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Quantitative homogenization of the compressible
Navier-Stokes equations towards Darcy’s law

Richard M. Hofer, Sarka Necasov4, and Florian Oschmann

Abstract. We consider the solutions pg, u, to the compressible Navier—Stokes equations (NSE) in a
domain periodically perforated by holes of diameter ¢ > 0. We focus on the case where the diameter
of the holes is of the same order as the distance between neighboring holes. This is the same as the
setting investigated by Masmoudi [ESAIM Control Optim. Calc. Var. 8 (2002), 885-906], where
convergence pg, Ug of the system to the porous medium equation has been shown. We prove a
quantitative version of this convergence result provided that the solution of the limiting system is
sufficiently regular. The proof builds on the relative energy inequality satisfied by the compressible
NSE.

1. Introduction

The effect of small particles (also called obstacles or holes) in an incompressible or com-
pressible fluid has attracted considerable interest during the last decades. The question
of whether and, if yes, in what way many particles affect the fluid goes back to Darcy’s
experimental studies [11] and has been addressed in a rigorous mathematical way via
homogenization since the work of Tartar [51]. The main outcomes are heuristically the
following:

(1) Tiny holes are not felt by the fluid, hence the equations stay the same.

(2) For critically sized holes, an extra friction term of the same order of magnitude as
internal friction arises as first proposed by Brinkman [9].

(3) For larger particles, the additional friction term dominates over internal friction,
thus leading to Darcy’s law, which can be written in terms of a porous medium
equation for compressible flows.

The rigorous proofs of these results for stationary incompressible Stokes and Navier—
Stokes equations (NSE) were given by Tartar [51], Allaire [1-3], and later for the evolu-
tionary case by Mikeli¢ [39], Feireisl, Namlyeyeva, and NeCasova [18], Lu and Yang [35]
(see also [8] and [29]). Without being exhaustive, we also refer to related results for more
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general (random) particle configurations and inhomogeneous Dirichlet boundary condi-
tions [5, 10, 12,23-25,27], very large Reynolds numbers [26], and non-Newtonian fluids
[33].

Similar homogenization results for compressible fluids are rather rare and mainly
focus on the case of tiny particles which do not affect the limiting equations. Station-
ary NSE in three spatial dimensions have been considered by Feireisl and Lu in [17].
Building on this, results for a wider class of pressure functions [14], for two-dimensional
flows [42], for nonstationary flows [34,41,46], for randomly distributed holes [7], and for
heat conducting fluids [4,32,45,47] have been achieved, just to name a few.

The first rigorous result on homogenization of compressible NSE, however, has been
given by Masmoudi [38], where he considered the case of large particles, the radius of
which is proportional to their mutual distance. He gave a qualitative convergence result
to the porous medium equation. To the authors’ knowledge, this is the only available
homogenization result for the compressible NSE where the particles are large enough
to affect the limit which is still compressible (see however [6, 28] for homogenization
results with a combined low Mach number limit). In the case of the Navier—Stokes—Fourier
equations, a similar result has been obtained by Feireisl, Novotny, and Takahashi [22]. An
analogous problem for a quasi-static nonlocal version of the Navier—Stokes—Korteweg
system has been considered in [48] where a nonlocal Cahn—Hilliard system is obtained in
the homogenization limit.

The purpose of the present contribution is to revisit the setting in [38] and to give a
quantitative version of the convergence result to the porous medium equation. Conver-
gence rates are an important aspect of homogenization theory in order to provide links to
applications. In the case of the incompressible Stokes equations with particle distances of
the same order as their radii, such quantitative homogenization results have been achieved
in [37,50]. We combine classical homogenization correctors with the method of relative
energies to obtain similar results for the compressible NSE. In particular, our methods dif-
fer substantially from the ones in [38] which are mostly based on compactness and duality
arguments. We provide results on both the three-dimensional torus and bounded domains.
The convergence rates we obtain seem suboptimal, caused by the lack of regularity of the
pressure. Our results hold for adiabatic exponents y > 2 and a large range of Reynolds
numbers.

1.1. Setting

Let Q be either a smooth bounded domain in R3, or @ = T3 = R3 / 773 be the three-
dimensional (flat) torus. Denote Q = (—1, 1)3 and By € Q the unit ball. Let @ € By, the
reference particle, be a fixed closed simply connected set with 0 € O as an inner point and
smooth boundary such that B; \ O is a connected open set, as in Figure 1.

For & > 0, we cover the set Q with a regular mesh of size 2¢ and we denote by x; the
center of the cell with index i at level &. Let Q¢ = x{ + £Q be the cell with center x?,
andi € {1,..., N(e)} be those indices for which the cell Q7 is entirely included in £2. In
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Figure 1. A single cell

each of the cells, consider the particle
O =x; +e0, i=1,...,N(e).

Now we define the perforated domain €2, by

N(¢e)

Q. =\ o (1.1

i=1

All the objects defined above are illustrated in Figure 2. We remark that such a perforated
domain can be viewed as a toy model for a porous medium. In more realistic models, both
the fluid and the solid phase (the holes) are connected (see [1] for such homogenization
result for Stokes flows).

If Q = T3, we will conveniently restrict ourselves to consider only & > 0 with (2¢) ! €

Z. In this way, we have
N(¢e)

e=Jo:

i=1
Let o > 0 and n = 0 be fixed constants and denote for any matrix A4,

S(A4) = ,u(A FAT - %Tr(A) Id) 0 Tr(A)Id. (1.2)

For simplicity, we set u = 1. For T > 0, we consider the compressible NSE

¢ pe + div(psug) = 0 in (0,7) x €,
4 (1 (peue) + div(peue ® ug))
—2divS(Vug) + Vp(ps) = psf in(0,T) x Q, (1.3)
u, =0 on (0,7) x 092,
pe(0.°) = peo, (Peue)(0,:) =mgo  in €2,
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for some given initial data pgo, mgg, and A > 0. We assume the pressure is a function
p € C([0,00)) N C2((0, 00)) satisfying, for some y > 3,
_ , . p'(s)
p0)=0, p'(s)>0 (fors>0), lim Poo > 0. (1.4)

s—oo g¥—1

Remark 1.1. As the assumptions on the pressure p are rather technical, we emphasize
that the reader should always have in mind the prototypical example of the adiabatic pres-
sure law p(s) = s?, for which all the statements in this article hold true.

Under these assumptions, existence of weak solutions to (1.3) is known for suitable
initial data and f as we will discuss in Section 2. The target system is Darcy’s law for the
fluid, and the continuity equation for the density, i.e.,

00;p + div(pu) = 0 in(0,7) x 2,
K lu+ Vp(p) = pf in(0,7) x 2, (1.5)
(pu)-m=0 on (0,7) x 0€2, '

p(ov ) = o, (Pu)(o» ) = my in Q.

Note that the boundary condition (pu) - n = 0 on Q2 is empty if @ = T3, and we will
replace K~ by K1 if the viscosity s # 1. Here, 6 € (0, 1) is the porosity, i.e., the
(asymptotic) volume fraction of the fluid domain,

,._los\o _10\ol ol
ETeH 0 ol

(1.6)
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Moreover, the permeability K € R3*3 (resp. the resistance K1) is a constant positive
definite matrix which is defined in (1.16) below. Darcy’s law reflects the high friction
forces at the holes that lead to the effective term J ~!u which is dominant over both the
fluid inertia and internal friction in the fluid.

The fluid velocity can be eliminated from this system, yielding the porous-medium-
type equation

09,p — div(p KV p(p)) + div(p®>Kf) =0 in (0,T) x 2,
(0K (pft—Vp(p) - n=0 on (0,T) x 0L, (1.7)
p(0,) = po in 2.

The formulation of the porous medium equation through this combination of Darcy’s law
and the continuity equation dates back to work by Muskat [40].

At this point, we state the following informal version of our main result. For the precise
statement, we refer to Theorem 2.4 below.

Theorem 1.2 (Informal statement of the main result). Lety =2 and A > Ag(y) > 1. Then
any sequence of solutions (pg, ug) of the primitive system (1.3) converges (in a suitable
norm) to the solution (p,w) of the target system (1.5), as long as that admits a sufficiently
smooth solution. The convergence has a rate ef, where B > 0 depends just on A, Q, y,
and the initial data.

1.2. Elements of the proof

Our proof is based on the relative energy inequality for the primitive system; see Section
2.2. We consider the relative energy between the solution of the primitive system (o, ug)
and a modification of the solution (p, u) of the target system. The modification is needed
to ensure no-slip boundary conditions for the modified fluid velocity and that the modi-
fication almost solves the momentum equation of the primitive system. The modification
is based on correctors, the choice of which is motivated by a formal two-scale expansion.
For convenience, we review the formal argument, which goes back to [13].
We make the ansatz

pe(x) = po(x.x/e) + ep1(x. x/e) + -+,
ug(x) = ug(x, x/e) + ewy(x,x/e) + -,
where py, u are periodic in the second variable, which is denoted by y = x/e. Then we
also have
Pe(x) = p(pe) = po(x.x/e) +epr(x.x/e) +--- .

‘We now insert this expansion into the equations and compare terms of the same order in &.
To order ¢!, we find (for A > 0)

divy, (poup) = 0,
Vyp() = 0.
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The second equation yields that pg and thus pg are y-independent and therefore (assuming
po > 0) the first equation becomes

div, ug = 0. (1.8)

Next, we have at order ° (for A > 1 and using divy, ug = 0),
d:po + divx (poug) + divy (pou + p1up) = 0, (1.9)
—Ayug + Vipo + Vy p1 = pof. (1.10)

Since the no-slip boundary condition at the holes must be encoded in the fast variable, this
is complemented by
u(x,y)=0 forye0. (1.11)

For fixed x, equations (1.8), (1.10), and (1.11) are just a Stokes problem in y in the fixed
domain Q \ O with periodic boundary conditions. We thus introduce (w;,¢;) € H'(Q) x
L?(Q \ 0)/R to be the unique solution to the Stokes problem'

—Aw; +Vgi =¢ inQ\O,

divw; =0 inQ\ o, 1)
w; =0 in O,
(Wi, qi) are Q-periodic.

