 129-134. Zbl 0704.35045
MR 1038359

[7] Caffarelli, L. A.: Interior W2:P estimates for solutions of the Monge—Ampere equation. Ann.
of Math. (2) 131 (1990), no. 1, 135-150. Zbl 0704.35044 MR 1038360

[8] Caffarelli, L. A.: Some regularity properties of solutions of Monge—Ampere equation. Comm.
Pure Appl. Math. 44 (1991), no. 8-9, 965-969. Zbl 0761.35028 MR 1127042


https://doi.org/10.1090/memo/1348
https://doi.org/10.1090/memo/1348
https://zbmath.org/?q=an:1483.35093
https://mathscinet.ams.org/mathscinet-getitem?mr=4352469
https://doi.org/10.1007/s00526-024-02865-8
https://zbmath.org/?q=an:07962036
https://mathscinet.ams.org/mathscinet-getitem?mr=4840551
https://doi.org/10.4171/jems/1059
https://doi.org/10.4171/jems/1059
https://zbmath.org/?q=an:1482.53116
https://mathscinet.ams.org/mathscinet-getitem?mr=4269419
https://doi.org/10.1090/S0894-0347-2012-00741-3
https://zbmath.org/?q=an:1272.52012
https://mathscinet.ams.org/mathscinet-getitem?mr=3037788
https://doi.org/10.1007/s00526-020-01886-3
https://zbmath.org/?q=an:1458.53094
https://mathscinet.ams.org/mathscinet-getitem?mr=4204567
https://doi.org/10.2307/1971509
https://doi.org/10.2307/1971509
https://zbmath.org/?q=an:0704.35045
https://mathscinet.ams.org/mathscinet-getitem?mr=1038359
https://doi.org/10.2307/1971510
https://zbmath.org/?q=an:0704.35044
https://mathscinet.ams.org/mathscinet-getitem?mr=1038360
https://doi.org/10.1002/cpa.3160440809
https://zbmath.org/?q=an:0761.35028
https://mathscinet.ams.org/mathscinet-getitem?mr=1127042

B. Chen, W. Wang, X. Zhao and P. Zhao 24

(91

(10]

(1]

[12]

[13]

(14]

(15]

[16]

[17]

(18]

(19]

(20]

(21]

[22]

(23]

[24]

[25]

(26]

(27]

Chen, C., Huang, Y. and Zhao, Y.: Smooth solutions to the L, dual Minkowski problem. Math.
Ann. 373 (2019), no. 3-4, 953-976. Zbl 1417.52008 MR 3953117

Chen, H. and Li, Q.-R.: The L) dual Minkowski problem and related parabolic flows. J. Funct.
Anal. 281 (2021), no. 8, article no. 109139, 65 pp. Zbl 1469.35115 MR 4271790

Chen, L., Wu, D. and Xiang, N.: Smooth solutions to the Gauss image problem. Pacific J.
Math. 317 (2022), no. 2, 275-295. Zbl 1497.35288 MR 4452501

Chen, Z. and Dai, Q.: The L, Minkowski problem for torsion. J. Math. Anal. Appl. 488 (2020),
no. 1, article no. 124060, 26 pp. Zbl 1440.52014 MR 4079596

Chou, K.-S. and Wang, X.-J.: A logarithmic Gauss curvature flow and the Minkowski problem.
Ann. Inst. H. Poincaré C Anal. Non Linéaire 17 (2000), no. 6, 733-751. Zbl 1071.53534
MR 1804653

Chou, K.-S. and Wang, X.-J.: The L,-Minkowski problem and the Minkowski problem in
centroaffine geometry. Adv. Math. 205 (2006), no. 1, 33-83. Zbl 1245.52001 MR 2254308

Colesanti, A. and Fimiani, M.: The Minkowski problem for torsional rigidity. Indiana Univ.
Math. J. 59 (2010), no. 3, 1013-1039. Zbl 1217.31001 MR 2779070

Colesanti, A., Nystrom, K., Salani, P., Xiao, J., Yang, D. and Zhang, G.: The Hadamard
variational formula and the Minkowski problem for p-capacity. Adv. Math. 285 (2015), 1511-
1588. Zbl 1327.31024 MR 3406534

