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Abstract. We study vector-valued Littlewood—Paley—Stein theory for semigroups {7y }s~¢ of regu-
lar contractions on L (2) for afixed 1 < p < co. We prove that if a Banach space X is of martingale
cotype ¢, then there is a constant C such that

o

where { P;};>¢ is the Poisson semigroup subordinated to {7} };>0. Let Leg.p
stant C, and let M¢ 4 (X)) be the martingale cotype ¢ constant of X. We show

a
to Pi(f) = ClfllL,@x). VS € Lp(: X),

q dt)l/q
Ly(S2)

x !

(X) be the least con-

LE, »(X) < max(p4, p' e q(X).

Moreover, the order max ( pl/ 4, p’)is optimal as p — 1 and p — oo. If X is of martingale type ¢, the
reverse inequality holds. If additionally {77 };>0 is analytic on L, (2; X), the semigroup { P }s>0
in these results can be replaced by {7} };>¢ itself.

Our new approach is built on holomorphic functional calculus. Compared with the previous
approaches, ours is more powerful in several aspects: (a) it permits us to go much further beyond the
setting of symmetric submarkovian semigroups; (b) it yields the optimal orders of growth on p for
most of the relevant constants; (c) it gives new insights into the scalar case for which our orders of
the best constants in the classical Littlewood—Paley—Stein inequalities for symmetric submarkovian
semigroups are better than those of Stein.

In particular, we resolve a problem of Naor and Young on the optimal order of the best constant
in the above inequality when X is of martingale cotype ¢ and { P;};>¢ is the classical Poisson or
heat semigroup on R4,
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1. Introduction

This article continues our investigation of vector-valued Littlewood—Paley—Stein theory
that was initiated in [64] and further carried out in [41, 65, 66]. Our research in this
domain has been profoundly influenced by Stein’s monograph [55] and developed in two
parallel directions. On the one hand, it deals with the Banach space valued case as in
the just quoted articles as well as in the present one; and on the other hand, it extends
Littlewood—Paley—Stein theory to the noncommutative setting (see [30, 35] for maximal
function inequalities and [29] for square function inequalities).

Note that Betancor and coauthors studied this theory for some special semigroups
(cf. [7-10]); see also [1,5,6,21,27,49,56] for related results. Recently, the theory has
found applications to Lipschitz embedding of metric spaces into Banach spaces, and to
approximation of Lipschitz maps by linear maps; see, for instance, the papers by Hyténen
and Naor [25], Lafforgue and Naor [34], and Naor and Young [46].

First, we recall the famous Littlewood—Paley—Stein inequality that is the starting point
of all our research in this domain. Let (2, #, i) be a o-finite measure space and {7 };~¢
a symmetric diffusion semigroup on (2, +4, i) in Stein’s sense [55, Section III.1], that is,

e T, is a contraction on L,(2) forevery 1 < p < oo,
T:Ts = Tts,

lims—o T:(f) = f in Lo(2) for every f € L,(R2),
T; is positive (i.e., positivity preserving),

Ty is selfadjoint on L, (2),

T, (1) = 1.

The last condition is markovianity; the next to last is symmetry. Thus such a semigroup
is also called a symmetric markovian semigroup. A semigroup satisfying all the above
conditions except markovianity is usually called a symmetric submarkovian semigroup
(submarkovianity means 77(1) < 1).

It is a classical fact that the orthogonal projection F from L, (€2) onto the fixed point
subspace of {T}};>0 extends to a contractive projection on L,(2) forevery 1 < p < oc.
Then F is also positive and F(L,(€2)) is the fixed point subspace of {T}};>0 on L,(£2).

Stein’s celebrated extension of the classical Littlewood—Paley inequality asserts that
for every symmetric diffusion semigroup {7} };~¢ and every 1 < p < oo,

/oo 2 g\ /2
0 t

The classical inequality corresponds to the case where {7} };~¢ is the Poisson semigroup
on the torus T or the Euclidean space R¢. Stein’s inequality above is the core of [55]
in which Stein developed a beautiful general theory. Later, Cowling [13] presented an
elegant alternative approach to Stein’s theory for symmetric submarkovian semigroups;
Cowling’s goal is to show that the negative generator of {7} };~¢ has a bounded holomor-

0
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Lp(2)
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phic functional calculus, and then to deduce the maximal inequality on {7} };~¢, which is
another fundamental result of Stein.

In the present article we are concerned with the vector-valued case. Given a Banach
space X let L,(£2; X) denote the L ,-space of strongly measurable functions from 2 to X .
It is a well known elementary fact that if 7" is a positive bounded operator on L, (£2) with
1 < p < oo, then T ® Idy is bounded on L,(2; X) with the same norm. For notational
convenience, throughout this article, we will denote T ® Idy by T too. Thus {T;};>¢ is
also a semigroup of contractions on L, (£2; X) for any Banach space X with F(L,(2; X))
as its fixed point subspace.

The vector-valued Littlewood—Paley—Stein theory consists in investigating (1.1) for
f € L,(R2; X) (with the absolute value on the right hand side replaced by the norm of X).
It is not hard to show that the equivalence (1.1) continues to hold in the X -valued setting
for the Poisson semigroup on T iff X is isomorphic to a Hilbert space (see [20, 64]).
However, if one requires only the validity of one of the two one-sided inequalities, the
corresponding family of Banach spaces is much larger: the upper estimate corresponds
to 2-uniformly smooth spaces, while the lower one to 2-uniformly convex spaces (up to
renorming).

These geometrical properties of Banach spaces can be characterized by martingale
inequalities. Recall that a Banach space X is of martingale cotype g (with 2 < g < 00)
if there exists a positive constant ¢ such that every finite X -valued L,-martingale (1)
satisfies the inequality

Y Ellfu — farlly < c?supE| full%.
n
n

where E denotes the underlying expectation. X is of martingale type g (with 1 < g < 2)
if the reverse inequality holds (with ¢ ™1 in place of c¢). The corresponding best constant
will be denoted by M, 4(X') for martingale cotype g and by M, 4 (X ) for martingale type q.
Pisier’s famous renorming theorem asserts that X is of martingale type (resp. cotype) g
iff X admits an equivalent norm that is g-uniformly smooth (resp. convex). We refer the
reader to [51,53, 54] for more information.

Note that in the study of one-sided inequalities in the vector-valued case, the index 2
on the right hand side of (1.1) plays no special role and can be replaced by 1 < g < oo,
q < 2 for the upper estimate and ¢ > 2 for the lower estimate. Now we can summarize
the main results of [41, 64, 66] as follows.

Theorem A. Let X be a Banach space and 1 < g < oo.

(1) X is of martingale cotype q iff for every symmetric diffusion semigroup {T;}¢~¢ and
for every 1 < p < 0o (equivalently, for some 1 < p < 00) there exists a constant ¢

such that
q 4t ) 1/q
X t

i

d
IETt(f)

<clflL,x), [ € Lp(:X).
Lp(2)
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(ii) X is of martingale type q iff for every symmetric diffusion semigroup {T;};o and for
every 1 < p < oo (equivalently, for some 1 < p < 00) there exists a constant ¢ such

that
o0
(]

Note that F( f') does not contribute to the norm on the left hand side of the inequality
in (i) above since a—“’tT,(F( f)) = 0 for any ¢ > 0; so if this inequality holds, it automati-
cally holds with f replaced by f — F(f') on the right hand side. In what follows, when
cotype inequalities are considered, we will often use simply f instead f — F(f) as in (i).
However, for the type inequalities as in (ii), we must use f — F( /') on the left hand side.

0
IETz(f)

. feLly(2;X).
Ly(2)

4 4 1/q
1f = F(OlIL, @) < c )

X t

Both “if” parts in the above theorem are proved in [64]; for that purpose we need only
the case where {T;};~¢ is the usual Poisson semigroup on T (or R as in [41]). This
is the easy direction thanks to the classical link between Poisson integral and Brownian
motion. The other direction is harder. It is first proved in [64] for the Poisson semigroup
on the unit circle, then in [41] for the Poisson semigroup subordinated to any symmetric
diffusion semigroup {7} };>¢. Left as an open problem in [41], the statement for {7} };~¢
itself as above was finally settled in [66]. Note that as in [55], the key tool in [41, 66] is
Rota’s martingale dilation of a symmetric diffusion semigroup that allows us to adapt the
scalar Littlewood—Paley—Stein theory developed in [55].

The use of Rota’s dilation prevented us from weakening the assumption on a sym-
metric diffusion semigroup. Cowling’s approach in [13] does not use Rota’s dilation but
it requires the semigroup under consideration to be symmetric and submarkovian. It has
been an open problem to establish the results of [41] or [66] in Cowling’s setting. In fact,
since a long time it has been a desire to extend all previous results to more general semi-
groups. This was done in some special cases (Hermite, Laguerre and Bessel semigroups)
by Betancor and coauthors (cf. [7-10]).

The objective of the present article is to resolve the above problems. We will develop
a vector-valued Littlewood—Paley—Stein theory for semigroups of regular operators on
L,(R2) for a single 1 < p < oo, thereby going considerably beyond Stein—-Cowling’s
setting.

Recall that an operator 7 on L,(£2) (1 < p < oo) is regular if there exists a constant
¢ such that

sup TCfol| = e|supl Al
k p k D

for all finite sequences { f }x>1 in L,(2). The least constant c is called the regular norm
of T. Obviously, any positive operator is regular with regular norm equal to its operator
norm. It is well known that, conversely, if T is regular, then there exists a positive opera-
tor S on L, (2) such that |T(f)| < S(| f|) forany f € L,(S2) with ||S| equal to the reg-
ular norm of 7'; such a positive S is unique and called the absolute value of T and denoted
by |T| (see [43, Chapter 1]). For presentation simplicity, in this article we will only con-
sider contractively regular operators, i.e., those with regular norms less than or equal to 1,
and we will simply call these operators regular with a slight abuse of terminology.
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It is well known (and easy to check) that if T is a contraction on L, () for every
1 < p < oo, then T is regular on L,(£2). Like positive operators, a regular operator 7
extends to a contraction on L,(£2; X) for any Banach space X. This extension will be
denoted by T too.

Now let {T;}:>0 be a strongly continuous semigroup of regular operators on L, (£2)
with 1 < p < oo. When extended to L,(€2; X), {T;}:>0 remains a strongly continuous
semigroup of contractions on L,(£2; X). Let again F be the projection from L, (£2) onto
the fixed point subspace of {T};};~¢. Then F is also regular, so extends to a contractive
projection on L, (£2; X). Note that F(L,(£2; X)) coincides with the fixed point subspace
of {T;}s>0 on Ly(82; X).

Let { P;};~0 be the Poisson semigroup subordinated to {7} }¢:

Pi(f) = T2/as)(f) ds. (1.2)

1 X ™S
T /o NG
Recall that if A denotes the negative infinitesimal generator of {7} };~¢ (i.e., Ty = e~
then P; = e VA . Instead of the square root, one can, of course, consider other subordi-
nated semigroups e *4” for 0 < « < 1, but we will not deal with the latter here.

To proceed further, we need to introduce some notions. Define

) a4 1/q
o (ool )

X [
for f in the definition domain of 4 in L, (2; X). X is said to be of Luzin cotype q relative
to {T;}4>o¢ if there exists a constant ¢ such that

157 (DL, @ < cllf = F()ll@:x)

for all f as above. The smallest ¢ is denoted by LZ: 4.7 (X). Similarly, we define the Luzin

type q of X by reversing the above inequality and changing ¢ to ¢!, and the correspond-

ing type g constant is denoted by L{q’ »(X). See Section 4 below for more information.

tA)

>

0
l‘th(f)

Remark 1.1. The subordination formula (1.2) immediately implies the pointwise
inequality ‘gqp (f)<cC qu (f) for any f, where C is an absolute positive constant. It
then follows that

LZ:‘];P (X) = CLS‘LP

(X) < CLY, ,(X).

T
(X) and L \4.p

tq,p

In [64], the Luzin type and cotype relative to the Poisson semigroup on the unit circle
are shown to be equivalent to the martingale type and cotype, respectively. Theorem A
above extends this to symmetric diffusion semigroups.

We will use the following convention: A < B (resp. A S, B) means that A < CB (resp.
A < C¢B) for some absolute positive constant C (resp. a positive constant C, depending
only on €). A &~ B or A ~, B means that these inequalities as well as their inverses hold.
The index p will be assumed to satisfy 1 < p < oo and p’ will denote its conjugate index.

Below is our first principal result.
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Theorem 1.2. Let X be a Banach space and 1 < p,q < oo. Let {T; }1>¢ be a strongly con-
tinuous semigroup of regular operators on Ly (S2) and {P;}s>¢ its subordinated Poisson
semigroup.

(1) If X is of martingale cotype q, then X is of Luzin cotype q relative to { P;}¢~¢ and
Lig.p(X) < max(p'/?, p' )Mo g (X).
(i) If X is of martingale type q, then X is of Luzin type q relative to { P;};>o and
Ltl,)q,p(X) < max(p, (P/)l/q/)Mt,q (X).

The above two inequalities can be reformulated in another (clearer) way, for instance,
the first one reads
pYIM4(X) if p>q,

Log.p(X) < .
o4-p {p’ M, (X) if p <gq.

Remark 1.3. All the growth orders, except the one on Lf,’ ¢,p(X) as p — 1, are optimal
since they are already so in the scalar case X = C. More precisely,

6] Lf:q,p (C) = max(p/4, p’) forall 1 < p < oo when {P;};~¢ is the classical Poisson

semigroup on R (see Proposition 8.5 below);

(i1) LtI’) 4.p(C) 2 pas p — oo when {P;};>¢ is the Poisson semigroup subordinated to a
symmetric diffusion semigroup {7 };0, as shown by Zhendong Xu and Hao Zhang
[68]; in fact, they proved the stronger inequality LY (C) = p as p — oo for a

t4.p
symmetric diffusion semigroup {7y };~o.

Part (i) of the above theorem cannot hold for the semigroup {T}};~¢ itself without
any additional assumption (see Remark 4.4 below). It turns out that the missing condition
is the analyticity of {7} };>0 on L,(£2; X). Recall that {T}};-¢ is analytic on L,(2; X)
if {T;}+>0 extends to a bounded analytic function from an open sector g, = {z € C :
larg(z)| < Bo} to B(Lp(2; X)) for some 0 < By < /2, where B(Y) denotes the space
of bounded linear operators on a Banach space Y . In this case,

Tg, = Sup{”TZ”B(Lp(Q;X)) 1z € Xg,} < oo. (1.3)
Theorem 1.4. Let X and p, q be as above.
(1) If X is of martingale type q, then X is of Luzin type q relative to {T;};~o and
Lig.p(X) S max(p. (p) /4 Mg (X).

(i) Assume additionally that {T;};>¢ satisfies (1.3). Let 84 = Bomin(p/q, p'/q’). If X
is of martingale cotype q, then X is of Luzin cotype q relative to {Ty}¢~¢ and

LcT,q,p(X) < ,8;3ng)"("/‘“’ /") max(pz/q, (p/)l-i-l/q )Mc,q(X).

