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Abstract. This paper studies the asymptotic stability of solutions to an initial-boundary value prob-
lem for a hyperbolic-elliptic coupling system on the two-dimensional half-space, where the data on
the boundary and at the far field are prescribed as u_ and u 4, respectively. We show that the solu-
tion to the problem converges to the corresponding planar rarefaction wave for 0 < u— < u4 as
time tends to infinity. To the best of our knowledge, the stability results of planar rarefaction waves
on half-space focus primarily on the single viscous conservation law because the rarefaction wave
(one-dimensional diffusion wave) of the corresponding one-dimensional problem to scalar viscous
conservation law is known. In other words, for a general high-dimensional system of equations,
we cannot obtain the stability of planar rarefaction waves on half-space because we cannot con-
struct the rarefaction wave of the corresponding one-dimensional problem. In this paper, we use the
structure of the hyperbolic-elliptic coupling system to obtain the monotonic rarefaction wave of the
corresponding one-dimensional hyperbolic-elliptic coupling system, and hence give the stability of
the planar rarefaction wave on half-space. This can be viewed as the first result for the system of
equations on the stability of planar rarefaction waves on half-space.

Keywords: hyperbolic-elliptic coupling system, planar rarefaction wave, L2-energy method,
initial-boundary value problem, asymptotic behavior.
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1. Introduction

In this paper, we consider the asymptotic stability of solutions to an initial-boundary
value problem for a hyperbolic-elliptic coupling system on the two-dimensional half-
space:

u; + f(u)x + gu), +divg =0, (x,y) e Ry xR, >0, wn
—Vdivg+qg+Vu=0, (x,y)eR; xR, >0, '
with initial data
u(x,y,0) = up(x,y) (1.2)
and boundary condition
u(,y,t)=u_, t>0, (1.3)
u(+oo,y,t) =uy, q(+o0,y,1)=0, >0, (1.4)

where u and ¢ = (g1.¢2) are dependent variables with values in R and R2, respectively.
Both f and g are smooth functions, and u 4 are constants. We assume that f is strictly
convex, i.e., for a certain positive constant o,

f'u)>a>0, uck, (1.5)

and that the characteristic speeds f’(u4) satisfy

flu-) < f'(uy). (1.6)
Without loss of generality, we also assume
f0) = f'(0)=0. (1.7)

The study of (1.1) is motivated by physical models or the so-called radiative gas
model. The model is used to describe the dynamics of a gas in which radiation is present,
and it consists of the compressible Euler equations coupling with an elliptic system rep-
resenting the radiative flux, cf. Vincenti and Kruger [32]. System (1.1), first mentioned
by Hamer in [4], simplifies the model for the motion of radiating gases on the two-
dimensional half-space. For the deduction of system (1.1), we refer to [1,3,4,32]. In the
in-flow case of u_ > 0, the boundary condition (1.3) is necessary for the single hyperbolic
equation (1.1);. In addition, we also require

divg(0,y,t) =0 (1.8)

for the solvability of the coupling elliptic equation (1.1),. On the contrary, in the out-flow
case of u_ < 0, the boundary condition (1.3) is sufficient and necessary for the solvability
of the hyperbolic-elliptic coupling system (1.1).

Conditions (1.5) and (1.6) give u— < u4. Referring to [21], we recall that the asymp-
totic behavior of the solution to the one-dimensional scalar viscous conservation law is
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classified into the following three cases in accordance with the signs of the characteristic
speeds f'(u4):

@ f'u-) < fluy) <0,

(b) 0= f'(u-) < f'(uy),

© flu-) <0< f(uy).

In case (a), the solution of (1.1) converges to the corresponding stationary solution (i, )

which satisfies
f(ﬁ)X"_qx:Ov XER+’

—qxx +q+ux =0, x eRy,

u(0,1) = u_, m u(x)=uy.

li
x—>+00
In case (b), the solution behaves as the rarefaction wave which satisfies

re+ f(r)x=0, xeR, >0,
u_, x<020,

r(x,0) =ro(x) := {

Uy, x>0.

Here r(x,t) = r(7) is given explicitly by

u_, x < fl(u-)t,
r(,t) =1 (H7'E). fllus) <x < flug)r,
Uy, x> fl(ug)t.

In case (c), the solution tends to the superposition of stationary solutions and rarefaction
waves.

There are many works concerning the asymptotic stability of solutions for different
physical systems. Most of them are in the case of one dimension. The pioneer work for
stability of nonlinear waves for the Cauchy problem on scalar viscous conservation laws
was done by II’in and Oleinik in [9] in 1960. Then, the rate of convergence toward the
rarefaction wave was first obtained by Harabetian in [5] for the viscous Burgers equation
and the further work has been investigated by many authors in [7, 23, 24]. For the half-
space problem on scalar viscous conservation laws, Liu and Nishihara in [22] considered
the asymptotic stability of a viscous shock wave for the case of u_ > u . For the case
where u_ < uy, Liu, Matsumura and Nishihara in [21] first proved the asymptotic sta-
bility of rarefaction waves or stationary solutions as well as the superposition of these
two kinds of waves. The convergence rate of the rarefaction wave on half-space was
found by Nakamura in [25]. By a combination of the weighted L? energy method and
the L! estimate, Hashimoto, Ueda and Kawashima in [6] obtained the convergence rate of
the superposition of stationary solutions and rarefaction waves. These problems were also
considered for the hyperbolic-elliptic coupling system (1.1) on the one-dimensional space.
Tanaka in [30] proved that the solution approaches the diffusion wave for the case where
u_ =u4 = 0. Kawashima and Nishibata in [14] investigated the existence and asymptotic
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stability of traveling waves and also obtained the convergence rate for u_ > u4. The
remaining case ¥_ < u 4 was studied by Kawashima and Tanaka in [17]. They showed the
asymptotic stability of the rarefaction wave and obtained the convergence rate. Recently,
the initial boundary value problem of the one-dimensional system (1.1) was also studied
thoroughly. Ruan and Zhu in [29] considered the case 0 = u_ < uy for a hyperbolic-
elliptic system on the one-dimensional half-space and justified the convergence toward
the corresponding rarefaction wave. Moreover, Ji, Zhang and Zhu in [1 1] further showed
the asymptotic stability of the stationary solution, rarefaction wave, and the superposition
of these two kinds of waves forthe cases u— <uy4 <0,0 <u_ <utpandu_ <0 <uy,
respectively. In addition, the asymptotic stability of rarefaction waves or stationary solu-
tions for the compressible Navier—Stokes equations was fully studied in [13, 16, 18,27].

In the case of the multi-dimensional space, Xin in [34] first investigated the asymptotic
stability of planar rarefaction waves for viscous conservation laws in two dimensions, and
then Ito in [10] found the decay rate. Nishikawa in [28] further improved their results
without smallness conditions. Kawashima, Nishibata and Nishikawa in [15] first studied
the asymptotic stability of planar stationary solutions for viscous conservation laws on
the two-dimensional half-space and obtained the convergence rate, and Ueda, Nakamura
and Kawashima in [31] improved the decay rate for the degenerate case by using the time
weighted L? energy method. Recently, there are also many papers discussing the asymp-
totic stability for the hyperbolic-elliptic coupling system in the multi-dimensional whole
space. Gao, Ruan and Zhu investigated the asymptotic decay rate for the Cauchy prob-
lem of the planar rarefaction wave for a hyperbolic-elliptic system in R”, n = 2,3,4,5,
cf. [2, 3]. For the initial-boundary problem for system (1.1)—(1.4), case (a) correspond-
ing to planar stationary solutions was considered by Zhang and Zhu in [35]. However,
for case (b) where 0 < f’(u—) < f’(u4), the stability of planar rarefaction waves has
been left open. For the initial-boundary value problem of other physically meaningful
equations in the multi-dimensional case, there are interesting results about the stability
of planar stationary solutions; we refer readers to [12,26] for the compressible Navier—
Stokes equations. However, the corresponding stability results of planar rarefaction waves
are quite few. The reason is that it is quite difficult to show the monotonicity of profiles
and decay rate of the corresponding one-dimensional equations for the general high-
dimensional system of equations. On the other hand, the large-time behavior of solutions
to the compressible Navier—Stokes equations is determined by the Riemann problem on
the corresponding inviscid Euler system, which contains a planar rarefaction wave in
the genuinely nonlinear characteristic fields. This will lead to the emergence of error
terms composed of planar rarefaction waves in the perturbation equations, which are only
related to x but independent of y such that the integration of these terms over y € R
is divergent. As far as we know, the stability results of planar rarefaction waves for the
multi-dimensional Navier—Stokes equations only consider the case in an infinitely long
flat nozzle domain, cf. [19, 20, 33]. Obviously, in this case (y belongs to a bounded
domain), the planar rarefaction wave is integrable in y-direction. Therefore, it is mean-
ingful to study the stability of the planar rarefaction wave for an initial-boundary value
problem for system (1.1) on the two-dimensional half-space.
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Our aim of this paper is to prove the large-time behavior of the solution of (1.1)—(1.8)
for case (b), where 0 < f’(u_) < f’(u4). Compared with the one-dimensional stability
results in [11] and the Cauchy problem in [3], the additional difficulties here lie in the
boundary estimates of higher order derivatives, the integration of the planar rarefaction
wave over y-direction and the L!-estimate of the perturbation V := U — ii. To over-
come the first difficulty, we give the relation between the boundary values in Lemmas 3.6
and 3.31, and utilize the tangential derivative estimates in y-direction and in ¢-direction to
control the boundary terms occurring in the normal direction. In addition, by utilizing the
analysis of div-curl decomposition, we convert the boundary term in the form of p(0, y, )
to the form of div p(0, y. 1) to complete the H 3-estimates of the perturbation p := ¢ — Q.
For the second difficulty, this is a hard problem faced by all multi-dimensional equations.
To solve the second difficulty, we consider the one-dimensional initial-boundary value
problem (2.10)—(2.12) to further approximate the rarefaction wave. Fortunately, the one-
dimensional system (2.10)—(2.12) can be rewritten as the following scalar equation form
with convolution

U+ fU)y +U—-KU=0, xeRy, >0, (1.9)

where K is the inverse of the elliptic operator —32 + 1 in Ry, which is defined in (3.58).
It is this scalar equation form that allows us to generalize the monotonicity result in [34]
to our problem (2.10)—(2.12). From the maximum principle, we prove that the solution U
of system (2.10)—(2.12) satisfies U, (x,?) > 0 for any (x,?) € R4 x Ry provided that
the initial data Uy(x) is a smooth non-decreasing function of x-variable (see details in
Lemma 2.4). Moreover, we obtain the decay rate of U and its derivatives, which plays an
important role in estimating the perturbation v := u — U. Thanks to the structure of (1.9),
we can convert the perturbation equations (2.19) into the form of (3.60), which helps us
deal with the third difficulty (see in Lemma 3.22).

This paper is organized as follows. In Section 2, we summarize some basic properties
of the planar rarefaction wave, which are given in [7,17]. Then we reformulate the initial-
boundary problem (1.1)-(1.3) and present our main theorem. In Section 3, we show the
asymptotic behavior for the case of 0 < f’/(u—) < f’(uy), which corresponds to the
planar rarefaction wave. More precisely, we show that if the rarefaction wave strength is
suitably weak (Juy —u—_| < 1) and the initial data uo in (1.2) is suitably close to the
planar rarefaction wave, then the initial-boundary value problem (1.1)—(1.3) has a global-
in-time solution which converges to the planar rarefaction wave r(x, t) as time tends to
infinity. The specific results can be found in Theorem 2.6.

Notations. Throughout this paper, we denote generic constants by C and ¢ unless they
need to be distinguished. We denote R x R by R% . Let 2 =R or R% . For any nonneg-
ative constant p (1 < p < o00), L?(£2) denotes the usual Lebesgue space over €2, equipped
with the norm || - ||L»(g). Forany [ > 0, H 1(©) denotes the usual Sobolev space over
with the norm || - || g1 (q)- We use the notation V¥ £ as in the meaning

VES = @ £ 05V, £ 050D £95),
where f = f(x,y,t) and V° f = f. The notation A := 93 + 9> denotes the Laplacian.
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2. Preliminaries and main theorem

2.1. Preliminaries

In order to prove the main Theorem 2.6, we first give some inequalities which will be
used later. The following lemma is given in [8].

Lemma 2.1. Assume that N > 2 is an integer, Iy, [», ...,y are nonnegative integers,
1 <p,q,r <oowith % = % + % Letl =1y + Iy + -+ + I . Then there exists a positive
constant C = C(N, p, q,r,1) such that the inequality

N L
[16Y 5

j=1
holds for any f(x) = (f1(x), f2(x),..., fn(x)).
As an application of inequality (2.1), for any 1 < p < oo, [3] points out that
"
3§ { S (w) w)zc}
S (w)

provided |[w||Loo(r 1) is bounded.
Throughout this paper, we denote the rarefaction wave strength § by

=< C||f||1LV;%R+) 1 f a9k fllr ey (2.1
LP(Ry)

< C|9k+? 2.2
LP®y) — ” x w”L”(R+) (2.2)

8= |u_ —uy4l.

As the rarefaction wave r(x, t) is only Lipschitz continuous, we need to find a smooth
approximation rarefaction wave through the viscous Burgers equation as in [7, 17]. Define
w(x, 1) as a solution of the Cauchy problem

W; + WWy = Wyx, xeR, >0,
t i X );x 2.3)
W(x,0) =wy(x), xeR.
For the case of f/(u_) > 0, we define the initial data as
f(u-), x <0,
wg(x) =47 (2.4)
fl(uy), x>0.

