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Abstract. In this paper, we relate the theory of quasi-conformal maps to the regularity of the solu-
tions to nonlinear thin-obstacle problems; we prove that the contact set is locally a finite union of
intervals and apply this result to the solutions of one-phase Bernoulli free boundary problems with
geometric constraint. We also introduce a new conformal hodograph transform, which allows to
obtain the precise expansion at branch points of both the solutions to the one-phase problem with
geometric constraint and a class of symmetric solutions to the two-phase problem, as well as to
construct examples of free boundaries with cusp-like singularities.
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1. Introduction

This note is dedicated to the analysis of the branch singularities arising in two different
types of free boundary problems in dimension two: nonlinear thin-obstacle problems and
one-phase Bernoulli problems with geometric constraint. In the last part of the paper,
we will present some results about branch points of the two-phase problem.

Our main motivation is the description of the structure of branch points arising in free
boundary problems of the Bernoulli type. Our main model example is the following one-
phase problem with geometric constraint, which for simplicity we state for nonnegative
functions u defined on the unit ball B; in RY:

Au=0 inQ, C BjN{xg >0}
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with boundary conditions

u=0 onB;N{xg =0}
[Vu| =1 ond2, N{xg; > 0},
[Vu| =1 ond2y, N{xy =0},

in which
Qy ={u >0}

and the geometric constraint is the inclusion Q,, C By N {xz > 0}. The (optimal) C -1/2-
regularity of the free boundary d$2,, N B; for this specific problem was proved by Chang-
Lara and Savin in [4]. On the other hand, as in the case of other Bernoulli free boundary
problems, such as the two-phase problem [9] and the vectorial problem [19], the C 1%-
regularity of the free boundary €2, N B; by itself does not give any information on the
contact set

0y, N{xg =0} N By,

nor the structure of its relative boundary in B; N {x; = 0}, which is the set of points at
which 0€2,, branches away from {x; = 0}. In dimension two, it is natural to expect that
this set is discrete and that around each branch point the set {u = 0} N {x; > 0} forms
a cusp. This is precisely the content of one of our main results, Theorem 1.1.

We will study these singularities in two different ways. Firstly, we will prove that
branch singularities for minimizers of a general nonlinear thin-obstacle problem are iso-
lated, using the theory of quasi-conformal maps, and then we will deduce the same result
for solutions of the problem above via a hodograph transform. Secondly, we will introduce
a conformal hodograph transform and use it to deduce the result directly. This second
method has two advantages: it allows us to give a precise description of the cuspidal
behavior of the free boundary at branch singularities and moreover, being reversible, it
allows to show that solutions of the two-dimensional one-phase problem with obstacle are
in a one-to-one correspondence with solutions to the thin-obstacle problem, thus produc-
ing many examples of cuspidal singularities. Finally, we will describe a special symmetric
situation in which our techniques are applied to the branch points of solutions to the two-
phase problem. Extending our results to the general two-phase situation seems to require
an entirely new idea, which is similar in spirit to an analog of Almgren’s center manifold
for this problem (see [3]).

The quasi-conformal technique is needed to prove Theorem 1.1 and it is the only one
available there. On the other hand, the conformal hodograph transform is the only tech-
nique which allows to give the precise analytic expansion in Theorems 1.3 (b) and 1.6 (b),
and to construct the corresponding examples in Theorems 1.4 and 1.8. Both techniques
can be used to prove Theorems 1.3 (a) and 1.6 (a).

We wish to remark that such precise results at branch points, that is, singular points at
which the tangent to the free boundary is a plane, usually with multiplicity, are quite rare.
To our knowledge, the only such examples are the results of Chang on two-dimensional
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area minimizing currents [3, 6-8], of Sakai on the two-dimensional obstacle problem
[17,18], and of Lewy on the two-dimensional thin-obstacle problem ([16], and also [15]
for a less precise result); like in the present paper, all these results are two-dimensional.

Our approach is similar in spirit to the results of Sakai and Lewy, and makes use
of (quasi-)conformal techniques to prove both the local finiteness of the branch set and
to give a precise description of the cuspidal behavior at such points. A possible alterna-
tive approach, which could also be applicable in higher dimensions, would be to look
for a monotone quantity, such as Almgren’s frequency function as done for instance
in Chang’s paper [3]; in fact, for some thin-obstacle problems, as for instance the one
involving the classical Laplace operator, the monotonicity of Almgren’s frequency func-
tion is known (see [2, 15]) and can still be used to get information on the dimension
of the branch set (see [12]). However, the operators we study are not regular enough
to guarantee the monotonicity of the frequency function, and so we were naturally led
to consider (quasi-)conformal techniques. Furthermore, our techniques have the addi-
tional benefit of yielding a very precise local description of the free-boundary at branch
points (see items (b) of Theorems 1.1, 1.3 and 1.6) in a straightforward way, much sim-
pler than the induction procedure that would be needed using the frequency function
as in [3].

Concerning the possible extensions of Theorems 1.1, 1.3 and 1.6 to higher dimen-
sions, we point out that, since the monotonicity of the frequency function does not seem
to hold in none of these cases (and it certainly does not hold in the full generality of
Theorem 1.1), a dimension reduction argument seems completely out of reach.

1.1. Nonlinear thin-obstacle problem

Let B; be the unit ball in R? and let
B :=={(x,y)€By:y>0} and B|={(x,y)€ By:y=0}.

Let 7:R2 —> Rbea C2-regular function, and let ¥, j = 1,2and %;;,1 <i,j < 2,be
the first and second order partial derivatives of ¥ . Moreover, we identify R? with the field
of complex numbers C, so we will often think of the functions on R2 = C as functions of
two real variables (x, y) € R? and at the same time as a function of one complex variable
z=x+4+iyeC.

We consider solutions U € C!(B; U B}) of the following nonlinear thin-obstacle
problem:

div(VF (VU)) =0 in B, (1.1
U=>0 onBj, (1.2)
VF(VU)-e, =0 on{U >0}N B}, (1.3)
VF(VU)-e, <0 on{U =0}N B}, (1.4)

where e; = (0, 1). Our first main result is the following.
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Theorem 1.1 (Nonlinear thin-obstacle). Suppose that U € C 1(Bl+ U BY) is a solution
to (1.1)~(1.4) and that ¥ :R? — R is C2-regular function satisfying

VFO)=0 and V?¥(0)=Id. (1.5)

Then, the following holds:
(a) The set of branch points

SWU):={zeB,:U(z) =0, VU(z) = 0} (1.6)

is a discrete (locally finite) subset of Bj.
(b) For every point zy € S(U) (without loss of generality zo = 0), there are

e aradiusr > 0 and a quasi-conformal homeomorphism V: B, — Q, between B,
and an open set 2 C By, such that

W e WL (B, R?), (1.7)
Im(Y(z)) =0 on{lm(z) =0}, (1.8)
(W(2) — z| = o(|z]); (1.9)

e a holomorphic function ®: By — C of the form

®(z) = azk + 0(**Y), wherek >3 anda € C, (1.10)
such that we can write the solution U as

U(z) = Re(CID(‘-IJ(z))l/Z) for every z € By (zp). (1.11)

Remark 1.2 (Optimal regularity). We notice that one particular consequence of the pre-
vious theorem is the optimal regularity for solutions of the nonlinear thin-obstacle prob-
lem (1.1)—(1.4). In fact, if U € Cl(BlJr U Bj) is as in Theorem 1.1, then from (1.11),
(1.10) and (1.9) it follows that U € C*V/2(B; U B}).

In the case of the classical thin-obstacle problem in which the operator is the Lapla-
cian, that is, ¥ (x, y) = x2 + y2, parts (a) and (b) of Theorem 1.1 were obtained by
Lewy in [16]; moreover, in this case, claim (a) can also be obtained by means of Alm-
gren’s monotonicity formula (see [2,15]); we also notice that for the classical thin-obstacle
problem, the map W from Theorem 1.1 is the identity.

However, in order to apply this result to the one-phase problem described in the next
subsection, we will be interested in solutions u of the thin-obstacle problem with

. x* +y?
J’(X,y) = ﬁ

and for which Vu € C%'/2 and no better. In particular, it is easy to check that U is
a solution of an equation of the form

div(A(x)VU) = 0,
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where A(x) is no better than C%1/2. For these types of equations, the results in [14]
cannot be applied (and actually are known to fail), so in order to obtain our result we need
to exploit the “quasi-linear” structure of the problem and our approach, based on the use
of quasi-conformal maps, seems to be more suitable, although limited to dimension two.

1.2. One-phase problem with geometric constraint

Next, we consider the one-phase problem constrained above a hyperplane, that is, let
u: By N {x4g > 0} — R be a continuous nonnegative function solution of the problem

Au=0 inQ, :={u>0}C By, (1.12)
u=0 onB;N{xg =0} (1.13)
[Vu| =1 ond2, N{xy > 0}, (1.14)
[Vu| >1 ond, N{xy = 0}. (1.15)

In the recent paper by Chang-Lara and Savin [4], it was shown that if u is a viscosity
solution of this problem (that is, if the boundary conditions (1.14) and (1.15) are intended
in viscosity sense), then in a neighborhood of any contact point x = (x’,0) € 92, N
{x4 = 0}, the boundary 92, is a C 1**-regular graph over the hyperplane {x; = 0}. More
precisely, in a neighborhood of a point zg € 32, N {xg = 0}, the boundary 92 isa C -1/2-
regular surfaces, that is, there are a radius p > 0 and a C ""'/2-regular function

£ Bi(z0) = [0, +00)

such that, up to a rotation and translation of the coordinate system, we have

{u(x) >0 forx e (x',x4) € By(2o) such that xz > f(x'), (1.16)

u(x) =0 forx € (x’,x4) € By(zo) such that x; < f(x').