The above two theorems considerably improve Theorem A. Firstly, the semigroup
{T;}s>0 now acts on L, (2) for asingle p. Secondly, the markovianity or submarkovianity
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is not assumed (in fact, T; (1) is not even defined if the measure on 2 is infinite). Thirdly,
the symmetry is not needed either, since the semigroup does not act on L, (2) if p # 2.

Another improvement concerns the precise estimates of the best constants: the present
estimates are much better than all previously known ones, even in the scalar case (see Sec-
tion 8 below for historical comments). Moreover, except one case, they give the optimal
orders of growth as p — 1 and as p — o0, as already pointed out in Remark 1.3. This is
perhaps a major novelty of our method.

The aforementioned optimality allows us to answer a question raised by Naor and
Young about the optimal orders of Lg 4.p(X) and LZ 4.p(X) when {T}};>0 is the heat
semigroup on R? (see [47, appendix]). In fact, we will show a much stronger result. Let
¢ : R? — C be an integrable function satisfying

1
X)) < —, X ERd,

x =yl jx —yl?
lo(x) — ()| = (1+ |x|)d+s+8 + (1+ |y|)d+s+8’

/Rdgo(x)dxzo

x,y € RY, (1.4)

for some positive constants ¢ and §.
We will also need ¢ to be nondegenerate in the sense that there exists another func-
tion y satisfying (1.4) such that

[Tawieo T =1 veert (o). 15)

This nondegeneracy allows us to use the Calderdn reproducing formula. There exist plenty
of functions satisfying these conditions, for instance, the kernel of ¢ %T,, where {T;};>0
is either the heat or the Poisson semigroup on R?, as well as any Schwartz function ¢
with the property that for any & € R? \ {0} there is ¢ > 0 such that §(¢£) # 0.

Let ¢, (x) = tldgo(’t—“) for x € R? and 1 > 0. We define

00 g dt 1/q J
Gaol 1)) = ([ torn seng ) weme, (16
0
for any (reasonable) function f : R¢ — X.LetL¥, ,(X) be the best constant ¢ such that
1Ga.o (L, way =l fllp,®exy. [ € Lp(Rd;X)-
Similarly, we define L‘f’q’ p(X) for the reverse inequality (with ¢~ instead of ¢).

Theorem 1.5. Let X be a Banach space and 1 < p,q < oo. Assume that ¢ satisfies (1.4).
(1) If X is of martingale cotype q, then

LY, »(X) Saes max(p'/4, p')Meg(X).

(i1) Assume additionally that ¢ is nondegenerate. If X is of martingale type q, then

LY, (X)) Saes max(p. (p)/7 )My q(X).
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Let {H,};>¢ be the classical heat semigroup on R¢ whose convolution kernel is given
by
H,(x) = (4nt)_d/2e_|x‘2/(4t).

Its subordinated Poisson semigroup is the usual Poisson semigroup {IP; };~¢ with convo-

lution kernel
cqt

(|x|2 + 12)(d+1)/2'

Py (x) =

The above theorem implies the following corollary that resolves Naor and Young’s prob-
lem.

Corollary 1.6. We have

Leg.p(X) £ max(p/?, p)Mog(X) and Ly ,(X) S max(p'’?, p)Moq(X).

Moreover,

Leg.p(X) 2 Leg »(C) 2 max(p'/?. p) and Ly ,(X) 2 Ly 4 (X) 2 Mog(X).

Remark 1.7. It is worth pointing out that the estimate on LY .q.p(X) is independent of d
thanks to Theorem 1.2 (i). It would be interesting to have a dimension-free estimate for the
heat semigroup too. This is related to another problem, whether the analyticity constant of
{H;}s>0 0on L, (R?; X) relative to an appropriate angle can be controlled by a dimension
free constant (see Example A.2 below).

Problem 1.8. (i) Does the second inequality in the first part of Corollary 1.6 hold with a
constant independent of the dimension d ?
(i1) It would also be interesting to determine the optimal orders of Lt g,p(X) and
t”,(X)asp—>lorp—>oo

Note that (i) above remains open even for X = C (see [67, Problem 7]). It is also so
for (ii) as p — oo (see Section 8 below and [67] for more information).
Apart from the inequality ”ng N, @ <Le q » (XIS IL,@:x), the following vari-

ant is also useful:
o0
(/

when X is of martingale cotype ¢ (see, for instance, [34]). Inequalities of this type are less
delicate than the previous ones. It is well known that if X is of martingale cotype ¢, then
L,(€2; X) is of martingale cotype max(p, q), so the above inequality can hold only for r =
max(p, q). We can, of course, consider similar variants in the situation of Theorems 1.4
and 1.5 as well as their reverse inequalities when X is of martingale type g; but we will
concentrate on the above inequality and on the case 1 < p < ¢ for illustration.

Theorem 1.2 (i) easily implies the following.

dt 1/7‘
—) <l /L@
Ly@x) !

d
I—Pt(f)
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Corollary 1.9. Let {T;};~0 and { P;}1>0 be as in Theorem 1.2. Assume that X is of mar-
tingale cotype q and 1 < p < q. Then

U

forall f € L,(2; X). Moreover, the constant on the right hand side is optimal as p — 1.

q de\ "1
_) < max((p) 9 Mo,y )| f 11, )
Ly@:x) !

n
ot

Pi(f)

Like the martingale type and cotype, the Luzin type and cotype behave well with
respect to duality as shown by Theorem 4.5 below. This duality theorem allows us to
deduce the type case from the cotype case. In contrast to the martingale case, the proof
of Theorem 4.5 is much harder and depends on a bounded projection on a certain vector-
valued radial tent space. Let R4 be equipped with the measure %. The radial space is
L,(82; Ly(R; X)) whose elements /1 are functions of two variables w € Q and f € Ry,
ie., h:(w,t) = hi(w). The desired projection maps L,(2; Ly(R4; X)) onto the sub-
space of all & of the form h; = I%Tt(f) for some f € L,(2; X); formally, it is given
by -

T(h)s = 4/ stiTsiT,(h,) ﬂ s > 0. (1.7)
0 as ot t
Here the expression %Tt (hy) is interpreted as %T,( f) with f = h,. Note that T (h) is
well-defined for nice functions & € L,(S2; L4(R4; X)), for instance, for all compactly
supported continuous functions from Ry to the definition domain of the generator of
{T:}t>0 in L,(2; X). Similarly, we define & associated to the subordinated Poisson
semigroup { P;}s>0.
The following is the key result for the duality argument.

Theorem 1.10. Let {T};};~¢ be a strongly continuous semigroup of regular operators on
L, (2) and { P;};>0 its subordinated Poisson semigroup. Let X be a Banach space and
1 <p<oo.

(i) The map P extends to a bounded projection on L,(2; Ly(R4; X)) with norm
majorized by C max((p')'=2/4, p'=P'14") for any 1 < ¢ < .
(i1) Assume additionally that 1 <q < oo and {T} };>¢ satisfies (1.3) for some 0 < o <7 /2.

Then T extends to a bounded projection on L,(2; Ly(R4; X)) with norm majorized
by

CR7H T PIP 14D max ((p')1=P/a p'=P17) with By = Bomin(p/q. p'/q)).

It is remarkable that the first part of the theorem above holds for any Banach space X
and any subordinated Poisson semigroup. Under the stronger assumption that {7;};~¢ be
a symmetric diffusion semigroup, assertion (i) above is [41, Theorem 3.2]. However, the
proof in [41] contains a gap which consists in the reduction of Theorem 3.2 to Lemma 3.3
in [41] via Rota’s dilation theorem. Recall that if {P;};~¢ is the Poisson semigroup on
the torus, assertion (i) above was proved in [64] by using Calderén—Zygmund singular
integral theory.
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Remark 1.11. The analyticity assumption in Theorems 1.4 and 1.10 (ii) is unremovable.
Recall that {7} };>¢ is analytic on L,(£2; X) with 1 < p < oo in one of the following
cases:

o {T;};~0 is a symmetric diffusion semigroup and X is superreflexive [52];

o {T;};>0 is a convolution semigroup induced by symmetric probability measures on a
locally compact abelian group and X is K-convex [52];

o {T;}:>0 is an analytic semigroup of regular operators on L, (2) and X is 6-Hilbertian,
i.e., a complex interpolation space of a Hilbert space and another Banach space [65].

Many classical semigroups are analytic on L, (£2; X) for any X (see Appendix A below).
On the other hand, {7} };>¢ is analytic on L,(2; X) iff its adjoint semigroup {7,*};>o is
analytic on L,/ (€2; X *). Thus the class of Banach spaces X such that {7} };- is analytic
on L,(€2; X) is stable under the passage to duals, subspaces and quotient spaces.

On the other hand, it is well known that the subordinated Poisson semigroup { P;};>¢
is always analytic on L,(£2; X) for any Banach space X since its negative generator is a
sectorial operator of type /4 (see Section 2 for more information).

A summary of the main techniques and the contents seems to be in order. Our
approach is different from all the previous ones. It is based on holomorphic functional
calculus, which constitutes perhaps one of the major ideas of this article. In this regard,
it shares some common points with Cowling’s approach that deals with the bounded H *°
functional calculus of the generator of a symmetric submarkovian semigroup and the
related maximal inequality. We need, however, to adapt Mclntosh’s H *° functional cal-
culus for our purpose. This is done in the preparatory Section 2 in which we introduce
a key notion of the article: the {,-boundedness of a family of operators on L,(£2; X);
it gives rise to the definitions of {4-sectorial operators and {,4-analytic semigroups. We
transfer to this setting some well known results about sectorial operators and analytic
semigroups. After this preparation, we prove Theorem 1.10 in Section 3. This projection
theorem is a crucial ingredient for the duality studied in Section 4. Theorem 4.5 estab-
lishes our duality result between the Luzin cotype of X and the Luzin type of the dual
space X *; this result is as nice as the corresponding one in the martingale case, except the
links between the constants involved (compare the constants in Theorem 4.5 and those
in (6.2) below). This section also contains some general properties of the Luzin type and
cotype, in particular, a characterization by lacunary discrete differences (Theorem 4.7).

As Rota’s dilation is no longer available in the present situation, we use instead
Fendler’s dilation for semigroups of regular operators. Fendler’s theorem transfers Theo-
rem 1.2 (i) to the special case where {T}};~¢ is the translation group of R. This allows us
to exploit techniques from harmonic analysis. Our strategy is built, in a crucial way, on
Calder6n—Zygmund singular integral theory and modern real-variable Littlewood—Paley
theory. We present all this in the preparatory Section 5 that will be needed for the proofs
of Theorems 1.2 and 1.5. These proofs constitute the most heavy and technical part of the
article. The proofs of Theorem 1.5 and Corollary 1.6 are given in Section 6. We then use
transference to show Theorem 1.2 in Section 7. To that end, we first need to represent the
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g-function associated to the Poisson semigroup subordinated to the translation group of R
as a singular integral operator. Theorem 1.4 will follow from Theorem 1.2 by functional
calculus; Corollary 1.9 is an easy consequence of Theorem 1.2 (i).

An additional major significant aspect of the new approach is that it improves the
growth orders on p of the relevant best constants even in the scalar Littlewood—Paley—
Stein inequalities (see Section 8); moreover, except the case of the Luzin type constant as
p — 1, ityields the optimal orders, which is not the case for the previous methods of Stein
and Cowling (see the historical comments in Section 8). This shows, to a certain extent,
that our method is optimal. Section 8§ also contains the optimality of the best constants in
Corollary 1.6. We end the article by an appendix that gives some examples of semigroups.

The techniques developed in this article allow one to simplify and extend many recent
results in scalar Littlewood—Paley—Stein theory, in particular, those on positive operators
on L, with kernels satisfying Gaussian upper estimates. On the other hand, they are also
applicable to the noncommutative setting. We will carry out all this elsewhere.

Throughout the article, X will be a Banach space, 1 < p < ocoand 1 < g < oo (but
1 < g < oo most of the time). Unless explicitly stated otherwise, {7y };~¢ will be a strongly
continuous semigroup of regular operators on L, (£2), and { P;};> its subordinated Pois-
son semigroup. These semigroups are extended to L, (€2; X). A will denote the negative
generator of {T;};~0,50 Ty = e "4 and P; = e~tVA,

2. The {4-boundedness

This section is the preparatory part of the article. We will introduce the notion of £,-
boundedness that is the direct extension to the vector-valued setting of the R,-bounded-
ness introduced by Weis [59]. In fact, though not explicitly stated, this notion appeared
before in harmonic analysis with regard to vector-valued inequalities for classical oper-
ators. Most results below are the £,-boundedness analogues of well known results or of
those due to Kunstmann and Ullmann [33] in the scalar case. I learnt the existence of
[33,59] after the submission of this article for publication, and I thank Emiel Lorist for
pointing out these references to me.

We start with a brief introduction to holomorphic functional calculus in order to fix
notation (see [12] for more information). Recall that a densely defined closed operator B
on a Banach space Y is called a sectorial operator of type a with 0 < «a <  if C \Z_y is
contained in the resolvent set of B for any y > « and

sup{llz(z— B) 'lpry 1 2 £ T} < o,

where X, is the open sector {z € C : |arg(z)| < y} in the complex plane. Let 8 > y
and let H (X g) denote the space of bounded analytic functions in Xg and H°(Xg) its
subspace consisting of all ¢ satisfying

EiR

C\Z
lp(2)] < .

W for some ¢ > 0 and § > 0.
z
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Let I' be the boundary of X g, positively oriented. Then for any ¢ € H§°(Xg) the integral

1
0(B) = 5= [ )G — By

defines a bounded operator on Y, where the integral absolutely converges in B(Y).
The following resolution of the identity will be useful later. Let v € H$°(Xg) be such

that o 4
/ v L =1,
0 ‘

Then the integral
o0 dr . ¢ dt
y= [ vem T = tin gim [ veno T @1
0 t e>0C—o0 J, t

exists for every y € im B. This is [26, Proposition 10.2.5]. Let us include its easy verifi-
cation for completeness. For ¢ € H§°(Xg), we have

0@ = [T T zes,
Thus forany y € Y,
o d
o(B)(y) = / VBB
0
Choose
= "7
= T U+ nz)

Then ¢(B)(y) = y in Y asn — oo for any y € im B (see [12, Theorem 3.8]), whence
(2.1) follows by virtue of the convergence lemma [12, Lemma 2.1].

Definition 2.1. A family ¥ C B(L,(2; X)) is said to be £;-bounded if there exists a
constant ¢ such that

(), g =l (1),

for all finite sequences {Ax} C F and { fx} C L,(€2; X), with the usual modification for
q = oo in the above inequality.

Remark 2.2. It is clear that the sums in the above definition can be replaced by integrals
without changing the constant c. On the other hand, it is easy to show that the absolutely
convex hull of an £,-bounded family is again £,-bounded with the same constant.

