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Abstract. We show that the action of Hecke operators away from p on the space of (p-adic) over-
convergent modular forms is (p-adically) locally analytic in a certain sense. As a corollary, the
action of the Hecke algebra can be extended naturally to an action of rigid functions on its generic
fiber. This directly determines the Hodge—Tate—Sen weights of Galois representation associated to
an overconvergent eigenform and confirms a conjecture of Gouvéa.
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1. Introduction

The notion of p-adic modular forms was introduced by Serre in the study of congru-
ences between modular forms. It is well known that to get a better spectral theory of
the Up-operator, one should consider the subspace of overconvergent modular forms, on
which U, acts completely continuously. In this short note, we will show that Hecke opera-
tors away from p also have a better convergence when acting on overconvergent modular
forms. As a consequence, we deduce that the action of the (big) Hecke algebra T nat-
urally extends to an action of the rigid functions on its generic fiber (denoted by T
by some people). Since having a Hodge—Tate—Sen weight O is a Zariski-closed property
on Spec T"¢, the density of classical points implies directly the following theorem.

Theorem 1.1 (Corollary 4.6). The two-dimensional semi-simple Galois representation
associated to an overconvergent eigenform of weight k € 7, has the Hodge—Tate—Sen
weights 0, k — 1.

This confirms a conjecture of Gouvéa [10, Conjecture 4]. We remark that this result
was recently obtained by myself in [13] and by Sean Howe independently in [11] (when
k # 1), by relating overconvergent modular forms with completed cohomology. Our
method here is more straightforward. Hopefully, it will be clear to the readers that the
argument can be easily generalized to other contexts.
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This note is organized as follows. We will first introduce a class of actions of alge-
bras on a p-adic Banach space called locally analytic action and give several (simple)
examples. Then using fake-Hasse invariants introduced by Scholze [16], we show that the
action of the Hecke algebra on the space of overconvergent modular forms (with fixed
radius) is locally analytic. As suggested by Matthew Emerton, this also reproves a result
of Calegari—-Emerton. At the end, we also discuss a similar phenomenon in the context of
locally analytic vectors of completed cohomology.

2. Locally analytic action

Definition 2.1. Let W be a p-adic Banach space over Q,. A continuous linear operator
T € End(W) is called locally analytic if there exists a monic polynomial f(X) € Z,[X]
such that f(T)(W?) C pW?°, where W° denotes the unit ball of W.

Note that for a locally analytic operator 7', if W€ is T-stable, then the image of T in
End(W?/pW?) generates a finite F,,-algebra.

Example 2.2. Suppose W is a finite-dimensional vector space over Q. Then any linear
operator of norm < 1 is locally analytic by considering its characteristic polynomial.

Example 2.3. Suppose W = Q,(Z), the (p-adic) completion of Q,[Z] with respect to
the unitball Z,[Z]. Let T € End(Q,(Z)) be the translation Z +— Z + 1. Itis locally ana-
lytic because (T? — 1) - F(Z) = F(Z + p) — F(Z) € pZy|Z] forany F(Z) € Z,[Z].

Recall that an operator T on W is called topologically nilpotent if lim, o, 7" - v = 0
for any v € W, i.e., the sequence {T"},>o converges to zero in the space of linear opera-
tors on W with respect to the weak topology.

Proposition 2.4. Let W be a p-adic Banach space over Qp. Suppose T € End(W?°) is
topologically nilpotent. The following are equivalent:

(1) T is locally analytic;

(2) T*(W?®) C pW? for somen > 1, i.e., T" - v converges to O uniformly for all v € W°;

(3) the sequence {T"} >0 converges to zero in End(W ®) with respect to the p-adic topol-
0gy (equivalently the norm topology).

Proof. (2) and (3) are clearly equivalent. (2) implies (1) by taking f(7") = T" in the def-
inition of locally analytic operators. It remains to show that (1) implies (2). Suppose that
JS(T)(W?) C pW? for some monic polynomial f(X) € Z,[X]. Write f(X) mod p =
X¥kg(X) with g(X) € Fp[X] and g(0) # 0. Then g(T) is invertible on W°/pW? as T is
topologically nilpotent. Hence T% = f(T) = 0 viewed as elements in End(W°/p). m

We can also generalize this notion to representations of algebras.

Definition 2.5. Suppose A is a unital ring and W is a p-adic Banach space equipped with
a left A-module structure. We say the action of A on W is locally analytic if there exists
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an A-stable open and bounded lattice £ < W such that the image of A — End(£/p"£)
is finite for any n > 1. If this happens, the image of A — End(&£'/ p"£’) is finite for any n
and any A-stable open and bounded lattice £’ C W.

In some cases, we only need to consider the image of A — End(£/pL).

