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Abstract. This work rigorously implements a recent model of large-strain elasto-plastic evolution
in single crystals where the plastic flow is driven by the movement of discrete dislocation lines.
The model is geometrically and elastically nonlinear, that is, the total deformation gradient splits
multiplicatively into elastic and plastic parts, and the elastic energy density is polyconvex. There are
two internal variables: The system of all dislocations is modeled via one-dimensional boundaryless
integral currents, whereas the history of plastic flow is encoded in a plastic distortion matrix-field.
As our main result, we construct an energetic solution in the case of a rate-independent flow rule.
Besides the classical stability and energy balance conditions, our notion of solution also accounts
for the movement of dislocations and the resulting plastic flow. Because of the path-dependence of
plastic flow, a central role is played by so-called “slip trajectories”, that is, the surfaces traced out by
moving dislocations, which we represent as integral 2-currents in space-time. The proof of our main
existence result further crucially rests on careful a priori estimates via a nonlinear Gronwall-type
lemma and a rescaling of time. In particular, we have to account for the fact that the plastic flow
may cause the coercivity of the elastic energy functional to decay along the evolution, and hence
the solution may blow up in finite time.

Keywords: elasto-plasticity, dislocations, rate-independent evolution, energetic solution, nonlinear
elasticity, large-strain regime.

1. Introduction

Dislocation flow is the principal mechanism behind macroscopic plastic deformation in
crystalline materials such as metals [1, 6,41]. The mathematical theories of large-strain
elasto-plasticity and of crystal dislocations have seen much progress recently. Notably,
a number of works have investigated phenomenological models of large-strain elasto-
plasticity [34,51,52,54,55,59,72] by utilizing so-called “internal variables”. This area
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has a long tradition, and we refer to [1,38,39,49,50, 73] for recent expositions and many
historical references. However, the internal variables are usually conceived in a somewhat
ad hoc manner (e.g., total plastic strain) and do not reflect the microscopic physics, at
least not directly.

In parallel, the theory of dislocations has developed rapidly over the last years, but usu-
ally macroscopic plastic effects are neglected in this area. On the static (non-evolutionary)
side, we mention [7,21-23,31,35,36,45,46] for some recent contributions. On the evolu-
tionary side, the field of discrete dislocation dynamics (DDD) considers discrete systems
of dislocations moving in a crystal; see [14,15,17,30,33,71] for recent works in this direc-
tion. In the case of fields of dislocation, we also mention the field dislocation mechanics
of Acharya and collaborators [2—4,9].

The recent article [40] introduced a model of large-strain elasto-plastic evolution in
single crystals with the pivotal feature that the plastic flow is driven directly by the move-
ment of dislocations. In the case of a rate-independent flow rule, the present work places
this model on a rigorous mathematical foundation, defines a precise notion of (energetic)
solution, and establishes an existence theorem (Theorem 4.11) for such evolutions under
physically meaningful assumptions. Such a theorem may in particular be considered a val-
idation of the model’s mathematical structure.

In the following, we briefly outline the model from [40], our approach to making the
notions in it precise, and some aspects of the strategy to prove the existence of solutions.

Kinematics

The reference (initial) configuration of a material specimen is denoted by Q C R3, which
is assumed to be a bounded Lipschitz domain (open, connected, and with Lipschitz
boundary). It is modeled as a macroscopic continuum with total deformation y: [0, T'] x
Q — R3, for which we require the orientation-preserving condition det Vy(¢) > 0 point-
wise in © (almost everywhere) for any time ¢ € [0, T]. We work in the large-strain,
geometrically nonlinear regime, where the deformation gradient splits according to the
Kroner decomposition [18,31,37,38,44,45,47,48,65,66]

Vy = EP

into an elastic distortion E:[0, T] x Q@ — R3*3 and a plastic distortion P:[0, T] x
Q — R3*3 (with det E, det P > 0 pointwise a.e. in ). We refer in particular to the
justification of this relation in [40], which is based on a description of the crystal lattice
via the “scaffold” Q = P~!. However, neither E nor P can be assumed to be a gradient
itself, and P is treated as an internal variable, that is, P is carried along the plastic flow.

In line with much of the literature, we impose the condition of plastic incompress-
ibility

det P(t) =1 ae.in¢2,

that is, the plastic distortion P(¢#) = P(, +) is volume-preserving, which is realistic for
many practically relevant materials [1,38].
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Dislocations and slips

As mentioned before, in crystalline materials the dominant source of plasticity is the
movement of dislocations, that is, 1-dimensional topological defects in the crystal lat-
tice [1, 6,41]. Every dislocation has associated with it a (constant) Burgers vector from
a finite set B = {#£by, ..., £b,} C R?\ {0}, which is determined by the crystal struc-
ture of the material. We collect all dislocation lines with Burgers vector b € B that are
contained in our specimen at time ¢, in a 1-dimensional integral current T2(¢) on Q
(see [21,22,71] for similar ideas and [32, 43] as well as Section 2.3 for the theory of
integral currents). This current is boundaryless, i.e.,

ATty =0

since dislocation lines are always closed loops inside the specimen £2; for technical rea-
sons, we assume that all dislocation lines are in fact closed globally (one may need to add
“virtual” lines on the surface dS2 to close the dislocations; also see Remark 4.5).

When considering the evolution of ¢ — T2 (), several issues need to be addressed:
First, in order to rigorously define the dissipation, that is, the energetic cost to move the
dislocations from T (s) to T?(¢) (s < 1), we need a notion of “traversed area” between
T?(s) and T?(¢). Indeed, in a rate-independent model, where only the trajectory, but not
the speed of movement, matters, this area, weighted in a manner depending on the state
of the crystal lattice, corresponds to the dissipated energy.

Second, only evolutions 7 — T2 (¢) that can be understood as “deformations” of the
involved dislocations should be admissible. In particular, jumps are not permitted (at least
not without giving an explicit jump path).

Third, on the technical side, we need a theory for evolutions of integral currents
t — T?(t) based on their variation in time. For instance, we require a form of the Helly
selection principle to pick subsequences of sequences (¢ — Tnb (t)), for which Tnb (t) con-
verges for every t € [0, T'].

It is a pivotal idea of the present work that all of the above requirements can be ful-
filled by considering as fundamental objects not the dislocations T (¢) themselves, but the
associated slip trajectories, which contain the whole evolution of the dislocations in time.
We represent a slip trajectory as a two-dimensional integral current S? (for the Burgers
vector b € B) in the space-time cylinder [0, 7] x R3 with the property that

3SP L ((0,T) xR?) = 0.

Moreover, since one may flip the sign of a Burgers vector when at the same time also
reversing all dislocation line directions, the symmetry relation S~ = —S? needs to hold
for the family (S?)pes.

In this description, the dislocation system at time ¢ is given by

TP (t) == p«(S°],),

i.e., the pushforward under the spatial projection p(¢, x) := x of the slice S?|, of S? at
time ¢ (that is, with respect to the temporal projection t(¢, x) := t). The theory of integral
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currents entails that T2 (¢) is a 1-dimensional integral current and 972 () = 0 for almost
everyt € (0,T).

The total traversed slip surface from T?(s) to T?(¢) can be seen to be the integral
2-current in R given by

SPIL = pa[SP L ([s.1] x R?)],

that is, the pushforward under the spatial projection of the restriction of S? to the time
interval [s, 7]. Note, however, that S®|% does not contain a “time index”, which is needed
to describe the plastic flow (see below), and also that multiply traversed areas may lead
to cancellations in S?| ¢ This will require us to define the dissipation as a function of the
slip trajectories and not of the slip surfaces.

Plastic flow

With a family (S?); of slip trajectories at hand, we can proceed to specify the resulting
plastic effect. To give the discrete dislocations a non-infinitesimal size, we convolve S
with the dislocation line profile n € C2°(R3; [0, 00)), to obtain the thickened slip trajectory
S,'? :=n * S® (with “x” the convolution in space). This expresses the “macroscopic”
shape of the dislocation orthogonal to the line direction, which in single crystals is not
infinitesimal.

For kinematic reasons detailed in [40], the plastic distortion P follows the plastic flow
equation, which describes the effect of the moving dislocations on the plastic distortion,

d 1 .
3 P6.x) = D(t,x, P(t,x); (8h)) = 3 > b & projipg-1pyL Y2 X)) (11)
beB

Here, the spatial 2-vector y?(z, x) € /\, R3 is the density of the measure
p(Sy) = PSS,

at (¢, x), which takes the role of the geometric slip rate, and “x” denotes the Hodge star
operation, so that xy?(z, x) is the normal to the (thickened) slip surface at (¢, x). The
factor 1/2 is explained by the fact that every dislocation with Burgers vector b € B is also
a dislocation with Burgers vector —b (with the opposite orientation).

Note that the projection in the definition of D has the effect of disregarding dislocation
climb, so that P represent the history of dislocation glide only (see [40, Section 6.2]
for more on this). It turns out that for technical reasons we cannot enforce that xy? is

orthogonal to P~ !h for admissible slip trajectories (which would obviate the need for the
projection in (1.1)); see Remark 6.5 for an explanation.

Energy functionals

For the elastic energy, we use

We(y. P) = /Q We(VyP 1) dx
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and make the hyperelasticity assumption that
y(t) is a minimizer of W, (-, P(¢)) forall ¢t € [0, T'].

This is justified on physical grounds by the fact that elastic movements are usually much
faster than plastic movements [8, 13, 28]. For the elastic energy density W,, we require
polyconvexity [11, 12] as well as (mild) growth and continuity conditions. In particular,
our assumptions will be satisfied for the prototypical elastic energy densities of the form
W (E) := W(E ) + I'(det E), which only depend on the elastic part E = VyP ™! in the
Kroner decomposition. Here, W:R>3 [0, 00) is convex or polyconvex, has r-growth,
and is r-coercive with a sufficiently large r > 3 (depending on the other exponents in
the full setup). Moreover, I': R — [0, +00] is assumed to be continuous, convex, and
I'(s) = 4ooif and only if s < 0; see Example 4.1 for details. In applications, one usually
also requires frame-indifference of W,, that is W,(QE) = W,(E) for all Q € SO(3),
E € R¥3. This is satisfied, for instance, if W (E) = |E|" with the Frobenius norm ||,
yielding a superlinear-growth compressible neo-Hookean material [19].
Further, we introduce the core energy as

¢
We((T?)p) = 5 ) M(T?),
beB
where ¢ > 0. Here, M(T?) = || T?||(R?) is the mass of the current T2, i.e., the total length
of all lines contained in 7. This core energy represents an atomistic potential energy
“trapped” in the dislocations [1,6,41] (also see [40, Section 6.4]). The present work could
be extended to also incorporate more complicated (e.g., anisotropic) core energies, but we
refrain from doing so for expository reasons.
Given further an external loading f:[0, T] x Q — R3, the total energy is then

E(t.y. P.(T")) := We(y. P) — /Q Ft.3) - y(0) dx + We(T)p).

We only consider bulk loadings in this work, but this is not an essential restriction; see
Remark 4.6 for possible extensions.

It is interesting to note that we do not need to employ a hardening term in the energy
functional € that gives coercivity in P or V P, like in previous works on (phenomenolog-
ical) elasto-plastic evolution in the large-strain regime, see, e.g., [34,51,52,54,55,59,72].
Instead, we will impose a coercivity assumption on the dissipation with respect to the
variation of the dislocation motion (see below). Thus, we do not penalize large amounts
of movement via the modulus of P (which may go up or down, e.g., in a periodic motion),
but via the total amount of dislocation movement (which can only increase along the
evolution). Since in our model the evolution of P occurs only via dislocation slip, the
W14 variation in time of P remains bounded as long as the dissipation remains bounded;
see Lemma 3.5 for the precise statement. Hence, no hardening term in € is necessary.
We finally remark that also the curl of P, and in fact any derivative of any order of P,
remain likewise controlled since the effect of dislocation movement is assumed to be
macroscopic (via the smooth dislocation line profile 7).
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Dissipation

A key role in the formulation of the dynamics is played by the dissipation, i.e., the
energetic cost associated with a slip trajectory S moving the dislocations from T (s)
to T?(t), where s < ¢ and the Burgers vector b € B is fixed for the moment. In first
approximation, this dissipation is given by the (space-time) variation of S®, which is
defined as

vmw%pny:/

[s,¢]xR

Ip(s)]dis?].

Here, S? = §b [ S%) is the Radon—Nikodym decomposition of the integral current S? into
its orienting 2-vector S? € L(||S?||; A\, R'*3) (which is simple and has unit length) and
the total variation measure ||S?| € M1 ([0, T] x R?). We refer to Section 2 for details
on these notions. The quantity Var(S?; [s, t]) expresses precisely the area traversed by
the moving dislocation with absolute multiplicity, that is, areas traversed several times
are also counted several times. From a physical perspective, the (space-time) variation
counts roughly the number of bonds that are cut when the dislocation moves, in line with
micromechanical principles [6,41].

However, the space-time variation does not account for the progressive lattice dis-
tortion of the deforming crystal and the resulting change to the number of bonds per
(referential) traversed area. In the model introduced in [40] (see, in particular, Sections 4.3
and 4.5, but using the multi-vector formulation detailed in the appendix to [40]), the dis-
sipation along a slip trajectory S® from s to ¢ is therefore given instead as

[, L RSt 12
5,t]xR3

where the function R?: AV R3 — [0, 00) is the convex and 1-homogeneous dissipation
potential, expressing the dissipational cost of a unit slip surface, which may be anisotropic
and b-dependent. We require R? to satisfy the bounds

C7llE] < Rb(¢) < CIg|,

with a constant C > 0 that is independent of . We remark that the “pre-multiplication”
of p(§b) with P actually means the pushforward under P, i.e., P(v Aw) = (Pv) A (Pw)
for simple 2-vectors v A w, and for non-simple 2-vectors extended by linearity. It is
precisely this pre-multiplication with P that accommodates the additional anisotropy
introduced by the plastic distortion.

The precise form of the total dissipation we employ, denoted by Diss((S?)y: [s. ¢]),
can be found in Section 4.1. It is a bit more involved than (1.2) due to the further mathe-
matical necessity to require a form of coercivity of the dissipation with respect to the vari-
ation, which is independent of the magnitude of P. Such a coercivity could be interpreted
as a form of hardening (on the level of the dissipation) since it is precisely this coercivity
that obviates the need for the usual hardening terms in the total energy; see Example 4.2
and Remark 4.4 for further explanation. Without this coercivity the specimen could rip
immediately, preventing the existence of solutions for any non-trivial time interval.
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Since our dissipation then controls all the (space-time) variations Var(S®; «) up to
constants, one is naturally lead to a theory of integral currents with bounded (space-time)
variation, which was developed in [69]. The required aspects of this theory are recalled
in Section 2.4 as the basis upon which our rigorous modeling of dislocations and slip
trajectories in Section 3 is built.

Energetic solutions

In [40], the relation linking plastic distortion rates (velocities) and the corresponding
stresses is given by the flow rule (in its multi-vector version)

PTTX? € 9RP(Py?), (1.3)

where yb is the geometric slip rate (see (1.1)), Pyb is the pushforward of the 2-vector yb
under P, and R? is the dissipation potential (see (1.2)). Moreover, X b denotes the con-
figurational stress, that is, the stress associated with changes of dislocation configuration,
which is thermodynamically conjugate to y”. In a smooth setting and neglecting the core
energy, it can be expressed as

X0 = xb™MPT,

where M is the Mandel stress (structural plastic stress),
M = P (Vy)'DW,(VyP™h).

While it is often possible to make rigorous sense of the Mandel stress by imposing
a “multiplicative stress control” as in [34, 52, 59] (see, e.g., [59, condition (3.W3) and
Lemma 4.6]), the differentiability of integral currents “along the flow”, and hence the
definition of X®, turns out to be a delicate matter, which is explored in detail in [16].

To avoid these issues, we formulate our whole system in a completely derivative-free
setup, where X2 and M do not appear. For this we employ an energetic framework based
on the Mielke—Theil theory of rate-independent systems introduced in [61-63]; see [60]
for a comprehensive monograph, which also contains many more references. The basic
idea is to replace the flow rule by a (global) stability relation and an energy balance,
which employ only the total energy and dissipation functionals.

However, our framework differs from the classical energetic theory, as presented in
the monograph [60], in a number of significant ways. Most notably, the central idea of the
energetic theory to use a dissipation distance between any two states of the system [34,52,
59,71] is modified here. This is a consequence of the fact that in order to define the change
in plastic distortion associated with the movement of a dislocation, we do not merely
need the endpoints, but the whole trajectory. We will associate two “forward operators”
to a slip trajectory, which determine the endpoint of the evolution for the dislocations and
for the plastic distortion, respectively. The definition of the dislocation forward operator
is straightforward (see Section 3.2), but for the plastic forward operator some effort needs
to be invested (see Section 3.3). Further, we need to avoid the formation of jumps in the
evolution since, for the reasons discussed above, one cannot define the plastic distortion
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associated with these jumps. As rate-independent evolutions can develop jumps naturally,
we need to introduce a rescaling of time to keep the jump paths resolved.

The precise definition of our notion of solution is given in Definition 4.7, after all
the aforementioned objects have been rigorously defined and the precise mathematical
assumptions have been stated. Our main existence result is Theorem 4.11. Roughly, it
states that under suitable assumptions and given initial values yq, Py, Ty := (Tob)b for
the total deformation, plastic distortion, and dislocation system, respectively (satisfying
suitable compatibility conditions), there are total deformation, plastic distortion and slip
trajectory processes

y(t), P@), S = (S,

respectively, from which we also define the dislocation system at time ¢ via
TP (1) := pu(S”]0),

such that y, P, S start at the prescribed initial values and satisfy the following conditions
in a non-trivial time interval [0, T):
(S) Stability:

If ¢ € [0, Ty) is not a jump point, then for all y and S,

&, y(1), P(1), (TP(1))p) < &(1, 7, 8% P(1), (S T?(1))5) + Diss(S),

where for a test slip trajectory S, the effect of the evolution by S is expressed via
the forward operator S (see Section 3) and the resulting dissipation is denoted by
Diss(§ ).

(E) Energy balance:

! .
E(t, y (), P(1), (T"())5) = €(0, Yo, 20) — Diss(S; [0, ]) —fo (f (0. y())dz,

where Diss(S'; [0, £]) is the dissipation of the dislocation movement up to time .
(P) Plastic flow:

d
aP(Z,x) = D(t,x, P(t,x);S) and det P(¢t) = lin 2,

where D is the is the plastic drift defined in (1.1).

Moreover, bounds of bounded variation (BV) type in time hold for P(¢) and S, but not in
general for y(t).

In line with the general energetic theory of rate-independent systems, see [60], no
uniqueness of solutions can be expected. Moreover, since our system includes nonlinear
elasticity, also the non-uniqueness inherent in that theory is contained in our model, see,
e.g., [19] for examples.

We will construct solutions as limits of a time-stepping scheme, where we minimize
over “elementary” slip trajectories at every step. While we employ a number of ideas
of the classical energetic theory, we will give a complete and essentially self-contained
proof.



Elasto-plastic evolutions driven by discrete dislocation flow 2803

Decay of coercivity

An important argument in the limit passage, as the step size tends to zero in the time-
stepping scheme, is to establish sufficient a priori estimates on the total energy. This is,
however, complicated by the fact that the integrand of W, depends on VyP !, and hence
the coercivity of W, in Vy may decay as P evolves. As a consequence, we can only
obtain a differential estimate of the form

d » N
_ N<cC o (t)’
i H=Ce

where oV is the energy plus dissipation of the N-th approximate solution. The above
differential inequality (or, more precisely, the associated difference inequality) does not
fall into the situation covered by the classical Gronwall lemma and finite-time blowup
to 400 is possible as N — o0. Indeed, the ODE 1 = Ce¥, u(0) = u¢ has the solution

u(t) = —log(e™° — Ct),

which blows up for t — ¢7#0/C. However, using a nonlinear Gronwall-type lemma
(see Lemma 5.4), we can indeed show an N -independent interval of boundedness for
all the V. Physically, if the time interval of existence is bounded, then the material fails
(e.g., rips) in finite time.

Other notions of solution

Let us finally remark that our variational framework describes the transport of dislocations
in an implicit fashion, that is, we treat the slip trajectory as fundamental and recover the
dislocations at a given time via slicing. It is also possible to directly consider the transport
of integral currents by a vector field, see [16], but coupling this with elasto-plasticity is
out of reach at the moment.

Let us also mention the general theory of balanced viscosity solutions developed
by Mielke—Rossi—Savaré [56—59] (see also [42] for a recent application to damage and
[25,26] for other related results about viscoplastic relaxation), which could enable a finer
study of the jump behavior (see also [70] for a related approach).

Outline of the paper

We begin by recalling notation, basic facts, and the theory of space-time integral currents
of bounded variation in Section 2. In Section 3, we define rigorously the basic kinematic
and dynamic objects of our theory, namely dislocation systems, slip trajectories, and the
forward operators. The following Section 4 details our assumptions on the energy and dis-
sipation functionals, defines our notion of solutions, and states the main existence result,
Theorem 4.11. The time-incremental approximation scheme to construct a solution is
introduced in Section 5. Finally, Section 6 is devoted to the limit passage and the proof of
the existence theorem.
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2. Notation and preliminaries

This section recalls some notation and results, in particular from geometric measure
theory.

2.1. Linear and multilinear algebra
The space of (m x n)-matrices R™*" is equipped with the Frobenius inner product
A:B:=) A'Bl =u(A"B) = u(B'A)
ij
(upper indices indicate rows and lower indices indicate columns) as well as the Frobenius
norm |A| := (A : A)V? = (tr(ATA))V/2.