Accordingly, we introduce the £,-boundedness versions of sectoriality of operators
and analyticity of semigroups. Recall that a semigroup {S;};~o on a Banach space Y
is said to be analytic if it extends to an analytic function from Xg to B(Y) for some
0 < B < /2 and bounded in any smaller sector. In this case, we call {S;};~¢ an analytic

semigroup of type B.
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Definition 2.3. (i) A densely defined closed operator B on L,(2; X) is called an £,-
sectorial operator of type a with 0 < o < 7 if C \ E_y is contained in the resolvent
set of B for any y > o and the family {z(z — B)™! : z ¢ %} is {;-bounded on
Lpy(2: X).

(if) A semigroup {S;};>0 on L,(2; X) is called an £,-analytic semigroup of type B with
0 < B < m/2if {S¢}s>0 extends to an analytic function from g to B(L,(2; X))
and for any v < B the family {S; : z € X, } is £4-bounded on L, (2; X).

The following is the £,-boundedness analogue of a classical characterization of ana-
lytic semigroups.

Proposition 2.4. Let {S;};>0 be a strongly continuous bounded semigroup on L,(2; X)
and B its negative generator. Then the following statements are equivalent:

(i) {St}e>o0 is Ly-analytic of type B for some 0 < B < 7/2;
(ii) B is Ly-sectorial of type o for some o < 7w/2;
(iil) {S;,tBSt}e>0 is Ly-bounded on L,(2; X).

Proof. The proof is a straightforward adaptation of the classical argument (cf. e.g. [50,
proof of Theorem 5.2]). As we want to track the links between the different constants
involved, we give an outline below.

(i)=(i). Let« = n/2 — . For @ <y < /2 choose 0 < v < f such that y + v
> /2, for instance, we can take v = 8 — % sothaty +v =7 + % Then for any
z=re? ¢ T, and z # 0, we have

*© o i sgn v
zz—B) ' = —z/ e'?S, dt = —zeisg“(e)”/ ptrete@ )Steisgn(e)v dt.
0 0
If C, denotes the £,-boundedness constant of the family {S¢ : { € X, }, then by Remark 2.2
we deduce that {z(z — B)™! : z ¢ ¥, z # 0} is £,-bounded with constant C,, given by

*© i sgn v C C
C,<Cysup |z | e ar < v < L
z¢5, Jo lcos(6 + sgn(6)v)| ~ [cos(y + v)|

(ii)=(iii). Leta < y < w/2 and I" be the boundary of X, with positive orientation.
Then

1
tBS; = —/ the (A —B)"'dAr, 1>0.
271 Jr

Thus {¢tBS;}:>0 is £4-bounded with constant

C/ <ﬁsup/°°te_trcosydr=ﬁ/ooe_rcosydrz Cl’ )
= 1 =0lo 7 Jo 7T Ccosy
To show the {,-boundedness of {S;};~¢ we need to slightly modify the contour I". Let
I'” be the union of the part of I" with |A| > 1 and the arc in C \ X, of the circle with the
origin as center and radius 1. Then we have
1

S;=—|[ e*A=B)'dr, t>0.
2mi T/
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The change of variables ¢ = ¢ yields

-1
S, = L e—il(g _ B) de,

Comi it \u

where ¢TI is the union of the part of I' with |A| > ¢ and the arc in C \ X, of the circle
with the origin as center and radius . However, the Cauchy formula ensures that we can

go back to I':
S,:i (S _p _1d§.
2mi T/ r\t

This implies that {S;}>¢ is £4-bounded with constant

—rcosy 47 e—cos@ do <

c”sﬂ/we dr G [T <%
1 r 2 J, cos y

T

(iii)=>(i). Let C4 denote the £,-boundedness constant of {S;,#B S} };>¢. The function
t — S; is infinitely differentiable in R ; and for any positive integer 7,

(St)(n) = (St//n)n-

This shows that {t” (S;)®™},~¢ is {,-bounded with constant (Cz)". Let B = arctan 1

eCy-”
Then {S;}:>0 becomes an £4-analytic semigroup of type f thanks to the formula

o0
S,
SZ=§:( ’)‘ (z—1)", ze3g,
ni
n=0

and for any v < B the family {S; : z € %, } is £,-bounded with constant

¢, < ———.
"~ 1—eCytanv
The proof is thus complete. u

The following is again the {,-boundedness version of an elementary result on sectorial
operators. The case used later concerns only v/ B.

Proposition 2.5. Let B be an {4-sectorial operator of type o on L,(2; X) with o < 7.
Let 0 > 0 with 8o < . Then B? is an L 4-sectorial operator of type Ooc on L, (2; X).

Proof. Lety >y’ > Oa. Given z ¢ %, writing
c=[ T =)+ A T -

we have
=20 =0T T o),

where o(A) = (z0' 28 — z0)(z =A%) "1 (2" — X)~1. Thus

z2(z— By =207 — B) 1 o(B).
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Note that ¢ is analytic in X, 9—1. Let T" be the boundary of X,,/6-1. Then
1 _ 1 _, dA
o) = o [ oG- myda= o [ ena- TS
27t Jr 271 Jr A

The change of variables { = 207" yields

1dA] ¢l gl
[' W /z9_lr|1—§6||1—§| i

Decomposing the last integral into three parts corresponding to || close to 0, 1 and oo,

respectively, we get
1
o2 )I T <3
/ IAI iy -y

Hence by Remark 2.2, we deduce the desired assertion. [

Now we return to our distinguished semigroup {7} }¢ of regular operators on L, (£2).
We have extended {7 };>0 to L,(€2; X). Recall our convention that the regular operators
considered in this article are all assumed to be contractively regular. Also recall the fact
that 7" is regular on L, (R2) iff

H;IT(fk)IHP < H;Iflep

for all finite sequences { fx} in L,(2) (see [40]). Consequently, T is regular on L, (£2)
iff its adjoint 7* is regular on L,/ (S2). In particular, {7}"};>¢ is a strongly continuous
semigroup of regular operators on L, (£2).

Lemma 2.6. Let ,
1
Mtz—/ Tsds, t>0.
t Jo
The family {M;}>¢ is £y-bounded on L,(S2; X) with constant max((p")}=P/1, pt=r'1".

Proof. The celebrated theorem of Akcoglu [2] asserts that { M, };~¢ satisfies the maximal
ergodic inequality

sup |[M:(f)l

t>0

<7p , L,(2);
e S Pl f € Ly(@)

see also [31, Theorem 5.2.5]. The regularity of {M;};~¢ insures that this inequality
remains valid for any f € L,(2; X). Thus for any finite sequences {fx} C R4 and
{fi} C Lp(R2; X), we have

Jsup 1M, Gl |, = Jsup Ml i) |, o

Ly(Q)

< Hszp IMzkI(S}]}p Il fi ||x)

Lp(R)

< p'|sulfillx], o
<p jpllfjll L@
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This means that {M};¢ is £eo-bounded on L,(£2; X) with constant p’. On the other
hand, {M;}>¢ is bounded, so £,-bounded on L, (£2; X') with constant 1. Thus by complex
interpolation, {M; };>¢ is £4-bounded on L, (2; X') with constant (p)'=P/ for g > p.
The case of ¢ < p is treated by duality. Applying the previous discussion to the adjoint
semigroup {7;*};>0, we deduce that {M;*};-¢ is £oo-bounded on L, (2; X*) with con-
stant p, so {M;};>¢ is £1-bounded on L, (£2; X') with constant p. The assertion for g < p
then follows by complex interpolation once more. ]

Remark 2.7. The above lemma and the subordination formula (1.2) imply that the
Poisson subordinated semigroup {P;};>o is {4-bounded on L,(£2; X) with constant
C max((p))'~?/4, pl_l’//q/), where C is an absolute constant coming from (1.2).

It is a classical result that the negative generator A of {7;};~9 on L,(2; X) is a
sectorial operator of type /2. The following shows that it is moreover £,4-sectorial.

Proposition 2.8. The negative generator A of {T;}s>0 is an L4-sectorial operator of
type w/2 on L,(S2; X). More precisely, the family
{z—A)7" 1z ¢ %y}

is £g-bounded on L,(2; X) with constant Cy max((p')'=?/4, pl_l’//q,) for any w/2 <
o < 7.

Consequently, /A is an Lq-sectorial operator of type w/4 on L,(2; X). More-
over, the {,-boundedness constant of {z(z — VA)Y 'z ¢ 3,) is majorized by
Cymax((p/)'=2/1, p'=P'17") for any w/4 < a < 7.

Proof. Letz € C with Rez < 0. Then

o0 o0
(z—A4)1= / eF T, dt = —z/ te'* M, dt.
0 0
Thus by Lemma 2.6 and Remark 2.2, we deduce that

{ (Re z)?

||
is £4-bounded on L,(2; X) with constant max((p")!=?/4, pl_p//q/). This implies the
assertion on A with the constant C,, given by

(z—A)':Rez < 0}

Re z)?
Cy = sup ( 2) .
2¢5g |z]
The assertion on \/Z then follows from Proposition 2.5. n

Proposition 2.9. Assume that {T;};>¢ satisfies (1.3) for some 0 < Bo < 7w /2. Let 1 < g
<ooand Bg = Pomin(p/q, p'/q’). Then {T;};>0 is an L4-analytic semigroup of type B4
on L,(R2; X). More precisely, for any 0 < B < B the family {T, : z € Xg} is {4-bounded
on Ly (2; X) with constant majorized by

C(Bg = B)~" Tg /7710 max((p) P4, pt=P 1),
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Consequently, A is {g-sectorial of type ag = /2 — B4 on L,(2; X). More precisely, for
any ag < a < 1w/2 the family {z(z — A)~' : z ¢ o) is L4-bounded on L,(S2; X) with
the relevant constant majorized by

C(By—B)? T?;n(p/q’p//q/) max((p")! =P/, pt=P'11y  with B = 7/2 — a.

Proof. Define

1 z
Mzz—/ TydA, zeXg,,
z Jo

where the integral is taken along the segment [0, z]. Clearly, M is analytic in Xg,. By
Lemma 2.6, {M; : ¢t > 0} is £so-bounded (resp. £1-bounded) on L, (£2; X') with constant p’
(resp. p). On the other hand, (1.3) means that {M, : z € Xg,} is £{,-bounded on L, (£2; X)
with constant Tg,. Then by complex interpolation, {M; : z € Xg_} is £;-bounded on
L,(Q; X) with constant T%q(p’)l_l’/q for p < ¢ and Tg;/q/pl_l’//q/ for p > gq.

We use the identity 7, = M, + zM to pass from M, to T, so it remains to show that
{zM] : z € g} is £4-bounded. To this end, let § = %(ﬂ + By). Forany z = rel? e g
let € be the circle with center z and radius r sin(é — |6]). Note that one of the two rays
limiting X5 is a tangent of €. By the Cauchy integral formula, we have
z M,{ di

M == .
T e =22

Since
|z| |[dA| 1 1

= < .
21 Je A —z|2  sin(8 —10]) ~ sin%(ﬁq -pB)

The £4-boundedness of {M; : z € X5} and Remark 2.2 imply that {zM] : z € Xg} is
£4-bounded on L, (£2; X) with constant majorized by

C(,Bq _ /3)—1 T?(i)ﬂ(P/%P /qa") max((p/)l_p/q, pl—p’/q’).

The last part on the £, -sectoriality of A follows from the proof of the implication (i) = (ii)
of Proposition 2.4, 8 and v there being respectively 8, and § now. L]

3. Proof of Theorem 1.10

Armed with the tools of Section 2, we will follow the proof of [29, Theorem 4.14]. In
what follows, we will use the abbreviation d = a%. Recall that R is equipped with the
%. Also recall our convention that {7} };~¢ is a strongly continuous semigroup
of regular operators on L, (£2) and { P;};-¢ its subordinated Poisson semigroup.

We first show part (i) concerning the subordinated Poisson semigroup {P;};~¢. Fix
w/4 <o < B <m/2 Let I be the boundary of %,. Define F(z) = —ze . Then F €

H§°(Xg). Forany t > 0 we have

measure

10P; = F(tv/A) = i[ F(tz)R(z)dz, (3.1)
T

2mi
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where R(z) = (z — v/A)~'. Recall that the map & is defined by (1.7) (with {P;};=0
instead of {7} };~¢ there). It can be rewritten as

= i// F(sz)F(tz)zR(z)(h; )ﬂ % s> 0. (3.2)
1 Jr Jo z

Let I' be equipped with the measure % We define three maps as follows:

o O Ly(RLy(Ry: X)) — Ly( Ly(T; X)) by
®,(h), = /Ooo F(t2)h, %, z €T, heLy(Ly(Ry: X)),
o Dy Ly(RLy(T: X)) = Ly(Q: Ly(Ry: X)) by
@ag)e = [ Fl2)g: To 5> 0.5 € (i Ly(TiX)
o ®:L,(Q:Ly(T; X)) = Ly( Ly(T: X)) by
B(g): = ZTRE)(E:). = € T g € Ly(@: Ly(Ts X)),

Then # = $,PP;. Thus it remains to show that the three newly defined maps are all
bounded. Consider first the case g < oco. By the Holder inequality, we have

0o d qg—1 0o d
jovmae < ([ 1z 4 F2)| e )% <
0 t 0 t

Note that for z = reT® e T,

© dt 1
/ |F(zz)|—=/ |F(te m)|
0 t 0 " cosa’

On the other hand, for any # > 0,

[irean
COSO{

We then deduce that
1/q
O,(h . . < h . Y.
1ML, Ly @:x) < cosa” L, (@:Ly R 4:X))
Thus
21/q
@1 < .
cosa

The same upper estimate holds for ||®, ||. Finally, the boundedness of ® is just a reformu-
lation of the £,-boundedness of {%ZR (z) : z € T'\ {0}}. Thus by Proposition 2.8,

1PN <

max((p/)l_p/q pl—P’/II’).
~ cos?a ’
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This finishes the proof of the first assertion for ¢ < oo (choosing « close to 7/4). The
boundedness of J for ¢ = oo is obtained from that for ¢ = 1 by duality.

Let us show that & is a projection. Let & € L,(2; Ly(R4; X)) be given by h; =
tdP;(f) for some f € L,(2; X). Then by (3.2),

P(h)s = % /F /000 F(sz)F(tz)F(tz)R(z)(f) %dz

o d
= = [ Fearena: [ ror T

ﬁ /F F(sz)R(z)(f)dz
F(sv/A)(f) = s3Ps(f).

Thus £ (h) = h, so P is a projection. This shows (i).

Assertion (ii) on the semigroup {7;};s¢ itself is proved in exactly the same way.
Indeed, letting oty = /2 — B4, by Proposition 2.9, A is {,-sectorial of type o. Let
B=pB4/2anda = /2 —pB.Thenay; < o < /2 and

1 1 1 1

cosza ,B_g’ (Bg — B)? ~ ﬁ_g'

Thus using the estimate on the £,-sectoriality constant of A and repeating the above argu-
ment, we show that 7 is bounded with the announced norm estimate.