Feng, Y., Zhou, Y. and He, B.: The L) electrostatic g-capacitary Minkowski problem for
general measures. J. Math. Anal. Appl. 487 (2020), no. 1, article no. 123959, 18 pp.
7Zbl 1436.78003 MR 4066736

Firey, W.J.: p-means of convex bodies. Math. Scand. 10 (1962), 17-24. Zbl 0188.27303
MR 0141003

Firey, W.J.: Shapes of worn stones. Mathematika 21 (1974), 1-11. Zbl 0311.52003
MR 0362045

Gardner, R.J.: Geometric tomography. Second edition. Encyclopedia Math. Appl. 58, Cam-
bridge University Press, New York, 2006. Zbl 1102.52002 MR 2251886

Gardner, R.J., Hug, D. and Weil, W.: The Orlicz—Brunn—Minkowski theory: a general frame-
work, additions, and inequalities. J. Differential Geom. 97 (2014), no. 3, 427-476.
Zbl 1303.52002 MR 3263511

Gilbarg, D. and Trudinger, N. S.: Elliptic partial differential equations of second order. Clas-
sics in Mathematics, Springer, Berlin, 2001. Zbl 1042.35002 MR 1814364

Guan, B. and Guan, P.: Convex hypersurfaces of prescribed curvatures. Ann. of Math. (2) 156
(2002), no. 2, 655-673. Zbl 1025.53028 MR 1933079

Guan, P, Li, J. and Li, Y.: Hypersurfaces of prescribed curvature measure. Duke Math. J. 161
(2012), no. 10, 1927-1942. Zbl 1254.53073 MR 2954620

Guan, P. and Ma, X.-N.: The Christoffel-Minkowski problem. I. Convexity of solutions of a
Hessian equation. Invent. Math. 151 (2003), no. 3, 553-577. Zbl 1213.35213 MR 1961338

Haberl, C., Lutwak, E., Yang, D. and Zhang, G.: The even Orlicz Minkowski problem. Adv.
Math. 224 (2010), no. 6, 2485-2510. Zbl 1198.52003 MR 2652213

Hong, H., Ye, D. and Zhang, N.: The p-capacitary Orlicz-Hadamard variational formula and
Orlicz—Minkowski problems. Calc. Var. Partial Differential Equations 57 (2018), no. 1, article
no. 5, 31 pp. Zbl 1384.52003 MR 3735745


https://doi.org/10.1007/s00208-018-1727-3
https://zbmath.org/?q=an:1417.52008
https://mathscinet.ams.org/mathscinet-getitem?mr=3953117
https://doi.org/10.1016/j.jfa.2021.109139
https://zbmath.org/?q=an:1469.35115
https://mathscinet.ams.org/mathscinet-getitem?mr=4271790
https://doi.org/10.2140/pjm.2022.317.275
https://zbmath.org/?q=an:1497.35288
https://mathscinet.ams.org/mathscinet-getitem?mr=4452501
https://doi.org/10.1016/j.jmaa.2020.124060
https://zbmath.org/?q=an:1440.52014
https://mathscinet.ams.org/mathscinet-getitem?mr=4079596
https://doi.org/10.1016/S0294-1449(00)00053-6
https://zbmath.org/?q=an:1071.53534
https://mathscinet.ams.org/mathscinet-getitem?mr=1804653
https://doi.org/10.1016/j.aim.2005.07.004
https://doi.org/10.1016/j.aim.2005.07.004
https://zbmath.org/?q=an:1245.52001
https://mathscinet.ams.org/mathscinet-getitem?mr=2254308
https://doi.org/10.1512/iumj.2010.59.3937
https://zbmath.org/?q=an:1217.31001
https://mathscinet.ams.org/mathscinet-getitem?mr=2779070
https://doi.org/10.1016/j.aim.2015.06.022
https://doi.org/10.1016/j.aim.2015.06.022
https://zbmath.org/?q=an:1327.31024
https://mathscinet.ams.org/mathscinet-getitem?mr=3406534
https://doi.org/10.1016/j.jmaa.2020.123959
https://doi.org/10.1016/j.jmaa.2020.123959
https://zbmath.org/?q=an:1436.78003
https://mathscinet.ams.org/mathscinet-getitem?mr=4066736
https://doi.org/10.7146/math.scand.a-10510
https://zbmath.org/?q=an:0188.27303
https://mathscinet.ams.org/mathscinet-getitem?mr=0141003
https://doi.org/10.1112/S0025579300005714
https://zbmath.org/?q=an:0311.52003
https://mathscinet.ams.org/mathscinet-getitem?mr=0362045
https://doi.org/10.1017/CBO9781107341029
https://zbmath.org/?q=an:1102.52002
https://mathscinet.ams.org/mathscinet-getitem?mr=2251886
https://doi.org/10.4310/jdg/1406033976
https://doi.org/10.4310/jdg/1406033976
https://zbmath.org/?q=an:1303.52002
https://mathscinet.ams.org/mathscinet-getitem?mr=3263511
https://doi.org/10.1007/978-3-642-61798-0
https://zbmath.org/?q=an:1042.35002
https://mathscinet.ams.org/mathscinet-getitem?mr=1814364
https://doi.org/10.2307/3597202
https://zbmath.org/?q=an:1025.53028
https://mathscinet.ams.org/mathscinet-getitem?mr=1933079
https://doi.org/10.1215/00127094-1645550
https://zbmath.org/?q=an:1254.53073
https://mathscinet.ams.org/mathscinet-getitem?mr=2954620
https://doi.org/10.1007/s00222-002-0259-2
https://doi.org/10.1007/s00222-002-0259-2
https://zbmath.org/?q=an:1213.35213
https://mathscinet.ams.org/mathscinet-getitem?mr=1961338
https://doi.org/10.1016/j.aim.2010.02.006
https://zbmath.org/?q=an:1198.52003
https://mathscinet.ams.org/mathscinet-getitem?mr=2652213
https://doi.org/10.1007/s00526-017-1278-6
https://doi.org/10.1007/s00526-017-1278-6
https://zbmath.org/?q=an:1384.52003
https://mathscinet.ams.org/mathscinet-getitem?mr=3735745

