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Abstract. Given a hereditary graph property &, consider distributions of random orderings of ver-
tices of graphs G € P that are preserved under isomorphisms and under taking induced subgraphs.
We show that for many properties & the only such random orderings are uniform, and give some
examples of non-uniform orderings when they exist.
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1. Introduction

For any (finite or countably infinite) graph G, write O for the set of possible total order-
ings of the vertex set V(G ), and write D¢ for the set of all probability distributions on O¢.
(For countably infinite graphs, we use the o-algebra generated by all events of the form
u <v,u,v € V(G).) Recall that H is an induced subgraph of G if the vertex set V(H) is
a subset of V(G) and an edge xy lies in H if and only if x, y € V(H) and xy is an edge
of G. Note that an induced subgraph is determined by the subset V(H) € V(G). We shall
write G[S] for the induced subgraph of G with vertex set S.

We call a distribution Pg € D¢ consistent if for any two finite isomorphic induced
subgraphs Hy, H, of G, and any isomorphism ¢: H; — H>, the induced orders on H;
and H; have distributions that are mapped to each other by ¢, i.e., forall vy,..., v € Hy,

Po(vr <+ <) =Pg(@(v1) <--- < P(v)).

(In fact, this then implies the same result even for infinite induced subgraphs.)
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Example 1.1. Define the uniform random ordering on G by assigning to the vertices i.i.d.
uniform U(0, 1) random variables X, and declaring that v; < v, if and only if X, < X,,.
This almost surely gives a total ordering of V' (G), and the resulting distribution of order-
ings is clearly consistent. For a finite graph of order 7, the uniform random ordering is
just the natural uniform probability distribution on all |@g| = n! orderings of V(G).

There are some cases when the uniform random ordering is the only consistent random
ordering. In this case we shall call the graph G itself uniform. As an example, consider
a homogeneous graph G, namely a graph that is either a complete graph or an empty
graph. As every induced subgraph of order k is isomorphic to itself by any permutation,
we must have that the ordering on any k vertices is uniformly chosen from the k! pos-
sible orderings. It thus agrees with the uniform model defined above on any finite subset
of vertices, and hence on the whole graph. The converse is false in general — there exist
infinite non-homogeneous graphs which are uniform. Indeed, we shall see many examples
below. However, for finite non-homogeneous graphs there are always non-uniform con-
sistent random orderings (see for example Theorem 2.2 and Lemma 2.3 below). Hence for
finite graphs, G is uniform if and only if it is homogeneous. We remark that Lemma 2.3 in
particular is useful in constructing several instructive examples. The proof of this lemma
however relies on some detailed calculations that we defer to the Appendix.

A graph property P is a collection of finite labelled graphs (typically on vertex sets
of the form [n] = {1, ...,n}), which is closed under isomorphism, so if the labelled graph
G is isomorphic to G’ then G € & if and only if G’ € . A graph property is called
hereditary if whenever G € # and H is an induced subgraph of G then H € #. Hereditary
properties of graphs have been studied for over two decades, and there is a huge family of
results concerning the structure of graphs, hypergraphs, and other combinatorial structures
having a certain hereditary property, the number of graphs of order n in a property, the
difficulty of approximation by graphs in the property, etc. For a sample of results, see
[1,3-5,7-10,13-18,28-31].

There are two obvious ways of defining a hereditary property of graphs. First, let J
be a collection of graphs, and write ¥ for the hereditary property consisting of all finite
graphs G that do not contain any induced subgraph isomorphic to some graph in J. We
call the graphs in this property J-free. Second, the collection $¢g of all finite graphs
isomorphic to some induced subgraph of a (finite or countably infinite) graph G is also a
hereditary property.

Given a hereditary property &, consider probability models that assign to each graph
G € P anelement Pg € Dg, i.e., arandom total ordering of its vertex set V(G ). We call
this model consistent if, whenever H, G €  and H is isomorphic to an induced sub-
graph H' of G, by say ¢: H — H’, then the random order IP 7 has the same distribution
as the random order induced on H' by P . In other words, for all x1,...,xx € V(H),

Pr(xi < <xi) =Pg(d(x1) <+ < d(xg)). (1.1)

Note that it follows that each P g must be consistent. For any hereditary property J, the
uniform model, defined by choosing the uniform distribution on all orderings of V(G) for
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each G € P, is clearly consistent. We call the property & uniform if the only consistent
ordering model on & is the uniform one. This terminology is justified by the following
observation.

Lemma 1.2. Let G be a finite or countably infinite graph. Then any consistent random
ordering on G induces a consistent random ordering model on Pg. Conversely, any con-
sistent random ordering model on Pg is induced from a unique and consistent random
ordering on G. In particular, G is uniform iff Pq is uniform.

Proof. Given a consistent ordering PG on G, we define for each H € $¢g the random
ordering given by (1.1), where ¢p: H — H’ is any identification of H with an induced
subgraph H’ of G. The fact that P is consistent implies that the distribution of this
ordering is independent of the choice of ¢, and the collection {Pg }gep, is clearly a
consistent random ordering model on #g. Conversely, suppose we have a consistent ran-
dom ordering model {P g } gep, on Pc. Define a random ordering on G so that for any
finite set of vertices x1,...,x; € V(G),

Px; < <xg) =Pg(x; <--- < xp), (1.2)

where H = G[{x1,...,xt}]. Consistency of {P p } e, implies that this produces a well
defined probability distribution in D¢, which is clearly itself consistent. Moreover, any
distribution in D¢ that induces {IP 7 } g e 2, must satisfy (1.2), so this distribution on Og
is unique. The last statement also follows as the random ordering on G is uniform iff it is
uniform when restricted to any finite subgraph. ]

The study of consistent ordering models on families of graphs was started by Angel,
Kechris, and Lyons [6], who showed that the class of all graphs is uniform, as also is, for
example, the class of K, -free graphs. In fact, they studied not only graphs, but also hyper-
graphs and metric spaces, and gave several applications of their results to uniquely ergodic
groups. Russ Lyons suggested to the authors that they continue the study of consistent
ordering models on hereditary properties of graphs. Some related results on uniform con-
sistent orderings can be found in [26].

The main aim of this paper is to show that for many natural choices of hereditary
property &, the only consistent ordering model is uniform, thus greatly extending the
result just mentioned in [6]. In particular, we shall prove the following result in Section 4.

Theorem 1.3. Suppose that P is a hereditary property such that for any graph G € P
and any vertex v € G there exists a graph G’ € P which is obtained from G by replacing v
by two twin vertices v1, vy with the same neighbourhoods as v in G \ {v}. Suppose also
that there exists a graph G € P that is not a disjoint union of cliques or a complete
multipartite graph. Then P is uniform.

Recall that vertices vy, v, € G are called twins if the neighbourhoods of v, and v, are
the same in G \ {v1, v, }. Twin vertices may be either adjacent or non-adjacent, and either
possibility is allowed for the vertices v; and v, in Theorem 1.3.
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Remark 1.4. The hereditary properties satisfying the assumption of Theorem 1.3 have an
equivalent characterization using the theory of graph limits (see [23]). Each graph limit
(or graphon) W defines a hereditary property Py consisting of all graphs G such that
the induced subgraph density satisfies #;,0(G, W) > 0. Lovasz and Szegedy [24, Proposi-
tion 4.10] have shown that & equals a union |_Jy <y Pw for some set ‘W of graph limits
if and only if the first condition in Theorem 1.3 holds.

The next result concerns J-free graphs introduced earlier; it follows from The-
orem 1.3 (see Section 4).

Theorem 1.5. Suppose that ¥ is a set of finite graphs such that either no H € J contains
a pair of adjacent twins, or no H € # contains a pair of non-adjacent twins. Suppose
also that ¥ does not contain the path P3 on three vertices, or its complement P3. Then
Fge is uniform.

For example, Theorem 1.5 applies to triangle-free graphs (as a triangle does not con-
tain a pair of non-adjacent twins), claw-free graphs (the claw K; 3 does not contain
adjacent twins), and chordal graphs ({C4, Cs, Cs, ... }-free graphs) as cycles of length
at least 4 do not contain adjacent twins. However it cannot be applied to, for example,
the hereditary property consisting of all graphs of girth at least 5 ({C3, C4}-free graphs)
as (3 contains a pair of adjacent twins and C4 contains a pair of non-adjacent twins. We
can however deduce that the class of all graphs with girth at least g is uniform from the
following more general result, proved in Section 5.

Theorem 1.6. Assume P is a hereditary property such that for any G1, G, € P and any
vertices v1 € V(G1), va € V(Gy), the graph obtained from the disjoint union G, U G, by
identifying the vertices vy and v, also lies in P. Then &P is uniform.

Remark 1.7. The condition of Theorem 1.6 is equivalent to the condition that a graph G
lies in & if and only if all its 2-connected induced subgraphs do (assuming & contains
some graph with at least two vertices). Indeed, it is not hard to see that & is also closed
under disjoint unions. In particular, Theorem 1.6 applies to the class of all bipartite graphs,
the class of all forests, and the class of all planar graphs, thus answering Question 3.4
of [6]. It also generalises Theorem 5.1 of [6]. Indeed, it shows that the class of all #-free
graphs is uniform whenever J¢ consists only of 2-connected graphs.