Lemma 2.6. Suppose A is a Noetherian ring and W is a p-adic Banach space equipped
with an A-module structure. The action of A on W is locally analytic if there exists an
A-stable open and bounded lattice £ C W such that the image of A — End(£/pL)
is finite.

Proof. Let I, be the kernel of A — End(&£/p"&£). Clearly, I < I,,. Hence it is enough
to show that A/} is finite. The assumption implies that A/, is finite. Since A is Noethe-
rian, we have I{’/I{H'l is also finite. Our claim follows as A/ is filtered by I{‘/Ilk‘H ,
k=0,....n—1. [

The following proposition justifies the terminology “locally analytic operator”.

Proposition 2.7. Suppose G is a compact p-adic Lie group and W is a continuous p-adic
Banach space representation of G. Then the following are equivalent:

(1) there exists a G-stable open and bounded lattice £ C W such that £/ pL is fixed by
some open subgroup G’ of G;

(2) the induced action of Z,|G] (the group algebra of G) on W is locally analytic;
(3) the induced action of the Iwasawa algebra Z,[G] on W is locally analytic;

(4) W is an analytic representation of some open subgroup G' of G. In particular, W is
a locally analytic representation of G in the usual sense.

Proof. Note that Z,[G] is Noetherian, cf. [15, Theorems 33.4 and 27.1]. Hence by
Lemma 2.6, part (3) follows from (1) by noting that the action of Z,[G] on £/p&
factors through F,[G/G’] for some open normal subgroup of G. Part (3) implies (2)
because Z,[G] € Z,[G]. To see (2) implies (1), we may assume G is pro-p by replac-
ing it by an open subgroup. Then g — 1 is topologically nilpotent on W for any g € G.
The same argument of Proposition 2.4 shows that (g — 1)?" (£) € p& for some 1 > 0
and some open bounded G-stable lattice £ and any g € G. Hence G?" fixes £/p<L.
Part (1) follows as G?" contains an open subgroup of G, cf. [15, Theorem 27.1 and
Remark 26.9].

It remains to prove the equivalence between (1) and (4). This is well known. Part (4)
follows from (1) by considering the Mahler coefficients and invoking Amice’s theorem,
cf. [7, Proposition IV.4]. Now assume (4). There is a G’-equivariant isomorphism

W = (W&q, ¢ (G'.Q,))°".

where G’ acts on the right-hand side via the right translation action on €**(G’, Qp), the
space of Q,-valued analytic functions on G’, cf. [13, §2.1]. Part (1) follows by noting that
€™ (G',Qp)°/ p is fixed by an open subgroup G’ by [13, Lemma 2.1.2.]. [



L. Pan 3300

Example 2.8. Suppose G = lej and W is a Q,-Banach space representation of G.
Then Z,[G] = Z,[T1, ..., Tk], where T; = g; — 1 and g1, ..., gk form a basis of G.
Now suppose that the action of Z,[G] on W is locally analytic. It follows from the
previous discugsion that there exists n > 0 such that 7/*(W°) € pW?°, i =1,... ,k,or
equivalergtly % hnas norm < 1. Hence the action of Z, [T1,...,Tx] on W can be extended
o Qp( . TE Ty Th).

Geometrically, the generiyg fiber of 7, [T1,...,T] is an open ball and the rigid analyt-
ic space associated to QP(T}, ces 7", Ti, ..., Ty) corresponds to a closed polydisk in-
side. Roughly speaking, this means the spectrum of W is in a bounded region with radius
strictly less than 1.

Remark 2.9. Proposition 2.7 shows that one can extend the notion of locally analytic
representations to general topological groups. More precisely, a Q,-Banach space rep-
resentation W of a topological group G is called locally analytic if the action of Z,[G]
on W is locally analytic in our sense. When G = G, the local Galois group of a finite
extension K of Qp, these locally analytic representations show up naturally in the recent
development of Sen’s theory. For example, one can show that for a locally analytic repre-
sentation W of Gk, there is a natural isomorphism

W&q, K = (WRq, K) K Tkmgy, K

for some n > 0. Here Hg = Gal(I?/K(p,poo)), Kn=K(upn), Tg,n = Gal(K(pp)/Ky),
and the superscript Hg denotes taking the Hg-invariants and “I'k ,-an” denotes taking
the I'k ,-analytic vectors. See [14, Theorem 3.3.3] for a relative version of this result.
We remark that when G = G, the equivalence between parts (1) and (3) of Lemma 2.6
still holds, even though Z,[Gg] is not Noetherian. This is a consequence of the local
class field theory: for any finite extension L of Q,, the dimension of Hom(Gy, F)) is
finite.

3. Fake-Hasse invariants

In order to study the Hecke action on overconvergent modular forms, we need fake-Hasse
invariants and strange formal integral models of the modular curve constructed by Scholze
in [16, Chapter 4]. The fact that the Hecke action is locally analytic will be a formal
consequence of the existence of these Hecke-invariant sections.