For the case of f'(u—) = 0, w(x,?) does not converge to the corresponding rarefaction
wave fast enough around the boundary x = 0 under the initial condition (2.4). Thus, when
f'(u=) =0, wR(x) is given as

R o _f/(u+)? x <0,
Wy (X) = { f’(u+)’ x>0

which yields @ (0, ¢) = 0. Using the Hopf—Cole transformation, we can obtain the explicit
expression of W (x,t). From (1.5), we define a smooth approximation w(x, t) of the rar-
efaction wave as

wlx, 1) = (f)7H@(x,1)). (2.5)
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Substituting (2.5) into (2.3), we obtain that w(x, ¢) satisfies the equation

f///(w) 5
—f”(w) wy, xeR, >0, 2.6)
w(x,0) = wo(x) := ()" 1(W(x,0), xeR.

wy + f(W)x = Wxx +

The monotonicity and decay rate of rarefaction wave have been thoroughly studied in
[7,17]. We directly give the properties of the smooth rarefaction wave w; (x,¢),i = 1,2,
in Lemma 2.2, where w1 (x, t) corresponds to the case f’(u—) = 0 and w,(x, t) corre-
sponds to the case f/(u—) > 0.

Lemma 2.2. For1 < p <ocoandt > 0, the smooth rarefaction waves w;(x,t),i = 1,2,
satisfy the following properties:
i) 0<wy(0,1) —u_ < C8e™ 1D for f'(u_) > 0and w,(0,t) =0 for f'(u_) =0;
(i)  [0K0lwy(0, 1) < C8e=1+D |9kalwy (0, 1) < C(1 + 1)~ 2*HAD | 4] =1,
2,3,4, k,l € N;
(i) [Jws (1) = r(0) Loy < C(1+1)72* 25,
1 gl 1 g1
@) Nwix@llr@ < €87 A+ 077, Jwi@)llLr < C87 (1 +0)7 T 7;
V) 050w () Loy < C8(1 + 1) 2E D) k41 =123.4k1eN;
i) 050w (1) lLr@my < C(1+ 1) 2*HH1=D) k41 = 12,34 k.l e N;
(vil) wix >0, x € R.
For the case of f/(u_) > 0, we know that for any x € (—o0, +00), wa(x, t) satisfies
U_ < wa(x,t) < us due to Lemma 2.2 (vii), which yields w,(0,7) # u_. Therefore,
we need to modify w;(x,¢) around the boundary x = 0. For simplicity, we still denote w,

as w in the following. By employing the idea of Nakamura in [25], we define the modified
smooth approximation (i, §) as

{?(x,t) =w(x,1)— ﬁ(xA,t), o
q(x,t) = —wx(x,t) —q(x,1),
where
{ﬁ(x, t) = (w(0,t) —u_)e™™, 2.8)
G(x,1) = wxx(0,1)e™ .

Note that %(0, ¢) = 0, if f'(u—) = 0. Substituting (2.7) into (2.6) and capturing x € R4,
we have

- - e ~ A ~ S"w)
U+ f@)x = txx +txx — U — (f(U+u) — f@)x + 7 (w) Wy,
X € R+, t >0,
g=-ly—1x—q, xeRy, >0, (2.9)

u0,t) =u—_, gx0,t) =0, t>0,

#(x,0) = Uo(x) := wo(x) —u(x,0), xe€R;.
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From Lemma 2.2, by simple calculations, the following estimates of #(x, ¢) can be ob-
tained. For details of the proof, we refer to [7,17,25].

Lemma 2.3. Suppose that f'(u-) > 0. For 1 < p < oo andt > 0, the smooth rarefaction
wave U(x, t) satisfies the following:

(i) |0%dL5(0,0)] < C8e™¢U+D k41 =1,2,3,4,k,l € N;

i) (70— r()llLr@y < C(1+07245;

i) () Lo @y < C87 (L4077, [T 0)Lr < €57 (14077,
(v) 05T Lo, < C81+ 1) 2*H=0) k41 =1,2,3,4, k1 € N;
) o%oli@)|Lr@y) < CA + "I k41 =234 k.1 eN;
(vi) Uy >0,x€eR.

Since the terms on the right-hand side of (2.9); are not integrable with respect to y,
we consider the one-dimensional initial-boundary value problem corresponding to (1.1)-
(1.8), which can further approximate % by the problem

U X x = Y,
t+ f(U)x+0x =0 2.10)
_Qxx + Q + Ux =0
with initial data
U(x,0) = Up(x) 2.1

and boundary condition
U@O,t) =u_, Q0x(0,t) =0, U(+oo,t) =uy, Q(+4o00,t)=0. (2.12)

Referring to [3], we get the monotonicity of U(x, t) in x-direction by assuming that
%Ug()&') >0 forx € R;.

Lemma 2.4 (Monotonicity of profile). Assume that Uy(x) is monotonically non-decreas-
ing, i.e.,

d
—U()(X)ZO, X€R+.
dx
Then the solution (U(x,t), Q(x,t)) of (2.10)—(2.12) satisfies
ad
a—U(x,t) >0, Q(x,1)<0, (x,1)eRixRy.
X

Proof. We take differentiation of (2.10); with respect to x and denote U (x,?) by W(x,1).
Consequently, we get

(2.13)

W + f/(U)Wx + f//(U)WZ + Qxx =0,
—O0xx+0+W=0

and d
W(x,0) = Ux(x,0) = an(x) > 0. (2.14)
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We extend the function W(x, t) such that

W(x,t), x=>0,

W = {W(—x,t), x < 0.

Then Q(x,t) in (2.13) can be solved as

O(x,1) = Q(x,1)[x>0
and satisfies Q(x,0) < 0 due to (2.14), where

~ 1 ~ 1
O(r.t) = =5 [ Wndy = =3 [ @ WL dy,
+

Therefore, we can rewrite (2.13) as

Wi+ (U)W + f/(UYW2+ Q + W =0, (x,1)€Ry xRy,

1 =yl glxty] 215
QZ_E eV e hW(y,1)dy, (x,f) e Ry xRy
Ry
We make the transformation
|
W=W_ ¢, (2.16)
L
where L is a positive constant. From (2.15),, we get
1 — 1
Ox,t)y =—~ | (P ge " hw(y,0)dy + —¢
2 Jr, L
0+ Lol 2.17)
= —e'. .
L
Consequently, we get from (2.14) and (2.15) that
_ _ _ 2 _
Wi+ £/ (U)W + (/O = e f'(U) + 1) + 0
_ 1 t " 1 t
= Te (1 —f (U)Ze) (2.18)

and
W(x,0)>0, O(x,0)<0.

We claim that W (x, ) > 0 and Q(x,) < 0 for any (x,7) € Ry x R. In fact, for any
T >0, let
to = inf{t | W(x,t) =00r Q(x,1) =0Vx e Ry, t € (0,T]}.

If o does not exist, the proof is completed. Otherwise, 7o € (0, T] and then there exists
xo € Ry such that Q(xg, ) = 0 and W (x, t9) > 0 for any x € R4, or W(xg,) =0
and Q(x, 1) < 0 for any x € R;. We argue by contradiction for the above two cases.
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Case 1. O(xo,t9) = 0 and W (x,19) > 0 for any x € R,. From (2.17), we can deduce
that W (x, o) = 0 for any x € R,. It follows that W(x, tg) and Q(x, o) attain their
minimum and maximum respectively at the point x = x(. Notice that W, (x0,10) <0,
Wi (xo,t0) = 0. If we choose L sufficiently large satisfying

1 1
L= f'U) e = 1= f"(U)7e" >0 onRy x(0,7],

then we get a contradiction at the point (x¢, #9) from (2.18).

Case 2. W(xq,t) = 0 and Q_(xo, to) < 0. In this case, we see that W, (xo, fo) < 0,
Wi (xo, to) = 0. Similarly, we can get a contradiction by (2.18) if we choose L suffi-
ciently large.

Therefore, we obtain

W(x,t) >0, O(x,t) <0, (x,1)eRy xR,.
Letting L — +o00in (2.16), we have
W(x,t) >0, Q(x,t) <0, (x,t)e Ry xR,

We complete the proof of Lemma 2.4. [ ]

Setting

u(x, y,t) —u(x,t) ={U(x,t) —u(x,0)} + {u(x, y,t) — U(x,1)}
= V(x,t) +v(x,y,1)

and

atxv) = (T0) (D) (TEON - (2650))

= (P()(;’t)) + p(x,y,1),

we get two reformulated problems:

Vi+ (f(V +u) = f@)x + Px = Ry,
_Pxx+P+Vx = R,

(2.19)
V(0,t) =0, Px(0,t) =0,
V(x,0) = Vo(x) = Up(x) — tig(x)
and
v+ (fo+U)— f(U)x +gv+U)y+divp =0,
—Vdivp+p+Vo=0, 220

v(0,y,t) =0, divp(0,y,t) =0,
v(x,,0) = vo(x,y) =uo(x,y) — Up(x),
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where o
~ ~ ~ | o~ ~ (w) ,
R = — — L w2,
1:=gx e+ (f@+u)— @) ) wy 2.21)
Ry := 1ty + § — Wxxx — Uxxx — Gxx-
By utilizing Lemmas 2.2 and 2.3, it is not difficult to get the following corollary.

Corollary 2.5. Supposethat f'(u_)>0.For1 < p <ocandt >0, Ry(x,t)and R(x,t)
satisfy
@ IR O r@y < C8e™UHD 4 C57 (1 + 1),
i) 1950 Ry (1)llLr,) < CEe—e(+D
k+1+42 k+14+3
Fomin$(1+0) T ot (14 T Ty k4l =1,2,3,4;
Qi) (00! Ro(t) | o my) < Ce=cUHD
k+1 k+1
FCmings(1+0)~ 204 140" TSy k41=0,1,2,3,4;

(iv) |0%LR1(0,1)] < C8e™U*D k1 =0,1,2,3,4.

For the case where f'(u_) =0, Ry(x,t) = —%w%x and Ry(x,1) = —ilxxx, and it
holds that
1 1
®  NROlLr@y) = C87(1+ 0727,
i) 1950 Ry () oy < Cmin{S(L+0)7 2 T2 (1407 T Tkl =
1’25 39 4;
K143 o
wii) 950 Ra(0) o,y < € min{s(1+ 1)~ T4 (14 =5 0y k1 =
Oa 1» 2, 3, 4,'

(viii) [0%9L R1(0,1)] < Cmin{8(1 + 1)~ "2 (1 + )" F ) k+1=1,2.3.4,

Proof. We only give the proof of (i)—(iii) and (viii). The remaining estimates can be
obtained by a similar method. From Lemma 2.2 (i), (iv), (2.8); and (2.21)1, we have

1
IRUO)lLre ) < Coe0H0 1 / 27 dx)”

Ry
< C8e D 4 Cllwy (1)l ooy [wx (D Lo @4
< C8e™(HD L C(1 + 1)~ 187 (1 + 1)1t 7

< C8eeUHD L 67 (14 1) 27,

Therefore, the desired estimate (i) is obtained.
Next, we try to show the estimate (ii). By utilizing (2.2), we can get

L u2)

— k
< 8™ 4 CA P w () Lo ®y)-

||8§R1(t)||Lp(R+) < Ce—c+D) s

LP(RL)

From Lemma 2.2 (v), it follows that

105 Ry (D)l Lr®,y < C8e™HD + C8(1 + 1)y~ 2kt2=3), (2.22)
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On the other hand, from Lemma 2.2 (vi), it also holds that

15 R (D IlLr@y) < C8e™UHD 4 C(1 + 1)~ 2k+3=5), (2.23)

Combining (2.22) and (2.23), we complete the proof of (ii) in Corollary 2.5.
To get (iii), we can get from (2.21), that

1% Ra ()o@ y) < €8 + 0534 Loy

Estimate (iii) can be obtained by applying Lemma 2.3 (iv) and (v). Finally, we show esti-
mate (viii). In fact, from (vi),

10500 Ry (0,1)] < 1959} Ry (1) ooy < CmindS(1+ 1) 2, (140" 2 ). m

We state the main result in this paper as follows.

2.2. Main theorem

Theorem 2.6. Assume that 0 < f'(u-) < f'(u4) holds. Suppose that ug(x,y) —ro €
Lz(Ri) N Ll(Rﬁ_) and Vugy € Hz(Rﬁ_). Then there exists a positive constant 8y such
that if

lluo(x, y) — ’"0||L2(1Ri) + ”VMOHHZ(R?Q + Juy —u—| <o,

then the initial-boundary value problem (1.1)—(1.8) has a unique global solution (u, q)
which satisfies

u—reC%0,00); H*R3)), Vu—ry e L*0,00; H*(R%)),
q +rx € C°([0,00); H*(RY)) N L?(0, 00; H>(RY)),
divg + rex € C2([0, 00); H*(R?)) N L?(0, 00; H?(R%))
and

sup  |[VRu(x,y, 1) —r(x,1))| >0 ast — o0, k =0,1,
(x,y)eRF
sup |Vk(q(x,y,t) 4+ ry(x,2))] >0 ast - o0, k =0,1,
(x,y)eR3

sup |V(divg(x,y,t) + rxx(x,1))] =0 ast — oo.
(x,»)eRY

3. Asymptotics to planar rarefaction wave

In this section, we focus on case (b) where 0 < f/(u—) < f'(u4). We devote ourselves to
showing that the asymptotic behavior of the solution of (1.1)—(1.8) is the corresponding
planar rarefaction wave as ¢ tends to infinity. In order to show that Theorem 2.6 is true,
we just need to prove the following two results, Theorems 3.1 and 3.2.
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Theorem 3.1. Assume that (1.5), (1.7) and 0 < f'(u—) < f'(uy) hold. Suppose that
Vo € H*(Ry) N LY(R4). Then there exists a small positive constant 8| such that if
Vollg+wy) +9 = 81, then problem (2.19) has a unique global solution satisfying

V € C%([0,00); H*(R4)) N C°([0,00); L' (R+)),

P € C°([0,00); H>(R4)) N L?(0, 00; H?(R4)),

and for a sufficiently large t,

_1
IV(@)llLeo®y) < C(1+1)"21log>(2 + 1),
15V () Lo,y < CA+1)"Flog® @ +1), k =1,2,3,
105 P(t)llroory) < CA+ 1) log®(2+1), k =0,1,2,3,4.