The k-vectors in an n-dimensional real Hilbert space V' are contained in /\; V and the
k-covectors in /\k V,k=0,1,2,...Forasimple k-vector § = vy A--- A vg and a simple
k-covector @ = w' A--- A w¥, the duality pairing is given as (§, @) = det(v; - w/)i; this
is then extended to non-simple k-vectors and k-covectors by linearity. The inner product

and restriction of n € /\; V and « € /\l Varen lae€ /\l_k Vandnl o e N\i; V,
respectively, which are defined as

(EanOO = (5/\77705)» Ee/\l—kv»
(ML, B):=(manp), Be NV

We will exclusively use the mass and comass norms of n € /\; V and o € /\k V, given via

k
0l :=sup{|(n.a}| :x € A"V, || =1,
loe] := sup{[{n, )| : n € A\ V simple, unit},
where we call a simple k-vector B = vq A --- A v a unit if the v; can be chosen to form
an orthonormal system in V.
For a k-vector 7 € /\, V in an n-dimensional Hilbert space V' with inner product (-, +)

and fixed ambient orthonormal basis {e1, .. ., e, }, we define the Hodge dual xn e A\,,_; V
as the unique vector satisfying

Enxn=(Emer A Neq, E€ NV

In the special case n = 3, we have the following geometric interpretation of the Hodge
star: x1 is the normal vector to any two-dimensional hyperplane with orientation 7. In fact,
fora,b € /\; R? the identities

x(axb)y=anb, x(@arnb)=axb

hold, where “x” denotes the classical vector product. Indeed, for any v € R3, the triple
product v - (a x b) is equal to the determinant det(v, a, b) of the matrix with columns v,
a, b, and so

vAx(axb)=v-(axb)e; Aex Aez =det(v,a,b)e; Aex Aes =v A (aAb).
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Hence, the first identity follows. The second identity follows by applying x on both sides
and using »~! = * (since n = 3).

A linear map S: V — W, where V', W are real vector spaces, extends (uniquely) to
a linear map S /\k V — /\k W via

Sy A AvE) = (Sv)A---A(SvE), v1,....0¢ €V,

and extending by (multi-)linearity to /\k V.

2.2. Spaces of Banach-space valued functions

Let w:[0,T] — X (T > 0) be a process (i.e., a function of “time”) that is measur-
able in the sense of Bochner, where X is a reflexive and separable Banach space; see,
e.g., [60, Appendix B.5] for this and the following notions. We define the corresponding
X -variation for [0, t] C [0,T] as

N

Vary (w; [0, t]) := sup { Z lw(ty) —wte—)Dllx o =tg<t1 <--- <ty = r},
=1

where 0 =ty < t; < --- <ty = 7 is any partition of [0, t] (N € N). Let
BV([0,T]; X) := {w:[0,T] - X : Vary (w; [0, T]) < oco}.

Its elements are called (X -valued) functions of bounded variation. We further denote
by Lip([0, T]; X) the space of Lipschitz continuous functions with values in a Banach
space X. Note that we do not identify X -valued processes that are equal almost every-
where (with respect to “time”).
By repeated application of the triangle inequality, we obtain the Poincaré-type in-
equality
[w@lx = llwlo)llx + Varx (w; o, 7]).

The following result is contained in the discussion in [69, Section 3.1].

Lemma 2.1. Let w € BV([0, T']; X). Then, for everyt € [0, T], the left and right limits
w(tE) ;= lim w(s)
s—>t+

exist (only the left limit at O and only the right limit at T' ). For all but at most countably
many jump points ¢t € (0, T), it also holds that w(t+) = w(t—) =: w(?).

The main compactness result in BV ([0, T']; X) is Helly’s selection principle, for which
a proof can be found, e.g., in [60, Theorem B.5.13].

Proposition 2.2. Assume that the sequence (w,) C BV([0, T]; X) satisfies

sup(||lw, (0)||x + Vary (wy; [0, T])) < oo.
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Then, there exist w € BV([0, T]; X) and a (not relabeled) subsequence of the n’s such
*
that w, — w in BV([0, T); X), that is,

wy(t) = w(t) forallt €]0,T].

Moreover,
Vary (w; [0, T]) < liminf Vary (wy; [0, T]).
n—00

If additionally (w,) C Lip([0, T]; X) with uniformly bounded Lipschitz constants, then
also w € Lip([0, T]; X).

2.3. Integral currents

We refer to [32,43] for the theory of currents and in the following only recall some basic
facts that are needed in the sequel.

We denote by H* L_ R the k-dimensional Hausdorff measure restricted to a (count-
ably) H*-rectifiable set R; £ is the d-dimensional Lebesgue measure. The Lebesgue
spaces L7 ($2; RN) and the Sobolev spaces wk.p (2; ]RN) for pe[l,oolandk =1,2,...
are used with their usual meanings.

Let D¥(U) := C(U; A¥ R9) (k € N U {0}) be the space of (smooth) differential
k-forms with compact support in an open set U C R?. The dual objects to differential
k-forms, i.e., elements of the dual space D (U) := D¥(U)* (k € N U {0}) are the k-
currents. There is a natural notion of boundary for a k-current T € Di(R?) (k > 1),
namely the (k — 1)-current 37 € Dy_; (R?) given as

(0T, 0) := (T, dw), o € D 1(RY),

where “d” denotes the exterior differential. For a O-current 7', we formally set 07 := 0.
A N, R4-valued (local) Radon measure 7 € Moo (R?; Nk R%) is called an integer-
multiplicity rectifiable k-current if

T =mTH* R,

meaning that
(T.w) = / (T (), 0())m(x) dHE (). € DFRY),
R

where:

() R c R is countably H*-rectifiable with H¥(R N K) < oo for all compact sets
K C Rd;

(i1) T:R — Nk RY is ﬂ{k—rgeasurable and for H*-a.e. x € R the k-vector f"(x) is
simple, has unit length (|7 (x)| = 1), and lies in (the k-times wedge product of) the
approximate tangent space Tx R to R at x;

(iii) m e L. (F*F L R;N).

The map T is called the orientation map of T and m is the multiplicity.
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LetT =T |IT|| be the Radon—Nikodym decomposition of T' with the fotal variation
measure | T || = mH* L R € Mi* (R?). The (global) mass of T is

loc

M(T) = |T||(RY) = /R m(x) doF (o).

Let © C R be a bounded Lipschitz domain, i.e., open, connected and with a (strong)
Lipschitz boundary. We define the following sets of integral k-currents (k € N U {0}):

Ix (]Rd) := {T integer-multiplicity rectifiable k-current : M(T) + M(dT') < oo},
L (Q) = {T e k(R?) : supp T C Q}.

The boundary rectifiability theorem, see [32, Theorem 4.2.16] or [43, Theorem 7.9.3],
entails that for T € I (R?) also T € I_;(R?).

For Ty = m Ty ¥ L Ry €Iy, (R9) and Ty = my T, H*2 L R, € Iy, (R%2) with R,
k1 -rectifiable (not just Hk -rectifiable) or R, k,-rectifiable, we define the product current
of Ty, T> as

Ty X Ty := mymy(Ty A To)HHR2 L (Ry x Ry) € I, 14, (RUT92).
For its boundary, we have the formula
Ty x Tn) = 0Ty x Tr + (=1)*1 Ty x 8T5.

Let 6: Q — RY be smooth and let T = mTHK _ R € I (Q). The (geometric) push-
forward 0, T (often also denoted by “04T in the literature) is

(6.T,w) := (T, 0*w), o e D¥RY),

where 0*w is the pullback of the k-form w.
We say that a sequence (7;) C Ix (R?) converges weakly* to T € Dy (R?), in symbols
“T; 1t
(Tj,w) = (T,w) forallw e Dk (RY).

For T € Iy (R%), the (global) Whitney flat norm is given by
F(T) := inf {M(Q) + M(R) : Q € It4+1(RY), R € [ (R?) with T = 3Q + R}

and one can also consider the flat convergence F(T' — T;) — 0 as j — oo. Under the mass
bound sup; ¢y (M(7}) + M(97})) < oo, this flat convergence is equivalent to weak™ con-
vergence (see, for instance, [43, Theorem 8.2.1] for a proof). Moreover, the Federer—Flem-
ing compactness theorem, see [32, Theorem 4.2.17] or [43, Theorems 7.5.2 and 8.2.1],
shows that, under the uniform mass bound, we may select subsequences that converge
weakly* or, equivalently, in the flat convergence.

The slicing theory of integral currents (see [43, Section 7.6] or [32, Section 4.3])
entails that a given integral current S = mSHKTU_ R € Ix4+1(R") can be sliced with
respect to a Lipschitz map f:R"” — R as follows: Set R|, := f~'({t}) N R. Then, R|;
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is (countably) H¥-rectifiable for almost every ¢ € R. Moreover, for H¥+1-almost every
z € R, the approximate tangent spaces T, R and T, R|;, as well as the approximate gra-
dient VR £(z), i.e., the projection of V f(z) onto T, R, exist and

_ _ Vi)
T,R = span{T,R|;,&(z)}, £(z2):= m L T, R|;.
Also, £(z) is simple and has unit length. Set
_ m@ i#VEf@ #£0, . - DRf(2) | pd
me(2) = {O otherwise, @)= |DR f(z)] A

where DR f(z) is the restriction of the differential Df(z) to T, R, and
S11(2) = S() L §(2) € Ae T=RIe € A T:R.

Then, the slice
Sle = m+S|t[]{k L R

is an integral k-current, S|; € I (R"). We recall several important properties of slices:
First, the coarea formula for slices,

/g|VRf|dek+l = [[ g d3k ar, 2.1)
R R|;

holds for all g: R — R that are H**+!-measurable and integrable on R. Second, we have
the mass decomposition

[msia = [ 9% 1aisi.
Third, the cylinder formula
Sly=0SL{f <t)—-0@S)L{f <t}
and, fourth, the boundary formula
3(S]s) = —(38)]:
hold.

2.4. BV-theory of integral currents and deformations

In this section, we briefly review some aspects of the theory of space-time currents of
bounded variation, which was developed in [69]. In the space-time vector space R!*¢ =~
R x R¥, we denote the canonical unit vectors by eg, €1, ...,eq With e the “time” unit
vector. The orthogonal projections onto the “time” component and “space” component
are respectively given by

t: R'"Y SR, t(t,x):=¢t and p:R'"™ >R p@,x):=x.
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The variation and boundary variation of a (1+k)-integral current S € I; ;¢ ([0, T]xQ)
in the interval / C [o, 7] are defined as

> —
Var(s: 1) := [ p(S)[d|S].  Var@S: 1) = / p(33)| ]35S .
IxR4 I xR4

X X

If [0, T] = [0, 1], we abbreviate Var(S) and Var(dS) for Var(S; [0, 1]) and Var(dS; [0, 1]),
respectively. It is immediate to see that

Var(S: 1) < M(S L (I x R?)) < M(S).
For £!-almost every ¢ € [0, 7],
S(t) := px(S|y) € k(2)

is defined, where S|; € Ix([o, ] x Q) is the slice of S with respect to time (i.e., with
respect to t). If | S||({¢} x R¢) > 0, then S(¢) is not defined and we say that S has a jump
at ¢. In this case, the vertical piece S L ({t} x R?) takes the role of a “jump transient”.
This is further elucidated by the following “Pythagoras” lemma, which contains an esti-
mate for the mass of an integral (1 + k)-current in terms of the masses of the slices and
the variation, see [69, Lemma 3.5] for a proof.

Lemma 2.3. Let S = mSH'F L R € 1y 1« ([0, 7] x Q). Then,
VR + pS)2=1 |S|-ae. (2.2)

and

M(S) < f rM(S(t))dt + Var(S; [0, 7])

<|o —1|-esssup M(S(t)) + Var(S; [o, 7]).
tefo,t]
The integral (1 + k)-currents with Lipschitz continuity, or Lip-integral (1 + k)-cur-
rents, are the elements of the set

ILip

Lk ([on ] Q)= {S €Ly ([o. 7] x Q) : esssup(M(S(1)) + M(3S(t))) < oo,

telo,1]
IS (o, 7} x RY) =0,
t + Var(S;[o, t]) € Lip([o, 7]),
t + Var(dS; (o, 1)) € Lip([o, r])}

Here, Lip([o, t]) contains all scalar Lipschitz functions on the interval [0, 7].
It can be shown that for S € Ill“li ([0, 7] x ), there exists a good representative, also

denoted by ¢ — S(t), for which the F-Lipschitz constant

Lie wp FS©=S0)

s,t€lo,7] |S - t|
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is finite and 7 > S(¢) is continuous with respect to the weak* convergence in Iy ().
Moreover,
S L ({0, 7} x RY) = 8, x S(t—) — 85 x S(o+),

and thus S(o+) := w*-lim; | S(t), S(r—) := w*-lim,4, S(¢) can be considered the left
and right trace values of S.

It is straightforward to see that our notion of variation is indeed a generalization of
the usual variation by identifying a scalar function of bounded variation u € BV(]0, 1])
(see [5]) with S,, := ! L graph(u), where graph(u) := {(t,u? (t)) : 1 € [0, 1], 6 € [0, 1]}
is the graph of u, and 7 is the unit tangent to graph(u) (with 7 - eo > 0). Here, u?(¢) :=
(1 —60)u=(t) + Ou™ (¢) is the affine jump between the left and right limits u™® (f) = u(t %)
at ¢t € [0, 1]. Then, Var(S,; I) = Var(u; I) = |Du|(I). See [69, Example 3.1] for the
details.

More relevant to the present work is the following.

Example 2.4. Consider a Lipschitz homotopy H € Lip([0, 1] x Q; Q) with H(0, x) = x,
and T € It (Q). Define H (¢, x) := (¢, H(t, x)) and

Su = Hy([(0.D] x T) € I, ([0.1] x ),

where [(0, 1)] is the canonical current associated with the interval (0, 1) (with orienta-
tion 41 and multiplicity 1). Then, according to the above definition,

Su(t) = H(t, )T, te[0,T].

Thus, the Sy so defined can be understood as deforming 7 via H into H(1, «)«T.
We refer to [69, Lemma 4.3] for estimates relating to the variation of such homotopi-
cal deformations.

The following lemma concerns the rescaling of space-time currents, see [69, Lem-
ma 3.4] for a proof. In particular, as it is a common technique for rate-independent
systems, we will later use it to rescale bounded-variation processes to “steady” Lipschitz
ones, see the proof of Proposition 5.2.

Lemma 2.5. Let S € Iy ([0, 7] x Q) and let a € Lip([o, T]) be injective. Then,
axS = [(t,x) = (a(0), x)]+S € Lipx(a([o, 7]) x Q)
with (axS)(a(t)) = S(t), t € [o, t], and

Var(a«S;a([o, t])) = Var(S; [0, 7]),
Var(d(a«S); a([o, t])) = Var(dS; [o, 7]),
esssup M((axS)(z)) = esssupM(S(?)),

tea([o,t]) t€lo,t]
esssup M(d(a«S)(t)) = esssupM(3S()).
tea([o,t]) telo,t]

IfS € 1%, ([o.t] x Q), then also axS € Lk (a([o, 7)) x Q).
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Next, we turn to topological aspects. For this, we say that (S;) C Il+k([o 7] x Q) con-
verges BV-weakly*to S € I 1x ([0, T] X Q) as j — oo, in symbols “S; X Sin BV”,if

{ S; =S inh(o. 7] x Q) (2.3)

S;i(t) A S(t) inIx(R) for £L'-almost every ¢ € [o, 7].

The following compactness theorem for this convergence in the spirit of Helly’s selection
principle is established as in [69, Theorem 3.7].

Proposition 2.6. Assume that the sequence (S;) C I 11 ([0, T] x Q) satisfies

ess sup(M(S; (1)) + M(3S;(¢))) + Var(S;; [0, t]) + Var(dS;;[o,7]) < C < 00

telo,]

forall j € N. Then, there exist S € 11 ([0, T] X Q) and a (not relabeled) subsequence
such that .
S; =S inBV.

Moreover,

esssupM(S(z)) < 11m mfess sup M(S; (1)),

tefo,1] tefo,t]
esssupM(dS(7)) < 11m infess sup M(9S;(?)).
telo,t] % refo,t]

Var(S; [0, t]) < liminf Var(S;; [o, 7]),
j—oo

Var(9S; (o, 7)) < liminf Var(dS;; (o, 7)).
j—oo

If additionally (S;) C I%ifk([a, ] x Q) such that the Lipschitz constants L; of the scalar

maps
t = Var(S;;[o, t]) + Var(dS;; (0, 1))
are uniformly bounded, then also

S e1-P

(o Tl x Q)

with Lipschitz constant bounded by liminf; ., L;j. Moreover, in this case, S; (t) s (1)
inIx () for every t € [o, 7).

We can use the variation to define the (Lipschitz) deformation distance between Ty,
T, € Ik(Q) with 0Ty = 077 = O:
dist; ;) (To. T1) = inf { Var(8) : § € I, ([0.1] x Q) with 05 = §; x Ty — 8o x To}.

The key result for us in this context is the following “equivalence theorem”; see [69,
Theorem 5.1] for the proof.
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Proposition 2.7. For every M > 0and T;, T (j € N) in the set
{T ek(Q): 9T =0, M(T) < M}
the following equivalence holds (as j — 00):
dist;, 5(Tj. T) =0 ifandonlyif T; =T inT(&).
Moreover; in this case, for all j from a subsequence of the j’s, there are

S; e [P, ([0.1] x Q)
with
0S; =61 xT =68 xTj, diStLip’ﬁ(T'j, T) < Var(S;) — 0,
limsup ess sup M(S;(¢)) < C - lim sup M(7}).

j—oo t€[0,1] {—o00

Here, the constant C > 0 depends only on the dimensions and on Q.

3. Dislocations and slips

This section introduces the key notions that we need in order to formulate the model
from [40] rigorously, most notably dislocation systems and slip trajectories. Dislocation
systems are collections of dislocation lines, indexed by their (structural) Burgers vector,
which is constant along a dislocation line. Slip trajectories describe the evolution of a dis-
location system. Crucially, they also provide a way to obtain the evolution of the plastic
distortion. To this aim we will introduce suitable “forward operators”, one for dislocation
systems and one for plastic distortions.

3.1. Dislocation systems
Assume that we are given a set of Burgers vectors
B = {+by,...,£by} C R\ {0}.
The set of (discrete) dislocation systems is defined to be
Disl(Q) 1= {T = (T"")pes CLi(Q): T™0 = —T?, aT = 0 forall b € B},

where I; () is the set of all integral 1-currents supported in Q (see Section 2.3 for nota-
tion). We interpret this definition as follows: 7% contains all dislocation lines with Burgers
vector b € B. The symmetry condition 7~? = —T? for all b € B means that the sign of
a Burgers vector can be flipped when accompanied by a change of line orientation. The
dislocation lines are assumed to be closed (globally). While usually one only assumes
closedness inside the specimen €2, in all of the following we require global closedness,
essentially for technical reasons. This can always be achieved by adding “virtual” dislo-
cation lines on 02 (also see Remark 4.5).
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The (joint) mass of T € Disl(Q) is
1
M(T) = 5 > M(T?) < o
beB

The factor 1/2 is explained by the fact that every dislocation with Burgers vector b € B
is also a dislocation with Burgers vector —b (with the opposite orientation).

3.2. Slips and dislocation forward operator

To describe evolutions (in time) of dislocation systems, we define the set of Lipschitz slip
trajectories as

Lip([0, T]; Disl(R)) := {S = (5®)pen C L([0,T] x Q) : S € [[? ([0, T] x Q),
§70 = -5 and
38 L ((0,T) xRY) = 0}.
Also set
(1) == p«(8°1). 1 €[0.T],
where S° | is the slice of St at time ¢ (i.e., with respect to t = ¢). We then have

(T?(1))p € Disl(R), 1€ (0,7T).

We let the L®-(mass-)norm and the (joint) variation of S € Lip([0, T]; Disl(€2)) be
defined for any interval I C [0, T'] as, respectively,

e b
||S||LOO(1;DiS1(Q)) = Iglea%(estseslupM(S |;) < o0,

1
Var(S;1) := 3 ZVar(Sb;I) < 00.
beB

In the following, we will also make frequent use of the space of elementary slip tra-
jectories starting from T = (T?), € Disl(Q), namely

Slip(T; [0, T]) := {S = (5°)5 € Lip([0, T]; Disl(R)) : dS? L ({0} x RY) = —§o x T?}.

The idea here is that an elementary slip trajectory S € Slip(7') gives us a way to transform
adislocation system T into a new dislocation system in a progressive-in-time manner. The
additional condition in the definition of Slip(T') entails that S? starts at T, for which we
could equivalently require S?(0) = T? forall b € B.

If [0, T] = [0, 1], we abbreviate

Slip(T') := Slip(T; 0, 1]),
[SlLee 1= ”S”LOO([O,I];Disl(S_Z))’
Var(S) := Var(S; [0, 1]).
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We may then define the dislocation forward operator for T = (T?); € Disl(Q) and § =
(S?), € Slip(T) as

ST = (T2), € Disl(Q)  with T := p.[dS? + 6o x T?] € 1,(Q),

where I; () is the set of all integral 1-currents with support in €.

Example 3.1. Let T = (T?), € Disl(Q), and let H? € Lip([0, 1] x 2; Q), b € B, be
a family of Lipschitz-homotopies satisfying

Hb0,x)=x and H™® = H’.
Define Hb(t, x) := (¢, H?(t, x)) and set S := (LS']bl,)l7 with
Sp = H2([(0, D] x %) e 177, ([0, 1] x Q),
like in Example 2.4. Note that
SgP(t) = -S4 (t), 3SL(t)=0, and SL(0)=T"

for every b € B and Llae. t. Thus, Sy € Slip(T'). The Sy so defined deforms T into
SsT = (HO(1,+)«T?),.