Inverse Gauss curvature flow and p-capacitary Orlicz—Minkowski problem 25

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

[40]

(41]

[42]

(43]

[44]

[45]

[46]

Hu, Y. and Li, H.: Geometric inequalities for hypersurfaces with nonnegative sectional
curvature in hyperbolic space. Calc. Var. Partial Differential Equations 58 (2019), no. 2, article
no. 55,20 pp. Zbl 1432.53134 MR 3916118

Hu, Y., Li, H. and Wei, Y.: Locally constrained curvature flows and geometric inequalities in
hyperbolic space. Math. Ann. 382 (2022), no. 3-4, 1425-1474. Zbl 1495.53100
MR 4403226

Huang, Q. and He, B.: On the Orlicz Minkowski problem for polytopes. Discrete Comput.
Geom. 48 (2012), no. 2, 281-297. Zbl 1255.52006 MR 2946448

Huang, Y., Lutwak, E., Yang, D. and Zhang, G.: Geometric measures in the dual Brunn—
Minkowski theory and their associated Minkowski problems. Acta Math. 216 (2016), no. 2,
325-388. Zbl 1372.52007 MR 3573332

Ivaki, M. N.: Deforming a hypersurface by principal radii of curvature and support function.
Calc. Var. Partial Differential Equations 58 (2019), no. 1, article no. 1, 18 pp.
Zbl 1403.53057 MR 3880311

Jerison, D.: A Minkowski problem for electrostatic capacity. Acta Math. 176 (1996), no. 1,
1-47. Zbl 0880.35041 MR 1395668

Krylov, N. V.: Nonlinear elliptic and parabolic equations of the second order. Math. Appl.
(Soviet Ser.) 7, D. Reidel, Dordrecht, 1987. Zbl 0619.35004 MR 0901759

Lewis, J. L. and Nystrom, K.: Regularity and free boundary regularity for the p Laplacian in
Lipschitz and C 1 domains. Ann. Acad. Sci. Fenn. Math. 33 (2008), no. 2, 523-548.
Zbl 1202.35110 MR 2431379

Li, A.-J.: The generalization of Minkowski problems for polytopes. Geom. Dedicata 168
(2014), 245-264. Zbl 1291.52003 MR 3158042

Li, H., Wei, Y. and Xiong, C.: A geometric inequality on hypersurface in hyperbolic space.
Adv. Math. 253 (2014), 152-162. Zbl 1316.53077 MR 3148549