4. Luzin type and cotype

In this section we study Banach spaces that are of Luzin cotype or type. Before proceeding
we briefly discuss the projection F onto the fixed point subspace of {7} };~¢ (equivalently,
of { P;}+>0)- By the mean ergodic theorem, F is given by

t
F(f) = lim l/ Ts(f)ds, f e Ly(2).
t—oo t 0

Thus F is also regular, so extends to a contractive projection on L, (£2; X). Then the above
formula remains valid for /" € L,(£2; X), and F(L,(2; X)) coincides with the fixed point
subspace of {T;};>0 on L,(2; X). It follows that L,(€2; X) admits the following direct
sum decomposition:

Lp(S2;X) =F(Lp(2; X)) @ kerF. 4.1)

On the other hand, ker F is the closure of {(Id — 7;)(L,(2; X)) : ¢ > 0}. Moreover,

F(Lp(2; X)) =kerA = kerv/A and kerF =imA = im VA. 4.2)

By the paragraph before Lemma 2.6, the adjoint semigroup {7*};~¢ is regular on
L,/($2). Thus the above discussion also applies to the semigroup {7,*};~o extended to
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L,/ (S2; X*) again. Consequently, (4.1) and (4.2) transfer to this dual setting. We should
draw the reader’s attention to the fact that L,/ (£2; X*) is in general not the dual of
L,(£2; X) but an isometric subspace. With this in mind, we have

ldy ® 7" = (Idx ® T1)" |1, (2;x%)-

A similar formula holds for the negative generator A of {T;};~0 on L,(€2; X) and the
negative generator A* of {7}, on L,/(S2; X*), that is, the restriction to L, (2; X™*)
of the adjoint of the former coincides with the latter. Moreover, F*| Ly (2:X%) is the fixed
point projection associated to {7}*};>0 on L, (£2; X*). All this allows us to use duality
arguments without any problem as when L, (£2; X)* = L,/(£2; X™*) (which is the case for
reflexive X).

According to [64], we introduce the following definition already mentioned before
Theorem 1.2.

Definition 4.1. Let 1 < g < oo.

(1) Define
r 00 dt 1/q
s =([Twnmg ) rer@n. @y
0

(i1) X is said to be of Luzin cotype q relative to {T;};~¢ if there exists a constant ¢ such

that
157 (D@ = clfllL,@x.  f € Lp(QiX). (4.4)

The smallest ¢ is denoted by LCT, 7.0(X)-

(iii) X is said to be of Luzin type q relative to {T}};>¢ if there exists a constant ¢ such

that
If =F(Np@x) < el (N, € Lp(Q:X). (4.5)

The smallest ¢ is denoted by qu, p(X).

In (4.3), f is implicitly assumed to belong to the definition domain of A4 in order to
guarantee the differentiability of 7;( f) in . Note that if {7} };>¢ is analytic on L, (£2; X),
then ﬁqT (f) is defined for any f € L,(£2; X). When it is defined, ﬁqT (f) is a positive
measurable function on € but may not belong to L,(£2), in which case ||§qT N, is
interpreted as oo (then (4.5) is trivially satisfied for such f'). On the other hand, the above
definition implicitly depends on p, but this dependence is not essential thanks to the fact
that in most cases, if (4.4) or (4.5) holds for one p, then it does for any allowed p. Thus to
lighten the terminology, we have decided not to explicitly mention p in the above notions;

anyway, this dependence on p is reflected in the constants Lg q.p(X) and L{q, »(X).

Remark 4.2. Without additional assumptions on {7} };~, the definition may be insignif-
icant. For instance, if {7} };~¢ is the translation group of R, it is easy to check that

00 dt 1/q\p 00 dt rlq
q — / q —
H([Q B ) e L([ereenmS) as =
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forany 1 < g < oo and for any f € L,(R) with f” not identically zero. Thus C is not of
Luzin cotype ¢ for any ¢ relative to the translation group of R.

This remark shows that to have a meaningful theory of Luzin type and cotype, some
minimal condition should be imposed to {7}};~¢. It turns out that this minimal condi-
tion is the analyticity of {T;};~¢ on L,(€2; X). As shown in Section 2, the subordinated
Poisson semigroup { P; };~o always satisfies this condition.

It is sometimes convenient to have a discrete version of qu (f)- Recall that if {T}};>0
is analytic on L,(2), we have the maximal inequality

sup ITz(f)IH

= Tmax ’ L Q ) 4.
Ly STl Ip@- f € Lp(@) “6)

for some constant Ty, (see [35]). A similar inequality holds for the adjoint semigroup
{T;*};>0, the relevant constant being denoted by T

max*

Proposition 4.3. Assume that {T;};>¢ is analytic on L,(2). Let 1 < q < ocanda > 1.
Then for any f € L,(2; X),

Th a5 (Nl = (et (1) | = Craal 8 (D,

keZ

where

crga =g""(@" = )V max(TIP (1T,

CT,q,a = ql/Q(l — a—q)—l/q max(Tl_P/q, (T;ax)l_p,/q,),

max

max

Similar inequalities hold for { Pt }s~¢ in place of {T;}t>o without any additional assump-
tion on {T;}t>0, the corresponding constants being given by

cpga=C g (@ — 1)/ max((p")! P/, p'=P/7),

Cpga = Cq'9(1 —a~ )"V max((p')!~P/2, p'=P"/7"),
Proof. Using (4.6) and its adjoint version, and repeating the proof of Lemma 2.6, we
show that {7 };>0 is £4-bounded on L, (£2; X) with constant max(Tha?/? (TR )P,

Write
/» +1

d
sl =3 [ wmng S =3 [ leteor, g &

keZ keZ
Using 0745 = T50T;, we have Tk, (f) = Tpk (4—1)0T 4 (/). Then the £;-boundedness

of {T;}s>0 on L, (82; X) yields
1/q
( / I 0T (DI )
keZ

keZ

167 (f)llz, @) < max(TLP/e, (Th

Ly(Q)

Ly(@)
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For the converse inequality, we write

o ! dt
la* Tk (HIE = q(1 —a™) 1/_1 la* 1 T yr (1) 0Tk ()% -

a

As above, we then deduce

(3 1k i)

keZ Ly
< ¢ —a™) ™ max (TP (T, 0 7O 197 (HllL,@)-
The assertion on {P;};>¢ is just a particular case with Py, = Cp’ and P}, = Cp by
virtue of Remark 2.7. [ ]

Recall the classical fact that {7;};~¢ is analytic on L,(S2; X) iff {t07; : t > 0} is
uniformly bounded on L,(€2; X). Thus the following remark immediately follows from
the above result; it shows in particular that the analyticity of {7;};~0 on L,(2; X) is
necessary for X to be of Luzin cotype g relative to {7y };~¢ for some g.

Remark 4.4. Assume that {7}, is analytic on L,(2). If X is of Luzin cotype (resp.
type) ¢ relative to {7} };~9, then X is of Luzin cotype (resp. type) r relative to {T;};>0
for any r > ¢ (resp. r < g). Moreover, if X is of Luzin cotype oo relative to {7} };~¢, then
{T:}+>0 must be analytic on L, (2; X).

The following is one of the main results of this section.

Theorem 4.5. Let X be a Banach space and 1 < q < oo.
(1) X is of Luzin cotype q relative to {P;};~¢ iff X* is of Luzin type q’ relative to
{P;}s>0. Moreover, the relevant constants satisfy

LE, L (X*) SLE, (X) S max((p))!=7/4, p' =P/ /\LE (X™).

(ii) Assume additionally that 1 < g < 0o and {T}}s>¢ satisfies (1.3) for some 0 < Bg < %
Then X is of Luzin cotype q relative to {T;}¢>o iff X* is of Luzin type q’ relative to
{T} }t>0. Moreover, the relevant constants satisfy

Ly (X5 SLE, ,(X) S B4 TP ) max((p/)! =704, p! =14 LT, L (X*)

with B4 = Bomin(p/q, p'/q").

Proof. (i) Assume that X is of Luzin cotype ¢q. Let g € L,/ (2; X*) with F*(g) = 0. Let
f € Lp(R2; X). We want to estimate (f, g), where the duality bracket is that between
L,(S2; X) and L, (2; X*). By (4.1) and its dual version, we can assume F(f) = 0,
which, together with (4.2), implies that f € ker F = im +/A. With F(z) = —ze™% and by
(2.1) we have

f= 4/0 F(tx/Z)F(tx/Z)(f)%.
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Thus by the Holder inequality and the Luzin cotype g of X,

il =4 [ a0 Fa T
<4182 (DOl 195 (@IL, @
<4l OO f Ly @x 187 @l @-
Taking the supremum over f with norm 1, we show that X* is of Luzin type ¢’ with
L (X% <4l (X).

To show the converse implication, let f € L,(2; X) and h € Lp(Q2; Ly(R4; X*))
(recalling that R is equipped with %). ‘We have

& dt *° . dt
[woricnng = [ uriorian = g,

where o J
. t

g :f 1P (hy) —.
o t

Applying Theorem 1.10 (i) to { P;*};>0 on L,/ (§2; X*), we have
182" (@)z,,@ < max((p)' =279, p! =7 1) k1, @i, @y ix)-

Combining the above inequalities, we get

o dt
[Cuoricnng
0 t
< max((p))! =2/, p' =PI (X f L@ 12, (5L, R4 5x%))s
which implies the Luzin cotype ¢ of X with

(X) < max((p))' =7/, pt=P 1YL P (X*).

P
Lc,q,p t,.q’,p

(ii) The proof of this part is similar by using Theorem 1.10 (ii). ]

Corollary 4.6. Any Banach space X is of Luzin type 1 relative to {P;};>¢, so relative
to {Tt}i>0 too. If {Tt}i>0 is analytic on L,(2; X), then X is of Luzin cotype oo rela-
tive to {Ty}i>0, so X is always of Luzin cotype oo relative to the subordinated Poisson
semigroup {P;};>¢.

Proof. Indeed, let f € L,(£2; X) be such that F(f) = 0. Then by (4.2) and (2.1) we have

© dt
f= —/0 P, (f) <

whence
£ 1L, @x < 185 (O, @)-
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Thus X is of Luzin type 1 relative to {P;};~¢, hence also relative to {T}};~¢ by virtue
of Remark 1.1. Passing to duality by means of Theorem 4.5, we see that X is of Luzin
cotype oo relative to {7} };>o under the analyticity assumption of {7} };5>0 on L,(£2; X).

(]

The following formulation of the Littlewood—Paley function gqp (f) in terms of dis-
crete lacunary differences is of interest in its own right.

Theorem 4.7. Let X be a Banach space, 1 < q < ocoanda > 1.

(1) X is of Luzin cotype q relative to { P; };~¢ iff there exists a constant ¢ such that
a\V4
|1 ats = ParidDI) | =elfl@n @)
keZ Lo

foralll <t <aand f € L,(2; X). Moreover, the best ¢ and qu,p(X) are linked
by

’ 1 / ’
(loga)_l/q c < Lf:q,p(X) < (loga)l/q %max((p/)l—p/q’pl—p /q )e.

(i1) X is of Luzin type q relative to { Ps };~¢ iff there exists a constant ¢ such that

a 1/q
([ Z 0P = Pl dr)

1 ez

I/ =F(N)l,@x) <c (4.8)

Ly()

forall f € L,(2; X). Moreover, the best c and qu,p (X) are linked by

a—1 _ =1 ’
pane) (max((p’)1 ”/q,p1 P'lq )) ¢ < qu,p(X) <(a- l)l/q(loga)l/q c.

(iii) Similar statements hold for {T;};~o under the additional assumption that {T;};~¢ be
analyticon L,(2; X) and 1 < g < oo.

Proof. (i) We have

ak'Ht q
P = Pasd (P = | [ orras
akt X
ak+1¢
’ ds
< (log )4 / IsoPa (1% 2
akt Ky

which implies

D (Paks = Pt J(OIE < Qoga)’4 gF (£)1.

keZ

Thus if X is of Luzin cotype g relative to {P;};~¢, then (4.7) holds with ¢ <

(loga)/7'LE, (X).
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To show the converse implication, let b = %(1 + a). We use an idea from [25] (see
also [66]) to write

00 o0
Py = Z (0Ppr; — OPpict1,) = Z OPpico—1;(Ppio—1; — Papo—1,).
k=0 k=0

Hence

o0
197 (NllLp@ < 3 H9Pska—1,(Pyio—ty = Papia-1)(N o llLp(@iLq o ixy)

k=0
)
=2 Zb_k”{lapt(Pt — Pat)(f)}t>0||L,,(Q;L4(R+;X))
k=0
2(a+1)
= aT“{taPt(Pt - Pat)(f)}t>0||LP(Q;Lq(R+;X))-

By Propositions 2.4 and 2.8, the family {r0P;};~¢ is {4z-bounded with constant
C max((p')'=7/4, p1=P'/4")_ Therefore,

”{taPt(Pt - Pat)(f)}t>0||LP(Q;L4(R+;X))
< max((p))' 7P/, p" =P 1N (P — Par) (im0l @14 ® 13-

To estimate the norm on the right hand side, we write

oo d ak+l d
L= ronig =2 [ 1= oo ¢

keZ

a d
— [ X 1Pus— P2 (DI

U kez
Note that the function
1/q
£ (D2 1Pas, = Pasi (IS
keZ
is continuous from R4 to L, (2), so there exists #p € [1, a] such that
¢ g dt q
D NPty = Parcri) (I — = (loga) 3 1(Pariy = Par1i) (-

1 kez keZ

We then deduce the Luzin cotype g of X from (4.7) with

1 / ’
L2, (X) 5 (loga)t/a° +1 max((p")' P/, p' P10 )c.

a —
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(ii) The above argument yields the following discretization of ﬁqp (f):
a—1 nNi-p/a_,1-p'/a'\\" g P
—— (max((p") P ) 18 (Ol

a+1
a 1/q
([ Z 0P = Pl dr)

N

kezZ Lp(Q)
< (@~ 1" (oga) 157 ()L, @)
This immediately implies assertion (ii).
(iii) is proved similarly by virtue of Propositions 2.4 and 2.9. ]

We have seen that the proofs of Theorems 4.5 and 1.10 are based on functional calcu-
lus for the special function F(z) = —ze ™. It is known that functional calculus allows us
to use more general functions.

Definition 4.8. Let B be an £,-sectorial operator of type oz on L, (2; X) witha < 7. Let
B > aand ¢ € H§°(Xg) be a nonzero function. Define

00 d 1/q
ﬁ,fw(f)=(/0 IIqo(tB)(f)H?(Tt) el @),

The following result is a variant of [42, Theorem 5] (see also [66, Lemma 20]).

Proposition 4.9. Let ¢ and \ be two nonzero functions in H§°(Xg). Then

1520 (DLy@ = CoapwllFly(Dll,@, [ € Lp(R:X).