3.3. Plastic evolution

We now consider how slip trajectories give rise to an evolution of the plastic distortion.
For this, consider a dislocation system T = (T"?); € Disl(Q) (see Section 3.1 for the def-
inition of this set) and a slip trajectory S = (S?); € Slip(T'; [0, T]) (see Section 3.2). Let
n € C(R3;[0, 00)) be a dislocation line profile, which is globally fixed and determines
the shape of the dislocation orthogonal to the line direction. We here allow the mass of
the profile to be any number (not just 1 like for a mollifier) to allow dislocations with
a “weight”. We then define the thickened slip trajectory S, := (S,II’ )p with

Shi=(nx S L Qe M([0.T] x 2 A\, R?),
which is to be understood as follows:

(85.0) = [ (820 1+ 0 @) IS 6. 0). w0 € DH(0.T]x @),

Here, the convolution “x” acts in space only, and w is considered to be extended by zero
outside Q. Note that S ,17’ is no longer an integral 2-current. However, we only need S, to
define the plastic flow, whereas all convergence and dissipational considerations involve S
directly, so no results from the general theory of currents [32] are required.

Lemma 3.2. Forall b € B, the measure

p(SL) == p(SH)IS2 ] e M([0. T] x Q: A\, R?)
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is absolutely continuous with respect to Lebesgue measure. For its density, called the
geometric slip rate, it holds that

y? € L2([0. T C¥(Q: A\, RY)),
y2 (-, x) e L*®([0, T]: N\, R?)  for almost every fixed x € Q,

andforallk =0,1,2,..., there is a constant Cy > 0, which only depends on 1, such that

/ 10 e d < Ci - Var(: o, 7]) G.0)

g
for any interval [0, ] C [0, T].

For ease of notation, here and in the following we suppress the dependence of y? on
(which is considered to be globally fixed).

Proof. Fix b € B. We first observe by linearity that p(Sé7 ) = 5 % p(S?). Then, for w €
D2([0, T] x Q) with |o| < 1,

[(p(S)). w)| < [ [(p(S2(t.x)). [n * w(t. )] (x))] ]| SP ||t x)
< Il [ IpGD1als?]
since | * w| < ||n||..1 by the properties of the mollification. Thus, for [, t] C [0, T,
Ip(SH (0. 7] x Q) < C - Var($®:[0.7]) < CL|o — 7|,

where L > 0 is a universal Lipschitz constant of the scalar functions ¢ > Var(S?; [0, ¢])
(b € B)and C > 0. Moreover, if

T
I5°1@rdn) = [ wi@n dic)
0
for A € M*([0, T]) and u, € MT(R?), which is weak*-measurable as a function of
t €[0,T], denotes a disintegration of ||S?|| with respect to time (see [5, Section 2.5]
and also [16, Section 4.2]), then
(p(S)).0) = / (PSP (1. x)). [ w(t. )](x)) d|S” |2, )
r ob
— [ [ ®G 0. ot ) diae ) @20
0
r ob
= [ [ e pudararare
Thus, the density of p(S,II’ ) has been identified as

ot ) == % [p(SE (e, ).
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Via Young’s convolution inequality, it satisfies for [0, 7] C [0, T'],

/ 12 o dt < C [ / ISP (1. 0) | djre (x) dA (1)
—c [ @IS = - Var(s®: o)) = CLio ]
[o,7]1xQ

Hence, we see that
yP e L®([0, TT: C(2: A\, R?)).  y2(-.x) e ([0, T]: A\, R?)

for almost every x, and (3.1) holds for k = 0. The higher differentiability follows by
pushing the derivatives onto the mollifier and estimating analogously. ]

Remark 3.3. Let us remark that if we additionally knew that |p(§ b(t,x))| < 1for || Sb|-
almost every (¢, x), then an application of the coarea formula for slices, see (2.1), in
conjunction with the relation Vsht(t, x) # 0, see (2.2) in Lemma 2.3, would yield the
physically easier to understand formula

0.0 = s [PEC S OI
VS t(t, +))

where V5 bt(t, +) denotes the projection of Vt(z, x) onto the tangent space to the (rectifi-
able) carrier set for S?. This corresponds to (7.14) in the modeling paper [40]. However,
the condition |p(§ b)| < 1 is not necessarily satisfied || S?||-a.e. for general Lipschitz-in-
time currents. This is related to singular phenomena that are “smeared out in time and
space”, which are discussed at great length in [16]. There, also an explicit counterexam-
ple, the “flat mountain”, is presented and investigated in detail. The variational approach
in the present work, however, does not depend on an explicit formula for yb .

We also define the normal slip rate
b._ b o (O3
g L *y EL ([Oa T],C (QaR ))7

where *: /\ , R® — R? is the Hodge star operation. By Lemma 3.2, we have that gP(.x)e
L®([0, T]; R?) for almost every fixed x € €, and

T
[ gb e e at = G- V(s 0.2
[

for all intervals [o,7] C [0,T]and k = 0,1,2,...

Let P € L5(Q;R*3) forans € [1,00] withdet P =l a.e.in 2, T = (T?), € Disl(Q),
and § = (S?), € Slip(T; [0, T]). Denote for almost every x € by Ry: [0, T] — R3*3
a solution of the ODE

d
ng(t) = D(t,x,Rx(t);S) forae.t €(0,7), (32)

Rx(0) = P(x),



Elasto-plastic evolutions driven by discrete dislocation flow 2817

where the (total) plastic drift D(t, x, R; S) fort € [0,T] and R € R3*3 with det R > 0
is given as

1 .
D(t,x,R;S) := 3 Z b® prO_](R—lb)L[gb(l,X)] (3.3)
beB

with g? corresponding to y? for S? as above. By projg—1p)- we here denote the orthog-
onal projection onto the orthogonal complement to the line (R™!5). We will show in
Lemma 3.4 that this ODE indeed has a solution for almost every x € 2. Note that
D(t, x, R; §) also implicitly depends on the dislocation line profile n; however, this is
considered to be globally fixed, and hence we suppress this dependence in our notation.

We then define the plastic distortion path Pgs starting at P induced by the slip trajec-
tory § = (S?); as

Ps(t.x) := Re(t), (t,x) €[0,T] x , (3.4)

with Ry the solution of (3.2). Moreover, if S € Slip(T) (i.e., [0, T] = [0, 1]), the plastic
forward operator is given via

(SsP)(x):= Rx(1), xeQ.
We first consider the question of well-definedness.

Lemma 3.4. The ODE (3.2) has a unique solution for almost every x € Q and Ps defined
in (3.4) is a Lipschitz function on [0, T] with values in L®($2; R3%3). Forallt € [0,T], it
holds that det Pg (t) = 1 a.e. in Q as well as

| Ps(t) — P|lLs < C - Var(S;[0,1]), (3.5)
where C > 0. In particular, if S € Slip(T) (i.e., [0, T] = [0, 1]), then
Ss P e L5(Q:R¥*3), det(SsP)=1lae, ||SsP —P|is <C-Var(S).

Proof. Fix b € B and x € E C Q with the set E of those x € Q, where | P(x)| < oo,
det P(x) = 1, and g®(+, x) is uniformly bounded. By Lemma 3.2, E has full measure
in 2. We observe that (¢, R) — D(t, x, R; S) is a Carathéodory map (measurable in ¢ for
fixed R and continuous in R for fixed ¢) on the open set

1
Uy = {(t,R) 1 €(0,T), ReR¥3, |R| < |P(x)| + M, det R > 5}

for any M > 0. Indeed, the plastic drift D(-, x, +; §) (with x fixed) is bounded and
Lipschitz on the compact set Uy since g?(+, x) is uniformly bounded and Lipschitz
in Uy, and the projection proj g-1p,1 depends smoothly on R™! = (cof R)"/ det R,
which in turn depends smoothly on R in Uyps. In fact, R — D(t, x, R; S) is Lipschitz
in Uy with a t-uniform Lipschitz constant.

Then, from Carathéodory’s existence and uniqueness theorem for ODEs [20, Theo-
rems 2.1.1 and 2.2.1], we obtain a unique maximal solution Ry: [0, Ty) — R3%3 of (3.2)
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in Ups, where Ty > 0 is the maximum time of existence. We compute that almost every-
where in the time interval [0, Ty) it holds that

d . . .
— det Ry = cof Ry : Ry = (det R)C)R;T : Ry = (det Rx)tr(R;le)

dr
1 _ .
= (det Rx)z Y (R ® PTOJ(R;‘b)L[gb(%X)])
beB
1 _ .
= (det Rx)5 Y (R7'D) - projirip 1 g”(+ x)] = 0.
beB
Hence, as det P(x) =1,
detRy(t) =1 fort € [0, Ty). (3.6)

By the uniform boundedness of D(-, x, +; §), which with regard to x only depends
on the quantity ||g®(+, x)||Leo, on the interval [0, T] the solution R, remains bounded.
Choosing M > 0 sufficiently large and also employing (3.6), we see that our solution R,
is in fact defined for all ¢ € [0, T].

To show (3.5), we estimate for all ¢ € [0, T,

t t
/|D(r,x,Rx<r>;S)|drsc1/ 1€ (2. oo dT < C - Var(S:; [0, 1])
0 0
by (3.1) in Lemma 3.2. Hence,

t d t
|Rx(z)—P(x)|s/0 aRx(w\dr:/o ID(z. x. Re(2); §)] dt < C - Var(S: [0, 1]).

Taking the L*-norm in x, this gives
[ Ps (1) = PllLs = C - Var(S:[0,1]).

In particular, Pg (¢t) € L¥(Q;R3*3) forall ¢ € [0, T].

The same arguments hold also when starting the evolution at ¢y € [0, ¢). Thus, the
Lipschitz continuity of # — Var(.S'; [0, ]) in conjunction with the additivity of the variation
yield the Lipschitz continuity of  — Pg (), considered with values in L*(Q; R3*3).

The claimed incompressibility property det Pgs (¢, x) = 1 for all ¢ € [0, T'] and almost
every x follows directly from (3.6). [

The next lemma shows the transportation of regularity along the plastic evolution.
Lemma 3.5. Assume additionally that P € W9 (Q;R3*3) fora q € (3, oc]. Then,
|Ps(t) — Pllwia <C -Var(S;[0,¢]), ¢t e]0,T], (3.7)

and Ps is a Lipschitz function with values in W54 (Q; R3%3), where C > 0 and the Lip-
schitz constant depend (monotonically) on || P||w1.¢ and Var(S; [0, T1). In particular, if
S e Slip(T) (i.e, [0,T] = [0, 1]), then

S>>P S Wl’q(Q;R3X3), ||S>>P — P”Wl.q < C Var(S)
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Note that while the growth of C in || P|w1.« and Var(S; [0, T]) may be very fast,
we will always apply this result in the presence of a uniform bound for those quantities;
then the estimates are of the same type as the ones in Lemma 3.4 and in particular additive
in the variation.

Proof. By Lemma 3.4 (for s = o) and the embedding of W4 (Q; R3*3) into C(£2; R3*3)
(since g > 3), we have || Ps (t)||Lcec < ||P|lLee + C - Var(S;[0,T]) =: M. The set

Xy ={AeR¥>3 ;|4 <M, detA =1)
is compact. Hence, the map H?: X3y — R3*3, given by

(A7'h) ® (A7'D)

b e : —
H”(A) 1= proj 4—15yL = Id— ATDP2 ,

AEXM,

is smooth and
|H®(A)|.IDH?(4)| < C. A€ Xp. (3.8)

where C = C(M) > 0 is a constant.
Denote by Pg (¢, x) := R, (t) the solution of (3.2) for x € Q. We have by the chain
rule that

VD(t,x, Ps(t,x);S) = VIH?(Ps(t,x))g"(t, x)]
=DH(Ps(t,x))VPs(t,x)g"(t.x) + HP(Ps(t.x))Vg® (. x),

where V denotes the (weak) x-gradient. Then, since time derivative and weak gradient
commute, we get that V Pg satisfies the ODE

SV = %bEZBDHb(Ps (6. 3X)V Ps (1.2 (1. %) + HO(Ps (1. X))V (1. ).

VPs(0,x) = VP(x).

We compute

d 1
3 [VPs(t.x) = VPl = 3 12 (DH®(Ps (1, ))[V Ps (1, x) = VP (x)]g" (1, x)
+ HP(Ps (t.x))Vg" (1. x)

+DH?(Ps(t,x)VP(x)gb(t, x)).

Integrating in time from O to 7, taking the LZ-norm in x, and applying (3.8), we get

t

1
(19Ps (@) = VPIo - 5 Y- 118" ()l
beB

1 1
+3 IV @ oo + VPl -5 3 18" (@ oo d
beB beB

IVPs(t.+) — VPlle < c/
0
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The integral form of Gronwall’s lemma now yields

t
1
Vs @) = VPl = CO+ VP [ 53 I ler do
0 beB

1
exp (C/O LYl ->||oodr).
beB

Combining this with (3.1) in Lemma 3.2,

IVPs(t,+) = VPra < C(1 + |[VP]a) Var(S; [0, 1]) - e VerS:I0.1D
< C -Var(S;0,1]),

where we have absorbed some terms into the constant C > 0. Together with (3.5) this
yields (3.7).

Further, varying the starting point and employing the Lipschitz continuity of ¢ —
Var(S; [0, ¢]) in conjunction with the additivity of the variation gives for all s < ¢ that

IPs(s) — Ps(t)lwra < C(1+ | P(s)]lw.a) Var(S: [s. #]) - V) < L|s — 1],

where L depends on Var(S; [0, T']) and || P ||y1.« (which bounds || P(s)|w1.« by (3.7)).
This gives the Lipschitz continuity of  — Pg (¢) with values in W4 (Q; R3*3). ]

Next, we show that we may dispense with the pointwise definition of solutions to (3.2).

Lemma 3.6. Assume that additionally P € WY (Q; R3*3) for a q € (3, 00]. Then,
the ODE (3.2) also holds in the W9 (Q; R3*3)-sense, that is,

d
EPS (t) exists as a W™ (Q; R¥3)-valued map for a.e. t € [0, T],

and for such t it holds that
d
EPS (t) = x — D(t,x, Ps(t,x);S) in Whe(Q;R>3). (3.9)

Proof. We have seen above that Ps € Lip([0, T]; W4 (2; R3*3)). Then, a version of

the classical Lebesgue differentiation theorem for maps with values in Banach spaces

(see [29, p. 107, Theorem 1V.3.2]) in conjunction with the fact that W4 (Q; R3*3) has

the Radon—-Nikodym property as a reflexive space (see [29, p. 76, Corollary I11.2.13]),

yields the existence of d Ps /dt almost everywhere in [0, T']. For such ¢ it holds that
Ps(t+68)—Ps(t) _

d . d
—Ps(t) = lim ; (XHEPS(I,X)),

where the limit is in W!+¢ and the last equality follows via the Lipschitz continuity of Pg
in time with respect to values in W4 and the fact that this implies x-uniform pointwise
Lipschitz continuity by the embedding W' (£2; R3*3) <5 C(£2: R3*3). Thus, (3.9) has
been established. |
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3.4. Operations on slip systems

We now introduce useful operations on slip trajectories, namely rescalings and concate-
nations, and we also define the so-called “neutral” slip trajectory.

Lemma 3.7. Let T € Disl(Q), P € LS(Q;R3>*3) foran s € [1,00] with det P = 1 a.e.
in Q, and § = (S%), € Slip(T; [0, T)). Let a: [0, T] — [0, T] be an invertible C'-map
with a(0) = 0, a(T) = T'. Define (using the notation of Lemma 2.5)

axS = (axS), € Slip(T; [0, T']).
Then, for the solution P,,s of (3.9), the rate-independence property
Pa,s(t') = Ps(@™'(t")). ' €[0.T"], (3.10)
holds. In particular, if S € Slip(T) (i.e., [0,T] = [0,1]) and T’ = 1, then
(axS)s>T = 8SsT, (axS)>P =S8sP.

Proof. The fact that a4 S = (a+S?), € Slip(T'; [0, T']) follows from Lemma 2.5. Turning
to (3.10), we denote by a,y? the geometric slip rate defined in Lemma 3.2 with respect
to a,S®. Note that for € D2Z(R3) and all 0 < s < ¢t < T, we obtain in the same way
as in the proof of Lemma 2.5 (which can be found in [69, Lemma 3.4]) using the area
formula that

//St(yb(r, O, w)drdx = //:S()t)((a*)’b)(f’,x),w(x))dr’dx

t
= // (a*yb(a(‘c), x),w(x))a(r)dr dx,
S
where we changed variables in the last line. Thus,

P (), x)
a@()) -’

axy? (' x) =

and hence
D@ '(t"),x,R;S)

a(a='(1")

D(t',x,R;a«8) =
For P’ := Pg oa~!, we compute
d on_ i —1 1y . 1
WO =(gPs)e @ s
D(a (1), -, Ps(a™'(t)): S)
a(a=1(t'))
= D(',., P'(t");a«S).

By the uniqueness of the solution to (3.9) we thus obtain P'= P,_ s, which implies (3.10).
The additional statements are then clear (using Lemma 2.5). ]
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Lemma 3.8. Ler T € Disl(Q), S' € Slip(T), % € Slip(S3.T), and P € L¥(Q2; R¥*3)
forans € [1,00] with det P = 1 a.e. in Q2. Then, there is S o S € Slip(T), called the
concatenation of S L and 82, with

(S208Y)sT =8S2(SLT), (S?0SYHsP =83(S3P), (3.11)

and
152 08 oo = max{[|S " [lLec, [|S o), (3.12)
Var(S2 o0 S1) = Var(S!) + Var(5?). (3.13)

Proof. Let T = (T?),, S' = (SP)p, 2 = (S2),. Define $2 0 S := (V?), with
vb .= r,}/zS{’ + ti/zri/zSé’,
where the rescaling r® and the translation ¢* (¢ # 0, T € R) are given by
ré(, x) ;= (at,x), 7, x):=(+1,Xx).

From Lemma 2.5, we see that $2 o §'! € Slip(T) and that (3.12), (3.13) hold.
The validity of the first statement in (3.11) follows in a straightforward manner since,
if SLT = (TP)p and S2(SLT) = (T2),, we have
VP =298t 4 1121250
=681/2 X le—80 x TP + 8 x sz—81/2 X le
=0 xsz—Sobe.

The second statement in (3.11) is a direct consequence of (3.10) in Lemma 3.7. [ ]

Lemma 3.9. Let T € Disl(Q) and P € L*(Q:R>3) for an s € [1, o0] with det P = 1
a.e. in Q. There exists a slip trajectory IdT € Slip(T), called the neutral slip trajectory,
such that

Wlr=r, wWlp=r,
and

117 || = M(T), Var(1dT) = 0.

Proof. If T = (T?)p, set 1IdT := (§?);, with ¢ := [(0, 1)] x T®. "

3.5. Weak* convergence of slip trajectories

Assume for a sequence (S;) C Lip([0, T]; Disl(Q)) with S; = (Sf)b and § = (S?),
that S]l.’ X §bin BV (in the sense of £2.3)) for all b € B. Then, we say that S; con-
verges weakly* to S, in symbols “S; — S§”. As the main compactness result, we have
the following.



Elasto-plastic evolutions driven by discrete dislocation flow 2823

Proposition 3.10. Assume that the sequence (S;) C Lip([0, T; Disl(RQ)), S; = (S]l?)b,
satisfies
sup; (185 oo o, :pisiyy + Var(S;: [0, T]) + Lj) < oo

with L; the maximum (in b) of the Lipschitz constants of the functions t — Var(S ]l-’ ; 10, ¢]).
Then, there exist S € Lip([0, T]; Disl(Q)) and a (not relabeled) subsequence such that
S; > 8.
Moreover,
IS ll oo (o, 71:Dis1(@)) = lznj)gf 185 llLo< 0. 71:0is1(&))

Var(S; [0, T']) < liminf Var(S;; [0, T]).
j—o00

Proof. LetS; = (S ;’)b. We have
Var(3S?) < M(S? (0+)) + M(S?(T—)) < 2[18; [l 00 0. 73:0151&))

since the weak* limits Sb(0+) = w¥-lim; Sb(t) and Sb(T —) = wlimgyr Sb(t)
exist and the mass is Weakly* lower semicontinuous, see Sectlon 2.4. Hence, we get
that the quantities Var(0S ]l.’ ; [0, T]) are uniformly in j bounded. The claims then follow
directly from Proposition 2.6 in conjunction with the fact that the conditions in the defi-
nition of Lip([0, T']; DisI(2)) all pass to the limit. Indeed, the requirements S; b= _§ }I-’
and aS b1 ((0,T) x R?) = 0 for all b € B are obviously BV-weakly* contlnuous and
|5t ||({0 T} x R¥) = 0 follows since the measures ||S; b)| are uniformly absolutely con-
tinuous by the uniform Lipschitz continuity of the 7. b For the lower semicontinuity of the

variation we argue as follows: By Proposition 2.6,
Var(8?;[0, 1) < liminf Var(S?; [0, 71).
n—>o0
Then, Fatou’s lemma implies

Var(S: [0, T)) = % > Var(s:10.77)
beB

1 . b.
3 Z lz_nléréfVar(Sj [0, 7]

IA

< liminf = ZVar(Sb [0, 7))

—>00
J beB

= liminf Var(S;; [0, T]).
j—>o0

The lower semicontinuity of the L°°-norm follows directly from the corresponding state-
ment in Proposition 2.6. ]

For later use, we also state the compactness for elementary slips (see Section 3.2)
explicitly.
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Proposition 3.11. Ler T € Disl(Q) and assume that the sequence (S;) CSlip(T), S; =
(Sjl.’)b, satisfies
sup; ([ S [lLee + Var(S;) + L;) < oo

with L; the maximum (in b) of the Lipschitz constants of the functions t — Var(S }’; [0,1]).
Then, there exist S € Slip(T) and a (not relabeled) subsequence such that

*
Sj - §.
Moreover,
[S]lLoe < liminf |[S | ee,
Jj—o00
Var(§) < liminf Var(S}).
j—o0
Proof. By Proposition 3.10, we obtain the convergence in Lip([0, 1]; Disl()) and the
lower semicontinuity assertions. From Proposition 2.6, we further obtain that also the

condition BSJZ-’ L ({0} x R9) = —§¢ x T? forall b € B, where we have written T = (T?),,
passes to the limit. ]

Finally, we have the following continuity properties.
Lemma 3.12. Let T € Disl(Q) and S; — S in Slip(T). Then,
(S))»T > ST inDisl(Q).
Proof. T = (T?)p, S; = (S?)p, and § = (5),, then (8;)» T = (V}), with
VP = puldS] +80 x T?] = puldS? + 80 x T?] in 11 (%)
since S ]l? X SPin I,([0, T] x ). This directly implies the assertion. |

Lemma 3.13. Suppose that T € Disl(Q), S; L Sin Slip(T'; [0, T]), and P; — P in
WL (Q; R3*3) for a g € (3, 00] with det P; = 1 a.e. in 2. Then,

(Pj)s; — Ps uniformly in [0, T] x Q and strongly in L([0, T]; C(22; R¥3)).