Theorem 3.2. Assume that (1.5), (1.7) and 0 < f'(u—) < f'(uy) hold. Suppose that
v € H3(Ri) N Ll(Ri). Then there exists a small positive constant &8, such that if
[lvo ||H3(R§r) + 8 < 85, then problem (2.20) has a unique global solution satisfying

v e C2[0,00); H*(R%)), Vv e L*(0,00; H*(R?)),
p.divp € C°([0,00); H>(RZ)) N L?(0, 00; H(RY))
and
sup  |[VEu(x,y,6)| >0 ast — o0, k =0,]1,
(x.y)eR%
sup  |[VEp(x,y. )| >0 ast — o0, k=0,1, 3.1
(x,y)eR3 ’

sup  |Vdiv p(x,y,t)] >0 ast — oo.
(x,y)eRZ.

In the following, we try to prove Theorems 3.1 and 3.2. We note that the main differ-
ence between f’(u_) > 0 and f’(u_) = 0 is the boundary values f'(u—)3%V(0,¢) and
' u_)Viv(0, y, 1), k =1,2,3,4,1 = 1,2, 3. The proof of the case of f/(u_) = 0 is
simpler than that of f’(u—) > 0. Thus, we only prove the case of f/(u—) > 0, and the
proof of f’(u_) = 0 is omitted.

3.1. Estimates for the perturbation on the one-dimensional half-space

In this section, we consider the initial-boundary value problem on the one-dimensional
half-space,

{ Vi + (f(V + 1) — f()x + Px = Ry, 52

—Pix + P+ V=R,

with initial data
V(x,0) = Vo(x) = Up(x) — up(x) (3.3)



M. Zhang, C. Zhu 3326

and boundary condition

V(0,1) =0, Py(0,t) =0. (3.4)

Here, Ry and R, are defined in (2.21). From (3.2), we have
(@504 V)? < 3((9%0 Pox)? + (9501 P)? + (950! R2)), (3.5)
(9501 Pex)? < 3((0504Vi)? + (950) P)? + (9501 R2)) (3.6)

withk +1 =0,1,2,3, &k, € N. It will be often used later and plays an important role in
a priori estimates.

The solution of the reformulated problem (3.2)—(3.4) is sought in the set of the func-
tional space X (0, T'), where for 0 < T < +o00, we define

X(©0.T) = {(V.P) |V € C°([0,T); H*([R4)), Vx € L*(0, T; H*(R+)),
P e CO([0.7): H*(R4)) N L2(0, T: H*(R4))}.

Proposition 3.3. Suppose that the boundary condition and far field states satisfy 0 <
f'(u_) < f'(uy), the initial data Vo € H*(R,) and the wavelength § = |u_ —u | are
sufficiently small. Then there are two positive constants §iand C = C (31) such that if
Vollzawy) +9 < 81, problem (3.2)~(3.4) admits a unique solution (V(x,t), P(x,1)) €
X (0, +00) satisfying

t
VOIs@ ) + IPONGs@,) +/0 (V@3 + IPONGs @, ) dr
1
5C(||V0||§,4(R+)+52) vt € [0, 00). (3.7)

Since the proof for the local-in-time existence and uniqueness of the solution to (3.2)—
(3.4) is standard, the details will be omitted. By the Sobolev inequality and Lemma 2.3,
we get

sup Z 15V ()l < €8,

t>
k=0 (3.8)

sup Z 105U @)l Leomy) < C8,
t>0k 1

where 8 = (|| Vo||% + 5%)% is sufficiently small, provided that 3, is small enough.

H*R4)
In order to prove Proposition 3.3, it suffices to show the following a priori estimates.

Proposition 3.4 (A priori estimates). Let T be a positive constant. Assume that 0 <
f'(u=) < f'(ug). Suppose that problem (3.2)— (3.4) has a unique solution (V, P) €
X(0, T). Then there exist two positive constants 52(< 51) and C =C (82) such that if
Vo ||H4(R+) + 8 < 85, then we have the estimate

t
”V(t)||§-14(R+) + ”P(t)”zsalg_,_) +/0 (”Vx(f)HzS(R_,’_) + ||P(T)||§-15(R+))df

1
= C(||V0||%.14(R+) + 52) vVt € [0, T]
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Before proving the a priori estimates, we first give some basic estimates.

Lemma 3.5. There is a positive constant C such that the following estimates hold:

) — 7 > g ~ y2 .
(AD) /R+(f(V+u) £V dx = sz+ 7V2 d:
(A2) f (V4 7) = f@0))rx Vi dx
Ry
ov2ax— L0
R, 2

—C/R Vel (T lIV] + B2V + V) dx:
+

3a
>

V2(0,1)

(A3) /R (V4 ) = f()xxxVex dx
+

5 "(u—
> 2% V2 dx — %fo(q 1)

=5
_C/R+ Vel {(Tns] + [ + Tl IV
+ ([Tax| + 5 + VOIVal + [Val[Vax|} doc;
(Ad) /R WD @)V 3

Sa - "(u_)
> uxszxtdx—f szxt((),t)—C[ |Vx||Vxxt|2dx
2 R4 2 Ry

—C/R Weae LAV + 7 + Talffaal + [TaxlIVal + [TaxxDIVi]
(Va2 + e + [T [Verl} dx
‘C/R Ve (T 1V + [Tel Vel + ] + 17 [T
" 2 il + T L)V} dx
—c/R West KV Vil + 171Vl + |Vl ] + 171
" A+ [Vael + [iTxe ) [Viex| + (Ve + 1D Viexx |} dx
- C/R WVt (70172 4+ 52| -+ 170 [ ] + e ]
! T Tt | 4 [Tl Tox |+ [Tene )V ] dx;

(AS) /R (V4 7) = F@)wwnte Viwte dx
+
50 £l

e ﬁx szxtt dx — ) szxtt(O’ t)
Ry

- C/l; |Vxxtt|{|Vx||Vxxtl| + (|Vt| + |17t|)|Vxxxt|}dx
+
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—c /R WVeaee L@ + [T (V2 + 72)
T (Tl + e DVl + i) + V2 + [T V?
e (Vi + 17D} Ve dx
e fR WVewtd {(ere] + el + 72, + [Vl
" b (el + T Taae] + [TaxseDIVil} dx
- c/IR Werrd (Ve + 7 + el + e DVl + [7])
+ [ | (Vi + 03)} Ve | dx
e /R WVerd {1Vl + (V2 + 82) + (Ve + T) (Ve + i)
VAl T Vit + [T + (e[} Vx| dx
- C/R Vst {(Val + [ D(V2 4+ 72) + liex (Vi] + lia])
" T (V| + [t ]) + liTee [} Ve | dx
- C/R Wawtd {(Val® + 72 4 [T Vel + [Tl Vi
" + (V2 4+ 72 + [Viex| + e )| Vere]) dx
- C/R Weaee H(VZ + 22 + Vael + [ee D[ Vi
T (VeVil + Tl Vil + @Vl + Tl + Vel
+ |17xt|)|Vxxt|}dx
[ Wana (Tl + T + T2+ T+ T2
' 2 gee| + e[| + i e |}V ] dx
- C/ IVxxtt|{|1’7tﬁxtﬁxx| + U | Uexr | + [UxxUxre| + |Uacxetxe]
' + 2] + [Tyt + [exe |}V ] dx.
Proof. By direct calculations, we can obtain

FV 410 = F@)V = (F(V + i) — £G0) — £/ GVl
V+u
4 {(f(v w1 - sy - [

u

f(s)ds + f(ﬁ)V}

X

and
V4T~ f@)eVie = 3 £ +DVE 42 0+ DTV
F SV DV e+ VD) — [ @BV,
+ (f'(V + 1) = f'(0)ixx V.
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Integrating the above two equations over R, from V(0,¢) = 0, we have

- ~ _ @ o
/RJr(f(V—i-u)—f(u))dex_ 2/ Uy V*dx

Ry

and

/ (f(V +u)— f(il)xx Ve dx > o W VZEdx — S u-) V2(0,1)
Ry 2 2

Ry

—C/R Vel (e [V + Z2V] + V2) dx.
+

which yields the desired estimates (A1) and (A2). The inequalities (A3)—(AS5) can be
obtained by using the similar approach. ]

Lemma 3.6. Suppose that f(u_) > 0. The solution V(x,t) satisfies the following bound-
ary estimates:

(B1) V2(0,1) < Ce~c(+D);

(B2) V2(0,1) < Cde—c+0);

(B3) V2.(0,1) < C8e~¢U+D L CP2 (0,1);

(B4) V2,(0,1) < Ce=c+D);

(B5) V2,(0,¢) < C8e=¢U+D 4 CP2 (0,1);

(B6) V2,,(0,1) < Cse™c+D);

(B7) V2,,(0,1) < Ce=¢0+) + CP2,,(0,1).

Proof. From (3.2); and (3.4), it holds that
S @=)Vx(0.1) = R1(0.1) — Px(0,1) = R1(0.1). (3.9)
By utilizing Corollary 2.5 (iv), we have
V2(0,1) < Coe=c(+D),
Differentiating (3.9) with respect to 7, we get
S (u_)Vxt(0,1) = R1£(0,1).

It follows that
VE(0,1) < CRY,(0,1) < C8e™ (),

Similarly, we can get the remaining boundary estimates (B3)—(B7) by utilizing (3.2);. =

Remark 3.7. For the case of f'(u—) = 0, the boundary terms (B1)—~(B7) in Lemma 3.6
will disappear because the coefficients of all boundary terms (ak 81 V(0,y,1))? are L-%=2 B (" )
which is given in Lemma 3.5 (A2)-(AS). Similarly, the boundary terms (D3)- (DS) in
Lemma 3.31 will also disappear. In other words, in the case of f/(u_) = 0, the result of
the initial boundary value problem (1.1)—(1.8) is the same as that of the Cauchy problem.
For details, we refer to [3].
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3.1.1. A priori estimates. In this section, we will prove Proposition 3.4 under the a priori
assumption

V@l gy < €0

where 0 < g9 < 1. By the Sobolev inequality, there exists a positive constant C such that
15V (©)llLo®,) < Ceo.  k =0,1,2,3.
For simplicity, we divide the proof of the a priori estimates into several lemmas.

Lemma 3.8. Under the same assumption as Proposition 3.4, there exists a positive con-
stant C such that

t
||V(t)||iz(R+) + /(; (11t V(r)||1%2(R+) + ||Px(f)||zz(R+) + ||P(T)||22(R+)) dr
1
< C(Volfag, ) +82)- (3.10)

Proof. We can get from (3.2); x V + (3.2), x P that

%%w + (f(V +10) ~ f@)V + P2+ P>+ {PV — PP},

=RV + RP. (3.11)
For V(0,t) =0 and Px(0,7) =0, the terms in {- - -}, disappear after integrationin x € R.
Thus, integrating (3.11) over R4, by Lemma 3.5 (A1), we have

1d A~
EE”V(I)”]Z‘Z(R_‘_) + 5” MXV(I)||]%2(R+) + ||Px(t)||]%2(R+) + ||P(t)||22(R+)

<C (|R1V|+ |R2P|)dx. (3.12)
Ry
We treat the terms on the right-hand side of (3.12) as follows. From Corollary 2.5 (i)
and (iii),

c /R RiV]dx < CIR ) 2 o IV Ol 2z,
+

< CEHA 073 4+ 8 N (1 4+ V) 2, )
1 (3.13)
C [ eI = Z1PO I gny + CIRO e
1 _s -
< ZIPOIZ2g,, + C8 (1 +0)77 + Coeme.
Substituting (3.13) into (3.12), we can deduce that
d =
VOB, + VYO, + 1P OB + 1PO 2,
< C8F((1+0)73 + M)A+ V) 2o, )- (3.14)

Integrating (3.14) over [0, ¢], for some small §, we obtain the desired estimate (3.10). =
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Lemma 3.9. Under the same assumptions as Proposition 3.4, there exists a positive con-
stant C such that

t
Vs>, + /0 ViVl 72,y + 1Pex 72,y + 1 Px (Ol 2 g, ) dT
1
< CVola,y +2)- (3.15)

Proof. We can obtain from 0,(3.2); X Vy —(3.2), X Py that

SE V2V 4D — f@)cVi + PEy o+ P2 (PP,

= RixVx — Ry Pxx. (3.16)

From Lemma 3.5 (A2), integrating (3.16) over R4, we have

1d 3a, =
O agy + SNV O ) + 1P Ol + 1P e,
< L8 20+ e [TV + Y]+ v ax
+
+ (| R1x Vx| + [R2 Pxx]) dx. (3.17)

Ry

Now we estimate the terms on the right-hand side of (3.17) one by one. By applying (2.1)
and Lemma 2.3 (iv) with k = 2, the second term can be estimated as

C [ ATVl + RAVI+ V2 dx
Ry
< Vel + DIV O 22,y + Cr 1O e IV O B2,
< o+ WIVeOlZage, ) + Cu7' 81 +)72 (3.18)
The last term of (3.17) is bounded by

/R (RixV| + | Ry Pyx) d
+
< 0Va OB+ Pex® o, )+ O (R0 o)+ RO g )

_ _5
< nVe® 2o,y + 1Pex® 2z ) + Cu 821 +1)73, (3.19)

Substituting (3.18)—(3.19) into (3.17), by employing Lemma 3.6 (B1), for some small but
fixed u, we have

d =
E||Vx(t)||22(R+) IV VOl T2,y + 1 Pex Ol 2,y + 1P Ol 2 )
< Cleo + IVl 72, + CE (1 + )72 + CoeH0. (3.20)
The inequality (3.5) with k = [ = 0 gives

Vel 2y < 3UPecx N2,y + IPOI7 2y + IR2ONF 2@, ). (32D
R4) R4) R4) R4)
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It follows from (3.20) that

d =
VOB 2y, + IV Oy + 1 Prx O 2, + 1P O 2qe
< C||P(z)||§2(R+) + C82(1 +1)72 4 CsecU+D, (3.22)
Integrating (3.22) over [0, ¢] and combining (3.10), we get the desired estimate (3.15). =
Combining (3.10), (3.15) and (3.21), we can easily obtain the following corollary.