We actually derive Theorem 1.6 from the more general, but technical, Theorem 5.1
given in Section 5.

Although Theorem 1.6 applies to the class of all forests, in the case of hereditary
properties of forests we can say much more. Recall that a leaf is a vertex of degree 1.

Theorem 1.8. Suppose P is a hereditary property of forests and suppose that for every
non-empty forest F € P, at least one of the following holds:

(1) There exists a leaf u of F such that any forest obtained from F by replacing u by
an arbitrary number of (non-adjacent) twins and then adding an arbitrary number
of independent vertices lies in P.
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(ii) There exist two leaves uy, uy of F adjacent to distinct vertices vy, vy € V(F) \
{u1,us} such that the forest obtained by replacing both uy and u, by arbitrary num-
bers of (non-adjacent) twins lies in P.

Then &P is uniform.

Theorem 1.8 too is proved in Section 5. Note that the conditions of Theorem 1.8
imply that either J” consists entirely of empty graphs, or & contains all graphs of the form
KinU K. (Consider the case when F is a single edge.) Indeed, {K,, U Km }n,m=0 is an
example where Theorem 1.8 applies. By comparison, the class of all induced subgraphs
of stars Ky ,, n = 1, (i.e., the class of all stars and empty graphs) is not uniform (see
Example 2.1 below).

2. Some non-uniform consistent orderings

Before we prove that many properties J are uniform, we first give some examples of
properties and graphs with non-uniform consistent orderings.

Example 2.1. Suppose that every graph G € & is a disjoint union of cliques, and that
some G € & is non-homogeneous. We can construct a non-uniform consistent order by
first taking a uniform random order of the cliques, and then a uniform random order of the
vertices within each clique. By taking graph complements we can similarly construct an
example when every G € & is a complete multipartite graph. We take a uniform random
order of the partite classes, and then a uniform random order of the vertices within each
partite class.

The following results give constructions of non-uniform consistent orderings for large
classes of graphs and properties. The first construction was suggested by Leonard Schul-
man and proved by Angel, Kechris and Lyons [6]; the alternative proof we give below
was sketched to us by Lyons.

Theorem 2.2. Suppose that there exists A < oo such that for every graph G € P, the
maximum degree of G is at most A. Then there exists a consistent random order model
on P that is non-uniform on any non-homogeneous graph in 5.

Proof. Let G € & be a graph with n vertices. We first show that we can embed G into
Euclidean space R” in such a way that the distance between vertices x, y € V(G) is ¢y if
x and y are not adjacent, and ¢; # cg if x and y are adjacent in G. Indeed, let A = (ax,)
be the adjacency matrix of G, defined by ay, = 1if xy € E(G) and a,, = 0 otherwise.
Then A is symmetric and all its eigenvalues are real and lie between —A and A. Thus if
e < 1/A, the matrix I,, + €A is positive definite, and so there exists a symmetric matrix
B = (b;;) such that BT B = B2 = I, + ¢A. Place each vertex x € V(G) at the point
Px = (bix)?_, € R". Then the distance between any two distinct vertices x, y € V(G) is
given by || px — pyll> = px - px —2px - Py + Py - Py = 2 — 2eay,. Thus non-adjacent
vertices are at distance ¢y = /2 and adjacent vertices are at distance ¢; = /2 — 2e.
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Now construct a random ordering of the vertices of G by taking a unit vector u € R”
uniformly at random, and setting x < y if p, - u < p,, - u. This almost surely gives a total
ordering on V(G) and it is clear that it is consistent. Indeed, any induced subgraph H
is mapped to a set of points that is isometric to the set of points produced by the same
construction applied to H. We also note that this ordering is non-uniform on G, provided
that G is not homogeneous. Indeed, any non-homogeneous graph contains a subgraph
isomorphic to either the path P3 or its complement Ps, and so it is enough to show that
the ordering is non-uniform on any such subgraph. On such a subgraph, the ordering is
given by a random projection of a non-equilateral triangle, which it is easy to see is non-
uniform. For example, the probability that a vertex v is in the middle of the ordering is
proportional to the angle at the corresponding vertex of the triangle. ]

Lemma 2.3. Let G be a non-homogeneous graph with n vertices. Then there exists a
non-uniform consistent random ordering that is uniform on any subset of n — 1 ver-
tices. Moreover, it can be realised by assigning uniform (dependent) random variables
Xy € [0, 1] to vertices v € V(G) in such a way that any set of n — 1 variables X, are
independent.

Proof. Fix an« € [0, 1] and a vy € V(G) and define a random ordering on G by giving
each vertex v # vg ani.i.d. U(0, 1) random variable X, € [0, 1]. Pick an edge x y uniformly
at random from G (independently of the X, v # vo), and define X, € [0, 1] so that

> eXy=amodl, 2.1)
veV(H)
where ¢, = —1 if v € {x, y} and &, = 1 otherwise. Note that for any choice of edge

xy € E(G) this is essentially equivalent to assigning i.i.d. U(0, 1) random variables to all
vertices and conditioning on the event that (2.1) holds. Hence the resulting distribution is
independent of the choice of vg, and is uniform on any subset of n — 1 vertices. Moreover,
the overall probability distribution on orderings is obtained by averaging the distributions
for each choice of edge xy € E(G), and is therefore invariant under any automorphism
of G. Consistency follows as the distribution is uniform on any proper induced subgraph.

We now show that, for suitable «, this ordering is not uniform on G itself. Let the
vertices of G be {1, ...,n} and define P;, ;. to be the probability that

.....

Xj, << Xj, <min{Xs:5 ¢ {j1.....Jr}} (2.2)
ie., Xj,,..., Xj, are the smallest r values of the X, and in that order. Define Pj(l)ij?fa)jr

to be the probability that (2.2) holds conditioned on the chosen edge being xy € E(G).
Then 1
Piyoiy = T 9 PN
seees |E(G)| J1seeesJr

xy€E(G)
Assume first that G is not regular and label the vertices so that the degree d; of vertex 1
is not equal to the degree d, of vertex 2. Consider

1
§ = P1,2 — P2,1 - - Z (Pl(’x2>J’) _ Pz(ffl,y)).
EG)]
yeE(G)
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By symmetry, Pl(f;’y ) = Pz(fcl’y ) unless |{x, y} N {1,2}| = 1. Hence, again by symmetry,

letting d ]’ be the number of neighbours of j in V(G) \ {1, 2},
EG)I8 = di(P{5” = PI5Y) + dy (P57 = PYY)
= (dj —dp)(P{5” = P;¥)

_1n
== s () B

where the last line follows from Lemma A.2 and B, (x) denotes the nth Bernoulli poly-
nomial. In particular, § # 0 unless « is one of the zeros of the polynomial B, _1(x).

Now assume G is regular with vertex degree d. As G is not homogeneous, n = 4 and
we can order the vertices so that {1,3} € E(G) but {2,3} ¢ E(G). Consider

1
§'=Pia3z— P13 = EG)] Z (Pl(,xz’,J;) - PZ(,xl:J_;,))-
xy€E(G)
Once again b (x.y) _ p(x.») _ :
gain by symmetry, Py ;3 = P,7y73 unless [{x, y} N {I,2}| = 1. Hence, again by
symmetry,

1,3 1,3 4 1,4 2,4 2,4
E@G)I8 = (P53 = P33 +(d = D(P53 = P + (P53 — PY)
1,3) 1,3) 1,4) 1,4)
= (P1,2,3 - P2,1,3) - (P1,2,3 - P2,1,3)-
Now
1,3 1,3 1,3 1,4
Pl(,z )= Z P1(,2,i) = P1(,2,3) + (n — 3)P1(,2,3)’
i>2
and similarly for Pz(}f3). Hence by Lemma A.2 (noting that n > 4),
1,3 1,3 1,4 1,4
EGIS = (P55 = P — =PS54 - P
_ ="
T (=1

n (="
—(n—=2)(n—=3+2H,—3) |Bp—1(0) - ———— Bu2(a),
2 (n —3)!
where H, =1+ 1 +---+ 1. As B,_;(«) and B,_>(«) are linearly independent, this is
non-zero for all but a finite number of o € [0, 1].
Thus in all cases the distribution is non-uniform on V(G) for suitable «. ]

Theorem 2.4. Suppose P is a hereditary property and H is a graph on at least two
vertices such that for every G € P, all induced subgraphs of G isomorphic to H are
vertex-disjoint. Then there is a consistent random ordering model on P that is uniform
on all graphs G € P without an induced subgraph isomorphic to H, and is non-uniform
on all non-homogeneous graphs G € P containing H as an induced subgraph.

Note that H itself may be either homogeneous or non-homogeneous.