We set W = (W, W2, W3), q = (¢1.92.¢3)". Then the solution to (1.8), (1.10), and (1.11)
is given by
ug(x, y) = W(y)(po(x)f(x) — Vi po(x)), (1.13)
P1(x.3) = 4) - (Po()EC) — Vi po(x)). (1.14)

The function uy is naturally extended by O inside (. By periodicity in y we then easily
pass to the weak limit by just taking the average over Q, which yields

uo(x, x/e) = u(x) = K(pof(x) — Vi po(x)). (1.15)

where
x =][ W dx. (1.16)
(&)

By classical arguments, X is positive definite (see [49, Chapter 7, Proposition 2.2]
and [38, end of Section 1]). Moreover, K is symmetric by
JC,-,- =f e -Wejdx = — (—Aw; +Vpi)-Wj dx
0 101 Jo\o
1

= — VW,' IVWJ' dx = J{ji.
121 Jo\o

'More precisely, the cube Q should herein be replaced by the flat torus R3/(27Z)3.
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Finally, we obtain a closed equation for py from (1.9) as follows. Let po denote the
extension by 0 in the holes, and observe that then the following equation is valid in all
of Q:

0 po + divx (poug) + divy (pou; + pr1ug) = 0.

Note that there is no need to change pg in the holes for the terms inside of the divergence
terms because all the fluid velocities u; vanish there. Now we can again pass to the limit
by just taking the average with respect to y over the whole cell Q. Denoting p(x) =
po(x, x/e), since pg is constant in the second variable, we obtain

00;p + divy(pu) = 0, (1.17)

where we recall from (1.6) that 6 = 1 — |9|/| Q] is the fluid volume fraction. Equations
(1.15) and (1.17) are the target equations.

If Q = R3, this motivates us to take, in the relative energy inequality, the functions
(e, We) defined as w,(x) = ug(x, x/¢) and r¢(x) = p~ (po(x,x/e) + ep1(x,x/e)). By
(1.13), (1.14), and (1.15), we have

We(x) = uo(x,x/e) = W(x/e)(po(x)f(x) — Vi po(x))
= W(x/e)K Tu(x),

re(x) = p~H(po(x,x/e) + ep1(x. x/e))
= p ' (p(p(x)) + eq(x/e) - KX u(x)).

It might seem surprising at first that we take different orders of approximation for the
density and the fluid velocity, namely first order in ¢ for the density and zeroth order for
the fluid velocity. This choice is motivated, however, by the terms appearing in (1.10). In
particular, the first-order pressure correction corresponds to the pressure appearing in the
cell problem (1.12) which is at the heart of the additional friction term in the limit system.

(1.18)

1.3. Comparison with previous results and open problems

The convergence (pg, u:) — (p, ) has been shown qualitatively in [38] for A = 4. At first
glance, the scaling in [38] appears to be different. However, if we denote the corresponding
fluid velocity in [38] by u,, then convergence of u, := €241, is shown in [38], and u,
satisfies precisely (1.3) with A = 4. We choose here to directly rewrite the system for u,
anticipating how the holes slow down the fluid velocity ti,. We believe that this choice
makes the scaling of the dimensionless quantities more transparent. In the present paper,
we provide quantitative convergence results with the help of the relative energy method.
As is typical for such quantitative results, we require sufficiently regular solutions to the
target equation (1.5).

We remark that the scaling in the NSE (1.3) corresponds to a Reynolds number Re =
&*2, a Mach number Ma = £*/2, a Froude number Fr = ¢*/2, and a Strouhal number
Sr = 1. In particular, the Knudsen number satisfies Kn ~ Ma/Re = £2~*/2. The Knudsen
number is the ratio between the mean free path length / and the observation length scale L.
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The latter is chosen to be the macroscopic length scale, hence of order 1. In order that
the fluid is reasonably modeled by the Navier-Stokes equations at the length scale of
the holes, we must have Kn = [/L < ¢ as ¢ — 0 and thus A < 2. As stated in the main
theorem, Theorem 2.4, we are able to show the convergence result for A < 2 if the adiabatic
exponent y = 3. To our knowledge, this is the first instance of a homogenization result for
compressible fluids where the mean free path length is actually less than the diameter
of the holes. As remarked above, there is a natural threshold A > 1 since for A < 1, the
Reynolds number at the particle length scale ¢ is at least of order one and therefore the
validity of the local Stokes problem (1.10) ceases to be valid even formally. We are able
to asymptotically reach that threshold as y — o0; see (2.9).

Compared to [38], where y > 3 is assumed, our result is valid for all adiabatic expo-
nents y > 2 at the expense of a larger A. In view of applications, it would be very important
to further relax this assumption. We recall that existence of renormalized finite energy
weak solutions (see Definition 2.1) is known for y > 3/2. Moreover, in [16], the relative
energy has been used to show weak-strong uniqueness for all y > 3/2. Nevertheless, our
proof cannot easily be extended to y € (3/2, 2) (and this shortcoming on the range of
adiabatic exponents seems presently to be common to all related homogenization results
for the compressible Navier—Stokes equations). The reason for that is the very weak dis-
sipation in the relative energy inequality (2.6), which has a prefactor 2. Thanks to the
Poincaré inequality (3.2), this still allows |ju, — W8||]2J,(Qs) to be absorbed for p = 2.
However, this is no longer possible for p > 2, which seems necessary when y < 2 (e.g.,
to estimate the term I, in Section 4.3).

We emphasize that even though Ma = &%/~ vanishes as ¢ does, the limit system is
still compressible. The reason for this behavior is that both the external forces and friction
forces at the holes, which are manifested in the term K ~'u in (1.5), are sufficiently large
to allow for a pressure induced by density fluctuations of order 1.

Despite considerable effort in the study of such homogenization problems for the com-
pressible NSE, the case of holes of size ¢* for « € (1, 3] is currently completely open. More
precisely, when « € [1, 3], one can study the primitive system

2/2

0;pe + div(peus) =0 in (0,7T) x Q,,
(31 (peu) + div(pou®u,)) — 9 divS(Vue) + €41V p(pg) =2 pef  in (0. T) x Q,,
u, =0 on (0, T) x 092,
pe(0,2) = peo, (Peue)(0,7) =My in 2.

Formally, as long asymptotically a linear drag relation prevails at the holes, which is pro-
portional to the hole size £* and to &9, one expects the total drag to be of order 973
since £ 73 is the number density of holes. To match the largest term, a convenient choice is
k1 = k2 = min{0, Q, Q 4+ o — 3}. (For smaller values of «1, the limit equation as ¢ — 0
is expected to become incompressible.) By rescaling the equations to the % length scale
of the holes, one obtains the condition Q) < « for a small local Reynolds number, and the
condition & < 3/2 for local incompressibility. In particular, for Q < o and & < 3/2, one
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Figure 3. Formal scaling regimes

expects Darcy’s law as the homogenization limit as & — 0 (see also [28, Conjecture 1.1]).”
Outside this regime, it seems very hard to obtain a limit system, even formally. The physi-
cal condition (which is not reflected in any mathematical difficulty for the homogenization
problem) that the mean free path length is small compared to the small length scale &
gives rise to the additional constraint Q — 3(« — 1) = 0. The different regimes are depicted
in Figure 3. Our present result corresponds to ¢ = 1 and any values Q =2 — A < 1
(depending on y).

These scaling regimes might be compared to the ones for the incompressible Navier—
Stokes equations (see [26, Figure 1]), which are much richer because the condition o <
3/2 only arises due to compressibility. In particular, it does not seem to be possible to
obtain a Brinkman-type compressible homogenization limit. Unfortunately, the relative
energy method that we use here does not directly apply to cases « > 1. However, we hope
that our ansatz can eventually contribute to resolving this regime. Here, we just point out
why the current method breaks down for o € (1,3/2): In this case, the functions W and
q should be replaced by those oscillating functions introduced by Allaire [2, 3] to account
for the large distance between the particles compared to their diameters. In particular,
la(:/e*) L) ~ €, and this implies that the L”-norm of Vr, defined as in (1.18)
explodes as ¢ — 0 for all p € [1, co]. However, boundedness of || Vr,| L= (q) is crucially
used in our proof; see the estimates of /4 and /5 in Section 4.3.

1.4. Structure of the remainder of the paper

The rest of the paper is organized as follows. In Section 2 we recall the concept of weak
solutions to the primitive system (1.3), introduce the relative energy, and state our main

2With a different resistance JK ! that corresponds to the mobility of a single hole in the whole
space R3.
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result. In Section 3 we obtain uniform bounds for the involved functions, as well as a
pressure decomposition crucial for our analysis. Section 4 is devoted to the proof of the
main result in the case = T3. After some estimates on the corrector functions W, r;
introduced above, we use them as test functions in the relative energy and manipulate and
estimate the error terms. Finally, in Section 5 we explain how to adapt the proof from the
torus setting to bounded domains. The main point is that in general w, % 0 on 92 such
that w is no longer an admissible test function in the relative energy.

Notation. Throughout the paper, we will use the standard notation for Lebesgue and
Sobolev spaces, and denote them even for vector- or matrix-valued functions as in the
scalar case, that is, L?(Q) instead of L?(Q2;R3). We write a < b if there is a con-
stant C > O that is independent of a, b, and ¢ such that @ < Cb. The constant C might
change its value whenever it occurs. For two matrices A, B € R3*3, the Frobenius inner
product is denoted by A : B = Tr(A"B) = Zij:l A;j B;j. For a function f defined
on a domain D C R3, we denote the mean value by f;, f dx = ﬁ Jp f dx. Lastly,
we define the divergence of a matrix A € R3*3 columnwise as (div A); = div(Ae;) for
J €{1,2, 3}, where e; is the jth canonical basis vector, and the Laplace of a matrix
componentwise as (AA);; = AA;j. Also, we define the gradient of a vector a € R? as
(Va)i; = 0;a; = da; /9x;. We emphasize that this does not follow the standard definition
of these operators; however, it simplifies our notation not to have transpositions on matri-
ces. (This definition is consistent with the gradient of a scalar function being a column
vector rather than a row vector.)