We denote by €;(u) the contact set of the free boundary 9€2, with the hyperplane

{xd = 0},
C1(u) :={xg = 0} N0,

and by B; (1) the set of points at which the free boundary separates from {x; = 0},
Bi(u) :={x €€ (u) : B, (x) N (02, \ {xg = 0}) # @ forevery r > 0}.
By $;1 (1) we denote the set of points in € (1) at which u has gradient precisely equal to 1
S1(u) :={z €€ u):|Vu|(z) =1}. (1.17)

We notice that a priori the set €; (1) is no more than a closed subset of {x; = 0}. More-
over, if at a point x = (x’, 0) we have that [Vu|(x’,0) > I, then this point is necessarily
in the interior of €; (1) in the hyperplane {x; = 0}. Thus,

81 (u) contains all branch points, 81 (u) C S1(u).
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Theorem 1.3 (Analyticity at the branch points in the one-phase problem with obstacle).
Let u be a solution of problem (1.12)—(1.15) in dimension d = 2. Then, the following
holds:

(@) 81(u) is locally finite and €1 (u) is a locally finite union of disjoint closed intervals
of the axis {x, = 0}.
(b) For every point zg € $1(u), one of the alternatives in Figure 1 holds, that is,

(b.1) zg is an isolated point of €1 (u) and, in a neighborhood of zy, the free boundary
02y, is the graph of an analytic function that vanishes only at zy;

(b.2) zg lies in the interior of €1(u) and there is r > 0 such that u is harmonic
in B, (z9) and |Vu| > 1 at all points of {x, = 0} N B,(z¢) except zy;

(b.3) zg is an endpoint of a non-trivial interval in the contact set €1(u); moreover,
there are an interval d, = (—p, p) and an analytic function ¢:d, — R such
that ¢(0) > 0 and, up to setting z9 = 0 and rotating the coordinate axis,

0 ifx >0,
fo=1", . (1.18)
xE¢(x) ifx <0,
where f is the function from (1.16).
Au =0 Au=0,u>0 Au =0
u>0 N Vu| =1 /D u>0
/Pl{/ Q\),\// wf—’ z’/%
S7 N Vul>1 { |Vu|>1 7 |Vul>1
u=20 u=20 u=0

Fig. 1. Branch points for one-phase with obstacle.

As we mentioned above, we will give two proofs of this result. The first will be
obtained combining Theorem 1.1 with the standard hodograph transform. The second
proof instead, more geometric in spirit, will be achieved via a conformal hodograph
transform. This proof has the advantage of being reversible, thus allowing us to construct
examples of solutions and free boundaries with any prescribed cuspidal behavior (without
invoking any fixed point argument, as usual in the literature).

Theorem 1.4 (Cuspidal points for one-phase problem). For any positive integer n € N,
there exists a solution of (1.12)—(1.15) in dimension d = 2 such that (1.18) in Theorem 1.3
holds with k = 4n — 1.

We point out that Theorems 1.3 and 1.4 can be deduced, respectively, from Theo-
rems 1.6 and 1.8 below by performing an odd reflection.
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1.3. Symmetric two-phase problem

Finally, we consider solutions to the two-phase free boundary problem in viscosity sense,
that is, we let u: By — R be a continuous function and denote by v and u_ the functions

uy = max{u,0} and wu_ := min{u, 0},
and by Q" and Q, the sets
QE = {+u > 0}.

Notice that with this notation, u_ is negative. Then u is a viscosity solution of the problem

Au=0 inQfuQ,, (1.19)

|Vuy| =1 ondQ) \ a0, N By, (1.20)

[Vu_| =1 ondQ; \dQ} N By, (1.21)

|Vuy| =|Vu_| >1 ondQ} N, N B;. (1.22)

In [9], we proved that if u is a viscosity solution of this problem in any dimension d > 2,
then in a neighborhood of any two-phase point

X0 € 891—; N 89; N Bl,

both free boundaries BQ:{ N By and 02, N By are C L&_regular. Thus, by the classical
elliptic regularity theory, also the functions u 4 are C *%-regular on Q7 N B; and Q,, N By,
respectively, and equations (1.19)—(1.22) hold in the classical sense.

We will denote by €, (u4, u_) the two-phase free boundary, which is the contact
set between the free boundaries 9Q2; and 9Q;,, and by O the remaining one-phase
parts:

Co(uy,u) =30 NI, N B, and O := QT N By)\ Ca(us,u_).

We notice that the set €, (14, u_) is closed, while O+ and @_ are relatively open subsets
of asz,ﬂ; N By, respectively. We define the set of branch points 85 (v 4, u_) as the set of
points at which the two free boundaries BQf are separated, that is,

Br(uy,u_) ={x € ©(u4,u_): Br(x) N Ox # @ for every r > 0}. (1.23)
By C !-regularity of u, if x € (9Q;} U d2;,) N By is such that
[Vuygl(x) >1 or |Vu_|(x)>1,

then it is necessarily a two-phase non-branch point x € €, (uy,u—) \ B2 (u4,u_). In par-
ticular, this implies that the set

So(uy,u_) i={x € Caus,u_) : |Vuy|(x) = |Vu_|(x) = 1}, (1.24)

contains the set of branch points 85 (14, u_).
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In dimension d = 2, 8Q,f are locally parametrized by two C 1% curves. Precisely,
suppose that zg = (xo, o) € €2(u+, u_), without loss of generality we may assume that
zo = (0,0), and that there are an interval 4, := (—p, p) and two C *-regular functions

fii Jp — R,
such that

f+z f~ond, and  f1(0) = f(0) = 35 f+(0) = 3x f-(0) = 0,

and, up to rotations and translations,

u(x,y) >0 for(x,y)ed, xd,suchthat y > fi(x),
u(x,y) =0 for(x,y) e d,xd,suchthat f_(x) <y < fi(x), (1.25)
u(x,y) <0 for(x,y)ed,xd,suchthaty < f_(x).

Thus, in the square d, x d,,, the one-phase parts @4 and O_ of the free boundary are the
union of C!"*-regular (actually analytic) graphs over a countable family of disjoint open

intervals
O+ = U Fli’
ieN

where for every i € N, there is an open interval d; C d, such that

L = {(x, fe(x) 1 x € 4;}. (1.26)

Definition 1.5 (Symmetric solutions of the two-phase problem). In dimension d = 2,
we will say that a continuous function u: By — R is a symmetric solution to the two-
phase problem if u satisfies (1.19)—(1.22) and moreover

Jé’l(Fi) = #1(I'") foreveryi € N such that J; C dp.
The main result of this section is the following.

Theorem 1.6 (Cuspidal points for the symmetric solutions of the two-phase problem).
Let u: By — R be a viscosity solution of the two-phase problem (1.19)—(1.22). Then the
following holds:

(a) If u is symmetric in the sense of Definition 1.5, then the singular set S»(u4,u_)
defined in (1.24) is locally finite, so in particular the two-phase free boundary

Cuy us) = (3 U Q) N By

is a locally finite union of disjoint C“*-arcs;
(b) Ifzg € S2(uy,u_) is an isolated point of S (uy,u_), then one of the alternatives in
Figure 2 holds, that is,
(b.1) zg is an isolated point of €;(u,u-) and, in a neighborhood of zy, the free
boundaries 9} and 02}, are analytic graphs meeting only in zo;
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(b.2) zg lies in the interior of €3(u4,u_) and moreover there is r > 0 such that
Au = 0in By (z¢) and |Vu| > 1 at all points of {u = 0} N B, (zp) except zy;

(b.3) zg is an endpoint of a non-trivial arc in €, (uy,u_), and there are an interval
do = (—p, p), a constant k € N, k > 3, and an analytic function ¢: 4, — R
such that ¢(0) # 0 and, up to setting zg = 0 and changing the coordinates,

xR e(x?) ifx <o,
Sr(x) — f-(x) = {o #x > 0. (1.27)

Precisely, there are analytic functions ®, B+ and © such that for every x <0
J(0) = @+ [xP2B(x]'V2) £ Wx + xP2Bo(x]2). (128)

where W is of the form W(x) = |x|3/20(x).

u>0 vyl =1
N—————
|Vu| > 1 —
S~———" —\\{_,/ g
|Vu| > 1
u<0

Fig. 2. Branch points for two-phase.

Notice that (a) of the previous theorem requires that the function u is symmetric in the
generalized sense of Definition 1.5, while (b.3) is always true at isolated branch points.
The question of whether the statement of Theorem 1.6 (a) is true without the generalized
symmetry assumption is extremely interesting and would probably require the introduc-
tion of new techniques.

We also have the following result, which simply follows from the fact that if zg is an
isolated point of B (u4,u_), then it is also an isolated point of §;(u 4, u_) for which
Theorem 1.6 (b.2) does not hold.

Corollary 1.7 (Isolated cuspidal points of two-phase problem). Let u be a solution of the
two-phase problem as in Definition 1.5. If zg € 8B2(u+,u_) is an isolated point of the set
Br (U4, u_) defined in (1.23), then at least one of points (b.1) and (b.3) is true at zy.

We will prove Theorem 1.6 in Section 5, where we will also discuss the obstructions
in applying the conformal hodograph transform to the study of the branch points of the
two-phase problem in the absence of symmetries or in the presence of weights A1 on the
volume of the positivity and the negativity sets.

Finally, as in Theorem 1.4, by reversing the argument from the proof of Theorem 1.6,
we can construct two-phase cusps with prescribed behavior.
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Theorem 1.8 (Cuspidal points for two-phase problem). For any positive integer n € N,
there exists a solution of (1.19)—(1.22) in dimension d = 2 such that (1.27) holds with
k = 4n — 1 and (1.28) holds with ®(x) = x™ + o(x), where m > 2.

The particular case ® = 0 is an immediate consequence from Theorem 1.4 as a so-
lution of the one-phase problem, together with its reflection, gives a solution of the two-
phase one. However, the same method provides also non-symmetric examples in which
the asymmetry is given by the function ®.

We notice that the examples constructed in Theorem 1.8 are minimizers of the two-
phase functional. Indeed, any flat monotone solution to (1.19)—(1.22) is unique and so it
minimizes the two-phase functional; we prove this in Appendix A as a direct consequence
of the maximum principle. We refer to the recent work [5] for some interesting examples
of almost-minimizing free boundaries.

2. Nonlinear thin-obstacle problem

In this section, we prove Theorem 1.1 using the theory of quasi-conformal map.

2.1. Notation and known results

LetU e C! (BlJr U B) be a solution of the thin-obstacle problem (1.1)—(1.4), where the
function ¥: R? — R is C2-regular.