Proof. Assume first that H is homogeneous. Fix « € [0, 1] and define the following ran-
dom order for each G € &. Each vertex v € V(G) is assigned an i.i.d. U(0, 1) random



P. N. Balister, B. Bollobas, S. Janson 2630

variable X, except that if G contains induced subgraphs Hj, ..., Hy isomorphic to H,
a fixed vertex v; is chosen from each V(H;), and X,, € [0, 1] is redefined so that

Z X, =amod 1. (2.3)
veV(H;)

This is essentially equivalent to conditioning on the event that (2.3) occurs for each i. The
ordering on G is then obtained from the ordering of the X, in R. Note that the joint dis-
tribution of the Xy, v € V(G), and hence the distribution on the ordering, is independent
of the choices of the v;, and hence is symmetric under all permutations of V(H;). Let G’
be an induced subgraph of G and assume G’ contains H; only fori € S C{1,...,k}.
By independence of the choice of v; we may assume v; ¢ V(G’) for i ¢ S. Hence the
induced ordering on G’ is given by exactly the same model. By independence on the v;,
the distribution is clearly invariant under automorphisms of G’, so the random ordering
model described is consistent on #. It is also clearly uniform on any G € J that does not
contain H as an induced subgraph. It remains to show that if G € J does contain H as a
proper induced subgraph then the ordering on G is non-uniform. (Note that in this case G
is necessarily non-homogeneous as otherwise it would contain non-vertex-disjoint copies
of H.) Letv € V(G) \ V(H) and assume V(H) = {1,...,n}. Then by Lemma A.1,
1 (_ l)n—l

PXy<X1<---<Xp) = TER + D B, ().

Hence, for all but a finite number of choices of «, this probability is not 1/(n + 1)! as
it would be in the case of the uniform distribution. Thus, for a suitable choice of «, the
distribution is not uniform on G .

Assume now that H itself is not homogeneous. Fix a non-uniform distribution on H
as given by Lemma 2.3. Fix G € £ and suppose G contains (vertex-disjoint) copies
Hy, ..., H; of H. Define a random ordering on the vertices of G € P by giving each
vertex v € V(G) an independent uniform random variable X, € [0, 1], except that on
each H; we apply the construction of Lemma 2.3, independently for each H;. In other
words, we fix a choice of vertex v; € V(H;) and then uniformly and independently choose
one edge from each H;. The random variable X, is then redefined so that (2.1) holds on
each H;. Once again, if G’ is an induced subgraph of G containing only the copies H;,
i €S C{l,..., k}, then we can without loss of generality assume that v; ¢ V(G') for
eachi ¢ S. Then the induced ordering on G’ is given by exactly the same model. Hence
the ordering model on & is consistent and has the stated properties. ]

Remark 2.5. We note that it is important in Theorem 2.4 that the copies of H be vertex-
disjoint. For example, taking H as a single edge and & as any of the uniform properties
mentioned above gives examples with each copy of H being edge-disjoint but the conclu-
sion of Theorem 2.4 failing. Another instructive example is given in Example 5.3 below,
where the copies of H intersect in at most one vertex and each copy has “private” vertices
not included in any other copy of H. Nevertheless & is still uniform.
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Despite Remark 2.5, a construction similar to that in Theorem 2.4 is occasionally pos-
sible even when not all copies of H are vertex-disjoint. The following gives an example.

Example 2.6. Let n > 3 and define G to be the infinite double broom consisting of
a path P, on n vertices with an infinite number of leaves added to the end-vertices of P,
(so that the longest path in G is P, 7). Let the vertices of the central path be uy, ..., uy,.
Assign i.i.d. U(0, 1) random variables X, to all v € V(G) except that X,,, € [0, 1] is
redefined so that ) ;/_; X,, = o mod 1, where o € [0, 1] is a zero of the Bernoulli poly-
nomial B, (x). Any induced subgraph of G that does not contain all vertices of the central
path P, receives a uniform ordering, as does P, itself (by symmetry). The only remaining
induced subgraphs are P, 1, single brooms containing P, and at least two leaves attached
at one end-vertex, and double brooms with one or more leaves at each end. Any pair of
such single brooms or double brooms are isomorphic only by an isomorphism which
either fixes P, or reverses its direction, and hence receive the same distribution of order-
ings. Any copy of P, consists of the central P, with one leaf at either end. Such a graph
has the uniform random ordering by Lemma A.1 as B, () = 0. (The X,,; are exchange-
able, so it is enough to check the distribution of the rank of the leaf v in the ordering
of v,uq,...,u,.) Thus the ordering is consistent. On the other hand, B,1(x) # 0 by
Lemma A.3, so the second formula in Lemma A.1 implies that the random ordering is not
uniform on any P4, subgraph.

Remark 2.7. Note that the ordering in Example 2.6 is not consistent for n = 2 (the infinite
double star) as the single brooms obtained by adding leaves to one end-vertex of a P, are
in fact stars, and have many automorphisms which do not preserve the distribution of the
given random order. This is to be expected as the infinite double star is in fact uniform
by Theorem 1.8. Moreover, the class of all induced subgraphs of double brooms with
central path of length < n is also uniform by Theorem 1.8. Example 2.6 demonstrates
that Theorem 1.8 does not however apply when the central path length is required to be
exactly n. Indeed, the single broom subgraphs of the double brooms do not satisfy the
conditions of Theorem 1.8.

3. Templates and infinite blow-ups

Consider a (finite) template G, i.e., a graph with a set 'V of vertices, each vertex labelled
as either full or empty. Define the infinite blow-up G, of G as an infinite graph with
vertex set | J, ey Wy where W, = {v;}72, such that W, induces an empty or complete
graph according to whether v is empty or full respectively, and for any distinct v, w € V
and all 7, j = 1, v;w; is an edge in G if and only if vw is an edge in G. Define the
hereditary property P as the set of all finite induced subgraphs of G, i.€., PG = PG,
We shall call a template G uniform if G (or equivalently $¢ ) is uniform, i.e., if the only
consistent random ordering is the uniform one. Our aim is to prove that most templates
are uniform. This is, however, not always the case.
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Example 3.1. Suppose that the template has no edges and at least two vertices with at
least one of the vertices full. Thus G is a disjoint union of some infinite cliques and
(perhaps) some infinite empty graphs, and thus a disjoint union of at least two cliques
(infinite or singletons). Any induced subgraph is thus also a disjoint union of cliques. We
can construct a non-uniform consistent order as in Example 2.1 by first taking a uniform
random order of the cliques, and then a uniform random order of the vertices within each
clique.

Suppose we are given an arbitrary template G and consider first each ‘blob” ‘W, sep-
arately. Fix v € V and v; € 'W,,. Since any permutation of ‘W,, is an automorphism of G,
and thus preserves the distribution of the order, the random variables {1{vy < v;}}xx; are
exchangeable. Thus, by de Finetti’s theorem (see e.g., [22, Theorem 1.1 and Proposition
1.4]), a.s. the limit

n—oon

1 n
Uy, := lim =Y Hog < v;} (3.1)
k=1

exists. Then each U, is a random variable with U,, € [0, 1]. Moreover, if v; < vj, then
Hvg < vi} < H{ug < vy} forevery k, and thus Uy, < Uy, .

Lemma 3.2. For each v, {U,,; }{2, is a sequence of i.i.d. uniformly distributed random
variables: Uy; ~ U(0, 1).

Proof. The order restricted to ‘W, has a distribution invariant under all permutations, and
thus it is the uniform random order. We may thus assume that the random order on ‘W, is
defined by a collection of i.i.d. uniform random variables X, as in Example 1.1. But then
(3.1) and the law of large numbers a.s. yield

R
Uy, = nhfc}oﬁl;l{x"k <Xy} =X, n
=1

Moreover, this extends to all blobs, jointly.

Lemma 3.3. The random variables Uy;, v € V and i = 1, are i.i.d. and uniform on [0, 1].

Proof. Consider a finite subset A, of each W,,. Any permutation of A, is an automorph-
ism of G, and thus the induced order on A4, is the uniform random order, and this also
holds even if we condition on the induced orders on all A,,, w # v. Hence the induced
orders on the subsets A, are independent (and uniform). Since the sets A, are arbitrary
finite subsets of the W,, this means that the induced orders on the sets W,, v € V, are
independent, and thus the families {U,, }72,, v € 'V, are independent. [

Next, take two vertices v, u € V and compare vertices in the two blobs W, and ‘W,,.
For every v; € W,, we see in analogy with (3.1), again by de Finetti’s theorem, that a.s.
the limit

1 n
Viw; = lim =" Ly < vy} (3.2)

n—oon
k=1
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exists. Note that V, ,, = Uy,. Each V},,, is a random variable with values in [0, 1] and
gives the ‘rank’ of vertex v; with respect to ‘W, i.e., the proportion of vertices in ‘W,
that it exceeds. Note that these random variables are in general neither independent nor
uniform.

Example 3.4. Let the template consist of two full vertices and no edge; thus V = {1,2}
and G, consists of two disjoint infinite cliques. For the random order described in
Example 3.1, we have V1 5, = V12, € {0, 1} foralli, j = 1, and V15, ~ Be(1/2).