Our setup is as follows. Let C = Cp,, the p-adic completion of @p with ring of inte-
gers Oc. For a sufficiently small open compact subgroup K of GL»(Ay), we denote
by X ;,c the complete adelic modular curve over C of level K and by X its associated
rigid analytic space. We will always assume K is sufficiently small so that X 1?,0 is a vari-
ety. If we choose an isomorphism between C and C, the non-cusp points of Xz ~(C) are
given by the usual double cosets GL>(Q) \ (C \ R) x GL,(Ar)/K. On X%, we have the
usual automorphic line bundle wgr g, . Fix an open compact subgroup K? C GL, (A}’)
contained in the level-N -congruence subgroup for some N > 3 prime to p. For a suffi-
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ciently small open subgroup K, € GL>(Q)), in the proof of [16, Theorem 4.3.1], Scholze
constructed

e aformal integral model X%, K, of X[*(I,K with an affine open cover Bk, 1, Bk, 2;

e an ample line bundle a)‘lgtp K, O X% KPK, whose generic fiber is wg » Kps

Moreover, fix n > 1. For a sufficiently small open subgroup K, € GL,(Qj), there are

e global sections 5y,.1,5,.2 € HO(X% XPK, w‘K PK, / p") (fake-Hasse invariants) such that

QS’KP ; 1s the locus where s, ; is 1nvert1ble fori = 1, 2. In particular, 5,1, 55,2 gener-
ml

ate W'y g, /p".
All %KpK . Bk,.1, Bk,,2 and w}?‘,,K are functorial in K? K, hence GLZ(AP) acts
on the tower of (X%, Ky ,a)K rK, ). Both sections §,,1 and S, » are invariant under this
action.

We briefly recall Scholze’s construction. Scholze proved that when the level at p
varies, the inverse limit lim X% p g exists as a perfectoid space, which will

<—K»CSGL2(Qp)
be denoted by X% ,. Moreover thére 1s the so-called Hodge—Tate period morphism

JTHT- Xl*(p — F

defined via the position of the Hodge—Tate filtration on the first cohomology of the univer-
sal elliptic curve (on the non-cusp points). Here .7¢ (= P1) denotes the associated adic
space of the flag variety of GL,/C. The pull-back of the tautological ample line bun-
dle wg; on F#L along myr is canonically identified with the pull-back of wg» K, to Xx K
(up to a Tate twist). Note that I'(.#€, w ¢ ) has a canonical basis fi, f>, whose pull-back
to Xg, will be denoted by ey, e;. Let Uy, U, € X%, be the open subsets defined by
||%|| < 1and ||Z—; || < 1, respectively. Hence e; is an invertible section on U; fori = 1, 2.
Scholze proved that U; and U, are affinoid perfectoid and are the preimages of some
affinoid open subsets Vi, 1, Vi, 2 of XI*(,,KP for sufficiently small K. Fix n > 1. For
a sufficiently small subgroup K, and i = 1,2, we may find

o sni € I'(Vk,.i,wkrk,) such that |1 — SZ—';i|| =1lp"l

o xni € TV Oxg,, ) such that | S — x| < |p"|l.

This is possible because the natural map

lim I(Vi, i Ox;, ) = T (Ui O )
Kp

has dense images. The formal integral model X%, Ky is obtained by glueing Vg, 1

SpfO* (Vk,.1) and Bk, » := Spf O+ (Vg 2) along Spf(9+(VKp,1 N Vk,.2). The integral
line bundle a)'IQ‘p K» is defined by requiring s, ; being invertible on B; for i = 1, 2. This
does not depend on 7 and the choice of s, ;. For the fake-Hasse invariants, observe that
Sp,1 mod p™ and s, 2X, 2 mod p” glue a global section 5,1 € H° (5€K,,K ,wlg,,Kp/p”)
by our choice of s,,;, X,,;. Similarly, one can construct s, >. We remark that 5,1, Sn,2
are independent of the choice of s, ;, x,,; because 5,; may be viewed as e; mod p”.

Thus 5,1, 5u,2 are fixed by the action of GL, (A}’ ).
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LetT = Tgr = p[GLz(AP )// K?] be the abstract Hecke algebra of K7 -biinvariant
compactly supported functions on GL; (Ap ), where the Haar measure gives K? mea-
sure 1. Let K, be a sufficiently small subgroup of GL>(Q,) so that X%, KPK, and B,
B, are defined. (We drop some subscripts K, from the notations.) It follows from the
functorial properties of By, B, that HO(B;, (a)‘lgt,, K, )®%). i = 1,2 and k € Z, admits
a natural actlon of T. Denote by V; = Vk,i € Xk, K, the generic fiber of B;. Then
HO(V;, a)KpK ) is a p-adic Banach space with unit ball HO(?B,, (a)‘lg‘pK )®%). Our main
result here is

Theorem 3.1. For i = 1,2 and k € Z, the Hecke action of T on HO(V,,a)KpK ) is
locally analytic.