2.1.1. Variational inequality formulation. System (1.1)—(1.4) can be equivalently written
in the form of a variational inequality. Precisely, the following are equivalent:

(1) U € CY(B}" U B}) and satisfies (1.1)~(1.4);
2) U e Hl})C(B;" U By) (thatis,u € H!(B,") for every r < 1) and

/+ VF(VU)- V(U —v)dx <0 foreveryv € Ky, (2.1)
B

1

where Ky is the convex set

Ky = {v € H},

loc

(Bf UB}):v>0on B}, v=U inaneighborhood
of 0B N {xyg > 0}}.
Indeed, the implication (1) = (2) follows simply by an integration by parts, while

(2) = (1) was proved by Frehse [13]. In particular, if U € H I(Bf' ) minimizes the inte-
gral functional

d(v) = /B+ F(Vv)dx (2.2)

among all functions in Ky, then U satisfies the variational inequality (2.1).
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2.1.2. Higher regularity of the solutions. It was proved by Frehse in [13, Lemma 2.2] that
ifU e H' (B f ) is a solution of the variational inequality (2.1), then U is in H?(B,") for
every r < 1. Moreover, in [10, Theorem 4.1] it was shown that the solution U is actually
in Cl""(Bl+ U Bj) for some o > 0.

2.2. Local finiteness of the set of branch points

In this subsection, we prove Theorem 1.1 (a). We introduce a special function Q that
we prove to be quasi-regular in the half-ball, then we obtain Theorem 1.1 (a) by apply-
ing Stoilow’s factorization theorem for quasi-conformal and quasi-regular maps (see [1,
Chapter 5]).

Given a solution U: By N {y > 0} — R of (1.1)—(1.4), we consider the function

Q: B N{y=0—>C, QO(x+iy)=0U—iF2(VU(x.y)). (2.3)
We gather the fundamental properties of this function in the next lemma.

Lemma 2.1. The function Q defined in (2.3) satisfies the following properties:
(1) 0% e WYA(BF;C) foreveryr < 1;

(2) there is rg > 0 such that, for every r < ry, Q satisfies the Beltrami equation
30 = w(VU,V?U)3,Q in B},
and if for some § € (0, 1]
Ild— V25 (VU)ll, <8 foreveryz = (x,y) € B},
then

IW(VU(2), V2U(2))| < foreveryz = (x.y) € B,

)
V4 —45 -6
where for any real matrix A = (aij)ij, |42 :== 3, al-zj)l/z.
In particular, properties (1) and (2) imply that Q is a quasi-conformal map.

Proof. We first prove (1). By [13], we know that U € H?(B,") and that [VU | € L*°(B,").
Thus, (1) follows directly by the definition of Q. Let us now prove (2).
For simplicity, we set

A:=0,U and B :=%(VU).
Thus, Q = A —iB and
1 1 ]
920 = 5 (0 +10,)(4 ~iB) = S (9 A+0,B) + %(8yA — 9. B).

1 1 ]
0:0 = 5(0x = 0,)(4—iB) = 5(dx4 — 0, B) - %(8yA + 3:B),
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which implies

(2.4)
40, QP = (0xA— 0, B)? + (9yA + 0 B)*.

{4|83Q|2 = (0xA + 0y B)* + (0,4 — 35 B)?,
We first compute
axA = axxU,
0,4 = 0x,U,
0xB = F12(VU)0xxU + F22(VU )0y, U,
0yB = F12(VU)0x, U + 5F22(VU)0,, U,
and, using the equation for U, we obtain
0xA+0,B=(1—-5F11(VU))0xxU — F12(VU)0x, U, 2.5)
A — 0B = —F12(VU)dxxU + (1 — F2(VU))dyx, U. '
For simplicity, we use the following notation:
mjj 1= 8;; — F;(VU) forevery 1 <i,j <2,

and

M= 1d— V2F (VU) = (’"“ ’”12).
nma1 My

We also set
M3 = m3y + 2mi; + m,.
Then, by (2.5) and the Cauchy—Schwarz inequality, we immediately obtain
(0xA + 3y B)* + (3,4 — 3y B)* < | M|3|VA (2.6)
In order to estimate |, Q|2 in (2.4), we write
(0xA =y B)? + (dy A + 0< B)?
= (2054 — (3x A + 9y B))* + (20yA — (3yA — 0 B))?
4 VAP —4VA- M(VA) + (0xA + 3, B)> 4 (3,4 — 3, B)?
=:4|VA* + R,

where by (2.5) and (2.6) we have the estimate
|R| < @M1z + [ MIDIVAP.
Now, if at some point VA = 0, then
3:0 = 3:0 = 0.

Thus, we can define u as follows:

=%

zQ
=0

L=0 ifVA=0, p= if VA 0.

(=]
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Since A4, 3zQ and 3, Q are all functions of VU and V2U, j also can be written in terms
of the same variables, that is, u© = u(VU, V2U). We notice that with this definition,
J remains bounded. Indeed,

- 2 2
E [ e p— L S—
Q1 7 4—4| M2+ Ml
so that for r sufficiently small, the conclusion follows. ]

Proof of Theorem 1.1 (a). Let Q be the function defined in (2.3) and let

Sy {9(5)2 if Im(z) > 0,
S(z) ifIm(z) <O.

We notice that
Im(Q?(2)) = 0,U - F»(VU) =0 on {Im(z) = 0},
so that the function S is in W12(B,) and satisfies the Beltrami equation
9zS = ¥(2)3;S in B,
where

w(VU(x,y),V?U(x,y)) ifIm(z) >0,

Y(z) =¥ (x +iy) = {1/—[(3) if Im(z) < 0.

Thus, by [1, Theorem 5.5.2], we conclude that the zeros of the function S are isolated,
which is the claim. u

2.3. Local behavior of the solutions at branch points

In this subsection, we prove Theorem 1.1 (b). Given a branch point zg € §, we construct
a quasi-regular mapping whose real part is precisely the solution U. Assume that zo = 0.
We consider the case where there exists a radius r > 0 such that

{U=0}NB.={x<0}NB. and {U >0}NB.={x>0}NB,, 2.7

which is the case of a branch point, the other two cases in Figure | being analogous.
We notice that the differential form

a=—-F(VU)dx + F1(VU)dy

is closed in B,+ , and so the potential

1
V:BFUB — R, V(x,y):= / (—F2(VU(@x.ty))x + F1(VU(tx,ty))y) dt
0
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is Lipschitz continuous in B;f U B}, C? in B;" and satisfies
A0V = —F(VU) in B},
3,V =F(VU) inB],
Uv =0 on By,

where the last equality follows from (2.7), (1.3) and the very definition of V. We next
define the complex function

P:Bfn{y>0—>C, Px+iy)=U(x,y)+iV(x,y). (2.8)
Remark 2.2. Notice that, by the definition of V, we have d, P = Q in B,.
We now prove the following lemma.
Lemma 2.3. The function P defined in (2.8) satisfies the following properties:

(1) P2 e WL®(B; U B));

loc

(2) P is a solution of the Beltrami equation
zP =n(VU)3,P inB}, (2.9)
where n(VU) = o(|VU|).

Proof. The first claim follows from the Lipschitz continuity of U and V. In order to prove
the second claim, we compute

20z P = (0x +i0,)(U +iV) = (0.U — F1(VU)) +i(0,U — F2(VU)),
20,P = (0x —idy)(U +iV) = (0:U + F1(VU)) —i(3,U + F2(VU)).
Now, by the differentiability of 7 and ¥ at zero and (1.5), we can write
F1(X) — X1 = e1(X)|X] and F2(X) — Xz = e2(X)|X]|

for ever
’ X = (X1, X,) € R?,

where the functions €1 and &, are such that

lim £(X) = lim &(X) =0,
|X|—0 |X|—0

from which the first part of the claim follows. ]
Proof of Theorem 1.1 (b). Let P be the function defined in (2.8) and let
T(2) = 11’(2)2 if Im(z) > 0,
T(z) ifIm(z)<O.

Then
Im(P2(z)) = U(z)V(z) =0 on{Im(z) = 0},
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so T is Lipschitz continuous on B, and satisfies the Beltrami equation
0zT = ¢(2)9;T in B,, (2.10)
where ¢ is the extension over the whole B, of the Beltrami coefficient n(VU) from (2.9),

n(VU(x,y)) ifIm(z) =0,

$E) =l +iy):= {5(2) if Im(z) < 0.

According to [1, Theorem 5.5.1 and Corollary 5.5.3], there exist a homeomorphism ¥ €
W2(B,; B1), which is a solution of (2.10) and such that ¥(0) = 0 and ¥(p) = p, for
some p < r, and a holomorphic function ®: Q2 — C such that

T(z) = ®(V(z)) Vze B,. 2.11)

Next we prove (1.8). Observe that if W is a solution to (2.10), then also W(Z) is a solution
to (2.10), and moreover ¥(0) = W(0) = 0 and W(p) = W(p) = 1. It follows, by the
uniqueness of normalized solutions, that ¥(z) = W(z), which implies (1.8).

Finally, we come to equation (1.9). Suppose by contradiction that (1.9) is false. Then,
there is a sequence of radii py — 0 such that the sequence of homeomorphisms W; €
WL2(B,, B;), solutions of

0zWr = ¢(2) 0, Win B,, ¥ (0) =0, Wi(px) = Pk,

does not converge uniformly to the function z. Now consider the sequence of functions
Ve (z) := p,:l W (prz), then they are solutions of

020k = ¢(piz) 0:Win By, Wpe(0) = 0. W) = 1.

Reasoning as in the proof of Lemma 2.3 and using the fact that VU (prz) — 0 as k — oo,
since U € C! and VU(0) = 0, we have

’lim ¢(prz) =0 ae.z € By, .
—0

Using [1, Lemma 5.3.5], we have that o converges locally uniformly to a homeomor-

phism W: C — C, which is a solution of
U =0inC, W0O)=0, W(1)=1I.