Lemma 3.5. For each pair u,v € 'V, there exists a random distribution function F, , on
[0, 1] such that, a.s., for every x € [0, 1],

.1
Fup(0) = lim — 3 Vi < x}. (33)

i=1

Furthermore, conditioned on F, ,, the random variables Vy y,;, | = 1, arei.i.d. with cumu-
lative distribution function F, .

Remark 3.6. When v = u, this holds by Lemma 3.3 with F;, ,(x) = x a.s., s0 F, 4 is
non-random.

Proof of Lemma 3.5. We may assume that v # u. Since any permutation of W, is an
automorphism of G, it follows from (3.2) that the random variables {V}, y, }72, are
exchangeable. The result follows from another application of de Finetti’s theorem. ]

It follows immediately from the definition (3.2) that, for any v,w € V and i, j > 1,
vi <w; = Vi < Vaw,- (3.4)
Equivalently, interchanging v; and wj,
Vi, < Vu,wj = v; < wj. 3.5)

Remark 3.7. The order is thus described by the variables V,, ,,, for any fixed u € V, in
the case when these random variables are a.s. distinct. (This is not necessarily the case,
as is seen in Example 3.4; in that example the variables V1 »; do not identify the order
on W,. See also Remark 3.12 below.)

Let Fn be the o-algebra generated by all events v; < w; forv,w € Vandi,j > N,
and let Foo 1= (=0 Fn be the tail o-algebra.

Lemma 3.8. Each F, , is Foo-measurable.

Proof. As the limits (3.2) and (3.3) do not depend on the first N terms in the sums, V,, y;,
i > N, and hence F, , are ¥y-measurable for all N. [

Lemma 3.9. The ii.d. uniform random variables U,,, v € V and i = 1, are (jointly)
independent of Foo. Thus the two families {Uy, }v i and { Fy v }uve'v are independent.
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Note that the random variables { Fy, y }» vev may be dependent on each other.

Proof. The induced orders on the subsets W, y := {Ui},Nz 1» v € 'V, are independent and

uniform, even conditioned on ¥, since permutations of ‘W, x are automorphisms of Go.
Hence these induced orders are independent of ¥, and letting N — oo, we find that the
induced orders on the blobs ‘W,, v € 'V, are (jointly) independent of F,. The random vari-
ables U, depend on these induced orders only. The result now follows by Lemma 3.8. =

We note some useful formulae.

Lemma 3.10. Let v,u € V. Then the following hold a.s.:

(1) Foreveryi =1,

Vi, = sup{Uy, :ug < v;}. (3.6)
k
(i) Foreveryi =1,
Vu,vi = v,u(Uv,')‘ (3~7)
(iii) For x € [0, 1],
Fyp(x) =sup{s: Fy,(s) < x}. (3.8)

Hence, Fy y is the right-continuous inverse of Iy y.
Proof. (i) Let x := sup; {Uy, : ur < v;}. Then
Uy, <x = u; <v; = Uy; <x.

Hence (3.6) follows from definition (3.2) and the law of large numbers.
(ii) By (3.4)—(3.5), recalling that Uy; =V, 4;,

Vouy <Uyy = up <v; = Vo, < Uy,

1

Hence, the definitions (3.2) and (3.3) imply a.s. that for all ¢ > 0,
Fv,u(Uvi - 8) < Vu,vf < FU,M(UUj)'

Since Uy, is a continuous random variable, and independent of F,, by Lemma 3.9,
Uy, is a.s. a continuity point of Fy ,, and the result follows.
(iii) By (3.3), (3.7) and the fact that {U,, }; are i.i.d. and uniform, a.s.,

n

. 1
Fu,v(x) = nlggo ; Zl{Fv,u(Uvi) < x} = sup{s : Fv,u(s) < x}-

i=1
(This holds a.s., e.g., for all rational x € [0, 1], and thus for all x simultaneously.) ]

Theorem 3.11. Fix any u € V. Then the following are equivalent:
(1) The random order on G is uniform.

(ii) The random variables Vi, ,,, v € V and i = 1, are all i.i.d. and uniform.
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(iii) The random distribution functions Fy ., u,v € 'V, are a.s. all equal to the identity:
Fuy(x) =x,x€]0,1]

We may assume u # v in (iii) as this always holds for u = v (see Remark 3.6).

Proof. (1)=>(ii): We may assume that the random order is given by i.i.d. uniform random
variables X, as in Example 1.1, and then V,, ,, = Xy, a.s. by (3.2) and the law of large
numbers.

(i))=(@): Immediate by (3.4)—(3.5).

(i))=(ii): By (3.3) and the law of large numbers.

(ii)=(ii): By Lemma 3.10 (iii), Fyu = F,_ ; is the identity. Thus Lemma 3.10 (ii)

yields V,,,, = U,,, and (ii) follows by Lemma 3.3. [

Remark 3.12. Consider again any consistent order on G. It follows from Lemmas 3.3
and 3.9 together with (3.7) that, for any pair ¥, v € V and i, j = 1, the random variables
Vuu; = Uy; and Vi, = v,u(Uv‘,-) are independent, with U,, uniform. In particular,
these two random variables are a.s. distinct, and thus they determine the order between
u; and v; by (3.4)—(3.5). Hence, the order is a.s. determined by the collection of all V, ,,
(u,v € V,i = 1). (As remarked in Remark 3.7, it is sometimes, but not always, possible
to use just a single u.)

Note also that Lemmas 3.3 and 3.9 together with (3.7) show that the random V}, ,,, may
be constructed by randomly selecting first {Fy, , },.,», With the right distribution and then
i.i.d. uniform Uy;, and defining V,, ,, := Fy 4 (Uy,). The conditional distribution of V}, .,
given { Fy ; }w, zev is thus F, , (see Lemma 3.5).

Remark 3.13. This section only uses automorphisms of G, that preserve each ‘W, (and
thus are permutations of each 'W,). Remark 3.12 thus gives a description of all random
orders that are invariant under this group of permutations of the vertices of G,. Con-
versely, the construction above yields such a random order. In particular, if we fix ¥ and
any distribution of { F;, , },, such that each F,, , is continuous, this defines a random order
of this type on G. If some F;, , have atoms, we may have to further specify the order.

4. Uniformity of templates

Recall that a template G is uniform if the only consistent random order on G is the
uniform random order.

Remark 4.1. If G is uniform, then so is its complement G (with the labels full and
empty interchanged), since the corresponding graphs G, and Geo are complements of
each other, and thus have the same isomorphisms between subgraphs.

Lemma 4.2. A template with a single vertex is uniform. More generally, any template
consisting only of empty vertices and no edges is uniform, and so is any complete template
consisting only of full vertices.



P. N. Balister, B. Bollobas, S. Janson 2636

Proof. In the cases described, G is homogeneous, and thus any permutation of the ver-
tices is an isomorphism. Hence any consistent random order is uniform. (Cf. the proof of
Lemma 3.2.) [

Given a consistent random order on G, we define a relation = on 'V by letting v = w
if the induced random order on ‘W, U ‘W, is uniform. This relation is clearly symmetric,
and it is reflexive by Lemma 4.2. We shall soon see that it also is transitive.

Lemma 4.3. Suppose that v,w € V. Then the following are equivalent:
G v=w.
(i) Vou; = Vo, a.s., foreveryu € Vandi = 1.
(iii) Fy,u = Fyu a.s., foreveryu € V.
(iv) Fup = Fuw a.s., foreveryu € V.
(V) Fy,p(x) = x a.s., for every x € [0, 1].
Proof. (1)=>(ii): Suppose v = w. By Theorem 3.11 applied to 'W,, U ‘W, Fy ,(x) =
Fy,w(x) = x a.s. Hence, Lemma 3.10 (ii) yields V3w, = Uy;.
Fix u and i. Let & > 0 and choose firsta j = 1 such that U,; € (Vy,u; — &, Vo ,u;) and

then a k = 1 such that Uy, € (Vy,u; — &, Uy;). Then Vy = Uy < Uy; < Vi, 80
wi < u; by (3.5). Hence, (3.6) yields

Viou; = Un > Vous —&.

Since ¢ is arbitrary, this yields Vi, u; = Vi, , Interchanging v and w we obtain (ii).
(ii)=-(iii): By definition (3.3).
(iii)=(iv): By Lemma 3.10 (iii).
(iv)=(v): Taking u = w we have Fy, ,,(x) = Fy»(x) = x.
(v)=(i): Theorem 3.11 shows that the induced random order on ‘W, U W,, is uni-
form. [

Corollary 4.4. The relation = is an equivalence relation on V.
Proof. By Lemma 4.3, since (for example) (ii) defines an equivalence relation. ]
Corollary 4.5. If v = w, then Vy, v; = Uy, a.s. foreveryi = 1.
Proof. By Lemma 4.3, Vi, o, = Vyu; = Uy;. [

Lemma 4.6. The random order on G is uniform if and only if v = w for any two
vertices v, w € V.