[ , dt

Proof. Let

Then | oo 4
t

1:—/ w(tz)z—, z € Xg.
a Jo t

Combined with (2.1), this implies
1 [ d _
f=o [ vemrinS s eims.
a Jo t
whence L oo "
p(sB)(f) = 5/0 @(sB)Y (tB)(y (tB)(f)) - 5> 0.

Leta <y < B and I' be the boundary of X,. We then deduce

1
2ami

= dr d
o)) = 5 [ [ ez -n 7 e &
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These equalities are the analogues of (3.1) and (3.2) with &, = ¥ (¢B)(f). It remains to
repeat the proof of Theorem 1.10 to conclude

1
||5£¢,(f)||Lp(Q) = MCB,VCW,VCW,V”qu:zp(f)HLp(Q)»

where Cg, is the £,-boundedness constant of {z(z — B)~! : z € T\ {0},
o v, dt
Coy = Ergixl/(; lp(ze”)| s
and Cy,, is similarly defined. m

In particular, combining the previous proposition with the results in Section 2, we
obtain the following.
Corollary 4.10. Let X be a Banach space and 1 < g < oo.

(i) X is of Luzin cotype q relative to { P;};>¢ iff for every nonzero ¢ € H°(Xg) with
B > m/4 (equivalently, for some nonzero ¢ € H§°(Xg)) there exists a constant ¢
such that

IS AN @ < el fle,@x). [ € Lp(Q:X).

(ii) X is of Luzin type q relative to {P;};>¢ iff for every nonzero ¢ € H§°(Xg) with
B > /4 (equivalently, for some nonzero ¢ € H§°(Xg)) there exists a constant ¢
such that

ILf = F(Nlzp@x < ISPy f € Lp(Q: X).

(iii) Similar statements hold for {T}:>0 when {T;}s>¢ is analytic on L,(2; X) and 1 <
q < oo.

We conclude this section by some remarks on general £,-sectorial operators on
L,(€2; X) for which we have defined the g-function in Definition 4.8. In fact, what we
have done so far for semigroups can be developed for these operators too.

Definition 4.11. Let B be an £,-sectorial operator of type o on L, (2; X) with o < 7.

(1) X is said to be of Luzin cotype q relative to B if there exists a constant ¢ such that

152, (O, <l flL,@x

for every f € im B and some nonzero ¢ € Hg°(Xg) with 8 > a.

(i) X is said to be of Luzin type q relative to B if there exists a constant ¢ such that

If L, <82, (N, @
for every f € im B and some nonzero ¢ € Hg°(Xg) with B > .

Proposition 4.9 shows that the above definition is independent of the choice of ¢.
Assume additionally that B admits a dual operator B” on L,/ (£2; X*) in the sense of [12],
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namely,
(B(f).8) =(/.B'(g)). [ €DomB, g €DomB’.

Assume further that B is also £4/-sectorial of type o on L,/ (2; X*).

Proposition 4.12. Under the above assumption, X is of Luzin cotype q relative to B iff
X* is of Luzin type q’ relative to B’.

Proof. Noting that Theorem 1.10 transfers to the present setting, we can repeat the proof
of Theorem 4.5, and so we omit the details. [

It would be interesting to investigate the Luzin type and cotype relative to B as above.
Guided by Theorems 1.2 and 1.4, one would like to know those operators B such that
the Luzin type or cotype relative to B is implied by the martingale type or cotype. It
seems that more structure should be imposed on B in order to get significant results. We
have seen that this is indeed the case if B is the negative generator of {P;};~o or {T};}s>0
on L,(£2; X). On the other hand, we have the following proposition that is contained
(essentially) in [58]. Note that [58] can be viewed as the particular case of our discussion
where € is a singleton (the £4-boundedness then simply becomes the usual boundedness).

The notion of type and cotype referred to in the next proposition is the usual
Rademacher type and cotype.

Proposition 4.13. Assume that B has a bounded H®° functional calculus. If X is of
cotype (resp. type) q, then X is of Luzin cotype (resp. Luzin type) q relative to B.

Proof. As in [58], this is a simple consequence of Kalton—Weis’ theorem on the uncon-
ditionality of bounded H*° functional calculus (see [26, Theorem 10.4.6] or its discrete
version, Theorem 10.4.4). [

Remark 4.14. The assumption on the H* functional calculus of B seems too strong
since it implies that X is a UMD space in many cases, for instance, if B is the negative
generator of {7;};>0 on L,(R; X) when {T}};>¢ is the heat or Poisson semigroup on R.

5. Dyadic martingales and singular integrals

The proofs of Theorems 1.2 (i) and 1.5 heavily rely on tools from harmonic analysis,
notably from modern real-variable Littlewood—Paley theory. This section is a prepara-
tion for using these tools. In the part on Littlewood—Paley theory we will mainly follow
Wilson’s beautiful treatment in [62] (see also [60,61]).

5.1. Dyadic martingales

All cubes in R¥ considered below are bounded and with sides parallel to the axes;
|Q| and £(Q) denote respectively the volume and side length of the cube Q; tQ stands
for the cube with the same center as Q and £(tQ) = t£(Q) fort > 0.



Vector-valued Littlewood—Paley—Stein theory 3219

Let D be the family of all dyadic cubes of R?, and Dy C D the subfamily of all
cubes with side length 2% for k € Z. Let 4 be the o-algebra generated by Dy, and Ex
the associated conditional expectation. For f € L, (Rd; X),

E(f)= Y (lla/Qf)]lg.

Q€D

Let di(f) = Ex(f) = Ex—1(f) and

5000 = (X 1denng) ™.

keZ

Sg(f) is the g-variant of the usual martingale square function of f. It is useful to note
that d (/) has vanishing mean on every Q € Dj—_; and is constant on every R € Dy.
Thus if X is of martingale type ¢, then

1 2, @a5x) < MogGOISq (N, ®ay [ € LgR?: X).
We will need dyadic-like families of cubes that Wilson calls good families. ¥ is such
a family if
(a) for O € ¥, all of its 2¢ immediate dyadic subcubes belong to % ;
(b) every Q € ¥ is one of the 2¢ immediate dyadic subcubes of another one in % ;
(c) forall Q,R € ¥,wehave Q C R,orRC Q,or QN R = 0.
For ¥ a dyadic-like family of cubes, we define the associated S, 5 :

Sq,r(f)=(z 3 r;qflef—éfgf inR)l/q.

Qe¥F ReF,RCO,LR)=L(Q)/2
It is easy to see that given a finite number of cubes in ¥, we can bring the subfamily
consisting of those cubes in ¥ that are contained in one of the given cubes to a subfamily
of O after appropriate translation and rescaling. Thus we have the following.

Lemma 5.1. Let ¥ be a dyadic-like family of cubes. If X is of martingale type q, then

1/ lL,®e:x) = Mg (X)Sq,# (N, ®we)
forall f €L, (R?: X)) supported in cubes from ¥ .

An important case needed later concerns the family {30} peo. The following is due
to Wilson [60].

Lemma 5.2. The family {3Q}geo is a disjoint union of 34 dyadic-like families.

It suffices to consider the case d = 1. Then every 3Q can be written in the form
[%, %) with j,k € Z and s € {0, 1, 2}. Let fFSk be the collection of all such

intervals for given k and s. Then the desired union is Uf=0 Urez 372’Tk|s mod 3°
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Let ¥ be a dyadic-like family of cubes and § > 0. Consider a family {ag}gpes of
X -valued functions satisfying the following conditions:

Q)

These are smooth atoms. Let {1g}pes be a finite family of complex numbers and [ =
Y ger Ao ag.

The following is the adaptation of a lemma due to Wilson to the present setting. We
include its proof for the convenience of the reader.

supp(ap) C Q. /GQZOv IIaQ(X)—aQ(y)IIXSIQI‘”"('X '). 5.1)

Lemma 5.3. Under the above assumption, we have

Ao l9 1/q
Sor () Sas (Z'é" ) .

Qe¥F

Proof. Without loss of generality, we assume that ¥ = D, so S; #(f) = S4(f). Since
ag has vanishing mean, di(ag) = 0 whenever k < k(Q), where 27¥(@) = ¢(Q) . Let
R € Dy withk > k(Q) and R C Q. Thenon R,

1 1
aar= 3 (g fao g fae)t

IeDy,ICR
1

= ) TR (ag(x) —ag(y))dxdyly.
1eDy, ICR IxR

Thus by the last condition of (5.1),

ldi(ag)llx <a 10 ”‘f(”R))

“0)
hence on R,
[Aol? (LR Y\ LR\
I (f)lx sd( 3 (—)) ( 3 (—))
ooz 101 N0 052\ Q)
o))
s (Q:QZDR 01 i)

It then follows that
Sg(NI) =" Y (NI 1r(x)
k€Z ReDy_
Aol (e(m )”’
< — 1 1
<d.s R:xZeR Q:QX;R ol \70) R(x)

Aol (@) Aol
w201 2 \igy) 1) Sas 2 Tgp te:

:X€ERCQ

This gives the desired assertion. |
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5.2. Singular integrals

Given ¢ > 0 and § > 0, let J, 5 be the class of all integrable functions ¢ on R? satis-
tying (1.4). Let ¢ € J, 5. We consider the vector-valued kernel K defined by K(x) =
{0:(x)}1=0 for x € R¥, that is, K is a function from R¥ to L4 (R4). With a slight abuse
of notation, we also use K to denote the associated singular integral:

K(f) = /R K(x — ) f() dy.

Then
Gao()X) = IK(H®) L, ®s:x). X € R

Lemma 5.4. The kernel K has the following regularity properties:

1
KL, ®y) Se A x € RY\ {0},

|y°
1K+ 3) = K@) Ly Se oggs: X7 € R4, |x| > 2]y].

Proof. Let x € R\ {0}. Then by (1.4),

o dt *ri 1 1 dt
K|l = 71— =< T ndrs |
IKCL, oy /0 el 3 _/0 [zd (1+ le/t)d“} t

1 /°° 14 dt 1
Cxl9a Jo (14 1)@rea ¢ ™ |x|da’

Similarly,
or 1 1 ? dt
||K(x+y)—K(X)||iq(R+)5 |y|8q/(; |:td+8 (1+|x|/t)d+9+5] T
_ bl /°° 9 di_ I
T x|@+0d fo (14 p)dretda 0 |x|@+)g”

5.3. A quasi-orthogonal decomposition

Besides H, s introduced in the previous subsection, we will need its subclass of functions
supported in the unit ball. More precisely, let J€§’ be the class of integrable functions ¢
on R¥ such that

supp(y) € BOD. o) =g <l =o' [ pear=0. 52

Here B(x, 1) denotes the ball in R? with center x and radius .

Any function in #, s can be decomposed into a series of functions in J(bf’ thanks to
the following lemma due to Uchiyama [57] (see also [61]).
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Lemma 5.5. Let ¢ € H, 5. Then there exist a positive constant Cg 5 and a sequence of
functions y® e J¢ g? such that

o0
¢ =Ces Yy 2P

k=0

Proof. The proof is elementary. Let 7 be a smooth function supported in {x € R? : 1/2 <
|x| < 2} such that

> n@*x) =1, VxeR?\{0}.

keZ
Define
po(x) = Y n@77Ix]).  pe(x) =n@FH|x]) fork > 1
Jj=—1
and
Zosjsk fRd pbj¥
§k = ——F———— k-
fRd Pk
Then the desired decomposition is given by
(e e) oo
¢ =(ppo—to) + Y _(0pk — Gk + Lim1) = Cos Y 27 (P -
k=1 k=0
By our convention that R is equipped with the measure £-, the upper half-space

]Ri“ is equipped with the product measure dxldt . Consistent W1th our convention before,

we write a function /1 : R — X as h(x,1) = h,(x) forx e R andr € Ry Letg € H, 5
andleth € L, (Ri“; X) with compact support. Consider the function

y dt
g = [, 00 =0 S
Ry
We will decompose g into a series of smooth atoms
g = Zliai,
i

where the a;’s satisfy (5.1) relative to {30} pep and the A;’s are reals such that

2l?) <aes I
(X 10417) ™ Saes Il a1z
1

This is the so-called quasi-orthogonal decomposition of g. First, using Lemma 5.5, we
reduce our problem to the case where ¢ is supported in the unit ball:

ydt

ek (k)
g(x) = Esl;)z /R o ) (= ()

dyd
Y i O =D, ) 2
k=0
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Note that /i, . has the same norm as & in L, (R‘_{H; X). Thus it suffices to give the
decomposition for each ¥ *) in place of ¢.
In the following, we will assume that ¢ itself belongs to # 30' The argument below is

classical. For Q € D,let Tgp = {(y.t) : y € O, £(Q)/2 <t <£(Q)}. Then {Tg}oen
is a partition of ]Rd“. So

g(x) = Z/ oer =) 28 =3 Agag (o)

QedD QeD

_ dydt
Ao = (/TQ eI )

'y dt
> ol = / e LN

QeD
Since ¢ is supported in the unit ball and has vanishing mean, we see that a ¢ is supported
in 3Q and has vanishing mean too. On the other hand, since ¢ is in the Holder class F#,
by the Holder inequality we have

with

Clearly,

s dy di\
lag(x) —ag)llx < ( [ 1oty =0 - a0 ny)

To

- /- i(|X—x/| 8 q/dydt 1/q’
~ \Ury Lt? t t

_ v/ 4
<as IQI“/"(%) |

Thus ag is a smooth atom. This yields the desired quasi-orthogonal decomposition.
Combining the above discussion with Lemmas 5.1-5.3, we get the following.

Lemma 5.6. Keep the above notation and assume that X is of martingale type q. Then

lgllz,®a;x) Sd.es Mig (X)”h”Lq(Ri“;X)'

6. Proofs of Theorem 1.5 and Corollary 1.6

With the preparation in Section 5, we are in a position to show Theorem 1.5. For clarity,
we divide the proof into several steps. X will be assumed to be of martingale cotype ¢ in
the first four steps, and of martingale type ¢ in the last step.

Step 1: A weighted norm inequality. Let ¢ be a function satisfying (1.4), i.e., ¢ € H,s.
Besides the g-function defined by (1.6), we will need the Luzin integral function

dy di\'
Sq,<p(f)(X)=(/| o SO Lf)
y—x|<t

for nice f : R? — X. The key of this proof is the following weighted norm inequality:
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For any locally integrable nonnegative function w on R? and any f € Ly (R4; X),

1/q 1/q
([, Suotrron e ar) ™ saas Meg0( [ 150N M@I0 dx)
(6.1)
where M (w) denotes the Hardy—Littlewood maximal function of w:

Mw)(x) = SuP{|113| [w:xeB,Baball}.