Corollary 3.10. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
1
| WOl e,y 87 = CYolaa, + 89 (3.23)

Lemma 3.11. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

1P,y < CUVolGa,, +82).
Proof. Rewriting (3.2), in the form
Pix—P =Vy—Ry
and squaring this equation, we get
P2 + 2P+ P> —2{PyP}y = VZ + R} —2ViRy. (3.24)

Integrating (3.24) over R, from P, (0,¢) = 0, combining (3.23) and Corollary 2.5 (i),

we obtain 5 5 )
PO,y < 20VeO 22, + 1RO, )

1
< CUVol g,y +92). (3.25)
which completes the proof of Lemma 3.11. ]

Lemma 3.12. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

Wax OB, + [ Poxx Ol 22,
t
+ /(; (RY ﬁxVxx(t)lliZ(R+) + ||Pxx(f)||i11(R+) + ”Vxx(f)”[Z‘z(RJr)) dr
1
< C(IVollfae ) +82)- (3.26)
Proof. We can get from 02(3.2); X Vyx — 0x(3.2), X Pyxy that

1d

3 Ve T SV + ) = f@)xxxVex + Pl + PLc = {Prex Pl

= RixxVxx — Rox Pxxx. (3.27)
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Integrating (3.27) over R4 and further employing Lemma 3.5 (A3), we obtain

1d Sa =
Ed_[” Vxx([)”iZ(R+) + 7 ” Ux Vxx([)||i2(R+) + ||Pxxx(t)“22(R+)+ ||Pxx(t)||iz(R+)

Sfu-) o, ~ "3 o~ e
STVxx(OsZ)+C |Vxx|{(|uxxx|+|ux| + Uy |ixx|)|V]

R+ ~ ~2 2
+ (x| + T 4+ VOVl + [Vl [Vax|} dx

+/]R (|R1xx Vax| + |Rax Pxxxl) dx. (3.28)
+

The terms on the right-hand side of (3.28) can be estimated as follows. By using Lem-
ma 3.6 (B3), the first term can be estimated as

S )
2

_ 1
szx(ov t) < Céde c(i+r) 4 Z||Pxxx(l)”22(R+) + C||Pxx(t)||i2(R+)' (3:29)

Using the Cauchy inequality and (2.1), we have

C/l; Vx| x| 4 x>+ U |icx DIV + (x| + T3 + VOVl + [Viel|[Vax |} dx
+ p—
= (” Vx||L°°(]R+) + M)”Vxx(t)”iz(ﬂg_'_) + C/‘L 1”Vx(t)”iz(R+)
+ C:uil ||ﬁxxx(t)||]2doo(]R+) ” V(t)||22(R+)
< Cleo + VxR, + Cu7 VO 22z, + CEA+07. (330)
and
/I; [Rixx Vix| + [Rox Prxx|dx < M(”Vxx(t)”iZ(RJr) + ||Pxxx(t)||i2(R+))
+ p—
+Cu 1(||R1xx(t)||i2(R+) + ||R2x([)||iZ(R+))
= M(”Vxx([)||22(R+) + ||Pxxx(t)||iz(R+))
+CpT 821+ 1) 7 + Cp18e 1D (331
Substituting (3.29)—(3.31) into (3.28) and choosing small but fixed u, we have
d —
Ve Oy + VTV OBy + PO 2, + 1P B
< (e0+ M)||Vxx(t)||i2(R+) + C(||Vx(t)”22(R+) + |l Pxx(l)”iZ(RJr))
+ C82(1 + 1) 4+ Ce™c1+D, (3.32)
From (3.5) with Xk = 1 and [ = 0, it follows that

Ver 2,y < 30 Pexx 2,y + PO 2y + [Rox )2z, ) (3:33)

We substitute (3.33) into (3.32) and then integrate the resulting inequality over [0, ¢].
Consequently, combining (3.15) and (3.23), for some small §, i and &¢, we obtain

t
”Vxx(t)”iZ(R+) +/0 (” \4 ﬁx Vxx(T)”z2(R+) + ||Pxxx(T)||22(R+) + ||Pxx(f)||22(R+)) dr

1
=< C(||V0||12L14(R+) + 82)
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Using relation (3.33) again, we can deduce that

t
1
[ W 8 = CUY e + 8
On the other hand, (3.6) with k = 1 and / = 0 gives
| Pexela, ) < CUP o) + VaxlZa,) + 1 RaxlZ2e,)-
which completes the proof of (3.26). ]

Lemma 3.13. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
Vel g, + /O Vi@ g,y + 1PN, ) de
1
< C(Vollfa,,) +82)- (3.34)

Proof. Equation (3.2); gives

/ VZdx <C | (VZ+u2V?*+ P2+ R})dx,
R+ R+ (3.35)
/R V2 dx < C/R V2 + VI 2VE+ a2 V2 +atv? + PR+ R?))dx.
+ +
It follows that
1
||Vt(t)||22(R+) < IIV(t)Ilzl(R+) + IIPx(t)IIiz(R+) +Cs < C(IIVo|I§,4(R+) +42),
1
IIth(t)Iliz(R+) < ||V(t)||§.12(]R+) + IIPxx(t)Iliz(R+) +Cé < C(IIVo||§,4(R+) +42)

and

t
Vi@l dr
/0 t Hl(R+)
t
2 ~ 2 2
= [ IOl + VTV Ol + 1Pl ) e+ €8
1
= C(”VOH§14(R+) + 52)
From (3.2), and Py,(0,¢) = 0, it is easy to obtain

1P F2@ ) < CIVa O,y + ClIR2OI72w
_7
< CIVatOll2g )+ C80+0)72. (3.36)

Integrating (3.36) over [0, t], we can obtain (3.34). Therefore, we complete the proof of
Lemma 3.13. ]
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Lemma 3.14. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
”Vxxt([)”iz(R+) +/ (||Pxxxt(f)||iz(R+) + “Pxxt(r)”iz(]lh_) + ||Vxxt(r)”iz(R+))dT
0

t
1 1
< CUVolZa,, +8%) + CUVolag, ) +5) /0 WVexx (@ 22g,, d7. (3.37)

Proof. We can get from 0xx¢(3.2); X Vyxr — 0x¢(3.2)5 X Pyxxy that

1 d

2dr xxt + (f(V + 1) — f(@0)xxxe Vexe — {Pxxt Pxt}x + Pxxxt + P)?xt

= RixxtVxxt — Roxt Pxxxt- (3.38)

Integrating (3.38) over R4, using Lemma 3.5 (A4), (2.1) and the Cauchy inequality,
we can get

1d f=—
5_ ” Vxxt([)||L2(R+)+ ” x Vaxt (t)”LZ(]R )+ ”Pxxxt([)||L2(R )+ ” Pxxt([)||L2(R+)

= CVxxt (O t) + (”Vx(t)”Loo(RJr) + ,LL)” VXXt (t)||L2(R+)
+ O WVl ooy + 1T o) I Verx 22,
+Cu (Ve ||2w(R+) + [txx (t)||124oo(R+) [V ||1%M(R+)
+ [[txxx ||%M(R+))||Vt(t)||iz(R+)
+Cu (IVx iz Iz 117 + liTxe 17 Vs (017
X Loo(R+) t Loo(R+) xt Loo(]R+) X L°°(]R+)
+ ”ﬁxxt ”12400(]1{_,’_)) ” Vx (t)||1%2(R+)
+ C/L_l(”Vx”]{OO(]R_i_) + ||'7xx||1%W(R+))|| th(t)“iz(R”
+ ”ﬁxxxxt ”%,OO(]R_F) ” V(t)”iZ(RJ’_)
+ O (Ve oy + Ntz ooy + 1VeVallLoom ) + [l VellLoom )
+ ” Vtﬁx”LOO(RJ,.))” Vxx(t)“iZ(R+) + /’L”Pxxxt(t)”iz(R+)
+ C/'L_l(||R1xxt(t)||22(R+) + ||R2xt(t)||22(]R+))~ (3.39)

By Lemma 3.6 (BS), the first term on the right-hand side of (3.39) is bounded by

_ 1
V0.0 = €87 4 ) Prce (Ol 2o,y + ClPext O F2 ) (340)
From (3.5) with k = 1,/ = 1, the second term on the right-hand side is bounded by

”Vxxt ||22(R+) = 3(||Pxxxt”22(R+) + ”th “22(R+) + ||R2xt||22(R+))~ (3.41)
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Substituting (3.40)—(3.41) into (3.39), and then integrating the resulting inequality over
[0, ], choosing small but fixed w, we get

” Vxxt (t) ||12,2(R+)

t
+ / (” \s Z736 Vxxt(f)||22(R+) + ”Pxxxt (T)”iZ(]R_i_) + ||Pxxt(T)||z2(R+))dT
0
t
= C||V0||1%14(R+) + C/ (”Vt(r)”zl(RJr) + ”Vx(r)”fql(]RJr) + ”th(r)”ill(RJr)) dr
0

t
1
+ CUVay + 38 [ Wass Ol e, b7 +C.

By using (3.41) again, and combining (3.23), (3.26) and (3.34), the desired estimate (3.37)
can be proved. ]

Lemma 3.15. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
1
WarsO sy + [ Wae(Oaga, 4 = Clae, + 8D 642
Proof. By f’(u4+) > 0 and using Taylor’s expansion, we can get from 92(3.2), that
Fru)Waxx = = f7EOWV + 0 —uy)Veiex — f"(V +0)(Vy + ﬁx)a

=31V + W) (Vx +iix) (Vax +¥ixx) = f'(V + W)ilxxx

+ SIS + 3" @)ixtx + f (@) xxx

+ Rlxx - Pxxx - Vxxh (3‘43)

where £ is between V + & and u 4.
Squaring (3.43) and then integrating the resulting equation over R, we have

[ (F () Varn)? dx
Ry
<C | (VHa—up)Vide+C | @V + 0303, V2 + i3, V) dx
R4 R4
+ C/ (VE+ TV + UtV + VIVE + 5, V2 +uzVa + Ry,
Ry

+ szxx + szxt) dx
< C(go +9) / V2 . dx
Ry

+ C(liTx | oo yy + xiTxxlF oo,y T NTxxx | F ooy )1V O 2,

+ CVallf o yy + Nxlzoo@ ) + xxllZ oo DIV Ol7 2 g )

+ CVax Ol f2@, ) + CIRux Ol 2 g,y + ClPrax O} 2w,

+ ClIVaxt Ol 72, - (3.44)
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Combining (3.26) and (3.37), we can obtain the desired inequality (3.42) for some small §
and gg. [

Equation (3.6) gives

|Pecex o,y < CUPel o) + 1 VexelZa, + [ Roxel 22z, )
Consequently, we have the following corollary.