Proof. A consequence of Lemma 4.3 and Theorem 3.11. ]

Lemma 4.7. Suppose that the template G contains two (not necessarily disjoint) pairs
u,v and w, z such that the induced subtemplates with vertices {u, v} and {w, z} are
isomorphic. If u = v, then w = z.
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Proof. The induced subgraphs of Go, on W, U W,, and 'W,, U ‘W, are isomorphic, and
thus the induced random orders on these subgraphs have distributions that are mapped to
each other by the isomorphism mapping u; — w; and v; — z;. Hence, if the random order
induced on ‘W,, U ‘W, is uniform, then so is the random order induced on W,, U W,. =

Lemma 4.8. Suppose that the template G contains an induced subtemplate H such that
any consistent ordering on G induces a uniform ordering on Ho. Moreover, suppose
H contains two (not necessarily disjoint) pairs of vertices u, v and u', v' such that u and
u’ are full, v and v’ are empty, and furthermore uv € E(G) and u'v’' ¢ E(G). Then G is
uniform.

Proof. Since the ordering on Ho, is uniform, we have u = v = u’ = v'.

If z € Vis empty and zu € E(G), then the subtemplates {z, u} and {v, u} are iso-
morphic. Since v = u, we have z = u by Lemma 4.7.

If z € Visempty and zu ¢ E(G), we argue similarly using the isomorphic subtem-
plates {z, u} and {v’, u’} and obtain z = u.

If z € V is full we argue similarly using the pairs {z, v} and {u, v}, or {z, v} and
{u’, v’} to obtain z = v.

Hence z = u = v forevery z € V, and Lemma 4.6 shows that the random order on G
is uniform. [

We now show that any template G containing certain 3-vertex subtemplates is neces-
sarily uniform (see Figure 1).

uTv u\ ov U v U v
w w w w

(Lemma 4.9) (Lemma4.11) (Lemma4.12) (Lemma 4.13)

Fig. 1. Subtemplates implying uniformity of G.

Lemma 4.9. Suppose that the template G contains two full vertices u and v and an empty
vertex w, withuv,uw € E(G) and vw ¢ E(G). Then G is uniform.

Proof. First, u = v by Lemma 4.2 applied to the subtemplate {u, v}.

The two subgraphs induced by ‘W,, U {w, w,} and W, U {wy, v;} are isomorphic,
by an isomorphism mapping w, +— v; and fixing everything else; thus the distributions
of their induced random orders are mapped to each other by this isomorphism. Hence, by
(3.2) and Corollary 4.5,

d
(Vu,w1 s Vu,wz) = (Vu,wl ) Vu,vl) = (Vu,wl s Uv1)~

Letx,y €[0,1]. By Lemma 3.5, P (Vi w0, < X, Viw, <) = E(Fy 0 (X) Fyuw (¥)). Sim-
ilarly, and also using Lemma 3.9, P(V}, 1, < x, Uy, < y) = E(Fyw(x))y. Hence,

E(Fu,w(x)Fu,w ) = E(Fu,w(x))J’s x,y €[0,1]. 4.1)
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Taking x = 1in (4.1) yields E F,, 4 (y) = y, and then taking x = y yields
E(Fuw (X)Z) = E(Fuw(x))x = (E Fu,w(x))2~

Hence Var(Fy,,, (x)) = 0, and thus Fy, ., (x) = E F, 5, (x) = x a.s. Consequently, w = u
by Lemma 4.3.

We have shown that w = u = v. In other words, the ordering is uniform on the sub-
template induced by {u, v, w}. The result follows from Lemma 4.8, using the pairs u, w
and v, w. [

Lemma 4.10. Let F: [0, 1] — [0, 1] be a distribution function on [0, 1], and let
F~1:[0,1] — [0, 1] be its right-continuous inverse. If X and Y are random variables
such that X has distribution F and Y has distribution F~!, then

E(X?) +E(Y?) =2/3,
with equality if and only if F is the uniform distribution F(x) = x.

Proof. Note first the well-known formula

E(X?) = IE/

1 1
2x1{x<X}dx:/ 2x(1 — F(x))dx.
0 0

Next, if U ~ U(0, 1), then F(U) has the distribution function F~!, so Y £ F(U) and
thus

E(Y?) = E(F(U)?) = fol F(x)?dx.

Hence,
1
E(X?) +E(Y?) = [ (2x(1 = F(x)) + F(x)?*) dx
01 1
= / (F(x) — x)*dx +/ (2x — x*) dx
0 0
! 2
_ / (F(x) —x)>dx + =.
0 3
The result follows. ]

Lemma 4.11. Suppose that the template G contains two full vertices u and v and an
empty vertex w, withuw € E(G), uv,vw ¢ E(G). Then G is uniform.

Proof. Let W), := ‘W, \ {u1}. There is an isomorphism between ‘W, U {w;} U ‘W, and
W, U W, fixing W, U W, and sending w; to uy. It follows that Vy, < Uy, ,even when
conditioned on the order in W), U ‘W,,. Since F,, ,, is determined by the order in W, U 'W,,
it follows for any x € [0, 1], using also Lemma 3.9 and Remark 3.12, that

E(Fyuuw () | Fou) =PVuw, < x| Fou)
=Py, <x| Fyu) =PUy <x)=nx.
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Since Vy,y, = Fuyu(Uy,) by (3.7), and Uy, is independent of { Fy y, Fy v}, it follows that

IE(Fu,w (Vu,vl) | Fv,uv le) = E(Fu,w(Fv,u(le))) | Fv,ua le)
= Fv,u(le) = Vu,v1~ 4.2)

Next, note that by the same isomorphism, P(Vy,y, = Viw,) = P(Vuw, = Uy;) =0,
since Uy, is continuous and independent of V}, ,,. By symmetry, a.s. V, , # Viw; for
every j, and thus by Remark 3.12, these random variables determine the order between
vy and w; . It follows that, a.s., using (3.3),

n

1 1
Fun V) = Jim =3 WV < Vi, b= lim =3 Mw; <vi} - (43)

i=1 i=1

However, W,, U {v1} is an infinite empty graph, isomorphic to ‘W,,, and by Lemma 3.2
and (3.1), the r.h.s. has a uniform distribution. Thus U := Fy, 4, (Vy,4,) ~ U(0, 1), and by
4.2), E(U | Fyu,Uy,) = Vi p,. Consequently,

1/3=E(U? =E(U — Vau))») +EVZ,) = E(VZ,). (4.4)

By the obvious isomorphism of ‘W, U ‘W, interchanging W,, and ‘W, V,, 4, < Vivy» SO
E V2, <1/3too.
Conditioned on Fyy and Fyyu = Fy ), Viwy and Vo, have distributions F,, and
Fy ., and thus Lemma 4.10 applies and yields
E(Vuz,vl + V2 | Fu,v) = 2/3. (4'5)

v, U]

Thus, taking the expectation,
E(V,2,, + Viu,) =2/3. (4.6)

Consequently, there must be equality in both (4.4) and (4.6), and thus a.s. in (4.5).
By Lemma 4.10, this implies that F, ,(x) = Fy,,(x) = x a.s. Furthermore, by (4.4),
Fuw(Vuw) = U= Vi, as., where Vi, y, = Fyy 4 (Uy,) = Uy, is independent of F,, y,,
and thus Fy, 4 (x) = x. Thus v = u = w by Lemma 4.3.

This shows that the ordering is uniform on the subgraph of G induced by {u, v, w}.
Finally, G is uniform by Lemma 4.8 applied to the pairs u, w and v, w. ]

Lemma 4.12. Suppose that the template G contains two full vertices u and v, and one
empty vertex w, withuw,vw € E(G) and uv ¢ E(G). Then G is uniform.

Proof. The induced subgraph of G, with vertex set {wy, w,,u1, v} has an isomorphism
w] < Up, wy <> v1. Hence, the assumption that the random order of G is consistent
implies

IP’(wl, Wy < ul) = P(ul, v < wl). (47)

By (3.4)—(3.5), and since {V , }; are independent of U,, by Lemma 3.9 and (3.7) (or
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Remark 3.12),

P(wi, w2 <up) = P(Vu,wp Viw, < Uul)

1
= E(Fuw(Uy,)?) = E / Foo ()7 dx. 4.38)
0

Furthermore, {w;} U W, is an infinite complete graph, and thus V), 4, 4 Uy, ~ U0, 1)
(see Lemma 3.2). Thus, for x € [0, 1],

X =PVyw, <x)=EF,(x).

Consequently, by (4.8),
1
P(wy, wa < u1) =/ E(Fyuw(x)?) dx
0

1 1
> / (E Fyuw(x))*dx = / x2dx =1/3. (4.9)
0 0
On the other hand, using the Cauchy—Schwarz inequality,

Pur,vi <wi) =PV ups Vo, < Uwy) = E(Fyu(Un) Fuyw(Uw,))
< (E(Fua(Uu)?) 2 (E(Fu 0 (Us)?)'2. (4.10)
By (3.7), Fyu(Uw,) = Vuw, and, as noted above, V;, ,,, ~ U(0, 1). Hence we deduce that
E(Fypu(Uyp,)?) = 1/3. Similarly, by symmetry, E(Fy(Uy,)?) = 1/3. Consequently,
(4.10) yields
P(uy, vy <wp) <1/3. 4.11)

By (4.7), we thus must have equality in both (4.9) and (4.10). The equality in (4.9) implies
that for a.e. x, Fy ,(x) = E Fy, ,, (x) = x a.s., which implies that a.s. Fy, ,,(x) = x for
all x € [0, 1]. Hence w = u by Lemma 4.3. By symmetry, w = v also.