First consider the unweighted case, i.e., w = 1. By the Fubini theorem, we have

dx dt

[ Sustrreax =ca [ o o SOOI

Leth : Ri‘“ — X* be a compactly supported smooth function such that

q dx dt
/ WGl 4 <,
R{H!

t

Then
dydi
i o SO S [ g s

where 4
t
g = [, o= o) L
y
+

Recall that it is well known (and easy to check) that X is of martingale type ¢ iff X * is of
martingale cotype ¢’, with the following relation between the relevant constants:

Mig(X) < Mg (X*) < 2My g (X). 62)
Thus applying Lemma 5.6 to & and g with (X™*, ¢’) in place of (X, ¢) there, we get
IgllL, @x+) Sdes Mug (X IRl g+t xe) Sd.es Mog(X).
Then taking the supremum over all / in the unit ball of L, (R‘iﬂ; X*), we deduce

[1Sq.0 (L, ®ay Sde.8 Meg OIS N2, me:x)

so the unweighted version of (6.1) holds.

We will deduce the weighted version by a trick from [11]. By Lemma 5.5, we can
assume that ¢ is supported in the unit ball of R¢. Given a weight w, we write (recalling
that B(y,t) denotes the ball of center y and radius ¢)

[ (Seat ) w0 d

1 dy dt
=c * f()|14 (— w(x) dx)
! /Ri“ e 70l 1B(y.Ol Jy.1)
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Let

1

F = {(y,t) R A —
* [B(y, )| JB(y.0)

w(x)dx < 2k+1}, kelZ.
Clearly, (v,1) € Fi implies B(y,1) C Ex = {x : M(w)(x) > 2¥}. Together with the fact
that ¢, (y — ) is supported in B(y, ), this implies ¢; * f(y) = ¢; * (f1E,)(y) whenever
(v,t) € Fy. Thus using the unweighted version already proved (applied to f1g,), we
deduce

[ Sast N ey dx 0 Y2 [ o r0l

keZ

dy dt

dydt
t

<0 32 / o+ (F1EOMIE 24

keZ

S Meg (0032 [ I ax

keZ Ex
<des Mog(X)? / £ COI% M(w)(x) dox.
]Rd

Thus (6.1) is proved.

Step 2: Another weighted norm inequality. We need to show that (6.1) remains valid
for G4, instead of Sy :

1/q 1/q
(L, Gasthoywedx) " Saus Mg [ 1M dx)
(6.3)

To this end, we have to control the g-function by the Luzin area function. If ¢ is the
Poisson kernel, this is a classical fact thanks to harmonicity. In the present setting, we
need a little more effort.

If additionally all partial derivatives of ¢ with order up to d belong to ¥, s, then we
can show

Gao(f)(X) Sa Y Sqpep(f)(x). x eRY,

lo|<d
o _aal cse 3 d
where D% = 2 5x77
elementary (see [63, Lemma 4.3]). Thus (6.3) holds for such ¢.
For a general ¢, we need to adapt the arguments of [61] to the present setting by
introducing the vector-valued g-variants of Wilson’s intrinsic square functions:
dy dt
(S0eaHEN = [ sup lloe SOIE

[y—x|<t peH, s

o d
(Gyes (F)()) = [o sup gy * 0014 %

YEH, 5

= (0q,....0q) and |a| = oy + -+ + ag; the proof is
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One can show, quite easily, that S, . 5(f)(x) ~ges Gges(f)(x) for every x € R4
(see [61] for more details).

On the other hand, for a compactly supported smooth function 4 : Ri‘“ — X* choose
a family {(p(y”)}(y,t)eK C JHe,s (K being the support of /1) such that

o % f(n)lx sup llor * FO)lx,  (n.1) € K.

peHe s

\S] |

Then by adapting the arguments in Section 5.3 to the present situation and by repeating
Step 1, one can estimate the integral

o) dy dt < ) M>
i a0 S ) S = [ {ro. [ o P 0r = he) S

to conclude that

1Sg,,6 (L, ey Sde.s Meg CONS N, e x)-

This implies (6.1) with S, y replaced by S, ¢ s by the passage from the unweighted case
to the weighted one. Then the pointwise equivalence Sy, s(f) ~a,6,5 Gg,6,5(f) shows
that (6.3) holds for G, . 5 instead of G4,,, whence (6.3) for every ¢ € H; 5.

Step 3: Proof of Theorem 1.5 (i) for p > q. We can now easily prove part (i) of Theo-
rem 1.5 for p > ¢q. Indeed, the case p = ¢ is just the unweighted version of (6.3). For
p > ¢, let w be a nonnegative function on R? with L,-norm equal to 1, where r is the
conjugate index of p/q. Then for f € L,(R; X),

| (Gaa D) 000 S Meg ) [ 7G0T M) ()
Sdes Meg DTSN gay 1MW)z, @a)
Sdes T Mog(X)? ||f||;{p(Rd;X)-
Taking the supremum over all w, we get

1G a0 (NI, @) Sa.es P Meg(X) 1 llL, @),
whence LY »(X) Sa.es P Vam, a(X).

Step 4: Proof of Theorem 1.5 (i) for p < q. We deal with the case p < ¢ by using singular
integrals. Let K be the singular mtegral associated to ¢ as in Section 5.2. We reduce to
showing that K is bounded from L, R X)to L » (R4; Ls(R4; X)). The previous step
ensures this boundedness for p = g. On the other hand, Lemma 5.4 shows that K is a reg-
ular Calderén—Zygmund kernel. Thus K satisfies the assumption of [19, Theorem V.3.4].
Note that [19, Theorem V.3.4] is formulated for kernels satisfying the regularity prop-
erties of Lemma 5.4 with § = 1; however, it is well known that [19, Theorem V.3.4]
remains valid for any kernel as in Lemma 5.4 with the same proof. Therefore, K is
of weak type (1, 1), so by the vector-valued Marcinkiewicz interpolation theorem (see
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[4, Theorem 1.3.1 and its proof]), K is bounded from L, (R¢; X) to L,(R; Ly(R4; X))
with norm controlled by Cy . s p'Me,q(X) for 1 < p < ¢q. This finishes the proof of The-
orem 1.5 (i).

Step 5: Proof of Theorem 1.5 (ii). In this last step we show part (ii) by duality. Let

¥ € H,s such that (1.5) holds. Let f € L,(R%; X) and g € L,/(R%; X*). Then (1.5)
implies

dxdt

[ e genax = [ o £ v o) S

R4 R++l

t

In the scalar case, this Calder6n reproducing formula is proved by taking Fourier trans-
forms of both sides. Then by linearity, the formula extends to the vector-valued case
when both f and g take values in finite-dimensional subspaces, which can be assumed
by approximation. Therefore,

‘ / (F(0). g(x)) dx
]Rd

=G (N, ®e) 16w (DL, ®e)-

Since we are in part (ii) of Theorem 1.5, X is of martingale type g, so X * is of martingale
cotype ¢’ and Mg g/ (X ™) < 2M; 4(X) by (6.2). Thus by part (i) already proved, we have

1Gw @z, @) < Ly (X)glL, @axn)
Saes max((p), pIMeg (X)L, ®a:x+)-

Hence
' /R @), g()) dx| Saes max(p. (P) Mg (X) [Gap (N, ) 18]z, @axo)-

Taking the supremum over all g with | g]| L, ®d;x*) < 1, we deduce

L4.p(X) Sa.es max(p. (p)7)Myg(X)
as desired. So the proof of Theorem 1.5 is complete.

Proof of Corollary 1.6. The first part of the corollary immediately follows from Theo-
rem 1.5. The first two inequalities of the second part are consequences of Remark 1.1
and Proposition 8.5 below. Finally, the last inequality LY (X) > M4 (X) is obtained by

€,q,9
combining [41] and [64]. [

7. Proofs of Theorem 1.2, Theorem 1.4 and Corollary 1.9

In this section we will first prove Theorem 1.2; Theorem 1.4 and Corollary 1.9 will then
follow quite easily. Our strategy for the proof of Theorem 1.2 is to reduce part (i), via
transference, to the special case of the translation group to which we can apply Theo-
rem 1.5.
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Proof of Theorem 1.2. Again, we divide the proof into several steps; X will be assumed
to be of martingale cotype ¢ in the first two steps, and of martingale type ¢ in the last step.

Step 1: The case of the translation group. For any t € R let t; be the translation by ¢ on
L,(R),ie., t:(f)(s) = f(s +1). Then {r;};er is a strongly continuous group of positive
isometries on L, (R). As usual, {t;};cr extends to a group of isometries on L,(R; X).
Let { P };>0 be the associated Poisson subordinated semigroup. Our aim in this step is to
show

L2 (X)) < max(p'/9, p)Meq(X). (7.1)

We need to express tdP/ as a convolution operator:

VIOP i (£)() = fR (x =) [ dy = f(x), xER,1>0.
Then
: o0 dr\"
g () =271 ( /0 g * fCOl 7) =26 (HX). (2

Elementary computations show that ¢ is the function with Fourier transform

($(§) =—/2rife V2TE = —/ 27 |&] e_isgnf)” exp(—\/2n|§‘| e_isgnag)”). (7.3)

We are going to show that ¢ belongs to the class #;/,,; introduced in Section 5.2.
More precisely, ¢ satisfies the estimates

1
IR ‘0| S ———=5. X€R. 7.4
arpe PO T 74
Since £k éﬁ\(é) is integrable on R for any nonnegative integer k, ¢ is of class C*° with
bounded derivatives of any order. Thus it suffices to prove the estimates for |x| > 1.
Let n be a C* even function on R, supported in {£ : 1/2 < |€| < 2}, such that

Y n@7E =1. £eR\{0}.

JEZ

lp(0)] <

Letm;(§) = $(§)n(2‘j§) and ¢ be defined by (ﬁ/(.f\) = m;. Then

¢ = Z(P(.i).

JEZ

Using (7.3), one easily shows

Lj15|g|52j+1

This implies

k k i
j? $<s)‘ d§ 527N (Vai )l VT 0 <k <33,
{=0

k k :
/ ‘j—ékm,(g)‘ dg $2/0ON (Vi) eV o<k <3 (1.9)
R =0

Let x € R with |x| > 1. For j, we consider two cases, I: 2/ |x| < 1 and IT: 2/ |x| > 1.
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In Case I, we must have j < —1. Using (7.5) for k = 1, we then have
e ()| £ V2.

Thus
1

Y1Vl < e

jel

On the other hand, if j € II, we use (7.5) for k = 3 to get
|x3¢(-i)(x)| < 2-3/2)

We deduce again
1

> 1P )] < O

jel

Hence, the first estimate of (7.4) is proved. R
The second one is shown in a similar way. Indeed, since ¢’(§) = 27i &g (§), we have

/21‘*‘ <lg|<2/+1

It then remains to repeat the above argument with ¢ replaced by ¢’.

Thus by (7.2), Theorem 1.5 implies (7.1). Let us note that for the kernel ¢ here, we can
avoid Wilson’s intrinsic square functions considered in Step 2 of the proof of Theorem 1.5
since ¢’ € /2,1 too. Indeed, repeating the proof of (7.4), we show

ko k :
:?W(S)‘ dg <2/CP N (Vi) g <k <3,
=0

9" ()] < e

Consequently, as pointed out in Step 2 of the proof of Theorem 1.5, we have

Gap(f)X) S Sq(f)(x) + Sg.9(f)x), xR,

The proof of this inequality is very easy. It suffices to consider x = 0. Let y € R be such
that |y| < t. We write

ld
lpe = FODIIY — de * fO% = /0 T )y ds.

Then
q q ! q—1y ./ |y
[llps * fFOIIE — llps * fO)%] SQ/O llpe * fCs)y oy *f(sy)IIXT ds
o bl o),
<a [ oo s (o M AR M

q

+
X

I

9\ ds
x/) t

s * f(sl)
[y

¢, *f(s&—l)
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Thus
e * £(O)]%
[yl
< e % FOY +q/ (‘

q

¢’*f(sm) "’;*f( o) )dts

. |y| < t}, we deduce the

Integrating both sides agains
desired inequality.

Step 2: Transference. We now use the transference principle to bring the general case to
the special one of the translation group. To that end, we first need to dilate our semigroup
{Tt}+>0 to a group of isometries. Fendler’s dilation theorem is at our disposal for this
purpose. It ensures that there exist another larger measure space (ﬁ, i), a strongly con-
tinuous group {Tt},eR of regular isometries on L, (ﬁ), a positive isometric embedding
D from L,(£2) into L, () and a regular projection P from L » () onto L p(£2) such that

T, = PT,D, Vit>0.

This theorem is proved in [16] for positive Ty and then extended to regular 7y in [17].
To prove part (i) of Theorem 1.2, it suffices to show

X) <Lf, ,(X). (7.6)

qu ¢.q,p

By the above dilation, we can assume that {7}, itself is a group of regular isometries
on L,(£2). So its extension to L, (£2; X) is a group of isometries too. Recall that {M;}>¢
denote the ergodic averages of {7;};~¢ in Lemma 2.6. We use {M[};~¢ to denote the
corresponding averages of the translation group {t; };~¢. By (1.2), we have

12
pe [ eo(-L)ras

Thus
1 o/ g t3 12
18Pt = ﬁ /0 (W—m) exp(—a)Ts ds
1 ot 3 12
B 2ﬁ/o (s37_2s5/2) p( )(SM) @
o t ds
:/ (p(_)Ms —
0 N N
© 1 ds
= Y\ —F= Mtzs >
0 N
where

p(x) = 16\/_ (12x — 12x3 + x%)e™

Let f € L,(2; X) be an element of norm 1. Let a > 0 (large). Then

[ERIT =7

s~ Ja
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Thus for any ¢ > 0,

o0 1 ds
/ w(ﬁ)Mtzs(f) =

where M*(f) = sup,~q | My(f)|lx- By Lemma 2.6,

< [Tlo( =) M nme © < Zmen,
[ (%) v

IM* (N, =PI L,@x0 = P

Let b be another large number. Then

dt l/q
H( 1P (Y )
Lp(2)
+Cp,q,b

(/bb‘ foa(p(«}g) ,2s(f) i%) L@ Vo

where Cp, 4 5 = Cp'q~'/4(210g b)'/4. Denote the first term on the right hand side by L
Using the fact that {7} } is a group of isometries on L,(£2; X), we introduce an additional
variable u in the integrand of I:

T dt )

X Z

T GO S N B WO

Let ¢ > 0. Now define g : R — L,(2; X) by g(u) = Lo gp24c])Tu(f). We easily
verify that

<

I< u > 0.

M Tu(f) = M5 (9)u), 0<s<a,0<t<h 0<u<=c.

I"<—/ LU (5 X
(L (2 e

7 4¢ 1/q
niy
Let (M7)*(g) = sup,~ My (g)lx, so

I(M™* (D)L, ®xe) < P'lgllL,®xa:x) < p'(ab*+c)'/?.

Hence

9 4 r/q
T) dwdu

( : )M,z @0~

p

IA

L,,(]RXQ).

Reversing the preceding procedure with { P;};~¢ replaced by { P/ };>0, we have

(L el e )

X t
Cpqb ((ab* + ¢ 1/p
Ja c

YPIEE ()L, ®xaix) +

1< C_I/P

Lp(RxQ)

+

Cpais (ab2 + c)l/P
JVa c '
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However,

192" (@)L, ®xe) <Ly ,(XONglL, ®xaix) < Ly ,(X)(@b? +¢)'/7.