But this implies that W(z) = z, which is a contradiction for k sufficiently large.
In particular, notice that if ®(z) = z*¥ + O(z*¥*1), then the C ' -regularity of solutions
to the nonlinear thin-obstacle problem (see, for instance, [11]) implies that k > 3. [

3. Theorem 1.3: Proof via quasi-conformal maps

In this section, we will prove Theorem 1.3 as a consequence of Theorem 1.1 combined
with an application of the hodograph transform.
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3.1. The hodograph transform

In this section, we write the hodograph transformation of a solution u of (1.12)—(1.15).
We do this in every dimension d > 2.

3.1.1. Notation. We adopt the following notation. We write every point x € R? in coor-
dinates as x = (x’, xz) € R4~! x R. For every p > 0, we denote by By, and B, the balls
centered in zero of radius p in R? and R?~!, respectively. We will identify R¢~! with
the hyperplane R4~ x {0} C R¥, thus

B, =B,N{xg =0} and B = B,N{xs >0}

We denote by V,/ the gradient with respect to x’ = (x1,...,x4_1), the first d — 1 coor-
dinates. Thus, for every function u: RY — R, we can write the full gradient Vu as

Vu = (Vou,dqu) and |Vul? = [Veu|? + |dqul>.

Let us assume that 0 € $; (), that is, 0 is a branch point, and let f € C** be the function
that locally describes the free boundary 9€2,, as in (1.16), so that

£0)=0 and Vy £(0) = 0.
Now since u(x’, f(x’)) vanishes for every x’ € B/, we have that V,»u(0) = 0. Thus
Vu(0) = dgu(0)ey and dgzu(0) > 1.

3.1.2. The hodograph transform. Let 0 € 92, N {xy = 0} and f: B, — [0, +00) be as
above. We consider the change of coordinates

Y =x" ya=ux' xq).

Since u € C1%(Q, N B;) and since dzu(0) > 1 > 0, we have that the function
T: By NQu—>RIN{ya 20} TG xa) = (V. ya),

is invertible for p small enough. In particular, the set 7'(B, N Q,,) is an open neighborhood
of 0 in the upper half-space Ry N {y; > 0}. Let

S:T(By,NQy) = ByNQy, SO, ya) = (', xa),

be the inverse of 7. Since the map 7" does not change the first d — 1 coordinates, there is
aC 1""—regular function v, defined on the set T'(B, N ), such that

SO ya) = (Vv ya)).
‘We will write this in coordinates as

!/

xX'=y xg=v( ya).
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Remark 3.1. The function v contains all the information of the free boundary 9<2,,. Pre-
cisely, for every x’ in a neighborhood of 0 € R4~ we have

v(x’,0) = f(x)). 3.1
Indeed, it is immediate to check that for any point (x’, x;) in a neighborhood of zero,
Xg = f(x) & (x',xg) €0Qu & x4 = v(x",u(x’,xz)) = v(x’,0).
As a consequence of (3.1), we get that
v(x’,0) > 0 forevery x’ in a neighborhood of zero in R4-1,

Lemma 3.2 (Hodograph transform). Letu, T, B, and v be as above. Then, there is r > 0
such that
B, N{xg =0} C T(B,NQy)

and such that the function
v: B N{xg >0} > R

exists, is C1% in B, N {xg > 0} and C™® in B, N {xz > 0}. Moreover, the function
w: B, N{xg >0} >R, wkx',xg)=v x5)— x4,

solves the nonlinear thin-obstacle problem

div(VF (Vw)) =0 in B}, (3.2)
w>0 on B;, 3.3)
Fa(Vw) =0 on{w>0}N B/, (3.4)
Fa(Vw) <0 on{w=0}NB, (3.5)
for the nonlinearity
|xl|2 +x2
F(x'\ xg) = —— 4
(x", xq) oy

Remark 3.3. We notice that (3.1) implies that the contact sets of the solution of the one-
phase problem u and the solution of the nonlinear thin-obstacle problem w are mapped

one into the other,
C1(u) =02, N B; =SH{w =0}nN B;)

as well as the singular sets defined in (1.6) and (1.17)
S$1(w) = B, N{u =0y N{|Vu| =1} = S(B, N {w =0} N {|Vw| = 0}).
Proof of Lemma 3.2. We first notice that

w(x’,0) = v(x’,0) = f(x") forevery x' € B,.
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This proves (3.3) and the first part of (3.5). Next, we notice that since
v(x" u(x',xq)) = x4 forevery (x',xq) € By N Qy,
we have that
004+ (X', u4 (X', xg)) + dqv4 (X', u(x’, x4))0iu4 (X', xq) = 0 (3.6)

fori =1,...,d — 1, and

dgv(x", u(x’, xg))0qu(x’, xq4) = 1. 3.7
Thus, we can compute

(1 + dgw(x’,0)dzu(x’, f(x) =1, (3.8)

and since dzu(x’,0) > 1, we also obtain the second part of (3.5).
Next, in order to prove that the boundary condition (3.4) holds, we notice that it is
equivalent to

(04v(x’,0)? =1 + |Vy f(x)* forx’ € B.N{f >0},
and, in view of (3.8), it is also equivalent to
@qux’, fFOMN* A+ |V f(X)*) =1 forx’ € B.N{f >0},
which is a consequence of the identity
diu(x’, f(x) + dqu(x’, f(x')0; f(x')=0 foreveryi =1,...,d —1,
and the boundary condition
(=Y f(X), 1) - Vu(x', f(x) = (Ve fHP + D> on{f >0}
In order to prove (3.2), we notice that in €2,,, u is a local minimizer of the Dirichlet integral
J(u) = / |Vu|*dx,
which can be expressed in terms of w by applying (3.6) and (3.7),

[Vev2(x" u(x’, xq)) + 1
10qv[>(x", u(x’, xq))

[Vul?(x', xg) = and det(VT)(x', xq) = dqu(x’, xq).

Now, by the change of coordinates y' = x’, yg = u(x’, x4), we get
VvV, ul2(y, 1 1
/ |Vu|2dx=/| 0 ya) + ———dy
BN [0av[*(y',ya)  [0qu(x’, xq)

_ / [VyrvoP(, ya) + 1
9av(y', ya)

dy,
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where all the integrals in dy are over T'(B, N Q.). Now, by the definition of w, we get

\v4 2 /’
[ Vuldx =/ (M +2)ay.
BN T(B,n&y) 1+ daw(y', ya)

Thus, w minimizes the functional

Vw20, va)
J = — = -7 d
(w) / T+ 000 ya)

in the open set T'(B, N €2,) with respect to perturbations of the form w + e¢ for small ¢
and smooth ¢. This concludes the proof of Lemma 3.2. ]

Proof of Theorem 1.3. Now Theorem 1.3 follows by combining Lemma 3.2 with Theo-
rem 1.1. ]

4. Theorems 1.3 and 1.4: Proof via conformal hodograph transform

In this section, we prove Theorem 1.3 by introducing a new, conformal version, of the
hodograph transform, which not only provides another proof of the fact that the one-phase
branch points are isolated, but also provides the full expansion of the solution, and a way
to construct examples of solutions with prescribed vanishing order (see Theorem 1.4).

4.1. The harmonic conjugate

Let u be a solution of the one-phase problem (1.12)—(1.15), let §; (1) be the singular set
defined in (1.17) and let 0 € $1(u). Let J, = (—p, p) and let f:d, — R be the C1:*
function from (1.16) that describes locally the free boundary 092, N B,; we recall that f
is nonnegative and f(0) = f/(0) = 0. Now, since the function

do 3 x = u(x, f(x))
vanishes for every x € 4, we have that 9,1(0, 0) = 0. Thus
Vu(0,0) = d,u(0,0)e> and 0,u(0,0) > 1,
where e, = (0, 1). We next define the open set
Qp =1{(x,y) €dpxdp: f(x) >y,

and the boundary
Fpi=A{(x.y) € dpxdp: f(x) = y}.

Since €2, is simply connected and u is harmonic in €2, there is a function

U:Q,Ul', - R
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which solves the problem
U0,0) =0, 0,U=0,u and 0,U =—0xu inQ,.
We recall that for any (x, y) € Q, U I'p, U(x, y) is the line integral fo a of the 1-form
o = dyu(x,y)dx — oxu(x,y)dy

over any curve
0:[0,1] - Q,UT,

connecting the origin (0, 0) to (x, y). In particular, U is as regular as u,
UeCh¥Q,UT),).
If we choose o to be the curve parametrizing the free boundary I'y,
0: [0,x] > R?, a(1) = (t, f(1)),
then, by integrating « over ¢ and using that
dxu(t, f(2)) + f'()dyu(t, f(t)) =0 foreveryt € J,,

we obtain the formula
Ulx, f(x)) :=/0 @yu(t, f(1)) — dxu(t, f(1) f'(t)) dt
= /0 [Vul@, f()v1+ f/(t)?dt =/|Vu|.

In what follows, we will use the notation

1) = Ulx, f(x)) = / V.

g

4.2. The conformal hodograph transform
With the notation from Section 4.1, we consider the change of coordinates
X'=Uy), ¥ =uxy),
given by the C"*-regular map
T:Q,Ul, - R*N{y >0}, T(x,y)=,y).

Now, by the definition of U and the fact that 9,,u(0, 0) > 1, we have that the map T is
invertible for p small enough. In particular, the set 7(£2, U I'y) is an open neighborhood
of (0, 0) in the upper half-plane R? N {3’ > 0}. Let

S:T(Q,UT,) = Q,UT, S&,y)=(x,y),
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be the inverse of 7. We can write S as

SEY) =L y) e y),
which in coordinates reads as

x =V, y =L y).

As in the case of the classical hodograph transform, the function v contains all the infor-
mation of the free boundary I',,. Precisely, for every x € J,,, we have

y=fx) & (x.y) €T, & y=v(U(x,y),ulx,y) =v(x",0).

As a consequence, we obtain the equation
f(x) =v(n(x),0) forevery x € d,.
In particular, for x’ € R in a neighborhood of zero, v(x’,0) > 0 and
v(x’,0) >0 & f(n (")) >o0.

Remark 4.1. We notice that, in terms of the contact sets

Ci(u) ={y=0}N0Q and C(v)={y =0}N{v"0)=0}
the map 7 is locally a C !-diffeomorphism, which is sending € (1) into € (v).