Remark 3.2. We will relate H°(V;, a)g’]; K,,) with classical overconvergent modular
forms later in the next section. See the proof of Corollary 4.6.
Since T is affine, H(B;, (0@ ¢, V&Y ph = H(Bi, (0, )®k / p™) Tt follows
int

from the construction of wg Ky that 1f K, ’ is an open subgroup of K, the pull-back
map

HO(B;. (o g,) %/ p") = HO (B i (0 )/ P™)

is injective as E’f ; generates both (!, Ky )8k / p and (w}?‘p K, )%k /p on B; and B Kjpis
respectively. Therefore, for a fixed n, we are free to replace K by a smaller subgroup
In particular, we may assume S, ; exists. Note that s, ; is an invertible section on ¥; and

commutes with the Hecke actions. There are T -equivariant isomorphisms:

<k
n.i

s .
=" HO(Bi. (i, )%/ ).

X

H° (Bi, O /p")

KPKp

Hence H(T;, (a)}?p Kp)®k )/ p" is independent of k as a Hecke module. Thus it suffices
to prove Theorem 3.1 for k = 0, and we have the following corollary.

Corollary 3.3. The Hecke actions of T on
(TT HoB:. @x,)®)) ®2, @y i =12,
keZ

are locally analytic.

Proof of Theorem 3.1. Fix n > 1. By definition, we need to show that the image of

T — End(H°(B;, Og«  /p™))

KPKp

is finite. By shrinking K, if necessary, we may assume 5, ; exists. Since 5; is the locus
where ¥, ; is invertible, we may write

H (B, 0x;,, [p") = lim H*@fok,. (@fok,)® /7).

XSn.i
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Hence it suffices to show that the image of
T — End(H®(Xfo i, . (@R k,) %/ P"))

is finite and the kernel stabilizes when k is sufficiently large. For the finiteness, by the

ampleness of a)?‘,, Ky when k is sufficiently large, we have

HYXkok, . (@gog, )%/ p") = H*Riog,. (@ k) )/ D"
Since H 0(%;( PKy (a)}?,, K,,)®k ) is p-torsion free, it is enough to show that the image of
T — Endo (H Xk, (@fx,)®) S Ende (H*(Xfok, 0Fh k)

is a finite Zp-module. Indeed, the properness of X%, K» implies that the space of global
sections H° (Z‘EK,,K (w}(pK )®K) is a finite O¢ module and HO(XKPK , a)KpK ) is
a finite-dimensional C vector space. Our claim is clear as X% KKy the sheaf wkrk, and
Hecke actions are all defined over Q.

To see that the kernel of T — End(H 0(% K, (a)‘K PK, )®k / p™)) stabilizes, consider
the exact sequence (for simplicity, we drop the subscrlpt K & K, in “’]12 PK, )

int)®k—1/pn Gn. 1,5,, 2) ( mt)®k/p D (wmt)®k/p

Gn. Zs Sn.1)

0— (w
( ml)®k+l/p 0.

(This essentially comes from the non-split sequence 0 — O (—1) = 0%2 — 9(1) = 0
on P1.) When £ is sufficiently large, taking global sections of this exact sequence remains

exact as a)?p K» is ample. Thus the Hecke action of T on Ho(faEKpK (a);‘,,K YBk+1/pm)

int

factors through H°(¥% KPK, , (wg» Ky )&k / p)®2  which proves the claim. ]

4. Hodge-Tate—Sen weights

In this section, we study Galois representations attached to eigenforms in H°(V;, a)?]; Ky
Let me introduce some (standard) notation first. For simplicity, from now on we assume
K? C GL, (Aj’,’ ) is of the form ]_[l;é p Ki. Let S be a finite set of rational primes contain-
ing p such that K; =~ GL,(Z;) for [ ¢ S. Denote by

Ts = Z,,[GLZ(A})// I1 KZ] cT
¢S
the subalgebra generated by spherical Hecke operators. Consider the image T; ; of Tg —
End (H°(5;, (935* /p)) By Theorem 3.1, this is a finite [F,-algebra. Moreover, by [16,
Corollary 5.11], there is a continuous 2-dimensional determinant D of Ggq,s valued
in T;; in the sense of Chenevier [6] satisfying the following property: for any [/ ¢ S,
the characteristic polynomial of D(Froby;) is

X2-17'ix +171s).
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Here Gg,s denotes the Galois group of the maximal extension of Q unramified outside
of S and infinity, Frob; € Gg,s denotes a geometric Frobenius element at [ and 7;, S
denote the usual Hecke operators

o e [l )