2. Notion of weak solutions and statement of the main result

2.1. Weak solutions of the primitive system

In this section we recall the concept of renormalized finite energy weak solutions. Global
existence of renormalized finite energy weak solutions can be shown as in [30] and [20];
see also [15].

Definition 2.1. Let 7 > 0 be fixed, y > 3/2, f € L*°((0, T) x 2), and assume for the
initial data
0:(0,°) = pso,  (Pss)(0, ) = my,

together with the compatibility conditions

Pe0 = 0ae. in Qg peo € LY (),

|m80|2

2
mgy = 0 whenever p;o = 0, mg € Lval(Qg), e LY(Q).

Pe0

We call a couple (pg, ug) a renormalized finite energy weak solution to system (1.3) in the
time-space cylinder (0, ') x €2 if we have the following conditions:
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It holds that
pé‘ Z 0 a.e. in (O’ T) X QSa pé‘ € C(Oa T» L\};,veak(Qé‘))7

/ pe(t,)dx = / peodx forany t € (0,7),
Q¢

&
2y

u € L20.T: Wy *(Re)),  pette € C(0, T L5 (Qe)).

weak

Here, h € C(0,T; L%, (Q2,)) means that the map 7 — h(z, ) is continuous in the weak
topology of L?(2;).

We have forany 0 < v < T and any ¢ € C2°([0,T) x Q,),

/O/Q 0¥ + peut - Vi dx dr = /Q pe (T, YW (1, ) dx _/Qs peotr (0.) dx.

We have forany 0 < v < 7 and any ¢ € C2([0, T) x Q¢; R3),

// & (pelle - ;¢ + petle ® U, 1 V) — £2S(Vu,) : Vb
0 B
+ p(pe) div e + pof - ¢ dx dt
= / e (o) (7, )p(z, ) dx — / Pmepp(0,)dr.  (2.1)
Q.

&

The energy inequality

1 T
/ [—EA,O8|U£|2 + H(pg)](r, ) dx —l—/ / £2S(Vu,) : Vug dx dr
Q. L2 o Ja,

2 meo ‘
< et ———— 4+ H(pgo)dx + pef - ug dx dr 2.2)
& 2p80 0 Qe

holds for almost every 0 < 7 < T, where the so-called pressure potential H is defined
via
sH'(s)— H(s) = p(s), H(1)=0. (2.3)

The zero extension (s, @) satisfies, in D'((0, T) x R¥),

¢ pe + div(peug) = 0,
9:b(Pe) + div(b(Pe)e) + (Beb’(Pe) — b(Pe)) divii = 0

forany b € C([0,00)) N C1((0, 00)) with |b'(z)z| <z + 2% for z > 0 and a certain
@ € (0,y/2).

Remark 2.2. In closed form, we may write H as

H(s) = s/s &zz)dz. 24
1 z
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2.2. Relative energy

The proof of our main result is based on the relative energy inequality for solutions to
the compressible NSE, which is sometimes also called the relative entropy inequality. It
has been shown in [16] that any renormalized finite energy weak solution satisfies the
following relative energy inequality (see also [21]).

For smooth functions (r, w) € C*®([0, T] x ;) with 7 > 0in [0, T] x Q, and w = 0
on [0, T] x 092,, we define the relative energy as

1
Ex(pe. uelr. w)(x) = /Q S pelue — WP+ H(po) — H'(r)(pe — 1) — H(r) dv, 25)

€

where H is as in (2.3). Then, for almost any 7 € [0, T], the relative energy inequality reads

Ec(pe,uglr,w)(z) + /Or/g £2(S(Vu,) — S(Vw)) : (Vu, — Vw) dx dr

T

< E¢(pe, uglr, w)(0) +/ Re(pe, ug|r, w)de, (2.6)
0
where the remainder R, is given by

Re(pes Ualr w) = / & pe(3wW + (Us - V)W) - (w— ) dx

Qe

+ / e2S(Vw) : V(w —ug) dx + / pef - (ug — w) dx
Q, Qe

4 [ (r — p)d H'(r) + VH'(r) - (rw — peug) dx
Q

- /Q divw(p(ps) — p(r)) dx.

and the term E(p., ug|r, w)(0) has to be understood in the sense

1 |mygo|? 1
_ﬂ — Mg - Wo + zpsO|W0|2)

Eelpeoulrw(©) = [ (3
Qe Pe0

+ H(pso) — H'(ro)(pso — ro) — H(ro) dx,

where (rg, Wo) = (¥, W)|;=0. Moreover, in order to simplify the notation, we define the
initial velocity ugo implicitly by pgouzo = mgo. Note that this definition is meaningful
only on the set {p;o > 0}; however, this does not affect the calculations as the values of
u.o on the set {p-o = 0} are not important.

Let us remark that the scaling in € can be obtained straightforwardly from the form of
the relative energy in [16,21] by a rescaling of the time and space variables. Let us also
remark that the relative energy turns into the standard energy inequality (2.2) by setting
w=0andr = er Pe dx and using mass conservation.
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Remark 2.3. We will need the following direct generalizations of the relative energy
inequality:
(i) The regularity of w and r in the relative energy inequality can be weakened; see
[16, Section 3.2.2]. In particular, we can apply it with (r, w) € W1 ((0,T) x Q)
with7 =7 > 0in [0, T] x Q, and w = 0 on [0, T] x 92,.
(ii) The relative energy inequality also holds with s = 0 replaced by a later time. More
precisely, for all (r,w) € WH°((0,T) x Q,) withr > r > 0in [0, T] x Q, and
w=0o0n[0,7T] x dQ2,, wehave forall 0 < s <t < T,

E¢(pe, ug|r,w)(r) + [r/sz £2(S(Vu,) — S(Vw)) : (Vu, — Vw) dx dr

T
< Eg(pe, ug|r, w)(s) +/ Re(pe, ug|r, w) dr.
s

This holds true because (pg, U,) restricted to the time interval (s, 7') is a renor-
malized finite energy weak solution to the compressible NSE with initial datum

Pe0 = Ps(8), Mgy = (Pg)(5).

2.3. Main result

Theorem 2.4. Let Q = T3 or a smooth bounded domain in R3. Let T >0,y =2, A > Ag,
fe L>®(0,T)x Q), and let Q be as in (1.1) and (pgo, Mgg) be as in Definition 2.1 such
that

e*limeo|?/ peoll Lt @) + 1 H(peo) L1,y S 1. 2.7
Let (pg,u;) be a renormalized finite energy weak solution to the NSE (1.3), and let p,u €
W L0, T; W2®(Q)) be a strong solution to Darcy’s law (1.5) with p = p for some
constant p > 0. Then there exists g9 > 0 such that for all ¢ < ¢, -

ll0e — p”ioo(o’T;LZ(Qs)) + [lus — u”iz(o’T;W—l,z(Q)) (2.8)
<C ( / H(pso) — H'(p0) (ps0 — po) — H(po) dx + *[[Imeo[?/psoll 1 e + sﬂ),
Q.

where C > 0 is an absolute constant which is independent of €, and where B > 0 and
Ao > 1 are given by

3

1+2 ify=3
Ao = ”1 2.9
+— if2<y <3,

W W

—ml{ 29— 21-%} ifQ = T3,
(3

3
=miny —,2A — 2,1 — —} ifQC R3 is a bounded domain.
14
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Moreover; if 2 < y < 3, we require the initial data additionally to satisfy

82175 (/ H(,Ogo) _ H/(,OO)(/OSO _ ,00) — H(pO) dx
Q2

+ e lmeo/peollL1 ey + sﬂ) <o, 2.10)

for some 8¢ > 0 sufficiently small but independent of e.

Remark 2.5. A few remarks are in order.

(i) Note that the condition A > Ay = % + % for y < 3 is actually redundant since (2.10)
enforces that. We remark that our proof shows that for 2 < y < 3 the assertion remains
1

valid for Ag = 1 + % without the additional assumption (2.10). However, as % + y <

1+ g for y < 3 (22 ~ 2.17 instead of 2.5 for y = 2), the additional assumption (2.10)
allows us to lower A in this case.

(i1) In view of (4.11), the first term on the right-hand side of (2.8) can be understood as a
strengthened version of ||pz0 — po||z2(g,), and in fact our proof shows that we could also

replace the left-hand side term || p, — ,o||ioo O.T:L2(€0) correspondingly in terms of H.

(iii) Existence of a strong solution to the target system (1.5) can be reduced to existence of
strong solutions to the porous-medium-type equation (1.7), and u is then obtained through
u = K (pf — Vp(p)). We note that this relation implicitly requires more regularity on f
through the required regularity on u and p. Regarding (1.7), existence and regularity in the
case f = 0 are standard; see [52, Proposition 7.21 and Chapter 8.2]. Local well-posedness
and regularity of classical solutions can be obtained for instance through semigroup theory
(see, e.g., [36, Theorem 8.1.1]) for sufficiently regular data f and initial data py. Note that
the equation is (nondegenerate) parabolic as long as p = p > 0, which is valid on a short
time interval provided py > 2p. -

Moreover, for the speciﬁc_ example of gravity f = —ej3, the initial datum po(x) =
po(x3), the pressure p(p) = p?, and the domain being a rectangular box Q = (—L, L)? x
(0, H), a global stationary strong solution is given by u = 0, p(¢, x) = po(x3), and
po(x3)’ ™! = VT_I(H —X3).