Corollary 3.16. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
1
Procss sy + [ 1Pess Ol a, 07 = ClVolaa, + 89

Lemma 3.17. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
1
/(; (||Vtt(T)||%11(R+) + ||Ptt(f)||12L12(R+))dT = C(||V0||12114(R+) +42). (3.45)
Proof. We can get from 9,(3.2) and 9;0,(3.2) that

/ V2dx < C/ (V2V2H2V2 + 02V + 0202V + V2 4+ 02, V2 + P2 4+ R?)dx
Ry R

< CUVil gy + 1 B Vs o, + Clls B IVilZage,
+ C Vs “22(11{_,_) + C(|[xiis ||]%w(R+) + [|txs ||200(R+))||V||22(R+)

+ C||th||22(R+) + C”RUHiZ(RJr)

and

[, Ve = COVI gy + iy + Il
S A S N AGT P
t+ CUTE Vel ooy )+ 1T 17 o DIV O 2 g
+ C||th(f)||12ql(R+) + C||Vxx(l)||iz(R+)
+ C (e ooy ) + ITxxt [Foog, ) + Iixilee |3 oo, )
T o @) IV O 2w
+ C||Pxxt(l‘)||iz(R+) + C||R1xt(t)||i2(R+)~

On the other hand, we can get from (3.2), and Py (0,¢) = O that

”Ptt(t)”§{2(R+) = C(||tht(t)||22(R+) + ||Vtt(t)||22(R+))-

Integrating the above three inequalities over [0, ¢] and using Corollary 2.5, the desired
estimate (3.45) can be obtained. ]



M. Zhang, C. Zhu 3338

Lemma 3.18. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
[ Vxxtt(t)”iz(R+) +/0 (I Vxxtt(f)”iz(R+) + | Prxxee (7) ”1242(]1{_’_) + || Pxxte (T)||22(R+)) dr

t
1
=< C(||VO||§.I4(R+) + 82) + C(||V0||12114(R+) + 82)/(; ”Vxxxt (t)||iZ(R+) dzr. (3.46)

Proof. We can get from 029%(3.2); X Vyxsr — 0x0%(3.2)5 X Pyxxss that

1d _ _
Eantht + (f(V + u) - f(u))XXXU Vixee + szxxtt + P)?xtz - {Pxxtt tht}x
= Rixxtt Vixtr — Pxxxtt Roxes- (3.47)

Integrating (3.47) over R4, using Lemma 3.5 (A5) and Lemma 3.6 (B7), we have

1d 5 Sa /= 5 5
55” Vxxtt([)||L2(R+) + 7” Viux Vxxtt(t)llLZ(R+) + ”Pxxxtt([)”Lz(RJr)
+ ”Pxxtt (t)”iz(R_,_)
= CVxen(Ov 1)+ (||Vx||L°°(R+) + ﬂ)”Vxxtt(t)”iZ(R_i_) + il Pxxxee (t)||iz(R+)
+ C/fL_l ”ﬁxxxtt ||%w(R+) ” V(Z)”iZ(RJr)
+ CI’L_I(”VX(I)||§12(R+) + ”Vtt “?—Il(]R_,_) + ” Vt([)||§.]2(R+))
O WVl + 1T oo ) Vet 22
+ C/L_l(”Rlxxtt(t)”iz(R+) + ||R2xtt(t)||iz(R+))
< C(eo + I’L)||Vxxtt(t)||iz(R+) + 2M||Pxxxn(t)||iz(R+) +C8A+1)7°
+ 8 4 Vg, + CIVa g,y + CIVO B2,
T CUVi oy + [T ooy ) Veest D22z + ClPaxtr O 2, .
From (3.5) with k = 1 and [ = 2, the first term on the right-hand side can be treated as
” Vxxtt(t)||i2(R+)
<3 Prxxit D72y + I Pxte Ol 72y + 1 R2xwitlf2 g, ). (348)
It then follows that
d I~
a” Vxxtt(t)||22(R+) + ” Ux Vxxtt (t)||i2(R+) + ” Pxxxtt(l)”iZ(RJr)
+ ||Pxxtt(t)||22(R+)
= C(”tht(t)”él(]R_i_) + ||Vx(t)||§12(R+) + ”Vtt(t)”zl(R+) + ”Vt(t)“?JZ(R_'_))
+ C(”Vt ||]%M(R+) + ”ﬁt ”%,OO(RJr))”Vxxxt HiZ(R_,_) + C82(1 + l)_s
+ Coee0HD), (3.49)

Integrating (3.49) over [0, #] and using (3.48) again, estimate (3.46) can be proved. ]
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Lemma 3.19. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
1
”Vxxxt(t)HiZ(RJr) + /(; ”Vxxxt(f)”iZ(RJr) dr = C(” V0||§.14(R+) + 82)- (3-50)

Proof. By applying Taylor’s expansion, we can get from 929,(3.2), that

) Vs == fEO + 1 = up)Varxe — fFOV + D (Ve + 1) (Ve + Tix)?
—3fOW + W) (Vx + 02)*Var + Tlxr)
—3fOW + (Ve + 1) (Ve + ) (Viex + Tlxx)
—3f"(V + W) (Ver + fxe) Viex + )
—3f"(V + W) (Ve + x) Viexr + Taxr)
— £V + D) (Ve + 1) Vixx + Taxx) = 'V + B)ilxxas
— fO @I - 3f D@2 — 3 O, ilxlixe — 3f" ()i ilx
= 3f" @il xilxxs — " @il exxx — [ (@)l xxxe

xxtt — Lxxxt + Rlxxta (3.51)

where & is between V + % and u .
Square (3.51) and then integrate the resulting equation over R. Consequently, we
choose small ¢ and § such that the first term

/ (V + i — u+)2Vx2xxt dx < C(SO + 8)2/ szxxt dx
Ry Ry

on the right-hand side of (3.51) can be absorbed into the left-hand side of (3.51). Then,
we get

A.,_ Viewr dx < C(”Vtzoo(RJr) + ||77x||ioo(R+) + ||t txx ”124°°(R+)
+ ”ﬁxxx”%pO(]R_i_)) Vi (l)||1%2(R+)
(V2 ooy + Tt Vel oy + 1T VilBooga
+ [[txxe ||]%m(R+))||Vx(t)||i2(R+)
+ C (@3 o,y + Nixeilx | Foow ) + Helixiixxl7 oo, )
e oo ) IVO o
 C(axTine ooy + 1Tl 2o
+ [ Wxxxis ||2°°(R+))” V(t)||iz(R+) +C ||th(t)||§.11(]R+)
+ C(||Vxx(l)||12ql(R+) + ||Vxxtt(t)||22(R+) + ||Pxxtt(f)||iz(R+)
RO o)

Combining Lemmas 3.8-3.18, we can easily obtain the desired estimate (3.50). [
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Lemma 3.20. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

t
1V O2a,, + 103 PO 2., + [) VO 2 2m,) + 102 POI g, ) de
1
< CVolam,y +92)- (3.52)
Proof. Similar to (3.51), we can get from 8§(3.2)1 that

[tV = — f/EV 4T —up)dyV — f/(V+ D)oy — [V +D)(Ve + i12)*
— 6OV + W) (Vx + 112)? (Vx + flxz) = 3f"(V + W) (Vax + fixx)?
—4f" (V4 0V + 1) (Vs + Tixnx) — f O @)L — 61 (@)1
—3f" @2, — 4f " (@) ixlixxx — [/ (@) xxxx — Vixxe

— 03P + Rixxx. (3.53)

where £ is between V + & and u 4.
Squaring (3.53) and then integrating the resulting equation over R, we obtain

R (311/)2 dx < C(”Vx ||2oo(R+) + ||17x||2<>o(]1§+) + ||ﬁxxx||§,°O(R+)
+

T ooy + 1T VelFoom ) 1V O 22z
+ C (10471 o qmy + 1Tx Wooqgyy + [Talaee oo

W3 ixx | L oo )1V Ol 72 )

+ C(||Vxx(t)||§11(R+) + ”a;‘cp(t)”]ZdZ(R_'_) + ||R1xxx(t)||22(R+))-

+ [lixxllz ooy ) + |

On the other hand, utilizing (3.6) with k = 3 and [ = 0, the fifth derivative of P can be
estimated as

13 PO) 32z, < CUlPaxx 2z, + 102V O B2, ) + | Raxxx 2, -

By combining Lemmas 3.9, 3.12, 3.15, 3.19 and Corollaries 3.10, 3.16, the desired esti-
mate (3.52) can be obtained. ]

Combining Lemmas 3.8-3.20, we finish the proof of the a priori estimates (Proposi-
tion 3.4). Next, we devote ourselves to obtaining the decay rate of V' by employing the
L!-estimate.

3.1.2. Decay estimates. To give the decay estimates for the perturbation V', we further
assume that Vo € L'(R). We define ¢, (x) and ®,,(x) as follows:

+o00
u(x) := (py * sgn)(x) = / pu(x —y)sgn(y)dy,
—o00 (3.54)

B (x) = /0 6. () dy.
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where “sgn” is a usual signature function defined as

-1, y <0,
sgn(y):=4 0, y=0,
1, y>0.

The symbol p,, denotes the Friedrichs mollifier defined as
1 /x

pu(x) = —p(=).
a w\p

where p is a smooth function which has a compact support and satisfies

/_+00 p(x)dx = 1.

oo

We here recall the following properties of ¢, (x) and &, (x). The details can be found in
[6,10].

Lemma 3.21. Suppose that ¢, (x) and ®,(x) are defined in (3.54). Then ¢, (x) and
D, (x) satisfy
(1) limy—o ¢u(x) = sgn(x), x € R,
(2) limy o Pu(x) = |x|, x € R,
(3) ¢M(0) =0,
@ 3xPu(x) =20u(x) =0, x € R.
By utilizing Lemma 3.21, we can obtain the following L!-estimate.

Lemma 3.22 (L!-estimate). Suppose that Vo € L'(R;) N H3(R ), then the solution V
of problem (3.2)—(3.4) satisfies

VOl ryy = CUVollLrwy) + 6log(2 + 1)). (3.55)
Proof. We denote F(x,t) by

F(x,t) = —Vy(x,t) + Ra(x,1)

and then extend the function F(x,¢) such that

F(x,1), x>0,

Flx.1) = { F(—=x,t), x<0O.

Then P in (3.2), can be solved as

1
P(x,t) = E/Re_lx_y‘F(y,t) dy

1
=3/ (e e PNV (n. 1) + Ra(y,1))dy, x €eR4. (3.56)
+
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Differentiating (3.56) with respect to x, we get

1 Je—lx=rl ge—lx+yl
P =5 [ (T T )R + R

1 —ge~ 1=yl ge—lx+yl
= - —Vi(y,t) + Ra(y.1))d
sz+( n T )( (., 1) + Ra(y, 1)) dy

= [ e CH (5.0) + Rax (1)) dy

2 Jr,
1
=V—= | @ —e W (y.1) — Rax(y.1))dy. (3.57)
2 Jr,

It is easy to verify that Py (0, ¢) = 0. In deriving the last equality of (3.57), we have used
the fact that

Vo) = fy € —e B (Vi (r.0) + V(. 0))dy. x € Ry,
V(0,1) = 0.

We define the operator K as

KO =5 [ @ = ) ay, (3.58)
+

Then equation (3.57) can be rewritten as
P, =V —KV 4+ KRj,. (3.59)

Substituting (3.59) into (3.2);, we obtain
Vi+ (f(V+u)— f@)x +V — KV = Ry — KRyy. (3.60)

Multiplying (3.60) by ¢,, (V) and then integrating the resulting equation over R4 x [0, 7],
we have

[ e+ [ [ 0,000 4D - @) avae
+ /0 /R+ ¢ (VY(V — KV)dxdr

t
=/ <I>,L(V0)dx+/ / ¢ (V)(R1 — KRyy) dxdr.
Ry 0 JR

Letting © — 0, we can obtain that

/ / o (V) F(V + 1) — £(0))e dxdr
o JrRy

t |4
—[ [ [ 200000 - 5 @i dnaxar = o
o Jry Jo
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By using Young’s inequality

If*gllerwy) < N lLe@pligliLe®yys

where 1 <r, p,q < oo with } = % + é — 1 and “x” denotes the convolution with respect

to the space variable x, we can deduce that

IKf lerwyy = 1 lLvwyy-

It follows that
/ ou(V)(V =KV)dx >0
Ry

and
[ 0uV (R~ KRor) ax = IR 1oy + IRaxliies
+
< C8(1+0)7" + Coe~U+D)
for 4 — 0. Thus, letting 4 — 0, we can obtain the desired estimate (3.55). [

Proposition 3.23 (Decay estimates of V). Suppose that f'(u_) > 0and (V(x,t), P(x,t))
is a solution of problem (3.2)—(3.4). Then for ¢ € (0, %) and sufficiently large t, the solution
(V(x,t), P(x,t)) satisfies

t
(1+t>%+6/ (|V|2+|Vx|2)dx+/<1+r)%+6/ (VP + Ve ) dudr
]R+ 0 ]R+

t
+/ (1+ r)%+8/ IVe|? dxde < C(1 + 1) log?(2 + 1), (3.61)
0 R+

t
(1+r>%+6/ (|Vx|2+|vxx|2)dx+/(1+r>%+6/ T (Vil? + [Vix ) drdr
R+ 0 R+

t
+/ (1+ r)%“/ [Vex|? dxdz < C(1 + 1) 10g!°(2 + 1), (3.62)
0 ]R+

2 t
03 [P+ L 00iPy s+ [0 [P o
RJ'_ j=0 0 ]R+
< C(1+1)°log°2+1). (3.63)

2 t
D 1LV P+ Vieewe ) dx +/(1+f)%+8/ |03V |? dxdr
0

(a+ni+ [ qatvps
Ry =0 Ry

<C(1+1)%1log'°2 +1) (3.64)
and

1 +t)%+8/ [0 P)?dx < C(1 +1)°log'®2+1), j=0,1,2,3,4,5 (3.65)
Ry
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Proof. Adding (3.14) and (3.20), we have

d = =
E(”V(t)”iz(R+) + ”Vx(t)”iz(R+)) + v uxV(t)||i2(R+) + [ Viix Vx(t)||iz(R+)
1P By + 2P0 o,y + PO,
3 —
< C(go + u)IIVx(t)Iliz(R+) +C(+1)72 4 Ce e, (3.66)