Lemma 4.2 (Equations for v). Let T = (U,u) and S = (V, v) be as above. Then, there
isr > 0 such that
B, N{y =0} CT(Q,UT,)

and such that the function
v: B, N{y >0} >R

is CY%-regular in B, N {y’ > 0} and C*®-regular in B, N {y’ > 0O}.
Moreover, if we denote by €, the contact set

€y i ={(x",0): x" = n(x), x € 4,5, f(x) =0}, 4.1)

then v solves the problem

Av=0 inB,N{y >0} 4.2)

v>0 onB,N{y =0} 4.3)

[Vv| =1 on B, N{y =0}\ €y, 4.4)
v=0,|Vv|<1 onB,N{y =0}NTE,. 4.5)

Moreover, for every x € T, we have the identities

M and 1 (x) = ; (4.6)

S0 = .0 3, 0(n(x), 0)
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Proof. We start by proving that v satisfies equations (4.2)—(4.5). First notice that v is
harmonic since it is the second component of a conformal map. Moreover, since

v(U(x,y),u(x,y)) =y forevery (x,y) € Qp,

taking the derivatives with respect to x and y, we obtain that

v (Ux, y), u(x, y))0xU(x, y) + 0y v(U(x, y), u(x, y))dxu(x, y) =0,
ax/U(U(X, y)’u(x’ y))ayU(X’ y) + By/v(U(x, y)»u(x» Y))ayu(x’ y) = 1

By exploiting that d,U = dyu and d,U = —0d,u, we get

A v(x’, yN0yu(x,y) + dyv(x’, y)oxu(x,y) =0, 4.7
=y v(x’, y)0xu(x,y) + dyv(x’, y)dyu(x,y) = 1. 4.8)

Solving the system (4.7)—(4.8) leads to

dyu(x,y) dxu(x,y)
d,v(x',y)= =" and dpv(x’,y)=-——"""". 4.9)
g IVul?(x, y) * IVul?(x, y)
Thus, we obtain
[Vu|(x, y) [Vo|(x,y) = 1, (4.10)

which gives both (4.4) and (4.5). We next prove (4.6). Using that u(x, f(x)) = 0, we get

du(x, f(x))
dyu(x. ()’

which together with (4.9) gives the first part of (4.6). For the second part, we notice that
the identity v(n(x),0) = f(x) gives that

1'(x) =1 (x)dxv(n(x),0),

which, combined with the first identity in (4.6), concludes the proof. [

f(x) =

4.3. Proof of Theorem 1.3
Let v be as in the previous section and let

Q =0,V =0y —1i0,v,
where z/ = x’ + iy’. Since v satisfies (4.2)—(4.5), we get that

920 =0 inB, N{y >0
Q] =1 on B, N{y =0}\C,
ReQ =0 onB,N{y =0NTE,,

where the set €, was defined in (4.1).
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Consider now the function

p—_;27T!

__l-(Q+i)(Q+i) 2ReQ . |02—1

Then, we have that P(0) = 0 and

9P =0 in B, N{y > 0},
ReP =0 onB,N{y =0N%E,
ImP =0 onB,N{y =0}\6,,

which implies that P2(0) = 0 and

dz(P?) =0 inB,N{y >0},
Im(P?) =0 on B, N{y =0}

As a consequence, the zero set

Z(P)={z' € B, : P(z')=0,Imz =0}

is discrete or coincides with B, N {y" = 0}. Now, Theorem 1.3 (a) follows since

dxu(x,y) =0,

PZ)=0 < {3yu(x,y) _1

that is, every branch point (x, y) € 8;(u) corresponds to a zero z’ of P.

0—i 0—i> _Jo—if '[o-if

We next prove Theorem 1.3 (b). Let zo = 0 be an isolated point of §;(u) and z5 = 0
be the corresponding point in Z(P). Since zero is an isolated point of Z(P) and since

Re P(z')-Im P(z’) =0 on{Imz' =0},

we have the following three possibilities in a neighborhood of zero:

(1) Re P(z’) =0o0n{y’ =0},and Im P(z') #Z Oon {y' =0} \ {x’' = 0};
(2) ImP(z’) =0on{y’ =0},and Re P(z') #0on {y’ =0} \ {x' = 0};

(3) up to changing the direction of the real axis {y" = 0}, we have

ReP(z)=0 and ImP(z') 0 on{y =0}N{x" >0},
ReP(z)#0 and ImP(z')=0 on{y =0}Nn{x <0}

We will show that each of these cases corresponds to one of the points (b.1), (b.2) and (b.3)

of Theorem 1.3. We first suppose that (3) holds. Then P solves the problem

9z P =0 in B, N{y >0},
Re P =0 on B, N{x" >0},
ImP =0 onB,N{x"<0}.
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‘We next notice that

Do i 0= LEiP _ Re(P) 1—|P]?
'V —1 /I = = = —1 ,
* g P+i |P+il> |P+il]?

so that ) | |2
2Re(P 1—|P

8/ = — d a/ = -

U PP an v PP

In particular, since the function 7 is increasing and 7(0) = 0, we get
dyv(n(x),0) =0 forx > 0.

Integrating this identity and taking into account that v(7(0), 0) = v(0,0) = 0, we obtain

X

f(x) =v(n(x),0) = /0 0 v(n(),0)n' (t)dt =0 forx > 0.

Conversely, assume that x < 0 and let x’ = n(x) < 0. Then, Im(P(x’)) = 0 and

2P(x") 1— P2(x")
dv(x',0) = m and ay,v(x/,o) — HTZ(X/) forz’ = x' < 0.
In particular, from (4.6) it follows that
1+ P2
p) = SO e,
1= P2(n(x))
n(0) =0,

which implies, by Cauchy—Kovalevskaya theorem, that : (—p, 0] — R is an analytic
function with 7'(0) = 1 since P(0) = 0. Since for x < 0, we have

n(x) = Vit f/(x)? = f'(x)=vn)?>-1, (4.11)

we get that f’: (—p, 0] — R is of the form
@) = 2y ()

for some k& > 1 and some analytic function ¥: (—p, 0] — R with ¥ (0) > 0. It follows that
there is an analytic function ¢ such that ¢(0) > 0 and

Ff(x)=0ifx>0 and f(x)=x&®D2p(x) ifx <0.
Suppose now that (2) holds. Then Im P = 0 on the real axis {y’ = 0}, and so P (not
only P?) is a holomorphic function. As a consequence, Q is also holomorphic. Thus,
dyv(x’, 0) is analytic. Since 7: (—p, p) — R solves the equation

n'(x) = n(0) =0,

1
dyrv(n(x),0)’
we get that 7 is analytic and, by (4.11), so is f. This gives (b.2).

Finally, we suppose that (1) holds. Since Im P # 0 on {y’ = 0} \ {0}, we get that
the contact set €, contains a neighborhood of zero. As a consequence, also the contact
set €1 (1) contains a neighborhood of zero (see Remark 4.1), from which we obtain (b.1).



(Quasi-)conformal methods in two-dimensional free boundary problems 3393

4.4. Proof of Theorem 1.4

Finally, we come to the proof of Theorem 1.4, which is obtained by reversing the con-
struction from the previous subsection.

Proof of Theorem 1.4. For any k of the form k = 2n — 3/2 with n € N, we define
P(z) = (iz)* = p*(—sin(k0) + i cos(k0)).
In particular, setting €p := {(x,0) € R? : x > 0}, we have
=P =0 in{y > 0},

ReP =0,ImP >0 on{x >0},
ReP <0, ImP =0 on{x <0}

Then we consider a radius r € (0, 1) and the function Q: B, N {y > 0} — C,

1+iP _2Re(P) .1—|PP

C= i TPy P i

Notice that Q is still conformal in B, N {y > 0} and that we have

90 =0 in {y > 0},
ReQ =0, ImQ € (-1,0), |Q| <1 on{x >0},
ReQ <0, ImQ € (—1,0), |Q| =1 on{x <O0}.

Since B, N {y > 0} is simply connected, there is a function v: B, N {y > 0} — R such
that
;v =0,v—idyv=0 inB, N{y>0}.

Precisely, for every z = x 4+ iy in B, N {y > 0}, v is given by the formula

1
v(z) =v(x,y) = / (xRe Q(tz) —yIm Q(tz)) dt.
0
Thus, v is a solution to the problem

Av =0 in B, N{y > 0},
v=0, |Vv| <1 onB,N{x >0},
v>0, |Vvl=1 onB,N{x <0}

Moreover, we notice that
v(0,0) =0 and 4,v(0,0) = 1.

Thus, by choosing r > 0 small enough, we may suppose that v > 0 in B, N {y > 0}.
We next consider the harmonic conjugate V: B, N {y > 0} — R of v and the inverse
hodograph transform

S: B, N{y >0} > R2  S(x,y):= (V(x,),v(x,y)).
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Tracing backwards the argument from Section 4.2, we have that when r is small enough,
S is a diffeomorphism; we can then consider its inverse

T:S(BrN{y =0} — B, N{y =0}, T(".y")= UK. Y)ux" ),

where we notice that the positivity set 2, = {u > 0} of the second component u of T is
precisely S(B, N {y > 0}) and that, since v > 0, 2, = S(B, N {y > 0}) is contained in
the upper half-plane {y’ > 0}. Now, reasoning as in Lemma 4.2 (see (4.10)), we get that

[Vu(x', y)|Vo(x, p)| = 1,
and that, in a small ball B,, u is a solution to the problem

Au =0 inQy, N By,
u=0 onB,N{y =0}

[Vul| =1 onadQ, N{y > 0},

[Vu| >1 ondQ, N{y =0},
where 0Q, N{y’ =0} = {x’ >0} N{y’ =0} and |[Vu| > 1 on {x’ > 0} N {y = 0}.
We now define the function f* describing the boundary 0€2,, (see (1.16)) and the function
n(x) = U(x, f(x)) to be as in the proof of Theorem 1.3. Then, 7 is a solution to
1+ P2(n(x))
1= P2(n(x))
n(0) =0

and so, it is analytic since P2(z) = iz
we can write the function 7 as

n'(x) = if x <0,

4n=3 with n € N. Finally, since (x) = x + o(x),

n@)I"2 =[xy (x)  forx <0,
where ¥ is analytic and ¥ (0) = 1. Thus, we get the precise form of f by the formula

x —|7)(l)|2n_1/2

f(x) =v(n(x).0) = /0 O 11
0 if x > 0,

dt ifx <0,

and we notice that f(x) = |x|?"~Y/2(1 4 o(1)) for x < 0. This concludes the proof. m

5. The symmetric two-phase problem and some remarks

Let0 = zg € § and let f4 be as in (1.25). We define

QF ={(x.y) €4, xdp: fr(x) >y},
IFi={(x.y) €dpxdp: fr(x) =y}
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In what follows, we perform the hodograph transform of u4 in SZ;r and of u_ in Q.
In order to simplify the notation, we set

i:=+ or —.