Suppose z is any full vertex of G. If uz € E(G) then z = u by Lemma 4.2, while if
uz ¢ E(G) then z = u by applying Lemma 4.7 to {u, v} and {u, z}. Now suppose z is
an empty vertex of G. If zu € E(G) then z = w = u by applying Lemma 4.7 to {u, w}
and {u, z}. If zw ¢ E(G) then z = w = u by applying Lemma 4.2 to {z, w}. Finally, if
zw € E(G) and zu ¢ E(G) then we deduce that G, and hence G, is uniform by applying
Lemma 4.11 to {z,u, w} in G. In all cases we see that z = u. Hence G is uniform by
Lemma 4.6. ]

Lemma 4.13. Suppose that the subgraph of G induced by the set of full vertices has a
component that is not a clique. Then G is uniform.

Proof. The assumption implies that there exist three full vertices u, v, w in G with
uw,vw € E(G),butuv ¢ E(G). By Lemma 4.2, w = u and w = v. For any full vertex
z # v, w, either the template induced by {w, z} is isomorphic to that induced by {u, v} or
that induced by {u, w}. Hence z = w for every full vertex z.
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Now let z be an empty vertex. We consider two cases.

Case 1: Either uz € E(G) or vz € E(G). Inthis case G is uniform by either Lemma4.11
or Lemma 4.12 applied to the subtemplate {u, v, z}.

Case 2: uz,vz ¢ E(G). Let W, := W; \ {z1, z2}. In this case, the subgraphs of G
induced by ‘W, and W, U {uy, vy} are isomorphic, by an isomorphism fixing 'W,. Again,
since the random order is consistent, it follows by (3.2) that

d
(Vz,u] s Vz,vl) = (Vz,21 s Vz,zz) = (U21 s Uzz)~

Hence, arguing as in the proof of Lemma 4.9, for x € [0, 1], E F; ,(x) =P (V; 4, <xX) =
P(U;, <x)=xand

E(Fzu(x)F;y(x)) = P(Vz,ul <x, Vey < xX) = IP>(Uzl <x,Uz, < X) = x2.

Furthermore, F; , = F; , a.s., by Lemma 4.3 since u = v. Consequently, E(F; ,, (x)?) =
(E F;4(x))?, and thus F, ,(x) = E F, ,(x) = x a.s. Hence z = u by Lemma 4.3.
In both cases we see that z = u. Hence G is uniform by Lemma 4.6. ]

We call a template G reduced if if contains no adjacent twin full vertices, and no non-
adjacent twin empty vertices. Clearly any adjacent twin full vertices or non-adjacent twin
empty vertices can be merged in a non-reduced template G without affecting G, and
hence without affecting whether or not G is uniform. Merging all such twins results in a
reduced template, so it is enough to consider just these.

Theorem 4.14. If G is a non-uniform reduced template, then G is either an empty graph
(with at most one empty vertex) or complete (with at most one full vertex). In particular,
for any non-uniform template G, G is either complete or empty, and so G is either a
disjoint union of cliques or a complete multipartite graph.

Proof. By Lemmas 4.9 and 4.11, any empty vertex must be joined to either all the full
vertices, or none of them. By taking complements we also see that each full vertex is either
joined to all empty vertices or none of them. Thus either all full vertices are joined to all
empty vertices, or no full vertex is joined to any empty vertex. Without loss of generality
(taking complements if necessary), we may assume that every full vertex is joined to every
empty vertex.

By Lemma 4.13, the subgraph of G induced by the full vertices consists of a disjoint
union of cliques. Since we assume G is reduced and any two full vertices in a clique of
full vertices would be adjacent twins, we deduce that no two full vertices are adjacent.
Similarly, applying Lemma 4.13 to the complement of G, we may assume any two empty
vertices are adjacent.

If G contained at least two full vertices and at least one empty vertex, then G would
be uniform by Lemma 4.12. Hence we deduce that either there is no empty vertex, and G
is an empty graph of full vertices; or there is at most one full vertex and G is a complete
graph consisting of empty vertices and at most one full vertex. ]
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Lemma 4.15. Suppose that G is a template and that G, has a consistent random
order such that for any three vertices u, v, w € V(Geo), the induced random ordering
on {u,v,w} is uniform. Then the ordering is uniform.

Proof. Pick any two vertices u, v € V(G), and consider the three vertices u1, Uz, v;
in Goo. By Remark 3.12 (and the argument there), Uy, Uy, and V,, ,, = Fy 4 (Uy,) are
independent, with U,; uniform, and these three random variables determine the order
between u1, U, and vy. By assumption, this order is uniform, and thus

1/3 = IP(ulyl'{Z < U]) = P(Uu17Uu2 < Vu,vl) = E(Vuz,vl)

Similarly, E(sz,u ) = 1/3. As in the proof of Lemma 4.11, it follows from Lemma 4.10
that Fy, »(x) = x a.s., and thus ¥ = v by Lemma 4.3. As u and v were arbitrary, the
ordering on G is uniform by Lemma 4.6. ]

Proof of Theorem 1.3. Consider a consistent ordering model on .

Suppose G € L. By repeatedly replacing vertices by twins and using Ramsey’s the-
orem on each subgraph corresponding to one of the original vertices of G, we see that
for all N > O there exists a Gy € & which is obtained from G by replacing each vertex
with either a complete graph or an empty graph on N vertices. By the infinite pigeonhole
principle, there must be a template G’ with underlying graph G such that for infinitely
many N, Gy is an induced subgraph of G/, (with N copies of each vertex in G). But
then Pgr € Jy=; Pcy S P. Hence the random ordering model on & induces a random
ordering model on Pg.

Suppose first that G is not a disjoint union of cliques or a complete multipartite graph.
Since G/ contains G as an induced subgraph, Theorem 4.14 shows that the template G’
is uniform. In particular, the random ordering on G € £g- is uniform.

As G is not a disjoint union of cliques, it contains an induced subgraph isomorphic to
the path Pj3 on three vertices. Similarly, as G is not complete multipartite, G contains the
graph P3 consisting of an edge and an isolated vertex. Thus P3, P3 € & and receive the
uniform ordering on their vertices. The only other graphs on three vertices are homogen-
eous, so we deduce that for any graph H € & and any three vertices u, v, w € V(H), the
induced random ordering on {u, v, w} is uniform.

Now suppose G is any graph in &. Let, as above, G’ be a template with underlying
graph G and Pg/ € P. By what we just have shown, any set of three vertices in G
receives the uniform ordering, and thus the ordering of G is uniform by Lemma 4.15.
Hence the ordering of G is uniform. ]

Proof of Theorem 1.5. The hereditary property ¥ has the property that for any G € Fy
and v € V(G), some graph G’ obtained by replacing v by twins vy, v is also in Fy.
Indeed, we can take the twins to be adjacent if there is no graph H € J# with adjacent
twins, and we can take v;, v, to be non-adjacent if there is no graph H € J with non-
adjacent twins. In both cases no copy of H € J in G’ could use both vertices vy, vs,
and hence H would have to be an induced subgraph of G. Without loss of generality (by
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taking complements if necessary), assume we are in the first case, so that any vertex can be
replaced by adjacent twins. If P3 € 3 then we are done by Theorem 1.3 as g contains
blow-ups of P3 that are neither a disjoint union of cliques nor complete multipartite (for
example, a triangle with a pendant edge). If P3 ¢ ¥y, then # must contain an induced
subgraph of P3. As P3 ¢ #, # must then contain a graph with two (or fewer) vertices.
But then ¥y consists only of homogeneous graphs, and is therefore uniform. ]

5. Gluing graphs

In this section we show in particular that hereditary properties that are closed under join-
ing graphs at a single vertex, and many hereditary properties of forests, are uniform. We
start by proving the result for any hereditary property that satisfies a certain technical
condition.

Denote the disjoint union of two graphs G and G, by G| U G,. Suppose G is a graph
and H is an induced subgraph. Define the graph [G]’, to be the graph obtained by taking
n copies of G (i.e., G U---U G, n times) and identifying the corresponding subgraphs
H from each copy. Thus, for example, |V([G]})| = n|V(G) \ V(H)| + |V(H)]|. Let K,
denote the empty graph on n vertices. We also extend these notations in the obvious way
to the case when n = oo.

Theorem 5.1. Suppose P is a hereditary property such that for any G € P with at least
two vertices, there exists a proper induced subgraph H # @ of G such that for alln = 1,
[G]y UGl U Ky € P. Then P is uniform.