By (3.2),, we get
(P2, + 2Py + P?)dx = (VZ + 2R,V + R3)dx,
R4 R4

which implies that

/ VZdx < / (PZ +2Px + P?)dx + Cf R3 dx
Ry Ry Ry

< | (P2 4+2P+ P)dx+ C(1+1)"3 +Ce0H) (367

Ry
Therefore, adding (3.66) and (3.67), and then multiplying the resulting inequality by
1+ t)%‘“" and integrating it over [0, ], we have
1 ! 1 =

A+ 03UV 2, + VO, + /0 1+ 03 IVEV (@) 22, dr

! 1 = ! 1

+ /0 1+ T)2+€” \Y% uxVx(T)||iz(R+) dr + /0 (1+ T)2+£||Vx(f)||iZ(R+) dr

1 4 1
< ClVallysqu, (1 +0° + (3 +2) [ A+ 0 V@I, de

! ' —$+4e 2
+(5+e)/0 1+ 072 Ve q, de. (3.68)

By employing the Gagliardo—Nirenberg inequality

4 2
1122,y < CIA NGy el g,

the second term on the right-hand side of (3.68) can be estimated as
(L+e) [[A+ 0 V@R, b
2 o LZ(R+)
! 1 [ 1
-1+ 2 2t 2
<C [0 A+ WOl gy o + 5 /0 1+ DT Ve(@) o, dT

1 t
<C(1+1)log?(2+ 1) + Z/ 1+ z)%+8||vx(f)||§2(R+) dr. (3.69)
0
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We treat the last term on the right-hand side of (3.68). For any ¢ € (0, %), it holds that

S+e / (1 + 07 V(@) g, do / IVe(©) e, o
= C(||V0||H4(R+) +62). (3.70)

Substituting (3.69)—(3.70) into (3.68), we obtain (3.61).
Next, we prove (3.62). From (3.17) and Lemma 3.6 (B1), we can get

d =
VO 2y + VTV O 2 + 1P O 2y + 1 POl 2

< Ce—c(l-i-l‘) + (1 +[)—1/
Ry

+C;f1/ Rgdx+C/ Vil (ixx ||V | + 82V 4+ V) dx. (3.71)
R4 R4

szdx—i-C(l—i-t)/ R%xdx+u/ Pz dx
R R4

The last term can be estimated as follows. From (2.1) and (3.61),

[R+ Vel (ffan] + 721V | dx
< Ter Ol o IV Ol 2 VO l2e )
< sl o IV O 22 + Wl VO 22,
< U+ WO, + €A+ 02V g,
< U+ VO, + C+ )73 log?(2 + 1). (3.72)

Using the Gagliardo—Nirenberg inequality

5 7
1felza@ ) = CIAN g ) frxll o, )

we have
i AP = iV Ol + O VOl
_ _s
< 1lVax Ol 2@,y + Cu™ (1 + 172 10g!*(2 +1). (3.73)
Substituting (3.72)—(3.73) into (3.71), for some small but fixed p, we can deduce that
d o
VO 2@, + VIV Oy + 1Pox Ol 2y + 1 PO 2

< Mllex(l)lliz(R” +C1+0n7! ||Vx(t)||i2(R+)
FC(1+1)"310g!°Q2 + 1) + Ce1+D, (3.74)
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By (3.29), we can get from (3.28) that

d p~
Vax O 2y + VTV xx Ol 2y, + 1Prax O 2y + 1 POl 2,
<C(eo + /*L)”Vxx(t)”iz(]g_,_) + CVxe(Ov 1)+ I'L||Pxxx(t)||1242(R+)
+ Cﬂil(”Rlxx”]Zdz(R_i_) + ||R2x “22(]1{4_))
+ O (axx oo IVO 22y + 1Txx oo IV O 2z,
6
+ Ve oqe,)
< Cleo + WIVex Ol 2 g,y + 1 Prxx (72 ) + Ce™0H
+C ”Pxx([)HEZ(R_'_) + C(l + t)_4||V([)”22(R+)
_ _9
+CA+ D VeOl 2, + CU+D)72. (3.75)
In deriving of the last inequality of (3.75), we have used the fact that
Al = CIvly IVax (0117 < CeglVax (0|
P L6(]R+) = L2(R+) xx L2(R+) = 0 xx L2(R+)'

We multiply (3.74) by a sufficiently large number A such that the fourth term on the right-
hand side of (3.75) can be absorbed into the third on the left-hand side of (3.74), and
then add the resulting inequality to (3.75). Consequently, choosing small ¢p and p and
using (3.33), we have

d —
VO agy + VOB age ) + VIV O,
VTV O gy + Vex 022z, + 12O 2,
=C(l+ t)_l||Vx(t)||iz(R+) +C(1+0)7| V(l)lliz(]h)
+C(1+1)"310g!°Q2 + 1) + Cee1+D, (3.76)

Multiplying (3.76) by (1 + Z)%“ and then integrating it over [0, ¢], by (3.7), we can
deduce that

3
1+ 0O g,
t
3 ~ po
4 /0 U+ D VIV, + IV Ve Ol g, ) dT
t
3
+ [+ DB WOl e + 1P age ) 4
£1.,10 3 ! Lte 2
=CU+010g°C+ 0+ (5 +e¢) [ A+ V@I, do
0

3 ! Ly, 2
+ (5 + 8)/0 A+ 02" Vax Ol 2 g, d7-



Asymptotic stability of planar rarefaction wave 3347

For sufficiently large T such that (2 + &) 1+_T < % the last term can be estimated as

3 ' 3
(5 + 8) /0 1+ D25 Vi (D2, d7
3 T l+g 2
— (5 - 8 (1 + 2 Vx|l d7

3
+
+(5+¢) 1+T/<1+r>2 Wer N2z @

1
<c / Vex(@) 22z, dr + 5 / 1+ D3 Ve, dr. BT
Combining (3.26) and (3.61), we have
3 ! 3 ~
A+ 03 Ve, + /0 1+ 02 (Va2 q,
t
= 3
IV Vs (022, ) d + /0 1+ 03 (Ve 22,
+ ||Px(z)||§,2(R+))df < C(1+1)%1og'2 + 1), (3.78)
which completes the proof of (3.62). Moreover, it follows that
IVeOl2oogg,y < C(+1)72 log!®2 +1). (3.79)
On the other hand, using (3.25) and (3.6) with k = 1, we also have
3
1+ t)z+8||P(z)||§,3(R+) < C(1+41)%log'®2 4 1). (3.80)

We now show (3.62). We can get from (3.35) that
3 ! 1
A+ 0 WOl + [ 1+ DI, dr
< C(1+1)%log'®2 + 1),
3 ! 3
U+ 03 Ve (0 20g,, + /0 1+ 03 Vg (02, A7
<C+1)%1log!°2 + 1).
It follows from (3.36) that
! 3+ 2 €110
1+1)2 ||P,(t)||H2(R+)dr <C(l+4+1t)°log " (2+1). (3.81)
0

By utilizing (3.40)—(3.41) and (3.79), we can get from (3.39) that

d =
dr [ Vaxe (t)lliZ(R+) + [[Viix Vxxt(t)||1%2(]R+) + ||Pxxxt([)||iz(R+)

1P OB,y + Vert D22z,
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< Ce U 4 Cleo + WIVixt D72,y + CA+ DTV O 2,
+CU+ VO g,) + CIVa O, + ClVex O 2z,
+C ”th(t)”ill(RJr) + C(80 + 8)” Vxxx(l)||i2(R+)

_ _1u
+aLH)WWM@mQ+CU+02. (3.82)
Multiplying (3.82) by (1 + t)%J”3 and then integrating (3.82) over [0, 7], for some small &g
and p, we obtain
3 ! 3 =
A+ D WOz, + [ 0+ 0 ViV Ol
+ ||Pxxt(f)||§.11(R+) + “Vxxt(f)||iz(R+)) dr

3 d 1
5(X1+tfkg“%2+t)+(5-+s>/iG—+rﬁ+€WGxATMi%R+ﬁh
0

t
3
+ C(eo +8) / 1+ 02" Varx (D72 g, dr. (3.83)
0

The second term on the right-hand side of (3.83) can be estimated by using the similar
method in (3.77). To deal with the last term of (3.83), we can get from (3.44) that

||Vxxx(t)||iz(R+) =C(1+ t)_6||V(t)”iz(R+) + C(1+ l)_3 10g20(2 + t)||Vx(t)||i2(R+)
F Ve Oy + ClPes O
9
+ CllVaxt 31 g,y + CU+ 072 (3.84)

By combining (3.62), (3.80) and (3.81), it follows from (3.84) that

3 ! 3
(1-rt)2+SHV;xx0)HizaR+)4—}C (14—r)2+8HVQxx(r)HizaR+)dr
<C(1+1)10g'°@2 +1).

Therefore, we complete the proof of (3.63). By using the similar method, we can prove
inequality (3.64). By utilizing (3.6) with k = 2, 3 and combining (3.61)—(3.64) and (3.78),
we can prove (3.65). Thus, we complete the proof of Proposition 3.23. ]

Remark 3.24. We cannot multiply inequality (3.75) by (1 + t)%“ as in [3] because
the decay rate of the boundary term f”(u_)V2.(0,?) is 0(f%) if f’(u_) is not large
enough by using f/(u_)V2.(0,t1) <C ﬁPfx (0.7) + Ce=¢1HD < C|| Py ”?11(]1{4_) +
Ce=¢U+_ Although our decay rate is not as good as that of the Cauchy problem in [3],
we focus on the stability of the initial-boundary value problem of (1.1) rather than calcu-

lating the optimal decay rate.

Remark 3.25. For the case of f/(u_) = 0, we can get the better decay estimate like in [3]
due to the boundary term f’(u_)al; V(0,t) =0 (k = 1,2, 3,4). For the details, one can
refer to [3].
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By the Sobolev inequality and Proposition 3.23, we obtain the following corollary.
Corollary 3.26. The solution (V, P) of (3.2)—(3.4) satisfies
IV loey) < C1+072 log? @ + 1),
15V (D) llLoo@y) < CU+1)"Flog® @ +1), k =1,2,3,
185V () Loy < U+ 1) FHlog5Q@ +1), k=0,1.2,
105 P(1)l| oo y) < C(1+1)"F log’(2 +1), k =0,1,2,3,4.

Combining the results of Proposition 3.3 and Corollary 3.26, we can complete the
proof of Theorem 3.1.
Furthermore, by Corollaries 3.26, 3.23 and Lemma 2.3, we get the following corollary.

Corollary 3.27. The solution (U, Q) of (2.10)—(2.12) satisfies
185U 2@, < € minds', (1 +0) "3 log®@ + 1)}, k =2,3,4,
105U (D)l 2,y < € mings'. (1 + )T log® @ + 1)}, k = 1.2.3,
105U@) | L@y < € min{s',(1+ )73 log® @+ 1)}, k =2.3,
105U, () |Loo ) < € min{d', (1 + 073 log® @+ 1)), k = 1,2,

(3.85)

where §' is defined in (3.8).

3.2. Estimates for the perturbation on the two-dimensional half-space

In this section, we consider the initial-boundary value problem on the two-dimensional
half-space:

{a+w@+uyaﬂm»+gw+vn+de=a (356)

—Vdivp+p+Vv=0
with initial data

v(x,y.0) = vo(x,y) = uo(x,y) — Uo(x)

and boundary condition

v(0,y,t) =0, divp(0,y,t) =0. (3.87)
By calculating the curl of (3.86),, we can deduce that

Py = D2x, (3.88)

which will be used in estimating the perturbation p. Note that equation (3.86), is equiva-
lent to

—div + + vy =0,
{ Px T D1 x (3.89)

—div py + p2 + vy, = 0.
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The global existence follows from the combination of the local estimate in Proposi-
tion 3.28 and the a priori estimates in Proposition 3.29. In this section, we will devote
ourselves to establishing a priori estimates under the a priori assumption

sup 10013 ez, = 3.

where 0 < g7 < 1. Then by the Sobolev inequality
”f”Loo(RZ) — C”f”HZ(Ri)’
we obtain
\Y oo < .
l U(l)”L (R?ﬁ-) <Cg

For any 0 < T < 0o, we seek for the solution of the initial boundary value problem (3.86)—
(3.87) in the set of functions X (0, T') defined by

X0,7)={(v,p) | veC’0,T); H?), Vv e L*(0,T; H?)
peC(0,T); H) N L*(0,T; H?),
divp € C°([0,.T); H’) N L*(0.T: H?)}.
In order to state the results on the a priori estimates, we define M by

M? = Vo 2 .
0 ” ”Hs(Ri)

Proposition 3.28 (Local existence). Suppose the boundary condition satisfies

0= f'(u-) < fl(uy)

and the initial data satisfies vy € H3(IR2 ). Also suppose that the initial data ||vg ||H3(R2 )
and § are both small enough. Then there are two posmve constants C and Ty such that
problem (3.86)—(3.87) has a unique solution (v, p) € X (0, Ty), which satisfies

||U(t)||§,3(R3r) + ||P(l)||§,3(Rgr) + [ldiv p([)”zii(Ri_)

t
- / Vo) a2y + 12 s gz, + 160V P s gz ) dr

< Cllvol? vVt € [0, To].