(iv) We remark that the right-hand side of (2.8) can be written equivalently as E.(pg0,
U000 u(0,-)) + &f (see Section 2.2 for the definition of E,). Indeed, since || peo Iz <
1 due to (2.7), we have

et peoluco — (0, )2 L1(a,) + €% < etllpeoluco L1, + €

S e*llpeoluso — u(0.)* (11, + €7
It is possible to choose p.9 = po and mgo = (pu)(0, -) such that the error on the right-hand
side of (2.8) is just ?.

(v) Darcy’s law in the limit system (1.5) is (quasi-)stationary. The fluid velocity u is
instantaneously determined through p and f. As expected, (2.8) thus ensures convergence
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of the fluid velocity (in L%Wx_l’z) without requiring convergence of the initial datum.
The term &* || pso|ugo|?|| L1(,) on the right-hand side of (2.8) is small unless ug is too
ill prepared. This term can be related to an initial layer of thickness e*. We emphasize
that in [38] (where A = 4) weak convergence u, — u in L2((0, T) x ) is shown even
when &% pgo|ugo |2 |l L1(,) is only bounded. Due to the initial layer, we cannot expect
strong convergence though. This is reminiscent of the weak and strong convergence results
[26, Theorem 1.3 and Theorem 1.4] for a related homogenization problem.

(vi) Note that strong convergence u, — u in a nonnegative spatial Sobolev norm cannot
be expected since u; = 0 but u # 0 in Q \ ©2,.° However, we will prove the following
L?-estimate when comparing with the modified limit velocity field w, from (1.18):

e =Wl ryey < [ H(Peo) = H'(po) 0o — o) — Hi(po)

+ e [Imeo >/ peoll 1 (@) + €.

(vii) In view of the formal two-scale expansion, one could expect that an optimal error
estimate should hold with 8 = 2. We are not able to prove such an estimate, though, even if
Q = T3 and for arbitrarily large values of A and y. This is related to the lack of regularity
of the pressure: We face errors of the form (see 75 and 75 in Section 4.3) (R, re — pg)
or (R, p(re) — p(pe)), where R, is a term of order O(e) but only in a negative Sobolev
norm. Thus, we would need bounds of the form |V (r, — p,)| < € to deduce a quadratic
error in ¢. Such bounds seem to be out of reach with the current methods.

It is well known for related homogenization problems (see in particular [50]) that
due to a boundary layer the convergence rate is slower in bounded domains than on the
torus. More precisely, one would expect that (2.8) with B = 1 is optimal in bounded
domains. Since the aforementioned lack of regularity and the boundary layer combine in
a multiplicative way, we only obtain (2.8) with § = min{%, 20 =2, — %} in bounded
domains.

3. Uniform a priori estimates

3.1. Uniform bounds for the density and velocity

Proposition 3.1. Under the assumptions of Theorem 2.4, we have

A
*llps 0 Ml oo, 721 @0 + 1WellZ20.7y0)

+ 82||Vue||]%2((0,T)XQS) + ”p&”{oo(o’T;LV(Qg)) <L (3.1

3Only comparing the L2 norm on €2, does not overcome this problem due to rapid oscillations of u,
on the g-scale.
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Proof. First, we recall the Poincaré inequality in the perforated domain, that for all ¢ €
[1, 00],

lelizacn) < el Volla@y forallg € Wh(Q) withy =0in 2\ Q2,.  (32)

which is standard; see [51, Lemma 1] (for the case 1 < p < o).
To derive a priori uniform bounds for the density p, and the velocity u,, we use the
energy inequality (2.2), i.e., for almost every t € (0, T),

1 T
/ [55)‘,06|us|2 + H(ps)](r, ) dx —+—/ [ e2S(Vu,) : Vu, dx dr
Q

1
$f A|m€0| +H(pso)dx+/ f of - u, dx dz.
e 2 Peo

The force term is estimated as

/leaf'ua|dx Cllpellzz@olluellzz @) < Cllpellrz@ael Vuelliz e,

1
< Cllpelzag,) + M—ZSZIIVUEIIZZ(QS)
K
1
< ClipslZzqq,) + E/Q £2S(Vug) : Vug dx,

where we used inequality (3.2), the definition of S from (1.2) with & = 1 and = 0, and
that Cx > 0 is the constant in the following generalized Korn—Poincaré inequality on 2
(see, e.g., [19, Theorem 10.16 ()]):

2
VW22 < Ck HVW + (VW) -3 divadHLz(Q) forallw e W 2(Q).  (3.3)
This can be applied to u, after extending u, by zero to 2.

Finally, by the properties of p (see (1.4)), there exist C;, C; > 0 such that p(s) =
CysY — C; for all s = 0. Therefore, by (2.4), we have

S SC y_C
H(s):s/ p(j)dzzs/ ¥d2=C{sV—(Cl Cr)s + Cr = Cl's” — G,
1 Z 1 z

where we used Young’s inequality in the form ab < 8a¥ + Csb?’ for any § > 0. Since

y = 2, we deduce ”PSHiz(gs) S+ ||P8||1):y(9£) S+ ||H(ps)||L1(Qs)~
Consequently, also using the boundedness of the initial data (2.7), we obtain

1 t 1
/ [—s’l,os|u,;|2 + H(,og)](r, Jdx + / / —£2S(Vu,) : Vu, dx dr
Q.12 0o Ja.2

T
<1 +/ H(pe)dxdr.
0 Ja.

Thus, applying Gronwall’s inequality and (3.2), we conclude (3.1). ]
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3.2. Improved pressure estimates

Following the lines of [38, Section 3.1] and [46, Section 3.3], we extend the pressure to
all of Q and then split the extended pressure into a regular part and a small error.

Lemma 3.2. There exists a pressure extension Pg: Q — [0, 00) such that P, = p(p¢) in
Q. and which is uniformly bounded in L>(0, T; L' (Q2)). Moreover, for p € [y yl ,6] and
alls < T,

P, € L%(0,s; WI’Z(Q)) +eL?((0,5) x Q)

+ I L0, 51 WA Q)] + e L0, 5 LT ()]
+sA—I[W1’2(0 s WhS Q)] + AW 120, 51 L7 ()]

A
2

(W10 (0, 55 [W 7T (Q))] + e T W20, 5: LT (Q))]. (3.4)

In particular, for all p € [%, 6] and all ¢ € WH(0, 5; L®(Q)),

<
[ ] paeasa < tolhyrunn + < T

A—1 4
2 2. G
+&" ol + 2ol : (3.5)
WLo0(0,53L57 ¢ Wieo(0,53L7 ")

where
- llzg = el ooy + - lgwnar oy - (3.6)

Remark 3.3. Here, the notation ¢ € X + ¢Y for Banach spaces X, Y, embedded into
an ambient topological vector space, means that there exist g; € X, g» € Y such that
g =¢q1+q2and ||q1]lx <1, |lg2]ly < &. The notation generalizes in an obvious way to
any finite number of such Banach spaces.

The estimate (3.5) thus follows from (3.4) and the embedding of W 1:°°(0, s; L®(Q))
into the spaces on the right-hand side of (3.5).

For the proof, we recall the following result from [39, Lemma 2.2].

Proposition 3.4. Let 1 < g < oo. There exists an operator
Re: Wyl (Q) — W, ()

such that
* foranyu € Wol’q (2¢), we have R,u = u, where U is the extension of u by 0;
e divu=0=divR,u=0;

* there exists a constant C > 0 which is independent of ¢ such that

e | ReullLace, + IVReullLa@y < Ce™ ullLa) + [VullLa@). 3.7



R. M. Hofer, S. Necasovd, and F. Oschmann 18

For 1 < p < oo and functionsu € L?(0, T} WOI"‘7 (R2)), the restriction operator just acts
on the spatial variable as

(Rew)(1,-) := (Reu(z,-))().
Therefore, for any 1 < p < oo, R, maps LP(0, T Wol’q(Q)) continuously to L?(0, T
Wol’q (R2¢)) and there holds the estimate
e | ReulLr(0,7:L0(20)) + VR Lo (0,7:L0(02,)

< Ce MullLro,rza@)y) + IVUllLro,r:L90))-

Proof of Lemma 3.2. With the help of the operator R,, we define the extension P, of
the pressure p(pg) to the whole of Q by duality up to a constant which we fix by the
requirement fo Pe dx = f, pe(pe) dx, namely

N
(VP ¢) = —fo /Q p(pe)div Regpdx dr  forany ¢ € Wh4(0,s; W, (),

where ¢ = 6y/(2y — 3) > 3 and (-, -) on the left-hand side denotes the dual pairing in
wha (0, T; Wol’q (£25)). Note that the a priori estimates from Lemma 3.1 and the growth
of p from (1.4) imply p(pe) € L>®(0,s; L'(S2,)). The fact that the operator V P is indeed
a gradient follows from the second property of the operator R.. By a density argument and
the regularity of u,, one can show that (2.1) holds for any ¢ € W4(0, s; Wol’q7 (R25)); see
[43, Remark 7.9]. In particular, for any ¢ € W4(0, T’ Wol"‘7 (2)), Rs¢ is an admissible
test function in (2.1). Hence,

N N
(VP ) = / / s'lpaug -0; R dx dt +[ / a'l,oeu‘E ®ug : VR, dx dt
0 Qe 0 Qe

S S
—/ / EZS(VuE):VRs¢dxdt+/ / pef - Rep dx dt
0 e 0 JQ,

+ / maoRe (0, ) — £ po (s, N5, ) Re (5. ) dx
Qe

We will estimate each term separately. We get by the Sobolev embedding Wol’2 s LS
and the uniform bounds (3.1) and (3.7),

A
[11] S &*llpellLo(o,5:L7 @) el L2(0,5:6(2.)) 1197 ReP |l

S [

6y
L2(0,5;L 5775 (2))

+£[9: Vol

8 Lo ]
L2(0,5;L 5776 (Q)) L2(0,5;L 5776 (2))

<!l + el Vgl

o o ]
W12(0,5:L 576 () W12(0,5:L 576 ()
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For I, we use that by Holder’s inequality, Sobolev embedding, the Poincaré inequality
(3.2), and (3.1), for any p € [2, 6],
6—p 3(p—2) 6-3p
luellzrc@y < el Zg el ) < 677 [VUeli2@y S 6. (G8)