Proof. We may assume & contains some non-empty graph as otherwise J is clearly uni-
form. Note that, by taking an induced subgraph, for any G € #, G UG U K,, € P.
(For |V(G)| < 2 take an induced subgraph of G’ U G’ U K,, with |V(G')| = 2.) We
shall prove by induction on |V(G)| that if G € & then the ordering on G U G U K,,
is uniform for any n. This clearly implies the result. As G U G U K,, is homogeneous
for |V(G)| < 2, we may assume |V (G)| = 2. Thus by assumption there exists a proper
induced subgraph H # @ of G such that for all n > 1, [G]}; U [G]}, U K, € P. Let
G = [G]F UGy U Koo. Then Pg € P, and so the consistent ordering on  induces a
consistent ordering on g, and hence on G (see Lemma 1.2). Denote the vertices of K
as {u;}72,, and the copies of H as H;, i = 1,2, with vertices V(H;) = {vi 1, ..., Vir}.
Denote the remaining vertices in the jth copy of G’ := G \ H associated to H; as w; ; k.,
k=1,....s.LetG' = G \ (H1 U H>) be the graph G with the two copies of H removed,
so that G’ consists of an infinite number of disjoint copies of G’ together with Koo. We
first consider the induced random ordering on G’. One can define random variables
l n
Vi,j,k = Vu,w,-’jk = nlggo ; Z l{u(i < wi,j,k}
{=1

as in Section 3 giving the order of the w; ; x relative to the vertices in the Koo subgraph.
As the copies of G’ can be permuted in G, the random variables Vijii=Wij,.- Vijs)
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are exchangeable for i € {1,2}, j > 1. Hence, de Finetti’s theorem implies that there is
a random distribution x on [0, 1]° such that, conditioned on p, the V; ; are i.i.d. with
distribution p. However, we know that the joint distribution of V;; and V3, say, is
uniform in [0, 1]° as by induction the induced subgraph G’ U G’ U K, has a uniform
random order for all n, and hence G’ U G’ U I?oo receives a uniform random ordering.
Thus for any measurable subset S C [0, 1]°, E(u(S)(S)) = |S|? = E(u(S)) E(u(S)).
Thus p is a.s. constant and uniform. Thus all V; ; are i.i.d. uniform random variables in
[0,1]%,i.e.,all V; j x arei.i.d. U(0, 1) random variables.

Let & be any event determined by the ordering on H; U H, U Ko, and assume
P(€) = p > 0. The pairs (V1,;, V2,j), j = 1, are exchangeable, even conditioned on &.
Hence, there is a random measure pg on [0, 1]2s such that conditioned on & and ug,
(N,j, Va,j) are i.i.d. with distribution pg. However, for any measurable subset S C
[0,1]%%, a.s. on &,

1y
ne(S) = lim —3 1{(V1,;.V2,;) € S} =|S].
j=1

Hence, the pairs (V1 ;, V>,;), j = 1, are i.i.d. and uniform, even conditioned on &. In
other words, all V; ; i are i.i.d. and uniform, and independent of the ordering on H{ U H>
U Ko. However, by induction, the random ordering on Hy U H, U Koo is also uniform
as it is uniform on every subgraph H; U H, U K,,. The ordering on G is a.s. determined
by the ordering on H; U Hy U K and the variables V; ; & as the V; ;4 are continuous.
Clearly this distribution is uniform. The result follows as G U G U K, is an induced
subgraph of G. [ ]

Example 5.2. We note that the requirement that we have two copies of [G]}, in The-
orem 5.1 is essential. For example, let & be the set of all graphs that are induced subgraphs
of some [C4]E’ ) (i.e., a collection of 4-cycles with a single vertex identified). Then for any
G € P, |V(G)| = 2, the graph [G]}; U K, lies in & for some H C G, H # @. Indeed, we
can take H = {u}ifu € V(G), H acomponent of G if G is disconnected, the central ver-
tex if G = P3 and either vertex if G = P,. However, the following gives a non-uniform
model on &. Fix « € [0, 1] and assign to each vertex v an i.i.d. U(0, 1) random vari-
able Xy, conditioned so that the sum of X, round any 4-cycle is &« mod 1. It is not hard
to see that any induced subgraph H that does not contain either a P3 U P3 or a proper Cy
subgraph is uniform, and any H that is of this form is embedded in [C4]?u} in an essen-
tially unique manner. In particular, if H = P3 U P3 then it must occur as a subgraph
of the form [C4]%u} \ {u}. If we denote the vertices of the two P3s as {vy, vz, v3} and
{wi, w2, w3} then ) ; X,; = > ; Xy; = @ — Xy, mod 1, which implies that the ordering
V1 < wp <V <wp < V3 <wsisimpossible as Xy, + Xy, + Xopy < Xy + Xy, + Xy <
Xv, + Xy + (Xy, + 1). Hence the ordering is not uniform.

Example 5.3. In contrast to Example 5.2, let ' be the set of all graphs that are dis-
joint unions of induced subgraphs of some [C4]?u}. Then P’ satisfies the conditions
of Theorem 5.1. Hence &’ is uniform. The ordering described in Example 5.2 is not
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consistent on P’ due to the fact that there are two distinct induced distributions on sub-
graphs isomorphic to P3 U Ps; the one on [C4]fu} \ {u} is not uniform, while the one
on ([C4]{lu} \{u}) U ([C4]%u,} \ {u}) is uniform. The class &’ also has the property that
all C4 subgraphs are edge-disjoint, and indeed also have private vertices that do not belong
to any other Cy4 (cf. Remark 2.5).

Proof of Theorem 1.6. If P consists only of empty graphs then it is uniform and we are
done, so assume & contains some non-empty graph. Then K, € &, and so by assumption
on f, P3 € P. Take any graph G € & and any vertex v € V(G). We can attach multiple
copies of G together at v to obtain [G]?v} € JP. Joining two of these to the end-vertices
of a P3 and then removing the central vertex gives [G]?U} U [G]?U} € . Now repeatedly
attaching this graph to an end-vertex of P3 and removing the central vertex of the P3
gives [G]?v} U [G]?v} U K, € #. Hence & satisfies the conditions of Theorem 5.1, so is
uniform. ]

In the case when G \ H always is a set of isolated vertices, one can weaken the
conditions of Theorem 5.1 so that only one copy of [G]% is required. Indeed, in this case
we can prove by induction that G U K, is uniform and, in the proof, note that G’ is an
empty graph, so is automatically uniform. This implies Theorem 1.8 in the case when (i)
always holds as we can take H to be G \ {u}. We modify the proof slightly to obtain
Theorem 1.8 in its entirety.

Proof of Theorem 1.8. Given any forest F, write Sf for the set of vertices of F that are
adjacent to a leaf of F'. Write F,’ for the forest obtained by adding (or deleting) isolated
vertices so that F, has exactly n isolated vertices. For u € Sr, write F for the forest
obtained by adding (or deleting) leaves attached to u so that F, has exactly n leaves
attached to u.

Consider a consistent random ordering on &°. We prove that for every forest F' € &
and every u € Sf U {x}, the random ordering on F} is uniform, provided these graphs
lie in & for every n = 2. The proof is by induction on |V/(F)|. If F is empty then Sp = @
and F,’ is empty, so uniform. Thus we may assume F' is non-empty. As no F} is empty,
either (i) or (ii) holds for F,*. This implies there exists v, € Sgu U {*} with v, # u, such
that the graph Fy,'" := (F¥)u lies in . As Spx € S is finite, this implies that there is
asingle v € Sg U {x}, v # u, such that F,;‘,',), € P forall n,m. Let F;g’”oo be the infinite
graph with infinitely many leaves or isolated vertices associated with u and v. Let the
leaves or isolated vertices associated to u be {u; };>1 and let the leaves or isolated vertices
associated to v be {v; }i>1.

Any finite subgraph of F%',, belongs to &, so the ordering on & induces a random
ordering on FX% . Assume first that v # . As in Section 3, we can define random

variables
n—oo

I
Vi = Vuy, := lim ;gl{vk <}

As {u;}i=1 U{v;}i=1 is a homogeneous set, V; are i.i.d. U(0, 1) random variables. More-
over, as in the proof of Theorem 5.1, these random variables are independent of the
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ordering on F..',. But the random ordering on F.; 0 is also umform as it is unlform on
all subgraphs F,;‘ , by induction applied to the proper subgraph F}': 1,0 Y (or Fy': 0.0 Vifu = %)
of F. Also, a.s. the ordering on FX;U_ is determined by the ordering on F.; 0 and the V;
as the V; are continuous, and this random ordering is clearly uniform. If v = * then, inter-
changing u and v, we again find that the ordering on F%"  is uniform. Hence in both
cases the ordering on F is uniform for all n.