H3(R?%)

Proposition 3.29 (A priori estimates). Let T be a positive constant. Suppose that 0 <
f'(u_) < f'(uy) and problem (3.86)~(3.87) has a unique solution (v, p) € X (0, T).
Then there exist positive constants C and 8% such that if ||UO||H3(R1) +6<68(0<
85 < 1), then we get the estimate

0O @z, + 12Oz, + 14 POI 2

t
2 2 .
+ /0 Vv, + 12Oz, + 1V PO 3 gz ) do

< Cllvoll}

sy VEEOT]
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Lemma 3.30. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that the following estimates hold:

) [/R U+ = FO) v andy > 2 [, vt asar

2
R

(€2) //1;2 V(fv+U)— f(U))x-Vvdx
T

> g// Uy |Vv|? dxdydy —i—a// Uy |vy|? dxdy
2 JJp2 R2
T T
!
_M/ |Vv(0,y,t)|2dy
2 R

—C [ 1901G9oP? + UZ1ol + Usslol) dxay:
RZ
+

(C3) //RZ A(f(v+U)— f(U))xAvdxdy
T

o 5 f’(u_) ,
> 5//1;1 Ux|AU| dxdy — ) /I;(AU(O’y’I)) dy

- C/ {V0l[V20P + (IV0] + |Usa| + Ux)| Vo] Av} drdy
el

- C/ , (U] + Ux|Usx| + U2)|v|(Av) dxdy;
R3

(C4) f/ (f + U) = F(U))xyyvyy dxdy
R%

z%/A

(©5) // V(4 U) = F(U))nyy - Viyy dxdy
R%

> g// U |Vuyy |2 dxdy +a// U [vxyy|? dxdy
2Ry R}

Ju-)
2

=€ [ QYOI+ UD VIV, 1+ (01 + Us Uk DIV20II Vv ) iy
R
+

vaiy dxdy — C// (Vv V20> +(|Vv|+Uy)|Vv|| V0| dxdy;
2 RZ
+ +

/R Vo3 (0. y. 1) dy

e // (V202 |V, | + (V0] + Up)[V30P} dxdy:
el



M. Zhang, C. Zhu 3352

(C6) // VA(f(v 4+ U) — f(U))yx - VAv dxdy
R}

33// Ux|VAv|2dxdy+a[/ Uy | Avy|? dxdy
2Ry R}

f'us) :
~ 152 [ 1980050 P dy = (IV0lmn + 3 105U e
k=1

x/ (|Vul> + V20> + |[V2u|* + |V30u|?) dxdy
=3

= C [ (Ul 4 101+ [Un P+ Ul U] + U s
R

X |v]||Avy|dxdy;

e [ e+ )iy =o
RZ
+
(C8) // V(g(v +U)y) - Vvdxdy
RZ
+
< CAIVDl g + Wil ] | V0 axys
R
(C9) // A(g(v + U)y)Avdxdy
R2
+
2
< C(IVoll ooz + > ||a’;U||Loo(R2+)) // (IVu]? + |V20?) dxdy;
k=1 R%
(C10) // (g 4+ U)yyyvyy dxdy
RZ
+
< C(IVVll ooz + 1Uxll oo ) // (IVu]? + |V20[?) dxdy;
Ry
(C11) /f , V(g + U)yyy) - Vvy, dxdy
RJr

< [[ 1001+ 10Dl + (Vo] + UDIT20]+ 920 + V][0,
R

x [Vuyy|dxdy;

(C12) //R2 VA(g(v+ U),)VAvdxdy
+

< C(”VU”LW(R?F) =+ ||Ux||Loo(]R+)) //2 (|Vv|2 + |V2U|2 + |V3v|2) dxdy
RY

+C[/ [VZy|* dxdy.
=
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Proof. We only give the proof of (C3) and (C6), and the rest can be calculated in the
similar way. Notice that A(fg) = (Af)g + f(Ag) + 2V f - Vg. By direct calculation,
we have
A(fv+U) = f(U))xAv
=Af'(v+U)(vx + Ux)Av + f'(v+ U)(Avy + Uxxx)Av
+2f"( 4 U)(Vv - Vuy + 0 Uy + Uxvxx + UxUxx) Av
= Af(U)UxAv = f/(U)Uxxx Av = 2f"(U)UxUsx Av
= f"(v + U)(v2 + Uxv2 + UZve)Av + (v + U)(vx + Uy)(Av)?
+ £+ WUrvxAv + £ (v + U)(vx + Ux)v2(Av) + f(v + U)AvyAv
+2f"(w+ U)Vv-Vuy + vxUyxx + UxVxx) Av
+(f"(w+U) = f"UNUIA + (f'(v+U) = f/(U))Usxx Av
+3(f"(v + U) — f"(U)UyUyxx Av, (3.90)
where we have used the fact that
Af'w+U) = f"@+U)vx + Ux)* + "0+ U)(Av + Upy) + (v + U)oy

Integrating (3.90) over R, we can obtain (C3). Based on the equations, we have

VA(f(v+U)— f(U))x - VA
=VAf (v+U) -VAv(vx + Uyx) + Af'(v 4+ U)(Vvy - VAU + Uxx Av)
+ (4 U)(Vv - VAU 4 Ug Avy) (Avy 4 Urrx)
+ (v +U)VAvy - VAV 4 Uryxx Avy)
+ 21" (v + U)(Vv - VAv+ Uy Avy) (Vv - Vg + 0xUxx + UxVxx + UxUxx)
+2f"(v + U)(Vox - VAVUxx 4+ 0xVyy - VAV + Vo, - VAvuyy
+ vy Vuxy - VAV + Voy - VAWUyy) + 21" (v + U)

X (VxUxxx Avx + VxxUxx Avx + Ux Vg - VAU + U2 Avy + U Urxx Avy)
— (fOW)UE + 6" (U)YU2Usx + 3 (U)UZ, + 4f (U)UxUpxx

+ f'(U)Uxxxx) Avy. (3.91)

The first term on the right-hand side is equal to

VAf' (v +U)-VAv(vy + Uy)
= D+ U)(Vv-VAv + Uy Avy) (v + Uy)?
+ 2"+ U)(vx + Ux)*(Vv - VAv + U, Avy)
+ "+ U)Vv- VAV + Uy Avy)(Av 4+ Uy ) (v + Uy)
+ [0 + U)(IVAV> 4 Usrxx Avy) (vx + Uy)
+ fP W+ U)(Vv- VAV + Ur Avy)vi(vy + Uy)
+2f"(v+ U)vy Vo, - VAv(vyx + Uy). (3.92)
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Substituting (3.92) into (3.91) and then integrating it over Ri, by using the Cauchy
inequality, estimate (C6) can be obtained. ]

Lemma 3.31. The solution v(x, y,t) of (3.86)—(3.87) satisfies the following boundary
estimates:

(D1) #d\v(0,) =0, k,1=0,1,2,...;

(D2) vx(0,y.1) =0;

(D3) v3,(0,y,1) < C(div px(0, y.1))*;

(D4) v3,,(0.y.1) < C(div pxy (0, y.1))*:

(D5) v2,,(0,y,1) < C(div px(0,1))* 4+ C(div px/ (0, y.1))* + C(div pxy (0, y,1))*
+ C(div pxx (0, y, 1))

3.2.1. A priori estimates.

Lemma 3.32. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for0 <t < T,

t
IOz, + [0 (VOO 22, + VU002 g )

t
- /0 (Idiv P31 2y + PO 2z, + VOO 2 g2 ) dr
< CM;.
Proof. We can get from (3.86); x v + (3.86), - p that

1d .
SV T @+ = fU)xv + (g0 + U)y)v + ([divp)® + |pl®
+ div{pv —div pp} = 0. (3.93)
According to Lemma 3.30 (C1), (C7) and boundary condition (3.87), integrating (3.93)
over ]RfL x [0, t], we have

t
QT +/0 VU (@) 72, de

t
b [ i PO + PO )
<CM;. (3.94)
On the other hand, we can get from V(3.86); - Vv — (3.86), - V div p that
1d .
anuﬁ +V(fw+U)— f(U))x-Vv+ V(gv+U)y) Vv + |Vdiv p|*
+ (div p)? — divp{div pp} = 0. (3.95)
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Integrating (3.95) over R2, using Lemma 3.30(C2), (C8) and Lemma 3.31 (D1)—-(D2),
combining (3.94) and (3.85), we have

d .
FIVVOI 22y + IVTVVOI g2y + IV 6V PO o2, + 16V PO 22
< CIIVvlle(Ri)IIVv(t)IIiz(Ri) + CIIU(I)IILz(Rz JMUxxllZ oo )
+ CIVUR O 203
< Ce||[Vv(@)|?
= 1” ( )”Lz(Ri)

+ CME(1+ 1) 2 10g"0 2 + 1)

From (3.86),, the first term on the right-hand side can be estimated as
2
||Vv||L2(]R2 ) — 2(”levp”L2(Ri) + ”p”Lz(Ri)) (397)

It then follows from (3.96) after integration over [0, ¢] that
t
Vo0 ags) + [ VTG00 age, i

+ /0 IV div PO sz + 109 PO oz ) de < CMG

for some small 7. Using (3.97) again, we get

t
2 2
[ VeI, s i < 3.
0
which completes the proof of Lemma 3.32. ]

Lemma 3.33. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for0 <t < T,

t
V20012252, + /0 (VT80 o2, + IV div P12

+ V2@l

L2®2) )d‘L’ CM2

Proof. We can get from A(3.86); x Av —div(3.86), x A div p that

1d
EE(Av)z + A(fw+U)— fU)x)Av + A(g(v + U)y)Av + (A div p)?
+ |V div p|? — div{div pV div p} = 0. (3.98)
Notice that
(Adiv p)* = (div pxx)® + (div Pyy)2 + 2(div ny)z + 2{div pxx div py }y

— 2{div pxy div py }x.
(AU)Z = (Uxx)2 + (Uyy)2 + 2(ny)2 + 2{vxxVyty — 2{vxyy }x,
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which implies that
/ (A div p)* dxdy = /f |V2 div p|* dxdy, (3.99)
R? R?
+ +
/ (Av)? dxdy = // |V2v|? dxdy. (3.100)
R2 R2
+ +

Integrating (3.98) over R2, by utilizing Lemma 3.30 (C3), (C9), (3.99) and the Cauchy
inequality, we obtain

o
Eal|vzv(l)||L2(R2) _” \% UXAU(Z)”iZ(RZ + ||v2 dlvp(l)“LZ(RZ

IV AV p©)2
=€ [ 200 dy + VOl + WITHVOI e
+ O VO By + O 00 g 1 ) oce
+ CnT VU 02, (3.101)
By Lemma 3.31 (D3), for the first term on the right-hand side of (3.101), we have
[ 020050y = J1d per Ol g, + CIAN o0y 10D

From (3.100) and (3.86),, we can treat the second term as

Vv 72z = 18072 s,
<2018 dV ()72 gz, + 14V PO 722 - (3.103)

The former term of (3.103) can be absorbed into the third term on the left-hand side of
(3.101) if &; and p are small enough. Substituting (3.102) and (3.103) into (3.101), we can
deduce that

—||v2v(r)||L2(R2 + VUV O 2 ) + IV div PO g2

+ IV iV PO 2 2

= Clldiv pOIF1 g2y + CIVEOI o g ) + CIVUR Ol )
+ CM2(1+1)"210g"02 +1).

Integrating the above inequality over [0, 7], we get

t
||v2v(t)||i2(R%r)+ A (” \ UXAU(T)||22(R%F) + ”v le p(T)”Hl (RZ )) df C‘M()2

Using (3.103) again, we complete the proof of Lemma 3.33. ]
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Lemma 3.34. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for0 <t < T,

t
o
o O ez, + [ VTR0 Ol gz, + 5 IVIT 0 (0 ) o

2 . 2
- /0 (V03 ()72 gz, + 1Y Py (O ) + 1259 (D oz

t
< CMZ + C(My + 5’)/0 ||v3v(f)||§2(R2+) dr. (3.104)

Proof. We can get from the expression 97(3.86); X vy, + (3.86), - pyy + V33(3.86); -
Vo, — 92(3.86), - V div py, that

d
%a(vﬁy + Vo) + (f 0+ U) = f(U))ayyvyy +V(f 0+ U) = f(U))xyy - Voyy

+8W+U)yyyvyy + V(g + U)yyy) - Vo, + |Vdiv pyy|2
—2Vdiv pyy - pyy + | Pyyl? + div{vyy pyyt = 0. (3.105)

Integrating (3.105) over R, by utilizing Lemma 3.30 (C4)—(C5) and (C10)—~(C11), we
have

d o o
S 1 O gy + SV Oz ) + SIVOT U O,

+ ”VUJ’J’(I)”LZ(RZ
= CIVvllpeomaz) + ||Ux||L°°(R+))||V3U(z)”zz(R2 + C”VU(Z)”H](Rz
+C // |V2y|* dxdy. (3.106)
R3

Here we have used the fact from (3.86), that

[Vuyy |2 = [V div pyy|> =2V div pyy - pyy + | Pyy %

The last term of (3.106) can be estimated as

C// |V2v|4dxdy§C/ sup|V2v|2dx/ sup |V2v|*dy
]R%'_ Ry yeR R xeR4

<c /R 1V200x. - )l 20y V203 (. )l 2y dx
+

x /R 1920 3,02 19205 6 D2 dy
< CIVVO I, IV O
< CMZ|V3u@)|?