In particular, if S; € Slip(T) (i.e.,, [0, T] = [0, 1]), then (Sj)» P;j — S» P uniformly
in Q.

Proof. It suffices to show that (P;)s;, — Ps uniformly in [0, T'] x €2. Then also the
claimed convergence in L1 ([0, 7]; C(2)) follows. If S; € Slip(T'), then this furthermore
implies (P;)s; (1) — Ps(1) uniformly, which is the same as (S;)» P; — S P uni-
formly.

To see the uniform convergence in [0, 7] x €2, observe first that from Lemma 3.5
we know that the (P;)s; are uniformly Lipschitz continuous in time when considered
with values in W14 (note that the norms || P;||y1.« and the variations Var(S;; [0, T]) are
uniformly bounded by the uniform boundedness principle). Hence, by the (generalized)
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Arzela—Ascoli theorem, we may select a subsequence of j’s (not specifically labeled)
such that for some P, € C([0, T] x Q;R3*3) N BV([0, T]; W14 (Q; R3*3)), we have

(Pj)s; — P« uniformly in [0, T'] x Q and weakly* in BV([0, T']; Wha(Q; R3*3)).

Here we also used the compact embedding Wha(Q; R3*3) & C(Q; R¥3).

On the other hand, let y y? and g gb be defined as in Sectlon 3 2 for the slip trajec-
tories S; and S, respectlvely Since §; A S, it follows that y A Y2 inL®((0,T) x
/\, R?), whereby also

g2 > g% inL®((0,T) x Q:R?).

Rewriting the ODE (3.2) as an integral equation and multiplying by a test function ¢ €
C2°(R2), we see that (P))s; solves (3.2) if and only if

/(P-) ()¢ d —/P' d +lZ//tH”((P<) (r)g?(t)pdrd
Q,sjgox—gﬂpx 2beBQO 708, K08 AP T L

where H? is as in the proof of Lemma 3.5. As j — 00, the above convergences in con-
junction with the Lipschitz continuity of H? and the (strong x weak*)-continuity of the
integral give

_ 1 b b
/QP*(Z)<pdx—/QPg0dx+zl§/Q/0 H” (P« (7))g° (v)pdr dx.

Hence, P, solves (3.2). By Lemma 3.4, the solution of (3.2) for S is unique, whereby
P* = Ps. ]

4. Energetic evolutions

In this section, we list our precise assumptions, translate the model from [40] into the
energetic formulation, and then state our main result, Theorem 4.11, which establishes
the existence of an energetic solution.

4.1. Assumptions and setup
We posit the following henceforth:

(A1) Basic assumptions:
@) Q ¢ R3 is a bounded, connected Lipschitz domain;
(i) B ={%by....,£h,} C R3\ {0} is the system of Burgers vectors;

(iii) p,q € (3, 00) are the integrability exponents for the total deformation and the
plastic distortion, respectively;
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(iv) g e W'T/PP(9Q;R3) are the imposed boundary values for the total defor-
mation;

(v) 1€ CP(R3[0,00)) is the dislocation line profile;
(vi) ¢ > 0is the core energy strength.
(A2) Elastic energy density: We: R3*3 — [0, oo] is continuous, polyconvex, and satis-
fies the following coercivity and control estimates for an exponent r > p and all
E,F € R¥3:
CYE|"=C <W,(E) and W,(E) = +ocifdetE <0, 4.1)
Wo(E) < Cyy(1 + Wo(F)) if F7'E € Xp (M > 1), 4.2)
where Xy := {4 €R¥>3:|A| <M, detA =1} for M > 1, and the constant Cjs >0
may depend on M (but C > 01in (4.1) is independent of M).
(A3) Dissipation potential: For b € B,

RP: D —[0,00), where D :={(P,§) e R¥3 x \,R'"3 :det P = 1},

satisfies

(i)  R®(P, ) is convex and positively 1-homogeneous for any P € R3*3 with
detP = 1;

(ii)  R? islocally Lipschitz continuous in D, that is, for every compact set K C D,
there is L = L(K) > 0 such that

|RP(Py,£1) — RP(P2, &) < L(|1P1 — Pa| + |&1 — &)

for all (Py,&1), (P2,&) € K;

(iii) RP(P,&) < Ck|p(£)| for (P,&) € K in any compact set K € D (Cg > 0
may depend on K);

(iv) RP(P,£) = C~'|p(&)|forall (P,&) € D (C > 0 independent of P, §).
(A4) External loading: f € C([0, T]; WHP(Q;R3)*).

For y € W;,’p(SZ; R3) and P € Wh9(Q; R3*3) with det P = 1 a.e. in Q, we define
the elastic energy

We(y. P) = /Q We(Vy(x) P(x)) dx.

In this context, let us briefly comment on assumption (A2). First recall that the energy
density W,: R3*3 — [0, o] is called polyconvex if it can be written in the form

W.(E) = W,(E,cof E,det E), E e R¥3,

with W,: R¥>3 x R¥3 x R — [0, oo] continuous and convex (as a function on R3*3 x
R3>3 xR = R!9).
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Example 4.1. Consider the elastic energy density
W,(E) := W(E) + T(detE), E e R>3,

where

(i) W:R33 - [0, 00) is continuous, convex or polyconvex, has r-growth, and is r-
coercive for some exponent 7 > p, i.e., C 1 E|" —C < W(E) < C(1 + |E|") for
aconstant C > 0 and all E € R3*3 with det E > 0;

(ii)) I': R — [0, +00] is continuous, convex, and I'(s) = +oo if and only if s < 0.

Then, the continuity, polyconvexity, and coercivity (4.1) are immediate. To see (4.2),
assume E, F € R¥3 with F7LE € Xy (M > 1). Then,

W,(E) = W(E) + T'(detE) < C(1 + |E|") + T'(det E)
<C+|F|"-|FYE|") + T'(det F - det(F ' E))
<CA+|F|"-M")+T'(detF)
<CM’(1+ W(F) +T(det F)) = Cp(1 + Wo(F)).

One concrete example fitting into these assumptions is W(E ) := |E|" for r > p and
I'(s) :=1/sfors >0, (s) := 4oofors <0.

The core energy of the dislocation system T = (T?); € Disl(Q2) (see Section 3.1 for
the definition of this set) is defined as

We(T) = % > M(T?),

beB

where ¢ > 0 was specified in assumption (A1). More complicated expressions (e.g., with
anisotropy or dependence on the type of dislocation) are possible, but we will only use
the above to keep the exposition as simple as possible.

We can then define for y € Wi,’p(Q; R3), P € W4 (Q;R¥3) withdet P =1 ae.
inQ,and T = (T?), € Disl(Q) the total energy

8(t7y5P9T) = We(va)_(f(l)’y)+WC(T)? (43)

where f is the external loading specified in assumption (A4) and (-, «) is the duality
product between W12 (; R3)* and WP (Q; R3).
We next turn to the dissipation. For this, we first introduce a convenient notation for
a path in the full internal variable space induced by a slip trajectory. Let z = (P, T) €
W4 (Q; R3>*3) x Disl(Q) with det P = 1 a.e. in Q. For S € Slip(T; [0, T]) (see Sec-
tion 3.2), we also write
S € Slip(z; [0, T])

in order to emphasize the starting point for the plastic distortion P. We abbreviate this to
S e Slip(z) if [0, T] = [0, 1]. The (joint) path induced by S starting from z is

(Ps, S) € Lip([0, T]; W4 (2; R¥*3)) x Lip([0, T]; Disl(2)),
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where Pg is as in (3.4). Finally, if S € Slip(z) (i.e., [0, T] = [0, 1]), we define the joint
forward operator via

Ssz:=(8sP,SsT);

see Sections 3.2, 3.3 for the definitions of the constituent forward operators.
The dissipation of S € Slip(z; [0, T]), with z = (P, T) as above, in the interval I C
[0,T]is

Diss(S; 1) := %,;B/mgs Rb(Ps(t,x), Sb(t, x))d||S?| . x).

Here, Pg is understood as a continuous map from [0, 7] x QtoR3>3 IfS e Slip(z), i.e.,
[0, T] = [0, 1], then we also just write

Diss(S) := Diss(S; [0, 1]).

Note that Diss(S; I) depends on P (from z = (P, T)) through Ps. However, we
think of S as “attached” at the starting point z and from the context it will always be
clear where it is attached, usually through the notation “S € Slip(z; [0, T'])”. While this
constitutes a slightly imprecise use of notation, it improves readability, and hence we will
adopt it in the following.

The next example presents a concrete dissipational cost similar to the one in [40].

Example 4.2. Let R?: /\, R — [0, 00) be convex, positively 1-homogeneous, Lipschitz,
and satisfy the bounds
ClEl < RP) < Cl4|

forall § € /\, R? and a h-uniform constant C > 0. We remark that the (global) Lipschitz
continuity is in fact automatic in this situation, see, e.g., [68, Lemma 5.6]. Assume fur-
thermore that for all b € B, we are given a “hardening factor” h?:[1, 00) — (0, 00) that
is locally Lipschitz continuous, increasing, and satisfies

Clt*—C <h(r), t=>1, (4.4)

for a constant C > 0 (which is chosen uniform in b). Then set for (P, ) € D (as in
assumption (A3)),
R*(P.§) := h*(IP])- R*(Pp(§)),

where p(£) denotes the pushforward of the 2-vector £ under the spatial projection
p(t, x) ;= x,

which is then further pushed forward under P. Note that | P| > 1 since det P = 1, so the
above expression is well defined. The first three points in assumption (A3) are easily ver-
ified. For the fourth point (coercivity), we observe that P -1 = (cof P)" sincedet P = 1,
and so, by Hadamard’s inequality,

P72 < C|P|* < ChP(IP])
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for some C > 0, where for the second inequality we have also used that t# < (C +
C?/ min h®)h®(t) for all = > 1, which is an elementary consequence of (4.4). Then,

IpE)| < [P+ |PpE)| < C|P7'>- RP(Pp(£)) < CRY(P.?),
which is the claim.

In the previous example, the hardening factor #?(P) can be interpreted as making
it more energetically expensive for dislocations to glide if | P| becomes large. This is
physically reasonable since after a large amount of plastic distortion has taken place, the
crystal will have many point defects and so dislocation glide is impeded [6,41]. It is also
necessary for our mathematical framework: Without a hardening factor the dissipation no
longer controls the variation and no solution may exist for positive times (see the proof
of Proposition 5.2 and also of Lemma 4.16 below). This corresponds to instantaneous
ripping of the specimen. For instance, even if det P = 1, a principal minor of P may
blow up, e.g., for P, := diag(e, e, 2) with e | 0.

Remark 4.3. More generally, in assumption (A3) one could require R? to be only semiel-
liptic instead of convex in the second argument &, see, e.g., [43, Section 8.3] for a def-
inition of this generalized convexity notion. This allows for more general dissipation
potentials, but semiellipticity is hard to verify in general.

Remark 4.4. The present theory extends to & that incorporate an additional (additive)
hardening or softening energy of the form

Wp(P,T)

for P € Wh4(Q;R33) with det P = 1 a.e. in Q, and T € Disl(2). In order for this to
be compatible, the modified € still needs to satisfy the conclusions of Lemma 4.19 below.

Remark 4.5. The definition of the core energy above also counts the length of the “vir-
tual” lines on the surface €2, which is perhaps undesirable on physical grounds. One can
also treat the more realistic core energy

We(T) := % Y M(ITPLQ). T = (T, €Disl(Q).
beB

which only counts the dislocation length inside €2, at the expense of further technical
complications. An outline of the required modifications is as follows: Instead of 7% with
dT® = 0 (globally), we now need to consider equivalence classes of currents 7' € I;(Q)
with (3T) L Q = 0 (which is a weakly*-closed subspace of I; (R2)) as follows. Set

[T]:={Teli(Q):TLQ=TL ,dT =0 globally}

and adjust the definitions of Disl(€2) and Slip(+) accordingly. The key point is the obser-
vation that there is always a 72 € [T?] with

M(T?) < C-M(T? L Q)
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for some (domain-dependent) constant C > 1. Indeed, any piecewise Lipschitz curve
y:[0,1] = Q with (3[y]) L. = 0 (where [y] € 1,(Q2) denotes the integral 1-current
associated with y) that is not globally closed (i.e., d[y] # 0) can be closed to obtain
a piecewise Lipschitz curve ¥: [0, 1] — Q with [y] L @ = [y] and d[y] = 0 in such
a way that

H'(imy) < C - H'(imy). (4.5)

For this one needs to use the property of a Lipschitz domain that for any x, y € 92 with
x # y and lying in the same connected component of 0€2, there is an injective Lipschitz
curve k: [0, 1] — 9<2 from x to y such that

H(imk) < Clx — y|,

which follows from a contradiction argument using the compactness and Lipschitz regu-
larity of d€2. This path can be used to close y to ¥, yielding (4.5). The extension to general
integral 1-currents then follows from standard methods.

Now, with \7\76 in place of W, in a modified total energy €, the coercivity of the energy
(see Lemma 4.13 below) is weaker and we only control

1
M(TLQ) =7 > M(TP L Q)
beB

instead of the full M(T'). However, with the argument outlined above, one can always pick
the good representative T? in the equivalence class [7'?] and run the arguments with T
in place of T?. In this way, one obtains the same existence result as in Theorem 4.11
below with the more realistic total energy €. However, the full proof of this fact involves
a few further technicalities, which are essentially straightforward, but cumbersome, since
we are dealing with equivalence classes of currents everywhere (e.g., for the recovery
construction, we first need to pick the good representative and then construct a recovery
sequence for it). Thus, to keep the presentation as clear as possible, our main result and
proof are stated without this further complication.

Remark 4.6. Assumption (A1) (iv) on the imposed boundary values for the total defor-
mation can be weakened. It is only used to obtain full coercivity in W7 (Q; R3) from
an L?-bound on the gradient. Thus, some extensions to mixed Dirichlet/Neumann bound-
ary conditions, which could even be time-dependent, are possible; cf. [52] for some
techniques in this direction.

4.2. Energetic formulation

In general, jumps in time cannot be excluded for rate-independent systems [60]. Thus,
we will work with a rescaled time s in which the process does not have jumps (or,
more precisely, the jumps are resolved). By the rate-independence, this rescaling does not
change the dynamics besides a reparameterization of the external loading. In the existence
theorem to follow, we will construct a Lipschitz rescaling function : [0, co) — [0, T7],
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which is increasing and satisfies ¥ (0) = 0, ¥ (c0) = Ty € (0, T]. The original time ¢ is
then related to s viat = v (s). Here, T is the final time, i.e., the (original) time at which
our solution blows up or we have reached the maximum time 7". Our proof will show in
particular that Ty > 0.
Given such a Lipschitz continuous and increasing rescaling function ¥: [0, c0) —
[0, T'] satisfying ¥ (0) = 0, ¥ (c0) = T« € (0, T], set
o= foy

and, for s € [0, 00) and y, P, T as in the original definition of &,

Ey (5,9, P.T) :=We(y. P) = (fy(s).y) + We(T).
Our notion of solution is the following.
Definition 4.7. The pair (y, z) with
¥ € L¥([0. 00): WP (Q: R?)),
z=(P.8) = (P,(8%),) € Lip([0, 00); W4 (2; R>*3)) x Lip([0, o0); Disl(Q2))
is called an energetic solution to the system of dislocation-driven elasto-plasticity with

rescaling function v: [0, co) — [0, T'], which is Lipschitz continuous, increasing, and
satisfies ¥ (0) =0, ¥ (c0) = Ty € (0, T], if for all s € [0, 00) the following conditions hold:

(S) Stability:
If ¥/ (s) > 0, then

Ey (5, ¥(5).2(5)) =< €y (s, 9. §52(5)) + Diss(8)
forall § € Wy?(Q:R3), S € Slip(S (s)).
(E) Energy balance:
Ey (s, ¥(s),2(s)) = €y (0, yo, zo) — Diss(S: [0, 5]) —/0 (fy(0). y(0)) do.
(P) Plastic flow:
%P(s,x) = D(s,x, P(s,x);S) and detP(s)=1ae.inQ

with .
D(s,x,R;S) := > Z b® proj(Rflb)L[gb(s,x)],
beB

where g? is the density of *p(S,I;) = *p(§$)||S,[,’|| with S,IY’ = Sb.

Here and in the following, we use the notation L°° (7 ; X) for the set of (Bochner-)mea-
surable and uniformly norm-bounded functions defined on the interval I C R with values
in the Banach space X, but we do not identify maps that are equal almost everywhere
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in 7. In a similar vein, we use the good representative for s — S?(s), so that z(s) =
(P(s), 8(s)) = (P(s), (S%(s5))p) is well defined for every s € [0, 00).

Moreover, Diss(§ ) in (E) is to be interpreted relative to z¢ (recall from Section 4.1
that the starting point is omitted in our notation). In (S), the condition ¥ (s) > 0 includes
the existence of v/ (s), which is the case for £!-almost every s € [0, co) by Rademacher’s
theorem. The differential equation in (P) is to be understood in W4 (Q; R3*3) (as in
Lemma 3.6).

Let us now motivate how the above formulation (S), (E), (P) corresponds to the model
developed in [40], as outlined in the introduction. First, we observe that in general we do
not have enough regularity to consider derivatives of the processes or functionals. Instead,
we reformulate the model as follows. The condition (P) corresponds directly to (1.1).
The stability (S) and energy balance (E) come about as follows: The free energy balance
(a consequence of the second law of thermodynamics) in the whole domain €2 reads as
(see in [40, Section 4])

d
3 We @), 2(0)) + We(z(0)] = P2, y(1)) = —A Q). (4.6)
Here, the external power is given as

P, y(@) = (). y(),

where (-, +) is the duality product between W7 (Q; R3)* and WH-?(Q; R3), and we
neglect the inertial term for the rate-independent formulation (cf. [40, Section 6.1]). If we
integrate (4.6) in time over an interval [0, ¢] C [0, T] and use an integration by parts to
observe

/0 P(r.y(r)) dr = — fo (F @),y @) de + {£(0). (1)) — (£(0). y(O)).

we arrive at

&1, y(1), 2(1)) — €(0, y(0), 2(0)) = —Diss(S:[0,7]) —/0 (f (@), y(@)dr.

This yields (E) after the rescaling described at the beginning of this section.
The stability (S) is a stronger version of the local stability relation

P7TXb € 3Rb(0),

which follows from the flow rule (1.3) or, more fundamentally, the principle of virtual
power (see in [40, Section 4]). We refer to [60] for more on the equivalence or non-
equivalence of (S) and (E) with “differential” models of rate-independent processes.

Remark 4.8. The pieces where v is flat correspond to the jump transients, which are
therefore explicitly resolved here. Note that there could be several Diss-minimal slip tra-
jectories connecting the end points of a jump, which lead to different evolutions for the
plastic distortion. Thus, we cannot dispense with an explicit jump resolution. Moreover,
the stability may not hold along such a jump transient, and hence we need to require
1/}(s) > 01in (S). We refer to [25,26,53,54,56,57,64,70] for more on this.
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Remark 4.9. The stability (S) in particular entails the elastic minimization
y(s) € Argmin{€y (5. 7.2(5)) : § € WpP(Q:R?)}
as well as the orientation-preserving assertion
detVy(s) >0 a.e.in Q

for all s € [0, 00). This follows by testing with § := 1% ¢ Slip(S (s)) from Lemma 3.9,
and also using the properties of W, in assumption (A2). In this sense, we are in an elasti-
cally optimal state. This corresponds to the supposition that elastic movements are much
faster than plastic movements, which is true in many materials [8, 13,28].

Remark 4.10. It can be seen without too much effort that the above formulation is
indeed rate-independent: Let a: [0, S] — [0, S’] be an invertible C'-map with a(0) = 0,
a(S) = §’. Then, for s’ € [0, S], we set

V(") = y(@(s"), P'(s'):=Pa'(s"), S :=a.S.

The rescaling-invariance is obvious for (S), where of course we now have to switch to the
external force

f4 ) = fy@H6)) = foa (5).

For (E), the rescaling invariance is a consequence of a change of variables together with
Lemma 4.17 in the following section: For s’ € [0, S'], we compute

€ ot (5" (). P(s). 8/(5))
= ey @)y (@ (). P (). S (@)
a6
= £4(0. y0.20) — /O (/4(0). y(@)) do — Diss(S: [0.a™(s")]

’

= Eyoq—1(0, Y0, 20) — /(; <f¢0a71 (0”), y(c"))do’ — Diss(S’; [0, s').

For (P), the rate-independence has already been shown in Lemma 3.7.

4.3. Existence of solutions
The main result of this work is the following existence theorem.

Theorem 4.11. Assume (A1)—(A4) and

(A5) Initial data: (yo,zo) = (yo. Po, To) € Wg¥ (2; R?) x Wh4(Q; R3*3) x Disl(Q)
with det Py = 1 a.e. in 2 is such that the initial stability relation

(0, yo.20) < £(0, §, 820) + Diss(S)

holds for all § € Wy (2;R3), § € Slip(T).
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Then, there exists an energetic solution to the system of dislocation-driven elasto-plastic-
ity in the sense of Definition 4.7 satisfying the initial conditions

y(0) = yo. P(0) =Py, 3SPL ({0} xR3) = 8o x TP forallh € B,
where Ty = (T(f’)b. Moreover,
Vary1.¢ (P;[0,s]) + Var(S; [0, s]) < C - Diss(S; [0, s])
for a constant C > 0 that depends only on the data in assumptions (A1)—(AS).