Let ne, T+ = (Ux,us), S+ = (V4, v1) be the functions constructed in Sections 4.1
and 4.2 separately for u+ and u_. Recall that the functions v;, i = &£, contain all the
information of the free boundaries Ff). Precisely, for every x € 4, we have

y=/fix) & (x,y) €T, & y =vi(Ui(x,y),ui(x, ) = v;(x',0).
As a consequence, we get the equation
fi(x) =v;(ni(x),0) forevery x € d,.
In particular, we have
V4 (n4(x),0) > v_(n-(x),0) forevery x € d,,. (5.1)
Lemma 5.1. There is r > 0 such that
B, N{y =0} CT(QFUTS) and B,N{y <0} CT(Q,UT,).

The functions
ve: B, N{Ey >0} >R

are both CY%*-regular respectively in the half-disks B, N {£y’ > 0} up to the hyperplane
{y' = 0}, and are C*°-regular respectively in B, N {xy’ > 0}. Furthermore, they solve
the following thin two-membrane problem:
Avy =0 in B, N{y >0},
Av_ =0 in B, N{y <0},
v (14(¥),0) = - (n-(x),0) forx € d,,
Vvi|(n£(x),0) =1 if v (n4(x),0) > v_(1-(x),0),
Ny () 9y 04 (4 (x), 0) = n_(x)dyv—(n-(x),0) < 1 if v4(1+(x),0) =v_(n-(x),0).

Moreover, for every x € T', we have the identities

3x’vi(77:t(x)vo) 1

R Y A d 1n = 5.2
dveme(,0) =G e 0P

i) ==+
Proof. We reason precisely as in Lemma 4.2. Since
vi (Ui (x, y),ui(x,y)) =y forevery (x,y) € Qb,
taking the derivatives with respect to x and y, we obtain that

{avai(Ui(X, y)sui(x’ y))ain(xs y) + ay/vi(Ui(-xs y)’ui(xv y))axui(-x9 y) =0,
0x ;i (Ui (x, ), ui (x, ¥)0y Ui (x, y) + 0yrv; (Ui (x, y), ui(x, ) dyu;(x,y) = 1.



G. De Philippis, L. Spolaor, B. Velichkov 3396
Since 0, U; = d,u; and 0, U; = —dxu;, we get
_ax’vi (.X/, y/)ayui(-x’ y) + 8y/v,- ()C/, y/)axui (X, y) = 05
0xrvi (x7, y)0xui (x, y) 4+ 0yrvi (X', y)Oyu; (x, y) = 1.
When y’ = 0, we can write
x'=mni(x) and y = fi(x).
Thus, we have
—0xv; (1 (%), 0)dyu; (x, fi(x)) + dyrvi (i (x), 0)dxu; (x, fi(x)) =0,
00 (1 (), 0)dxu; (x, fi (X)) + dyrvi (i (x),0)dyu; (x, fi(x)) =1,
which we will simply write as
— 05/ V; 0pu; + 0y v;0xu; = 0,
{ x/ViOyUj y’ Vi OxUj (5.3)

0x/V; 0xU; + ay/v,-ayu,- =1,

and we remember that all the derivatives of v are computed at (1; (x), 0), while all the

derivatives of u are calculated at (x, f;(x)). We next consider two cases.
Case 1: v4(n4+(x),0) = v_(n—(x),0). We set
f@) = fr(x) = f~(x) and [f'(x):= fi(x) = fL(x).
and we notice that we have the system
dxur + [/ (0)yus = 0= du_ + f/(x)dyu-,
—f1(x)0xut + dyuy = — f'(x)xu— + dyu_,
— ' ()0xux + dyux = (14 (f'(x)H)'?,

where again all the partial derivatives of u 4 and u_ are computed at (x, f(x)).
Now, using (5.4) in (5.5) and (5.6), we get

Oyuq = dyu_,
L+ (f'(x)*0yus = 1.
On the other hand, using (5.4) in the system (5.3), we obtain
(Oxvi + 3yv; f/(x))dyu; =0,
(= f'(x)0xrv; + 3yrv;)dyu; =1,
so we get
(1+ f'0))dyvedyus = 1,
which gives that

0y vy = dpv—, dyvy =dpv— and 1+ (f/(x)2dyve <1,

all the derivatives of vy being calculated in (4 (x), 0).

(5.4)
(5.5)
(5.6)

(5.7)
(5.8)

(5.9)
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Case2: v4(n4+(x),0) > v_(n-(x),0). In this case, the two free boundaries are separated,
thatis, f4 > f_ in a neighborhood of x. Then, for each i = +, we can proceed as in the
proof of (4.4) in Lemma 4.2.

Finally, we notice that (5.2) follows by taking the reflection

u(x,y) = —u_(x,—y)
and applying the identities from (4.6) to u 4 and u. ]

When u is a symmetric solution to the two-phase problem, we have the following
assertion.

Corollary 5.2. Let u be a symmetric solution to the two-phase problem, then, up to taking
a smaller radius r > 0, the functions v+ constructed in Lemma 5.1 satisfy

Avy =0 inB,N{y >0},
Av_ =0 inB,N{y <0},
|[Vug|(x',0) =1 whenx' € B, \ €,
[Vui|(x',0) = |[Vu_|(x",0) = 1 when B, NCy,

where we denote by €, the contact set
€y i ={(x",0): X" = n(x), x € dp, fr(x) = fo(x)}. (5.10)

Proof. By definition,

ni<x>=/0 Vas |, fe©) /1 + | fL (0P dr.

Let J; be the intervals defined in (1.26), then notice that
o ift e d;, then |Vuy|(t, fL(t)) = 1;
o ift e(—p,p)\ (U 4i), then
J+@) = f-@) and [Vuy|(, f(1)) = [Vu_|(z, (1))

In particular, the first item implies that

n+(di) = n-(di) Vi,
which combined with the second item implies that

n+(fx € (=p.p) 1 f+(x) > f~(0)}) = n-({x € (=p.p) : f+(x) > f-(0)}).

Then the conclusion follows from the previous lemma. ]

Remark 5.3. Notice that, in the above proof, we are not claiming that n4 = n_, but only
that branch points are sent in branch points.
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5.1. Proof of Theorem 1.6 (a)
Let v+ be the functions from Corollary 5.2 and let
Q4 = 0x V4 —i0y V. (5.11)
As in the proof of Theorem 1.3, we have that Q is a solution to
00+ =0 in B, N {£y" > 0},
|0cl=1 onB, N{y =0}\C, (5.12)
0+=0- onB,N{y =0}N%E,.

We then define

Qi __i(Qﬂ:+i)(Q_:t+i) _ 2ReQs . |0+* -1
O+ —i 0+ —il? |0+ —il> Qs +il*

and we notice that

Py = (5.13)
0P+ =0 in B, N {:I:y/ > 0},
Py =P_ onB,N{y =0}NE,,
ImPL =0 onB N{y =0}\E,.
We now consider the reflection
P':B,N{y >0} - C, P'(z):= P_(2),

so that the functions Py and P’ are both defined on the same domain, and we can take

P P’ P _p’
M(z) == M and D(z) := M (5.14)
which satisfy the equations
zM =0 in B, Nn{y > 0},
z AR} } (5.15)
ImM =0 onB,N{y =0}

and
9zD =0 in B, N{y >0,

ReD =0 on B, N{y =0} NE,,
ImD=0 onB N{y =0}\5E,.

Reasoning as in the proof of Theorem 1.3, we get that Im(D?) = 2Re DIm D = 0 on
{y" = 0} so that D? can be extended to a conformal map on the whole of B,., so the set

{D=0}NB,N{y =0}

is either discrete or coincides with B, N {y’ = 0}. This proves Theorem 1.6 (a) since at
every z’ on the real line {y’ = 0} we have

PT =P, 0T =0, Vui = Vu_,
& &
ImPy =0 [0+ =1 [Vuyg| =1,

that is, every branch point of u corresponds to a zero of D.

D) =0 & {
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5.2. Proof of Theorem 1.6 (b) and Corollary 5.2

Remark 5.4. We notice that in this part of Theorem 1.6, we do not assume any symmetry
of the solutions, but only that the branch points are isolated.

Let zg € S2(u4,u—) be an isolated point of §5 (14, u_). If zg is in the interior of the
contact set € (14, u_), then (b.2) is immediate as the function ¥ = u4 — u_ is harmonic
in a neighborhood of zy. Suppose then that zg is a branch point: zg € B, (U4, u—_); more-
over, since B, C §,, we have that zg is isolated in the set of branch points B, (v, u_).
This means that in order to complete the proof of Theorem 1.6 (b) we only need to prove
Corollary 5.2. We set zo = 0 and consider the following two cases.

Case 1: 0 is isolated also as point of the contact set €, (14, u_), that is,
Br m fz(u‘kvu*) = {0}

for some radius > 0. In this case, on the free boundaries 925 we have that |Vu| = 1
and so, Corollary 5.2 (b.1) follows as in the proof of Theorem 1.3 (b.1).

Case 2: 0 is not isolated in the set €, (u 4, u—). Then, since there are no other branch
points in a neighborhood of 0, we can assume that:

fr(x) = f_(x) whenx >0 and fi(x)> f_(x) whenx <O.

As above, we define n4 as

N+ (x) =/0 [Vus|(z, f@)\/1+ (fL()>dt, (5.16)

while vy are the hodograph transforms of u 4, for which we recall the identities

1
[Vl (x, f2(x))

for every x in a neighborhood of zero. Then, since 4 (x) = n—(x) for x > 0, we get that:

() =v+(£(x).0) and  [Voi|(n+(x).0) =

v (x',0) = v_(x",0), Vui(x',0) = Vv_(x",0) whenx' >0,
[Voi|(x",0) = |[Vv_|(x',0) when x” < 0.