L2(]R2

2@y (3.107)
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Substituting (3.107) into (3.106), we obtain

d o
o Oz, + VT2 O, + 21TV, Ol 2
+ ||Vvyy(t)||L2(R2

< C|IVv@)|? + C(Mo + 8|V (@)|? (3.108)

H(R?) L2(R3)

Integrating (3.108) over [0, ¢], we can get
t
||Uyy(f)||§11(R3_) + [0 (v Uxvyy (T)leﬂ(Ri) + v vavyy(f)”zz(Ri)) dr
t
2
+ [ 170 Ol o
t
< CMg + C(Mo + 5’)/ IV (D)7, g2, dr.
0 +
Furthermore, equation (3.86), gives
|V div pyy|2 + |Pyy|2 + 2(div pyy)2 —2div{div pyy pyy} = |Vvyy|2»
which implies
”le Pyy (t)”ill(]Ri) + ||Pyy (t)||L2(R2 )y = ”VUYY (t)||L2(R2 )

due to div p,, (0, y,¢) = 0.
Integrating the above inequality over [0, ¢], the desired estimates (3.104) can be ob-
tained, which completes the proof of Lemma 3.34. ]

Lemma 3.35. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for0 <t < T,

0Oz + 168V PO gz, + 12O 252
t
2 : 2 2
+/0 (”vt(r)”Hl(Rﬁ_) + ”le pt(‘[)”Hl(R%_) + ”pl(r)”Lz(Ri)) dr
< CM¢Z. (3.109)

Proof. We can get from (3.86); and V(3.86); that

f/2 v2dxdy < C[ . (7 + UZv* + vy + (div p)?) dxdy,
]R

(3.110)
// |Vvs|?dxdy < C /f (Vv|* + U2 Vv|*> + UM + V202

+ U2 v? 4 |Vdiv p|*) dxdy.
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Integrating (3.110) over [0, ¢], by Lemmas 3.32 and 3.33, we have

t t
2 2 2
| 1@ 07 = € [T, + IV s

iV (D) o2 ) dr = CME,

t t
/0 ||sz(r)||i2(R3r)df < C/O (IIVU(T)HEI(R@ + ||VUxU(T)||i2(R3_)
+ IV div P(f)lliz(m) + 1 Uxx (D70 g ) d7
<CM;¢.

On the other hand, rewriting (3.86), in the form V div p — p = Vv and squaring the
resulting equation, we can get

|V div p|? + 2(div p)® + |p|* — 2div{div pp} = |Vv|?.
From div p(0, y,t) = 0, we further get
it follows from (3.110) that
1o O g2y = CIVO G2 gz + Clldiv POz y < CM.
Similar to (3.111), from div p,(0, y,t) = 0, we also get

Integrating (3.112) over [0, ¢], the desired estimate (3.109) can be obtained. Hence, we
complete the proof of Lemma 3.35. ]

Lemma 3.36. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for0 <t < T,

90O gz, + [ IVTTB00IE s

t
+/O (V2 div p(t)lliz(Ri) + ||V3v(t)|IL2(Rz ) dz
< CM;. (3.113)

Proof. We can get from VA(3.86); - VAv — V div (3.86) - VA div p that

%(%|VAU|2 +VA(f(v+U)— f(U))x-VAv + VA(g(v + U)y) - VA

+ |VAdiv p|*> + (Adiv p)* — div{A div pV div p} = 0. (3.114)
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Integrating (3.114) over Ri, from Lemma 3.30 (C6) and (C12), we have

[07
+ SIVUT AV o0, + VALY p0)[2 5

1A Y PO a2

d
SIVAVOI2,

2 2
= [ 980030 dy + CIVOOI o2,
+ UVl oz + ST VO 2z, + VO g2
Wl IO, + € [ 19701 dxay
+ R%‘r
+c/ |Uxxxx|2dx/ sup [v]*dy. (3.115)
Ry R xeR4
The terms on the right-hand side of (3.115) can be estimated as follows. From Lem-
ma 3.31,
/RIVAU(O,y,t)I2 dy = [R(vixx((),y»l) + 03,0, ,1)) dy
=€ [ @ivpu(©.0)2dy + € [ @v 0.7 dy
R R

c [ (div pry (0. . 1) dy + C f (div prx (0, y. 1)) dy
R

+ C|Vdiv p(0)|?

< IV pO1? pAp

L2(R?)

+c / (div pr (0, v, 1)) dy
R

1

=7

FCIVAY POI 1 53

+C / (div pxs (0, y, 1)) dy. (3.116)
R

(IVA div p(t)||L2(R2 )+ IV div pyy (f)||L2(R2

To treat the last term of (3.116), we obtain from d,(3.89); that
[ @iv pua0.3.072ay = [ 1pu0.y.0P dy
R R
< /R 1P ()2, A
= C(||P1xt(t)||i2(Ri) + ”pll‘(t)HiZ(Ri))
Differentiating (3.89); with respect to ¢ and then squaring this equation, we get

(div pxr — p10)* = v2,,
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which implies that

(div pxe)® + |plt|2 — 2{div pr p1e)x + 2P = Vi — 2P1xt Paye- (3.117)

Integrating (3.117) over R%, from div p;(0, y, ) = 0, we have

// (div px;)? dxdy + 2[/ (p1x1)? dxdy +/ (p1:)? dxdy
R2 R3 R

< // v2, dxdy +/ (Pixt + p2ye)? dxdy
R? R3

< // v2, dxdy +/ (div p;)? dxdy.
R3 R3

Therefore, it follows from (3.116) that

1 .
/R VAV, 3.0 dy = Z(1V A PO 2z, + IV 6V 2y (1) 2 g)

+C(IVdivp(0)l; + Vo )17

H(R?) L2(R?)
14V POl 2 gz ) (3.118)
Similar to (3.107), we can deduce that
// |V2u[*dxdy < CM¢ ||V3v(t)||L2(R2 (3.119)

From (3.85),

/ Uwns | dx / sup [v2dy < / Uwns? dx [f (v + v2) dxdy
R+ RxE]R+ R+ R%r

< CMG | Usxxx O 2 g,

< CME(1 +1)"2 10g'92 +1). (3.120)
Substituting (3.118)—(3.120) into (3.115), for sufficiently small §' we have
d
G IVAV O oz ) + VTV AVO sz ) + IVAY pOI2 50

+llAdiv p(0)]]
= CIVv@)II;

L2(R?%)

+ C(Mo + 8)[[V3u(0)]7

H! (R2 L2(R2

+CME(1+1)"210g°@ +1) + C IV Oz g2
+ Z(HVA dlvp(t)||i2(R%r) + ||Vd1V Pyy(t)”Lz(Rz ))

+ ClIVdiv pOI1 g2y + ClAiV PO ge ) + IVUxV D722 (3121
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Integrating (3.121) over [0, ¢], substituting (3.109) and (3.104) into the resulting inequal-
ity, we can get

||VAU(I) ||L2(R2

/ 2 . 2 . 2
+/ (” UXVAU(T)||L2(R2) + ”VAlep(r)”L%Ri) + ”Adlvp(‘[)”LZ(R%r)) dr

(3.122)

< CM2 + C(My +8) / V300 g

From (3.86),, combining (3.104), the last term can be estimated as
g 2 ! 2 ! 2
\/0' ”V U(T)HLZ(R?‘_) dr = c /0 ”VAU(‘C)”LZ(Ri) dr + Cc [) ”Vvyy (T)”Lz(Ri) dr
t
. 2 : 2
<C /0 (IVAdY P2z, + IV div PO} 52 ) dT
t
€ [V Py Oy + 170 Ol )00

t
< CM§ + C(Mo + 8/)/0 ||v3v(z)||§2(R2+) dr,

which implies that

t
/ ||V3v(r)||iz(R%r)dt < CM} (3.123)
0

for some small My and §’. Combining (3.122), (3.104) and (3.123), the desired esti-
mate (3.113) can be directly obtained. [

Lemma 3.37. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for0 <t < T,

IV2div PO 2y + IV PO a2,
¢
+ [ V8 O, + IVP O oy b < CMG. 3124
Proof. Making use of (3.86),, we can deduce that

||V2 le p(t)||i2(R2 = ”A le p(t)”LZ(RZ )— C(”dlv p(t)||L2(R2 + ”Av(t)”L2(]R2 ))

”VAlep([)||L2(R2) — C(||levp(t)||L2(R2) + ||VAU(I)”L2(R2

19 div p ()1} 22y < IV div pyy (O] 2 gz, + IVAY p(O) 72 52
and

IV div Pyy(t)”iz(Rﬁ_) + 2||div Pyy(t)”iz(Ri) + lpyy ([)”Lz(Rz) = [Vuy,y (t)“Lz(Rz )
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Therefore, it holds that

V760 PO + [ 19208 POz, 00 < MG 3129
By utilizing (3.86), again, we have
||Vp(t)||L2(R2) — C(”Vz lep(t)||L2(R2 + ||V21)(t)||L2(R2 ))

IVZp)II; < C(IV?div p(0)| + V)l

L2(R2 )y — L2(R2 L2(R2 )-

In order to show the L2-estimate of V3 p, we know the definition of V3 p is that

V3p=(p1xxx Pixxy Pixyy plyyy)
P2xxx  P2xxy DP2xyy P2yyy

From (3.88), we note that

div pxx — Pixxx = P2xxy = Plxyy = div pyy — payyy, (3.126)
P2xxx = Plxxy = diV pxy — paxyy = div pxy — pryyy- (3.127)

Therefore, we just need to show the L2-estimate of D2xyy and payyy. Once we get these

two estimates, combined with the obtained estimates of V2 div p, we can deduce the esti-

mate of V3 p immediately by using (3.126)—(3.127). Now, we estimate D2xyy and payyy.
We can get from 0,0, (3.89), that

(div nyy)2 + p%xy + 2p§xyy — 2{div pxy paxyly = v)zcyy — 2pixxy Paxyy-  (3.128)

Integrating (3.128) over R2 , we have

/ (div pxyy)2 dxdy + [/ p%xy dxdy + 2// p%xyy dxdy
R3 R3 R3

< // v)zcyy dxdy + / (plxxy + p2xyy)2 dxdy
R? RZ

5// v)zcyydxdy+// (div pyy)? dxdy.
R3 RZ

Similarly, we can get from 97(3.89), that

(div pYYJ’)z + p%yy + 2p%yyy — 2{div PnyZyy}y = v)z)yy —2P1xyy P2yyy-

It follows that

// (divpyyy)2 dxdy + // pgyy dxdy +2// pgyyy dxdy
R3 R% R2

+

// vf,yy dxdy + // (div pyy)2 dxdy.
R3 R3

Combining (3.113) and (3.125), we can obtain the desired estimate (3.124). ]

A
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3.2.2. Large-time behavior. The combination of the existence and uniqueness of the local
solution and the a priori estimates can extend the local solution for problem (3.86)—(3.87)
globally, that is,

v e C°([0,00); H3(R?)) N C1([0, 00); H*(RZ)), Vv € L*(0, 00; H*(R?)),
p € C°([0,00); H*(R%)) N L?(0, 00; H?(R%)),
div p € C°([0, 00); H*(R%)) N L*(0, 00; H?(R2)),
v, € L*(0,00; H'(R%)), pr € L*(0,00; L*(R%)), div p; € L*(0, 00; H'(R?)).
It follows that for ¢t > 0,

2 2 2 : 2
1Oz, + 10e O g2y + 12O sz, + 14 POz
o0
2
- /0 VU0 32z, + 100031 ) de

o0
+ [0 (12O gz, + 100 POgazy + 1200 gz

+ ||div p (0] ) dt < oo, (3.129)

H(R?)

In order to show the large-time behavior (3.1) in Theorem 3.2 from (3.129), we just need
to prove that

2 2
/ ( o IVVO sz ) + V200 g )| ar < oo,

o g (3.130)
. 2 . 2 2
/0 | UV PO 22y + 160V PO gz ) + 1P O] 22 )| < 0.
Once we get the above two inequalities, combining (3.129), we have
”VU(Z)”LZ(]Ri)’ ||V2U(t)||L2(]Ri)» |V div P(t)||L2(R3_)v
||diVP(l)||L2(Ri), ||P(t)||L2(R3_) — 0 ast— oo.
By utilizing the Gagliardo—Nirenberg inequality
1/ o) < C||f||L2(R2 ||v2f||L2(Rz
1V oo < C||f||L2(R2 A& f||L2(R2
we can deduce that as t — oo,
IVE )l o ez = CIVE v(r)||L2(R2 ||Vk+2v(t)||L2(R2) 0. k=01,

17O oz scnp(r)an(Rz ||v2p(t)||L2(R2 —0,
IV POl ooz = c||p(r)||L2||v3p<z>||L2(R2 —0,

IV A pOll ez = CIV Y PO g IV v pO g ) = .
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In order to prove (3.130), the key is to estimate V2v,. We can get from A(3.86); that
180013252, = CUVVO gz ) + VTV OI 202,

 WsielF oy PO 2z, + 1AV P07 52 ).
Similar to (3.100), we can deduce that

”Avt(l)”iz(Ri) = ”Vzvt(t)”iZ(Ri)'
It follows that

o2 2
| 19200 s < .

Then, we can obtain
*® d 2 2
| 3000 s IV g )

o0
2 2 2 2
<C [0 (V0O o, + 170 O sy + V2002

+ V20 ()17

LZ(Ri)) dt < o0

and
*d 2 2
/0 | UV AN PO 2y + v PO g+ 1POI 0 )
o0
. 2 . 2 2
<C /0 IV aiv P17z, + 1Y P17 2 )+ 12017z

o0
. 2 . 2
+ C/(; (”leV pt(t)”Lz(R%_) + ||d1V pt(l)”Lz(Ri) + ”pl‘(t)”LZ(RZ )) dr < oo.

Therefore, the proof of Theorem 3.2 is completed. Combined with the proved Theo-
rem 3.1, we prove the main Theorem 2.6.
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