Remark 4.12. If we additionally assume that Py is of class WX? for some k € N
with k > 2, then also P(s) is of class W% for all s € [0, co) and Varyu.q (P; [0, 5]) <
C -Diss(S; [0, s]) for a (k-dependent constant) C > 0. If Py is smooth, then so it P(s)
for all s € [0, 00). The proof of these claims follows from a straightforward generalization
of Lemma 3.5.

4.4. Properties of the energy and dissipation

In preparation for the proof of Theorem 4.11 in the next sections, we collect several prop-
erties of the energy and dissipation functionals. We start with the question of coercivity.

Lemma 4.13. For every t € [0,T], y € W?"(Q; R3) with detVy > 0 a.e. in Q, P €
LS(Q:R3>>3) withdet P = 1 a.e. in Q, and 1/s = 1/p — 1/r, it holds that

E(t.y. P.T) = CT (IylZ,, + M(T)) = C(IP s + Il F O + 1)

wl.p [Wl,])]*

for a constant C > 0.
Proof. Fora,b > 0and all p > 1, we have the elementary inequality

% > pal/” —(p— 1)b1/(p—1),
which follows from Young’s inequality for a'/?, b with exponents p, p/(p — 1). Hence,
for F, P € R3*3 with det P # 0 we get with p := r/p, whereby p — 1 = r/s, that

|i| > £|F|p/r _ f|p|S/r_
Pl = p s

Raising this inequality to the r-th power and using the coercivity in assumption (A2), we
get (combining constants as we go),

|FP!| >

we(y,P)z/ c—1|VyP—1|'—Cdxz[ CU V[P — C|P - Cdx
Q Q

= C7UVYIL, = CUPIE + 1D = CTHYlIG, — CUPIE + D).

wl.p

where in the last line we further employed the Poincaré—Friedrichs inequality (the bound-
ary values of y are fixed). Moreover,

We(T) = C~IM(T).
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On the other hand, we have for any ¢ > 0, by Young’s inequality again,

—(f©.9) = =IO llgwrrpe - 1y lwir = =Col OIS = ely 0, @)

Combining the above estimates, and choosing ¢ > 0 sufficiently small to absorb the last
term in (4.7) into the corresponding term originating from W,, the claim of the lemma
follows. |

The next lemma extends the classical results on the weak continuity of minors [11,67]
and in a similar form seems to have been proved first in [52, Proposition 5.1] (or see [60,
Lemma 4.1.3]):

Lemma4.14. Let p > 3 and s > 2p/(p — 1). Assume that

yj —~y inW"? P — P inl*, detP; =1 ae inQandforall j € N.
Then,
Vyj Pyt = VyP~' cof(Vy; P[") — cof(VyP™"), det(Vy; P;') — det(VyP™")
in L% for some o > 1.

Proof. We have, by Cramer’s rule, Vy; Pj_1 = Vy; - (cof P;)7, and using, for instance,
Pratt’s convergence theorem,

(cof P))T — (cof P)T in L2,

Then,
Vy; P! = VyP™! inL?(D:R)

if1/0’ := 1/p 4+ 2/s < 1, which is equivalent to our assumption s > 2p/(p — 1).
Next, we recall that

cof(Vy; Pj_l) = cof(Vy;) - cof(Pj_l) = cof(Vy;) - PjT.

By the weak continuity of minors (see, e.g., [68, Lemma 5.10]), we know that cof(Vy;) —
cof(Vy) in L?/2. Thus,

cof(Vy; P71) — cof(VyP™!) inL°"(D:R)

if1/6” :=2/p + 1/s < 1, which is equivalent to s > p/(p — 2). Since our assumptions
imply s > 2p/(p — 1) > p/(p — 2), we also obtain convergence in this case.
Finally,
det(Vy; Pj_l) = det(Vy;).

By the weak continuity of minors again,
det(Vy; P7') — det(VyP™") inL""(D;R)

for 6"’ € (1, p/3]. Then take o := min{c’,c"”,c"}. -
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We can then state a result on the lower semicontinuity of the elastic energy.

Proposition 4.15. The functional (7, P) > W, (7, P) is weakly (sequentially) lower
semicontinuous with respect to sequences (y;) C W;’p (2 R3) satisfying det V y; >0
a.e inQ, and (P;) C WhH4(Q;R¥3) with det P; = 1 a.e. in Q.

Proof. Let (y;, Pj) be as in the statement of the proposition with y; — y in W7 and
P; =~ Pin W' Lets > 2p/(p — 1). By the Rellich-Kondrachov theorem,

Wl,q(Q;R3x3) ci) LS(Q;R3X3)

(since g > 3, this holds for all s € [1, o¢]), and hence P; — P strongly in LS. Then, b
q J gly y

Lemma 4.14 all minors of the compound sequence Vy; Pj_1 converge weakly in L for
some o > 1. Thus, the lower semicontinuity follows in the same way as for the polyconvex
integrand W, (via strong lower semicontinuity and Mazur’s lemma), see, e.g., [68, Theo-

rem 6.5] for this classical argument. ]

Next, we establish some basic properties of the dissipation.

Lemma 4.16. Let z = (P, T) € W“(Q; R¥3) x Disl(Q) with det P = 1 a.e. in Q.
For 8 ¢ Slip(z) it holds that

C~!Var(S) < Diss(S) (4.8)
with a constant C > 0. Moreover, for S € Slip(z), and S? € Slip(S>1>Z), it holds that
Diss(S2 0 S!) = Diss(S ') + Diss(S2). (4.9)

Proof. The first claim follows directly from the properties assumed on R? in assump-
tion (A3). The second claim (4.9) follows in the same way as (3.13) in Lemma 3.8 (also
using (3.11)). ]

Lemma 4.17. Let S < Slip(z; [0, T]), where z = (P, T) € W-4(Q; R3*3) x Disl(Q)
with det P = 1 a.e. in Q, and let a: [0, T] — [0, T'] be an injective Lipschitz map with
a(0) =0, a(T) = T'. Then, for

axS = (a+8?), € Slip(T;[0,T"])

it holds that
Diss(a«S; [0, T']) = Diss(S; [0, T]).

Proof. This follows in exactly the same way as in the proof of Lemma 2.5 (see in [69,
Lemma 3.4]) using also Lemma 3.7. ]

Lemma 4.18. The mapping S +> Diss(S'; [0, T']) is lower semicontinuous for sequences
S; € Slip(z; [0, T']) with S; — S, where

z=(P,T) e WH(Q:R*?3) x Disl(Q)

withdet P = 1 a.e. in Q.



Elasto-plastic evolutions driven by discrete dislocation flow 2837

Proof. Write §; = (S ]l.’ )p and § = (S?);. By Reshetnyak’s lower semicontinuity theorem
(see, for instance, [5, Theorem 2.38]),

| Res Shals] <timint [ RGPS Sl
[0,T]xQ J=00 J[0,T1xQ

Furthermore, by Lemma 3.13, Ps;, — Pg uniformly in [0, 1] x 2. Thus, also using the

local Lipschitz continuity of R? (see assumption (A3)), the fact that both | Ps;| and |§]l.’|
are uniformly bounded, and Fatou’s lemma, we obtain

1 -
- liminf/ RP(Ps,S%)d| ;||
2 12 i [0,T]xL ’

J—>00

Diss(S;[0,T])

IA

1 o / b b
- lim inf R°(Ps,,S7)d|S;|
212 j=o Jio.r1x0 A
< liminf Diss(S;; [0, T]).
j—o0
This is the assertion. [

For convenient later use, in the following lemma we collect several convergence asser-
tions.

Lemma 4.19. The following hold:

@ (t.y,P, T)— E(t,y, P, T) is lower semicontinuous for sequences t; — t in [0, T},
v = yin W (Q:R3), Pj — P in L (Q: R¥3) with det P; = 1 a.e. in Q, and
T; = T in Disl(Q).

(i) (¢, P)—&(t,y, P, T) is continuous for sequences t; — t, Pj— P in W4 (; R3*3)
withdet P; = 1 a.e. in 2, at fixed y € Wé’p(Q;H@) such that W, (y, P) < oo and
T € Disl(Q).

(i) (t,y) — (f(t), y) is continuous for sequences t; — t in [0, T] and y; — y in
W2 (Q:R3).

(iv) S8 +— Diss(S;[0, T]) is lower semicontinuous for sequences S; € Slip(z; [0, T])
with S; = S, where z = (P, T) € W14 (Q; R¥3) x Disl(Q) with det P = 1 a.e.
in Q2.

Proof. Ad (i). The first term W, (y, P) in the definition of &, see (4.3), is lower semicon-
tinuous by Proposition 4.15; the second term —( f(¢), y) is in fact continuous since f'(¢)
is continuous in ¢ with values in the dual space to W17 (Q; R3) by (A4); the third
term W, (T) is weakly* lower semicontinuous by the weak* lower semicontinuity of
the mass and Fatou’s lemma (as in Lemma 4.18).

Ad (ii). We first prove the continuity property for W,. The compact embedding of the
space W4 (Q; R3*3) into C(R2; R3*®) (since g > 3) entails that the P; are uniformly
bounded and converge uniformly to P. We further observe via (4.2) in (A2) (clearly,
PP]._1 € Xy for some M > 1) that

We(VyP ") < Cpyy(1 + We(VyP™')) ae.inQ
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Since taking inverses is a continuous operation on matrices from Xz, we get Pj_1 — Pl
a.e.in €. Then,
We(VyP ') = We(VyP™") ae.inQ

by the continuity of W, (see (A2)). Thus, as Cp(1 + W, (VyP™')) is integrable by
assumption, it follows from the dominated convergence theorem that

We(y. Pj) = We(y. P).
For the power term, we argue as in (i).
Ad (iii). This follows again from the properties of the external force, see (A4).
Ad (iv). This was proved in Lemma 4.18. ]

We also record the following fact, which occupies a pivotal position in this work.
It allows us to translate the weak* convergence of dislocation systems into a slip trajectory
(of vanishing dissipation) connecting these dislocation systems to their limit. This will be
crucially employed later to show stability of the limit process (see Proposition 6.4).

Proposition 4.20. Assume that T; = (T})y, T = (T®), € Disl(Q) (j € N) are such that
sup; M(7}) < oo.
Then,
disty;, 5(T?.T%) — 0 forallb € B ifandonlyif T; T inDisl(Q).
In this case, there are S; € Slip(T}) with (Sj)»T; = T and

limsup ||} |lLec < C -limsupM(T;), Diss(S;) — 0,

Jj—o00 {—00

where the constant C > 0 only depends on the dimensions and on Q, and Diss(S;)
is understood relative to any starting point P € W44 (Q;R3*3) for a q € (3, oo] with
det P = 1 a.e. in Q.

Proof. Using the growth properties of R? in assumption (A3), the first claim follows
immediately from Proposition 2.7. For the existence of the S;, we further obtain § ]l.’ €

%‘_El([o 1] x Q) with
9S? =81 x TP — 8o x T}, Var(S?) — 0,

and
lim sup ess sup M(Sb (#)) < C -lim sup M(T,j )
L—

j—>oo  tel0,1]

from this result. Then, for S; := (S]l.’);J it holds that (S;)»7T; = T and

Diss(S;) = 5 3. / RP(Ps;. §2)dSP] < € 3 Var(s?) - 0

R3
be'B 0,1]xR beB
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since Pg 5 remains uniformly bounded (in j) by Lemma 3.5 (and the continuous em-
bedding W19(Q; R3*3) < C(Q;R3*3)), whereby assumption (A3) (iii) becomes appli-
cable. ]

Remark 4.21. Note that we do not claim that any two dislocation systems 77, T, €
Disl(£2) can be connected by a slip trajectory. Indeed, if € is not simply connected and has
a hole (with respect to countably 1-rectifiable loops), then there are dislocation systems
that cannot be deformed into each other.

5. Time-incremental approximation scheme

We start our construction of the energetic solution with a time-discretized problem and
the corresponding discrete solution. For brevity of notation, it will be convenient to define
the deformation space

Y= {WLP(Q:R%) : detVy > O ae. in Q}
and the internal variable space

2:={(P,T) e W"(Q;R*3) x Disl(Q) : det P = 1 ae.in Q}.

5.1. Time-incremental minimization

Consider for N € N the partition of the time interval [0, T'] consisting of the (N + 1)
points

) =k-ATV, k=0,1,...,N, where ATV := %
Set
¥ =0, 2y = (P, T") := (Po, To) = 2o
with yg, z¢ from assumption (AS). Fork = 1,..., N, we will in the following construct
oY, zN. S =N, PN, TN, SY) €Y x 2 xSlip(zp_)
according to the time-incremental minimization problem
(v, SN) minimizes (7, §) > £, 5, S5z ,) + Diss(S)
overally € Y, § e Slip(zY_,) with [|S|li <y, (IP)
2 = SN)sz .

Here,
y = M(Ty) 5.1

is a parameter.
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Remark 5.1. The assumptlon ||S |lLee < y in the minimization is necessary because we
cannot control ||S |lLeo by the variation of S alone, see [69, Example 3.6]. Assump-
tion (5.1) is required for the well-posedness of the time-incremental problem since it
makes the neutral slip trajectory admissible (see Lemma 3.9), and hence the candidate set
for the minimization in (IP) is not empty. Later, when we have a time-continuous process,
we can infer a uniform mass bound from the energy balance (E) and the coercivity of €
(Lemma 4.13), and then let y — oo.

The existence of discrete solutions is established in the following result. Here and in
the following, all constants implicitly depend on the data in assumptions (A1)—(AS).

Proposition 5.2. For N large enough, there exists a solution (yk , Zk Sy N to the time-
incremental minimization problem (IP) for allk = 0, ..., N. Moreover, deﬁnzng

k
Yo=Y oy 2)). dY =Diss(SY). and af =1+¢) +) dl.

Jj=1
the difference inequality
OlN N
%<Ce°‘k ' fork=1,...,N (5.2)

holds, where C > 0 is a constant that depends only on the data in the assumptions.

Proof. Assume that for k € {1,..., N}, a solution (yjN, ZIN, SjN)j=1,m,k_1 to the time-
incremental minimization problem (IP) has been constructed up to step k — 1. This is triv-
ially true for k = 1. In the following, we will show that then also a solution ( Vi s Zk , S N )
to (IP) at time step k exists and (5.2) holds.

Step 1: Any solution (y}cv, Z,jcv, S,ﬁv) to (IP) at time step k, if it exists, satisfies (5.2).

To show the claim, we assume that (yk 7k ,S N is a solution t0 (IP) at time step k.
Testing with y := yk , and the neutral slip trajectory S =1t e Shp(zk 1) (see
Lemma 3.9), we get

0o
ey +dl e v,z ) =€’1€V—1_[,N (f(x), v ,)dr. (5.3)

k—1

To bound the integral, we first estimate for any (¢, y, P, T) € (0,T) x Y x Z by virtue of
Lemma 4.13 (with the constant C potentially changing from line to line)

e P+ 1Pl + D)
=—(f©).y)
< I/ Ol - 17 llwr
< CIf Ol €y P T) + [ PIEs + 1 OIREE + DY
< CE@y. P.T) +||P[}: + 1),
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where in the last line we used a!/? < a fora > 1 and C also absorbs the expressions
depending on f. Gronwall’s lemma then gives that for all T > ¢ it holds that

E(.y. P.T) +[|Plfs + 1 = (&(t.y. P.T) +||P||}s + D0,
We may also estimate, using the same arguments as above,

(@ N < CE@yN 2 )+ 1PN I+ 1)

4N
<CEEN v 2N )+ 1PN 15 + 1)eCE i),

Plugging this into (5.3),

tN

k
el +d <el | +/ Clel , + 1)eCE D 4 || PN |)5,eC D dr

N
Ie—1

N N
= eljcv_l + (ellc\/_l + 1)(eCAT —+ ||P1£V—1||fs (eCAT —1).

Next, observe via an iterated application of Lemma 3.4 and (4.8) in Lemma 4.16 that

k—1 k-1
IPY s < [Polls + € Y Var(Sj) < [[Polls +C Y _d)Y. (5.4)
j=1 =1
Combining the above estimates,
N _ N N N _ N
o oy = e +dp —e
N N
< (epzy + DEATT — 1 + (||P0||LS +CZd,~N) (AT -1
j=1
<ol ATV 1) 4 Cetttr ATV 1)

< Ce%-1 ATV,

where we used that a® < Ce? for a > 1, and eCATN _ < 2CATY for ATV small
enough. We remark that we used the exponential function (as opposed to a polyno-
mial expression) here mainly for reasons of convenience. We thus arrive at claim (5.2)
for k.

Step 2: In (IP) at time step k, the minimization may equivalently be taken over y €Y,
AIS Slip(zljcv_l) satisfying the bounds

19 lwr.r < Clef)). (5.5)
Var(§) < C(al ). (5.6)
IS liee < . (5.7)

for a constant C (oz,lcv_l) > 0, which only depends on the data from the assumptions be-

. N
sides o’ ;.
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Recalling (IP), we immediately have (5.7). To see claims (5.5), (5.6), observe first that
from step 1 we may restrict the minimization in (IP) at time step k to ¥, S such that for

k—1
a (3, S):=1+ @ty ., §>>Z;1€V_1) + ZdjN + Diss(S)
j=1

it holds that
AN/~ & N ~
aN(.8) <ol |+ Ce1T = C@f )
since a minimizer
(3.8) = r. 8.
if it exists, must satisfy (5.2) and hence this bound. From (4.8) in Lemma 4.16, we then
immediately get that

Var(§) < C - Diss(8) < €& (7.5) < CC(ey ).

Hence, requirement (5.6) is established after redefining C (a,iv_l).
Next, for all y € Y, S e Slip(z,jcv_l) with (5.6), we get by virtue of Lemma 4.13,

e, 5. 85z ) = CTHPID, , + MBS TN )

~ . .
= CUIS> P I + 1f GO0 + D)
for a constant C > 0. We estimate similarly to (5.4),

k—1
1S5 P llus < [l Pollus + c(ZVar<S,” ) + Var(S>) <CC@y,
j=1

where we also used (5.6). Then, using further assumption (A4), we see that

C@y(3.8)+Cla )  + ) =514, ,-
Hence, we may assume that y satisfies (5.5) after redefining C (afcv_l) once more.

Step 3: A solution (y,lcv, Z,iv, S,ﬁv) to (IP) at time step k exists.

From the previous step, we know that we may restrict the minimization to all y € Y,
NS Slip(z,jcv_l) satisfying bounds (5.5)—(5.7). Clearly, taking

yi= y,iv_l and S :=1d7c0 e Slip(z,iv_l),

the set of candidate minimizers is not empty (also recall (5.1)). We now claim that we
may then take a minimizing sequence (¥, S) C Y x Slip(z,lcv_l) for (IP) such that

Fn— ys inWH? and 8, > S, inSlip(zY ). (5.8)

The first convergence follows by selecting a subsequence (not relabeled) using (5.5) and
the weak compactness of norm-bounded sets in W;’p (2:R3).
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For the second convergence, we observe via (5.6), (5.7) that for §n it holds that
sup, (| Sy [lLoo + Var(8,)) < oc.

Moreover, a rescaling via Lemma 2.5 shows that we may additionally assume the steadi-
ness property
t > 17 Var(8,:[0.1]) = L, 1 € (0.1], (5.9)

for constants L, > 0 that are bounded by (an n-independent) constant L > 0. Crucially,
this rescaling does not change the expression

A (§n)>>21iv_1) + Diss(Sy)

by Lemmas 3.7 and 4.17. Hence we may replace the original Su by its rescaled version.
The steadiness property (5.9) now entails that all the maps ¢ > Var(S [0,1]), where we
have written S,, = (S )p, are uniformly Lipschitz. Indeed, for0 <s <t <1,
Var( s, ) < 2Var(S,,, [s,2])

= 2(Var(S,; [0, 1]) — Var(S,; [0. s]))

=2L,(t —5)

<2L(t —3s).
Then we get from Proposmon 3.11 that there exist Sx € Shp(zk ,) and a subsequence

(not relabeled) such that S, XS x 1N Shp(zk V-
Next, we observe that the joint functional

(3,8) = &Y. 5,852 ) + Diss(S) (5.10)

is lower semicontinuous with respect to the convergences in (5.8). To see this, we first
note that by Lemmas 3.12 and 3.13,

q N * N . L=
(S)> T — (So)» Ty, inDisl(Q),
(Sn)>>PkA£1 - (S*)>>P]£v,1 inL?.
Moreover, from Lemma 3.4 we get that
det [(S\n)»P,iV_l] =1 ae. inQ.

The first and second term in (5.10) are then lower semicontinuous by Lemma 4.19 (i)
and (iv), respectively. We note that y, € Y since it must have finite energy by the weak
lower semicontinuity of £, whereby also det Vy, > 0 a.e. in Q2 by (4.1) in assump-
tion (A2). Thus, we conclude that

O S = (s, 84)

is the minimizer of the time-incremental minimization problem (IP) at time step k. By
step 1, this (yk 27k ,SN) satisfies (5.2). |
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5.2. Discrete energy estimate and stability

The next task is to establish that our construction indeed yields a “discrete energetic
solution”.

.....

mization problem (IP). Then, for all k € {0, ..., N} the following hold:

(1) The discrete lower energy estimate

k kN
e o =) = 0. y0.z0) = 3oDisssM) =Y [ (F @5 an G
!