Hence, for any p € [2, 6] such that p > y—_yl

A
[I2| S e ||Pe||L°°(0,s;L1'(Qg))||u8||i2(0,s;Lp(Qs))||VR8¢||

[l V)

__py )
Lo°(0,s;L (P=27=P (Q)) Lo2(0,s5;L (P=2v=p (Q)):I

py
Lo(0.5:L 7277 ()

3(p—2)
ST

113] < €2 1S(Vue) L2 (0,5)x20) |V ReB L2 ((0.5)x522)
< 1@ll2o.5)x2) + elVllLzo.mxe)-
11a] < lpell2 (0, 1yx0) [ ReP L2 (0.5)x20) S 191lL2(0.5x) T EIIVPIlL2((0,5)x2)-
For Is, we use that W1>°(0, s) € C°([0, s]) uniformly for all s > 0 and Wo ’ (Q) C
L% (2) for any y > % to estimate, using (3.1) again,

Is| < €| psu 2 R 2
sl S efllpeuell | oooan o RPN o

1
A 1 1
< e pe |u8|2 ||ZM(0,S;L1(QE)) Il oe ||lz,°°(0,s;L1’(Qg)) [ R |

A
sed gl 2 eV

2 .
W00(0,5:L 77T (2) W0 (0,5:L 7T (m)]

2y
W1.00(0,5;LY=1 (Q2))

Next, we employ a Bogovskii operator, a bounded linear operator
B:LURQ) = {y € LUQ) : [ ¥ dx =0} — W, )(Q)

such that div By = ¢ and || B]| < 1. By [19, Theorem 10.11], such an operator exists and
extends for all 1 < r < oo to a bounded linear operator from L{(£2) to W1 "(Q) and to

By e WIH(Q)] : (¥, 1) =0} — L7 (Q).
For ¢y € W4(0,s; L9(Q2)) with fQ Y(t,-)dx = Oforallz € (0,s), we then have
(Pe, ) = —(V Pe, BY).

In particular, by the above estimates on [;, 1 < i < 5, applied with ¢ = By and the
estimates on 8B,

(Pe,¥) S W20, w21y + elV 20, 7)x0)

s ]
+ [ ||W||Loo(0 s an T HI/’HLoo(O,S;L%(Q))
A—1
+e [ +e swts ]
||1'Z/”Wlxz(O,s;Wl’%(Q)) ”w”Wl’Z(O,S;LS;ZG (©))
A
+ gil: +¢ :I
||1//||W11°°(0,S;[W1,%(Q)]/) ||W||W1,OO(O’S,LVZTVI(Q))
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Since we normalized P by fo Pedx = fo p(ps) dx and |fg_p(pe) dx| < 1 thanks
to (3.1) and p(z) < 1 + z¥ (because of (1.4)), the above inequality holds for all ¥ €
W14(0, s; L9(2)). Application of Lemma 3.5 below, which clearly generalizes to any
finite number of Banach spaces (and where the ambient Hausdorff space can be chosen as
the space of distributions), yields the desired decomposition (3.4) for P,.

We note moreover that due to [1, Theorem 2.6] (see also [31]), we have the explicit
representation

P(ps) in 2,
P, =
T4, pedar oy
oi\07
from which we also infer that P; is uniformly bounded in L°°(0, T'; L'(Q)). ]

Lemma 3.5. Let X, Y be Banach spaces continuously embedded into an ambient Haus-
dorff space E. Let Cx,Cy > 0and z’ € (X NY) satisfy

(z,z) < Cx|zlx + Cy|zlly forallzeXNY.
Then there exist X' € X' and y' € Y’ such that

(z,z) = (x',z2) + (y',z) forallzeXNY,
Ix'llx < Cx,
<

I¥'lly" < Cy.

Proof. Let Zcy,cy '= X NY endowed with the norm ||z z¢, ¢, = Cx ||z[lx + Cy z]ly-
Note that with this definition, ||z’ ”(ZCX, cyy S 1. Wecan identify

Zcy,cy = Dey,cy = {(Z,Z) rzeXnN Y} C ZCX,CY =X xY,
where D¢y cy is a subspace of V4 Cy,Cy » both endowed with the norm
ICe Wl ze, o, = Cxlixlx + Crllyly-

By the Hahn—Banach theorem, we can extend z’ € (Z¢y ¢y ) =~ (Dcy,cy) 02 = (x',y")
€ (Zcy,cy) = X' x Y/, such that

120z, ¢, = 17 I Zey.cpr < 1.
Hence, we estimate
() = (2, (6,0) < Il gz, oy I35 O)lz,, . < Cxlxlx.

An analogous estimate for y’ finishes the proof. |
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4. Proof of the main result

This section is devoted to the proof of Theorem 2.4 in the case that €2 is the torus. Conse-
quently, we will assume Q = T3 throughout this section. We start with some preparation,
before giving the explicit error estimates.

4.1. Preliminary estimates on the test functions and the pressure potential

As outlined in Section 1.2, we use the relative energy inequality with (7., w¢) as in
(1.18). To simplify the notation, we recall the definition of W = (w1, wp, w3) and q =
(q1.¢2.q3)" from (1.12) and define (W¢,q¥) € H'(Q) x L?(R2,)/R via

We(x) = W(x/e) K = [(w1, wa, w3)(x/e)] K7,
q°(x) ="K q(x/e) = K e (g1, g2, q3) (x /)],

where we recall that K defined in (1.16) is a symmetric positive definite matrix. Note that
by this definition and our convention for the divergence and gradient (see Section 1.4), we
have

2(—AW? +Vg®) = X' inQ,,

diviwe =0 in Q,, “4.n

we=0 in Q\ Q..
Moreover, (1.16) implies

1
][ Weédx = §Id’ 4.2)
oi\0;

where we recall 6 = 1 — |9]/| Q]| from (1.6). Since q, is defined just up to an additive
constant (that might depend on ¢), without loss of generality we fix this constant such that

Ja, Gedx = 0.
Using that K is symmetric, (1.18) can now be rewritten as

re=p ' (p(p) + £°¢° -u),

4.3
w, = Wéu. “43)

Lemma 4.1. Under the assumptions of Theorem 2.4, there exists o > 0 such that for all
€ < &, the functions re, wg € WH((0, T) x Q) are well defined and satisfy

lsre <1, (4.4)
[Wellw 1000, 1:L00(@)) + iV We | Loo(0,7yx@) + IITellwicoo,1)x) S 1. 4.5)
[VWel oo, yxe) S € (4.6)

| p(re) = p(P)llL>(0,7)x2) + I7e — PllLo(0,7)x2) + 10: (re —P) | Lo (0, T)x0) S & (4.7)

Furthermore, for Q = T3,

<e. (4.8)

r

H (é Id_Wa) L
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Finally, for @ = T3 we also have
|| Id—W8||[W1,1(Q)]/ e (49)
Proof. First, standard regularity theory for the Stokes equations implies

Wi llwreo) + 1gillwi.oo\0) < 1.

Hence, since K is constant,
IWellLeo) + el VWE| Lo (@) + el iz, + €2 IVE Lo, < 1. (4.10)

In particular, ||e2q® - u||Lo(0.1)x2) < &. This implies that r, is well defined for & > 0
sufficiently small and satisfies (4.4). Indeed, the function p is invertible on (0, co) by
(1.4). Moreover, the assumption p = p > 0 in the statement of Theorem 2.4 together with
e ~1in (4.3) is bounded from below
and above by a positive constant for ¢ < 1. Moreover, w, is well defined and the estimates
(4.5)—(4.6) hold due to (4.10) and also using that div W¢ = 0. Finally, using again that the
argument of p~! in (4.3) takes values in a compact subset of (0, 0o) for & < 1, where p~!
is Lipschitz by the properties of p, the bound ||6?q® - u|| oo (0,7)x2) < € implies estimate
4.7).
To show (4.8), we observe that by (4.2), we have for all cells Qf cQ,

1
[ —Id-W?®dx = 0.
os\os ¢

Hence, for ¥ € W11(Q), we have W - 1, € W11(Q,); thus, additionally using Q, =
UN® 0\ 0 if @ = T3,

the estimate (4.10) guarantees that the argument of p

N(e)

/u(v_(? ng\@f(e ld= Ws) Wdx = Z/ ot Id Ws) : ( _fo\Of\pdy) dx

N(¢)

Se Y V¥ Ligee) S el VL1 )-
i=1

Finally, we observe that we can redo this computation with 2, replaced by 2 and
dropping the factor 6~ since (1.16) implies that for all cells 0 € Q,

/ Id—W*®dx = 0.

This yields (4.9). [

For the readers convenience, we recall some well-known estimates (see, e.g., [19,
Lemma 5.1]).
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Lemma 4.2. Assume that p satisfies (1.4) for some y = 2. Let I € (0, 00). Then, for all
relandalls € [0, 00),

H(s) = H'(r)(s =r) = H(r) 2 (r =5)* + p(s) 1{s>2r}
2 p(s) = p'(r)(s —r) — p(r)l, (4.11)
where the implicit constants depend on I and the specific form of p only.

Proof. We only give the proof of the first inequality in (4.11). The second one follows by
similar arguments, recalling that p € C2((0, 00)).
We remark that by the definition of H in (2.3), we have H” (s) = p’(s)/s and hence

H(s)— H'(r)(s — r) — H(r) = /r(z —$)H"(z)dz = / ZZ;Sp/(Z) dz.

By the assumptions on p in (1.4) and y > 2, we have for s > r/2 that p’(z)/z 2 z72 2 1
such that
H(s)—H@r)—H' (r)(s—r) = (s —r)>%.