Finally, we note that for any non-empty F € & conditions (i) or (ii) imply that there
isau € S such that F' € & for all n. Hence the ordering on F is also uniform. m

Appendix A. Non-uniformity of some explicit distributions

We recall the Bernoulli polynomials By, (x), which can be defined by the generating func-
tion
xt o0 g
1 = Z B, (x);
n=0
(see e.g. [27, Section 24.2]). The first few values are Bo(x) = 1, By (x) = x — %, By(x) =

x2—x+ é, and B3(x) = x3 — %xz + %x. The most important property for our purposes
is the Fourier series representation of B, (x) [27, (24.8.3)],

_ 2mkx
Bu(x) = (27”),, ];:) e, (A.1)

which is valid for x € [0, 1] when n = 2 and for x € (0,1) whenn = 1.

Lemma A.1. Letn =2 and a € [0,1), and let X1, ..., X,—1 and X, X' be i.i.d. U(0, 1)
random variables. Define X,, € [0, 1] so that

n
Z X; = a mod 1. (A.2)
i=1

Then for 1 <k <n,

P[X < Xx and X1 < -+ < Xp,] =

k (=1)nk (n -1

arn T k- 1)3”(“)’

and

P[X,X' < Xpand X; < - < X,]

Ckk+1) (D" * (n—1
eI (k - 1)((” + 1) Bu(@) + 2Hy Bu 1 (@),

where Hy =14+ 3+ 34+ + 1
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Proof. Let Pkl(oz) =P[X < Xgand X; < --- < X;,] and sz(oz) = P[X, X’ < X} and
X1 < --- < X,]. If « is replaced by a uniform random variable on [0, 1], independent of
Xi,...,Xu—1, X, X, then Xq,...,X,, X, X" are i.i.d. U(0, 1) random variables and «
satisfies (A.2). Thus the Fourier transform

. 1 . .
Pl(t) = / P/ ()e ™% do, t €7,
0
can be represented as

A]g(t) _ E(ij(a)ele.{-.u-i-an) — / X]_(iea)X1+...+wX,, Xm . an’
X <-<Xp
where @ = —2rit. If t = 0 then P} (0) = k/(n + 1)! and P2(0) = k(k + 1)/(n + 2)!
because there are k (respectively k(k + 1)) orderings of X, X1, ..., X, (respectively
X, X', X1,...,Xy) contributing to Pk] and the X, X', X1, ..., X, are i.i.d. Hence we may
now assume ¢ # 0. By symmetry,
o
(k - 1)' (n - k)' X1,eees Xk71<Xk<Xk+1 ..... Xn

1 1 x k—1 1 n—k )
=<k—1>!(n—k)!/o (/o ¢ ydy) ([ ¢ ydy) et dx

Bl = X{eoXittoXn gy, ... dx,

1
— 1(k i)'( k)' / (ewx _ l)k—l(l _ ewX)n—kxjewx dx
"~ —Dl(n—=k)! Jo
(—l)"_k

1
— J wx _ n—1_ wx )
wn—l(k—l)!(n—k)!/o X/ (e )Te™ dx

Integrating by parts gives

L, (_1)n—k P ox n|l ! . -1, 0x n
P’g(t):w”n(k—l)!(n—k)!(xj(e - |0_/o ST = dx)

(_1)k+1 (n _ 1) 1 i1
- J 1 — e®*V dx.
/0 Jx?T T (1 —e®) dx

w™n! k—1

For j = 1, expand (1 — e®*)" using the binomial theorem and note that fol e’*dx =0

for s € Z \ {0}. This gives
N —Dkt (p—1
o=(0))

w'n! k—1

For j = 2, we note that

! 11
I, = / x(1—=e"Y'dx = - — — H,, (A.3)
0 2 w
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where H, =1+%+%+---+%.Indeed, Iy =%and,forn >1,

1
Iy — Iy = / x(—e®) (1 —e®)" 1 dx
0

1 1 LS| 1
—x(l _ ea)X)n|0 _/ _(1 a)x)n dx —
nw 0o hw

na)
52, o (=DFTT n—1 2
Pe) = w™n! \k—1 1_5H" ’

Now we take inverse Fourier transforms, noting that by (A.1) the inverse Fourier transform
of w™ is 1

Hence

1 ; 1 ; )"
Z _neZnuxt — e Z _nleuat — ( ) B, (O[) (A.4)
z;éoa) (—2mi) z;éot
We obtain
k DR =1
P il
el = n+1)! +Z w"n! (k—l)e
k (—1)" “*n—1
= B, s
e (k—l) @)
and

k(k +1) (—DF (n—1 2 rite
P,f(a)— T Z — ( 1)(1—511,,)62

k k 1 _1 n—k _1
- (2 ++2)!) n(!(n)—l—1)!(2—1)((’1+1)B”(a)+2H"B”+l(a))

for almost all & € [0, 1]. As in both cases both sides are continuous in ¢, these in fact hold
forall o € [0, 1]. |

Lemma A.2. Let X1, ..., X,—1 be i.i.d. U(0, 1) random variables. Fix o € [0, 1] and
1 <i <{ < nanddefine X,, € [0, 1] so that

n
> Xj—X;— X, =amod L. (A.5)
J#iL
Define Pj(l’ f) ,,,,, j, to be the probability that
le <---<Xjr<min(XS:s¢{j1,...,jr}), (A.6)
i.e., the smallest r values of Xy are Xj,, ..., Xj, in that order. Then for distinct i, j, k., X,
G,0) o _ D" (n
Pi,j —Pj,l. = n—Di\2 B,—1(x) (n=3),
) o _ =D" (-1)"
P; ik Pj,i,k T -1 (n—=3+2Hu—3)By—1(a) + mBn—z(a) (n=4),

whereHn:]+%+%+...+%‘
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Proof. Consider the Fourier transform

i (,)_/ P @™ da, e 1.

If we consider « to be a uniform random variable in [0, 1] independent of X7, ..., X,—1,
then X1,..., X, are now i.i.d. U(0, 1) random variables and « satisfies (A.5). Thus

PJ(ll,l),jr (n) = /DeSIwX1+-~~+s,,an dXy---dXp,

where w = —2mit,e5 = 1if s #i,f and g; = ¢y = —1,and D C [0, 1]"* is the domain
given by (A.6). For the first statement we can by symmetry assume (7, j, £) = (1,2, 3).
Then

P~ B 0)
— P(l 3)(1) P(2 3)0)

— / (ewal +wXy _ ea)Xl7wX2)efa)X3+wX4+-'-+an Xm . _an‘
X1<X2<X3,...,Xn

Fort = 0 (i.e., w = 0) this is clearly zero, so assume now that ¢ # 0. Then

1
/ 50X [y = L(l _eea)Xz)
X Ew
fore € {—1, 1}, and
X> 1
/ (e—a)X1+wX2 _ewXI—sz) Xm — _(ewX2 + e—sz _2)
0 w

Hence integrating over all X, s # 2, gives

N N 1 !
PO - B0 = = /0 (€% e = 2) (=1 + e (1 — )" P dx

wh—1

1
/ (ewx _ 1)2(1 _ ea)x)n—Ze—Za)x dx
0

1 1
— — / (1 _ ewx)ne—Za)x dx
0

a)nl

1 n
T o\ 2)

where in the last line we have expanded (1 — e“*)” using the binomial theorem and used
fol e5®* dx = 0 for s € Z \ {0}. Now take the inverse Fourier transform using (A.4) to

get
P @ - P = 25 () er )

(n—1)
for almost all o € [0, 1]. However, as both sides are continuous in «, this holds for all
a € [0,1].
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For the second statement we can assume without loss of generality that (i, j, k,{) =
(1,2, 3, 4). Then, performing the integration over X1, X4, ..., X, and finally over X5,
we have

P50 - B0
5(1, 2,4
= Pl(,z, ([)_P1(23)(’)

(e—wX1+a)X2 _ ele—a)Xz)ewX3e—a)X4+a)X5+"' Xm . an
X1<X2<X3<X4,....Xn

1
/X . (€% + 7% —2)e X3 (=1 + eF3) (1 — *X3)"* dX, d X3
2<43

wh—2
1
=— / (€®X2 4 e79%2 _2)(1 — e®X3)" 34X, d X5
w X2<X3
1
= — / (€¥* — ™% —2wx)(1 — e®*)" 3 dx.
w 0

Hence, using (A.3),

1
PG - P = / (€% — ™% —20x)(1 — e®*)" "3 dx
0

wh—1

(n—=3)—w+2H,_3).

wh—1
Taking inverse Fourier transforms, again using (A.4), gives
PO (@) — PO (@) = (=D" E 32, B, @)+ (=D" D e @
1,2,3 2,1,3 ( 1)' n—3)Pn—1 (I’l—Z)! n—2
for almost all & € [0, 1], and hence for all & € [0, 1] by continuity. L]

Finally, we record a well-known fact, easily shown by induction using symmetry and
B},(x) = nBy_1 (x).

Lemma A.3. The only zeros of B,(x) in[0,1] are 0, 5. 1 forodd n = 3, and exactly two
values, one in (0, 3) and one in (5, 1), for evenn = 2. |

In particular, B, (x) and By, (x) have no common zeros in [0, 1]. (In fact, this extends
to all complex zeros; equivalently, all zeros are simple, see [19,20].)
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