Liu, Y. and Lu, J.: A flow method for the dual Orlicz—Minkowski problem. Trans. Amer. Math.
Soc. 373 (2020), no. 8, 5833-5853. Zbl 1458.35214 MR 4127893

Lu, X. and Xiong, G.: The L, Minkowski problem for the electrostatic p-capacity for p = n.
Indiana Univ. Math. J. 70 (2021), no. 5, 1869-1901. Zbl 1483.31025 MR 4340484

Ludwig, M., Xiao, J. and Zhang, G.: Sharp convex Lorentz—Sobolev inequalities. Math. Ann.
350 (2011), no. 1, 169-197. Zbl 1220.26020 MR 2785767

Lutwak, E.: The Brunn—-Minkowski—Firey theory. I. Mixed volumes and the Minkowski prob-
lem. J. Differential Geom. 38 (1993), no. 1, 131-150. Zbl 0788.52007 MR 1231704

Lutwak, E. and Oliker, V.: On the regularity of solutions to a generalization of the Minkowski
problem. J. Differential Geom. 41 (1995), no. 1, 227-246. Zbl 0867.52003 MR 1316557

Lutwak, E., Yang, D. and Zhang, G.: Orlicz centroid bodies. J. Differential Geom. 84 (2010),
no. 2, 365-387. Zbl 1206.49050 MR 2652465

Lutwak, E., Yang, D. and Zhang, G.: Orlicz projection bodies. Adv. Math. 223 (2010), no. 1,
220-242. 7Zbl 1437.52006 MR 2563216

Schneider, R.: Convex bodies: the Brunn—Minkowski theory. Second edition. Encyclopedia
Math. Appl. 151, Cambridge University Press, Cambridge, 2013. Zbl 1287.52001
MR 3155183

Urbas, J.I. E.: An expansion of convex hypersurfaces. J. Differential Geom. 33 (1991), no. 1,
91-125. Zbl 0746.53006 MR 1085136


https://doi.org/10.1007/s00526-019-1488-1
https://doi.org/10.1007/s00526-019-1488-1
https://zbmath.org/?q=an:1432.53134
https://mathscinet.ams.org/mathscinet-getitem?mr=3916118
https://doi.org/10.1007/s00208-020-02076-4
https://doi.org/10.1007/s00208-020-02076-4
https://zbmath.org/?q=an:1495.53100
https://mathscinet.ams.org/mathscinet-getitem?mr=4403226
https://doi.org/10.1007/s00454-012-9434-4
https://zbmath.org/?q=an:1255.52006
https://mathscinet.ams.org/mathscinet-getitem?mr=2946448
https://doi.org/10.1007/s11511-016-0140-6
https://doi.org/10.1007/s11511-016-0140-6
https://zbmath.org/?q=an:1372.52007
https://mathscinet.ams.org/mathscinet-getitem?mr=3573332
https://doi.org/10.1007/s00526-018-1462-3
https://zbmath.org/?q=an:1403.53057
https://mathscinet.ams.org/mathscinet-getitem?mr=3880311
https://doi.org/10.1007/BF02547334
https://zbmath.org/?q=an:0880.35041
https://mathscinet.ams.org/mathscinet-getitem?mr=1395668
https://zbmath.org/?q=an:0619.35004
https://mathscinet.ams.org/mathscinet-getitem?mr=0901759
https://zbmath.org/?q=an:1202.35110
https://mathscinet.ams.org/mathscinet-getitem?mr=2431379
https://doi.org/10.1007/s10711-013-9829-2
https://zbmath.org/?q=an:1291.52003
https://mathscinet.ams.org/mathscinet-getitem?mr=3158042
https://doi.org/10.1016/j.aim.2013.12.003
https://zbmath.org/?q=an:1316.53077
https://mathscinet.ams.org/mathscinet-getitem?mr=3148549
https://doi.org/10.1090/tran/8130
https://zbmath.org/?q=an:1458.35214
https://mathscinet.ams.org/mathscinet-getitem?mr=4127893
https://doi.org/10.1512/iumj.2021.70.8719
https://zbmath.org/?q=an:1483.31025
https://mathscinet.ams.org/mathscinet-getitem?mr=4340484
https://doi.org/10.1007/s00208-010-0555-x
https://zbmath.org/?q=an:1220.26020
https://mathscinet.ams.org/mathscinet-getitem?mr=2785767
https://doi.org/10.4310/jdg/1214454097
https://doi.org/10.4310/jdg/1214454097
https://zbmath.org/?q=an:0788.52007
https://mathscinet.ams.org/mathscinet-getitem?mr=1231704
https://doi.org/10.4310/jdg/1214456011
https://doi.org/10.4310/jdg/1214456011
https://zbmath.org/?q=an:0867.52003
https://mathscinet.ams.org/mathscinet-getitem?mr=1316557
https://doi.org/10.4310/jdg/1274707317
https://zbmath.org/?q=an:1206.49050
https://mathscinet.ams.org/mathscinet-getitem?mr=2652465
https://doi.org/10.1016/j.aim.2009.08.002
https://zbmath.org/?q=an:1437.52006
https://mathscinet.ams.org/mathscinet-getitem?mr=2563216
https://doi.org/10.1017/CBO9781139003858
https://zbmath.org/?q=an:1287.52001
https://mathscinet.ams.org/mathscinet-getitem?mr=3155183
https://doi.org/10.4310/jdg/1214446031
https://zbmath.org/?q=an:0746.53006
https://mathscinet.ams.org/mathscinet-getitem?mr=1085136