Remark 5.5. Notice that when x < 0, we cannot say if 74 (x) = n—(x). In particular,
we cannot say if vy (x’,0) > v_(x’,0) when x’ < 0 and so, we do not know if {x" > 0}
is the contact set {x’ : vy (x’,0) = v_(x’,0)}.

We next consider the functions Q4+ and P4 given by (5.11) and (5.13), and the func-
tions D and M defined in (5.14). Then, in a neighborhood (—r, r) x [0, r) of zero, the

difference D satisfies
9zD =0 in(—r,r)x (0,r),

ReD =0 on (0,r) x {0}, (5.17)
ImD =0 on (-r0) x {0}.
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Recall that by the definitions of M, D and P’, we have
Pi(z) =M(z)+ D(z) and P_(z)=M((z)— D(2),

and moreover

2 Re(Pz) 1—|Ps]?

avaj: = Re(Q:t) = |Pi T l|2 and ay/U:t = —Im(Qi) = m

We set g+(x') := n3'(x’) and Fo(x") = fir(ge(x"). Since
1

fe() = v(12(x).0) and i (x) = 5o,
- ,

we get that B
fe(x) =v1(x",0) and gL (x) = dyvL(x".0).
In particular,

* 2Re(P+(1))

]?;]:(X/) :/(; Bx/vi_(t,O)dt ZA m

and

x/ x' 1 _ 2
ey = [ vsc0ar= | % .
Now, by (5.17) and (5.15), we have that
M =ReM and D =iImD on]l0,r)x {0},
which gives that on [0, r) x {0}, P+ = P_, precisely,
Re(P+) =Re(P-) =M and Im(Py)=Im(P-)=ImD = —iD.

This implies that

/

Ty * 2M(r)
J(x) = /0 MEZ0 1+ (1 +mDOeE

so that f4 = f- on {x’ > 0}. Similarly,

X 1= M2(t) — (Im D(1))?
M2(t)+ (1 +ImD())?

gx(x) =
which again implies that g = g_. Combining these two identities, we get that

fr=/f- on{x" >0}
Using again (5.17) and (5.15), this time for x’ < 0, we get that

M =ReM and D =ReD on(-r,0)x {0},
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which implies that P+ are both real and
PL=M+D and P_=M—-D on(-r0)x{0}.

As above, we compute

’

M(t) £ D(¢)
1+ (M(@)+ D(@))?

f;(x/)zzfox

and

o [T 1= (M(@) £ D(1))?
§£00) = / [T @) £ D)2 "

We now define

N A O 1+ D2 — M?
V)= = 2/0 POGT Mz prz—apaz @

and

I A C O R A c ) N 1 +M?—D?
q)(x).—f—zfo M([)(1+M2+D2)2—4D2M2d[’

and we notice that

e @ is an analytic function of the form ®(x") = O(x?);

e W is of the form W(x') = (x")3/2@(x’), where © is an analytic function.
Also, let

g oo 826D e () _ / —4D()M (1) 0
' 2 o (M2+ D2+1)2—-4M2D2
and
PO FECORT SEO N / l-(M?-D??
o 2 Jo (M2+4+D2+4+1)2—4M2D2

where, as above,
e ¢ is an analytic function of the form ¢ (x’) = x’ + o(x');
e 1 is of the form ¥ (x’) = (x')*/26(x’), where 6 is an analytic function.

Therefore, we have
{ f+@() + ¥ (X)) — [~ (d(x) — ¥ (x")) = 2W(x),
f+@() + ¥ () + [~ () = ¥ (x) = 2d(x")
and

f+@() + ¥ () = o(x) + ¥(x),
J-(¢(x) =¥ (x) = D) — V(x).
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Since 7+ is the inverse of ¢ £ v, we get that 4 are of the form
1 (x) = x + x°2Bu(x'/?),
where 4 are analytic functions. Thus,
f(0) = @ + 372 (x1/2) £ W(x + 272 B1(x112),

which concludes the proof of Corollary 5.2 and Theorem 1.6 (b.3).

5.3. Remarks on the non-symmetric case

For non-symmetric solutions, or more generally when different weights are put on the
gradients of u4 (as in the more general Alt—Caffarelli-Friedman energy, see, for in-
stance, [9]), we cannot guarantee the validity of Corollary 5.2, and so branch points of
the original problem might not be sent into branch points of the thin two-membrane prob-
lem. In fact, suppose that (xo, fi(xo)) and (x1, f+(x1)) are two consecutive points in
B (u4,u_) such that xo < x; and

fr(x) = fo(x) when x < xo,
fr(x) > f-(x) whenxp < x < X1,

f+(x) = f—(x) whenx > x;.

Suppose that xo = 0 and define n4 as in (5.16). Now, we might have that

netn = [T torans [\ rora=neo. 6

But then, for a generic point x” between n—(x1) and 14 (x1), we get that
[Vui|(x',0) =1,

while |Vv_|(x’,0) < 1, so that equations (5.12) for Q1 are not satisfied.
We notice that the symmetry assumption in point (a) of Theorem 1.6 is precisely what
prevents (5.18) from happening. In particular, this assumption is fulfilled when

f+(x)+ f2(x) =0 on B]. (5.19)
We also notice that (5.19) is equivalent to assuming that n4 = n_.

Lemma 5.6. Suppose that ny = n— on (—1, 1), then uL: Bli U B| — R and moreover

Uu_(x,y) = —us(x,—y) and fir(x)+ fo(x) =0 foreveryx e (—1,1).

Proof. Since 1/, = n’_, (5.2) implies that d,/v4 (14 (x),0) = 9y v—_(n—(x), 0). In par-
ticular,

o if fi(x)> f_(x),then|Vvi(n(x),0)| =1andso dxv4+(n+(x),0)=0dxv_(n-(x),0);
o if f1(x) = f-(x), then dxv4 (04 (x),0) = dxv—(n-(x),0).
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In conclusion, we have that

Vi (n+(x),0) = Vo_(1-(x), 0),

which, using again (5.2), implies that f} (x) = —f’(x). Since f+(0) = 0, integrating
we get

Fr00)+ fox) = /0 FL@) + f1(@0) di = 0.

Finally, u_(x, y) + u4(x, —y) is a harmonic function in €2, which vanishes together
with its gradient on 9€2;;. This implies that

u—(x,y) tup(x,—y) =0

for every (x,y) € ;. |

Appendix A. The flat monotone solutions are minimizers

In this section, we show that the solutions constructed in Theorems 1.4 and 1.8 are
minimizers. We prove this fact for monotone solutions to the two-phase problem, the
one-phase case being analogous.

Theorem A.1. There is a constant € > 0 depending only on the dimension d such that
the following holds. Let B be the ball of radius r in R let ny: B} — R be two
C -regular functions with n+(0) = |V 1n+(0)| = 0 and

Intl + |Vn| <& on Bj.

Let
Cy:={(x',ne(x"):x" € B5}

and
Qi :={(x",xq) € By x (=2,2) : £x4 > n+(x")}.

Letuy: Q4 U1 — R be two C'-regular functions on Q+ U T'y that solve

Augr =0 inQyUQ_, (A.1)
uy =0, [Vuy|=1 onTy\T_, (A.2)
u_ =0, |Vu_|=1 onT_\T4, (A3)
[Vuy|=|Vu_|>1 onTy NI (A4)

and are such that
l—e<0yu+r <l+e onQ.

Then, the function u = uy — u_ is the unique minimizer of the two-phase functional in
Q = B} x (—1,1), withu = u4 — u_ as boundary datum on 9%2.
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Proof. We first notice that
Xg —2e <u(x’,xq) < xq +2¢ for (x',x4) € By x (-2,2).

Let v = v4 — v_ be a minimum of the two-phase functional in @ = B x (-1, 1), with
boundary datum u on 0€2. Then,

xg —2e <v(x',xq) <xq+2e for(x',x4) € Q.
Now, consider the family of functions (which are all defined on €2 when |¢| < 1)
u(x', xg) == ulx’, xq —1).
Then u, are solutions to (A.1)~(A.4) in B x (—1, 1) and are monotone, that is,
u; <ugs; whenevert <s.

Now, for ¢ small enough, we have that u; < x5 — 2¢ < v(x). Let t < 0 be the largest
parameter for which u; < v. In particular,

{uy >0} C{v>0} and {u; <0} > {v <0}

Suppose that ¢ < 0. By the monotonicity of u 4, we have that u; < u = v on dQ2. Thus,
u, touches v from below at a point (x’, xz) € Q and we have the following three possi-
bilities:

(D) u(x', xq) = v(x', xq) > 0;

(2) u(x',xg) = v(x',xg) = 0and (x', x4) € {u, > 0} Nd{v > 0};

3) u;(x',xq) = v(x',xg) = 0and (x’, x4) € H{u; <0} Na{v <0}

Now, (1) cannot happen by the strict maximum principle. Suppose that (2) holds. Then,

both d{v > 0} and v are C!-regular in a neighborhood of (x’, xz). Since u, touches v
from below, we have that

|Vuj|(x’, xq) < |VU+|(X/, Xq).

Now, if both gradients are strictly greater than one, then both u; and v are harmonic in
a neighborhood of (x’, x4), so by the strong maximum principle and the unique contin-
uation property they should coincide. Then, since at least one of the gradients should be
smaller than 1, so necessarily |Vu; |(x’, x4) = 1. In order to rule out this possibility, we
consider two further cases. Suppose first that |[Vv |(x’, x4) > 1. Then,

(x',xg) € 0{v > 0} N 3{v < 0}.

This means that (x', x7) € o{u; > 0} N {u,; < 0} and |Vu; |(x’, x4) = 1. But this is
impossible since —u; should remain smaller than —v_. Finally, the last possibility is that
Vg |(x', xg) = |[Vu|(x', xg) = 1. But this is impossible since it violates the Hopf
maximum principle. Thus, we have shown that (2) cannot happen. By the same argu-
ment, (3) cannot happen either. Then, the only possibility is that # = 0, so v > u in Q.
Analogously, v < u in €2, so we have that ¥ = v in 2. [



(Quasi-)conformal methods in two-dimensional free boundary problems 3405

Acknowledgments. We thank the anonymous referees for the careful reading of the manuscript and
the useful suggestions and comments.