Let IF be a finite field so that all residue fields of T;; can be embedded into F. Fix
an embedding of W(IF)[ ] into @p, or equivalently an embedding F — O¢/p. In this
case, T; 1 ®p, F acts on H° (%1,035* vk, /p), and we denote by T; its image in
End(H°(T;, (935* &, / p)). Finally, for any maximal ideal m of T;, we have a continuous
2-dimensional determiinant Dy of Gg,s valued in T; /m = FF. Let RY; be the universal
formal W (IF)-algebra parametrizing all liftings of Dy,. This is a Noetherian ring. Denote
the product over all m by
=[] R

meSpec T;

Now for any k € Z,n > 0, by [16, Corollary 5.1.11], there is a lifting of ]_[mespec T; Dm
valued in the image of Ts ®z, W(F) — End(H°(X%, g, - (w}?‘,,Kp)@k/p”)). By the
universal property, this image receives a map from RP*. Hence we obtain an action of RP®
on HO(V;, a)K PK, ) factoring through the Hecke action. In particular, by Corollary 3.3,
we have the followmg assertion.

Corollary 4.1. The action of R* on ([[xez H°(T:, (a)ilgl,,Kp)@k)) ®z, Qp is locally
analytic.

Concretely, since each Rk, is a Noetherian local formal W(IF)-algebra, it can be written
as a quotient of W(IF) [[xl, ..., Xg] for some g. As explained in Example 2.8, there exists
an integer # > 0 such that }f, has norm < 1 acting on ([ Tz H°(B;, (a)}?pK )¥N®7,Qp
forany j=1,...,g. Therefore, let ECQ p be a finite extension of W(IF)[ ] containing an
n-th root of p and fix such aroot p'/” ¢ E We can extend the action of W(IF) [x1,....xg]

to an E-linear action of E (-3 l/n s pl/n on ([Txez H (B, (a)‘Igt,,Kp)‘8 ) ®z, Qp.
Recall that geometrically, the generic fiber of W(F)[xy, ..., xg] is an open ball and
E (# e, p)f%) corresponds to a closed polydisk inside. This means the spectrum of

the Banach space H°(V;, a)gl,f K,,) is in a bounded region with radius strictly less than 1.

We make such a choice for each m. As a consequence, the action of RP* can be
extended to an action of a topologically finitely generated Banach E-algebra. We denote
its image in

End(( [T H°(B:. @k, )®)) ®2, Qp )
keZ
by R. There is a natural map RP® — R. Hence we have a 2-dimensional determinant D g
of Gg,s valued in R which is continuous with respect to the p-adic topology on R.
The whole point of showing that the Hecke action is locally analytic is to improve the con-
tinuity of the determinant on RP* from the rad(RP*)-adic topology to a p-adic topology.
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The Hecke action on H(X} KPK, ,a)K PK, ) k > 0, extends naturally to R. In fact,
the image of Tg ® E in End(HO(XKpK ,a)K,,K )) agrees with the image of R. In
particular, the action of R on H°(X3 KPK, ,a)?,, K,,) is semi-simple.

Lemma 4.2. The kernel of

R — End( 1_[ HO(XI*(pr»wlc?lpcKl,))
k>0

is trivial.

Proof. This is a standard application of fake Hasse invariants. See the proof of [16, The-
orem 4.4.1]. We give a sketch here. Suppose f € R is a non-zero element in the kernel
of the above map. We may assume it has norm < 1 acting on [ [,y HO(%B;, (w}?t,,K ®k)
and its image in End ([,cz H°(B;, (a)}?,,Kp)‘@k/p)) is non-zero. Now since R™ @w ()

int

E — R has a dense image, the action of f on H(5;, (a)KpK )®k/p) commutes with 57,
if n is sufficiently divisible by p. Indeed, since a)‘lgtp K, is ample s1 ; lifts to a global sec-
tions, € H 0(%’;{ PK, (w}?tp Ky )®%) for I large enough. Then
(g—1)-s1 € pH Xgrg, (@gog,)®)
K .
forany g € GLy(A%). Thus (g — 1) -5 € pFF 1 HO (R} x (w;gg,Kp)Wk) for k > 0.
In particular,

k
T(Sl )C)—Sl T(X) c pk+1H (%“(wmt p)®m+lp )

for T € Tg and x € H°(B;, (a)iI?tpr)@"). By continuity, this also holds for 7 € RF.
We can write ,
/= oE + /7,

where f/ € RP® ® O and f” € R with norm < 1 acting on [z H(DB;, (a)‘lg‘pK k).
It follows that < <+ and f commute with (57, i) " This means that f acts non- tr1V1a11y on
HO(%%, KPK," (i, Kp)®k / p) for some sufficiently large k by the same argument as in the
proof of Corollary 3.3. In this case,

HYEyog, . @k, )%/ p) = H' Xk, . (@ g )/

by the ampleness of w}?t,, Ky But this contradicts our assumption on f. ]