Jj=1 J=1"%-1
(i1) The discrete stability
N,y 2Ny <e@N .5, 852) + Diss(S) (5.12)
forall§ € Yand S € Slip(zY) with ||S e < y.
Proof. In the following, we abbreviate for j = 0,...,k,

N._c(N N _N N ._ 1 N
e; =&, y; ,z;'), d;' :=Diss(S;").

Atk = 0, the lower energy estimate (5.11) holds trivially, and the stability relation (5.12)
is a part of assumption (A5). Atk = 1,2,.. ., testing the time—in}\(,:remental minimization
problem (IP) at step j € {l,...,k} with y := yjN_1 and § :=1d0/-1 € Slip(Tﬂl), we get
like in (5.3) that

0

eV +dY <eaN Nz ) =€, —/;N (f(0).yN,)dr.

Jj—1

Iterating this estimate for j = k, ..., 1 already yields (5.11).
Similarly, we may test (IP) at time step k with y € Yand S o § ,ﬁv for § € Slip(zllcv )

with ||§||Loo < vy, which satisfies ||§ o S,£V||Loo <y, to obtain

e, yN.z) + Diss(SY) < €. 5.(S o SY¥)s 2 ) + Diss(S o SY)
=&, 5. 852) + Diss(S) + Diss(S{Y),

where we have used Lemma 3.8 and Diss(§ ) S,ﬁv) = Diss(g) + Diss(S,iV) by the addi-
tivity of the dissipation, see (4.9) in Lemma 4.16. Canceling Diss(S ,ﬁv ) on both sides, we
arrive at (5.12). [ ]

5.3. A priori estimates

In this section, we establish a bound on the « jN , which were defined in Proposition 5.2,
that is uniform in N. This is complicated by the fact that in the coercivity estimate of &
at time step j, the term ||PjN [[{s occurs with a negative sign (see Lemma 4.13). The
exponent s > 1 makes || P]-N I{ s grow superlinearly in Zi:l Var(S ZN ), potentially causing
blowup in finite time. In order to deal with this, we first establish a nonlinear Gronwall-
type lemma.
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Lemma 54. Let T > 0, N € N, and let h: R — [0, 00) be a continuous and increasing
function. Assume that the sequence of real numbers a; € R, j = 0,..., N, satisfies the
difference inequality

g—aj oo T S 13
AT = (a]—1)7 . N’ ] AN ( )

Let Ay be the maximal solution, defined on a time interval [0, Teo) (possibly Too = +00),
to the ODE

{unzhman t>0, (5.14)

A(0) = ay.
Then, forall j € {0,..., N} with JAT < Ty it holds that
aj < A«(JAT).

We remark that the maximal solution to (5.14) is a solution A4: [0, Teo) — R of (5.14)
with the property that for any other solution A of (5.14) it holds that A < A, on the inter-
section of both intervals of definition. It can be shown, see, e.g., [74, p. 67, Section 8.IX],
that A, exists and can be maximally defined; we assume that our interval [0, Too) is
already such a maximal domain of definition. Obviously, if a unique solution A to (5.14)
exists on a maximal time interval [0, T ), then A, = A.

Proof. First, we remark that we may assume without loss of generality thata; _; < a; for
j =1,..., N.Indeed, we may set

j
b :=ap+ Zmax{aa —ay—1,0},
=1

which is clearly increasing, satisfies a; < b;, and

by — b

a; —aj_1
N max{%,o} < h(aj-1) < h(bj-1),

where we used (5.13) and the monotonicity of /. We then use b; in place of a;.
Let a be the piecewise-affine interpolant of a;, namely,

a0y=QF1+Z;§?jﬁ—%j—DAT)iﬂj—DATstfjAT

for j = 1,..., N.For the left lower Dini derivative D_a of a, we get

1) — —aj_
ag 40) _ 4 =9t e AT <1 < JAT.

D_a(t) := liminf
alt) =l inf == — AT

Thus, by (5.13) and the fact that a(¢) is increasing and / is monotone,

D_a(t) < h(aj-1) < h(a()). 1€ (0.T]
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By a classical comparison principle for ODEs, see [74, p. 68, Theorem 8.X and re-
marks],

a(t) < A«(), te€]0,Ty), (5.15)

with A, (¢) given as the maximal solution to (5.14). This directly implies the conclusion
of the lemma. ]

For the reader’s convenience, we give a short direct proof of (5.15). First, we prove
the following.
Claim. Let u,v € C([0, T']) with the following two properties:
(1) u(0) <v(0), and
(i) D_u(t) < D_v(t) ifu(t) = v(t) art € (0,T").
Then, u(t) < v(t) forallt €0, T'].

Proof. To see this claim, let 79 € [0, T’] be the first point such that u(z9) = v(¢y). By (i),
to > 0. For ¢ < tg, it holds that u(¢) < v(¢) and then

u(to) —u(t) - v(to) — v(t)
to —t to—t

Taking the lower limit as ¢ 1 ty, we obtain D_u(t9) > D_v(ty), which contradicts (ii).
This shows the claim.
For 0 < ¢ < 1, let A, be a maximally extended solution to

AL = h(A () + e, 10,
A (0) = ap + &.

We have Ay < A, for all 0 < ¢ < & < 1 by our claim. In particular, A.(¢) is mono-
tonically decreasing as ¢ | 0, and thus A, | A, locally uniformly (by equicontinuity)
with the maximal solution A4 to (5.14). In fact, a similar argument can be used to con-
struct Ax.

Fix T’ < Teo. For any & > 0, we observe a(0) < A.(0) and

D_a(t) —h(a(t)) <0 < &= AL(t) — h(A:(t)), 1€ (0,T).

Hence, we may apply the claim again (note that in (ii) we only need to check D_a(t) <
D_A.(t)ifa(t) = A.(t)) to obtain

a(t) < A.(t), t<l[0,T].

Since the right-hand side converges to A«(t) as ¢ | 0, we obtain a(z) < A«(t) for t €
[0, T’] and then also for ¢ € [0, Teo). This is (5.15). [

We can now state a uniform energy bound up to any time before the blowup point T
(> 0), or up to T if there is no blowup.
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Lemma 5.5. Let (y2 .z . SN )k=o,...N be a solution to (IP). With a}) :=1 + e}’ +
Zf=1 dXN (as in Proposition 5.2) and

J
ﬁ]N = a(l)v —i—Zmax{aév—aéV_l,O}, (5.16)
{=1

the a priori estimates

k
1y llwir + 1P lwra +MTY) + > Var(SN) < CBY). 1S e <y (5.17)
j=1

hold. Moreover,
Ty := sup liminf sup {th : ,BJN <A} >0. (5.18)
A>0 N—=0 j>0

Proof. From Proposition 5.2, we know

N N

o — o N

T L < ce¥m =1 N
A s J seeey AV

By the same argument as the one at the beginning of the proof of Lemma 5.4, onN < ﬁ]N
and

N N N N
B — Bt %

o; oV BN
< max{ —7 ,0} < Ce¥-1 < Cefihr, (5.19)

The parts of (5.17) relating to ||yllcv lwi.z Zle Var(SjN) and ||S]§V ||lLeo follow from
the coercivity of € and Diss in the same way as we proved (5.5)—(5.7) (in particular, using
the coercivity estimates of Lemmas 4.13 and 4.16). From Lemma 3.5, we further get

k
1P lwia < 1Pollwra +C ) Var(8;) < CCley)) < CC(BY),

Jj=1

where the constant C from (3.7) and then also the (redefined) constant C B ,iv ) depend on
I Pollw1.« and Z}czl Var(SjN) < E(a]iv) < 6(/3,13’) (also see Lemma 4.16). For the bound
on M(T kN ), we can use again Lemma 4.13, but this time using the coercivity originating
from the core energy.

Our next task is to show that for 7, defined in (5.18), it holds that 7, > 0, for
which we apply the preceding Lemma 5.4 with h(s) := Ce®, which is continuous and
increasing, and initial value BY = )’ to (5.19). The maximal solution is easily seen to
be A«(t) = — log(e’“{)v — Ct), which is defined on the maximal interval [0, T,,) with
Too = e_"‘(/JV /C > 0. Thus, as A is increasing, for all 0 < 7 < T it holds that

BY < A(t)) < Au(r) < oo ift) <t (ke{0,....,N};N e N).

Consequently, Ty > T > 0. n
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6. Proof of the existence theorem

At this stage, we have an N -uniform bound on Z}c:l Var(S jN ) for any tliv <1< Tk
However, when letting N — oo, this BV-type bound is too weak to prevent the formation
of jumps in the dislocation trajectory. Jumps are undesirable because we need the “time
index” provided by a Lipschitz trajectory to define the path of the plastic distortion as in
Section 3.3. Hence, we now rescale the time to make the discrete evolution uniformly
Lipschitz continuous (and move the blowup time to +o00). Then we will be able to pass
to the limit and complete the proof of Theorem 4.11.

6.1. Rescaling of time
Let N € N andset, fork =0,..., N,
efcv = S(tliv, y,’cv,zljcv), d,ﬁv = Diss(S,iV),
as in Proposition 5.2. Then define the increasing sequence
k
s,iv = t,ﬁv + Z(max{e}v — eJI-V_I,O} + djN).
j=1

.....

N ._ N
o =Sy

It can be seen from the definition of /SIICV =1+e) + Zle max{ell.v — ejl\il + d/.N, 0},
see (5.16), that

k
BY —ed —1=sy <t + B + > d}. 6.1)
=1

The rescaling function Y : [0, 00) — [0, T] is

ATN
N o (s—sV fors € [s¥ ,sN], wherek =1,..., N,
WN(S) = k—1 s]](V _S]ICV_I( k—l) [ k—1°"k ]
T fors > o™,

Clearly, ¥ is strictly increasing on [0, 5" ] and
YNy =1, k=0,....N.

In the new time, the time-incremental minimization problem (IP) reads as follows: For
k =0,..., N, we have in Proposition 5.2 constructed solutions

0.z SN =N . PY.TY . SY) €Y x 2 xSlip(z)_))
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to the following:
(v S{) minimizes (5, §) ~ €, (s, 5, Ssz4_,) + Diss(S)
overall § € Y, S € Slip(z}¥_,) with [|S|re < v, (IP)
= (SNs e,
Moreover, we may also assume that .§ ]gv is steady in the sense that
t> 7 Var(SY;[0,¢) = LY >0, te(0,1]. (6.2)

This can be achieved via Lemma 2.5 (see step 3 in the proof of Proposition 5.2 on why
this rescaling is allowed).
We will now introduce a suitable interpolant for the discrete solution. Writing

TN = (TN, and S = (5P), e Slip(z)_)),

we define the process SV € Lip([0, oo); Disl(€2)) (this is to be understood with the Lips-

chitz condition holding in every interval [0, S], S > 0, with a uniform Lipschitz constant)
as SV := (§Vb), with

N
SV =Y @)eS? + [0V o) x TR,
k=1

where a,lcv: [0,1] — [s,iv_l,s,]j] is given as
Ny . N N _ N
ak (t) = Sk_l + (Sk _Sk_l)t.

This rescales every S ,ﬁv ® to length s}cv - Sljcvq and moves the starting point to s,jcvfl. Hence,
SN is the “scaled concatenation” of all the S ,ﬁv . One can check easily from the definition
of the s,iv , (6.2), and Lemma 4.17 that the Lipschitz constant of

S Diss((a,lcv)*S,éV; [s,lcv_l,s])
is bounded from above by 1. Hence, also using Lemma 4.16,
Var(§V:[s,s']) < C -Diss(§¥:[s.5')) < Cls —s'|, 5.5 €[0,00). (6.3)
In particular, we have indeed
S e Lip([0, c0); Disl(Q)).

Next, we define PV e Lip([0, co); W4 (Q; R3*3)) as the solution to (3.2) with
respect to SN ie.,

d - 1 . _
—PN(s,x) == E b ® proj pn s x)flb)L[gN’b(s,x)] fora.e. s € (0, 00),
ds 2 ’
beB (6.4)

PN (0,x) = Py(x) forae. x € Q,
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where g0 is the density of the measure *p(S_,;V ’b). This ODE is to be understood in
the W14-sense. The existence, uniqueness, and regularity of a solution to (6.4) follow by
Lemmas 3.4, 3.5 and 3.6. By construction of PY and Lemma 3.7,

PNsy=PY, k=0,....N.
Finally, ¥V € L°°([0, 00); Y) is given as
)7N(s) = y,lcV ifs € (s,}cv_l,s,?’], wherek =1,..., N,
and also ¥V (0) := yg, YV (s) := yf\\,’ fors > o/N.
We can then restate the a priori estimates of Lemma 5.5 and the discrete solution
properties of Proposition 5.3 in the new time scale.

Proposition 6.1. Forall 0 < S < oo there is a constant C (S) > 0, with the dependence
on S increasing and upper semicontinuous in S, such that the a priori estimates

17V oo qo.s1:w1-2y + 1PN llLooqo.s1:w.a) + Var(SV: [0, ST) < C(S), (6.5)
18 ™ oo qo,sppiic@y < ¥ (6.6)
hold. Moreover,
Jim 1]ivnii£of¢1" (0) = Ty (6.7)
with Ty > 0 from (5.18).
Proof. The assertions in (6.5), (6.6) with
C(S):=C(S + &0, y0.20) + 1)

follow directly from Lemma 5.5, the definitions of )7N , PN, SN , Lemma 3.5, and (6.1).

We now show (6.7). Let o > 0. By (6.1), if sfcv <o ((ke{0,...,N}, NeN),
or equivalently, t,ﬁv =y (s,}cv ) < ¥ (o), then the quantity ﬁ,ﬁv remains bounded by
o + €(0, yo, zg) + 1. Hence, according to the definition of 7% in (5.18), we have Ty >
liminfy oo ¥ (0), and then also

Ty > lim liminfy? (0). (6.8)
0—>00 N—>o0

On the other hand, if 7’ < Ty, then there is A < oo with ,BIICV <Aforallk €{0,...,N}
such that t,ﬁv < T'and N € N sufficiently large. From (5.17) and Lemma 4.16, we get
that

k
Y dV <cC))y=cCpy)=CcC,
ji=1

where we have considered the “constant” C as an increasing function. Thus, for the times
sljcv = [yN]! (t,iv) corresponding to the t,ﬁv, it holds via (6.1) that

k
s+ By +> dN <T+24+C) =0
j=1
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and we see that s,lcv remains bounded by o for those k. Then, ¥ (o) > ¥V (s,’cv ) = t,iv
whenever t,ﬁv < T’ and N is sufficiently large. Consequently, liminfy o ¥V (07) > T".
Letting 7/ — T, we obtain

lim liminfy? (o) > T,.
ag—>00 N—o00

Together with (6.8), this completes the proof of (6.7).
We can easily make S — C(S) increasing and then replace it by its upper semicon-
tinuous envelope. ]

Proposition 6.2. Forall k € {0, ..., N}, the following hold:

(1) The discrete lower energy estimate
k ko sV
ewN(s,ﬁV,y,ﬁv,z}j)gewN(o,yo,zo)—ZDiss(s_,.N)—Z/N (fyn(0).yN1)do.
j=1 j=1"%j—1

(i1) The discrete stability
Eun (s o 2y < Eyn (s . 9. S5zY) + Diss(S)
forall$ €Yand S € Slip(z}{v) with ||S ||Lee < y.

Proof. This is a direct translation of Proposition 5.3, noting that we use a change of
variables for the external power integral in (i). ]

6.2. Passage to the limit

We first establish that a limit process exists as N — oo. Then we will show that this
limit process has the required properties. In this context, we recall that we do not identify
processes that are equal almost everywhere in time.

Lemma 6.3. There exist a subsequence of the N ’s (not explicitly labeled) and
y € L2([0, 00); WP (2 R?)) with y(0) = yo,
P € Lip([0, 00); Wh4(Q: R3*3)) with det P(s) = 1 a.e. in Q for all s € [0, 00),
S e Lip([0, 0o); Disl(RQ)) with Diss(S; [0, s]) < s for s € [0, 00),
¥ € C(]0, 00)) increasing and Lipschitz with ¥ (0) = 0, ¥ (oc0) = Ty € (0, T],
such that
PY X P locally in BV([0, 00); W (Q; R¥3)), (6.9)
SV AS locally, (6.10)
1//N — Y locally uniformly. (6.11)
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Moreover, for all s € [0, 00),

y(s) € Argmin{&(s, 7,z(s)) : y € Y}, (6.12)
and
111'Vrgigof/0§(f,,,N(a), y¥(0))do > /Os(fl/,(a), y(0))do
= [ Muto. P) ao, ©.13)
0
where

Yy = {7 € WEP(@:R?) ¢ [Fllwir < CGs)),
Miea(s, P) = inf{(fy (). 7) : ¥ € Argmin{We (y, P) — (fy(5).7) 1 J € Ys}}
with the constant C (s) from Proposition 6.1.

Proof. Step 1. First, by (6.7) together with a diagonal procedure, we may pick a subse-
quence of the N’s (not made explicit in our notation) such that

lim liminfy (o) = lim limsup ¥ (o) = Ts. (6.14)
o—>00 N—o00 o—>00 N—>oo

Let now S > 0. We know from Proposition 6.1 that
17V oo qo.57:w1-7y + 1PN oo (o.57:w1.0) + Var(S™: [0, S]) < C(S),
oN
1S oo o, s1:Di51@2)) = 7>
and also, by construction,

det PN(s) =1 ae.in € and forall s € [0, 00).

To estimate the variation of P, take any partition 0 = g9 < 07 < :-- < og = S of the
interval [0, S and apply Lemma 3.5 to (6.4) to see

K K
Y 1PN (o) = PN (@-)llwra =) C - Var(SV:[oe—1.0¢]) = C - Var(§V: [0, S]).
=1 =1

where the constant C depends on || Pg||yw1.¢ and Var(SV; [0, S]). A slight generalization
of the above argument shows that in fact

Varyi.q (P [s,1]) < C - Var(§V; [5.1])

for all [s, ] C [0, S]. Since also Var(S¥;[s,t]) < C|s —t| by (6.3), we obtain that
both P¥ and SV are Lipschitz continuous on [0, S| with uniform (in N) Lipschitz
constant. Hence, taking a further subsequence on the N’s by Proposition 2.2 for PV
and Proposition 3.10 for SV, we obtain that there exist P € Lip([0, S]; W4 (Q; R3*3))
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and S € Lip([0, S]; Disl(Q)) satisfying (6.9), (6.10) in the interval [0, S]. Concatenat-
ing this for all intervals [0, S], S > 0, we obtain the existence of the limit processes
P e Lip([0, 00); W4 (Q2; R3*3)) and § € Lip([0, 00); Disl(RQ)).
By Proposition 2.2 (use the compact embedding W4 (Q; R3*3) <& C(Q; R¥3)),
we get
det P(s) =1 a.e.in € foralls € [0, 00).

Also, Diss(S; [0, s]) < s follows from the construction of the rescaled time s; see the
argument before (6.3).

The maps ¥ : [0, 00) — [0, T] are increasing and Lipschitz continuous with Lipschitz
constant bounded by 1. Hence, taking yet another subsequence by the Arzela—Ascoli the-
orem, there is ¥: [0, oc0) — [0, T'] increasing and Lipschitz continuous with Lipschitz
constant bounded by 1, such that wN — i locally uniformly in [0, 00), i.e., (6.11) holds.
As ¥V (0) = 0 for all N, also ¥ (0) = 0.

To show ¥ (0c0) = lims_,00 ¥ (s) = T, let € > 0. From (6.14), we may find o > 0
such that for s > o we have

liminfy N (s) > Tw —e, limsupy ™ (s) < Ty + &.

N—o00 N—>00
Then we get ¥(s) > Tx — ¢ and ¥(s) < Ty + &. Letting ¢ — 0, we conclude that
Y(o0) = T

Step 2. For any s > 0, the weak W!-?-topology restricted to Yy is complete, separable,
and metrizable. Then, fixing S > 0, define

M(s, P) := Argmin{We (7, P) — (fy (). 3) : J € Y5} C WP (R

for (s, P) € [0, S] x Wh4(Q; R3*3) with det P = 1 a.e. in Q. The set M(s, P) is non-
empty. This follows via the direct method of the calculus of variations using the coercivity
in Lemma 4.13 and the lower semicontinuity in Lemma 4.19 (i). In this new notation,

Myea(s, P) = inf{{fy (5), 9) : § € M(s. P)}.

Next, we observe that (s, P) — M (s, P) is continuous in the following sense: If s; — s
in [0, S] and P; — P in W', then for any sequence y; € M(s;, P;) with y; — y
in WL-7 it holds that y € M(s, P). To see this, it suffices to combine (i), (ii), and (iii) of
Lemma 4.19, which together imply that limits of minimizers are minimizers themselves.
One can either argue directly or realize that these two statements together imply the I'-
convergence [24] of W, (+, P;) — ( fy-(sj), +), from which the claimed continuity property
follows. Note that here we also use the monotonicity and upper semicontinuity of the
constant C (s) > 0 from Proposition 6.1 with respect to s. Similarly, we also obtain that
M(s, P) is weakly closed, hence weakly compact.

Define the set-valued map F': [0, S] = Ys via

F(s):= M(s, P(s)), se€]0,S].
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The just established that continuity property for (s, P) — M (s, P) together with the Lips-
chitz continuity of P implies that graph(F) := {(s,y) : ¥y € F(s)} is closedin [0, S] X Y.
Hence, graph(F) is a measurable set with respect to the product o-algebra on [0, S] x Y
(i.e., the product o-algebra of the Lebesgue-measurable subsets of [0, S] and the Borel-o-
algebra induced by the metric of weak convergence on Ys). By standard results, see [10,
Theorem 8.1.4], this then implies that the set-valued map F is measurable, meaning that
the preimages
F™Y(B):={s€[0,S]: F(s) N B # @}

are Lebesgue-measurable for all Borel sets B C Y.