Funding. G.D.P. was partially supported by the NSF grant DMS 2055686 and by the Simons Foun-
dation. L. S. was partially supported by the NSF grant DMS 1810645 and by the NSF Career Grant
DMS 2044954. B. V. was supported by the European Research Council (ERC), under the European
Union’s Horizon 2020 research and innovation program, through the project ERC VAREG - Vari-
ational approach to the regularity of the free boundaries (grant agreement No. 853404). B. V. ac-
knowledges also the support of the projects MIUR-PRIN Grant 2022R537CS “NO3”, granted by
the European Union — Next Generation EU; PRA_2022_14 GeoDom financed by the University
of Pisa and the MIUR Excellence Department Project awarded to the Department of Mathematics,
University of Pisa, CUP 157G22000700001.

References

[1] Astala, K., Iwaniec, T., Martin, G.: Elliptic partial differential equations and quasiconformal
mappings in the plane. Princeton Math. Ser. 48, Princeton University Press, Princeton, NJ
(2009) Zbl 1182.30001 MR 2472875

[2] Athanasopoulos, 1., Caffarelli, L. A., Salsa, S.: The structure of the free boundary for lower
dimensional obstacle problems. Amer. J. Math. 130, 485-498 (2008) Zbl 1185.35339
MR 2405165

[3] Chang, S. X.-D.: Two-dimensional area minimizing integral currents are classical minimal
surfaces. J. Amer. Math. Soc. 1, 699-778 (1988) Zbl 0667.49026 MR 946554

[4] Chang-Lara, H., Savin, O.: Boundary regularity for the free boundary in the one-phase prob-
lem. In: New developments in the analysis of nonlocal operators, Contemp. Math. 723,
American Mathematical Society, Providence, RI, 149-165 (2019) Zbl 1423.35461
MR 3916702

[5] David, G., Engelstein, M., Smit Vega Garcia, M., Toro, T.: Branch points for (almost-)mini-
mizers of two-phase free boundary problems. Forum Math. Sigma 11, article no. el (2023)
Zbl 1505.35373 MR 4530093

[6] De Lellis, C., Spadaro, E., Spolaor, L.: Regularity theory for 2-dimensional almost minimal
currents II: Branched center manifold. Ann. PDE 3, article no. 18 (2017) Zbl 1412.49082
MR 3712561

[7]1 De Lellis, C., Spadaro, E., Spolaor, L.: Regularity theory for 2-dimensional almost minimal
currents I: Lipschitz approximation. Trans. Amer. Math. Soc. 370, 1783-1801 (2018)
Zbl 1381.49047 MR 3739191

[8] De Lellis, C., Spadaro, E., Spolaor, L.: Regularity theory for 2-dimensional almost minimal
currents III: Blowup. J. Differential Geom. 116, 125-185 (2020) Zbl 1454.49040
MR 4146358

[9] De Philippis, G., Spolaor, L., Velichkov, B.: Regularity of the free boundary for the two-phase
Bernoulli problem. Invent. Math. 225, 347-394 (2021) Zbl 1473.35664 MR 4285137

[10] Di Fazio, L., Spadaro, E.: Regularity of solutions to nonlinear thin and boundary obstacle
problems. Adv. Math. 401, article no. 108263 (2022) Zbl 1494.35198 MR 4387851

[11] Fernandez-Real, X.: C 1 estimates for the fully nonlinear Signorini problem. Calc. Var. Par-
tial Differential Equations 55, article no. 94 (2016) Zbl 1357.35129 MR 3523661

[12] Focardi, M., Spadaro, E.: On the measure and the structure of the free boundary of the lower
dimensional obstacle problem. Arch. Ration. Mech. Anal. 230, 125-184 (2018)
Zbl 1405.35257 MR 3840912

[13] Frehse, J.: On Signorini’s problem and variational problems with thin obstacles. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (4) 4, 343-362 (1977) Zbl 0353.49020 MR 509085


https://zbmath.org/?q=an:1182.30001
https://mathscinet.ams.org/mathscinet-getitem?mr=2472875
https://doi.org/10.1353/ajm.2008.0016
https://doi.org/10.1353/ajm.2008.0016
https://zbmath.org/?q=an:1185.35339
https://mathscinet.ams.org/mathscinet-getitem?mr=2405165
https://doi.org/10.2307/1990991
https://doi.org/10.2307/1990991
https://zbmath.org/?q=an:0667.49026
https://mathscinet.ams.org/mathscinet-getitem?mr=946554
https://doi.org/10.1090/conm/723/14549
https://doi.org/10.1090/conm/723/14549
https://zbmath.org/?q=an:1423.35461
https://mathscinet.ams.org/mathscinet-getitem?mr=3916702
https://doi.org/10.1017/fms.2022.105
https://doi.org/10.1017/fms.2022.105
https://zbmath.org/?q=an:1505.35373
https://mathscinet.ams.org/mathscinet-getitem?mr=4530093
https://doi.org/10.1007/s40818-017-0035-7
https://doi.org/10.1007/s40818-017-0035-7
https://zbmath.org/?q=an:1412.49082
https://mathscinet.ams.org/mathscinet-getitem?mr=3712561
https://doi.org/10.1090/tran/6995
https://doi.org/10.1090/tran/6995
https://zbmath.org/?q=an:1381.49047
https://mathscinet.ams.org/mathscinet-getitem?mr=3739191
https://doi.org/10.4310/jdg/1599271254
https://doi.org/10.4310/jdg/1599271254
https://zbmath.org/?q=an:1454.49040
https://mathscinet.ams.org/mathscinet-getitem?mr=4146358
https://doi.org/10.1007/s00222-021-01031-7
https://doi.org/10.1007/s00222-021-01031-7
https://zbmath.org/?q=an:1473.35664
https://mathscinet.ams.org/mathscinet-getitem?mr=4285137
https://doi.org/10.1016/j.aim.2022.108263
https://doi.org/10.1016/j.aim.2022.108263
https://zbmath.org/?q=an:1494.35198
https://mathscinet.ams.org/mathscinet-getitem?mr=4387851
https://doi.org/10.1007/s00526-016-1034-3
https://zbmath.org/?q=an:1357.35129
https://mathscinet.ams.org/mathscinet-getitem?mr=3523661
https://doi.org/10.1007/s00205-018-1242-4
https://doi.org/10.1007/s00205-018-1242-4
https://zbmath.org/?q=an:1405.35257
https://mathscinet.ams.org/mathscinet-getitem?mr=3840912
https://zbmath.org/?q=an:0353.49020
https://mathscinet.ams.org/mathscinet-getitem?mr=509085

G. De Philippis, L. Spolaor, B. Velichkov 3406

[14]

[15]

[16]
[17]
[18]

(19]

Garofalo, N., Lin, F.-H.: Monotonicity properties of variational integrals, A, weights and
unique continuation. Indiana Univ. Math. J. 35, 245-268 (1986) Zbl 0678.35015
MR 833393

Garofalo, N., Petrosyan, A.: Some new monotonicity formulas and the singular set in the lower
dimensional obstacle problem. Invent. Math. 177, 415-461 (2009) Zbl 1175.35154
MR 2511747

Lewy, H.: On the coincidence set in variational inequalities. J. Differential Geom. 6, 497-501
(1972) Zb1 0255.31002 MR 320343

Sakai, M.: Regularity of a boundary having a Schwarz function. Acta Math. 166, 263-297
(1991) Zbl 0728.30007 MR 1097025

Sakai, M.: Regularity of free boundaries in two dimensions. Ann. Sc. Norm. Super. Pisa CI.
Sci. (4) 20, 323-339 (1993) Zbl 0851.35022 MR 1256071

Spolaor, L., Velichkov, B.: An epiperimetric inequality for the regularity of some free bound-
ary problems: The 2-dimensional case. Comm. Pure Appl. Math. 72, 375-421 (2019)
Zbl 1429.35214 MR 3896024


https://doi.org/10.1512/iumj.1986.35.35015
https://doi.org/10.1512/iumj.1986.35.35015
https://zbmath.org/?q=an:0678.35015
https://mathscinet.ams.org/mathscinet-getitem?mr=833393
https://doi.org/10.1007/s00222-009-0188-4
https://doi.org/10.1007/s00222-009-0188-4
https://zbmath.org/?q=an:1175.35154
https://mathscinet.ams.org/mathscinet-getitem?mr=2511747
https://doi.org/10.4310/jdg/1214430639
https://zbmath.org/?q=an:0255.31002
https://mathscinet.ams.org/mathscinet-getitem?mr=320343
https://doi.org/10.1007/BF02398888
https://zbmath.org/?q=an:0728.30007
https://mathscinet.ams.org/mathscinet-getitem?mr=1097025
https://zbmath.org/?q=an:0851.35022
https://mathscinet.ams.org/mathscinet-getitem?mr=1256071
https://doi.org/10.1002/cpa.21785
https://doi.org/10.1002/cpa.21785
https://zbmath.org/?q=an:1429.35214
https://mathscinet.ams.org/mathscinet-getitem?mr=3896024

	1. Introduction
	1.1. Nonlinear thin-obstacle problem
	1.2. One-phase problem with geometric constraint
	1.3. Symmetric two-phase problem

	2. Nonlinear thin-obstacle problem
	2.1. Notation and known results
	2.2. Local finiteness of the set of branch points
	2.3. Local behavior of the solutions at branch points

	3. Theorem 1.3: Proof via quasi-conformal maps
	3.1. The hodograph transform

	4. Theorems 1.3 and 1.4: Proof via conformal hodograph transform
	4.1. The harmonic conjugate
	4.2. The conformal hodograph transform
	4.3. Proof of Theorem 1.3
	4.4. Proof of Theorem 1.4

	5. The symmetric two-phase problem and some remarks
	5.1. Proof of Theorem 1.6 (a)
	5.2. Proof of Theorem 1.6 (b) and Corollary 5.2
	5.3. Remarks on the non-symmetric case

	A. The flat monotone solutions are minimizers
	References