On the other hand, if s < r/2 we justuse r/2 < (r —s) < r to get
1 "z—s ’ ’ 2 2
H(s)—H (r)(s—r)—H(r) = —p(z)dz 2 (z—=s)dz=r"z (r—s)-.
rj2 Z r/2
It remains to show that for s = 2r we have

H(s)—H'(r)(s—r)—H(r) = p(s). (4.12)

By (1.4) there exists zg = r such that %pooz”_1 < p'(2) €2pooz? ! forall z = zq. Hence,
for s = 2zq, we have

S _ s _
H(s)— H'(r)(s —r)— H(r) = / iy dz e P [ I g
r  Z 2 Ju Z
_ &o(( L l)sy _( S _ Z_o)zy—l) >
2 \\y—1 vy y—1 y/7°
On the other hand,
' 2poo
p6) = peo)+ [ PE)dE < pleo) + L2 57,
zZo

This yields (4.12) for s = 2zy. For 2r < s < 2z¢, we simply estimate

2r —z

2r
p(S)slsf
-

P(2)dz < /s T2 2y dz = H(s)— H'(r)(s—r) — H(r). m
z ,  Z
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4.2. Manipulation of the relative energy inequality

By Remark 2.3 and Lemma 4.1 we can use (r¢, W), defined in (4.3), in the relative energy
inequality (2.6). With the short notation

Eg (1) = Ec(pe.ug|re, we)(T),

we have

Es(r)—i-/Tf ez(S(Vus)—S(VwE)):(Vug—sz)dxdt$E8(O)+/rngdt, (4.13)
0 JQ, 0

where the remainder R, is given by

Re = 8'1/;2 pe(0;We + (ug - V)we) - (We —ug) dx + 82/ S(Vwe) : V(we —u,) dx

€

* /S; pef - (ug — we) dx + /SZ (re — Pe)atH/(rs) + VH/(rs) < (reWe — peug) dx

5
= [ dvwpe = prnax = YR

& i=1

We start by rewriting the second term on the right-hand side. Using partial integration and
the definition of w, = W*%u, we obtain

R? = &2 (—AWPu—1z.)-(w, —u,)dx
Q,

with

)k = (divS(W® (Vw)")), ( Z 0i WE, D + akW,.jaiuj),

i,j=1

where we used div W€ = 0. By the regularity u € L>(0, T; W22(2)) assumed in the
statement of Theorem 2.4 and by (4.5), (4.6), z. satisfies, almost everywhere in time,

—1
Izl 20, S €

In order to simplify the notation, in the sequel we will not refer to the time variable any-
more; all the following estimates hold at least almost everywhere in time.

Next we use Darcy’s law in (1.5) satisfied by (p, u) as well as e2(—AW? 4+ Vq°) =
K1 from (4.1) to deduce

R2= [ (PVau=2) -+ pt- Vp(p) - (v — u)d.
Qe
Using that, by definition of r,, we have

p(re) = p(p) + 2¢°
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we arrive at
R? - /Q (82is + pf) - (We —ug) — Vp(re) - (We — ) dx,

where
Ze = (VWG ~ 2. |Zel2) S (4.14)
Let us also rearrange the terms R%, i = 4,5, in combination with the term V p(p) -
(We — u,) on the right-hand side of R above. We start by observing that for any s, the
definition of H in (2.3) yields the algebraic relations

O P A I 7.0}
N N N

9 H'(s) =

Thus,
(re — Pe)atH/(’"e) + VH/("&) < (reWe — pettg) — Vp(re) - (We — ug)
= (1= %) P @7 + 0, - Vre).

Te
We further compute, using the continuity equation of p from (1.5),
p/(rs)(atra +ug - Vre)
1

= Vp(re) - (ug —we) — gp/(rg)pdivu

+ p'(re) (8t(r$ —p) + (Ws — éld)u “Vo+ Wu-V(r, — p)). (4.15)

Hence, we arrive at
Re = et /Q Pe(0rWe + (ug - V)We) - (We —ug) dx
+ /Q (0 — p)f- (n; — w,) dx
1 . .
+ [ (1= ) g epdiva = divw(p(po) = plrey) i
Qe re/ 8
+ / (1 - &)Vp(rg) - (ug — W) dx
Qe T'e

+ /9(1 - f—:)p/(ra)@,(rg o)+ (WE — %Id)u- Vp+ Weu-V(re — p)) dx

+ / 27 - (Ws — ug) dx
Qe
6

=: Z Iy.
k=1

Our ultimate goal is to estimate the error terms by the relative energy E; plus a small error.
This will be carried out in the next section.
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4.3. Estimate of the error terms

We can now estimate the terms /i for any § > 0 with a suitable Cs < oo as follows. The
easiest is /¢ which in view of (4.14) and (3.2) is estimated as

16| 5 8621V (e — We)[172q,) + Cs8” (4.16)

For I;, we estimate

|| <

8/\/;2 pe(0;We + (We - V)W) - (We — 1) dx

+

et / Pe[((ug — we) - V)w] - (we —ug) dx
Qe

A—1 A—1 2
S e pellz@a IWe —uelli2@,) + € llpellLr o lIWe — lle||L%(g2 )
&

A A—2+ 8420
< et V(we — ua)”LZ(SZE) + ¢ 7 [V(we — us)”iz(ge)

6y

—1)
7 |IV(We =) 172,y (417)

< G52 4 25| V(We—1p) |72, + C*2F

where we used (3.8) with p = 2y/(y — 1), the a priori estimates (3.1) as well as (4.5)-
(4.6), and the Poincaré inequality (3.2).
Alternatively, we may employ similar estimates to deduce

[11] <

o /Q re(8We + (U - V)We) - (We — up) dx

+

et / (pe —1e) (@ we + (We - V)W) - (We —ug) dx
Qe

+

et / (pe — 1e)((Ug — We) - V)W - (We —ug) dx
Qe

< eM9:we + (e - VIWe 220 [We — vl 220,
+ &4 Mlpe — rell L2 IWe — el 22,
+ & Mpe = rell 2@y IWe — uellaq,)
< e+ 1o — rellL2 @) I V(We — )220,
+ 672 0 — rell 2@ IV (We — ) 22
< CseP 21+ [lpe — 16l122(0,) + 281V (We —ue) 122,
+ Ce* 210 = rellza (oI V(We — ue) 22 - (4.18)

We will use both estimates on /; in order to get better values on A dependent on the
value of y; see Section 4.4.
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Next we observe that using first f € L*°((0, T') x ), (4.5) as well as (4.4), and then
again the Poincaré inequality (3.2), and (4.7),

[ 12| + [14] S [(pe —1e) + (re — p)lIL2(@,) 0 — WellL2(g,)
+ [lpe = rellL2 (@) 0e — WellL2(0,)
S 5‘92”V(u8 - WS)”%}(QE) + Csllre — Ps”iz(ge) + C882' (4.19)

Regarding /3, we rewrite I3 = I3 1 + I3 + 33 with

1 .
i == [ G000~ P02~ ) = ) divuds,
1 |
I3 = /Q g P re)ps = rs)(i - 1) divudx,

!
= [ div(ju=w.) (oo ~ pro)a.
Q
For 13,1, we use ||divul|oc < 1 and (4.11) in combination with (4.4) to deduce

11311 < [lp(pe) — P,(rs)(/os —re) — P(re)”Ll(QE)
S ||108 - ”8”22(98) + ”P(Ps) 1{Pe>2r8} ||L1(s'25)' (4.20)

Similarly, using that || p’(r,) div u||Leo(0,7yx,) 18 uniformly bounded, r, is uniformly
bounded below and above, and rewriting

(e — "s)(l - rﬁ) = rl_e(Ps —re)(re — p),

&

we deduce in view of (4.4) and (4.7),

|132] < [lre — ps”22(98) + llre — P||i2(98) < lre — Pe”iz(ga) + & (4.21)

For I3 3, we first consider the term containing p(r,). Since u is a regular solution to
the limit system (1.5) and Vr, is uniformly bounded by (4.5), we deduce together with
(4.8) and div W¢ = 0,

1 1
/ p(rg)div(—u—wg) dx :/ p(rg)(—Id—Wg) :Vudx Sellp(re)Vull g, <e.
Q. 0 Q. 6 ¢

To handle the remainder of I3 3, we use P, = p(p,) in Q, where P, is the pressure
extension from Lemma 3.2, yielding

T 1 T 1
- _we) - — - _weE) -
/(; /;Zep(,os)<0 Id—Ww ).Vudxdt /0 /QPS(GId 24 ).Vulgs dx dr.

Recalling from (3.6) the notation || - | ¢ = €|l - la@) + || - w14/ () and that Vu €
W0, T; Wh(Q)), we have by (4.8),

<e¢

1
- Id—Ws) - Vul
H (9 2 |l wiooo,ms200))
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Hence, Lemma 3.2 with p = % yields

t 1
p(pe)=1d—W?) : Vudx ds
’/0 /Q ¢ (9 )

so that in total .
/ 1 3,3 dr
0

Combining (4.20), (4.21), and (4.22), we conclude

T
/ Iy dr
0

Very similarly, we estimate /5. Again we split Is = Is 1 + Isp + Is3 4+ Is4 + Iss
with

_3 A _3
Se+et v 4t 42t <ottty

<etety. (4.22)

_3 t
Se+ 8/1 v+ / lre — Pe”iz(Qg) + [l p(ps) l{PsZZrE) ||L1(Qg) dr.  (4.23)
0

Is, :/Q (1 - f—j)p/(ra)at(re —p)dx,
tsa = [ (W= 510)uVoplpo) — p/)(pe = 7o)~ plr)a.

L Te 0

Isa=— /Q (W~ 1) Vp(p(po) — plre)) d.

e Te
1 ,
Is4 = A r—Wsu “V(re = p)(p(pe) — p (re)(pe — 1e) — p(re)) dx,
1
15,5 = - o r_Wsu -V(re — p)(p(pe) — p(re)) dx.