Combining all the inequalities obtained so far, we finally deduce

dr\ 1
H( 110PL (£ 4 )
Lp(2)

. ab?> +c\"?  C,.p ab? +c\ 1?7
<o) e 2 (14 () )

Letting successively ¢ — 0o, a — 0o and b — oo, we get

187 (Oll,@ < L&y ,(X).

whence (7.6) follows.
Step 3: Duality. Assertion (ii) follows from (i), Theorem 4.5 and (6.2). [

Remark 7.1. Step 1 of the proof of Theorem 1.2 can be substantially shortened for
p > ¢q. This alternative proof does not rely on the heavy Littlewood—Paley theory. Its key
point is to show the boundedness of ﬁf on L4(2; X), i.e., for p = g (see the following
remark). Assuming this boundedness and showing that K is bounded from Lo, (R?; X)
to BMO(R?; L4(R4; X)) (the latter boundedness is quite easy to get), we can then use
the singular integral as in the proof of Step 4 of Theorem 1.5 to conclude the case p > q.
Unfortunately, this proof yields p as the order of Lf q,p(X) instead of the optimal pl/a.

Remark 7.2. The boundedness of ng on L4(£2; X) can be proved by using Theorem 4.7
and the following inequality from [23]: for a Banach space X of martingale cotype ¢,

(3 nog - mzeoong) ™ | SMea O @iy, f € LoRiX).

keZ

By the previous remark, the validity of the above inequality characterizes the martingale
cotype ¢ of X. More generally, let | < p < oo and2 < ¢g < oo. Then X is of martingale
cotype q iff there exists a constant ¢ such that

(S nerg - vz nenng)™|

keZ

< X)) el R»X
L S M@0 f € Ly®R:X)

See [22] for related results.

Proof of Theorem 1.4. By Remark 1.1, Ltq »(X) < Lt g,p(X). Thus assertion (i) follows
from Theorem 1.2 (ii).

Assertion (ii) is an easy consequence of Theorem 1.2 and Corollary 4.10. But we will
use Proposition 4.9 in order to explicitly track the relevant constants. Let ¢(z) = —ze™?

and Y/ (z) = —+/z e V7. Then
G2, =81 (f) and G, (f)= \/quP(f)-
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By Proposition 2.9 and the notation there, A is {4-sectorial of type oy = 7/2 — 4. Let
0 < B < Bgand o = /2 — B. Then by Proposition 4.9 and the estimates obtained in its
proof, we get

157 (Ol
-1
o _ min 'l _ ol
< (cosacosi) (By — B) 2 TP 1D s ()11 p1=P 4|62 ()1, 0.
Choosing 8 = B,/2 yields

155 (Ol < PISS (e, @-

where ‘
D = B2 T 121 max (p!) =01, pior"),
We then deduce Theorem 1.4 (ii) from Theorem 1.2 (i). [ ]

Proof of Corollary 1.9. By [44,45],
Me,g (Lp(2: X)) < max((p))"/4, Mcq(X)).

Fix fo € L4(2) with norm 1. Given f € L,(2; X) let f = f ® fo. We view fas a
function from Q2 to L,(2; X) by w — f(w) fo. Applying Theorem 1.2 (i) to this function
with X replaced by L,(€2; X) and p = ¢ (noting that then max(q/?,q") ~ 1 since ¢ > 2),
we get

(1A

q dt)l/q
Ly@x) ! Lq(Q)

< max((p’)"/4, Meg (XDIf ® follL,@;L,@:x)
= maX((p/)l/q, Mc,q(X))”f”Lp(Q;X)'

0
o Pi(f)® fo

The left hand side is equal to

(/oo q dl‘)l/q (/oo
0 Lg(QiLy (X)) ! e

Combining the above estimates we get the desired inequality of the corollary.
To show the optimality of the constant, we consider the special case where X = C
and the classical Poisson semigroup {P; };~¢ on R. Let f = P;. Then

0

0
tgpt(f)@)fo

q dt 1/q
L) —) .

Ly@:x) !

0 t
I fllL,® ~1 and |1 =P:(f) N T
»R) a1 ! L®) (t + 1)1+1/p
Thus y
(o] 9 q dt q
([Tlgrn] ) o
0 t Ly®) !

We then deduce the announced optimality. ]
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8. The scalar case revisited and optimality

The approach previously presented gives new insights even in the scalar case with regard
to the best constants involved. Let

L, =Le2p(C) and L], =Lis,(C).

Thus LCT, pand L{p are the best constants in the inequalities

L) =FD L@ < 19 (Dliz,@ <Leplf =F(DllL,@) [ € Lp(R).
Let us restate Theorems 1.2 and 1.4 for X = C and g = 2.

Theorem 8.1. Let {T;};~0 be a semigroup of regular contractions on L,(2) with 1 <
p < 00 and { P;}4~ its subordinated Poisson semigroup.

(i) We have
pr < max(y/p, p') and Ltp < max(p, \/?).
(i) Assume that {T;};>¢ satisfies (1.3) for X = C. Let 8, = Bo min(p, p’). Then

min(p, p’)
L, <8, 3T2 PP max(p, (p')*?) and LT, < max(p./p').

For symmetric diffusion semigroups we have the following orders, more precise than
those in part (ii) above. We are very grateful to the anonymous referee for pointing out
the references [32, 39] that allow us to improve our previous estimate on LT based on
Stein’s classical analyticity angle of {T}};>¢ on L, (£2).

Corollary 8.2. Let {T;};>~0 be a semigroup of contractions on L,(2) for every 1 <
p < oo. Assume that {T;};>q is strongly continuous on L,(2) and each Ty is a self-
adjoint operator on L,(2). Then

LCTP < max(ps/2 (P)? and Ltp < max(p, \/?).

Proof. First note that T is a regular contraction on L,(£2) for any 1 < p < oo and any
t > 0. The selfadjointness of T} implies that {7;};~¢ is an analytic semigroup of type
/2 with constant 1 on L,(€2). Then by [39, Corollary 3.2] and [32, Corollary 6.2],
{Tt} >0 is analytic of type B, = /2 — arcsin |1 — 2/ p| with constant 1 on L, ($2) for
1 < p < oo. Note that the angle ,3;, is optimal and better than Stein’s classical one,
Z(1 =1 —=2/p|) (see [55, Section IIL.2]). It remains to apply Theorem 8.1 (ii) with
Bo = B, ~ min(y/p/p’, /p'/p) and Ty, = 1. The corresponding B, is now equiva-
lent to min(1//p, 1/ /P’). We then deduce the desired assertion from Theorem 8.1. =

Historical comments. (i) Theorem 8.1 was proved in [35] without any explicit estimates
on the best constants; in fact, their growth obtained there is more than exponential.

(i) If {Ps};>0 is the Poisson semigroup on a compact Lie group, Stein’s proof in
[55, Section 11.3] yields L? » < max(p, p) and L? » < max(p, p').
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@iii) If {T;}s>0 is a symmetric diffusion semigroup, Stein’s approach in [55, Sec-
tion IV.4] via Rota’s dilation yields L? p < max(p, (p)3?).

(iv) If {T}}4>¢ is a symmetric submarkovian semigroup, Cowling [13] proved that the
negative generator A of {T;};~¢ has a bounded holomorphic functional calculus whose
relevant constant is of polynomial growth on p as p — 1 and p — oo. Using the equiva-
lence between bounded holomorphic functional calculus and square function inequalities,
one can then deduce polynomial growth of LT and LT too, but the resulting orders are
worse than those in Corollary 8.2.

Remark 8.3. The orders of L£ p in Theorem 8.1 are optimal both as p — oo and p — 1
because they are already optimal for the classical Poisson semigroup on R (see Proposi-
tion 8.5 below). Zhendong Xu and Hao Zhang [68] proved that Lt .p = D as p — oowhen
{T;}t>0 is a symmetric diffusion semigroup, so Lf) » = P as p — oo for the subordinated
Poisson semigroup { P; };~¢ too. This shows that our method is optimal.

However, at the time of this writing, we are unable to determine the optimal orders
of pr as p — 1 even when {T;};~¢ is a symmetric diffusion semigroup.

Problem 8.4. It would be interesting to determine the optimal orders of Lf pasp—1
when {7 };~¢ is a symmetric submarkovian (or markovian) semigroup. In particular, does
there exist a constant C (possibly depending on {7} };~¢) such that

Lf =F(Nlzy@ < CIE (D@ Yf € Li(@)?

The dual version of the above inequality is related to the BMO space considered
in [18]. It is true when { P, };~¢ is the Poisson or heat semigroup on RY.

We conclude this section with the proof of the optimality of the growth orders of the
best constants in Corollary 1.6 in the scalar case, i.e., X = C (see [67] for more related
results). We will denote L, (C) and LEL (C) simply by LF_ _and L respectively.

cq,p ¢q,p cq,p’
It suffices to consider R.

¢.q,P

Proposition 8.5. Ler 1 < p,q < co. Then

qup > max(p'/4, p') and chp > max(p'/4, p').

Proof. By Remark 1.1, it suffices to show the assertion for the Poisson semigroup.
Let us first consider the case p < ¢. Fix s > 0 and let f = P. Then

ad ot x2—(t +5)?
f&Pt(f)(X)—;m, x € R.
For x > 6s, we have
x/2—s 9 qd 1/q 1
sghw= ([ e Tz

Thus

P °© 1 Up  —1/p
15 Dy z ([ fax) 2 S
6s X
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On the other hand,

£ N, @) ~ s V/7"

P ’
Hence,L;, , X p'.

Unfortunately, the above simple argument does not apply to the case p > g. Our
proof for the latter is much harder. By periodization, it is equivalent to considering the
torus T (equipped with normalized Haar measure). The g-function relative to the Poisson

semigroup on T is defined by

1 q 1/q
d dr
G (f) = 1—r)—P ,
o =([ Ja=ngeon] 1%
where P, denotes the corresponding Poisson kernel:
1—r2
P,(f) = ———.
r(0) 1—2rcosf +r?

It is shown in [64] that the inequality

1GZ (NI, ey < Legpll fllz,cry

is equivalent to the corresponding dyadic martingale inequality on @ = {—1, 1}N. It is
well known that the relevant constant in the latter martingale inequality for ¢ = 2 is of

order ,/p as p — oo. To reduce the determination of the optimal order of LCP’q, p to the

martingale case, we need to refine an argument in the proof of [64, Theorem 3.1].
Keeping the notation there, let M = (M )o<k<k be a finite dyadic martingale and

My — My—y = di(e1, ..., ek—1)&k,

where (g ) are the coordinate functions of 2. The transformation g, = sgn(cos 6y ) estab-
lishes a measure preserving embedding of € into TN, Accordingly, define
ag (eie‘ e eiek—') =dy (sgn(cos 01),...,sgn(cos Gk_l)),
by (eio") = sgn(cos O ).
Given a rapidly increasing sequence (ny) of positive integers, put
ak’(n)(eie) _ ak’(n)(eie;eiel Oy = g (OO Ok 0)y

bie,n) (€)= bie,ny (¢71€%) = bye (/O F7e),

K
f(n)(ele) — f(n)(ele; e191 o ,€19K) — Z ak,(n)(ele)bk,(n)(ele).
k=1

The functions f(), ak, () and bg () are viewed as functions on T for each (61, ..., 0k)
fixed. Furthermore, by approximation, we can assume that all a; and by are polynomials.
Then, if the sequence (ny) rapidly increases, Lemmas 3.4 and 3.5 of [64] imply

K

1 1/q

565 (o) = (X laeml G br)?) ™ < 2G5 (fum)-
k=1
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Therefore,

<2Lf ) 8.1
L@ = .0 1 F 1L, () 8.1)

K 1/q
| (3 1okl G5 i)
k=1

The discussion so far comes from [64]. Now we require a finer analysis of the g-function
GqP (bk,(n))- To this end we write the Fourier series of the function b = sgn(cos 6):

: 2 (1), o
b(e?) = = AT ,i@i+D6 | ,—i2j+1Do)
@ =22 51l e ]
Jj=0

Then

d . 4 ad . o
Epr(bk,(n))(ele) — ;nkrnk—l RG(Z(_I)jr2nkjel(2]+1)(9k+nk9)).
j=0

Elementary computations show

d o |9
—Pr (b)) (%) = canrq(’”“l) cos? (O + ni0).

dr

Here and below, ¢, C denote absolute positive constants. Thus

1
Gg(bk,(n))q > ¢?cos? (6 + n;ﬁ)ni/o 1- r)q_qu(""_l)dr
~ c?[1 + O(1/ny)] cos? (6 + ni0).

Now lifting both sides of (8.1) to power p, then integrating the resulting inequality over
T X with respect to (61, ..., 0k), we get

K
/T/TK(Z g oy (@@ FMO G tri8))a
k=1 /
x [1+ O(1/ny)] cos? (6 + nkG))p 40, - dog do

< (CLP, )7 | foy (e C1HmO) Ok kO P gg, ... dOx d6.
o4-p T JTK

For each fixed 6, the change of variables (01,...,0g) +— (01 —n.0,...,0x —ng0) being
a measure preserving transformation of T X, we deduce

K
) ) rla
/ (D" lak (@@ e®=Ie [+ 0(1 /m)] cos? 6 ) oy -+~ dox
TK
k=1
<(CLY, )" /TK | fany (€1, %) |P db, - dbk.
Letting n; — oo, we get

K
/
/T ) (Z |dg (sgn(cos 6y), . . ., san(cos B _1 )[4 cos? ek)p T d6,---dog
k=1

=(C LcP,q,p)p ”MK ”Z,,(SZ)'
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Now we consider an elementary example where M is simple random walk stopped
at +2, namely

k
dp = Lpspy with 7= inf{k : )Zsj‘ = 2}.
j=1

Note that the probability of the event {t = j} is zero for odd j and 27712 for even j.On
the other hand, recalling 5 = sgn(cos 6 ) and letting

Aj ={t =] |cosb| = 1/v2, 1 <k < j},
we easily check that the probability of 4; is 877/2 for even j. Thus for K > j,

K J
> ldier. . eg—1)|9 cos? O = La; > gempy cos? O = 2792 g
k=1 k=1
consequently, for K = 2J with J € N,

K
/
f . (Z |dy (sgn(cos 0y), ..., sgn(cos Or_1))|4 cos? Gk)p ! dby---dOg
T
k=1 J
> 4 ij/qg—j > ¢PpPla,
Jj=1

Noting that |Mg| < 2 and combining all the previous inequalities, we finally obtain
1
Lo, 2 e

This completes the proof. ]

Appendix A. Examples

There exist plenty of examples of semigroups to which the results of this article apply.
Many second order differential operators in analysis generate such semigroups. In the
following we will only discuss the cotype case since the type case can be dealt with by
duality. Note that it is obvious that if X is of Luzin cotype ¢ relative to {T;};~o, it is so
relative to the subordinated Poisson semigroup { P; };~¢ of {7} };>0.