Recall that there is a determinant D g of Gg,s valued in R. Since R is over a char-
acteristic zero field, one can also view this as a function 7: Gg,s — R, which behaves
like the trace of a two-dimensional representation, i.e., a pseudo-representation. For any
non-zero E-algebra homomorphism A: R — @p, we can associate a two-dimensional
semi-simple continuous representation p,: Gg,s — GLz(@p), well-defined up to con-
jugation, whose trace is given by A o T. Moreover, if A arises from an eigenform in
HO(X3 KPK, ,a)K PK, ), then by Faltings’s result [9], p, |G@ has the Hodge-Tate weights
0,k —1. Our convention is that the cyclotomic character has the Hodge—Tate weight —1.
The density result of Lemma 4.2 has the following consequence.
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Theorem 4.3. For any A: R — @p, one of the Hodge—Tate—Sen weights of p;, |G@p is O,
i.e., (pr ®q, €)% # 0.

Proof. Recall that given a continuous representation of Gg,, — GL;, @ p), Sen constructs
a monic polynomial Pse, of degree n with coefficients in Q, ®q, Qp(upe). It is
called the Sen polynomial of p and only depends on the semi-simplification of p. Its
roots are called the Hodge-Tate—Sen weights of p (or up to a sign depending on the
normalization). Moreover, Sen shows that this polynomial varies analytically in family.
See [17, 18] and also [2, Théoreme 5.1.4]. We are going to apply Sen’s theory in our
context.
First, suppose that there exists a continuous Galois representation

pr: Gg,s = GL2(R)

whose trace is T'. Then by Sen’s result, we can find a polynomial Pse, p, with coeffi-
cients in R ®q,, Qp(1poe), such that for any A: R — @p, the Sen polynomial of p, is
given by A(Psen,pz). According to Lemma 4.2 and Faltings’s result, the constant term
of Psen,p, vanishes as it vanishes after composing with any A arisen from an eigenform
in HO(XK,,K ,a)}?];Kp). (Implicitly, we are using that Qp(u;°) is flat over Qp.) This
immediately 1mpl1es our claim.

In general, we may assume R is an integral domain. We are going to use the following
lemma, whose proof will be given later.

Lemma 4.4. Assume R is normal. There exists a polynomial P € R ®q, Qp(ip=)[X]
such that for any A: R — Qp, the Sen polynomial of p), is A(P).

Let R’ be the normal closure of R in its fraction field. Note that R is a quotient of
products of E(xy,...,xx). Hence it is excellent because the Tate algebra E (xy,...,x;) is
excellent by the weak Jacobian condition [12, Theorem 102]. In particular, J is a Nagata
ring and R’ is a finite R-algebra. Thus R’ is a Banach E-algebra.

Now consider the pseudo-representation G, s I, R - R'. Note that by the going-up
property of an integral extension, any A: R — Q » can be extended to a map A': R’ — Q »
and p, = pys. In particular, it is enough to show that p,/ has a Hodge—Tate—Sen weight
zero for any I: R’ — Q ». Applying the previous lemma to R’, we get a universal Sen
polynomial P with coefficients in R’ ®q, Qp(upoc). Again, it suffices to show that
the constant term of P vanishes. Write the constant term of P as Z,_l a; ® b; with
ai € R, b €Q, (ug"), and b; are linearly independent over Q. If one of a; is non-zero,
say ai, we can find a monic polynomial Q(X) € R[X] with constant term Q(0) # 0
and Q(a;) = 0. By Lemma 4.2, there exists a A: R — @p arisen from an eigenform in
HO(XK,,K ,prK )and A(Q(0)) # 0. Let A': R’ — Q, be a map extending A. By Falt-
ings’s result A (al) = 0. But

0=2"(Q(a1)) = M(Q(0)) # 0.

Contradiction. Thus we prove P(0) = 0. ]
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Proof of Lemma 4.4. First we recall some standard constructions in the theory of pseudo-
representations. Fix a complex conjugation 6* € Gq,s. Our pseudo-representation 7 is
odd in the sense that 7 (c*) = 0. For any 0, t € Gg,s, let

o a(0) = T((T*U;-‘FT(O’);

e d(o)=T(o)—a(o);
o x(0,7) =a(ot)—al(o)a(r).

We denote by d the ideal of R generated by all x (o, 7). It is called the ideal of reducibility
as p, is reducible if and only if A({) = 0. If 4 is generated by some x (09, 79) # O, then

x(0,70)
o €Gos a(o) X(Uo,go)
x(og,0) d(o)

defines a representation Gg,s — GL2(R) whose trace is T'. In this case, our claim follows
from Sen’s result directly.