We first estimate
[I51] < llpe — rs”iz(gzs) + [|9¢ (re — p)”]zj(gs) < llpe — ”6”22(96) + &%,

where we used (4.4) and (4.7). Moreover, using that || (W ¢ — %Id)u- VollLeo,rxe,) <1
and || rl—eWEu- V(re — p)llL=o,7)x,) < 1 dueto (4.10) and (4.4)—(4.5), we can treat I5»
and /5 4 as I3 ; above, yielding

[Isa] + [Isa] < llpe — rs”iz(gs) + 1p(pe) Lip 2213 lL1(02,)-

Similarly, /s 3 can be estimated exactly as /3 3 above, furnishing

T
[ Is3dt
0

Lastly, /55 is treated with the help of the pressure decomposition much as above for
I3 3. Indeed, noticing that W¥u = 0 on 92,, we may integrate by parts to the effect of

=3
Se+4e" v,

/ wWeu -V(re — p)dx

T'e

= ‘/ (re — p)div(W?®u p(re)/re) dx
Qe

S lire = pllLz@) IWe : Va p(re) /1)l 2) S e
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The term involving p(p.) is then split through the pressure decomposition from Lem-
ma 3.2. Indeed, using estimates in Lemma 4.1, we find through integration by parts,

recalling Weu = w, = 0in Q \ €,
W&‘
- V div( qu)~(rs—p)dx
Qe r,

£

/Q e V(re — p)odx

T'e

< eéllglwiig forallp € WhH(Q),

that is, ||‘;’—:“V(r8 — P w1y < & Hence,

H % V(e — p) H <e. (4.24)
&

WLeo(0,T;LP () ™
T
/ Is.5dt
0

_3 t
set et [ pliag, + 1000 Lo @y . 329)
0

and by Lemma 3.2,

=3
Se4¢et .

In total, we have estimated

T
/ s dr
0

4.4. Conclusion

For the conclusion of the proof, we distinguish the cases y = 3 and y € [2, 3), for which
we have different lower bounds for A; see (2.9).

The case y = 3, A > 1 + 3/y. Combining estimates (4.16), (4.19), (4.23), and (4.25)
yields

T T
/ JRe dr < / C8 ”I’g - Pa”iz(gs) + C8 ||p(,05) 1{;0832"3} ”LI(QE)
0 ]
+ C86%|V(ue — ws)lliz(m) dt + Cs(e* 2 + e+ g"*%),

for ¢ sufficiently small, where we also used (4.17) under the assumption

6(y —1 3
/\—2+M>2 — A>1+ —. (4.26)
2y 14

In view of (4.4), (4.11), and (2.5), we have

lre — Ps”zz(gg) + |l p(ps) l{pEZZrS} ||L1(s2€) < Eq). (4.27)
Thus, by (4.13) and using Korn’s inequality to absorb the term C§&? ||V (u, — w) ||]%2(Q )
by choosing § sufficiently small, we infer for all T € [0, T'],

T

Ee(7) + €[V (us — we)ll7 <EO) + | E()dt +6+ 6?2467
(T & U — Wg L2((0,7)xQ) ~ € e g+ ¢ g ,
0
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from which we deduce with Gronwall’s inequality that
- _3
Ec(7) + &% V(ue — wE)”iZ((O,T)xQe) S E(0) 64224647, (4.28)

It remains to estimate the left-hand side of (2.8) by the left-hand side above, and the right-
hand side above by the right-hand side of (2.8).

For the left-hand sides, we first apply (4.9) to w, —u = (W, — Id)u and (4.7) and then
(4.11) and the Poincaré inequality (3.2) to deduce

[l (oe — P)(T)HiZ(QS) + [Jue — “”iZ(o,T;W—l,Z(Q))
< Il(pe — ra)(f)”izmg) + [lus — W8||iZ(((),T)XQ) +é

S Ee(@) + &V (e = W)} 2 0. 7yxq,) + & (4.29)

Regarding the right-hand side of (4.28), we observe that

|H(ps) — H'(re)(ps — 1) — H(re) — [H(pe) — H'(p)(ps — p) — H(p)]|
< |(H'(p) — H'(re))(ps — 16)| + |H(rs) — H' () (re — p) — H(p)|
Slp—re)pe—re)l +lp—rel> S lp—rel? + lpe — pI* < lpe — pI* + €2,

where we used that H € C2, and that both 7, and p are uniformly bounded above and
below by (4.4) and close to each other by (4.7). Applying this at # = 0 and using (4.11)
again, as well as || peoll1(@,) < 1by (2.7) and [[We(0, )|z (@,) < 1 by (4.5), we have

Ee) 5 lpro = pollay + [ Hipeo) = H'(po) pio = po) = Hipo) dx
+ 824 & [ Peoltgo — we (0, -)|2 dx
Q¢

< /Q H(peo) — H'(00) (ps0 — po) — H(po) dx
+e2 et + 81”1060|u80|2”L‘(525)a (4.30)

where we recall the implicit definition of ugg as p,ou,o = M. Inserting (4.29)—(4.30) in
(4.28) yields (2.8), which concludes the proof of Theorem 2.4 in the case = T3 and
y = 3. Note that we never actually used y = 3 but only A > 1 4 3/y. In particular, this
proves Remark 2.5 (i).

The case y € [2,3), A > 5/3 4+ 1/y. By using (4.18) instead of (4.17), we have
T T
| Retr < [ s+ D=l + Call (o0 Nz I,

_1
+ C8&% + &2 |pe — rell 2@ IV (e — We) 72, d
+Cs(e* 246+ 8’1_%).
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For § > 0 define

T, = sup{t e[0,T]: g1 sup E.(s) < 8284}. (4.31)
s€l0,¢]
The relative entropy inequality (which by Remark 2.3 holds for any times0 <s <t < 7T)
implies
limsup E.(s) < E.(t) forallt €[0,T]. (4.32)
st
Hence, T, > 0 by choosing §¢ in (2.10) sufficiently small. Then, by (4.27), there exists
8 > 0 such that for all t € [0, T,] we have

T
Eo(0) + &V = Wo) 122 0.0 S Ee(0) + /O E.(t)dt + ¢P. (4.33)

Indeed, if § > 0 is small enough, by (4.27) and the definition of 7} in (4.31), we might
bound the term [ C(8e2 + 47| pp — rellr2o) IV (e — WS)”iZ(Qg) dr by

T
_1
[0 C(8e® + 72| pe — rell 2. IV (us — wolllZ2(a,) df
T
_1
<C / (8% + &2 VE0) IV (s — We) 72, dr
0

1
< C86%|V(ue — Wa)||1%2((0’,)xgs) < 2C_2<92||V(ue - w€)||%,2((0,r)xfls)
K
such that this term can be absorbed into the left-hand side in (4.13) after applying Korn’s
inequality as before (see (3.3)). Applying Gronwall’s inequality to (4.33), we get

Ee(r) + &IV = W) 7 20.0yxq2,) S Ee(0) + &7, (4.34)

where the implicit constant in this estimate is independent of T, since T, < T,and § > 0
is as in Theorem 2.4. Hence, proceeding as before, we arrive at the desired estimate (2.8)
in the time interval (0, 7;). The following standard continuity argument then ensures that
T, = T for ¢ sufficiently small. Indeed, assume Ty < T. Then (4.31) and (4.32) imply
22~V E (T,) = 62¢*. On the other hand, (4.34) combined with (2.10) yields e2*~! E¢(T)
< e*8y < 8%&* for 8 sufficiently small, which is a contradiction; hence 7, = T .

5. Adaptations for bounded domains

In this section, we discuss the necessary adaptations to treat smooth bounded domains
Q C R3.

First, the constant porosity 6 defined in (1.6) is now rather the asymptotic porosity.
Still, it obviously holds that

Q
1irn| el _

= 6.
e—>0 |Q|
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Next, the main issue is that we are no longer allowed to take w, as a test function in
the relative energy since in general w.|yq # 0. To overcome this problem, we introduce a
boundary layer corrector in Proposition 5.2 below. The main difficulty is that the bound-
ary layer corrector needs to still have a bounded divergence such that the relative energy
argument can be adapted. As detailed below, we obtain the boundary layer by cutting off
a periodic vector potential of W# — K and using that u-n = 0 on d<2. For related but
different approaches to obtain boundary layer correctors in homogenization problems for
the Stokes equations, we refer to [37,50].

Recall the definition of w, = Weu = W(-/e)K lu= W(-/¢)(pf — V p(p)) from Sec-
tion 4.1.

We remark that all the definitions in Section 4.1 remain unchanged. In particular, the
estimates in Lemmas 4.1 and 4.2 still hold except for (4.8)—(4.9). Regarding (4.8)—(4.9),
we additionally need to address the cubes close to the boundary 9€2.

To this end, note that

N(e)
Q. \ | 0F € {x e Q:dist(x,0Q) < Ce}.

i=1
It follows from Lemma 5.1 below that
”‘p”Ll(Qg\Ul{V:(i) 0%) < 8||(p||W1’1(SZ) forall p € Wlsl(Q)'

In particular, combining this with the argument from Lemma 4.1 for the cubes entirely
contained in €2 yields

1
- Id—WS) 1 <
H(G @l @y ~°

[ Id=WE i@y < e

Lemma 5.1. Let U C R” be a bounded Lipschitz domain. Then there exists a constant C
depending only on U such that for all § > 0,

el < Célelwiaq, forallo € WH(U),
where Ug := {x € U : dist(x,dU) < §}.

Proof. This is proven very similarly to the trace estimate [¢|lz150) < llellwii@w)- The
proof can be found in [44, Chapter 1, Lemma 1.5] for W12 instead of W11, We sketch
the argument for the convenience of the reader.