B. Chen, W. Wang, X. Zhao and P. Zhao 26

[47] Wang, W. and He, R.: The discrete logarithmic Minkowski problem for g-capacity. J. Math.
Anal. Appl. 511 (2022), no. 2, article no. 126101, 16 pp. Zbl 1487.52009 MR 4387909

[48] Xi, D.,Jin, H. and Leng, G.: The Orlicz Brunn—Minkowski inequality. Adv. Math. 260 (2014),
350-374. Zbl 1357.52004 MR 3209355

[49] Xiong, G., Xiong, J. and Xu, L.: The L, capacitary Minkowski problem for polytopes.
J. Funct. Anal. 277 (2019), no. 9, 3131-3155. Zbl 1441.52005 MR 3997631

[50] Zou, D. and Xiong, G.: The L, Minkowski problem for the electrostatic p-capacity. J. Differ-
ential Geom. 116 (2020), no. 3, 555-596. Zbl 1453.31012 MR 4182897

Received June 26, 2024; revised February 27, 2025.

Bin Chen

School of Science, Lanzhou University of Technology

Langongping Road, 730050 Lanzhou;

School of Mathematics and Statistics, Nanjing University of Science and Technology
Xiaoling Wei Road, 210094 Nanjing, P. R. China;

chenb121223@163.com

Weidong Wang

Three Gorges Mathematical Research Center, China Three Gorges University
Daxue Road, 443002 Yichang, P.R. China;

wangwd722@163.com

Xia Zhao

School of Mathematics and Statistics, Nanjing University of Science and Technology
Xiaoling Wei Road, 210094 Nanjing, P. R. China;

zhaoxia20161227@163.com

Peibiao Zhao (corresponding author)

School of Mathematics and Statistics, Nanjing University of Science and Technology
Xiaoling Wei Road, 210094 Nanjing, P.R. China;

pbzhao @njust.edu.cn


https://doi.org/10.1016/j.jmaa.2022.126101
https://zbmath.org/?q=an:1487.52009
https://mathscinet.ams.org/mathscinet-getitem?mr=4387909
https://doi.org/10.1016/j.aim.2014.02.036
https://zbmath.org/?q=an:1357.52004
https://mathscinet.ams.org/mathscinet-getitem?mr=3209355
https://doi.org/10.1016/j.jfa.2019.06.008
https://zbmath.org/?q=an:1441.52005
https://mathscinet.ams.org/mathscinet-getitem?mr=3997631
https://doi.org/10.4310/jdg/1606964418
https://zbmath.org/?q=an:1453.31012
https://mathscinet.ams.org/mathscinet-getitem?mr=4182897
mailto:chenb121223@163.com
mailto:wangwd722@163.com
mailto:zhaoxia20161227@163.com
mailto:pbzhao@njust.edu.cn

	1. Introduction
	2. Preliminaries
	3. Inverse curvature flow and its associated functional
	4. A priori estimates
	5. Proofs of main theorems
	References