Set )
(fy(5).y) — Hrea(s, P(s)) if y € F(s),
0 otherwise

h(s.y) == {

for (s, y) € [0, S] x Ys. By Lemma 4.19 (iii) in conjunction with the Lipschitz continuity
of P, the function / is measurable. Moreover, for fixed s € [0, S], the map h(s, «) is
continuous, again by (iii) of Lemma 4.19. Finally, by similar arguments as before, we have
that for every s € [0, S], there is a y, € Y such that h(s, y«) = 0.

We can now apply the generalized version of the Filippov measurable selection the-
orem that was proved in [60, Theorem B.1.2] (also see the more classical version in [10,
Theorems 8.2.9 and 8.2.10]). This theorem allows us to obtain y: (0, c0) — W;’p (Q:R3)
such that

y(s) € F(s) = Argmin{We (3, P(s)) = (fy(5).J) : J € Y}

and Ki(s, y(s)) =0, i.e.,

(fu(5), y(5)) = Myeals, P(s)) = inf{{fy (5). §) : § € F(s)}

for all s € (0, 0c0). We also set y(0) := yo with yo from assumption (AS5). This shows
(6.12) since the set F(s) is also equal to the set of minimizers of E(s, «, P(s), S (s)) (the
minimization in ¥ is independent of S (s)). Moreover, the equality on the right-hand side
of (6.13) holds by construction.

Step 3. Next, for every t € [0, ¥/(S)], we can find a t-dependent subsequence N;(m)
such that, as m — oo (note that ¥ is strictly increasing),

FNe) (Ve =1 (1)) L 5(7) in WP
for some y(t) € Ys and

(f @7V (N )T @) = liminf(f (2). 7Y (V)7 ().

lim
m—00
Then, by Lemma 4.19 (iii),

liminf(f (o), 7 (v") ™ (@) = (f (2). 5()). (6.15)
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Furthermore, by construction, if T € (t,?if(%)_l , tg’(%)] (where k. (m) € {1,..., N;:(m)}),

then, by the rescaled time-incremental problem (IP),

— — — N: N: Nz
FVE (N )T (1) = G (s ) € M(sprn), YY),

Assume that s,ivt ’(%) — 0, t,ii ’(%) — t with ¥ (0) = t. Moreover,

Nz(m) _ pNy(m)  Nc(m)y . 1,
Pk,(m) = pitin (Skr(m)) P(o) inWH9,

where we have used the uniform Lipschitz continuity of P and the convergence P -p
locally in BV. By the continuity property of (s, P) +— M (s, P) shown above, we thus have

(¥ (o)) € M(o. P(0)) = F(0).

where we have also used the upper semicontinuity of s — C (s) (see Lemma 6.1). Fur-
thermore,

(f(0), 5 (0))) = Mea(o, P(0)). (6.16)

For s € [0, 00),
s YN
/0 (fyn (@), 3" (0)) do =/0 (f@. 7N () (0)) dr

¥is) |
- /0 .7 (M) (@) dr + o(L).

where the error term o(1) vanishes as N — oo since ¥ (s) — ¥ (s) and the integrand
is uniformly bounded by assumption (A4) and the definition of Ys. We can now apply
Fatou’s lemma and, in turn, (6.15), (6.16), (6.13) to estimate

lim inf/
N—oo 0

S

. vis) |
(fyx (). 7 (0)) do > /0 (f (). 5(0) dr

= [ Gy 5@ a0
> /S Hred(o—v P(U)) do
0
- [ @y
This establishes the lower limit inequality in (6.13). ]

‘We now prove the stability and energy balance for the limit solution.

Proposition 6.4. For every S € [0, 00), there exists y(S) > 0 such that if y > y(S), then
for all s € [0, S] with yr(s) > 0 and all § € Y, § € Slip(S (s)) with ||S ||lLec < y, the
stability relation

&y (5. y(5).2(5)) < €4 (5. 7. 852(s)) + Diss(S) 6.17)
holds.
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Proof. In Proposition 6.2 (ii), we established the time-incremental stability at step k =
0,1,2,..., namely

Eunv N N 2y < &un (5.5, 852)) + Diss(S) (6.18)

forall € Yand S € Slip(z;cv) with [|S|pee < 7.

Fix a point s € [0, S] with ¥ (s) > 0 and define for N € N (more precisely, for
the subsequence of N’s constructed in Lemma 6.3) the index k(N ) to be the largest
k €{0,..., N} such that sk(N) < s. For the corresponding tk(N) =yl (sk(N)) we have

tk(N) — t := ¥(s) as N — oo since the {tk } vk lie dense in [0, T'] (this uses the uni-
form convergence ¥V — ), Moreover, as we assumed ¥ (s) > 0, the Taylor expansion
1//(sk(N)) =vY(s) + 1//(5)[sk(N) s]+ O(|sk(N) s|?) then yields that also sk(N) — 5.

Using that S (s) X S (s) in Disl(Q), P(s) — P(s) in W4, and also the uniform
Lipschitz continuity of S (with respect to a metric for the weak* convergence, e.g., the
flat norm) and P (with respect to W), we obtain

* . . -~ .
TkA(IN) — S(s) in Disl(£2), PI?([N) —~ P(s) inWh4,
By Proposition 4.20, there is §SN Sllp(zk(N)) with (SN)>> Ny = = S(s) and
Diss(SY) - 0 as N — oc.

Moreover, let y > y(S) := C - C(S) with C > 0 the constant from Proposition 4.20 and
C(S) = C()L(S)) > 0 asin (5.17) of Lemma 5.5, where A(S) := S + £(0, yo,z0) + 1,
so that ,B}CV < A(S) by (6.1) (cf. the proof of Proposition 6.1). Then,

limsup || S | < C -lim supM(Tk(N)) <C-C(S) <.
N—

N—o0

For y, S as in the statement of the proposition, we define the following “recovery

sequence” for S:
S :=808) eSlip(ziyy)
We have
1S oo = max{[[Slioe. 1S oo} < ¥
for N > N(s) sufficiently large (depending on s, but this will not matter in the following).
We also observe from (4.9) in Lemma 4.16 that
Diss(S'\SN) = Diss(gsN) + Diss(g)
and from Lemma 3.8 that
SN)s TkZ}]N) =85 8(s).
The slip trajectory S SN is thus admissible in (6.18) at k = k(N) for N sufficiently large,
giving
81//N (SIICV(N)v y]i\ZNy Z]i\zN)) E 81//N (SII(\{Ny 5)\» (SSN)>> P]?(’N)v S>>S(S))
+ Diss(SY) + Diss(S). (6.19)
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*

Using Lemma 3.13 in conjunction with §SN = S and Pkl‘(fN) — P(s)in W,
(SSN)>>P]£\(/N) — S>>P(S) in Wl’q.

Passing to a (further) subsequence in N (for fixed s, not relabeled) to obtain yﬁ N~ y
in W12 we may use the assertions (i), (ii) of Lemma 4.19 as well as the locally uniform
convergence YN — v, to pass to the lower limit N — oo in (6.19) at k = k(N), obtaining

Ey(5.5.2(5)) < Ey(s. 5. S52(s)) + Diss(S).

Finally, observing that £y (s, ¥(s), 2(s)) < Ey (s, ¥, z(s)) by (6.12), conclusion (6.17)
follows. u

Remark 6.5. As remarked in the introduction and explained further in [40, Section 6.2],
the projection in the definition of the total plastic drift in (3.3) has the effect of disregard-
ing climb. The reason why we cannot simply enforce that xy? is orthogonal to P~'b for
admissible slip trajectories is that this makes it impossible to deform some dislocations
into each other via Proposition 4.20. Indeed, such a deformation may require a slip trajec-
tory violating the orthogonality constraint, if only on a trajectory with vanishing variation.
In this case, the recovery construction in the preceding proposition would fail.

Proposition 6.6. For every S € [0,00) and y > y(S) (with y(S) defined in Proposi-
tion 6.4), the energy balance

Ey (s, y(5),2(s)) = €y (0, yo, z9) — Diss(S; [0, 5]) —/0 (fy(0).y(0))do  (6.20)
holds for all s € [0, S].

Proof. From Proposition 6.2 (i), we have for all k € {1, ..., N} the discrete lower energy
estimate

Eyn (sfcv,y,iv,zfcv)
k k slN
. N - g N
< &4~ (0, y0,20) — _ZIDISS(SJ- ) — Zl / . (fyn (@), ) do.  (6.21)
j= =17

Fix a point s € [0, 00) and define for N € N the index k() to be the largestk € {0,..., N}
such that s}cv < s. Then, by Lemmas 6.3 and 4.19 (i) as well as (6.12), we obtain (by
arguments as in the preceding proof of Proposition 6.4)

L N N N
Ey (s, y(5),2(s)) = l}vﬂi)lgofewN (Skvy» Yev): Ze(v))-
Moreover, using Lemma 4.19 (iv), as well as (6.3), we have
Diss(S; [0, s]) < liminfDiss(S™; [0, s]) = liminf Diss(S " ; [0, s,ICV(N)])
N—o0 N—o0

k(N)
= liminf )  Diss(SY).
im inf jZ; iss(S;")
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Combining this with (6.13), we may pass to the lower limit N — oo in (6.21) and obtain
N
Ey (5. y(5),2(5)) = €y (0, yo. zo) — Diss(S: [0, s) —[ (fy(0).y(0))do
0

= €4 (0, yo,z9) — Diss(S; [0, 5]) — /S Meq(o, P(0))do.  (6.22)
0

On the other hand, take any partition 0 = 09 < 01 < --- < ox = s of the interval [0, s]
such that r(oy) >0 =1,..., K —1). Fix £ € {0,...,m — 1} and let SeK € Slip(S (ay))
to be the restriction S L (0y, 0¢+1), rescaled to unit time length (via Lemma 2.5), so that

(geK)»Z(Ge) = z(0g41).

Apply the stability estimate from Proposition 6.4 at s = oy with y := y(oy+1) and
S = SZK. In this way, we get for £ = 1,..., K — 1 that

Ey (04, y(0¢),z(0¢)) < Ey (04, y(04+1),2(0¢+1)) + Diss(S; [og, 0¢41])
= Ey (0¢41, Y(0¢41), 2(0¢41)) + Diss(S'; [o¢, 0¢41])

o+l
+/ {(fy(0), y(0¢+1)) do.

4

This estimate also holds for £ = 0 by the stability assumed in (AS5). Rearranging and
summing from £ = 0 to K — 1, we obtain

Ey (s, y,2(s)) + Diss(S; [0, s])

K-1 noppq
R Y I TAC R 6.23)
£=0 "%t
It further holds that
K-1 opyy 1 popqr
> [ e@yenmdo =Y [ fulore yion) do] < ¢
=0 v 0¢ {=0 Y ¢

as soon as the partition is sufficiently fine, where we use the uniform continuity of f;,,
with values in W12 (Q; R3)* from assumption (A4) as well as the uniform W17 (Q; R3)-
boundedness of y. Here, we note that while the condition v/(o¢) > 0 may force gaps
in the partition, on these gaps the integrand vanishes, and so the above statement is not
affected.

By Hahn’s lemma (see [27, Lemma 4.12]), we may now choose a sequence of parti-
tions0 =o0¢g <01 <--- < 0g =swithfﬂ(ag) >0 =1,...,K — 1) such that we have
the convergence of the associated upper Riemann sum, namely

K-1

oot s
> [ et son e > [ (u@)y@) o

£=0 vt
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as K — oo. The same remark regarding the condition 1/}(04) > ( as before applies. Let-
ting K — oo in (6.23) (unless v is totally flat on [0, 5], whereby the whole power term
vanishes) and recalling the second relation in (6.13), we arrive at

€4(5. y.2()) = €4(0. yo. 20) — Diss(S: [0.s]) — /0 (f4(@). y(0)) do

= €4 (0, yo,z0) — Diss(S; [0, s]) — /: M;eq(o, P(0)) do.

Together with (6.22), we have thus established the claimed energy balance (6.20). [

Next, we show the plastic flow equation.

Proposition 6.7. For almost every s € [0, 00), the plastic flow equation holds at s in the
Wi _sense (as in Lemma 3.6), i.e.,

d 1 .
gP(s) = (x — 3 Z h® pI'O_](P(S’x)—lb)L[gb(S,X)]) forae. s €[0,00),
beB

P(0) = Po.
where g® is the density of the measure *p(S,l;) (with 8 = (S?), and 1 the dislocation
line profile).

Proof. The ODE holds for PN see (6.4). Using the convergence assertions in Lemma 6.3,
we can then pass to the limit using (the same technique as in the proof of) Lemma 3.13. =

Finally, we record the following regularity estimate.

Lemma 6.8. For every S € [0, 00), there is a constant C (S) > 0 such that if s € [0, S],
then the estimates

¥ llLee o,s1w1-2) + 1P llLoo o, s1:w1.0) + 1S oo jo,57:mis1(@)) + Var(S:[0. S]) < C(S)
hold.

Proof. With the notation of the p_roof of Proposition 6.4, T kA(’ ) XS (s), and hence we
have that [|S [l o ((0,s1:pisi@)) = € (S) by the estimates of (5.17) in Lemma 5.5 (see the
analogous argument in the proof of Proposition 6.4) and the lower semicontinuity of the
L*-norm (Proposition 2.6). The other estimates follow directly from Proposition 6.1 in
conjunction with the assertions of Lemma 6.3. ]

6.3. Proof of Theorem 4.11

Finally, we dispense with the restriction that ||§ ||Lec < y for the test trajectory S in the
stability condition (S). From now on, we make the dependence on y explicit and write y,,
Py, Sy, ¢, fory, P, S, ¢.
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Fix S € [0, 00). The bounds from Lemma 6.8 (note in particular the y-independent
estimate on [|S [ oo (jo,51:pisi())) @llow us to pass to a subsequence of y’s (not explicitly
labeled) tending to +oo such that the following hold just like in Lemma 6.3: There exist

y € L2([0, 00); W (Q: R?)) with y(0) = yo.
P € Lip([0, 00); Wh4(: R3*3)) with det P(s) = 1 a.e.in Q for all s € [0, o0),
S e Lip([0, co); Disl(2)) with Diss(S; [0, s]) < s +-for s € [0, 00),
¥ € C([0, 00)) increasing and Lipschitz with ¥ (0) = 0, ¥ (c0) = Tx € (0, T]
with
P, 5 P locally in BV([0, 00); W4 (Q; R?*3)),

S, XS locally,
Yy — ¥ locally uniformly.

In particular, we have T, > O since the arguments before give a y-independent lower
bound on T (see Lemma 5.5).

The stability (S), the energy balance (E), and the plastic flow equation (P) follow
from the construction and Propositions 6.4, 6.6, and 6.7 using the same techniques as in
the previous section. We omit the repetitive details. Let us however observe that every
S € Slip(S (s)) (which includes the assumption || || e < 00) becomes admissible for y
sufficiently large. In this way, all parts of Definition 4.7 follow. The initial conditions are
satisfied by construction. The proof of Theorem 4.11 is thus complete. ]

Acknowledgments. The author would like to thank Amit Acharya, Paolo Bonicatto, Kaushik Bhat-
tacharya, Giacomo Del Nin, Gilles Francfort, Thomas Hudson, Andrea Marchese, and Alexander
Mielke for discussions related to this work and the referees for their very helpful suggestions, which
led to many improvements.

Funding. This project has received funding from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme, grant agreement No 757254
(SINGULARITY).

References

[1] Abbaschian, R., Abbaschian, L., Reed-Hill, R. E.: Physical metallurgy principles — SI version.
Cengage Learning, Boston, MA (2009)

[2] Acharya, A.: A model of crystal plasticity based on the theory of continuously distributed
dislocations. J. Mech. Phys. Solids 49, 761-784 (2001) Zbl 1017.74010

[3] Acharya, A.: Driving forces and boundary conditions in continuum dislocation mechanics.
Philos. Trans. Roy. Soc. A 459, 1343-1363 (2003) Zbl 1041.74014 MR 1994263

[4] Acharya, A.: An action for nonlinear dislocation dynamics. J. Mech. Phys. Solids 161, article
no. 104811 (2022) MR 4387914

[S] Ambrosio, L., Fusco, N., Pallara, D.: Functions of bounded variation and free discontinuity
problems. Oxford Math. Monogr., Oxford University Press, New York (2000)
Zbl 0957.49001 MR 1857292


https://doi.org/10.1016/S0022-5096(00)00060-0
https://doi.org/10.1016/S0022-5096(00)00060-0
https://zbmath.org/?q=an:1017.74010
https://doi.org/10.1098/rspa.2002.1095
https://zbmath.org/?q=an:1041.74014
https://mathscinet.ams.org/mathscinet-getitem?mr=1994263
https://doi.org/10.1016/j.jmps.2022.104811
https://mathscinet.ams.org/mathscinet-getitem?mr=4387914
https://zbmath.org/?q=an:0957.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1857292

Elasto-plastic evolutions driven by discrete dislocation flow 2861

(6]
(7]

(8]
(9]

(10]
[11]
[12]
[13]
(14]

[15]

[16]
(7]
(18]
[19]
(20]

(21]

[22]

(23]
[24]

[25]

[26]

(27]

Anderson, P. M., Hirth, J. P., Lothe, J.: Theory of dislocations. 3rd ed., Cambridge University
Press, Cambridge (2017) Zbl 1365.82001

Ariza, P., Conti, S., Garroni, A., Ortiz, M.: Variational modeling of dislocations in crystals in
the line-tension limit. In: European Congress of Mathematics, European Mathematical Soci-
ety, Ziirich, 583-598 (2018) Zbl 1402.82018 MR 3887786

Armstrong, R. W., Arnold, W., Zerilli, F. J.: Dislocation mechanics of copper and iron in high
rate deformation tests. J. Appl. Phys. 105, article no. 023511 (2009)

Arora, R., Acharya, A.: A unification of finite deformation J, von-Mises plasticity and quan-
titative dislocation mechanics. J. Mech. Phys. Solids 143, article no. 104050 (2020)

MR 4118895

Aubin, J.-P., Frankowska, H.: Set-valued analysis. Systems Control Found. Appl. 2, Birk-
héuser, Boston, MA (1990) Zbl 0713.49021 MR 1048347

Ball, J. M.: Convexity conditions and existence theorems in nonlinear elasticity. Arch. Ration.
Mech. Anal. 63, 337-403 (1977) Zbl 0368.73040 MR 475169

Ball, J. M.: Some open problems in elasticity. In: Geometry, mechanics, and dynamics,
Springer, New York, 3-59 (2002) Zbl 1054.74008 MR 1919825

Ben-David, E., Tepper-Faran, T., Rittel, D., Shilo, D.: A large strain rate effect in thin free-
standing Al films. Scripta Materialia 90-91, 6-9 (2014)

Blass, T., Fonseca, 1., Leoni, G., Morandotti, M.: Dynamics for systems of screw dislocations.
SIAM J. Appl. Math. 75, 393-419 (2015) Zbl 1322.34059 MR 3323554

Blass, T., Morandotti, M.: Renormalized energy and Peach—Kohler forces for screw disloca-
tions with antiplane shear. J. Convex Anal. 24, 547-570 (2017) Zbl 1412.70021
MR 3639276

Bonicatto, P., Del Nin, G., Rindler, F.: Transport of currents and geometric Rademacher-type
theorems. arXiv:2207.03922 (2022)

Bulatov, V. V., Cai, W.: Computer simulations of dislocations. Oxf. Ser. Mater. Model., Oxford
University Press, Oxford (2006) Zbl 1119.74001 MR 2285356

Casey, J., Naghdi, P. M.: A remark on the use of the decomposition I = F, F), in plasticity.
J. Appl. Mech. 47, 672-675 (1980) Zbl 0472.73035

Ciarlet, P. G.: Mathematical elasticity. I: Three-dimensional elasticity. Stud. Math. Appl. 20,
North-Holland, Amsterdam (1988) Zbl 0648.73014

Coddington, E. A., Levinson, N.: Theory of ordinary differential equations. McGraw-Hill
Book Company, New York (1955) Zbl 0064.33002 MR 69338

Conti, S., Garroni, A., Massaccesi, A.: Modeling of dislocations and relaxation of functionals
on 1-currents with discrete multiplicity. Calc. Var. Partial Differential Equations 54, 1847—
1874 (2015) Zbl 1328.49009 MR 3396435

Conti, S., Garroni, A., Ortiz, M.: The line-tension approximation as the dilute limit of linear-
elastic dislocations. Arch. Ration. Mech. Anal. 218, 699-755 (2015) Zbl 1457.35079

MR 3375538

Conti, S., Theil, F.: Single-slip elastoplastic microstructures. Arch. Ration. Mech. Anal. 178,
125-148 (2005) Zbl 1076.74017 MR 2188468

Dal Maso, G.: An introduction to ['-convergence. Progr. Nonlinear Differential Equations
Appl. 8, Birkhéuser, Boston, MA (1993) Zbl 0816.49001 MR 1201152

Dal Maso, G., DeSimone, A., Solombrino, F.: Quasistatic evolution for Cam—Clay plastic-
ity: a weak formulation via viscoplastic regularization and time rescaling. Calc. Var. Partial
Differential Equations 40, 125-181 (2011) Zbl 1311.74024 MR 2745199

Dal Maso, G., DeSimone, A., Solombrino, F.: Quasistatic evolution for Cam—Clay plastic-
ity: properties of the viscosity solution. Calc. Var. Partial Differential Equations 44, 495-541
(2012) Zbl 1311.74025 MR 2915331