First, it suffices to show that there exists ¢ > O such that the estimate holds for § < §.
Indeed, by choosing C > §; 1 the estimate then trivially extends to § = §¢. For § < 8¢, we
can cover Us by finitely many balls centered on boundary points whose intersection with
U can be mapped by bi-Lipschitz functions to subsets of the half-space. It thus suffices
to prove the estimate for the half-space U = R’} , and by density, it is enough to consider
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@ € CX(R™). Then, by the embedding W11(0, 1) € C°(0, 1), we have for all x € R".
with x, <1,

1
()] < /0 0 + ten)] + B (x’ + ren)] dr.

where x” = (x1,...,xn—1,0). Integrating yields for all § < 1,

1
/ ()] < / / 0( + ten)] + [ng(x’ + ten)] dr dx
{xeRY :x, <8} {xeR% :x, <8} JO

8 1
$f / [ lo(x" + tey)| + [0np(x’ + te,)| de dx' ds

0 Rr-1.Jo
< Slelwiiwn)- -

In order to construct a boundary corrector, we consider the problem of finding a func-
tion ®: Q0 — R3*3 such that*

curl® =W — K inQ,
O] is Q-periodic,

where the curl is taken columnwise, i.e., (curl ®);; = &;x;0r P;;, where & denotes the
Levi-Civita symbol.
To find a solution, we introduce F as the unique Q-periodic solution to

~AF=W—-X inO.

Since fQ W — K dx = 0, there exists a solution to this problem, and since W € W 1:°°(Q)
C WhH4(Q) forall g < oo, we have F € W34(Q).Let ® = curl F. Then ® € W24(Q) C
W 1-%°(Q) upon choosing ¢ > 3. Moreover, since div W = 0 and therefore div F = 0, it
follows that curl ® = curlcurl F = —AF = W — X.

Let d = dist(@, dQ) > 0 and take a cutoff function n € C°°([0, 00)) such that n(0) =
7' (0) = 0and n = 1 on [d, o0). Then we define n,: 2 — R as

dist(x, BQ))
&

Ne(x) = n(
and
We(x) := ecurl (. ®(x/€)) K u + nou = eV x (&(x/e) K u) + newe(x). (5.1)
We also define the boundary corrector W, as

U, =W, —w, = ecurl((n; — DP(x/e)) K u+ (9, — Du. (5.2)

4Asin (1.12), Q will be thought of as the flat torus R3/(27Z)3.
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Clearly, W, = 0 on 02, and W, (x) = w.(x) for dist(x, dQ2) = ed . In particular, W, = 0
in Q \ Q.. Moreover, using that ® € W1:°°(Q) and the estimates (4.5)—(4.6), we have for
all ¢ € [1, oo] and uniformly in time,

1
1WellLa) + el VWellra) < I — nella@ + €l VnellLa) + €21 Vel e < €4
Finally, we estimate div W,. We observe that

Idiv(e curl[n: (/)] K ™ w) | Locey < 1,

because div curl[n,®(x/e)] = 0. At this point the definition of ® via the curl operator
comes into play. Moreover,

| div(new)(x)] < [ ()] divu(x)] + [ulx) - Ve(x)] < 1+ [ulx) - Vie(x)].

For dist(x, 02) < ed, let Px € d$2 be such that dist(x, d2) = |x — P x|. Note that for ¢
sufficiently small, P x is unique and Px — x = dist(x, d$2)n, where n is the outer normal
at Px. In particular, Vn.(x) = —n'(x/¢)n/e. Hence, using u(Px) - n = 0 (due to (1.5)
and p > 0in Q),

00) - Vre0)] = 1o/ (x/6)@Cx) — u(Px)) -nl £ [ Fuo)l |~ Px| £ 1,
where we used Vu € L% () in the last estimate. In total, we deduce
l[div Well L) < 1.
Combining this with [|div W,z (@) < 1 and W, = w, for dist(x, 92) > ed yields
ldiv Wl o) < &7

We summarize the above properties of the boundary corrector W, in the following
proposition.

Proposition 5.2. For all € > 0, there exists Wy € W12°((0, T) x Q) such that

Y, =—w, ondf,
N(e)
v.=0 inlJoOf
i=1
and for any q € [1, <],

. 1
l[div We [l w1.c00,7:L0(020)) < €9+ (5.3)

S

[Wellwooo,7;L9(0:)) T EIV¥ellwioo, ;a0 < €9, (5.4)
supp W, C {x € Q : dist(x,dQ) < ed} ford = dist(9,0Q) > 0.

We now redo the computations from Sections 4.2—4.4 and point out the differences.
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Adaptations in Section 4.2. We define W, as in (5.1) such that W, = w, + ¥, by (5.2).
Then, by Lemma 4.1 and Proposition 5.2, W, € Wol’00 ((0, T) x 2¢) such that W, can be
used as a test function in the relative energy.

In the manipulation of R2 from (4.13), due to linearity of S and the fact that W, —
U, |50, = 0, we find

R? = 82/ S(Vw, + VW¥,) : V(W, —u,) dx
Qg
=¢? . (—AWu—1z;) - (W, —u,)dx + ; S(VV¥,) : V(W, —u,) dx.

The calculations afterwards are unaltered such that we arrive at
Re = &t /s; pe(0:We + (ug - V)W) - (We — ) dx
+ /S; (e — p)f - (ue — We) dx
1 . o~
[ (1= ) S p rpdiva = v (p(po) = plrey)
Qe re/ 0
[ (1=t e = ) ax
Qe I'e
1
+ /S%(l - ':—:)p/(rs)(al(rg —p) + (We -3 Id)u- Vo+ Wéa-V(r, — p)) dx
+ / 2%, - (W, —u,) dx
Q

+ 82/ S(VY,) : V(W, —u,)dx
Q:

+/ (1_&>p/(rs)lps‘vrsdx
Qe I'e

8
= Zlk.

k=1

Here, the additional term /g appears, because we still use (4.15) in exactly this form (i.e.,
W, is not to be replaced by w,) but in 74 we replaced w, by W.

Adaptations in Section 4.3. For the additional term /7, due to (5.4) forqg =2 and § > 0
we obtain

82/9 S(VWe) : V(W —up) dx| < &2 VWl 20, |V (We — we) 220,

< Al V¥elEaq,) + 81V e —u) 2,

< 882”V(W8 — us)”iz(ﬂs) + Cse.
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Similarly, for 5, we find with ||V p(rs)||Leo(@,) + |11/ 76l Lo 1 that

BN

[ (1=2)5 00w Vx| < o= i@yl < = relig, +o

The estimates for 15, I4, and I¢ are completely unaltered upon changing w, to W,.
The same holds true for Iy, since |[WellLoo(0,1)x2) + €| VWellLo(0, 1)) S 1 by the
properties of w, and W,.

For I3, we perform the same splitting in corresponding terms /3%, k = 1,2, 3, and
estimate /3,1, I3, as before. For /3 3, we now have

o = [ div(Gu =) (o0 - piro) d

= [ (§10-w) s Vupien = pyar - [ aive(p(o) - pr a.
We estimate the additional term as follows:

‘ /Q div W, (p(pe) — p(re)) dx

<

S

/ div W, (p(pe) — P (re) (pe — 1e) — p(re)) dx

Qe

< [ldiv \IJs”LOO(QE) lp(pe) — p/(”s)(pe —Tg) — p(ra)”L‘(Qg)
+ [|div Wel 2 12" (7o) (e — 7o) | L2,
Se+lpe— r&‘”%}(gs) + [ p(pe) 1,220 ||L1(Qg)7

+ ‘/ div lpsp/(rs)(Pe —rg)dx
Qe

where we used (5.3) and (4.11) in combination with (4.4) in the last estimate. The remain-
ing estimates for /3 remain unchanged such that we have

T
/ I3 dt
0

Finally, regarding /s, there is no W, involved and thus /5 can be split into the same
lec=l I5 . as before. The estimates for /5 , k < 4, still work in the same way as before.
Regarding /s 5, though, integration by parts is no longer allowed since W®u # 0 on 9€2,
and this is precisely the place where the former error & will become ez. Hence, we add
and subtract ¥, to obtain

A-3 ‘
ettt [ = pelay + 1) Lnsan i o

1
Iss = /Q W, Ve = p)(p(p) — p(re)) dx

e '€

1.
- /Q e V(e — p)(p(pe) — plre)) dx =: 11 + 12,

e Te

For 151,5, we treat the parts of p(p,) and p(r.) separately. For p(r.), we estimate

1 1
/Q W, V(e — p)p(re) dx| < Wl < €3

e e
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For p(p,), we use the pressure decomposition from Lemma 3.2. Since W, r, L Vre, Vpe
L*°((0,T) x ) uniformly in ¢, and supp W, C {x € Q : dist(x,dR) < Ce}, Lemma 5.1
yields

1

S, V(e — H <e

re © (re =) W 1.20(0,T; L (R))
Hence, by Lemma 3.2 for p = %, we find

T
’/ 125 dt
) s

For 1 52,5 we proceed similarly to before when we showed (4.24), which yields

T 1
/ / W, V(re — p)(p(pe) — pre)) dx dt
0 JQ, Te

1 _3 i 1 _3
<e2 +<~9’l 7+8A+82+1§82 + 7.

We
R
H re (re = p) WL (0.1 L2@) ~ -

Proceeding as for /] 5, we observe that we get the same bounds for /2. All in all, we
arrive at

T
/ Isdt
0

Adaptations in Section 4.4. Regarding Section 4.4, we combine the error estimates to
obtain a similar inequality, with w, replaced by W.. As before, using (4.17) with w,
replaced by W, we obtain

1 5.3 t
set et [ g, + 1000 Lo I, dr
0

T T
| Redt < [ Callre = il + Collpo0) Upzans vy
0 0
~ _ 1 _3
+ C8e2 ||V (ug — We) | 2q, df + Cs(e*72 + ez +e47Y),
for ¢ sufficiently small provided

6(y —1
+M>2.
2y

A—2

We see that this is the same condition as in (4.26). In turn, all the observations made
afterwards remain true. In the same spirit, using (4.18) with W, instead of w,, we find
(4.34) under the additional condition (2.10). Since, obviously, (4.29) and (4.30) still hold
true (with w, replaced by W, and &2 replaced by &), Theorem 2.4 is proven.
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