A main task in the study of vector-valued Littlewood—Paley—Stein theory would be
the following.

Problem A.1. Determine the family of semigroups {7} };~¢ such that a Banach space X
is of Luzin type (resp. cotype) ¢ relative to {7} };~¢ or its subordinated Poisson semigroup
{P;}+>0 iff X is of martingale type (resp. cotype) q.

Example A.2 (Laplacian operators). The classical heat semigroup on R? is given by
H, = 2, where A is the Laplacian operator. It is well known (and easy to check) that
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{H;}:>0 is analytic of angle 7 /2 on L, (R¥; X) forany 1 < p < oo and any Banach space
X; the relevant constant as in (1.3) with 89 = /2 depends only on d. By [25,66], if X
is of martingale cotype ¢, then X is of Luzin cotype ¢ relative to {H;};~¢. Conversely,
suppose that X is of Luzin cotype ¢ relative to {H; };~¢. Then X is also of Luzin cotype ¢
relative to the classical Poisson semigroup {IP; };~¢, and so X is of martingale cotype ¢ by
virtue of [41]. Thus the Luzin cotype relative to the classical heat semigroup is equivalent
to the martingale cotype.

Example A.3 (Schrodinger operators). Let Q be a region in R¢ equipped with Lebesgue
measure. Let a(x) = (a;;(x))1<i,j<a be a positive matrix whose entries are locally inte-
grable real functions on €2 such that

a(x) < a(x) = B(x)
for two positive continuous functions « and 8 on 2. We consider the elliptic operator

LI df
== 2 gl )

Given a nonnegative locally integrable function V on €2, define A(f) = L(f) + Vf.
It is well known that —A generates a symmetric submarkovian (markovian for V' = 0)
semigroup {7t };~o on 2 (see [15, Theorem 1.8.1]). In particular, {T;};~¢ is analytic on
L,(2) forany 1 < p < oo. Thusif X is of martingale cotype ¢, then it is of Luzin cotype g
relative to the Poisson semigroup {P; };>o subordinated to {7;};>0 on L,(2; X) for any
1 <p<oo.

Assume in addition that L is uniformly elliptic, namely, the above two functions «
and B are constant. Then the integral kernel K?(x, y) of e~ 'L satisfies the following
Gaussian upper bound (cf. [15, Theorem 3.2.8])

=P

K2(x,y) < Cs ot ~4/? —

), t>0,x,yeQ,0<§<1.

By the Trotter formula
e—tA(f) = lim (e—tL/n €_IV/n)n(f),
n—>o0

—tA

we deduce that the integral kernel K, (x, y) of e’ is majorized by K?(x, y):

Kt()ﬁy) S K?(X»Y)

Thus K,(x, y) satisfies the same Gaussian upper bound as K?(x, y). Let z € C with
Rez > 0. By [15, Theorem 3.4.8], the complex time heat kernel of e =74 satisfies

x — yI? Re(Z‘l))
1+95)p '

Then we easily show that {T;};~¢ extends to an analytic semigroup of type 7/2 on

L,(S2; X) for any X and any 1 < p < 0o (p can be equal to 1 too). It then follows

that X is of Luzin cotype ¢ relative to {T;};~o whenever X is of martingale cotype g.

|K;(x,y)| <50 (Re z)"4/2 exp(
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As in the case of Laplacian operators, it is likely that the Luzin cotype relative to the
semigroups generated by Schrodinger operators characterizes the martingale cotype. This
is indeed the case if @ = RY withd > 3, L = —A and the potential V satisfies a reverse
Holder inequality (see [1]). Let us formulate the general case explicitly as a conjecture.

Conjecture A.4. Let {P;};~0 be the Poisson semigroup subordinated to the heat semi-
group {7} }s>¢ generated by a Schrodinger operator as above. If a Banach space X is of
Luzin cotype ¢ relative to { P; };~¢, then X is of martingale cotype ¢. The same is conjec-
tured for {T}};~¢ itself when the underlying differential operator L is uniformly elliptic.

Example A.5 (Laplace—Beltrami operators). The preceding examples can be extended
to the setting of Riemannian manifolds. Let M be a complete d-dimensional Rieman-
nian manifold with metric g. Let a(x) = (a;;(x))1<i,j<4 be a positive matrix smoothly
depending on x € M. The associated second order elliptic operator L is represented as

d
i ) of
L(f) = —g ' —(gl/zai~—)
i,jZ=1 Bxi I BX]'

in local coordinates. Then T; = e 'L extends to a symmetric diffusion semigroup on M

forall 1 < p < oo (cf. [14]). Thus our previous results apply to the associated subordinated
Poisson semigroup. The most important case is the one where —L = A is the Laplace—
Beltrami operator. Then the celebrated theorem of Li and Yau [38] asserts that the integral
kernel of e?2 has a Gaussian upper bound under the additional assumption that the Ricci
curvature is nonnegative (see also [15, Theorem 5.5.6]). Thus as in the Euclidean case, the
heat semigroup {e’2},~¢ extends to an analytic semigroup on L p(M; X) for any Banach
space X and 1 < p < oo. It would be interesting to determine whether the Luzin cotype
of X relative to {e?};~¢ characterizes the martingale cotype of X .

Example A.6 (Hermite operators). The Hermite operator on R? is a particular Schri-
dinger operator: A = —A + |x|?. The associated semigroup {7;};~¢ is a symmetric
submarkovian semigroup on R?. The integral kernel of T} is given by

d/2
1 2 2
Ki(x,y) = (m) exp(—z[lx — y|“cotht + |x + y| tanht]).

Using the Trotter formula, we see that K, (x, y) is less than or equal to the heat kernel:

[ NGNS
Ki(x.y) < | — —l—yP/t,
(X, y) = (47rt) ¢

This Gaussian upper bound can be deduced from the above explicit formula of K. It then
follows that {7} };~¢ is an analytic semigroup of type 7 /2 on L, (R?; X) for any Banach
space X and 1 < p < oo. Betancor et al. [7] showed that X is of Luzin cotype ¢ relative
to {Tt}s>0 iff X is of martingale cotype ¢ (see also [9] for related results).

Example A.7 (Laguerre operators). For simplicity, we only consider the Laguerre semi-
group on R4 ; the multi-dimensional case can be treated by tensor product. In this
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example, R4 is equipped with Lebesgue measure, contrarily to our usual convention.
Leto > —1 and
1 d? 5 L, 1
AZE(—W-FX +;(Ol —Z)), x > 0.

Alpp) = Ager. keN,

We have

where AY = 2k + |a| + 1 and

oo 20(k+1)
b (x) = (F(k F1+a)

with LY the k-th polynomial of type a (see [36, p. 76]); {¢}; }xen is an orthonormal basis
in Lz(R+).
Forevery f € L,(Ry), setting

1/2 R
) x(x-‘rl/le—x /ZLz(XZ)

ce(f) = /0 £ (x) dx.,

we consider the operator A formally defined by

A(f) =Y a(HAEef.

k=0

Note that A(f) = A(f) if f is compactly supported and smooth. Then —A generates a
symmetric semigroup {7} };>¢ of positive contractions on L, (R4 ):

Ti(f) =D c(fe gf,
k=0

with kernel given by

Kilx,y) = sinh?

X 1
Xy Iy (ﬁ) exp(—z(x2 +y?) cotht),
where 1, is the modified Bessel function of the first kind and order «:
i 22k
= 22%kT(k + DIk +a + 1)

Iy(z) =279%%

It is proved in [48] that {7;};>¢ is contractive on L,(R4) for all 1 < p < oo iff
a =—1/2or o > 1/2, and that {T;};~¢ is a bounded semigroup on L,(R) for all
1 <p<ooif—1/2 <a < 1/2. However, for —1 < o < —1/2, T; is unbounded on
Ly(Ry) for p < pa = 5355 and p = p,.

On the other hand, [7] shows that for « > —1/2, a Banach space X is of Luzin cotype ¢
relative to {7} };~¢ iff X is of martingale cotype ¢; as a byproduct, [7] also shows that for

the same range of o, {7} };>¢ is analytic on L, (R ; X) for any X.
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In the remaining case of —1 < o < —1/2, it is quite easy to show that {T};};~¢ is
a bounded semigroup on L,(R) for p, < p < pl,. Let us outline the argument for
the convenience of the reader. By dilation invariance via the change of variables u =
x/+/sinht and v = y/+/sinht, the kernel K; is brought to

o(x.y) = /Xy Iy(xy) exp(—1(x? + y?) cosht).

Let ® be the associated integral operator:

o(f) = /0 (e ) f(y) dy.

To estimate the norm of ® in B(L,(R4; X)) for py < p < p|,, we appeal to the following
estimates of the Bessel function (cf. [36, Chapter 5]):

o z

o 0 and Iy(z) ~ —
as z — an )~
¢ A TTZ

AETINCER)

as z — Q.

1o (2)
Accordingly, I, decomposes as
Ia(xy) = Ta(cy) Lyt + La(0)) Lxy=1 S (00) Lay<t + (00) 72 Ly
with the relevant constant depending only on «. Thus

p(x,y) T e1(x,y) + p2(x, y),

where

01(x.y) = (x3)* T/ ? exp(—1(x* + y?) cosh 1) Ly <1.
pa(x,y) = e exp(—%(x2 +y?) Cosht)]lxy>1.

Let ®; be the integral operator corresponding to ¢;. Then by the Holder inequality,

[P11lB(L,®R4:X))

© - 1/p 00 N 1/p
- (/ xpiery 2’el’xz“’a‘”dx) (/ y”’("‘“/”eﬂyzm;fdy)
0 0

= a,p(cosht)f(“ﬂ) < Cq,p,

where we have used the assumption that p, < p < p,,. Noting that ¢ (x, y) < e~ =?/2,
we see that || Dz lp,®,;x) < 1.

In particular, {T}};~¢ is a symmetric semigroup of positive contractions on L, (R),
so analytic. Applying the previous sections to the associated subordinated Poisson semi-
group { P; };~0, we recover the result of [9] that X is of Luzin cotype ¢ relative to { P;};>¢
on L,(R; X) whenever X is of martingale cotype g. Moreover, [9] shows that the con-
verse is also true. Note that [9] also extends this result to all p € (pq, pl)-

We do not know, however, how to determine the analyticity of {7;};>¢ on L,(R; X)
for the range —1 < o < —1/2.
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Remark A.8. We would like to point out an interesting phenomenon revealed by this
example. It is easy to get a semigroup of contractions on L, thanks to spectral theory. If
the contractions are further positive (or regular), the results of the previous sections apply.
In many concrete examples, one can then extrapolate L to L, using tools from harmonic
analysis. This is indeed the case for all previous examples.

Example A.9 (Ornstein—Uhlenbeck semigroup). Now R¥ is equipped with the canonical
Gaussian measure 4. Let {T}};>¢ be the Ornstein—Uhlenbeck semigroup on R¢ whose
negative generator is given by A = —A + x - V. This is again a symmetric diffusion
semigroup. By [52], {T;}+>0 is analytic on L, (R?, y4: X) iff X is K-convex (a property
weaker than the finite martingale cotype). On the other hand, by [41], X is of Luzin
cotype ¢ relative to the Poisson semigroup subordinated to {7} };~¢ iff X is of martingale
cotype g. We then deduce that the Luzin cotype g of X relative to {T;};~¢ itself on
L, (R?, y4; X) characterizes the martingale cotype ¢ of X. It is worth noting that in
contrast to [41], all estimates obtained by the present method or by [66] are dimension-
free.

Example A.10 (Walsh semigroup). Let @ = {—1, I} be the dyadic group equipped
with normalized Haar measure. The coordinate functions {&, },>1 on € form an indepen-
dent sequence of symmetric random variables (Rademacher functions). We introduce the
Walsh system (wy4): for any finite subset A C N let

wy = 1_[ Ek-
keA
If A =@, wg = 1. All such wy’s form an orthonormal basis of L,(2). Any f € L,(2)
admits the following Fourier expansion:

f = ZO[AU)A.
A

Define
T (f) = E e Mo wy.
A

Then {T}};>¢ is a symmetric diffusion semigroup on €2; it can be viewed as a baby model
of the Ornstein—Uhlenbeck semigroup. Again, by [52], {T;};>0 is analytic on L,(2; X)
iff X is K-convex.

Remark A.11. Let {7T};};~¢ be the semigroup in the above example. Then the Luzin
cotype relative to {7} };~¢ characterizes the martingale cotype.

Indeed, assume that X is of Luzin cotype ¢ relative to {7} };~¢. Then by an argument
via the central limit theorem as in [3], we can show that X is of Luzin cotype g relative to
the Ornstein—Uhlenbeck semigroup too, so by the previous example, X is of martingale
cotype q.

It would be interesting to show the analogue of Corollary 1.6 for the Ornstein—Uhlen-
beck or Walsh semigroup.
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Problem A.12. Let {7;};~0 be the Ornstein—-Uhlenbeck or Walsh semigroup as above
and X be of martingale cotype g. Does one have

LT, ,(X) < max(p'/9, p')Mcq(X)?

It would, of course, suffice to consider the Walsh case. On the other hand, it is likely
that in the Ornstein—Uhlenbeck setting one could get a dimension-dependent estimate
Lz: 2.p(X) <a max( pl/a, p Mc,q (X) by standard techniques on the Ornstein—Uhlenbeck
semigroup. However, here a dimension-free estimate is more important than the corre-
sponding one for the heat semigroup in R? in view of analysis in Wiener space.

Example A.13 (Translation semigroup). We have already used the translation semigroup
{7t }+>0 in the proof of Theorem 1.2. It is not analytic on L, (R) for any p. By (7.6), if X is
of Luzin cotype ¢ relative to the subordinated Poisson semigroup { P/ };>0 on L, (R; X),
then it is so relative to the Poisson semigroup subordinated to any semigroup {77 };>¢ of
regular contractions on L, (£2; X). Consequently, the Luzin cotype relative to { P/ };>¢ is
equivalent to the martingale cotype.

Example A.14 (L,-theory). Let A be a positive densely defined operator on L, (€2). Then
— A generates an analytic semigroup {7} };~¢ of contractions on L;(£2). Being positivity
preserving can be characterized by means of the Dirichlet form associated to A (cf. [15,
Theorem 1.3.2]). Many classical examples are built in this way. Note, however, that it can
happen that {7} };>¢ extends to a semigroup of bounded operators on L, (£2) for p only in
a small symmetric interval around 2, as shown by the Laguerre semigroup. Even worse,
it can happen that {7} };~¢ does not extrapolate to L,(£2) for any p # 2.

Added in proof. After the submission of this article for publication, a few related works
have appeared. For instance, A. K. Lerner, E. Lorist and S. Ombrosi [37] found a new
proof of Theorem 1.5 (i) by the sparse domination principle; T. P. Hytonen and S. Lappas
[28] obtained an estimate close to that appearing in Theorem 1.4 (ii); and G. Hong, Z. Xu
and H. Zhang [24] partially resolved Problem 1.8, Problem A.l and Conjecture A.4.
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