Dal Maso, G., Francfort, G. A., Toader, R.: Quasistatic crack growth in nonlinear elasticity.
Arch. Ration. Mech. Anal. 176, 165-225 (2005) Zbl 1064.74150 MR 2186036


https://zbmath.org/?q=an:1365.82001
https://zbmath.org/?q=an:1402.82018
https://mathscinet.ams.org/mathscinet-getitem?mr=3887786
https://doi.org/10.1063/1.3067764
https://doi.org/10.1063/1.3067764
https://doi.org/10.1016/j.jmps.2020.104050
https://doi.org/10.1016/j.jmps.2020.104050
https://mathscinet.ams.org/mathscinet-getitem?mr=4118895
https://zbmath.org/?q=an:0713.49021
https://mathscinet.ams.org/mathscinet-getitem?mr=1048347
https://doi.org/10.1007/BF00279992
https://zbmath.org/?q=an:0368.73040
https://mathscinet.ams.org/mathscinet-getitem?mr=475169
https://doi.org/10.1007/0-387-21791-6_1
https://zbmath.org/?q=an:1054.74008
https://mathscinet.ams.org/mathscinet-getitem?mr=1919825
https://doi.org/10.1016/j.scriptamat.2014.06.024
https://doi.org/10.1016/j.scriptamat.2014.06.024
https://doi.org/10.1137/140980065
https://zbmath.org/?q=an:1322.34059
https://mathscinet.ams.org/mathscinet-getitem?mr=3323554
https://zbmath.org/?q=an:1412.70021
https://mathscinet.ams.org/mathscinet-getitem?mr=3639276
https://arxiv.org/abs/2207.03922
https://zbmath.org/?q=an:1119.74001
https://mathscinet.ams.org/mathscinet-getitem?mr=2285356
https://doi.org/10.1115/1.3153756
https://zbmath.org/?q=an:0472.73035
https://zbmath.org/?q=an:0648.73014
https://zbmath.org/?q=an:0064.33002
https://mathscinet.ams.org/mathscinet-getitem?mr=69338
https://doi.org/10.1007/s00526-015-0846-x
https://doi.org/10.1007/s00526-015-0846-x
https://zbmath.org/?q=an:1328.49009
https://mathscinet.ams.org/mathscinet-getitem?mr=3396435
https://doi.org/10.1007/s00205-015-0869-7
https://doi.org/10.1007/s00205-015-0869-7
https://zbmath.org/?q=an:1457.35079
https://mathscinet.ams.org/mathscinet-getitem?mr=3375538
https://doi.org/10.1007/s00205-005-0371-8
https://zbmath.org/?q=an:1076.74017
https://mathscinet.ams.org/mathscinet-getitem?mr=2188468
https://doi.org/10.1007/978-1-4612-0327-8
https://zbmath.org/?q=an:0816.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1201152
https://doi.org/10.1007/s00526-010-0336-0
https://doi.org/10.1007/s00526-010-0336-0
https://zbmath.org/?q=an:1311.74024
https://mathscinet.ams.org/mathscinet-getitem?mr=2745199
https://doi.org/10.1007/s00526-011-0443-6
https://doi.org/10.1007/s00526-011-0443-6
https://zbmath.org/?q=an:1311.74025
https://mathscinet.ams.org/mathscinet-getitem?mr=2915331
https://doi.org/10.1007/s00205-004-0351-4
https://zbmath.org/?q=an:1064.74150
https://mathscinet.ams.org/mathscinet-getitem?mr=2186036

F. Rindler 2862

(28]
[29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]
(38]
(39]
(40]

(41]
[42]

[43]
[44]
[45]

[46]

[47]
(48]

[49]

De Hosson, T. M., Roos, A., Metselaar, E. D.: Temperature rise due to fast-moving disloca-
tions. Philos. Mag. A 81, 1099-1120 (2001)

Diestel, J., Uhl, J. J., Jr.: Vector measures. No. 15 In Math. Surveys, American Mathematical
Society, Providence, RI (1977) Zbl 0369.46039 MR 453964

Dondl, P. W., Kurzke, M. W., Wojtowytsch, S.: The effect of forest dislocations on the evolu-
tion of a phase-field model for plastic slip. Arch. Ration. Mech. Anal. 232, 65-119 (2019)
7Zbl 1481.74114 MR 3916972

Epstein, M., Kupferman, R., Maor, C.: Limits of distributed dislocations in geometric and con-
stitutive paradigms. In: Geometric continuum mechanics, Adv. Mech. Math. 43, Birkhéuser,
Cham, 349-380 (2020) Zbl 1444.74004 MR 4291948

Federer, H.: Geometric measure theory. Die Grundlehren der mathematischen Wissenschaften
153, Springer, New York (1969) Zbl 0176.00801 MR 257325

Fonseca, 1., Ginster, J., Wojtowytsch, S.: On the motion of curved dislocations in three dimen-
sions: Simplified linearized elasticity. SIAM J. Math. Anal. 53, 2373-2426 (2021)
Zbl 1468.35198 MR 4246087

Francfort, G., Mielke, A.: Existence results for a class of rate-independent material models
with nonconvex elastic energies. J. Reine Angew. Math. 595, 55-91 (2006) Zbl 1101.74015
MR 2244798

Garroni, A., Leoni, G., Ponsiglione, M.: Gradient theory for plasticity via homogenization of
discrete dislocations. J. Eur. Math. Soc. (JEMS) 12, 1231-1266 (2010) Zbl 1200.74017
MR 2677615

Ginster, J.: Plasticity as the I'-limit of a two-dimensional dislocation energy: The critical
regime without the assumption of well-separateness. Arch. Ration. Mech. Anal. 233, 1253—
1288 (2019) Zbl 1460.74009 MR 3961298

Green, A. E., Naghdi, P. M.: Some remarks on elastic-plastic deformation at finite strain.
Internat. J. Engrg. Sci. 9, 1219-1229 (1971) Zbl 0226.73022

Gurtin, M. E., Fried, E., Anand, L.: The mechanics and thermodynamics of continua. Cam-
bridge University Press, Cambridge (2010) MR 2884384

Han, W., Reddy, B. D.: Plasticity. Mathematical theory and numerical analysis. 2nd ed., Inter-
discip. Appl. Math. 9, Springer, New York (2013) Zbl 1258.74002 MR 3012574

Hudson, T., Rindler, F.: Elasto-plastic evolution of single crystals driven by dislocation flow.
Math. Models Methods Appl. Sci. 32, 851-910 (2022) Zbl 07544557 MR 4430359

Hull, D., Bacon, D.: Introduction to dislocations. 5th ed., Butterworth, Heinemann (2011)
Knees, D., Rossi, R., Zanini, C.: Balanced viscosity solutions to a rate-independent system for
damage. European J. Appl. Math. 30, 117-175 (2019) Zbl 1407.35193 MR 3893258
Krantz, S. G., Parks, H. R.: Geometric integration theory. Cornerstones, Birkhduser, Boston,
MA (2008) Zbl 1149.28001 MR 2427002

Kroner, E.: Allgemeine Kontinuumstheorie der Versetzungen und Eigenspannungen. Arch.
Ration. Mech. Anal. 4, 273-334 (1960) Zbl 0090.17601 MR 126978

Kupferman, R., Maor, C.: The emergence of torsion in the continuum limit of distributed
edge-dislocations. J. Geom. Mech. 7, 361-387 (2015) Zbl 1359.53074 MR 3376700

Kupferman, R., Olami, E.: Homogenization of edge-dislocations as a weak limit of de-Rham
currents. In: Geometric continuum mechanics, Adv. Mech. Math. 43, Birkhduser, Cham, 267—
301 (2020) Zbl 1445.74047 MR 4291946

Lee, E. H.: Elastic-plastic deformation at finite strains. J. Appl. Mech. 36, 1-6 (1969)

Zbl 0179.55603

Lee, E. H., Liu, D. T.: Finite-strain elastic-plastic theory with application to plane-wave anal-
ysis. J. Appl. Phys. 38, 19-27 (1967)

Lemaitre, J., Chaboche, J.-L.: Mechanics of solid materials. Cambridge University Press,
Cambridge (1990) Zbl 0743.73002


https://doi.org/10.1080/01418610108214431
https://doi.org/10.1080/01418610108214431
https://zbmath.org/?q=an:0369.46039
https://mathscinet.ams.org/mathscinet-getitem?mr=453964
https://doi.org/10.1007/s00205-018-1317-2
https://doi.org/10.1007/s00205-018-1317-2
https://zbmath.org/?q=an:1481.74114
https://mathscinet.ams.org/mathscinet-getitem?mr=3916972
https://doi.org/10.1007/978-3-030-42683-5_8
https://doi.org/10.1007/978-3-030-42683-5_8
https://zbmath.org/?q=an:1444.74004
https://mathscinet.ams.org/mathscinet-getitem?mr=4291948
https://zbmath.org/?q=an:0176.00801
https://mathscinet.ams.org/mathscinet-getitem?mr=257325
https://doi.org/10.1137/20M1325654
https://doi.org/10.1137/20M1325654
https://zbmath.org/?q=an:1468.35198
https://mathscinet.ams.org/mathscinet-getitem?mr=4246087
https://doi.org/10.1515/CRELLE.2006.044
https://doi.org/10.1515/CRELLE.2006.044
https://zbmath.org/?q=an:1101.74015
https://mathscinet.ams.org/mathscinet-getitem?mr=2244798
https://doi.org/10.4171/JEMS/228
https://doi.org/10.4171/JEMS/228
https://zbmath.org/?q=an:1200.74017
https://mathscinet.ams.org/mathscinet-getitem?mr=2677615
https://doi.org/10.1007/s00205-019-01378-5
https://doi.org/10.1007/s00205-019-01378-5
https://zbmath.org/?q=an:1460.74009
https://mathscinet.ams.org/mathscinet-getitem?mr=3961298
https://doi.org/10.1016/0020-7225(71)90086-3
https://zbmath.org/?q=an:0226.73022
https://doi.org/10.1017/CBO9780511762956
https://mathscinet.ams.org/mathscinet-getitem?mr=2884384
https://doi.org/10.1007/978-1-4614-5940-8
https://zbmath.org/?q=an:1258.74002
https://mathscinet.ams.org/mathscinet-getitem?mr=3012574
https://doi.org/10.1142/S0218202522500191
https://zbmath.org/?q=an:07544557
https://mathscinet.ams.org/mathscinet-getitem?mr=4430359
https://doi.org/10.1016/C2009-0-64358-0
https://doi.org/10.1017/S0956792517000407
https://doi.org/10.1017/S0956792517000407
https://zbmath.org/?q=an:1407.35193
https://mathscinet.ams.org/mathscinet-getitem?mr=3893258
https://doi.org/10.1007/978-0-8176-4679-0
https://zbmath.org/?q=an:1149.28001
https://mathscinet.ams.org/mathscinet-getitem?mr=2427002
https://doi.org/10.1007/BF00281393
https://zbmath.org/?q=an:0090.17601
https://mathscinet.ams.org/mathscinet-getitem?mr=126978
https://doi.org/10.3934/jgm.2015.7.361
https://doi.org/10.3934/jgm.2015.7.361
https://zbmath.org/?q=an:1359.53074
https://mathscinet.ams.org/mathscinet-getitem?mr=3376700
https://doi.org/10.1007/978-3-030-42683-5_6
https://doi.org/10.1007/978-3-030-42683-5_6
https://zbmath.org/?q=an:1445.74047
https://mathscinet.ams.org/mathscinet-getitem?mr=4291946
https://doi.org/10.1115/1.3564580
https://zbmath.org/?q=an:0179.55603
https://doi.org/10.1063/1.1708953
https://doi.org/10.1063/1.1708953
https://doi.org/10.1017/CBO9781139167970
https://zbmath.org/?q=an:0743.73002

Elasto-plastic evolutions driven by discrete dislocation flow 2863

(501
[51]

[52]
(53]
[54]

[55]

[56]

(571

(58]

[59]
[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]
[68]
[69]

[70]

Lubliner, J.: Plasticity theory. Dover Publications, Mineola, NY (2008) Zbl 1201.74002

Mainik, A., Mielke, A.: Existence results for energetic models for rate-independent systems.
Calc. Var. Partial Differential Equations 22, 73-99 (2005) Zbl 1161.74387 MR 2105969
Mainik, A., Mielke, A.: Global existence for rate-independent gradient plasticity at finite
strain. J. Nonlinear Sci. 19, 221-248 (2009) Zbl 1173.49013 MR 2511255

Mielke, A.: Finite elastoplasticity Lie groups and geodesics on SL(d ). In: Geometry, mechan-
ics, and dynamics, Springer, New York, 61-90 (2002) Zbl 1146.74309 MR 1919826

Mielke, A.: Energetic formulation of multiplicative elasto-plasticity using dissipation dis-
tances. Contin. Mech. Thermodyn. 15, 351-382 (2003) Zbl 1068.74522 MR 1999280

Mielke, A., Miiller, S.: Lower semicontinuity and existence of minimizers in incremental
finite-strain elastoplasticity. ZAMM Z. Angew. Math. Mech. 86, 233-250 (2006)
Zbl 1102.74006 MR 2205645

Mielke, A., Rossi, R., Savaré, G.: Modeling solutions with jumps for rate-independent systems
on metric spaces. Discrete Contin. Dyn. Syst. 25, 585-615 (2009) Zbl 1170.49036
MR 2525194

Mielke, A., Rossi, R., Savaré, G.: BV solutions and viscosity approximations of rate-
independent systems. ESAIM Control Optim. Calc. Var. 18, 36-80 (2012) Zbl 1250.49041
MR 2887927

Mielke, A., Rossi, R., Savaré, G.: Balanced viscosity (BV) solutions to infinite-dimensional
rate-independent systems. J. Eur. Math. Soc. JEMS) 18, 2107-2165 (2016) Zbl 1357.35007
MR 3531671

Mielke, A., Rossi, R., Savaré, G.: Global existence results for viscoplasticity at finite strain.
Arch. Ration. Mech. Anal. 227, 423-475 (2018) Zbl 1387.35574 MR 3740379

Mielke, A., Roubicek, T.: Rate-independent systems. Theory and application. Appl. Math. Sci.
193, Springer, New York (2015) Zbl 1339.35006 MR 3380972

Mielke, A., Theil, F.: A mathematical model for rate-independent phase transformations with
hysteresis. In: Models of continuum mechanics in analysis and engineering, Shaker, Hannover,
117-129 (1999)

Mielke, A., Theil, F.: On rate-independent hysteresis models. NoDEA Nonlinear Differential
Equations Appl. 11, 151-189 (2004) Zbl 1061.35182 MR 2210284

Mielke, A., Theil, F.,, Levitas, V. I.: A variational formulation of rate-independent phase trans-
formations using an extremum principle. Arch. Ration. Mech. Anal. 162, 137-177 (2002)
Zbl 1012.74054 MR 1897379

Ortiz, M., Repetto, E. A.: Nonconvex energy minimization and dislocation structures in ductile
single crystals. J. Mech. Phys. Solids 47, 397-462 (1999) Zbl 0964.74012 MR 1674064

Reina, C., Conti, S.: Kinematic description of crystal plasticity in the finite kinematic frame-
work: A micromechanical understanding of F = F¢F?. J. Mech. Phys. Solids 67, 40-61
(2014) Zbl 1323.74018 MR 3198898

Reina, C., Djodom, L. F.,, Ortiz, M., Conti, S.: Kinematics of elasto-plasticity: Validity and
limits of applicability of F = F¢F? for general three-dimensional deformations. J. Mech.
Phys. Solids 121, 99-113 (2018) Zbl 1479.74016 MR 3853443

Reshetnyak, Yu. G.: Liouville’s conformal mapping theorem under minimal regularity
hypotheses. Sib. Math. J 8, 631-634 (1967) MR 218544

Rindler, E.: Calculus of variations. Universitext, Springer, Cham (2018) Zbl 1402.49001

MR 3821514

Rindler, F.: Space-time integral currents of bounded variation. Calc. Var. Partial Differential
Equations 62, article no. 54 (2023) Zbl 1504.49060 MR 4525735

Rindler, F., Schwarzacher, S., Veldzquez, J. J. L.: Two-speed solutions to non-convex rate-
independent systems. Arch. Ration. Mech. Anal. 239, 1667-1731 (2021) Zbl 1460.35016
MR 4215199


https://zbmath.org/?q=an:1201.74002
https://doi.org/10.1007/s00526-004-0267-8
https://zbmath.org/?q=an:1161.74387
https://mathscinet.ams.org/mathscinet-getitem?mr=2105969
https://doi.org/10.1007/s00332-008-9033-y
https://doi.org/10.1007/s00332-008-9033-y
https://zbmath.org/?q=an:1173.49013
https://mathscinet.ams.org/mathscinet-getitem?mr=2511255
https://doi.org/10.1007/0-387-21791-6_2
https://zbmath.org/?q=an:1146.74309
https://mathscinet.ams.org/mathscinet-getitem?mr=1919826
https://doi.org/10.1007/s00161-003-0120-x
https://doi.org/10.1007/s00161-003-0120-x
https://zbmath.org/?q=an:1068.74522
https://mathscinet.ams.org/mathscinet-getitem?mr=1999280
https://doi.org/10.1002/zamm.200510245
https://doi.org/10.1002/zamm.200510245
https://zbmath.org/?q=an:1102.74006
https://mathscinet.ams.org/mathscinet-getitem?mr=2205645
https://doi.org/10.3934/dcds.2009.25.585
https://doi.org/10.3934/dcds.2009.25.585
https://zbmath.org/?q=an:1170.49036
https://mathscinet.ams.org/mathscinet-getitem?mr=2525194
https://doi.org/10.1051/cocv/2010054
https://doi.org/10.1051/cocv/2010054
https://zbmath.org/?q=an:1250.49041
https://mathscinet.ams.org/mathscinet-getitem?mr=2887927
https://doi.org/10.4171/JEMS/639
https://doi.org/10.4171/JEMS/639
https://zbmath.org/?q=an:1357.35007
https://mathscinet.ams.org/mathscinet-getitem?mr=3531671
https://doi.org/10.1007/s00205-017-1164-6
https://zbmath.org/?q=an:1387.35574
https://mathscinet.ams.org/mathscinet-getitem?mr=3740379
https://doi.org/10.1007/978-1-4939-2706-7
https://zbmath.org/?q=an:1339.35006
https://mathscinet.ams.org/mathscinet-getitem?mr=3380972
https://doi.org/10.1007/s00030-003-1052-7
https://zbmath.org/?q=an:1061.35182
https://mathscinet.ams.org/mathscinet-getitem?mr=2210284
https://doi.org/10.1007/s002050200194
https://doi.org/10.1007/s002050200194
https://zbmath.org/?q=an:1012.74054
https://mathscinet.ams.org/mathscinet-getitem?mr=1897379
https://doi.org/10.1016/S0022-5096(97)00096-3
https://doi.org/10.1016/S0022-5096(97)00096-3
https://zbmath.org/?q=an:0964.74012
https://mathscinet.ams.org/mathscinet-getitem?mr=1674064
https://doi.org/10.1016/j.jmps.2014.01.014
https://doi.org/10.1016/j.jmps.2014.01.014
https://zbmath.org/?q=an:1323.74018
https://mathscinet.ams.org/mathscinet-getitem?mr=3198898
https://doi.org/10.1016/j.jmps.2018.07.006
https://doi.org/10.1016/j.jmps.2018.07.006
https://zbmath.org/?q=an:1479.74016
https://mathscinet.ams.org/mathscinet-getitem?mr=3853443
https://doi.org/10.1007/BF02196483
https://doi.org/10.1007/BF02196483
https://mathscinet.ams.org/mathscinet-getitem?mr=218544
https://doi.org/10.1007/978-3-319-77637-8
https://zbmath.org/?q=an:1402.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=3821514
https://doi.org/10.1007/s00526-022-02332-2
https://zbmath.org/?q=an:1504.49060
https://mathscinet.ams.org/mathscinet-getitem?mr=4525735
https://doi.org/10.1007/s00205-020-01599-z
https://doi.org/10.1007/s00205-020-01599-z
https://zbmath.org/?q=an:1460.35016
https://mathscinet.ams.org/mathscinet-getitem?mr=4215199

F. Rindler 2864

[71] Scala, R., Van Goethem, N.: Variational evolution of dislocations in single crystals. J. Nonlin-
ear Sci. 29, 319-344 (2019) Zbl 1426.35211 MR 3908872

[72] Stefanelli, U.: A variational principle for hardening elastoplasticity. STAM J. Math. Anal. 40,
623-652 (2008) Zbl 1170.35453 MR 2438779

[73] Temam, R.: Mathematical problems in plasticity. Dover Publications, Mineola, NY (2018)
Zbl 1406.74002

[74] Walter, W.: Differential and integral inequalities. Ergeb. Math. Grenzgeb. 55, Springer, Berlin
(1970) Zbl 0252.35005 MR 271508


https://doi.org/10.1007/s00332-018-9488-4
https://zbmath.org/?q=an:1426.35211
https://mathscinet.ams.org/mathscinet-getitem?mr=3908872
https://doi.org/10.1137/070692571
https://zbmath.org/?q=an:1170.35453
https://mathscinet.ams.org/mathscinet-getitem?mr=2438779
https://zbmath.org/?q=an:1406.74002
https://zbmath.org/?q=an:0252.35005
https://mathscinet.ams.org/mathscinet-getitem?mr=271508

	1. Introduction
	Kinematics
	Dislocations and slips
	Plastic flow
	Energy functionals
	Dissipation
	Energetic solutions
	Decay of coercivity
	Other notions of solution
	Outline of the paper

	2. Notation and preliminaries
	2.1. Linear and multilinear algebra
	2.2. Spaces of Banach-space valued functions
	2.3. Integral currents
	2.4. BV-theory of integral currents and deformations

	3. Dislocations and slips
	3.1. Dislocation systems
	3.2. Slips and dislocation forward operator
	3.3. Plastic evolution
	3.4. Operations on slip systems
	3.5. Weak* convergence of slip trajectories

	4. Energetic evolutions
	4.1. Assumptions and setup
	4.2. Energetic formulation
	4.3. Existence of solutions
	4.4. Properties of the energy and dissipation

	5. Time-incremental approximation scheme
	5.1. Time-incremental minimization
	5.2. Discrete energy estimate and stability
	5.3. A priori estimates

	6. Proof of the existence theorem
	6.1. Rescaling of time
	6.2. Passage to the limit
	6.3. Proof of Theorem 4.11

	References