In general, 4 might not even be principal. Here is a sketch of our strategy. X := Spm R
is viewed as an affinoid rigid analytic variety. Consider the blowup X of X along the
ideal sheaf defined by 4. Then J becomes an invertible sheaf on X and we can apply the
previous construction and glue a polynomial on X interpolating the Sen polynomial at
each point. Now the normal assumption guarantees that the coefficients of this polynomial
actually belong to R. This gives the polynomial we are looking for. Since everything is
relatively simple here, the blowup process will be replaced by the explicit construction
below. But it seems helpful to keep this blowup picture in mind.

If 4 = 0, then a, d are characters and our claim is clear. So we may assume J # 0
from now on. Let x; = x(01,11),...,Xr = x(0,, 7, ) be a set of non-zero generators of d.
Denote by R the unit ball of R and by X the fraction field of K. Foreachi € {1,...,r},
we define R+ as the p-adic completlon of JR+[ xf] C KX and R; e7¥+[ ] Con—
sider the pseudo representation Gg,s LR Rl The ideal of reducibility in thls case is
generated by x;. Hence we have a polynomial P; € R; ®q, Qp(jtpoo)[X] interpolating
the Sen polynomial at each point of Spm R;.

Denote by ¥; C Spm R; the open subset defined by x; # 0 and by X; C X the open
subset defined by x; # 0, [|x;|| < [|xi|l, j = 1,...,r.Itis easy to see that ¥; maps isomor-
phically onto X; under the natural map 7;: Spm R; — X. Hence we may view P;|y, as
a polynomial on X;. Clearly, it interpolates the Sen polynomial at each point in X;. Hence
we can glue all P; and get a polynomial P on X’ := X \ V({), the locus of irreducible
representations. (Here we are using that R is reduced.) Since R is normal and the coeffi-
cients of P are bounded functions, by Bartenwerfer’s result [ 1, §3], the coefficients of P
can be extended to functions defined everywhere on X, i.e., P € R ®q, Qp(po)[X].

We claim that this polynomial P interpolates the Sen polynomial at each point in X.
By construction, this is true for points in X’. It remains to verify points in V(4). Let
AR — @p be a non-zero map whose kernel contains dJ. Note that there exists i €
{1,...,r} such that A can be extended to a map A": R[x e ] — Qp This is because
the usual blowup (in algebraic geometry) of Spec R along J maps surjectively onto
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Spec R. Fix an integer n so that A’ (R+[p o) s contalned in the ring of
integers of Q,. We define R;" as the p- ~adic completlon of R“L[p T x’] and
R = Q/+[ ]. Then A’ extends to R naturally. Again, there is a polyn0m1al

i € {Ri ®qQ, Qp (ppe=)[X]

interpolating the Sen polynomial at each point of Spm &R;. It suffices to prove that P, con-
sidered as an element of (,R/)red ®q, Qp(upe)[X], agrees with P/. Clearly, this is true
for points in the irreducible locus Spm R} \ V(x;). But this also 1mplles pomts in V(x;)

as x; is not a zero-divisor in R by the ﬂatness of R/ over <‘R+[p X2 xf] C K.
(Note that R, is the p-adic completlon of the Noetherlan ring R*’[p x Lo 2 x’] )
This finishes the proof. ]

Remark 4.5. In fact, the normal assumption in Lemma 4.4 can be waived here because
the local universal deformation ring at p of a pseudo-representation is normal by [3,
Theorem 1.4].

Corollary 4.6. The two-dimensional semi-simple Galois representation associated to an
overconvergent eigenform of weight k € 7. has the Hodge—Tate—Sen weights 0,k — 1.

Proof. We use the (generalized) notion of overconvergent modular forms introduced in
[13, Definition 5.2.5]. See also the discussion there for its relation to classical overcon-
vergent modular forms. For an open compact subgroup K, of GL»(Q)), denote by Vi,
the set of open subsets V € X%, K» such that

o 1(V) = ;1 (Vo) for some open neighborhood Vo, of 0o € P! = Y.

Here 7g,: Xg, — Xgp Ky denotes the projection map and mur: Xg, — FL is the
Hodge-Tate period morphism, cf. the discussion in the beginning of Section 3. For exam-
ple, Vk,, > introduced in Section 3 is an element of Vg, if K}, is sufficiently small. Open
sets in Vg, form a projective system by inclusions. If KI’J C K, is an open subgroup,
there is a natural map Vg, — VK; induced by taking the preimages. The space of over-
convergent modular forms of weight k is defined as

M](K?) = lim lim HO(V, wkrk,).
Kp—>1VeVg,
(This is equivalent to [13, Definition 5.2.5] by [13, Proposition 5.2.6 and Lemma 5.2.9].)
Fix a V € Vk,. The Hecke operators away from p act on HO(V, a)Kp Ky ). An (non-

zero) eigenvector of T in M T(K ) is called an overconvergent e1genf0rm of weight k.

We remark that elements of form (16 0) € GL2(Qp) acton M T(K P).

Let M, C MT(KP) be the image of

: k i
h_r)n H° (VKp,zaprKp) - M, (K?).
Kp—1

We claim that

mi&?) = (’g (1)) - M>.

nez
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This implies the corollary. Indeed, the action of (16" ‘1)) commutes with the action of
the Hecke algebra. Hence our assertion follows from Theorem 4.3 because the (usual)
determinant of the Galois representation associated to an overconvergent eigenform of

weight k has the Hodge—Tate weight k — 1. To prove the claim, we first note that

i (Vi,2) = 7t (U)

for some open subset U of Jﬁ containing oo, which is independent of K,. For any open
neighborhood V4, of co, ( o 1) U C Vi for some n. This implies that given V' € Vg,
there exists a sufficiently small open subgroup K’ € GL»(Qp) and an integer n such
that

o gK'g7! C K, where g = (2 9);

01
e under the isomorphism ¢: X, &/ = XI*G, Kig—1 induced by g1, we have
¢(Vkr2) S (V),
where : X% KrgKig—1 Xx» Ky denotes the projection map.
Thus the map H°(V, a)Kpr) — M,ZL(KP) factors through g - H%(Vk 2, a)Ik(pK,), and
our claim follows. ]

5. A result of Calegari-Emerton

Matthew Emerton pointed out the following consequence of Corollary 3.3, which reproves
a result of Calegari-Emerton [5, Theorem 2.2] and can be viewed as some evidence
towards a question of Buzzard [4, Question 4.4] asking whether for a fixed level, all
Hecke eigenvalues of arbitrary weights lie in a finite extension of Q,,. We denote by Z P
the ring of integers of Q p and by m its maximal ideal.

Theorem 5.1. Let S be a finite set of rational primes containing p and K = [[; K; be an
open compact subgroup of GL,(Ar) with K; = GL,(Z;) for | ¢ S. There exists a rational
number k = k(K, p) such that for any A:Tg — Z appearing in HO(V,,a)KpK ) and
AM:Tg — Z appearing in HO(V;, a)KpK ) for some integers k, k' (A, A’ may comefrom
classical forms, for example) if A = A mod m, then

A =1 mod p*Z,

Proof. Clear as the action of Ts on H®(V;, a);‘?lpc K,,) is locally analytic. [ ]

6. Hecke action on locally analytic vectors of admissible representations

In this last section, we provide another example of locally analytic Hecke actions: the case
of the Hecke algebra acting on the locally analytic vectors in the completed cohomology.
In fact, we will prove this result in a more general setup.
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Suppose that

e (G is afinite-dimensional p-adic Lie group.

e IV is an admissible Banach space representation of G. Recall that this means that for
any open compact subgroup K of G and any open bounded K-stable lattice £ C W,
the IF,-dimension of (£/p£)X is finite.

e Aisaring and W is equipped with an A-module structure which commutes with G.

For simplicity, we also assume the following:

e W?is A[K]-stable for some open subgroup K of G.

A typical example to keep in mind is that W is Emerton’s completed cohomology
introduced in [8] for arithmetic quotients of symmetric spaces and A is the Hecke algebra.
If these arithmetic quotients are Shimura varieties defined over a number field F, one can
also take A = Z,[GF].

Let K be an open subgroup of G sufficiently small so that W? is K-stable and it
makes sense to talk about analytic functions on it, cf. [15, Theorem 27.1]. We denote
by WK=2 C W the subspace of K-analytic vectors. It is a Qp-Banach space and an
A-module.

Theorem 6.1. The action of A on WX~ is locally analytic.

Proof. We denote by 6" (K, Q) the space of Q,-valued analytic functions on K with
the unit open ball €*"(K, Q,)°. Fix n > 1. Then

WK—an,o — (Wo®zpcfan(K, QP)O)K’

cf. [13, §2.1]. The completed tensor product is p-torsion free. Hence there is an inclu-
sion

WK—an,O/pn C (Wo ®Zp %an(K, Qp)o/pn)K.
Note that €*"(K,Qp)°/ p" is fixed by some open subgroup K’ of K: whenn = 1, see [13,
Lemma 2.1.2]. The same argument works for any 7. Hence
WK—em,O/pn c (Wo ®Zp (gan(K’ QP)O/pn)K’
= W/ p")K @z, € (K.Qp)°/p"
(Implicitly, we use that €*"(K, Q,)°/p" is flat over Z,/ p™.) Note that all the maps are
A-equivariant. Thus the image of A — End(W K—2¢/ p") factors through the image of

A — End((W°/ p™)X"). But (W°/ p™)X’ is finite by the admissibility. By definition, this
means that the action of A on WX~ is locally analytic. ]

Remark 6.2. If W is the completed cohomology of modular curves and A = Z,[Gq), ],
this result implies that Sen’s theory can be applied to WX~ For example, it follows that
the Sen operator acts on WK_““@)Q[, C, cf. [13, Remark 5.1.16].
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